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A VARIATION ON A THEME OF
CAFFARELLI AND VASSEUR

ABSTRACT. Recently, using DiGiorgi-type techniques, Caffarelli and
Vasseur [1] showed that a certain class of weak solutions to the drift
diffusion equation with initial data in L? gain Hélder continuity provided
that the BMO norm of the drift velocity is bounded uniformly in time.
We show a related result: a uniform bound on BMO norm of a smooth
velocity implies uniform bound on the C# norm of the solution for some
B > 0. We use elementary tools involving control of Hélder norms us-
ing test functions. In particular, our approach offers a third proof of the
global regularity for the critical surface quasi-geostrophic (SQG) equation
in addition to [5] and [1].

Dedicated to Nina Nikolaevna Uraltseva

1. INTRODUCTION

In the preprint [1], Caffarelli and Vasseur proved that certain weak
solutions of the drift diffusion equation with (—A)'/? dissipation gain
Holder regularity provided that the velocity u is uniformly bounded in the
BMO norm. The proof uses DiGiorgi-type iterative techniques. The goal
of this paper is twofold. First, we wanted to provide additional intuition
for the Caffarelli-Vasseur theorem by presenting an elementary proof of a
related result. Secondly, we think that, perhaps, the method of this paper
may prove useful in other situations.

Everywhere in this manuscript, our setting for the space variable will
be d—dimensional torus, T¢. Equivalently, we may think of the problem
set in R? with periodic initial data. With the latter interpretation in mind,
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let us recall the definition of the BMO norm:

£ lmsco = supBeRdﬁ ]! (@) — Tyl de. (11)

Here B stands for a ball in R¢, | B| for its volume and f g for the mean of
the function f over B.

Theorem 1.1. Assume that 0(z,t), u(z,t) are C°>°(T?) for all t € [0, T
and such that

by = (u- V)8 — (—A)/?9 (1.2)

holds for any t > 0. Assume that the velocity u is divergence free and
satisfies a uniform bound |[u(-,t)|smo < B for t € [0,T]. Then there
exists § = f(B,d) > 0 such that

16z, )l s (ray < C(8(,0)) (1.3)

for any t € [0,T1].

Remark. In fact, we get control of Holder continuity in terms of just L*
norm of #y if we are willing to allow time dependence in (1.3). Namely,
the following bound is also true:

16(z, )l cs (ray < C(B, [|8(x,0)|| 1) min (1,8) =47, (1.4)

Thus uniform bound on the BMO norm of » implies uniform bound on
a certain Holder norm of . The dimension d is arbitrary.

Our result is different from [1]. For one thing, [1] contains a local reg-
ularization version, which we do not attempt here. However our proof is
simpler, and is quite elementary. At the expense of extra technicalities, it
can be extended to more general settings.

Theorem 1.1 can be used to give a third proof of the global regularity
of the critical surface quasi-geostrophic (SQG) equation, which has been
recently established in [5] and [1]. We discuss this in Sec. 5. Through-
out the paper, we will denote by C different constants depending on the
dimension d only.
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2. PRELIMINARIES

First, we need an elementary tool to characterize Holder-continuous
functions. Define a function Q(z) on T? by

lz|*/2, |z| < 1/2

Q(z) = (2.1)

1
—, x| >1/2
7 |lz[ = 1/
(thinking of R? picture, €2 is defined as above on a unit cell and continued
by periodicity). Let A > 1 be a parameter to be fixed later.

Definition 2.1. We say that a C*° function ¢ defined on T¢ belongs to
U,.(T?) if

[p(z)[e < réd (2.2)

/(p(l‘) dz =0 (2.3)

Td

[o(@)llz: <1 (2.4)

/|<p(:v)|Q(:v —zo)dx < r'/?  for some z € T (2.5)
Td

Observe that the classes U, are invariant under shift. We will write
f(z) € ald,(T?) if f(z)/a € U,.(T?). The choice of the exponent 1/2 in
(2.1) and (2.5) is arbitrary and can be replaced with any positive number
less than 1 with the appropriate adjustment of the range of 8 in Lemma 2.2
below.

The classes U, can be used to characterize Holder spaces as follows.

Let us denote
|f(@) = fQy)l

: 2.6
|z —y|? (2.6)

I fllcs(rey = sup
z,yeTd
omitting the commonly included on the right hand side || f||p~ term. The
seminorm (2.6) is sufficient for our purposes since 6 remains bounded
automatically, and moreover we could without loss of generality restrict
consideration to mean zero ¢, invariant under evolution, for which (2.6)
is equivalent to the usual Holder norm.
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Lemma 2.2. A bounded function §(x) is in C?(T%), 0 < 3 < 1/2 if and
only if there exists a constant C' such that for every 0 < r <1,

/9(:v)<p(:c) dz| < CrP (2.7)

Td

for all p € U,. Moreover,

[0llcs(ray < C(B)  sup r?
peU,,0<r<Ll

. (2.8)

/G(m)go(w) dz
Td

Remark. The lemma holds for each fixed A in (2.2). It will be clear from
the proof that the constant C' in (2.8) does not depend on A provided
that A was chosen sufficiently large.

Proof. Assume first that § € C”. Consider any ¢ € U,, and observe that

/ 0(x)p(z) dz = / (0(x) — B(x0))p() dr < C / & — 20/ |o()] de.
Td

Td Td

Using Holder inequality, we get

/ & — 20/ ()| de

Td
< ( / |so(x>|dx>l_w( / |$—$0|1/2|<P($)|d$) B 2.9)
Td Td
1-283 23
< c( / ()] dx> ( / e — 20)p (@) dx>

Due to (2.4) and (2.5), the right hand side of (2.9) does not exceed 7°.
For the converse, consider a periodization 6, of # in R?. Recall a well
known characterization of Hélder continuous functions in RY (see e.g. [6]):

0eC’ & |0~ <Q, [14;(0)]<Q27%, Vi (2.10)

Moreover, if the right hand side of (2.10) is satisfied, then ||8]|cs < CQ.
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Here A; are the Littlewood-Paley projections:
A](g) =0x W2*j7

where W, (z) = t=40(z/t), and U(£) = n(€) — n(2¢), with n € C§°, 0 <
n(€) <1,n(¢) =1if || < 1and n(€) =0, |£] > 2. Observe that ¥ is in the
Schwartz class S, [ ¥dzr =0, [ |¥(z)|dz < O, [ |z|'/?|¥(z)|dz < C
R4 R4 R4
and ||¥||p < C. Let us define

Uj(x) =c Z ¥y-i(z +n),
nezd
then \Tl](m) € Uy—-; (T?) if ¢ is sufficiently small (independently of j). More-
over,
/0(%)\1’3-(33—1/) dx :c/0p(x)\lf2fj(x—y) dx. (2.11)
Td R
By assumption, the left hand side in (2.11) does not exceed Q2775. Thus,

by the criterion (2.10), 6, is C” and so is 6. The remark after (2.10)
implies that (2.8) is true. O

The proof of Theorem 1.1, which we will outline in the beginning of the
next section, relies on transfer of evolution on the test function. Here is an
elementary lemma that allows us to do that. Let ¢f(z, s) be the solution
of

Pl = —(u(z,t =) - V) = (=8)'%¢",  ¢'(2,0) = p(z).  (2.12)

Lemma 2.3. Let 6y, € C°(T4), and let §(x,t) be the solution of (1.2)
with 6(z,0) = 6y(x). Then we have

/0(w,t)<p(:n) dx = /GO(w)wt(w,t) dzx.

Proof. We claim that for 0 < s < ¢, the expression

/0(33,25 — 5)p'(x, s) dx (2.13)
Td
remains constant. A direct computation using (2.12), (1.2) and the fact

that w is divergence free shows that the s-derivative of (2.13) is zero.
Substituting s = 0 and s = ¢ into (2.13) proves the lemma. O
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3. THE PROOF OF THE MAIN RESULT

Let us outline our plan for the proof of Theorem 1.1. Conceptually, the
proof is quite simple: integrate the solution against a test function from
U, transfer the evolution on the test function and prove estimates on the
test function evolution.

The key to the proof of Theorem 1.1 is the following result.

Theprem 3.1. Let v(z,s) € C®(T9),0 < s < T, be divergence free
d-dimensional vector field, and let ¥ (x, s) solve

s = —(v- V) — (=AY, p(x,0) = ¥(). (3.1)

Assume that

: < B.
max, [v(:, 8) [0 <

Then the constant A = A(B,d) in (2.2) can be chosen so that the following
is true.

Suppose ¢ € U.(T?), 0 < r < 1. Then there exist constants § and
K > 0, which depend only on B and dimension d, such that

r
r+ Ks

5/ K )
Y(z,s) € Upyis(TY) (3.2)

ifr+ Ks <1 and ¢(z,s) € r®/ KUy (T?) otherwise.
Let us assume Theorem 3.1 is true and prove Theorem 1.1.
Proof of Theorem 1.1. Let § = /K. Since 6(x,0) is smooth, we have

‘/Q(x,(])(p(x) dz| < C(6(x,0))r? (3.3)
Td

for all p(z) € U,(T?), 0 < r < 1. But by Lemma 2.3,

/0(:5,25)(,0(:6) dz = /0($,0)<pt(x,t) dz.

Td Td

B
By Theorem 3.1, ¢!(z,t) belongs to (ﬁ) U ice(T?) if r + Kt < 1,
and to rU; (T?) otherwise. Then (3.3) implies that

‘/H(x,t)tp(x) dz| < C(6(x,0))r", (3.4)
Td
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for all p(z) € U.(T?), 0 < r < 1. O

Observe that C'(6(z,0)) will depend only on the L' norm of 6(z,0) if
we are willing to allow time dependence in (3.4):

‘/Gmt x)dz

< A(B,d)r’ min (1,7 + Kt)~*% < C(B, d, ||6(x,0)|| 1) min (1,) =~

- }/o £, 00 (o, ) di| < 18G2,0) ).

This proves the bound (1.4) in the Remark after Theorem 1.1.
Thus it remains to prove Theorem 3.1.

4. THE EVOLUTION OF THE TEST FUNCTION

The proof of Theorem 3.1 is based on the following lemma, which looks
at what happens over small time increments.

Lemma 4.1. Under assumptions of Theorem 3.1, we can choose A =
A(B,d) so that the following is true. There exist positive §, K and ~y
(dependent only on B and d) such that for all 0 < s < r if ¢(z,0) €
U (T4), 0 < r <1, then

w9 € (12 )t (T) (4.1)

Estimate (4.1) is valid as long as r + Ks < 1; otherwise the solution just
remains in U, .

Proof. We have to check four conditions. First, the equation for 1 pre-

serves the mean zero property, so that [ ¢(z,s)dz =0 for all s.
Td

Next, let us consider the L norm. Set M (s) = ||¢(+, s)||p. Consider
any point xy where the maximum or minimum value is achieved. Without
any loss of generality, we can assume z¢ = 0, ¥(0,s) = M (s). Then

0,10(0,8) = —(—A)/2(0, ) cz/¢|y+n|d+1 Y,s) = Ms) (g9

neZd

Here we used the well-known formula for the fractional Laplacian (see,
e.g., [3]). Since [[4(-,8)|[p1(re) < 1 (see the argument below on the L!
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norm monotonicity), it is clear that the contribution to the right hand
side of (4.2) from the central period cell is maximal when (y) is the
characteristic function of a ball of radius ¢cM (s)~'/? centered at the origin.
This gives us the estimate

9.4(0,5) < —C / M(s)ly| =" dy

e (4.3)

d+1

< —CyM(s) T + CyrM(s) < —CM(s)"T",

The argument is valid for all sufficiently large M (s), which is the only
situation we need to consider provided A was chosen large enough. The
same bound holds for any point zy where M (s) is attained and by con-
tinuity in some neighborhoods of such points. So, we have (4.3) in some
open set U. Due to smoothness of ¢, away from U we have

max 1 (z,7)| < M(7)

for every T during some period of time after s. Thus we obtain that

diiM(s) < —CM* % (s), M(0)< Ar—. (4.4)

This is valid for all times while M (s) remains sufficiently large. Solving
(4.4), we get an estimate

M(0) < Ar~d(1 — CAY4r1ts)

M) < Ty =

for all sufficiently small s. This implies
(- 8)llp= < Ar=(1— CAY ), (4.5)

for all sufficiently small s < (A, d)r. Observe that -y is independent of ¢ or
v other than through the value of A, which will be chosen below depending
on the value of B only. Estimate (4.5) agrees with the properties of the
(1= 2)Uy 4 k5 (T?) class provided that

§+dK < CAY4, (4.6)
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Next, we consider the concentration condition

/Q(az — z0) |0 ()| dz < 1/
Td

Consider z(s) € T? satisfying

1

|B,|
B, (a(s))

7'(s) = TB, (2(s) = v(y,s)dy, z(0) = xo. (4.7)

Here B,(z) stands for the ball of radius r centered at z, and |B,| is
its volume. We will estimate [ Q(z — z(s))|¢(z,s)|dz. Let us write
d

T

Y(x) = Yy (x) —1_(x), where ¥ (x) > 0 and have disjoint support. Let
us denote 14 (x,s) the solutions of (3.1) with ¢4 (z,0) = ¢4 (x). Then
due to linearity and maximum principle,

|’(/)(£L”,S)| = |’(/)+(£L",S) - 1/1—(35;5)| < ’(/)+(£L”,S) -l-’l/J_(iL”,S),

and so

/ (e — o(s) |, 5)| de

Td

< /Q(az — ()i (z,s)dr + / Az —z(s)Y—(z,s)dz. (4.8)
Td Td

Let us estimate the first integral on the right hand side of (4.8), the second
can be handled the same way. We have

Os / Q(z — z(s))Y+ dx

Td

/ (2z = a(s)) ((—v - V)b = (~2)204 ) = V(Qz = a(s))) - @' ()9 ) do

Td
- \ [ 96w = 61+ (0= T o) v = [ (-2 — a(s)) s do
Td Td (49)

sc(/ 2 = 220~ T, ooy I da + \x—w(s)rl/2|w+|dw).

Td Td
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We used the divergence free condition on v and (4.7) in the second step,
and estimated

|VQ(HZ — :Uo)| < C|gj — $0|—1/27 |(—A)1/ZQ(:U _ 330)| < C|:U _ m0|—1/2_

|4l < Ar~?, the integral [ |z — z(s)|7*/2|1h+|dz is maximal when
Td

1 is a characteristic function of a ball centered at z(s) of radius crA=1/¢.

This gives an upper bound of Cr~1/2A'/24 for this integral. To estimate

the first integral in (4.9), split T¢ = UY_, Ey, where

Let us consider the two integrals in (4.9). Since ||¢4|r < 1/2 and

Ep={z: r2F"V <z —x(s)| <r2F}NTY k>0, FEp = B, (z(s)).

Recall (see, e.g., [6]) that for any BMO function f, any ball B, and any
1<p<oq, _
1F = TBlles) < col BIY?|Ifllsmo- (4.10)

By Holder’s inequality,
[ o= o) 20 =T, o 104 do
B (2(s))
<z - 37(3)|_1/2||LP(B ||U —UB,( HLZ(B ||7/1+||Lq B,(z(s)))»
where p~! + 271 + ¢! = 1. Now
164 e < lleos A0 s 17" < AP ara =,
Using (4.10), we also see that

d
z

lv = 0B, (s llL2(B, (2(s)) < Clz,d)r=B.

Finally, for any p < 2d,
. a1
llz = 2|2l 1r (B, (a(s)) < Clpyd)re 2.

Taking z very large, and p very close to 2d, we find that for any ¢ >
we have

/ & — ()72 v — T, (oo 16 (2) | d

By (x(s))

Zd I

< CBA™aratst5=9-1/2 < C(o,d)BA"r~1/2,  (4.11)
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where ¢ is any number greater than 2%. Furthermore, for & > 0,

/ & — 2(8)] "2 [0 — T, (o)) |14 | dt

< 02"“/2r‘1/2/|v — B, (a(s) |[¥+ ()| dx

E}

< 02"“/2r‘1/2< / v =TB i (x(s)) [+ (2) ] dz

B, ok (2(5))

b o a0l )
B, ok (2(5))

(4.12)

Recall that (see, e.g., [6])
105, () ~ PBo ()] < k[0l

Therefore the last integral in (4.12) does not exceed CkB. The first inte-
gral can be estimated by

_d —1
||U - ﬁBT2k || ||7/’+||L‘I(Br2k) < C(q7 d)B2k(d q)Al 9,

_a_
La=1 (B ,k)

where ¢ is any number greater than 1. Thus in particular
/ £ = ()]0 — Ty o 1 () e

< CB273R/3 (k27 /8 4 AL/Bd) =12 (413)

if ¢ = g;%. Adding (4.11) and (4.13), we obtain

/ & — 2(8)] "2 [0 — T, oo 14 (2, )| die < CBAY/ =172

provided that A is large enough (the exponent for A can be anything
greater then 5-). Coming back to (4.9) and (4.8), we see that

/ le — a(s) Y2 (x, s)| de < /% + Csr™ /2 (A2 4 BAP/AY). (4.14)
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This is consistent with the (1 — 5—;)L{T+Ks (T?) class if

(1 - ﬁ) (r+ Ks)l/Z > pl/2 4 Csr—l/Z(Al/Zd +BA3/4d)‘
r

Provided that v is chosen sufficiently small, this condition reduces to

% —§ > C(AY? 4 BA®/4d), (4.15)

Finally, we consider the L' norm. Recall (see, e.g., [3]) that for a C>°
function ¢(x),

(~2)2¢(z) = lim Y / —|f(_x;:i|(§+)l dy.

e—0 A
neZ TeN|z—y|>e

(4.16)

Let S be the set where ¥(z,s) = 0, and define

Dy = {z €T +4¢(z,s) > 0}.

The sets S and Dy depend on s, but we will omit this in notation to save
space. Due to (3.1) and incompressibility of v, we have

Os 9 8) e

/W -w(x,s)—(—A)l/?zp(x,s)) d

Td\$ oo

/ (Ao alde = [ S A s de 41D
Td\ S

/| AY24(z, 5)| da.

The integral over S is of course nonzero only if the Lebesgue measure of S
is positive. Substituting (4.16) into (4.17) and symmetrizing with respect
to z,y we get

sl (-, 9)l| Lo
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1 Y(z, s) > Y(z, s) X))
=—=1 —————— dxd
s f (\w(x,s)\ ] EZ: Ty —n\dﬂ o
((T*\S)x(T?\S))
Njz—y|>e

_szs |://jg§;| <n§ 5/ %C@)dw

> / T dy

S nGZd

(4.18)

Observe that the expression under the first integral in (4.18) is nonnega-
tive for all z,y, and it is positive if ¥ (z, s) and ¥(y, s) have different signs.
Also, observe that

¥y, s)
/‘Z / Iw—y—nld“dy
S nEZde\
Y,8
/Z /|az— n|d+1 /|a: _n|d+1 dy|.

nezZ '
Therefore, the combined contribution of the last line in (4.18) over every
cell is less than or equal to zero. Leaving only the central cell contributions
n (4.18), we get

dx

O, 8) [
dz
/WS [ g 0o | g
D- +
— / (z,s </| s dy>dw (4.19)
D UD_

y: y:
/ / oyt |d+1 / 7~ |d+1dy

Without loss of generality, we can assume that 1 > ||¢(-, s)||2 > 9/10 for
every s we consider, since otherwise the L' condition is already satisfied.

Also, due to (4.14) we can assume that [ Q(z —z(s))[¢(z, s)| do < Hrl/2
Td
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provided that the time interval [0, yr] that we consider is sufficiently small,
with v = v(A, B). These two bounds imply that

[(z,s)|de > 4/5.
TeN|z—z(s)| <4007

The mean zero condition leads to
+ / Y(x,s)dx > 3/10. (4.20)
Dyn{|z—az(s)|<4007}

Let us denote Dy = Din{lz—a(s)| < 400r}, S = Sn{|z—x(s)| < 400r}.
Observe that if © € S then by (4.20),

/ |a:—y|d+1 / T — gt y|d+1 dy 2 O

This implies that due to cancelatlon in the last term of (4.19), we can
estimate the last line of (4.19) from above by —C|S|r~¢~!. Reducing the
integration in the second line of (4.19) to D, we obtain

O, 5)ll e (4.21)
< —-Cr - 1<|D |/1/1:csd:v+|D+|/1/1xsd:v+|S|> —er
Dy

where ¢ is a fixed positive constant. Here in the last step we used (4.20)
and |Dy| + |[D_| + |S| > Cr?. The estimate (4.21) is consistent with
(1- ‘5TS)L{T+KS( ?) class if § < c.

It remains to observe that, if A = A(B,d) is chosen sufficiently large,
one can indeed find K and § so that the conditions (4.6), (4.15) and the
d < ¢ condition arising from the L' norm estimate are all satisfied. It
is also clear from the proof that (4.1) then holds for all s < v(B,d)r.
The only restriction from above on the value of r comes from the L*
norm condition, which has to be consistent with L' and concentration
conditions. For convenience, we chose to cap the value of r at 1. ([

The proof of Theorem 3.1 is now straightforward.
Proof of Theorem 3.1. From Lemma 4.1 it follows that for any s > 0,

Y(x,8) € f(8)Ur11s(T?) provided that f/(s) > H‘;(sf(s). Solving this

5/ K
differential equation, we obtain that the factor f(s) = ( - +"Ks> is

acceptable. ([
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5. THE CRITICAL SQG EQUATION AND FURTHER DISCUSSION

Theorem 1.1 provides an alternative path to the proof of existence of
global regular solutions to the critical surface quasi-geostrophic equation:

{ 0 =u-VO— (—A)/20, 6(z,0) = by(z),
u = (u17u2) = (_R207R10)7

where # : R? — R? is a periodic scalar function, and R; and R, are the
usual Riesz transforms in R2. Indeed, the local existence and uniqueness of
smooth solution starting from H'! periodic initial data is known (see, e.g.,
[4]). The L* norm of the solution does not increase due to the maximum
principle (see, e.g., [3]), which implies uniform bound on the BMO norm of
the velocity. Since the local solution is smooth, one can apply Theorem 1.1.
This, similarly to [1], implies a uniform bound on some Holder norm of
the solution €. This improvement over the L control is sufficient to show
the global regularity (see [1] or [2] for slightly different settings which can
be adapted to our case in a standard way).

One can pursue a number of generalizations of Theorem 1.1, for in-
stance reducing assumptions on smoothness of solution, velocity, or initial
data. However we chose to present here the case with the most transpar-
ent proof containing the heart of the matter. As follows from the proof,
the role of the BMO space is mainly the right scaling: the BMO is the
most general function space for which (4.10) is available. The BMO scaling
properties are of course also crucial for the proof of [1] to work.
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