
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 365, 2009 Ç.å. ÷. æÅÒÅÎÓ-óÏÒÏ�ËÉÊðïäçï�ï÷é�åìøîáñ ìåííá ÷åêåòû�òáóóáäìñ îåëïííõ�á�é÷îùè ëïìåã1. ÷×ÅÄÅÎÉÅ÷ ÔÅÏÒÉÉ ËÏÌÅ� ÛÉÒÏËÏ ÉÚ×ÅÓÔÎÏ ÓÌÅÄÕÀÝÅÅ ÕÔ×ÅÒÖÄÅÎÉÅ, ÕÓÔÁ-ÎÁ×ÌÉ×ÁÀÝÅÅ ÆÕÎÄÁÍÅÎÔÁÌØÎÏÅ Ó×ÏÊÓÔ×Ï ËÏÌÅ� ÓÔÅ�ÅÎÎÙÈ ÒÑÄÏ× ÎÁÄÌÏËÁÌØÎÙÍÉ ËÏÌØ�ÁÍÉ.ðÏÄÇÏÔÏ×ÉÔÅÌØÎÁÑ ÌÅÍÍÁ ÷ÅÊÅÒÛÔÒÁÓÓÁ. ðÕÓÔØ R { �ÏÌÎÏÅ ÌÏ-ËÁÌØÎÏÅ ËÏÌØ�Ï Ó (ÅÄÉÎÓÔ×ÅÎÎÙÍ) ÍÁËÓÉÍÁÌØÎÙÍ ÉÄÅÁÌÏÍ m, A =R[[x℄℄ { ËÏÌØ�Ï ÆÏÒÍÁÌØÎÙÈ ÓÔÅ�ÅÎÎÙÈ ÒÑÄÏ× ÎÁÄ R. ðÕÓÔØ f(x) =a0 + a1x + a2x2 + · · · ∈ A, �ÒÉÞÅÍ �ÒÉ ÎÅËÏÔÏÒÏÍ ÎÁÔÕÒÁÌØÎÏÍ n ËÏ-ÜÆÆÉ�ÉÅÎÔ an ÏÂÒÁÔÉÍ × R (an ∈ R∗), Á a0, a1, : : : , an−1 ÌÅÖÁÔ ×
m. �ÏÇÄÁ ÓÕÝÅÓÔ×ÕÅÔ E(x) ∈ A∗ (ÏÂÒÁÔÉÍÙÊ ÓÔÅ�ÅÎÎÏÊ ÒÑÄ) É ËÏ-ÜÆÆÉ�ÉÅÎÔÙ b0, b1 : : : bn−1 ÉÚ m ÔÁËÉÅ, ÞÔÏ f(x) = E(x)(b0 + b1x +
· · ·+ bn−1xn−1 + xn).÷ [1, ÓÓ. 168, 174℄ ÓÆÏÒÍÕÌÉÒÏ×ÁÎÏ ÁÎÁÌÏÇÉÞÎÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ ÄÌÑÓÔÅ�ÅÎÎÙÈ ÒÑÄÏ× ÏÔ ÎÅÓËÏÌØËÉÈ �ÅÒÅÍÅÎÎÙÈ ÎÁÄ �ÏÌÅÍ.÷ ÄÁÎÎÏÊ ÓÔÁÔØÅ ÄÏËÁÚÙ×ÁÅÔÓÑ ÏÂÏÂÝÅÎÉÅ �ÏÄÇÏÔÏ×ÉÔÅÌØÎÏÊ ÌÅÍÍÙ÷ÅÊÅÒÛÔÒÁÓÓÁ ÎÁ ÎÅËÏÍÍÕÔÁÔÉ×ÎÙÅ ËÏÌØ�Á ÓÔÅ�ÅÎÎÙÈ ÒÑÄÏ×.�ÅÏÒÅÍÁ 1. ðÕÓÔØ R { �ÏÌÎÏÅ ÌÏËÁÌØÎÏÅ ËÏÌØ�Ï Ó (ÅÄÉÎÓÔ×ÅÎÎÙÍ)ÍÁËÓÉÍÁÌØÎÙÍ ÉÄÅÁÌÏÍ m, � { m-ÉÎ×ÁÒÉÁÎÔÎÙÊ ÜÎÄÏÍÏÒÆÉÚÍ R,�(1) = 1, A = R� [[x℄℄ { ËÏÌØ�Ï ËÏÓÙÈ ÆÏÒÍÁÌØÎÙÈ ÓÔÅ�ÅÎÎÙÈ ÒÑÄÏ×ÎÁÄ R. ðÕÓÔØ f(x) = a0 + a1x+ a2x2 + · · · ∈ A, �ÒÉÞÅÍ �ÒÉ ÎÅËÏÔÏÒÏÍÎÁÔÕÒÁÌØÎÏÍ n an ∈ R∗, Á a0, a1; : : : ; an−1 ÌÅÖÁÔ × m. �ÏÇÄÁ ÓÕÝÅ-ÓÔ×ÕÅÔ E(x), ÏÂÒÁÔÉÍÙÊ × A, É ËÏÜÆÆÉ�ÉÅÎÔÙ b0; b1; : : : ; bn−1 ÉÚ m,ÔÁËÉÅ, ÞÔÏ f(x) = E(x)(b0 + b1x+ · · ·+ bn−1xn−1 + xn): (1)
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ðïäçï�ï÷é�åìøîáñ ìåííá ÷åêåòû�òáóóá 255R�[[x℄℄ ÏÂÏÚÎÁÞÁÅÔ ËÏÌØ�Ï ËÏÓÙÈ ÆÏÒÍÁÌØÎÙÈ ÓÔÅ�ÅÎÎÙÈ ÒÑÄÏ×R[[x℄℄, × ËÏÔÏÒÏÍ ÏÂÙÞÎÏÅ ÕÍÎÏÖÅÎÉÅ ÚÁÍÅÎÅÎÏ ÎÁ ÕÍÎÏÖÅÎÉÅ �Ï �ÒÁ-×ÉÌÕ xa = �(a)x (a ∈ R { ËÏÜÆÆÉ�ÉÅÎÔ, x { ÆÏÒÍÁÌØÎÁÑ �ÅÒÅÍÅÎÎÁÑ).çÌÁ×ÎÙÊ ÉÎÔÅÒÅÓ ÚÄÅÓØ �ÒÅÄÓÔÁ×ÌÑÅÔ ÓÌÕÞÁÊ, ËÏÇÄÁ � Ñ×ÌÑÅÔÓÑ Á×-ÔÏÍÏÒÆÉÚÍÏÍ æÒÏÂÅÎÉÕÓÁ ËÏÌØ�Á R. ïÎ ÏÂÌÁÄÁÅÔ Ó×ÏÊÓÔ×ÏÍ �(a) ≡apmod p ÄÌÑ ×ÓÅÈ a ∈ R (p { ÈÁÒÁËÔÅÒÉÓÔÉËÁ �ÏÌÑ ×ÙÞÅÔÏ× R), Á ÔÁËÖÅ�(1) = 1. 2. ó×ÏÊÓÔ×Á Á×ÔÏÍÏÒÆÉÚÍÁ æÒÏÂÅÎÉÕÓÁäÏËÁÖÅÍ, ÞÔÏ Á×ÔÏÍÏÒÆÉÚÍ æÒÏÂÅÎÉÕÓÁ × �ÏÌÎÏÍ ÌÏËÁÌØÎÏÍËÏÌØ�Å Ñ×ÌÑÅÔÓÑ m-ÉÎ×ÁÒÉÁÎÔÎÙÍ, ÔÁË ÞÔÏ ÏÎ ÍÏÖÅÔ ÉÓ�ÏÌØÚÏ×ÁÔØÓÑ× ËÁÞÅÓÔ×Å � × ÔÅÏÒÅÍÅ 1.ðÕÓÔØ R { �ÏÌÎÏÅ ÌÏËÁÌØÎÏÅ ËÏÌØ�Ï, m { ÅÇÏ ÅÄÉÎÓÔ×ÅÎÎÙÊ ÍÁËÓÉ-ÍÁÌØÎÙÊ ÉÄÅÁÌ. óÆÏÒÍÕÌÉÒÕÅÍ Ä×Á ÏÞÅ×ÉÄÎÙÈ ÆÁËÔÁ.æÁËÔ 2.1. ìÀÂÏÊ ÓÏÂÓÔ×ÅÎÎÙÊ (Ô.Å. ÏÔÌÉÞÎÙÊ ÏÔ ÓÁÍÏÇÏ ËÏÌØ�Á)ÉÄÅÁÌ R ÓÏÄÅÒÖÉÔÓÑ × m.÷ [3, ÇÌÁ×Á I℄ ÄÏËÁÚÙ×ÁÅÔÓÑ ÕÔ×ÅÒÖÄÅÎÉÅ, ÂÏÌÅÅ ÏÂÝÅÅ, ÞÅÍ ÆÁËÔ 2.1.æÁËÔ 2.2. åÓÌÉ u ∈ R∗, m ∈ m, ÔÏ v = u+m ∈ R∗.õÔ×ÅÒÖÄÅÎÉÅ 2.3. á×ÔÏÍÏÒÆÉÚÍ æÒÏÂÅÎÉÕÓÁ (ÏÂÏÚÎÁÞÉÍ ÅÇÏ �)Ñ×ÌÑÅÔÓÑ m-ÉÎ×ÁÒÉÁÎÔÎÙÍ.îÁÍ ÎÅ ÎÕÖÎÁ Ñ×ÎÁÑ ËÏÎÓÔÒÕË�ÉÑ Á×ÔÏÍÏÒÆÉÚÍÁ æÒÏÂÅÎÉÕÓÁ, ÁÔÏÌØËÏ ÅÇÏ Ó×ÏÊÓÔ×Ï �(a) ≡ apmod p, ÔÏ ÅÓÔØ �(a) = ap + pb, ÄÌÑÎÅËÏÔÏÒÏÇÏ b ∈ R. �ÁË ËÁË (ÓÍ. ÆÁËÔ 2.1) ÉÄÅÁÌ (p) ÓÏÄÅÒÖÉÔÓÑ × m,ÔÏ ÏÂÑÚÁÔÅÌØÎÏ pb ∈ m.åÓÌÉ a ∈ m, ÔÏ ap ∈ m, É ÔÏÇÄÁ �(a) ∈ m, ÞÔÏ ÄÏËÁÚÙ×ÁÅÔ m-ÉÎ×ÁÒÉÁÎÔÎÏÓÔØ.ïÞÅ×ÉÄÅÎ ÔÁËÖÅ ÓÌÅÄÕÀÝÉÊæÁËÔ 2.4. á×ÔÏÍÏÒÆÉÚÍ æÒÏÂÅÎÉÕÓÁ �ÅÒÅ×ÏÄÉÔ ÏÂÒÁÔÉÍÙÅ ÜÌÅ-ÍÅÎÔÙ × ÏÂÒÁÔÉÍÙÅ.3. ïÂÒÁÔÉÍÏÓÔØ × ËÏÌØ�ÁÈ R� [[x℄℄÷ ÜÔÏÍ �ÁÒÁÇÒÁÆÅ R ÏÂÏÚÎÁÞÁÅÔ ËÏÍÍÕÔÁÔÉ×ÎÏÅ ËÏÌØ�Ï, � { ÅÇÏÜÎÄÏÍÏÒÆÉÚÍ. �ÁËÖÅ ÂÕÄÅÍ �ÒÉÄÅÒÖÉ×ÁÔØÓÑ ÏÂÏÚÎÁÞÅÎÉÊ ÄÌÑ ËÏÜÆ-



256 å. ÷. æåòåîó-óïòïãëéêÆÉ�ÉÅÎÔÏ× ÓÔÅ�ÅÎÎÙÈ ÒÑÄÏ× ÎÁÄ R:f(x) = a0 + a1x+ a2x2 + a3x3 + · · · ∈ R� [[x℄℄;g(x) = b0 + b1x+ b2x2 + b3x3 + · · · ∈ R� [[x℄℄;h(x) = 0 + 1x+ 2x2 + 3x3 + · · · ∈ R�[[x℄℄: (2)R� [[x℄℄ ÏÂÏÚÎÁÞÁÅÔ ÚÄÅÓØ É ÄÁÌÅÅ ËÏÌØ�Ï ËÏÓÙÈ ÆÏÒÍÁÌØÎÙÈ ÓÔÅ�ÅÎÎÙÈÒÑÄÏ×. ðÒÁ×ÉÌÏ xa = �(a)x ÏÚÎÁÞÁÅÔ × ÔÏÞÎÏÓÔÉ, ÞÔÏ ÄÌÑ h(x) = f(x) ·g(x) �ÒÉ ×ÓÅÈ ÎÁÔÕÒÁÌØÎÙÈ nn = a0bn + a1�(bn−1) + · · ·+ an−1�n−1(b1) + an�n(b0): (3)ìÅÍÍÁ 3.1. óÔÅ�ÅÎÎÏÊ ÒÑÄ × R� [[x℄℄ ÏÂÒÁÔÉÍ Ó�ÒÁ×Á ÔÏÇÄÁ É ÔÏÌØËÏÔÏÇÄÁ, ËÏÇÄÁ ÅÇÏ Ó×ÏÂÏÄÎÙÊ ÞÌÅÎ ÏÂÒÁÔÉÍ × R.ðÏÓÔÒÏÉÍ ÄÌÑ f(x) ∈ R� [[x℄℄ ÒÑÄ g(x) ∈ R� [[x℄℄ ÔÁËÏÊ, ÞÔÏf(x)g(x) = 1. òÁÓÓÍÁÔÒÉ×ÁÑ Ó×ÏÂÏÄÎÙÅ ÞÌÅÎÙ, �ÏÌÕÞÁÅÍ a0b0 = 1,ÔÁË ÞÔÏ ÎÅÏÂÈÏÄÉÍÏÓÔØ a0 ∈ R∗ ÏÞÅ×ÉÄÎÁ. äÁÌÅÅ, ÉÓ�ÏÌØÚÕÑ ÆÏÒÍÕÌÕ(3) É ÏÂÒÁÔÉÍÏÓÔØ a0, �ÏÓÔÒÏÉÍ ËÏÜÆÆÉ�ÉÅÎÔÙ bn �Ï ÉÎÄÕË�ÉÉ:bn = −a−10 (a1�(bn−1) + · · ·+ an−1�n−1(b1) + an�n(b0)): (4)ñÓÎÏ, ÞÔÏ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÊ ÒÑÄ g(x) ÂÕÄÅÔ ÉÓËÏÍÙÍ.ìÅÍÍÁ 3.2. óÔÅ�ÅÎÎÏÊ ÒÑÄ × R� [[x℄℄ ÏÂÒÁÔÉÍ ÓÌÅ×Á, ÅÓÌÉ ÅÇÏ Ó×ÏÂÏÄ-ÎÙÊ ÞÌÅÎ É ×ÓÅ ÉÔÅÒÁ�ÉÉ � ÏÔ ÎÅÇÏ ÏÂÒÁÔÉÍÙ × R.äÌÑ g(x) ∈ R� [[x℄℄, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÅÇÏ ÕÓÌÏ×ÉÑÍ ÌÅÍÍÙ, �ÏÓÔÒÏÉÍf(x) ∈ R�[[x℄℄ ÔÁËÏÊ, ÞÔÏ f(x)g(x) = 1. ëÁË É × �ÒÅÄÙÄÕÝÅÊ ÌÅÍÍÅ,a0b0 = 1, ÔÁË ÞÔÏ a0 = b−10 . äÁÌÅÅ Ó �ÏÍÏÝØÀ ÆÏÒÍÕÌÙ (3) ÓÔÒÏÉÍËÏÜÆÆÉ�ÉÅÎÔÙ an �Ï ÉÎÄÕË�ÉÉ:an = −�n(b0)−1(a0bn + a1�(bn−1) + · · ·+ an−1�n−1(b1)): (5)îÁ ËÁÖÄÏÍ ÛÁÇÅ �ÏÓÔÒÏÅÎÉÅ ËÏÒÒÅËÔÎÏ ÉÚ-ÚÁ ÏÂÒÁÔÉÍÏÓÔÉ �n(b0). éÚÜÔÉÈ ËÏÜÆÆÉ�ÉÅÎÔÏ× ÓÏÓÔÁ×ÌÑÅÔÓÑ ÉÓËÏÍÙÊ ÒÑÄ f(x). ìÅÍÍÁ ÄÏËÁ-ÚÁÎÁ.óÌÅÄÓÔ×ÉÅ 3.3. åÓÌÉ �(1) = 1, ÔÏ ÓÔÅ�ÅÎÎÏÊ ÒÑÄ × R� [[x℄℄ ÏÂÒÁÔÉÍÓÌÅ×Á ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ ÅÇÏ Ó×ÏÂÏÄÎÙÊ ÞÌÅÎ ÏÂÒÁÔÉÍ × R.óÏÇÌÁÓÎÏ ÆÁËÔÕ 2.4, ÉÚ ÏÂÒÁÔÉÍÏÓÔÉ b0 ÓÌÅÄÕÅÔ ÏÂÒÁÔÉÍÏÓÔØ �(b0),Á �Ï ÉÎÄÕË�ÉÉ { É ×ÓÅÈ �n(b0), ÔÁË ÞÔÏ ÄÏÓÔÁÔÏÞÎÏÓÔØ ÓÌÅÄÕÅÔ ÉÚÌÅÍÍÙ 3.2. îÅÏÂÈÏÄÉÍÏÓÔØ ÌÅÇËÏ �ÏÌÕÞÁÅÔÓÑ ÉÚ ÒÁ×ÅÎÓÔ×Á a0b0 = 1.úÁÍÅÞÁÎÉÅ 3.4. åÓÌÉ ÜÌÅÍÅÎÔ ÎÅËÏÍÍÕÔÁÔÉ×ÎÏÇÏ ËÏÌØ�Á ÏÂÒÁÔÉÍÓÌÅ×Á É Ó�ÒÁ×Á, ÔÏ ÅÇÏ ÌÅ×ÙÊ É �ÒÁ×ÙÊ ÏÂÒÁÔÎÙÊ ÓÏ×�ÁÄÁÀÔ.



ðïäçï�ï÷é�åìøîáñ ìåííá ÷åêåòû�òáóóá 257óÌÅÄÓÔ×ÉÅ 3.5. åÓÌÉ �(1) = 1, ÔÏ ÓÔÅ�ÅÎÎÏÊ ÒÑÄ × R� [[x℄℄ ÏÂÒÁÔÉÍÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ ÅÇÏ Ó×ÏÂÏÄÎÙÊ ÞÌÅÎ ÏÂÒÁÔÉÍ × R.üÔÏ ÎÅ�ÏÓÒÅÄÓÔ×ÅÎÎÏ ÓÌÅÄÕÅÔ ÉÚ ÌÅÍÍÙ 3.1, ÓÌÅÄÓÔ×ÉÑ 3.3 É ÚÁÍÅ-ÞÁÎÉÑ 3.4. 4.ïÓÎÏ×ÎÙÅ ÔÅÏÒÅÍÙðÅÒÅÊÄÅÍ Ë ÄÏËÁÚÁÔÅÌØÓÔ×Õ ÏÓÎÏ×ÎÏÇÏ ÕÔ×ÅÒÖÄÅÎÉÑ: ÔÅÏÒÅÍÙ 1,ÓÆÏÒÍÕÌÉÒÏ×ÁÎÎÏÊ ×Ï ××ÅÄÅÎÉÉ.úÁÍÅÔÉÍ, ÞÔÏ ËÌÁÓÓÉÞÅÓËÁÑ �ÏÄÇÏÔÏ×ÉÔÅÌØÎÁÑ ÌÅÍÍÁ ÷ÅÊÅÒÛÔÒÁÓÓÁ{ ÞÁÓÔÎÙÊ ÓÌÕÞÁÊ ÔÅÏÒÅÍÙ 1, ËÏÇÄÁ � { ÔÏÖÄÅÓÔ×ÅÎÎÏÅ �ÒÅÏÂÒÁÚÏ×Á-ÎÉÅ ËÏÌØ�Á R. ëÏÌØ�Ï R� [[x℄℄ × ÔÁËÏÍ ÓÌÕÞÁÅ Ñ×ÌÑÅÔÓÑ ÏÂÙÞÎÙÍ ËÏÌØ-�ÏÍ ÓÔÅ�ÅÎÎÙÈ ÒÑÄÏ× R[[x℄℄.�ÅÏÒÅÍÕ 1 ÍÙ Ó×ÅÄÅÍ Ë ÓÌÅÄÓÔ×ÉÀ ÉÚ ÄÒÕÇÏÊ ÔÅÏÒÅÍÙ.�ÅÏÒÅÍÁ 2. ÷ ÕÓÌÏ×ÉÑÈ É ÏÂÏÚÎÁÞÅÎÉÑÈ ÔÅÏÒÅÍÙ 1, ÄÌÑ ÌÀÂÏÇÏ g(x) ∈A ÓÕÝÅÓÔ×ÕÀÔ É ÅÄÉÎÓÔ×ÅÎÎÙ U(x) ∈ A, b0, b1, : : : bn−1 ÉÚ R, ÔÁËÉÅ,ÞÔÏ g(x) = U(x)f(x) + b0 + b1x+ · · ·+ bn−1xn−1: (6)�ÅÏÒÅÍÁ 2, ÎÁ ÓÁÍÏÍ ÄÅÌÅ, ÁÎÁÌÏÇ ÔÁË ÎÁÚÙ×ÁÅÍÏÊ \ÌÅÍÍÙ ÷ÅÊÅÒ-ÛÔÒÁÓÓÁ Ï ÄÅÌÅÎÉÉ" ÄÌÑ ÎÅËÏÍÍÕÔÁÔÉ×ÎÏÇÏ ËÏÌØ�Á ÓÔÅ�ÅÎÎÙÈ ÒÑÄÏ×.õÔ×ÅÒÖÄÅÎÉÅ 4.1. åÓÌÉ ×ÅÒÎÁ ÔÅÏÒÅÍÁ 2, ÔÏ ×ÅÒÎÁ É ÔÅÏÒÅÍÁ 1.äÅÊÓÔ×ÉÔÅÌØÎÏ, �ÒÉÍÅÎÉÍ ÔÅÏÒÅÍÕ 2 Ë g(x) = −xn. �ÏÇÄÁ ÕÒÁ×ÎÅ-ÎÉÅ (6) ÍÏÖÎÏ �ÅÒÅ�ÉÓÁÔØ, ËÁËU(x)f(x) = −(b0 + b1x+ · · ·+ bn−1xn−1 + xn): (7)ðÒÉÒÁ×ÎÑÅÍ ËÏÜÆÆÉ�ÉÅÎÔÙ �ÒÉ xi (i < n) × �ÏÓÌÅÄÎÅÍ ÒÁ×ÅÎÓÔ×Å.ðÏÌØÚÕÑÓØ ÆÏÒÍÕÌÏÊ (3) É ××ÏÄÑ ÏÂÏÚÎÁÞÅÎÉÅ U(x) = u0+u1x+u2x2+
· · · , ÍÙ �ÏÌÕÞÉÍbi = −u0ai − u1�(ai−1)− · · · − ui−1�i−1(a1)− ui�i(a0): (8)�ÁË ËÁË, �Ï ÕÓÌÏ×ÉÀ, a0, a1, : : : , an−1 ÌÅÖÁÔ × m, Á � { m-ÉÎ×ÁÒÉÁÎÔÎÏ,ÔÏ ÉÚ (8) ÓÌÅÄÕÅÔ, ÞÔÏ bi ∈ m, ËÁË É ÔÒÅÂÕÅÔÓÑ × ÔÅÏÒÅÍÅ 1.äÁÌÅÅ �ÒÉÒÁ×ÎÑÅÍ ËÏÜÆÆÉ�ÉÅÎÔÙ �ÒÉ xn:1 + u0an= −u1�(an−1)− u2�2(an−2)− · · · − un−1�n−1(a1)− un�i(a0): (9)



258 å. ÷. æåòåîó-óïòïãëéêëÁË É �ÒÅÖÄÅ, �ÒÁ×ÁÑ ÞÁÓÔØ ÌÅÖÉÔ × m; ÏÂÏÚÎÁÞÉÍ ÅÅ −m. ðÏ ÕÓÌÏ×ÉÀan ∈ R∗, ÔÁËÖÅ 1 + m ∈ R∗ (ÓÍ. ÆÁËÔ 2.2). �ÏÇÄÁ ÉÚ (9) ÓÌÅÄÕÅÔu−10 = −(1 +m)−1a−1n , ÔÏ ÅÓÔØ ÏÂÒÁÔÉÍÏÓÔØ u0.îÁËÏÎÅ�, ÓÏÇÌÁÓÎÏ ÓÌÅÄÓÔ×ÉÀ 3.5, U(x) ÏÂÒÁÔÉÍ. äÏÍÎÏÖÉ× (7)ÓÌÅ×Á ÎÁ U(x)−1, �ÏÌÕÞÁÅÍ (1) ÄÌÑ E(x) = −U(x)−1. ïÞÅ×ÉÄÎÏ, E(x)ÏÂÒÁÔÉÍ.�Å�ÅÒØ, ÄÏËÁÚÁ× ÕÔ×ÅÒÖÄÅÎÉÅ 4.1, ÎÕÖÎÏ ÄÏËÁÚÁÔØ ÓÁÍÕ ÔÅÏÒÅÍÕ 2.îÏ �ÒÅÖÄÅ �ÅÒÅÆÏÒÍÕÌÉÒÕÅÍ ÅÅ, ÓÌÅÄÕÑ ÉÄÅÅ íÁÎÉÎÁ, ÉÚÌÏÖÅÎÎÏÊ × [2,Ó. 21℄.ï�ÒÅÄÅÌÉÍ ÎÁ R� [[x℄℄ ÓÌÅÄÕÀÝÉÅ ÌÉÎÅÊÎÙÅ Ï�ÅÒÁÔÏÒÙ r É h: ÄÌÑP (x) = 0 + 1x+ 2x2 + · · · �ÏÌÏÖÉÍ (n { ÉÚ ÕÓÌÏ×ÉÑ ÔÅÏÒÅÍ 1 É 2)r(P ) = 0 + 1x+ · · ·+ n−1xn−1;h(P ) = n + n+1x+ n+2x2 + · · · : (10)ïÞÅ×ÉÄÎÏ, ÞÔÏ P (x) = r(P )+h(P )xn É h(P (x)xn) = P (x). �ÁËÖÅ ÑÓÎÏ,ÞÔÏ ÕÔ×ÅÒÖÄÅÎÉÅ ÔÅÏÒÅÍÙ 2 ÒÁ×ÎÏÓÉÌØÎÏ ÓÕÝÅÓÔ×Ï×ÁÎÉÀ É ÅÄÉÎÓÔ×ÅÎ-ÎÏÓÔÉ ÔÁËÏÇÏ U(x) ∈ A, ÞÔÏh(g(x)) = h(U(x)f(x)): (11)ðÒÅÏÂÒÁÚÕÅÍ �ÒÁ×ÕÀ ÞÁÓÔØ, Ó ÕÞÅÔÏÍ ×ÙÛÅÓËÁÚÁÎÎÏÇÏ:h(Uf) = h(Ur(f) + Uh(f)xn) = h(Ur(f)) + h(Uh(f)xn)= h(Ur(f)) + Uh(f):ðÒÉÈÏÄÉÍ Ë ÒÁ×ÅÎÓÔ×Õ:h(g) = h(Ur(f)) + Uh(f): (12)áÎÁÌÏÇÉÞÎÙÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ �ÒÏ×ÏÄÑÔÓÑ × [1, ÓÓ. 169{170℄ É × [2,ÓÓ. 21{22℄.úÁÍÅÞÁÎÉÅ 4.2. óÔÅ�ÅÎÎÏÊ ÒÑÄ h(f) Ñ×ÌÑÅÔÓÑ ÏÂÒÁÔÉÍÙÍ × A =R� [[x℄℄.äÅÊÓÔ×ÉÔÅÌØÎÏ, h(f) = an + an+1x + an+2x2 + · · · , ÇÄÅ an ∈ R∗ �ÏÕÓÌÏ×ÉÀ. äÁÌØÛÅ ×Ó£ ×ÙÔÅËÁÅÔ ÉÚ ÓÌÅÄÓÔ×ÉÑ 3.5.÷×ÅÄÅÍ ÏÂÏÚÎÁÞÅÎÉÑ H(x) = h(g(x)), V (x) = U(x)h(f(x)) É M(x) =h(f(x))−1r(f(x)) (H , V É M { ÒÑÄÙ ÉÚ A). úÁÍÅÔÉÍ, ÞÔÏ H(x) É M(x)



ðïäçï�ï÷é�åìøîáñ ìåííá ÷åêåòû�òáóóá 259ÍÏÖÎÏ Ï�ÒÅÄÅÌÉÔØ ÉÚ ÚÁÄÁÎÎÙÈ ÎÁÍ f É g. �Å�ÅÒØ (12) ÍÏÖÎÏ ÚÁ�ÉÓÁÔØ,ËÁË H = h(VM) + V . îÁËÏÎÅ�, ××ÅÄÅÍ ÎÁ R� [[x℄℄ ÅÝÅ ÏÄÉÎ ÌÉÎÅÊÎÙÊÏ�ÅÒÁÔÏÒ, s: s(P (x)) = h(P (x)M(x)). ðÏÌÕÞÁÅÍ ÓÁÍÕÀ �ÒÏÓÔÕÀ ÚÁ�ÉÓØÄÌÑ (11) É (12): H = s(V ) + V: (13)�Å�ÅÒØ ÎÕÖÎÏ ÒÅÛÉÔØ ÜÔÏ ÕÒÁ×ÎÅÎÉÅ, Á ÚÁÔÅÍ �ÅÒÅÊÔÉ ÏÂÒÁÔÎÏ Ë ÉÓ-ÈÏÄÎÙÍ ÏÂÏÚÎÁÞÅÎÉÑÍ. üÔÏÍÕ �ÏÓ×ÑÝÅÎ ÓÌÅÄÕÀÝÉÊ, ÚÁËÌÀÞÉÔÅÌØÎÙÊ�ÁÒÁÇÒÁÆ. 5. äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 2úÄÅÓØ É ÄÁÌÅÅ ÍÙ ÂÕÄÅÍ ÂÅÚ ÏÓÏÂÙÈ �ÏÑÓÎÅÎÉÊ ÉÓ�ÏÌØÚÏ×ÁÔØ ÏÂÏ-ÚÎÁÞÅÎÉÑ �ÁÒÁÇÒÁÆÁ 4.æÏÒÍÁÌØÎÏ, × ËÁÞÅÓÔ×Å ÒÅÛÅÎÉÑ ÕÒÁ×ÎÅÎÉÑ (13) �ÏÄÈÏÄÉÔV = H − s(H) + s2(H)− s3(H) + · · · ; (14)ÎÏ ÎÕÖÎÙ ÄÏ�ÏÌÎÉÔÅÌØÎÙÅ �ÏÑÓÎÅÎÉÑ �Ï �Ï×ÏÄÕ ÓÈÏÄÉÍÏÓÔÉ.ïÂÏÚÎÁÞÉÍ m
k�[[x℄℄ �ÏÄÍÎÏÖÅÓÔ×Ï × R� [[x℄℄, ÓÏÓÔÏÑÝÅÅ ÉÚ ÒÑÄÏ×,×ÓÅ ËÏÜÆÆÉ�ÉÅÎÔÙ ËÏÔÏÒÙÈ ÌÅÖÁÔ × m

k (k ÎÁÔÕÒÁÌØÎÏÅ), Á ÔÁËÖÅ
m
0�[[x℄℄ = R�[[x℄℄. ïÞÅ×ÉÄÎÏ, ÞÔÏ m

k�[[x℄℄ { �ÏÄÇÒÕ��Á �Ï ÓÌÏÖÅÎÉÀ× R� [[x℄℄.ìÅÍÍÁ 5.1. åÓÌÉP (x) ∈ m
k� [[x℄℄ É Q(x) ∈ m� [[x℄℄;ÔÏ P (x)Q(x) ∈ m

k+1� [[x℄℄.ìÅÇËÏ ×ÉÄÅÔØ, ÞÔÏ ÜÔÏ ÄÅÊÓÔ×ÉÔÅÌØÎÏ ÔÁË, �ÏÌØÚÕÑÓØ ÆÏÒÍÕÌÏÊ (3)ÄÌÑ �ÅÒÅÍÎÏÖÅÎÉÑ ÒÑÄÏ× É m-ÉÎ×ÁÒÉÁÎÔÎÏÓÔØÀ �.ìÅÍÍÁ 5.2. åÓÌÉ P (x) ∈ m
k� [[x℄℄, ÔÏ s(P (x)) ∈ m

k+1� [[x℄℄.éÚ ÕÓÌÏ×ÉÑ ÓÌÅÄÕÅÔ, ÞÔÏ r(f) = a0 + a1x + · · · + an−1xn−1 ÌÅÖÉÔ× m�[[x℄℄. ðÒÉÍÅÎÉ× ÌÅÍÍÕ 5.1 ÄÌÑ h(f)−1 É r(f) (k = 0), �ÏÌÕÞÉÍM(x) = h(f)−1r(f) ∈ m�[[x℄℄. ðÒÉÍÅÎÉÍ ÜÔÕ ÌÅÍÍÕ ÅÝÅ ÒÁÚ ÄÌÑ P (x)É M(x), �ÒÉÄÅÍ Ë P (x)M(x) ∈ m
k+1� [[x℄℄. ðÏ Ï�ÒÅÄÅÌÅÎÉÀ, s(P (x)) =h(P (x)M(x)) É ÓÌÅÄÏ×ÁÔÅÌØÎÏ, ÔÏÖÅ ÌÅÖÉÔ × m

k+1� [[x℄℄, Þ.Ô.Ä.



260 å. ÷. æåòåîó-óïòïãëéêìÅÍÍÁ 5.3. äÌÑ ÌÀÂÏÇÏ P (x) ∈ R� [[x℄℄ É k ∈ N ÉÍÅÅÍ sk(P ) ∈ m
k�[[x℄℄.äÏËÁÚÙ×ÁÅÔÓÑ ÉÎÄÕË�ÉÅÊ �Ï k, Ó �ÒÉÍÅÎÅÎÉÅÍ ÌÅÍÍÙ 5.2.âÁÚÁ: k = 0, P (x) ∈ m

0� [[x℄℄ = R� [[x℄℄.ðÅÒÅÈÏÄ: �ÕÓÔØ, �Ï �ÒÅÄ�ÏÌÏÖÅÎÉÀ ÉÎÄÕË�ÉÉ, sk(P ) ∈ m
k� [[x℄℄ { �ÒÉ-ÍÅÎÉÍ Ë ÎÅÍÕ ÌÅÍÍÕ 5.2. ðÏÌÕÞÉÔÓÑ, ÞÔÏs(sk(P )) = sk+1(P ) ∈ m

k+1� [[x℄℄:�ÁËÉÍ ÏÂÒÁÚÏÍ, ÌÅÍÍÁ ÄÏËÁÚÁÎÁ.ðÒÉÍÅÎÉÍ ÌÅÍÍÕ 5.3 Ë H(x) É ÒÁÓÓÍÏÔÒÉÍ ÒÁ×ÅÎÓÔ×Ï (14). õ ËÁ-ÖÄÏÇÏ ÏÞÅÒÅÄÎÏÇÏ ÓÌÁÇÁÅÍÏÇÏ (−1)ksk(H) ×ÓÅ ËÏÜÆÆÉ�ÉÅÎÔÙ ÌÅÖÁÔ ×
m
k. ðÒÉ ÌÀÂÏÍ i ∈ N ÓÕÍÍÁ ËÏÜÆÆÉ�ÉÅÎÔÏ× �ÒÉ xi ÂÕÄÅÔ ÓÈÏÄÉÔØÓÑË ÎÅËÏÔÏÒÏÍÕ �ÒÅÄÅÌØÎÏÍÕ ÚÎÁÞÅÎÉÀ (ÉÓ�ÏÌØÚÕÅÍ �ÏÌÎÏÔÕ ËÏÌØ�Á R),ËÏÔÏÒÏÅ ÍÙ É ÏÂßÑ×ÉÍ ËÏÜÆÆÉ�ÉÅÎÔÏÍ V (x) �ÒÉ xi.õÔ×ÅÒÖÄÅÎÉÅ 5.4. ðÏÓÔÒÏÅÎÎÙÊ ÒÑÄ V (x) Ñ×ÌÑÅÔÓÑ ÒÅÛÅÎÉÅÍ ÕÒÁ×-ÎÅÎÉÑ H = s(V ) + V .÷×ÅÄÅÍ ÕÄÏÂÎÙÅ ÏÂÏÚÎÁÞÅÎÉÑ ÄÌÑ ÞÁÓÔÉÞÎÙÈ ÓÕÍÍ × �ÒÁ×ÏÊ ÞÁÓÔÉÕÒÁ×ÎÅÎÉÑ (14)Vk(x) = H(x) − s(H(x)) + · · ·+ (−1)ksk(H(x)): (15)ìÅÇËÏ ×ÉÄÅÔØ, ÞÔÏ V (x)−Vk(x) ∈ m

k+1� [[x℄℄, Á ÓÌÅÄÏ×ÁÔÅÌØÎÏ (ÌÅÍÍÁ 5.2)s(V (x) − Vk(x)) ∈ m
k+2� [[x℄℄ ⊂ m

k+1� [[x℄℄. ðÏÜÔÏÍÕ ÍÙ ÉÍÅÅÍs(V ) + V = s(V − Vk + Vk) + V − Vk + Vk= s(Vk) + Vk + s(V − Vk) + V − Vk
≡ s(Vk) + Vk = H + (−1)ksk+1(H) ≡ H modm

k+1� [[x℄℄:�ÁËÉÍ ÏÂÒÁÚÏÍ, ÒÁÚÎÏÓÔØ s(V ) + V −H ÉÍÅÅÔ ËÏÜÆÆÉ�ÉÅÎÔÙ × m
k+1�ÒÉ ÌÀÂÏÍ ÎÁÔÕÒÁÌØÎÏÍ k. îÏ × �ÏÌÎÏÍ ÌÏËÁÌØÎÏÍ ËÏÌØ�Å R �ÅÒÅÓÅÞÅ-ÎÉÅ ÜÔÉÈ ÉÄÅÁÌÏ× �Ï ×ÓÅÍ k ÒÁ×ÎÏ ÎÕÌÀ, ÔÁË ÞÔÏ É ÕËÁÚÁÎÎÁÑ ÒÁÚÎÏÓÔØÒÁ×ÎÁ ÎÕÌÀ. üÔÏ É ÏÚÎÁÞÁÅÔ, ÞÔÏ ÕÔ×ÅÒÖÄÅÎÉÅ ÄÏËÁÚÁÎÏ.õÔ×ÅÒÖÄÅÎÉÅ 5.5. V (x) Ñ×ÌÑÅÔÓÑ ÅÄÉÎÓÔ×ÅÎÎÙÍ ÒÅÛÅÎÉÅÍ ÕÒÁ×ÎÅ-ÎÉÑ H = s(V ) + V .ðÕÓÔØ ÉÍÅÅÔÓÑ Ä×Á ÒÁÚÌÉÞÎÙÈ ÒÅÛÅÎÉÑ, V (x) É W (x). �ÁË ËÁË ÉÈÒÁÚÎÏÓÔØ ÎÅÎÕÌÅ×ÁÑ, ÔÏ ÓÕÝÅÓÔ×ÕÅÔ ÎÁÉÂÏÌØÛÅÅ ÔÁËÏÅ k, ÞÔÏ V (x) −W (x) ∈ m

k� [[x℄℄. ðÏÓËÏÌØËÕ s(V ) + V = H = s(W ) +W , ÔÏV (x)−W (x) = s(W (x)) − s(V (x)) = −s(V (x) −W (x)): (16)



ðïäçï�ï÷é�åìøîáñ ìåííá ÷åêåòû�òáóóá 261ðÏ ÌÅÍÍÅ 5.2, �ÒÁ×ÁÑ ÞÁÓÔØ ÜÔÏÇÏ ÕÒÁ×ÎÅÎÉÑ ÌÅÖÉÔ × m
k+1� [[x℄℄. úÎÁÞÉÔ,ÔÁÍ ÖÅ ÌÅÖÉÔ É ÌÅ×ÁÑ ÞÁÓÔØ { ÎÏ ÜÔÏ �ÒÏÔÉ×ÏÒÅÞÉÔ ×ÙÂÏÒÕ k, ËÁËÎÁÉÂÏÌØÛÅÇÏ. ðÏÌÕÞÁÅÍ �ÒÏÔÉ×ÏÒÅÞÉÅ, ÔÁË ÞÔÏ V (x) { ÅÄÉÎÓÔ×ÅÎÎÏÅÒÅÛÅÎÉÅ.�Å�ÅÒØ ÚÁ×ÅÒÛÉÍ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 2. ÷ÏÚØÍÅÍ �ÏÓÔÒÏÅÎ-ÎÏÅ ÎÁÍÉ V (x) É �ÏÌÏÖÉÍ U(x) = V (x)h(x)−1. �ÁË ËÁË V (x) { ÒÅ-ÛÅÎÉÅ ÕÒÁ×ÎÅÎÉÑ (13), ÔÏ U(x) ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÒÁ×ÎÅÎÉÑÍ (11) É (12)(ÓÍ. �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ × �ÁÒÁÇÒÁÆÅ 4). �ÁË ËÁË h(g(x)− U(x)f(x)) = 0,ÜÔÁ ÒÁÚÎÏÓÔØ ÉÍÅÅÔ ×ÉÄ b0 + b1x + · · · + bn−1xn−1. õÒÁ×ÎÅÎÉÅ (6) ÄÌÑÎÉÈ, ÔÁËÉÍ ÏÂÒÁÚÏÍ, ×Ù�ÏÌÎÑÅÔÓÑ. éÚ ÅÄÉÎÓÔ×ÅÎÎÏÓÔÉ V (x) (ÕÔ×ÅÒ-ÖÄÅÎÉÅ 5.5) ÓÌÅÄÕÅÔ ÅÄÉÎÓÔ×ÅÎÎÏÓÔØ U(x), Á ÉÚ ÎÅÅ { ÅÄÉÎÓÔ×ÅÎÎÏÓÔØb0, b1, : : : bn−1. �ÅÏÒÅÍÁ 2 �ÏÌÎÏÓÔØÀ ÄÏËÁÚÁÎÁ.ìÉÔÅÒÁÔÕÒÁ1. ï. úÁÒÉÓÓËÉÊ, ð. óÁÍÀÜÌØ, ëÏÍÍÕÔÁÔÉ×ÎÁÑ ÁÌÇÅÂÒÁ, Ô. 2, í., 1963.2. à. é. íÁÎÉÎ, ëÒÕÇÏ×ÙÅ �ÏÌÑ É ÍÏÄÕÌÑÒÎÙÅ ËÒÉ×ÙÅ. | õÓ�. ÍÁÔ. ÎÁÕË XXVI(1971), ×Ù�. 6, 7{72.3. í. áÔØÑ, é. íÁËÄÏÎÁÌØÄ, ÷×ÅÄÅÎÉÅ × ËÏÍÍÕÔÁÔÉ×ÎÕÀ ÁÌÇÅÂÒÕ. íÉÒ, í., 1972.Ferens-Sorotskiy E. V. Weierstrass preparational theorem for nonom-mutative rings.A power series over omplete loal ring an be anonially deomposedinto produt of an invertible power series and an unital polynomial, whihdegree oinides with the number of �rst invertible oeÆient. This state-ment is known as Weierstrass preparation theorem. It follows from a moregeneral statement, known as Weierstrass division theorem. The given ar-tile ontains a detailed proof of generalizations of Weierstrass prepara-tion theorem and Weierstrass division theorem for so-alled rings of skewpower series. Suh rings arise in number theory, at �rst, in studies offormal groups over loal �elds. ðÏÓÔÕ�ÉÌÏ 12 ÎÏÑÂÒÑ 2008 Ç.ó.-ðÅÔÅÒÂÕÒÇÓËÉÊÇÏÓÕÄÁÒÓÔ×ÅÎÎÙÊ ÕÎÉ×ÅÒÓÉÔÅÔE-mail : sorotskiy�rambler.ru


