
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 365, 2009 Ç.à. ÷. ÷ÏÌËÏ×ëïçïíïìïçéé èïèûéìøäáóáíïéîÿåë�é÷îùè áìçåâòäòå÷åóîïçï �éðá Dn. II1. ÷×ÅÄÅÎÉÅðÕÓÔØ R { ÓÁÍÏÉÎßÅËÔÉ×ÎÁÑ ÂÁÚÉÓÎÁÑ ÁÌÇÅÂÒÁ ÎÁÄ ÁÌÇÅÂÒÁÉÞÅÓËÉÚÁÍËÎÕÔÙÍ �ÏÌÅÍ, ÉÍÅÀÝÁÑ ËÏÎÅÞÎÙÊ ÔÉ� �ÒÅÄÓÔÁ×ÌÅÎÉÑ. óÔÁÂÉÌØ-ÎÙÊ AR-ËÏÌÞÁÎ ÔÁËÏÊ ÁÌÇÅÂÒÙ ÍÏÖÎÏ Ï�ÉÓÁÔØ Ó �ÏÍÏÝØÀ ÎÅËÏÔÏÒÏÇÏÁÓÓÏ�ÉÉÒÏ×ÁÎÎÏÇÏ ÄÅÒÅ×Á, ËÏÔÏÒÏÅ ÄÏÌÖÎÏ ÓÏ×�ÁÄÁÔØ Ó ÏÄÎÏÊ ÉÚ ÓÈÅÍäÙÎËÉÎÁ An, Dn, E6, E7 ÉÌÉ E8 (ÓÍ. [1℄). åÓÌÉ ÄÌÑ ÁÌÇÅÂÒÙ R ÜÔÏ ÁÓÓÏ-�ÉÉÒÏ×ÁÎÎÏÅ ÄÅÒÅ×Ï ÉÍÅÅÔ ÔÉ� An, ÔÏ ××ÉÄÕ ÒÅÚÕÌØÔÁÔÏ× [2℄ ÁÌÇÅÂÒÁR ÓÔÁÂÉÌØÎÏ ÜË×É×ÁÌÅÎÔÎÁ ÌÉÂÏ ÎÅËÏÔÏÒÏÊ �ÏÌÕ�Å�ÎÏÊ ÓÁÍÏÉÎßÅËÔÉ×-ÎÏÊ ÁÌÇÅÂÒÅ, ÌÉÂÏ ÔÁË ÎÁÚÙ×ÁÅÍÏÊ \ÁÌÇÅÂÒÅ í£ÂÉÕÓÁ". ÷ ÒÁÂÏÔÅ [3℄ÂÙÌÁ ×ÙÞÉÓÌÅÎÁ ÁÌÇÅÂÒÁ ËÏÇÏÍÏÌÏÇÉÊ èÏÈÛÉÌØÄÁ HH∗(R) ÄÌÑ �ÏÌÕ-�Å�ÎÙÈ ÓÁÍÏÉÎßÅËÔÉ×ÎÙÈ ÁÌÇÅÂÒ, Á ÄÌÑ ÁÌÇÅÂÒÙ í£ÂÉÕÓÁ × [4℄ ÂÙÌÁ×ÙÞÉÓÌÅÎÁ �ÏÄÁÌÇÅÂÒÁ HH∗r(R) ÁÌÇÅÂÒÙ HH∗(R), �ÏÒÏÖÄ£ÎÎÁÑ ÏÄÎÏ-ÒÏÄÎÙÍÉ ÜÌÅÍÅÎÔÁÍÉ, ÓÔÅ�ÅÎØ ËÏÔÏÒÙÈ ÄÅÌÉÔÓÑ ÎÁ r, ÇÄÅ r { ÎÅËÏÔÏ-ÒÙÊ �ÁÒÁÍÅÔÒ, Ó×ÑÚÁÎÎÙÊ Ó Ï�ÒÅÄÅÌÑÀÝÉÍÉ ÓÏÏÔÎÏÛÅÎÉÑÍÉ ÁÌÇÅÂÒÙR. ÷ ÜÔÉÈ Ä×ÕÈ ÒÁÂÏÔÁÈ ÓÕÝÅÓÔ×ÅÎÎÏ ÉÓ�ÏÌØÚÏ×ÁÌÓÑ ÔÏÔ ÆÁËÔ, ÞÔÏÓÉÚÉÇÉÑ �ÏÄÈÏÄÑÝÅÇÏ �ÏÒÑÄËÁ R-ÂÉÍÏÄÕÌÑ R Ï�ÉÓÙ×ÁÅÔÓÑ ËÁË ÓËÒÕ-ÞÅÎÎÙÊ ÂÉÍÏÄÕÌØ. âÏÌÅÅ �ÒÑÍÏÊ �ÏÄÈÏÄ Ë ×ÙÞÉÓÌÅÎÉÀ ËÏÇÏÍÏÌÏÇÉÊèÏÈÛÉÌØÄÁ ÁÌÇÅÂÒÙ í£ÂÉÕÓÁ R ÂÙÌ �ÒÅÄÌÏÖÅÎ × [5℄, ÇÄÅ ÂÙÌÁ �ÏÓÔÒÏ-ÅÎÁ �ÅÒÉÏÄÉÞÅÓËÁÑ ÍÉÎÉÍÁÌØÎÁÑ �ÒÏÅËÔÉ×ÎÁÑ ÒÅÚÏÌØ×ÅÎÔÁ ÄÌÑ ÁÌÇÅ-ÂÒÙ R, ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÊ ËÁË ÍÏÄÕÌØ ÎÁÄ Ó×ÏÅÊ ÏÂ£ÒÔÙ×ÁÀÝÅÊ ÁÌÇÅ-ÂÒÏÊ. úÁÔÅÍ × [6℄ ÜÔÁ ÒÅÚÏÌØ×ÅÎÔÁ ÂÙÌÁ ÉÓ�ÏÌØÚÏ×ÁÎÁ ÄÌÑ ×ÙÞÉÓÌÅÎÉÑÁÄÄÉÔÉ×ÎÏÊ ÓÔÒÕËÔÕÒÙ ÁÌÇÅÂÒÙ HH∗(R), Ô.Å. ÄÌÑ ÁÌÇÅÂÒÙ í£ÂÉÕÓÁ RÂÙÌÉ ×ÙÞÉÓÌÅÎÙ ÒÁÚÍÅÒÎÏÓÔÉ ÇÒÕ�� HHt(R).åÓÌÉ ÄÌÑ ÁÌÇÅÂÒÙ R ÜÔÏ ÁÓÓÏ�ÉÉÒÏ×ÁÎÎÏÅ ÄÅÒÅ×Ï ÉÍÅÅÔ ÔÉ� Dn, ÔÏ××ÉÄÕ ÒÅÚÕÌØÔÁÔÏ× [7℄ ÁÌÇÅÂÒÁ R ÓÔÁÂÉÌØÎÏ ÜË×É×ÁÌÅÎÔÎÁ ÁÌÇÅÂÒÅ ÏÄ-ÎÏÇÏ ÉÚ 5 ×ÉÄÏ×. éÈ ËÏÌÞÁÎÙ Ó ÓÏÏÔÎÏÛÅÎÉÑÍÉ �ÒÅÄÓÔÁ×ÌÅÎÙ × ÜÔÏÊ ÖÅÒÁÂÏÔÅ. ÷ ÒÁÂÏÔÅ [8℄ Ó �ÏÍÏÝØÀ ÔÅÈÎÉËÉ, ÉÓ�ÏÌØÚÏ×ÁÎÎÏÊ × [5℄, ÂÙÌÁ�ÏÓÔÒÏÅÎÁ �ÅÒÉÏÄÉÞÅÓËÁÑ ÍÉÎÉÍÁÌØÎÁÑ �ÒÏÅËÔÉ×ÎÁÑ ÒÅÚÏÌØ×ÅÎÔÁ ÄÌÑÁÌÇÅÂÒ ÏÄÎÏÇÏ ÉÚ ÜÔÉÈ ×ÉÄÏ×, ËÏÔÏÒÁÑ ÚÁÔÅÍ ÂÙÌÁ ÉÓ�ÏÌØÚÏ×ÁÎÁ ÄÌÑ63



64 à. ÷. ÷ïìëï÷Ï�ÉÓÁÎÉÑ ÁÄÄÉÔÉ×ÎÏÊ ÓÔÒÕËÔÕÒÙ ÁÌÇÅÂÒÙ HH∗(R). ÷ ÄÁÎÎÏÊ ÒÁÂÏÔÅÔÁËÖÅ ÓÔÒÏÉÔÓÑ �ÅÒÉÏÄÉÞÅÓËÁÑ ÂÉÍÏÄÕÌØÎÁÑ ÒÅÚÏÌØ×ÅÎÔÁ ÄÌÑ ÅÝ£ ÏÄ-ÎÏÇÏ ×ÉÄÁ ÁÌÇÅÂÒ, Õ ËÏÔÏÒÙÈ ÁÓÓÏ�ÉÉÒÏ×ÁÎÎÏÅ ÄÅÒÅ×Ï ÉÍÅÅÔ ÔÉ� Dn(ÓÍ. ÔÅÏÒÅÍÕ 1). úÁÔÅÍ ÄÁÎÏ Ï�ÉÓÁÎÉÅ ÁÄÄÉÔÉ×ÎÏÊ ÓÔÒÕËÔÕÒÙ ÁÌÇÅÂÒÙËÏÇÏÍÏÌÏÇÉÊ èÏÈÛÉÌØÄÁ, �ÏÌÕÞÅÎÎÏÅ Ó �ÏÍÏÝØÀ ÜÔÏÊ ÒÅÚÏÌØ×ÅÎÔÙ(ÓÍ. ÔÅÏÒÅÍÙ 2{4).ïÔÍÅÔÉÍ, ÞÔÏ �ÅÒÉÏÄÉÞÎÏÓÔØ ÍÉÎÉÍÁÌØÎÏÊ ÂÉÍÏÄÕÌØÎÏÊ ÒÅÚÏÌØ-×ÅÎÔÙ ÄÌÑ ÓÔÁÎÄÁÒÔÎÙÈ ÓÁÍÏÉÎßÅËÔÉ×ÎÙÈ ÁÌÇÅÂÒ ËÏÎÅÞÎÏÇÏ ÔÉ�Á�ÒÅÄÓÔÁ×ÌÅÎÉÑ ÂÙÌÁ ÄÏËÁÚÁÎÁ × [11℄ ÄÌÑ ×ÓÅÈ ÓÌÕÞÁÅ×, ÚÁ ÉÓËÌÀÞÅÎÉÅÍÓÅÒÉÉ ÁÌÇÅÂÒ, ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÊ × ÎÁÓÔÏÑÝÅÊ ÓÔÁÔØÅ. îÁËÏÎÅ�, ÓÏ×ÓÅÍÎÅÄÁ×ÎÏ ÄÌÑ ×ÓÅÈ ÓÁÍÏÉÎßÅËÔÉ×ÎÙÈ ÁÌÇÅÂÒ ËÏÎÅÞÎÏÇÏ ÔÉ�Á �ÒÅÄÓÔÁ-×ÌÅÎÉÑ ÂÙÌÁ ÄÏËÁÚÁÎÁ �ÅÒÉÏÄÉÞÎÏÓÔØ ÍÉÎÉÍÁÌØÎÏÊ ÂÉÍÏÄÕÌØÎÏÊ ÒÅ-ÚÏÌØ×ÅÎÔÙ (ÓÍ. [12℄).2. âÉÍÏÄÕÌØÎÁÑ ÒÅÚÏÌØ×ÅÎÔÁðÕÓÔØ K { ÁÌÇÅÂÒÁÉÞÅÓËÉ ÚÁÍËÎÕÔÏÅ �ÏÌÅ. úÁÆÉËÓÉÒÕÅÍ r; n ∈ N,r 6 ...3, n > 2. ÷×ÅÄ£Í ÓÌÅÄÕÀÝÉÊ ËÏÌÞÁÎ Ó ÓÏÏÔÎÏÛÅÎÉÑÍÉ (Q; I). íÎÏ-ÖÅÓÔ×Ï ×ÅÒÛÉÎ Q0 = {i ∈ N | 1 6 i 6 rn}; ÄÁÌÅÅ ×ÓÅÇÄÁ ÓÞÉÔÁÅÍÜÌÅÍÅÎÔÙ ÉÚ Q0 Ï�ÒÅÄÅÌÅÎÎÙÍÉ �Ï ÍÏÄÕÌÀ rn. íÎÏÖÅÓÔ×Ï ÓÔÒÅÌÏËQ1 ËÏÌÞÁÎÁ Q ÓÏÓÔÏÉÔ ÉÚ ÓÌÅÄÕÀÝÉÈ ÜÌÅÍÅÎÔÏ×:�s;i : (s− 1)n+ i→ (s− 1)n+ i+ 1;ÇÄÅ s ∈ {1; : : : ; r}, i ∈ {1; : : : ; n− 1},
s : sn→ (s+ 1)n+ 1; �s : sn→ (s+ 1)nÇÄÅ s ∈ {1; : : : ; r}. ðÒÉ ÜÔÏÍ ÉÎÄÅËÓ s ÄÌÑ �s;i, �s É 
s ÚÄÅÓØ É ÄÁÌÅÅÒÁÓÓÍÁÔÒÉ×ÁÅÔÓÑ �Ï ÍÏÄÕÌÀ r.



ëïçïíïìïçéé èïèûéìøäá óáíïéîÿåë�é÷îùè áìçåâò 65éÄÅÁÌ I �ÏÒÏÖÄ£Î ÓÌÅÄÕÀÝÉÍÉ ÜÌÅÍÅÎÔÁÍÉ ÁÌÇÅÂÒÙ �ÕÔÅÊ KQ ËÏÌ-ÞÁÎÁ Q: 
s�s;n−1;�s+1�s − �s+2;n−1 : : : �s+2;1
s;�s+3;t : : : �s+3;1
s+1�s�s;n−1 : : : �s;t;ÇÄÅ s = 1; : : : ; r, t = 1; : : : ; n− 2. ìÅÇËÏ �ÏÎÑÔØ, ÞÔÏ �ÏÓÌÅÄÎÉÊ ÜÌÅÍÅÎÔÄÌÑ t = n − 1, s = 1; : : : ; r ÔÏÖÅ ÌÅÖÉÔ × I . òÁÓÓÍÏÔÒÉÍ K-aÌÇÅÂÒÕR = KQ=I . éÚ [7℄ ÓÌÅÄÕÅÔ, ÞÔÏ R ÉÍÅÅÔ ÄÒÅ×ÅÓÎÙÊ ÔÉ� D3n. þÅÒÅÚ� = R⊗Rop ÏÂÏÚÎÁÞÉÍ ÏÂ£ÒÔÙ×ÁÀÝÕÀ ÁÌÇÅÂÒÕ ÁÌÇÅÂÒÙ R. þÅÒÅÚ ei;j(1 6 i 6 r; 1 6 j 6 n) ÏÂÏÚÎÁÞÉÍ ÉÄÅÍ�ÏÔÅÎÔ ÁÌÇÅÂÒÙ R, ÓÏÏÔ×ÅÔÓÔ×Õ-ÀÝÉÊ (i−1)n+j-ÏÊ ×ÅÒÛÉÎÅ ËÏÌÞÁÎÁQ. ðÒÉ ÜÔÏÍ �ÅÒ×ÙÊ ÉÎÄÅËÓ × ei;jÍÙ ÂÕÄÅÍ ÂÒÁÔØ �Ï ÍÏÄÕÌÀ r. �ÏÇÄÁ {ei1;j1 ⊗ ei2;j2}i1;j1;i2;j2 { �ÏÌÎÏÅÍÎÏÖÅÓÔ×Ï ÏÒÔÏÇÏÎÁÌØÎÙÈ �ÒÉÍÉÔÉ×ÎÙÈ ÉÄÅÍ�ÏÔÅÎÔÏ× ÁÌÇÅÂÒÙ �.þÅÒÅÚ Pi;j = Rei;j ÏÂÏÚÎÁÞÉÍ �ÒÏÅËÔÉ×ÎÙÊ R-ÍÏÄÕÌØ, ÓÏÏÔ×ÅÔÓÔ×ÕÀ-ÝÉÊ (i− 1)n+ j-ÏÊ ×ÅÒÛÉÎÅ ËÏÌÞÁÎÁ Q, ÞÅÒÅÚ Si;j { ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÊÅÊ �ÒÏÓÔÏÊ R-ÍÏÄÕÌØ. þÅÒÅÚ P[i1;j1℄[i2;j2℄ = �ei1;j1 ⊗ ei2;j2 ÏÂÏÚÎÁÞÉÍ�ÒÏÅËÔÉ×ÎÙÊ �-ÍÏÄÕÌØ, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÊ ÉÄÅÍ�ÏÔÅÎÔÕ ei1;j1 ⊗ ei2;j2 .åÓÌÉ w { ÎÅËÏÔÏÒÙÊ �ÕÔØ × ËÏÌÞÁÎÅ Q ÉÚ ×ÅÒÛÉÎÙ (i1 − 1)n + j1 ××ÅÒÛÉÎÕ (i2 − 1)n + j2, ÔÏ ÕÍÎÏÖÅÎÉÅ Ó�ÒÁ×Á ÎÁ w ÉÎÄÕ�ÉÒÕÅÔ ÇÏ-ÍÏÍÏÒÆÉÚÍ w∗ : Pi2;j2 → Pi1;j1 , ËÏÔÏÒÙÊ ÍÙ ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ÞÅÒÅÚw. �ÁËÉÍ ÏÂÒÁÚÏÍ, ÅÓÌÉ w1 { �ÕÔØ ÉÚ ×ÅÒÛÉÎÙ (i1 − 1)n + j1 × ×ÅÒ-ÛÉÎÕ (i2 − 1)n+ j2, Á w2 { �ÕÔØ ÉÚ ×ÅÒÛÉÎÙ (i3 − 1)n+ j3 × ×ÅÒÛÉÎÕ(i4 − 1)n+ j4, ÔÏ w1 ⊗ w2 ∈ Hom�(P[i2;j2℄[i3;j3℄; P[i1;j1℄[i4;j4℄).÷×ÅÄÅÍ ×Ó�ÏÍÏÇÁÔÅÌØÎÙÅ ÏÂÏÚÎÁÞÅÎÉÑ:�i = 
i+1�i; �i;j = �i;j : : : �i;1; �i;j = �i;n−1 : : : �i;j :úÁÍÅÞÁÎÉÅ 1. úÄÅÓØ É × ÄÁÌØÎÅÊÛÅÍ ÍÙ, ÄÌÑ ÅÄÉÎÏÏÂÒÁÚÉÑ ÏÂÏÚÎÁÞÅ-ÎÉÊ, ÄÏ�ÏÌÎÉÔÅÌØÎÏ �ÒÅÄ�ÏÌÁÇÁÅÍ, ÞÔÏ �ÕÓÔÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ ÓÔÒÅÌÏËËÏÌÞÁÎÁ ÏÔÏÖÄÅÓÔ×ÌÑÅÔÓÑ Ó �ÏÄÈÏÄÑÝÉÍ ÉÄÅÍ�ÏÔÅÎÔÏÍ ÁÌÇÅÂÒÙ R;ÎÁ�ÒÉÍÅÒ, �i;0 = ei;1, �i;j−1 : : : �i;j = ei;j , �i;n = ei;n.ñÓÎÏ, ÞÔÏ ÍÎÏÖÅÓÔ×ÏBR ={�i+3;t−1�i�i;j | 1 6 i 6 r; 1 6 t 6 j 6 n}
∪{�i;t−1 : : : �i;j | 1 6 i 6 r; 1 6 j 6 t 6 n}
∪{�i�i;j | 1 6 i 6 r; 1 6 j 6 n}
∪{�i+2;j−1
i | 1 6 i 6 r; 1 6 j 6 n}



66 à. ÷. ÷ïìëï÷ÏÂÒÁÚÕÅÔ K-ÂÁÚÉÓ ÁÌÇÅÂÒÙ R. íÙ ÂÕÄÅÍ ÎÁÚÙ×ÁÔØ BR ÓÔÁÎÄÁÒÔÎÙÍÂÁÚÉÓÏÍ ÁÌÇÅÂÒÙ R.ñÓÎÏ, ÞÔÏ B� = {u ⊗ v | u; v ∈ BR} ÏÂÒÁÚÕÅÔ K-ÂÁÚÉÓ ÁÌÇÅÂÒÙ �.íÙ ÂÕÄÅÍ ÎÁÚÙ×ÁÔØB� ÓÔÁÎÄÁÒÔÎÙÍ ÂÁÚÉÓÏÍ ÁÌÇÅÂÒÙ �. ñÓÎÏ ÔÁËÖÅ,ÞÔÏ B[i1;j1℄[i2;j2℄ = B� ⋂P[i1;j1℄[i2;j2℄ { K-ÂÁÚÉÓ ÍÏÄÕÌÑ P[i1;j1℄[i2;j2℄. åÓÌÉÖÅ P = l⊕t=1P[i1;t;j1;t℄[i2;t;j2;t℄, Ámt : P[i1;t;j1;t℄[i2;t;j2;t℄ → P { ÇÏÍÏÍÏÒÆÉÚÍ×ÌÏÖÅÎÉÑ P[i1;t;j1;t℄[i2;t;j2;t℄ × P , ÔÏBP = {mt(u)|1 6 t 6 l; u ∈ B[i1;t;j1;t℄[i2;t;j2;t℄}{ K-ÂÁÚÉÓ ÍÏÄÕÌÑ P , ËÏÔÏÒÙÊ ÍÙ ÂÕÄÅÍ ÎÁÚÙ×ÁÔØ ÓÔÁÎÄÁÒÔÎÙÍ ÂÁ-ÚÉÓÏÍ ÍÏÄÕÌÑ P .þÅÒÅÚ Qi(S) (i > 0) ÏÂÏÚÎÁÞÉÍ i-ÙÊ ÍÏÄÕÌØ × ÍÉÎÉÍÁÌØÎÏÊ �ÒÏÅË-ÔÉ×ÎÏÊ ÒÅÚÏÌØ×ÅÎÔÅ �ÒÏÓÔÏÇÏ R-ÍÏÄÕÌÑ S, Á ÞÅÒÅÚ Qi { i-ÙÊ ÍÏÄÕÌØ ×ÂÉÍÏÄÕÌØÎÏÊ �ÒÏÅËÔÉ×ÎÏÊ ÒÅÚÏÌØ×ÅÎÔÅ �-ÍÏÄÕÌÑ R. �ÏÇÄÁ �Ï ÌÅÍÍÅèÁ��ÅÌÑ [9℄ (ÓÍ. ÔÁËÖÅ [5, Ó. 45℄), ÅÓÌÉ Qt(Si;j) = li;j⊕k=1Pik;i;j jk;i;j , ÔÏQt = r⊕i=1 n⊕j=1 li;j⊕k=1 P[ik;i;j ;jk;i;j ℄[i;j℄:ðÏÓÔÒÏÉÍ ÍÉÎÉÍÁÌØÎÙÅ �ÒÏÅËÔÉ×ÎÙÅ ÒÅÚÏÌØ×ÅÎÔÙ ÍÏÄÕÌÅÊ Si;j .ìÅÍÍÁ 1. (1) ðÕÓÔØ 1 6 j 6 n − 2. �ÏÇÄÁ ÎÁÞÁÌÏ ÍÉÎÉÍÁÌØÎÏÊ �ÒÏ-ÅËÔÉ×ÎÏÊ ÒÅÚÏÌØ×ÅÎÔÙ ÍÏÄÕÌÑ Si;j ÉÍÅÅÔ ÓÌÅÄÕÀÝÉÊ ×ÉÄ:0← Si;j←−Pi;j �i;j
←− Pi;j+1 �i;j

←− Pi+3;j+1;ÇÄÅ �i;j = �i+3;j�i�i;j+1;�ÒÉ ÜÔÏÍ 
2(Si;j) ∼= Si+3;j+1.(2) îÁÞÁÌÏ ÍÉÎÉÍÁÌØÎÏÊ �ÒÏÅËÔÉ×ÎÏÊ ÒÅÚÏÌØ×ÅÎÔÙ ÍÏÄÕÌÑ Si;n−1ÉÍÅÅÔ ÓÌÅÄÕÀÝÉÊ ×ÉÄ:0← Si;n−1←−Pi;n−1 �i;n−1
←− Pi;n 
i

←− Pi+2;1 �i;n−1
←− Pi+5;1;ÇÄÅ �i;n−1 = �i+2�i+2;1;



ëïçïíïìïçéé èïèûéìøäá óáíïéîÿåë�é÷îùè áìçåâò 67�ÒÉ ÜÔÏÍ 
3(Si;n−1) ∼= Si+5;1.(3.1) ðÕÓÔØ n...2. �ÏÇÄÁ ÎÁÞÁÌÏ ÍÉÎÉÍÁÌØÎÏÊ �ÒÏÅËÔÉ×ÎÏÊ ÒÅÚÏÌØ×ÅÎÔÙÍÏÄÕÌÑ Si;n ÉÍÅÅÔ ×ÉÄ0← Si;n←−Q0(Si;n) '0(Si;n)
←− Q1(Si;n) '1(Si;n)

←− : : : '2n−2(Si;n)
←− Q2n−1(Si;n);ÇÄÅ Q4k(Si;n) = Pi+6k;n (0 6 k 6

n− 22 );Q4k+1(Si;n) = Pi+6k+1;n ⊕ Pi+6k+2;2k+1
(0 6 k 6

n− 22 );Q4k+2(Si;n) = Pi+6k+2;n (0 6 k 6
n− 22 );Q4k+3(Si;n) = Pi+6k+5;2k+2 (0 6 k 6

n− 22 );'4k(Si;n) = (�i+6k ; �i+6k+2;2k
i+6k) (0 6 k 6
n− 22 );'4k+1(Si;n) = ( �i+6k+1

−�i+6k+2;2k+1) (0 6 k 6
n− 22 );'4k+2(Si;n) = �i+6k+5;2k+1�i+6k+2 (0 6 k 6
n− 22 );'4k+3(Si;n) = �i+6k+5�i+6k+5;2k+2 (0 6 k 6
n− 42 );�ÒÉ ÜÔÏÍ 
2n−1(Si;n) ∼= Si+3n−1;n.(3.2) ðÕÓÔØ n6 ...2. �ÏÇÄÁ ÎÁÞÁÌÏ ÍÉÎÉÍÁÌØÎÏÊ �ÒÏÅËÔÉ×ÎÏÊ ÒÅÚÏÌØ×ÅÎÔÙÍÏÄÕÌÑ Si;n ÉÍÅÅÔ ×ÉÄ0← Si;n←−Q0(Si;n) '0(Si;n)

←− Q1(Si;n) '1(Si;n)
←− : : : '4n−3(Si;n)

←− Q4n−2(Si;n);ÇÄÅ Q4k(Si;n) = Pi+6k;n (0 6 k 6
n− 12 );Q4k+1(Si;n) = Pi+6k+1;n ⊕ Pi+6k+2;2k+1 (0 6 k 6

n− 32 );Q4k+2(Si;n) = Pi+6k+2;n (0 6 k 6
n− 32 );Q4k+3(Si;n) = Pi+6k+5;2k+2 (0 6 k 6

n− 32 );



68 à. ÷. ÷ïìëï÷Q2n−1+4k(Si;n) = Pi+3n−1+6k−1;n (0 6 k 6
n− 12 );Q2n−1+4k+1(Si;n) = Pi+3n−1+6k+2;2k+1 (0 6 k 6

n− 12 );Q2n−1+4k+2(Si;n) = Pi+3n−1+6k+3;n (0 6 k 6
n− 32 );Q2n−1+4k+3(Si;n) = Pi+3n−1+6k+4;n ⊕ Pi+3n−1+6k+5;2k+2

(0 6 k 6
n− 32 );'4k(Si;n) = (�i+6k ; �i+6k+2;2k
i+6k) (0 6 k 6

n− 32 );'4k+1(Si;n) = ( �i+6k+1
−�i+6k+2;2k+1) (0 6 k 6

n− 32 );'4k+2(Si;n) = �i+6k+5;2k+1�i+6k+2 (0 6 k 6
n− 32 );'4k+3(Si;n) = �i+6k+5�i+6k+5;2k+2 (0 6 k 6
n− 32 );'2n−2(Si;n) = �i+3n−3;'2n−1+4k(Si;n) = �i+3n−1+6k+2;2k�i+3n−1+6k−1 (0 6 k 6

n− 12 );'2n−1+4k+1(Si;n) = �i+3n−1+6k+2�i+3n−1+6k+2;2k+1 (0 6 k 6
n− 32 );'2n−1+4k+2(Si;n) = (�i+3n−1+6k+3; �i+3n−1+6k+5;2k+1
i+3n−1+6k+3)

(0 6 k 6
n− 32 );'2n−1+4k+3(Si;n) = ( �i+3n−1+6k+4

−�i+3n−1+6k+5;2k+2) (0 6 k 6
n− 32 );�ÒÉ ÜÔÏÍ 
4n−2(Si;n) ∼= Si+6n−2;n.äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÒÏ×ÅÒÉÔØ ×ÓÅ �ÕÎËÔÙ ÎÅ �ÒÅÄÓÔÁ×ÌÑÅÔ ÔÒÕÄÁ.óÌÅÄÕÀÝÉÅ Ä×Á ÕÔ×ÅÒÖÄÅÎÉÑ ×ÙÔÅËÁÀÔ ÉÚ ÌÅÍÍÙ 1.óÌÅÄÓÔ×ÉÅ 1. ðÕÓÔØ 1 6 i 6 r, 1 6 j 6 n − 1. �ÏÇÄÁ �ÅÒ×ÙÅ 2n − 1ÞÌÅÎÁ ÍÉÎÉÍÁÌØÎÏÊ �ÒÏÅËÔÉ×ÎÏÊ ÒÅÚÏÌØ×ÅÎÔÙ ÍÏÄÕÌÑ Si;j ÔÁËÏ×Ù:Q2m(Si;j) = Pi+3m;j+m (m = 0; : : : ; n− 1− j);Q2m+1(Si;j) = Pi+3m;j+m+1 (m = 0; : : : ; n− 2− j);Q2n−1−2j(Si;j) = Pi+3(n−1−j);n;



ëïçïíïìïçéé èïèûéìøäá óáíïéîÿåë�é÷îùè áìçåâò 69Q2m(Si;j) = Pi+3m−1;j+m−(n−1) (m = n− j; : : : ; n− 1);Q2m+1(Si;j) = Pi+3m+2;j+m−(n−1) (m = n− j; : : : ; n− 2):ëÒÏÍÅ ÔÏÇÏ, ÄÌÑ ÌÀÂÏÇÏ m ÍÏÄÕÌØ Qm+2n−1(Si;j) �ÏÌÕÞÁÅÔÓÑ ÚÁÍÅÎÏÊ× ÆÏÒÍÕÌÅ ÄÌÑ Qm(Si;j) ×ÓÅÈ ÍÏÄÕÌÅÊ Pi′;j′ ÎÁ Pi′+3n−1;j′ .óÌÅÄÓÔ×ÉÅ 2. (1) ðÕÓÔØ n...2. �ÏÇÄÁ ÄÌÑ ÌÀÂÙÈ 1 6 i 6 r É 1 6 j 6 nÉÍÅÅÍ 
2n−1(Si;j) ∼= Si+3n−1;j ;(2) ðÕÓÔØ n6 ...2. �ÏÇÄÁ ÄÌÑ ÌÀÂÙÈ 1 6 i 6 r É 1 6 j 6 n ÉÍÅÅÍ
4n−2(Si;j) ∼= Si+6n−2;j .÷×ÅÄ£Í K-ÌÉÎÅÊÎÏÅ ÏÔÏÂÒÁÖÅÎÉÅ � : R → R, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÅÅÕÓÌÏ×ÉÀ �(xy) = �(x)�(y) É ÔÁËÏÅ, ÞÔÏ�(ei;j) = ei+3n−1;j ; �(�i;j) = �i+3n−1;j (1 6 j 6 n− 2);�(�i;n−1) = −�i+3n−1;n−1; �(
i)= −
i+3n−1; �(�i) = −�i+3n−1:ñÓÎÏ, ÞÔÏ � { Á×ÔÏÍÏÒÆÉÚÍ ÁÌÇÅÂÒÙ R. üÔÏÔ Á×ÔÏÍÏÒÆÉÚÍ ÉÍÅÅÔËÏÎÅÞÎÙÊ �ÏÒÑÄÏË. üÔÏÔ �ÏÒÑÄÏË Ï�ÉÓÙ×ÁÅÔÓÑ × ÓÌÅÄÕÀÝÅÍ �ÒÅÄÌÏ-ÖÅÎÉÉ.ðÒÅÄÌÏÖÅÎÉÅ 1. ðÏÒÑÄÏË � ÒÁ×ÅÎ rîïä(r;3n−1) , ÅÓÌÉ ×Ù�ÏÌÎÅÎÏ ÏÄÎÏÉÚ ÕÓÌÏ×ÉÊ:(Á) rîïä(r;3n−1) ...2,(Â) 
harK = 2.÷ �ÒÏÔÉ×ÎÏÍ ÓÌÕÞÁÅ ÏÎ ÒÁ×ÅÎ 2 rîïä(r;3n−1) .äÏËÁÚÁÔÅÌØÓÔ×Ï. �ÁË ËÁË�s(ei;j) = ei+s(3n−1);j ; �s(�i;j) = �i+s(3n−1);j (1 6 j 6 n− 2);�s(�i;n−1) = (−1)s�i+3n−1;n−1;�s(
i) = (−1)s
i+s(3n−1); �s(�i) = (−1)s�i+s(3n−1);ÔÏ �ÏÒÑÄÏË � { ÜÔÏ ÎÁÉÍÅÎØÛÅÅ ÎÁÔÕÒÁÌØÎÏÅ s, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÅÅ ÕÓÌÏ-×ÉÑÍ:1. s(3n− 1)...r,2. (−1)s = 1.



70 à. ÷. ÷ïìëï÷éÚ ÕÓÌÏ×ÉÑ 1 �ÏÌÕÞÁÅÍ, ÞÔÏ �ÏÒÑÄÏË � ÒÁ×ÅÎ a rîïä(3n−1;r) ÄÌÑ ÎÅËÏ-ÔÏÒÏÇÏ ÎÁÔÕÒÁÌØÎÏÇÏ a. åÓÌÉ ×Ù�ÏÌÎÅÎÏ ÏÄÎÏ ÉÚ ÕÓÌÏ×ÉÊ (Á) ÉÌÉ (Â),ÔÏ rîïä(3n−1;r) ÏÞÅ×ÉÄÎÏ ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ×ÉÀ 2, ÔÏ ÅÓÔØ ÍÙ ÍÏÖÅÍ×ÚÑÔØ a = 1. åÓÌÉ ÖÅ ÎÅ ×Ù�ÏÌÎÅÎÏ ÎÉ ÏÄÎÏ ÉÚ ÕÓÌÏ×ÉÊ (Á) É (Â), ÔÏÑÓÎÏ, ÞÔÏ a...2. �ÁËÖÅ ÑÓÎÏ, ÞÔÏ 2 rîïä(3n−1;r) ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ×ÉÀ2, ÔÏ ÅÓÔØ ÎÁÄÏ ×ÚÑÔØ a = 2. îÁ ÜÔÏÍ ÄÏËÁÚÁÔÅÌØÓÔ×Ï �ÒÅÄÌÏÖÅÎÉÑÚÁ×ÅÒÛÅÎÏ.âÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ÞÅÒÅÚ �� ËÁÔÅÇÏÒÉÀ ËÏÎÅÞÎÏ �ÏÒÏÖÄÅÎÎÙÈ �ÒÏ-ÅËÔÉ×ÎÙÈ (ÌÅ×ÙÈ) �-ÍÏÄÕÌÅÊ. ÷×ÅÄ£Í ÓÌÅÄÕÀÝÉÊ K-ÌÉÎÅÊÎÙÊ ÆÕÎË-ÔÏÒ � : ��→ ��. ðÕÓÔØ V = ⊕l∈LP[i2;l;j2;l℄[i1;l;j1;l℄. �ÏÇÄÁ�(V ) = ⊕l∈L P[�(i2;l;j2;l)℄[i1;l;j1;l℄(ÚÄÅÓØ �(i; j) = (x; y) ⇔ �(ei;j) = ex;y). ðÕÓÔØ V1, V2 { ÍÏÄÕÌÉ ÉÚ ��,V1 = ⊕l∈LP[i2;l;j2;l℄[i1;l;j1;l℄, d : V1 → V2 { ÇÏÍÏÍÏÒÆÉÚÍ �-ÍÏÄÕÌÅÊ, ÔÁËÏÊ,ÞÔÏ d|P[i2;l;j2;l℄[i1;l;j1;l℄ = ∑t∈T ul;twl;t;1 ⊗ wl;t;2;ÇÄÅ ul;t ∈ K, wl;t;1; wl;t;2 ∈ R. �ÏÇÄÁ�(d)|P[�(i2;l ;j2;l)℄[i1;l;j1;l℄ = ∑t∈T ul;t�(wl;t;1)⊗ wl;t;2:÷×ÅÄ£Í × ÒÁÓÓÍÏÔÒÅÎÉÅ ÓÌÅÄÕÀÝÉÅ ÍÏÄÕÌÉ:T2l = r⊕i=1 (P[i+3l;n℄[i;n℄ ⊕ ( n−1−l⊕j=1 P[i+3l;j+l℄[i;j℄)
⊕

( n−1⊕j=n−lP[i+3l−1;j+l−(n−1)℄[i;j℄)) (l = 0; : : : ; n− 1); (2.1)T2l+1 = r⊕i=1 (P[i+3l+1;n℄[i;n℄ ⊕ ( n−1−l⊕j=1 P[i+3l;j+l+1℄[i;j℄)
⊕

( n⊕j=n−lP[i+3l+2;j+l−(n−1)℄[i;j℄)) (l = 0; : : : ; n− 1); (2.2)



ëïçïíïìïçéé èïèûéìøäá óáíïéîÿåë�é÷îùè áìçåâò 71T ′2l = r⊕i=1 (P[i+3l−1;n℄[i;n℄ ⊕ ( n−1−l⊕j=1 P[i+3l;j+l℄[i;j℄)
⊕

( n−1⊕j=n−lP[i+3l−1;j+l−(n−1)℄[i;j℄)) (l = 0; : : : ; n− 1); (2.3)T ′2l+1 = r⊕i=1 (( n−1−l⊕j=1 P[i+3l;j+l+1℄[i;j℄)
⊕

( n⊕j=n−lP[i+3l+2;j+l−(n−1)℄[i;j℄)) (l = 0; : : : ; n− 1): (2.4)éÚ ÓÌÅÄÓÔ×ÉÑ 1 É ÌÅÍÍÙ èÁ��ÅÌÑ ×ÙÔÅËÁÅÔ ÓÌÅÄÕÀÝÅÅ Ï�ÉÓÁÎÉÅÞÌÅÎÏ× ÍÉÎÉÍÁÌØÎÏÊ �ÒÏÅËÔÉ×ÎÏÊ ÒÅÚÏÌØ×ÅÎÔÙ �-ÍÏÄÕÌÑ R.1. äÌÑ Þ£ÔÎÏÇÏ n �ÏÌÏÖÉÍQ4k = T4k; Q4k+1 = T4k+1; Q4k+2 = T ′4k+2; Q4k+3 = T ′4k+3ÄÌÑ 0 6 k 6
n−22 . ðÒÉ ÜÔÏÍ ÞÌÅÎÙ Ó ÎÏÍÅÒÁÍÉ, ÂÏÌØÛÉÍÉ ÞÅÍ 2n− 2,�ÏÌÕÞÁÀÔÓÑ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:Ql(2n−1)+t = �l(Qt) ÄÌÑ 0 6 t 6 2n−2(ÚÁÍÅÔÉÍ, ÞÔÏ T ′2n−1 = �(T0)).2. äÌÑ ÎÅÞ£ÔÎÏÇÏ n �ÏÌÏÖÉÍQ4k = T4k; Q4k+1 = T4k+1; Q4k+2 = T ′4k+2; Q4k+3 = T ′4k+3ÄÌÑ 0 6 k 6
n−12 × �ÅÒ×ÏÊ ÆÏÒÍÕÌÅ É 0 6 k 6

n−32 × ÏÓÔÁÌØÎÙÈ ÔÒ£È,Q2n−1+4k = �(T ′4k); Q2n−1+4k+1 = �(T ′4k+1);Q2n−1+4k+2 = �(T4k+2); Q2n−1+4k+3 = �(T4k+3)ÄÌÑ 0 6 k 6 n−12 × �ÅÒ×ÙÈ Ä×ÕÈ ÆÏÒÍÕÌÁÈ É 0 6 k 6 n−32 × Ä×ÕÈ ÏÓÔÁ×-ÛÉÈÓÑ (ÚÁÍÅÔÉÍ, ÞÔÏ �(T ′0) ⊂ T2n−1). ðÒÉ ÜÔÏÍ ÞÌÅÎÙ Ó ÎÏÍÅÒÁÍÉ,ÂÏÌØÛÉÍÉ ÞÅÍ 4n − 3, �ÏÌÕÞÁÀÔÓÑ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ: Ql(4n−2)+t =�2l(Qt) ÄÌÑ 0 6 t 6 4n− 3 (ÚÁÍÅÔÉÍ, ÞÔÏ �(T ′2n−1) = �2(T0)).ðÕÓÔØ � : Q0 → R { ÇÏÍÏÍÏÒÆÉÚÍ, Ï�ÒÅÄÅÌ£ÎÎÙÊ ÎÁ w1 ⊗ w2 ∈P[i;j℄[i;j℄ �Ï ÆÏÒÍÕÌÅ �(w1⊗w2) = w1w2. íÙ �ÏÓÔÒÏÉÍ ÇÏÍÏÍÏÒÆÉÚÍÙs2l : T2l+1 → T2l (0 6 l 6 n − 1), s2l+1 : T ′2l+2 → T2l+1 (0 6 l 6 n− 2),s′2l : T ′2l+1 → T ′2l (0 6 l 6 n− 1), s′2l+1 : T2l+2 → T ′2l+1 (0 6 l 6 n− 2).



72 à. ÷. ÷ïìëï÷ï�ÒÅÄÅÌÉÍ s2l ÄÌÑ 0 6 l 6 n− 1 ÎÁ �ÒÑÍÙÈ ÓÌÁÇÁÅÍÙÈ T2l+1 ÓÌÅÄÕ-ÀÝÉÍ ÏÂÒÁÚÏÍ:s2l|P[i+3l+1;n℄[i;n℄= �i+3l ⊗ ei;n + n−1∑m=n−l �i+3l+1;m+l−(n−1) ⊗ �i+2;m−1
i − ei+3l+1;n ⊗ �i;s2l|P[i+3l;j+l+1℄[i;j℄ = �i+3l;j+l ⊗ ei;j − ei+3l;j+l+1 ⊗ �i;j (1 6 j 6 n− 2− l);s2l|P[i+3l;n℄[i;n−1−l℄ = �i+3l;n−1 ⊗ ei;n−1−l + n−1∑m=n−l �i+3l−1�i+3l−1;m+l−(n−1)
⊗ �i;m−1 : : : �i;n−1−l − ei+3l;n ⊗ �i;n−1−l;s2l|P[i+3l+2;j+l−(n−1)℄[i;j℄= −

n−1∑m=j �i+3l+2;j+l−n�i+3l−1�i+3l−1;m+l−(n−1) ⊗ �i;m−1 : : : �i;j+ �i+3l+2;j+l−n
i+3l ⊗ �i;j + j∑m=n−l�i+3l+2;j+l−n : : : �i+3l+2;m+l−(n−1)
⊗ �i+3;m−1�i�i;j (n− l 6 j 6 n− 1);s2l|P[i+3l+2;l+1℄[i;n℄ = �i+3l+2;l
i+3l ⊗ ei;n + n−1∑m=n−l�i+3l+2;l : : : �i+3l+2;m+l−(n−1)
⊗ �i+3;m−1�i − ei+3l+2;l+1 ⊗ 
i:áÎÁÌÏÇÉÞÎÙÍ ÏÂÒÁÚÏÍ Ï�ÒÅÄÅÌÉÍ ÇÏÍÏÍÏÒÆÉÚÍ s2l+1 ÄÌÑ 0 6 l 6 n−2ÎÁ �ÒÑÍÙÈ ÓÌÁÇÁÅÍÙÈ T ′2l+2:s2l+1|P[i+3l+2;n℄[i;n℄ = �i+3l+1 ⊗ ei;n − �i+3l+2;l+1 ⊗ ei;n
−

n−1−l∑m=1 �i+3l+2;m+l+1 ⊗ �i+2;m−1
i + ei+3l+2;n ⊗ �i;s2l+1|P[i+3l+3;j+l+1℄[i;j℄= n−1−l∑m=j �i+3l+3;j+l�i+3l�i+3l;m+l+1 ⊗ �i;m−1 : : : �i;j+ �i+3l+3;j+l
i+3l+1 ⊗ �i;j + �i+3l+3;j+l : : : �i+3l+3;l+1
⊗ �i�i;j + j∑m=1�i+3l+3;j+l : : : �i+3l+3;m+l+1 ⊗ �i+3;m−1�i�i;j(1 6 j 6 n− 2− l);



ëïçïíïìïçéé èïèûéìøäá óáíïéîÿåë�é÷îùè áìçåâò 73s2l+1|P[i+3l+2;1℄[i;n−1−l℄ = −
i+3l ⊗ ei;n−1−l − ei+3l+2;1 ⊗ �i;n−1−l;s2l+1|P[i+3l+2;j+l+2−n℄[i;j℄ = �i+3l+2;j+l+1−n ⊗ ei;j − ei+3l+2;j+l+2−n ⊗ �i;j(n− l 6 j 6 n− 1):ï�ÒÅÄÅÌÉÍ s′2l ÄÌÑ 0 6 l 6 n− 1 ÎÁ �ÒÑÍÙÈ ÓÌÁÇÁÅÍÙÈ T ′2l+1 ÓÌÅÄÕ-ÀÝÉÍ ÏÂÒÁÚÏÍ:s′2l|P[i+3l;j+l+1℄[i;j℄ = �i+3l;j+l ⊗ ei;j − ei+3l;j+l+1 ⊗ �i;j (1 6 j 6 n− 2− l);s′2l|P[i+3l;n℄[i;n−1−l℄ = �i+3l;n−1 ⊗ ei;n−1−l + n−1∑m=n−l�i+3l−1�i+3l−1;m+l−(n−1)
⊗ �i;m−1 : : : �i;n−1−l − �i+3l−1 ⊗ �i;n−1−l + ei+3l;n ⊗ �i�i;n−1−l;s′2l|P[i+3l+2;j+l−(n−1)℄[i;j℄ = −

n−1∑m=j �i+3l+2;j+l−n�i+3l−1�i+3l−1;m+l−(n−1)
⊗ �i;m−1 : : : �i;j + �i+3l+2;j+l−n�i+3l−1 ⊗ �i;j − �i+3l+2;j+l−n
i+3l ⊗ �i�i;j+ j∑m=n−l�i+3l+2;j+l−n : : : �i+3l+2;m+l−(n−1) ⊗ �i+3;m−1�i�i;j(n− l 6 j 6 n− 1);ËÒÏÍÅ ÔÏÇÏ, �ÏÌÏÖÉÍs′2l|P[i+3l+2;l+1℄[i;n℄ = �i+3l+2;l�i+3l−1 ⊗ ei;n − �i+3l+2;l
i+3l ⊗ �i+ n−1∑m=n−l�i+3l+2;l : : : �i+3l+2;m+l−(n−1) ⊗ �i+3;m−1�i + ei+3l+2;l+1 ⊗ 
iÄÌÑ 0 6 l 6 n− 2, És′2n−2|P[i+3n−1;n℄[i;n℄= −�i+3n−2�i+3n−3�i+3n−4 ⊗ ei;n + �i+3n−2�i+3n−3 ⊗ �i+ n−1∑m=1�i+3n−2�i+3n−2;m ⊗ �i+2;m−1
i − �i+3n−2 ⊗ �i+1�i
−

n−1∑m=1�i+3n−1;n−1 : : : �i+3n−1;m ⊗ �i+3;m−1�i + ei+3n−1;n ⊗ �i+2�i+1�i:



74 à. ÷. ÷ïìëï÷áÎÁÌÏÇÉÞÎÙÍ ÏÂÒÁÚÏÍ Ï�ÒÅÄÅÌÉÍ ÇÏÍÏÍÏÒÆÉÚÍ s′2l+1 ÄÌÑ 0 6 l 6n− 2 ÎÁ �ÒÑÍÙÈ ÓÌÁÇÁÅÍÙÈ T2l+2:s′2l+1|P[i+3l+3;n℄[i;n℄ = −�i+3l+2�i+3l+2;l+1 ⊗ ei;n+ n−1−l∑m=1 �i+3l+2�i+3l+2;m+l+1 ⊗ �i+2;m−1
i
−�i+3l+3;l+1 ⊗ �i + n−1−l∑m=1 �i+3l+3;m+l+1 ⊗ �i+3;m−1�i;s′2l+1|P[i+3l+3;j+l+1℄[i;j℄ = n−1−l∑m=j �i+3l+3;j+l�i+3l�i+3l;m+l+1
⊗�i;m−1 : : : �i;j − �i+3l+3;j+l : : : �i+3l+3;l+1 ⊗ �i�i;j+ j∑m=1�i+3l+3;j+l : : : �i+3l+3;m+l+1 ⊗ �i+3;m−1�i�i;j (1 6 j 6 n− 2− l);s′2l+1|P[i+3l+2;1℄[i;n−1−l℄ = −
i+3l ⊗ ei;n−1−l − ei+3l+2;1 ⊗ �i;n−1−l;s′2l+1|P[i+3l+2;j+l+2−n℄[i;j℄ = �i+3l+2;j+l+1−n ⊗ ei;j − ei+3l+2;j+l+2−n ⊗ �i;j(n− l 6 j 6 n− 1):ï�ÒÅÄÅÌÉÍ ÇÏÍÏÍÏÒÆÉÚÍÙ di ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:1. åÓÌÉ n Þ£ÔÎÏ, ÔÏ Ï�ÒÅÄÅÌÉÍ di ÄÌÑ 0 6 i 6 2n − 2 ÓÌÅÄÕÀÝÉÍÏÂÒÁÚÏÍ:di = { si; ÅÓÌÉ i = 4k ÉÌÉ i = 4k + 1; ÇÄÅ k ∈ Z;s′i; ÅÓÌÉ i = 4k + 2 ÉÌÉ i = 4k + 3; ÇÄÅ k ∈ Z:2. åÓÌÉ n ÎÅÞ£ÔÎÏ, ÔÏ Ï�ÒÅÄÅÌÉÍ di ÄÌÑ 0 6 i 6 4n− 3 ÓÌÅÄÕÀÝÉÍÏÂÒÁÚÏÍ:

di = 




si; ÅÓÌÉ 0 6 i 6 2n− 3; i = 4kÉÌÉ i = 4k + 1; ÇÄÅ k ∈ Z;s′i; ÅÓÌÉ 0 6 i 6 2n− 3; i = 4k + 2ÉÌÉ i = 4k + 3; ÇÄÅ k ∈ Z;s2n−2|�(T ′0); ÅÓÌÉ i = 2n− 2;�(s′i−(2n−1)); ÅÓÌÉ 2n− 1 6 i 6 4n− 3; i = 2n− 1 + 4kÉÌÉ i = 2n− 1 + 4k + 1; ÇÄÅ k ∈ Z;�(si−(2n−1)); ÅÓÌÉ 2n− 1 6 i 6 4n− 3; i = 2n− 1 + 4k + 2ÉÌÉ i = 2n− 1 + 4k + 3; ÇÄÅ k ∈ Z:



ëïçïíïìïçéé èïèûéìøäá óáíïéîÿåë�é÷îùè áìçåâò 75�ÏÇÄÁ ÓÌÅÄÕÀÝÁÑ ÔÅÏÒÅÍÁ Ï�ÉÓÙ×ÁÅÔ ÍÉÎÉÍÁÌØÎÕÀ �ÒÏÅËÔÉ×ÎÕÀÂÉÍÏÄÕÌØÎÕÀ ÒÅÚÏÌØ×ÅÎÔÕ R.�ÅÏÒÅÍÁ 1. (1) ðÕÓÔØ n Þ£ÔÎÏ. �ÏÇÄÁ ÍÉÎÉÍÁÌØÎÁÑ �-�ÒÏÅËÔÉ×ÎÁÑÒÅÚÏÌØ×ÅÎÔÁ ÍÏÄÕÌÑ R �ÒÅÄÓÔÁ×ÌÑÅÔÓÑ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØÀ:0← R �
←− Q0 d0←− Q1 d1←−

· · ·
d2n−3
←− Q2n−2 d2n−2

←− Q2n−1 d2n−1
←− Q2n d2n←− · · · ; (2.5)ÇÄÅ ÍÏÄÕÌÉ Qi ÄÌÑ i = 0; : : : ; 2n − 1 É ÇÏÍÏÍÏÒÆÉÚÍÙ di ÄÌÑi = 0; : : : ; 2n − 2 Ï�ÉÓÁÎÙ ×ÙÛÅ; ËÒÏÍÅ ÔÏÇÏ, Ql(2n−1)+t = �l(Qt),dl(2n−3)+t = �l(dt), ÇÄÅ 0 6 t 6 2n− 2.(2) ðÕÓÔØ n ÎÅÞ£ÔÎÏ. �ÏÇÄÁ ÍÉÎÉÍÁÌØÎÁÑ �-�ÒÏÅËÔÉ×ÎÁÑ ÒÅÚÏÌØ-×ÅÎÔÁ ÍÏÄÕÌÑ R �ÒÅÄÓÔÁ×ÌÑÅÔÓÑ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØÀ:0← R �

←− Q0 d0←− Q1 d1←− : : :d4n−4
←− Q4n−3 d4n−3

←− Q4n−2 d4n−2
←− Q4n−1 d4n−1

←− : : : ; (2.6)ÇÄÅ ÍÏÄÕÌÉ Qi ÄÌÑ i = 0; : : : ; 4n − 2 É ÇÏÍÏÍÏÒÆÉÚÍÙ di ÄÌÑi = 0; : : : ; 4n − 3 Ï�ÉÓÁÎÙ ×ÙÛÅ; ËÒÏÍÅ ÔÏÇÏ, Ql(4n−2)+t = �2l(Qt),dl(4n−2)+t = �2l(dt), ÇÄÅ 0 6 t 6 4n− 3.äÏËÁÚÁÔÅÌØÓÔ×Ï. �Ï, ÞÔÏ ÍÏÄÕÌÉ Qi ÉÍÅÀÔ ÕËÁÚÁÎÎÙÊ ×ÉÄ, ÂÙÌÏ�ÏËÁÚÁÎÏ ×ÙÛÅ. ïÓÔÁÌÏÓØ ÄÏËÁÚÁÔØ, ÞÔÏ �ÏÌÕÞÉ×ÛÁÑÓÑ �ÏÓÌÅÄÏ×ÁÔÅÌØ-ÎÏÓÔØ ÇÏÍÏÍÏÒÆÉÚÍÏ× ÔÏÞÎÁ. óÒÁÚÕ ÏÔÍÅÔÉÍ, ÞÔÏ ÔÏÞÎÏÓÔØ × ÞÌÅÎÅQ0 { ÜÔÏ ÈÏÒÏÛÏ ÉÚ×ÅÓÔÎÙÊ ÆÁËÔ (ÓÍ., ÎÁ�ÒÉÍÅÒ, [10, �ÒÅÄÌÏÖÅÎÉÅ2.1℄). ñÓÎÏ, ÞÔÏ ÅÓÌÉ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ V1 d1← V2 d2← V3 ÔÏÞÎÁ × ÞÌÅÎÅV2, ÔÏ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ �(V1) �(d1)
← �(V2) �(d2)

← �(V3) ÔÏÞÎÁ × ÞÌÅÎÅ�(V2). éÚ ÜÔÏÇÏ ÕÔ×ÅÒÖÄÅÎÉÑ ÓÌÅÄÕÅÔ, ÞÔÏ ÎÁÍ ÄÏÓÔÁÔÏÞÎÏ ÄÏËÁÚÁÔØÔÏÞÎÏÓÔØ ÓÌÅÄÕÀÝÉÈ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÅÊ:1. T2l s2l← T2l+1 s2l+1
← T ′2l+2 (0 6 l 6 n− 2),2. T2l+1 s2l+1

← T ′2l+2 s′2l+2
← T ′2l+3 (0 6 l 6 n− 3),3. T ′2l s′2l← T ′2l+1 s′2l+1

← T2l+2 (0 6 l 6 n− 2),4. T ′2l+1 s′2l+1
← T2l+2 s2l+2

← T2l+3 (0 6 l 6 n− 3),



76 à. ÷. ÷ïìëï÷5. T2n−3 s2n−3
← T ′2n−2 s′2n−2

← T ′2n−1,6. T ′2n−2 s′2n−2
← T ′2n−1(= �(T0)) �(s0)← �(T1),7. T ′2n−3 s′2n−3
← T2n−2 s2n−2|�(T ′0)← �(T ′0),8. T2n−2 s2n−2|�(T ′0)← �(T ′0) �(s′0)← �(T ′1),ÔÁË ËÁË ÌÀÂÁÑ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ Qi di← Qi+1 di+1

← Qi+2 ÉÍÅÅÔ ×ÉÄ�k(V1) �k('1)
← �k(V2) �k('2)

← �k(V3), ÇÄÅ k ∈ Z É V1 '1
← V2 '2

← V3 ÏÄÎÁ ÉÚ�ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÅÊ 1{8.�Ï, ÞÔÏ didi+1 = 0 ∀i > 0, ÄÏËÁÚÙ×ÁÅÔÓÑ �ÒÑÍÙÍÉ, ÈÏÔÑ É ÇÒÏÍÏÚÄ-ËÉÍÉ, ×ÙÞÉÓÌÅÎÉÑÍÉ. íÙ �ÏËÁÖÅÍ, ËÁË ÓÄÅÌÁÔØ ÜÔÏ ÄÌÑ �ÏÓÌÅÄÏ×Á-ÔÅÌØÎÏÓÔÉ 1.ðÒÏ×ÅÒÉÍ ÒÁ×ÅÎÓÔ×Ï s2ls2l+1 = 0 ÎÁ �ÒÑÍÙÈ ÓÌÁÇÁÅÍÙÈ T ′2l+2:(A) s2ls2l+1|P[i+3l+2;n℄[i;n℄ = s2l(�i+3l+1 ⊗ ei;n − �i+3l+2;l+1
⊗ei;n − n−1−l∑m=1 �i+3l+2;m+l+1 ⊗ �i+2;m−1
i + ei+3l+2;n ⊗ �i)= (�i+3l+1�i+3l ⊗ ei;n + n−1∑m=n−l�i+3l+1�i+3l+1;m+l−(n−1)
⊗�i+2;m−1
i − �i+3l+1 ⊗ �i)− (�i+3l+2;l+1�i+3l+2;l
i+3l ⊗ ei;n+ n−1∑m=n−l �i+3l+2;l+1�i+3l+2;l : : : �i+3l+2;m+l−(n−1) ⊗ �i+3;m−1�i
−�i+3l+2;l+1 ⊗ 
i)− n−2−l∑m=1 (�i+3l+2;m+l+1�i+3l+2;m+l ⊗ �i+2;m−1
i
−�i+3l+2;m+l+1 ⊗ �i+2;m�i+2;m−1
i)− (�i+3l+2;n−1 ⊗ �i+2;n−2−l
i+ n−1∑m=n−l�i+3l+1�i+3l+1;m+l−(n−1) ⊗ �i+2;m−1 : : : �i+2;n−1−l�i+2;n−2−l
i

−ei+3l+2;n ⊗ �i+2;n−1−l�i+2;n−2−l
i) + (�i+3l+1 ⊗ �i
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i+1�i − ei+3l+2;n ⊗ �i+1�i)= �i+3l+2;l+1 ⊗ 
i − (�i+3l+2;l+2�i+3l+2;l+1 ⊗ 
i − �i+3l+2;n−1
⊗�i+2;n−2−l�i+2;n−3−l
i)− �i+3l+2;n−1 ⊗ �i+2;n−2−l
i = 0:(â) ðÕÓÔØ 1 6 j 6 n− 2− l. �ÏÇÄÁ:s2ls2l+1|P[i+3l+3;j+l+1℄[i;j℄ = s2l( n−1−l∑m=j �i+3l+3;j+l�i+3l�i+3l;m+l+1

⊗�i;m−1 : : : �i;j + �i+3l+3;j+l
i+3l+1 ⊗ �i;j + �i+3l+3;j+l : : : �i+3l+3;l+1
⊗�i�i;j + j∑m=1�i+3l+3;j+l : : : �i+3l+3;m+l+1 ⊗ �i+3;m−1�i�i;j)= n−2−l∑m=j (�i+3l+3;j+l�i+3l�i+3l;m+l+1�i+3l;m+l ⊗ �i;m−1 : : : �i;j

−�i+3l+3;j+l�i+3l�i+3l;m+l+1 ⊗ �i;m�i;m−1 : : : �i;j)+(�i+3l+3;j+l�i+3l�i+3l;n−1 ⊗ �i;n−2−l : : : �i;j+ n−1∑m=n−l�i+3l+3;j+l�i+3l�i+3l−1�i+3l−1;m+l−(n−1)
⊗�i;m−1 : : : �i;n−1−l�i;n−2−l : : : �i;j − �i+3l+3;j+l�i+3l

⊗�i;n−1−l�i;n−2−l : : : �i;j) + (�i+3l+3;j+l
i+3l+1�i+3l ⊗ �i;j+ n−1∑m=n−l�i+3l+3;j+l
i+3l+1�i+3l+1;m+l−(n−1) ⊗ �i+2;m−1
i�i;j
−�i+3l+3;j+l
i+3l+1 ⊗ �i�i;j) + (�i+3l+3;j+l : : : �i+3l+3;l+1�i+3l+3;l
i+3l+1
⊗�i�i;j + n−1∑m=n−l�i+3l+3;j+l : : : �i+3l+3;l+1�i+3l+3;l : : : �i+3l+3;m+l−(n−1)

⊗�i+4;m−1�i+1�i�i;j − �i+3l+3;j+l : : : �i+3l+3;l+1 ⊗ 
i+1�i�i;j)



78 à. ÷. ÷ïìëï÷+ j∑m=1(�i+3l+3;j+l : : : �i+3l+3;m+l+1�i+3l+3;m+l ⊗ �i+3;m−1�i�i;j
−�i+3l+3;j+l : : : �i+3l+3;m+l+1 ⊗ �i+3;m�i+3;m−1�i�i;j)= (�i+3l+3;j+l�i+3l�i+3l;j+l+1�i+3l;j+l ⊗ ei;j − �i+3l+3;j+l�i+3l�i+3l;n−1

⊗�i;n−2−l�i;n−3−l : : : �i;j) + (�i+3l+3;j+l�i+3l�i+3l;n−1 ⊗ �i;n−2−l : : : �i;j+ n−1∑m=n−l�i+3l+3;j+l�i+3l�i+3l−1�i+3l−1;m+l−(n−1) ⊗ �i;m−1 : : : �i;j)+ n−1∑m=n−l�i+3l+3;j+l
i+3l+1�i+3l+1;m+l−(n−1) ⊗ �i+2;m−1
i�i;j+( n−1∑m=n−l�i+3l+3;j+l : : : �i+3l+3;m+l−(n−1) ⊗ �i+4;m−1�i+1�i�i;j
−�i+3l+3;j+l : : : �i+3l+3;l+1 ⊗ 
i+1�i�i;j)+(�i+3l+3;j+l : : : �i+3l+3;l+2�i+3l+3;l+1 ⊗ �i�i;j − ei+3l+3;j+l+1

⊗�i+3;j�i+3;j−1�i�i;j) = �i+3l+3;j+l�i+3l�i+3l;j+l ⊗ ei;j+ n−1∑m=n−l�i+3l+3;j+l�i+3l�i+3l−1�i+3l−1;m+l−(n−1) ⊗ �i;m−1 : : : �i;j+ n−1∑m=n−l�i+3l+3;j+l
i+3l+1�i+3l+1;m+l−(n−1) ⊗ �i+2;m−1
i�i;j+ n−1∑m=n−l�i+3l+3;j+l : : : �i+3l+3;m+l−(n−1)
⊗�i+4;m−1�i+1�i�i;j − ei+3l+3;j+l+1 ⊗ �i+3;j�i�i;j = 0;ÔÁË ËÁË ËÁÖÄÏÅ ÓÌÁÇÁÅÍÏÅ × �ÏÌÕÞÉ×ÛÅÊÓÑ ÓÕÍÍÅ ÒÁ×ÎÏ 0.(÷) s2ls2l+1|P[i+3l+2;1℄[i;n−1−l℄ = s2l(−
i+3l ⊗ ei;n−1−l
−ei+3l+2;1 ⊗ �i;n−1−l) = −(
i+3l�i+3l;n−1 ⊗ ei;n−1−l
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i+3l�i+3l−1�i+3l−1;m+l−(n−1) ⊗ �i;m−1 : : : �i;n−1−l − 
i+3l
⊗�i;n−1−l)− (

−

n−1∑m=n−l �i+3l−1�i+3l−1;m+l−(n−1)
⊗�i;m−1 : : : �i;n−l�i;n−1−l + 
i+3l ⊗ �i;n−l�i;n−1−l+ei+3l+2;1 ⊗ �i;n−1−l�i�i;n−l�i;n−1−l) = −
i+3l�i+3l;n−1
⊗ei;n−1−l − ei+3l+2;1 ⊗ �i;n−1−l�i�i;n−l�i;n−1−l = 0;ÔÁË ËÁË ÏÂÁ ÓÌÁÇÁÅÍÙÈ ÒÁ×ÎÙ 0.(ç) ðÕÓÔØ n− l 6 j 6 n− 2. �ÏÇÄÁ:s2ls2l+1|P[i+3l+2;j+l+2−n℄[i;j℄ = s2l(�i+3l+2;j+l+1−n ⊗ ei;j − ei+3l+2;j+l+2−n

⊗�i;j) = (
−

n−1∑m=j �i+3l+2;j+l+1−n�i+3l+2;j+l−n�i+3l−1�i+3l−1;m+l−(n−1)
⊗�i;m−1 : : : �i;j + �i+3l+2;j+l+1−n�i+3l+2;j+l−n
i+3l ⊗ �i;j+ j∑m=n−l�i+3l+2;j+l+1−n�i+3l+2;j+l−n : : : �i+3l+2;m+l−(n−1)

⊗�i+3;m−1�i�i;j) − (
−

n−1∑m=j+1�i+3l+2;j+l+1−n�i+3l−1�i+3l−1;m+l−(n−1)
⊗�i;m−1 : : : �i;j+1�i;j + �i+3l+2;j+l+1−n
i+3l ⊗ �i;j+1�i;j+ j+1∑m=n−l�i+3l+2;j+l+1−n : : : �i+3l+2;m+l−(n−1) ⊗ �i+3;m−1�i�i;j+1�i;j)= −�i+3l+2;j+l−(n−1)�i+3l−1�i+3l−1;j+l−(n−1)

⊗ei;j − ei+3l+2;j+l+2−n ⊗ �i;j�i�i;j = 0;ÔÁË ËÁË ÏÂÁ ÓÌÁÇÁÅÍÙÈ ÒÁ×ÎÙ 0.(ç′) s2ls2l+1|P[i+3l+2;l+1℄[i;n−1℄ = s2l(�i+3l+2;l ⊗ ei;n−1
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−ei+3l+2;l+1 ⊗ �i;n−1) = (−�i+3l+2;l�i+3l+2;l−1�i+3l−1�i+3l−1;l

⊗ei;n−1 + �i+3l+2;l�i+3l+2;l−1
i+3l ⊗ �i;n−1+ n−1∑m=n−l�i+3l+2;l�i+3l+2;l−1 : : : �i+3l+2;m+l−(n−1) ⊗ �i+3;m−1�i�i;n−1)
−(�i+3l+2;l
i+3l ⊗ �i;n−1 + n−1∑m=n−l�i+3l+2;l : : : �i+3l+2;m+l−(n−1)

⊗�i+3;m−1�i�i;n−1 − ei+3l+2;l+1 ⊗ 
i�i;n−1) = −�i+3l+2;l�i+3l−1�i+3l−1;l
⊗ei;n−1 + ei+3l+2;l+1 ⊗ 
i�i;n−1 = 0;ÔÁË ËÁË ÏÂÁ ÓÌÁÇÁÅÍÙÈ ÒÁ×ÎÙ 0.óÌÕÞÁÊ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ 1 ÒÁÚÏÂÒÁÎ.éÔÁË, ÉÍÅÅÍ Im(di+1) ⊂ Ker (di) ∀i > 0, É ÔÅ�ÅÒØ ÎÁÄÏ �ÒÏ×ÅÒÉÔØ,ÞÔÏ Ker (di) ⊂ Im(di+1) ∀i > 0. ëÁË ÕÖÅ ÂÙÌÏ ÚÁÍÅÞÅÎÏ, ÄÏÓÔÁÔÏÞÎÏ�ÒÏ×ÅÒÉÔØ ÜÔÏ ×ËÌÀÞÅÎÉÅ ÄÌÑ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÅÊ 1{8, ÕËÁÚÁÎÎÙÈ ×ÎÁÞÁÌÅ ÄÏËÁÚÁÔÅÌØÓÔ×Á. äÌÑ ÎÁÞÁÌÁ Ï�ÒÅÄÅÌÉÍ W (w) { ×ÅÓ �ÕÔÉ w.åÓÌÉ w { ×ÅÒÛÉÎÁ, ÔÏ W (w) = 0. åÓÌÉ w { ÓÔÒÅÌËÁ, ÔÏ:W (w) = 




1 ÅÓÌÉ w = �i;j , ÇÄÅ 1 6 j 6 n− 1, 1 6 i 6 r;n+ 1 ÅÓÌÉ w = 
i, ÇÄÅ 1 6 i 6 r;n ÅÓÌÉ w = �i, ÇÄÅ 1 6 i 6 r:÷ ÏÓÔÁÌØÎÙÈ ÓÌÕÞÁÑÈ Ï�ÒÅÄÅÌÉÍ ×ÅÓ Ó �ÏÍÏÝØÀ ÓÏÏÔÎÏÛÅÎÉÑW (ww′)= W (w) + W (w′), ÇÄÅ w, w′ { �ÕÔÉ, ÔÁËÉÅ, ÞÔÏ ËÏÎÅ� w′ ÓÏ×�ÁÄÁÅÔÓ ÎÁÞÁÌÏÍ w. íÙ �ÏËÁÖÅÍ, ÞÔÏ ÕÓÌÏ×ÉÅ Ker (di) ⊂ Im(di+1) ∀i > 0×Ù�ÏÌÎÅÎÏ ÄÌÑ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ 1. óÌÕÞÁÉ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÅÊ 2{8 ÒÁÚÂÉÒÁÀÔÓÑ �Ï ÔÏÊ ÖÅ ÓÈÅÍÅ.ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ s2l(w) = 0 ÄÌÑ w ∈ T2l+1. äÏËÁÖÅÍ, ÞÔÏ ÔÏÇÄÁw ∈ Im(s2l+1). ðÕÓÔØ: w = t∑p=1κpup ⊗ vp; (2.7)ÇÄÅ κp ∈ K, up⊗vp { ÒÁÚÌÉÞÎÙÅ ÜÌÅÍÅÎÔÙ ÓÔÁÎÄÁÒÔÎÏÇÏ ÂÁÚÉÓÁ ÍÏÄÕÌÑT2l+1. äÌÑ ÆÉËÓÉÒÏ×ÁÎÎÏÇÏ p ××ÉÄÕ (2.2) ×Ù�ÏÌÎÅÎÏ ÏÄÎÏ ÉÚ ÕÓÌÏ×ÉÊ:(1) up ⊗ vp ∈ P[i+3l+1;n℄[i;n℄; 1 6 i 6 r;(2) up ⊗ vp ∈ P[i+3l;j+l+1℄[i;j℄; 1 6 j 6 n− 2− l; 1 6 i 6 r;



ëïçïíïìïçéé èïèûéìøäá óáíïéîÿåë�é÷îùè áìçåâò 81(3) up ⊗ vp ∈ P[i+3l;n℄[i;n−1−l℄; 1 6 i 6 r;(4) up ⊗ vp ∈ P[i+3l+2;j+l−(n−1)℄[i;j℄; n− l 6 j 6 n− 1; 1 6 i 6 r;(5) up ⊗ vp ∈ P[i+3l+2;l+1℄[i;n℄; 1 6 i 6 r.íÙ ÕÖÅ ÚÎÁÅÍ, ÞÔÏ Im s2l+1 ⊂ Ker s2l. ó �ÏÍÏÝØÀ �ÏÓÌÅÄÏ×ÁÔÅÌØ-ÎÙÈ ÄÏÂÁ×ÌÅÎÉÊ Ë w �ÏÄÈÏÄÑÝÉÈ ÜÌÅÍÅÎÔÏ× ÉÚ Im s2l+1 ÍÙ �ÒÉÄÅÍ ËÎÕÌÅ×ÏÍÕ ÜÌÅÍÅÎÔÕ, ÏÔËÕÄÁ �ÏÌÕÞÉÍ ÏÂÒÁÔÎÏÅ ×ËÌÀÞÅÎÉÅ.óÎÁÞÁÌÁ ÄÏËÁÖÅÍ, ÞÔÏ ÍÙ ÍÏÖÅÍ ÓÞÉÔÁÔØ, ÞÔÏ ÒÁÚÌÏÖÅÎÉÅ (2.7)ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÓÌÅÄÕÀÝÅÍÕ ÕÓÌÏ×ÉÀ:ÅÓÌÉ κp 6= 0; ÔÏ up = ei;j ÄÌÑ ÎÅËÏÔÏÒÙÈ i É j: (2.8)ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ÜÔÏ ÎÅ ÔÁË. �ÏÇÄÁ ×ÏÚØÍ£Í up⊗vp ÔÁËÏÅ, ÞÔÏ κp 6= 0,up 6= ei;j É ×ÅÓ �ÕÔÉ up ÍÁËÓÉÍÁÌÅÎ ÓÒÅÄÉ ×ÓÅÈ uq 6= ei;j , ÔÁËÉÈ, ÞÔÏ
κq 6= 0. äÁÌÅÅ ÒÁÚÂÅÒ£Í ÕËÁÚÁÎÎÙÅ ×ÙÛÅ ÓÌÕÞÁÉ (1){(5).(1) up ⊗ vp ∈ P[i+3l+1;n℄[i;n℄, 1 6 i 6 r. �ÏÇÄÁs2l(up ⊗ vp) = up�i+3l ⊗ vp+ n−1∑m=n−lup�i+3l+1;m+l−(n−1) ⊗ �i+2;m−1
ivp − up ⊗ �ivp:ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ up �ÒÅÄÓÔÁ×ÌÑÅÔÓÑ × ×ÉÄÅ: up = �i+3l+1u′p. �ÏÇÄÁs2l+1(u′p ⊗ vp) = up ⊗ vp − u′p�i+3l+2;l+1 ⊗ vp

−
n−1−l∑m=1 u′p�i+3l+2;m+l+1 ⊗ �i+2;m−1
ivp + u′p ⊗ �ivp:�ÏÇÄÁ ÒÁÚÌÏÖÅÎÉÅ ÜÌÅÍÅÎÔÁ w − κps2l+1(u′p ⊗ vp) ÓÏÄÅÒÖÉÔ ÜÌÅÍÅÎÔÏ××ÉÄÁ u ⊗ v, ÇÄÅ u { �ÕÔØ ÍÁËÓÉÍÁÌØÎÏÇÏ ×ÅÓÁ, ÎÁ ÏÄÉÎ ÍÅÎØÛÅ, ÞÅÍÁÎÁÌÏÇÉÞÎÏÅ ÒÁÚÌÏÖÅÎÉÅ ÜÌÅÍÅÎÔÁ w.ïÓÔÁÌÏÓØ ÒÁÓÓÍÏÔÒÅÔØ ×ÁÒÉÁÎÔ, ÞÔÏ up ÎÅ �ÒÅÄÓÔÁ×ÌÑÅÔÓÑ × ×ÉÄÅ:up = �i+3l+1u′p. �ÏÇÄÁ up = �i+3l+3;m
i+3l+1 ÄÌÑ ÎÅËÏÔÏÒÏÇÏm 6 n−2.òÁÓÓÍÏÔÒÉÍ ËÏÜÆÆÉ�ÉÅÎÔ �ÒÉ x ⊗ vp = up�i+3l ⊗ vp × ÒÁÚÌÏÖÅÎÉÉs2l(w) �Ï ÓÔÁÎÄÁÒÔÎÏÍÕ ÂÁÚÉÓÕ. �ÁË ËÁË x ÎÅÌØÚÑ �ÒÅÄÓÔÁ×ÉÔØ × ×ÉÄÅ:x = g
i+3l (ÔÁË ËÁË x = �i+3l+3;m
i+3l+1�i+3l), ÔÏ ÜÔÏÔ ËÏÜÆÆÉ�ÉÅÎÔÒÁ×ÅÎ κp − κ1 − κ2, ÇÄÅ κ1 É κ2 { ËÏÜÆÆÉ�ÉÅÎÔÙ × ÒÁÚÌÏÖÅÎÉÉ w �ÏÓÔÁÎÄÁÒÔÎÏÍÕ ÂÁÚÉÓÕ �ÒÉ x⊗ v1 É x⊗ v2, ÇÄÅ vp = �i−1v1 = �i;n−1−lv2(ÅÓÌÉ ÔÁËÏÇÏ v1 ÉÌÉ v2 ÎÅ ÓÕÝÅÓÔ×ÕÅÔ, ÔÏ κ1 ÉÌÉ κ2 ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ



82 à. ÷. ÷ïìëï÷Á×ÔÏÍÁÔÉÞÅÓËÉ ÒÁ×ÎÏ 0). îÏ W (x) > W (up), É �ÏÔÏÍÕ κ1 = κ2 = 0.�ÁË ËÁË x⊗ vp 6= 0, ÔÏ κp = 0.(2) up⊗vp ∈ P[i+3l;j+l+1℄[i;j℄, 1 6 j 6 n−2−l, 1 6 i 6 r. �ÏÇÄÁ s2l(up⊗vp) = up�i+3l;j+l ⊗ vp − up ⊗ �i;jvp. ðÕÓÔØ x = up�i+3l;j+l 6= 0. �ÏÇÄÁËÏÜÆÆÉ�ÉÅÎÔ �ÒÉ x⊗ vp × ÒÁÚÌÏÖÅÎÉÉ s2l(w) �Ï ÓÔÁÎÄÁÒÔÎÏÍÕ ÂÁÚÉÓÕÒÁ×ÅÎ κp −κ, ÇÄÅ κ { ËÏÜÆÆÉ�ÉÅÎÔ × ÒÁÚÌÏÖÅÎÉÉ w �Ï ÓÔÁÎÄÁÒÔÎÏÍÕÂÁÚÉÓÕ �ÒÉ x⊗v, ÇÄÅ vp = �i;j−1v �ÒÉ j > 1 É vp = 
i−2v �ÒÉ j = 1 (ÅÓÌÉÔÁËÏÇÏ v ÎÅ ÓÕÝÅÓÔ×ÕÅÔ, ÔÏ κ = 0 Á×ÔÏÍÁÔÉÞÅÓËÉ). îÏ W (x) > W (up),É �ÏÔÏÍÕ κ = 0. �ÁË ËÁË x⊗ vp 6= 0, ÔÏ κp = 0.úÎÁÞÉÔ, up�i+3l;j+l = 0, ÔÏÇÄÁ up �ÒÅÄÓÔÁ×ÌÑÅÔÓÑ × ×ÉÄÅ up =u′p�i+3l+3;j+l�i+3l�i+3l;j+l+1. �ÏÇÄÁs2l+1(u′p ⊗ vp) = up ⊗ vp + n−1−l∑m=j+1u′p�i+3l+3;j+l�i+3l�i+3l;m+l+1
⊗�i;m−1 : : : �i;jvp + u′p�i+3l+3;j+l
i+3l+1 ⊗ �i;jvp + u′p�i+3l+3;j+l : : : �i+3l+3;l+1
⊗�i�i;jvp + j∑m=1u′p�i+3l+3;j+l : : : �i+3l+3;m+l+1 ⊗ �i+3;m−1�i�i;jvp:óÌÅÄÏ×ÁÔÅÌØÎÏ, ÒÁÚÌÏÖÅÎÉÅ ÜÌÅÍÅÎÔÁ w − κps2l+1(u′p ⊗ vp) ÓÏÄÅÒÖÉÔÜÌÅÍÅÎÔÏ× ×ÉÄÁ u ⊗ v; ÇÄÅ u { �ÕÔØ ÍÁËÓÉÍÁÌØÎÏÇÏ ×ÅÓÁ, ÎÁ ÏÄÉÎÍÅÎØÛÅ, ÞÅÍ ÁÎÁÌÏÇÉÞÎÏÅ ÒÁÚÌÏÖÅÎÉÅ ÜÌÅÍÅÎÔÁ w.(3) up ⊗ vp ∈ P[i+3l;n℄[i;n−1−l℄, 1 6 i 6 r. åÓÌÉ up�i+3l;n−1 6= 0, ÔÏÁÎÁÌÏÇÉÞÎÏ �ÒÅÄÙÄÕÝÅÍÕ �ÕÎËÔÕ ÍÏÖÎÏ �ÏËÁÚÁÔØ, ÞÔÏ ËÏÜÆÆÉ�ÉÅÎÔ�ÒÉ ÜÔÏÍ ÜÌÅÍÅÎÔÅ × ÒÁÚÌÏÖÅÎÉÉ s2l(w) �Ï ÓÔÁÎÄÁÒÔÎÏÍÕ ÂÁÚÉÓÕ ÒÁ-×ÅÎ κp, ÔÏ ÅÓÔØ κp = 0. úÎÁÞÉÔ, up�i+3l;n−1 = 0. óÌÅÄÏ×ÁÔÅÌØÎÏ, up�ÒÅÄÓÔÁ×ÌÑÅÔÓÑ × ×ÉÄÅ up = u′p
i+3l. �ÏÇÄÁ s2l+1(u′p⊗ vp) = −up⊗ vp−u′p⊗�i;n−1−lvp. �ÏÇÄÁ ÒÁÚÌÏÖÅÎÉÅ ÜÌÅÍÅÎÔÁ w+κps2l+1(u′p⊗vp) ÓÏÄÅÒ-ÖÉÔ ÜÌÅÍÅÎÔÏ× ×ÉÄÁ u⊗ v, ÇÄÅ u { �ÕÔØ ÍÁËÓÉÍÁÌØÎÏÇÏ ×ÅÓÁ, ÎÁ ÏÄÉÎÍÅÎØÛÅ, ÞÅÍ ÁÎÁÌÏÇÉÞÎÏÅ ÒÁÚÌÏÖÅÎÉÅ ÜÌÅÍÅÎÔÁ w.(4) up ⊗ vp ∈ P[i+3l+2;j+l−(n−1)℄[i;j℄, n − l 6 j 6 n − 1, 1 6 i 6 r. ÷ÜÔÏÍ ÓÌÕÞÁÅ up = u′p�i+3l+2;j+l−(n−1). �ÏÇÄÁ s2l+1(u′p ⊗ vp) = up ⊗ vp −u′p ⊗ �i;jvp. óÌÅÄÏ×ÁÔÅÌØÎÏ, ÒÁÚÌÏÖÅÎÉÅ ÜÌÅÍÅÎÔÁ w − κps2l+1(u′p ⊗ vp)ÓÏÄÅÒÖÉÔ ÜÌÅÍÅÎÔÏ× ×ÉÄÁ u⊗ v, ÇÄÅ u { �ÕÔØ ÍÁËÓÉÍÁÌØÎÏÇÏ ×ÅÓÁ, ÎÁÏÄÉÎ ÍÅÎØÛÅ, ÞÅÍ ÁÎÁÌÏÇÉÞÎÏÅ ÒÁÚÌÏÖÅÎÉÅ ÜÌÅÍÅÎÔÁ w.



ëïçïíïìïçéé èïèûéìøäá óáíïéîÿåë�é÷îùè áìçåâò 83(5) up ⊗ vp ∈ P[i+3l+2;l+1℄[i;n℄, 1 6 i 6 r. �ÏÇÄÁs2l(up ⊗ vp) = up�i+3l+2;l
i+3l ⊗ vp+ n−1∑m=n−lup�i+3l+2;l : : : �i+3l+2;m+l−(n−1) ⊗ �i+3;m−1�ivp − up ⊗ 
ivp:ðÕÓÔØ x = up�i+3l+2;l
i+3l 6= 0. �ÏÇÄÁ ËÏÜÆÆÉ�ÉÅÎÔ �ÒÉ x ⊗vp × ÒÁÚÌÏÖÅÎÉÉ s2l(w) �Ï ÓÔÁÎÄÁÒÔÎÏÍÕ ÂÁÚÉÓÕ ÒÁ×ÅÎ κp + κ1 −
κ2 − ' + n−1∑m=n−l'm, ÇÄÅ κ1, κ2, ', 'm { ËÏÜÆÆÉ�ÉÅÎÔÙ × ÒÁÚÌÏ-ÖÅÎÉÉ w �Ï ÓÔÁÎÄÁÒÔÎÏÍÕ ÂÁÚÉÓÕ �ÒÉ u�i+3l+1 ⊗ vp, x ⊗ v′1, x ⊗v′2 É up�i+3l+2;l : : : �i+3l+2;m+l−(n−1) ⊗ vm, ÇÄÅ up = u�i+3l+2;l+1,vp = �i−1v′1 = �i;n−1−lv′2 = �i;mvm (ÅÓÌÉ �ÕÔÉ, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÅÇÏËÁËÏÍÕ-ÔÏ ÉÚ ÜÔÉÈ ÕÓÌÏ×ÉÊ, ÎÅ ÓÕÝÅÓÔ×ÕÅÔ, ÔÏ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÊ ËÏ-ÜÆÆÉ�ÉÅÎÔ Á×ÔÏÍÁÔÉÞÅÓËÉ ÒÁ×ÅÎ 0). îÏ W (x) > W (u�i+3l+1) >W (up�i+3l+2;l : : : �i+3l+2;m+l−(n−1)) > W (up), É �ÏÔÏÍÕ κ1 = κ2 = ' ='m = 0. �ÁË ËÁË x⊗ vp 6= 0, ÔÏ κp = 0.óÌÅÄÏ×ÁÔÅÌØÎÏ, up�i+3l+2;l
i+3l = 0. �ÁË ËÁË up 6= 0, ÔÏ up �ÒÅÄÓÔÁ-×ÌÑÅÔÓÑ × ×ÉÄÅ: up = u′p
i+3l+3�i+3l+2�i+3l+2;l+1:�ÏÇÄÁs2l+1(u′p
i+3l+3�i+3l+2 ⊗ vp) = u′p
i+3l+3�i+3l+2�i+3l+1 ⊗ vp − up ⊗ vp

−

n−1−l∑m=1 u′p
i+3l+3�i+3l+2�i+3l+2;m+l+1 ⊗ �i+2;m−1
ivp+ u′p
i+3l+3�i+3l+2 ⊗ �ivp= −up ⊗ vp − n−1−l∑m=1 u′p
i+3l+3�i+3l+2�i+3l+2;m+l+1
⊗ �i+2;m−1
ivp + u′p
i+3l+3�i+3l+2 ⊗ �ivp:�ÏÇÄÁ ÒÁÚÌÏÖÅÎÉÅ ÜÌÅÍÅÎÔÁ w + κps2l+1(u′p ⊗ vp) ÓÏÄÅÒÖÉÔ ÜÌÅÍÅÎÔÏ××ÉÄÁ u ⊗ v; ÇÄÅ u { �ÕÔØ ÍÁËÓÉÍÁÌØÎÏÇÏ ×ÅÓÁ, ÎÁ ÏÄÉÎ ÍÅÎØÛÅ, ÞÅÍÁÎÁÌÏÇÉÞÎÏÅ ÒÁÚÌÏÖÅÎÉÅ ÜÌÅÍÅÎÔÁ w.ó �ÏÍÏÝØÀ �ÕÎËÔÏ× (1){(5) ÍÙ ÍÏÖÅÍ ÕÍÅÎØÛÁÔØ × ÒÁÚÌÏÖÅÎÉÉ wËÏÌÉÞÅÓÔ×Ï ÜÌÅÍÅÎÔÏ× ×ÉÄÁ u⊗v Ó �ÕÔ£Í u ÍÁËÓÉÍÁÌØÎÏÇÏ ×ÅÓÁ. ëÏÇÄÁ



84 à. ÷. ÷ïìëï÷ÔÁËÉÈ ÜÌÅÍÅÎÔÏ× ÎÅ ÏÓÔÁÎÅÔÓÑ, ÜÔÏÔ ÍÁËÓÉÍÁÌØÎÙÊ ×ÅÓ ÕÍÅÎØÛÉÔÓÑ.�ÁË ÍÙ ÅÇÏ ÍÏÖÅÍ ÕÍÅÎØÛÁÔØ, �ÏËÁ ÏÎ ÎÅ ÓÔÁÎÅÔ ÒÁ×ÎÙÍ 0.�ÁËÉÍ ÏÂÒÁÚÏÍ, ÍÙ ÍÏÖÅÍ �ÒÅÄ�ÏÌÏÖÉÔØ, ÞÔÏ ÜÌÅÍÅÎÔ w =t∑p=1κpup ⊗ vp ∈ Ker s2l ÔÁËÏ×, ÞÔÏ ×Ù�ÏÌÎÑÅÔÓÑ ÕÓÌÏ×ÉÅ (2.8). äÏËÁ-ÖÅÍ, ÞÔÏ ÎÁ ÓÁÍÏÍ ÄÅÌÅ ×ÓÅ ËÏÜÆÆÉ�ÉÅÎÔÙ κp × ÒÁÚÌÏÖÅÎÉÉ w ÒÁ×ÎÙ0. ðÒÅÄ�ÏÌÏÖÉÍ �ÒÏÔÉ×ÎÏÅ: ÄÌÑ ÎÅËÏÔÏÒÏÇÏ p ×Ù�ÏÌÎÅÎÏ κp 6= 0. òÁÚ-ÂÅÒ£Í ÓÌÕÞÁÉ (1){(5).(1) up ⊗ vp ∈ P[i+3l+1;n℄[i;n℄, 1 6 i 6 r, ÔÏ ÅÓÔØ up = ei+3l+1;n. �ÁËËÁË ËÏÜÆÆÉ�ÉÅÎÔ �ÒÉ ÜÌÅÍÅÎÔÅ �i+3l ⊗ vp × ÒÁÚÌÏÖÅÎÉÉ s2l(w) ÒÁ×ÅÎ
κp, ÔÏ κp = 0.(2) up ⊗ vp ∈ P[i+3l;j+l+1℄[i;j℄ , 1 6 j 6 n − 2 − l, 1 6 i 6 r, ÔÏ ÅÓÔØup = ei+3l;j+l+1. �ÁË ËÁË ËÏÜÆÆÉ�ÉÅÎÔ �ÒÉ ÜÌÅÍÅÎÔÅ �i+3l;j+l ⊗ vp ×ÒÁÚÌÏÖÅÎÉÉ s2l(w) ÒÁ×ÅÎ κp, ÔÏ κp = 0.(3) up⊗vp ∈ P[i+3l;n℄[i;n−1−l℄, 1 6 i 6 r, ÔÏ ÅÓÔØ up = ei+3l;n. �ÁË ËÁËËÏÜÆÆÉ�ÉÅÎÔ �ÒÉ ÜÌÅÍÅÎÔÅ �i+3l;n−1 ⊗ vp × ÒÁÚÌÏÖÅÎÉÉ s2l(w) ÒÁ×ÅÎ
κp, ÔÏ κp = 0.(4) up ⊗ vp ∈ P[i+3l+2;j+l−(n−1)℄[i;j℄ , n − l 6 j 6 n − 1, 1 6 i 6 r,ÔÏ ÅÓÔØ up = ei+3l+2;j+l−(n−1). �ÁË ËÁË ËÏÜÆÆÉ�ÉÅÎÔ �ÒÉ ÜÌÅÍÅÎÔÅ�i+3l+2;j+l−n�i+3l−1�i+3l−1;j+l−(n−1) ⊗ vp × ÒÁÚÌÏÖÅÎÉÉ s2l(w) ÒÁ×ÅÎ
−κp, ÔÏ κp = 0.(5) up⊗ vp ∈ P[i+3l+2;l+1℄[i;n℄, 1 6 i 6 r, ÔÏ ÅÓÔØ up = ei+3l+2;l+1. �ÁËËÁË ËÏÜÆÆÉ�ÉÅÎÔ �ÒÉ ÜÌÅÍÅÎÔÅ �i+3l+2;l
i+3l⊗ vp × ÒÁÚÌÏÖÅÎÉÉ s2l(w)ÒÁ×ÅÎ κp, ÔÏ κp = 0.�ÁËÉÍ ÏÂÒÁÚÏÍ, ÍÙ �ÏËÁÚÁÌÉ, ÞÔÏ w = 0, É ÜÔÏ ÚÁ×ÅÒÛÁÅÔ ÄÏËÁÚÁ-ÔÅÌØÓÔ×Ï ×ËÌÀÞÅÎÉÑ Ker s2l ⊂ Im s2l+1.�ÁËÉÍ ÏÂÒÁÚÏÍ, ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÊ ËÏÍ�ÌÅËÓ Ñ×ÌÑÅÔÓÑ �ÒÏÅËÔÉ×ÎÏÊÒÅÚÏÌØ×ÅÎÔÏÊ �-ÍÏÄÕÌÑ R, Á Å£ ÍÉÎÉÍÁÌØÎÏÓÔØ ÓÌÅÄÕÅÔ ÉÚ ÔÏÇÏ, ÞÔÏ�Ï �ÏÓÔÒÏÅÎÉÀ ÄÌÑ ÌÀÂÏÇÏ i Im di ⊂ RadQi.�ÅÏÒÅÍÁ 1 ÄÏËÁÚÁÎÁ.úÁÍÅÞÁÎÉÅ 2. éÚ ÔÅÏÒÅÍÙ 1 Ó ÉÓ�ÏÌØÚÏ×ÁÎÉÅÍ [5, ÌÅÍÍÁ 6℄ ÓÌÅÄÕÅÔ,ÞÔÏ, ÅÓÌÉ n Þ£ÔÎÏ, ÔÏ (2n − 1)-Ñ ÓÉÚÉÇÉÑ 
2n−1(R) �-ÍÏÄÕÌÑ R ÉÚÏ-ÍÏÒÆÎÁ ÓËÒÕÞÅÎÎÏÍÕ ÍÏÄÕÌÀ �−1R1, Á, ÅÓÌÉ n ÎÅÞ£ÔÎÏ, ÔÏ (4n− 2)-ÑÓÉÚÉÇÉÑ 
4n−2(R) �-ÍÏÄÕÌÑ R ÉÚÏÍÏÒÆÎÁ ÓËÒÕÞÅÎÎÏÍÕ ÍÏÄÕÌÀ �−2R1(ÅÓÌÉ ' { Á×ÔÏÍÏÒÆÉÚÍ ÁÌÇÅÂÒÙ R, ÔÏ 'R1 { ÜÔÏ R Ó ÂÉÍÏÄÕÌØÎÏÊÓÔÒÕËÔÕÒÏÊ ÔÁËÏÊ, ÞÔÏ x ∗ y ∗ z = '(x) · y · z ÄÌÑ ÌÀÂÙÈ x; y; z ∈ R).



ëïçïíïìïçéé èïèûéìøäá óáíïéîÿåë�é÷îùè áìçåâò 853. áÄÄÉÔÉ×ÎÁÑ ÓÔÒÕËÔÕÒÁ ÁÌÇÅÂÒÙ ËÏÇÏÍÏÌÏÇÉÊ èÏÈÛÉÌØÄÁ÷ ÜÔÏÍ �ÁÒÁÇÒÁÆÅ ÓÏÈÒÁÎÑÀÔÓÑ ×ÓÅ ÏÂÏÚÎÁÞÅÎÉÑ, ××ÅÄ£ÎÎÙÅ × �ÒÅ-ÄÙÄÕÝÅÍ. ëÒÏÍÅ ÔÏÇÏ, �ÏÌÏÖÉÍ Æt = Hom� (dt; R) : Hom� (Qt; R) →Hom� (Qt+1; R), ÇÄÅ dt { ÜÔÏ ÄÉÆÆÅÒÅÎ�ÉÁÌ ÉÚ ÒÅÚÏÌØ×ÅÎÔÙ, Ï�ÉÓÁÎ-ÎÏÊ × ÔÅÏÒÅÍÅ 1.ðÕÓÔØ w { �ÕÔØ ÉÚ ×ÅÒÛÉÎÙ (i2 − 1)n + j2 × ×ÅÒÛÉÎÕ (i1 − 1)n +j1. þÅÒÅÚ w∗ : P[i1;j1℄[i2;j2℄ → R ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ �-ÇÏÍÏÍÏÒÆÉÚÍ,�ÅÒÅ×ÏÄÑÝÉÊ ei1;j1 ⊗ ei2;j2 ∈ P[i1;j1℄[i2;j2℄ × w ∈ R. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚV (w) ⊂ Hom� (P[i1;j1℄[i2;j2℄; R) �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï, �ÏÒÏÖÄ£ÎÎÏÅ ÎÁÄ KÇÏÍÏÍÏÒÆÉÚÍÏÍ w∗. äÁÌÅÅ ××ÅÄ£Í ÓÌÅÄÕÀÝÉÅ ÏÂÏÚÎÁÞÅÎÉÑ:
V 02l = r⊕i=1 (V (ei;n)⊕ ( n−1−l⊕j=1 V (�i;j+l−1 : : : �i;j)))(l = 0; : : : ; n− 1);V 12l = r⊕i=1 V (�i) (l = 0; : : : ; n− 2);V 12(n−1) = r⊕i=1 (V (�i)⊕ ( n−1⊕j=1 V (ei;j)));V 22l = r⊕i=1 V (�i+1�i) (l = 0; : : : ; n− 1);V 30 = r⊕i=1 (V (�i+2�i+1�i)⊕ ( n−1⊕j=1 V (�i+3;j−1�i�i;j)));V 32l = r⊕i=1 V (�i+2�i+1�i) (l = 1; : : : ; n− 1);V 42l = r⊕i=1 n−1⊕j=n−l V (�i+3;j+l−n�i�i;j) (l = 0; : : : ; n− 1);V −12l+1 = r⊕i=1 V (ei;n) (l = 0; : : : ; n− 2);



86 à. ÷. ÷ïìëï÷V 02l+1 = r⊕i=1 (V (�i)⊕ ( n−1−l⊕j=1 V (�i;j+l : : : �i;j))
⊕ V (�i+2;l
i)) (l = 0; : : : ; n− 2);V 12l+1 = r⊕i=1 (V (�i+1�i)⊕ V (�i�i;n−1−l)
⊕

( n⊕j=n−l V (�i+3;j+l−n�i�i;j))) (l = 0; : : : ; n− 2);V 22l+1 = r⊕i=1 V (�i+2�i+1�i) (l = 1; : : : ; n− 2);Ṽ 02l = r⊕i=1 n−1−l⊕j=1 V (�i;j+l−1 : : : �i;j) (l = 0; : : : ; n− 1);Ṽ 12l = r⊕i=1 V (ei;n) (l = 0; : : : ; n− 2);Ṽ 12(n−1) = r⊕i=1 (V (ei;n)⊕ ( n−1⊕j=1 V (ei;j)));Ṽ 22l = r⊕i=1 V (�i) (l = 0; : : : ; n− 1);Ṽ 30 = r⊕i=1 (V (�i+1�i)⊕ ( n−1⊕j=1 V (�i+3;j−1�i�i;j)));Ṽ 32l = r⊕i=1 V (�i+1�i) (l = 1; : : : ; n− 1);Ṽ 42l = r⊕i=1 (V (�i+2�i+1�i)⊕ ( n−1⊕j=n−l V (�i+3;j+l−n�i�i;j)))(l = 0; : : : ; n− 1);Ṽ 02l+1 = r⊕i=1 (( n−1−l⊕j=1 V (�i;j+l : : : �i;j))⊕ V (�i+2;l
i))(l = 0; : : : ; n− 2);Ṽ 12l+1 = r⊕i=1 (V (�i�i;n−1−l)⊕ ( n⊕j=n−l V (�i+3;j+l−n�i�i;j)))(l = 0; : : : ; n− 2):



ëïçïíïìïçéé èïèûéìøäá óáíïéîÿåë�é÷îùè áìçåâò 87äÌÑ ËÁÖÄÏÇÏ �ÒÏÓÔÒÁÎÓÔ×Á V qp (Ṽ qp ) ÉÚ ÔÏÌØËÏ ÞÔÏ �ÒÉ×£ÄÅÎÎÏÇÏÓ�ÉÓËÁ ××ÅÄ£Í �ÒÏÓÔÒÁÎÓÔ×Ï Uqp (Ũqp ) É ÌÉÎÅÊÎÙÅ ÏÔÏÂÒÁÖÅÎÉÑ 'q;mp :V qp → Uqp ('̃ q;mp : Ṽ qp → Ũqp ) ÄÌÑ m > 0 ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:ÄÌÑ 0 6 l 6 n− 2 : U02l = V 02l+1;'0;m2l (e∗i;n) = (−1)m�∗i − �∗i−1 − �∗i;n−1−l + (−1)m(�i+2;l
i)∗;'0;m2l ((�i;n−2 : : : �i;n−1−l)∗) = (−1)m�∗i;n−1−l − (�i;n−2 : : : �i;n−2−l)∗;'0;m2l ((�i;j+l−1 : : : �i;j)∗) = (�i;j+l : : : �i;j)∗ − (�i;j+l−1 : : : �i;j−1)∗;'0;m2l ((�i;l : : : �i;1)∗) = (�i;l+1 : : : �i;1)∗ − (�i;l
i−2)∗(2 6 j 6 n− 2− l; 1 6 i 6 r);U02(n−1) = Ṽ 20 ; '0;m2(n−1)(e∗i;n) = (−1)m�∗i − �∗i−1 (1 6 i 6 r);ÄÌÑ 0 6 l 6 n− 2 : U12l = V 12l+1;'1;m2l (�∗i ) = (−1)m(�i+1�i)∗ − (�i�i−1)∗ − (�i�i;n−1−l)∗+ (−1)m n∑z=n−l(�i+3;z+l−n�i�i;z)∗ (1 6 i 6 r);U12(n−1) = Ṽ 30 ; '1;m2(n−1)(�∗i ) = (−1)m(�i+1�i)∗ − (�i�i−1)∗+ (−1)m n−1∑z=1(�i+3;z−1�i�i;z)∗;'1;m2(n−1)(e∗i;j) = (−1)m+1 j∑z=1(�i+3;z−1�i�i;z)∗ + (−1)m(�i−1�i−2)∗+ n−1∑z=j(�i;z−1�i−3�i−3;z)∗ (1 6 j 6 n− 1; 1 6 i 6 r);ÄÌÑ 0 6 l 6 n− 2 : U22l = V 22l+1;'2;m2l ((�i+1�i)∗) = (−1)m(�i+2�i+1�i)∗ − (�i+1�i�i−1)∗ (1 6 i 6 r);U22(n−1) = Ṽ 40 ; '2;m2(n−1)((�i+1�i)∗) = (−1)m(�i+2�i+1�i)∗
− (�i+1�i�i−1)∗ (1 6 i 6 r);ÄÌÑ 0 6 l 6 n− 1 : U32l = 0; U42l = 0; '3;m2l = 0; '4;m2l = 0;ÄÌÑ 0 6 l 6 n− 2 : U−12l+1 = Ṽ 22l+2; '−1;m2l+1 (e∗i;n) = (−1)m�∗i + �∗i−1;



88 à. ÷. ÷ïìëï÷ÄÌÑ 0 6 l 6 n− 2 : U02l+1 = Ṽ 32l+2;'0;m2l+1(�∗i ) = (−1)m(�i+1�i)∗ + (�i�i−1)∗;'0;m2l+1((�i;j+l : : : �i;j)∗) = (−1)m+1(�i−1�i−2)∗;'0;m2l+1(�∗i;n−1−l) = −(�i−1�i−2)∗;'0;m2l+1((�i+2;l
i)∗) = (−1)m+1(�i+1�i)∗(1 6 j 6 n− 2− l; 1 6 i 6 r);ÄÌÑ 0 6 l 6 n− 2 : U12l+1 = Ṽ 42l+2;'1;m2l+1((�i+1�i)∗) = (−1)m(�i+2�i+1�i)∗ + (�i+1�i�i−1)∗;'1;m2l+1((�i�i;n−1−l)∗) = −(�i�i−1�i−2)∗ + (−1)m+1(�i�i;n−1−l)∗;'1;m2l+1((�i+3;j+l−n�i�i;j)∗) = (�i+3;j+l+1−n�i�i;j)∗
− (�i+3;j+l−n�i�i;j−1)∗;'1;m2l+1((�i+3;l�i)∗) = −(�i+3;l�i�i;n−1)∗ + (−1)m+1(�i+2�i+1�i)∗(n− l 6 j 6 n− 1; 1 6 i 6 r);ÄÌÑ 0 6 l 6 n− 2 : U22l+1 = 0; '2;m2l+1 = 0;ÄÌÑ 0 6 l 6 n− 2 : Ũ02l = Ṽ 02l+1;'̃ 0;m2l ((�i;n−2 : : : �i;n−1−l)∗) = (−1)m�∗i;n−1−l − (�i;n−2 : : : �i;n−2−l)∗;'̃ 0;m2l ((�i;j+l−1 : : : �i;j)∗) = (�i;j+l : : : �i;j)∗ − (�i;j+l−1 : : : �i;j−1)∗;'̃ 0;m2l ((�i;l : : : �i;1)∗) = (�i;l+1 : : : �i;1)∗ + (�i;l
i−2)∗(2 6 j 6 n− 2− l; 1 6 i 6 r);Ũ02(n−1) = V 20 ; '̃ 0;m2(n−1) = 0;ÄÌÑ 0 6 l 6 n− 2 : Ũ12l = Ṽ 12l+1; '̃ 1;m2l (e∗i;n) = (−1)m+1(�i�i;n−1−l)∗+ (�i−1�i−1;n−1−l)∗ + n∑z=n−l(�i+3;z+l−n�i�i;z)∗+ (−1)m+1 n∑z=n−l(�i+2;z+l−n�i−1�i−1;z)∗ (1 6 i 6 r);Ũ12(n−1) = V 30 ; '̃ 1;m2(n−1)(e∗i;n) = n−1∑z=1(�i+3;z−1�i�i;z)∗+ (−1)m+1 n−1∑z=1(�i+2;z−1�i−1�i−1;z)∗ + (−1)m+1(�i+2�i+1�i)∗+ (�i+1�i�i−1)∗ + (−1)m+1(�i�i−1�i−2)∗ + (�i−1�i−2�i−3)∗;'̃ 1;m2(n−1)(e∗i;j) = (−1)m+1 j∑z=1(�i+3;z−1�i�i;z)∗ + (�i�i−1�i−2)∗+ (−1)m+1(�i−1�i−2�i−3)∗ + n−1∑z=j(�i;z−1�i−3�i−3;z)∗(1 6 j 6 n− 1; 1 6 i 6 r);



ëïçïíïìïçéé èïèûéìøäá óáíïéîÿåë�é÷îùè áìçåâò 89ÄÌÑ 0 6 l 6 n− 1 : Ũ22l = 0; Ũ32l = 0; Ũ42l = 0;'̃ 2;m2l = 0; '̃ 3;m2l = 0; '̃ 4;m2l = 0;ÄÌÑ 0 6 l 6 n− 2 : Ũ02l+1 = V 32l+2;'̃ 0;m2l+1((�i;j+l : : : �i;j)∗) = (�i�i−1�i−2)∗ + (−1)m(�i−1�i−2�i−3)∗;'̃ 0;m2l+1(�∗i;n−1−l) = (−1)m(�i�i−1�i−2)∗ + (�i−1�i−2�i−3)∗;'̃ 0;m2l+1((�i+2;l
i)∗) = −(�i+2�i+1�i)∗ + (−1)m+1(�i+1�i�i−1)∗(1 6 j 6 n− 2− l; 1 6 i 6 r);ÄÌÑ 0 6 l 6 n− 2 : Ũ12l+1 = V 42l+2;'̃ 1;m2l+1((�i�i;n−1−l)∗) = (−1)m+1(�i�i;n−1−l)∗;'̃ 1;m2l+1((�i+3;j+l−n�i�i;j)∗) = (�i+3;j+l+1−n�i�i;j)∗
− (�i+3;j+l−n�i�i;j−1)∗;'̃ 1;m2l+1((�i+3;l�i)∗) = −(�i+3;l�i�i;n−1)∗ (n− l 6 j 6 n− 1; 1 6 i 6 r):ìÅÍÍÁ 2.(1) äÌÑ 0 6 l 6 n− 2 ×Ù�ÏÌÎÅÎÏdimK Ker'0;m2l = 




1; ÅÓÌÉ m...2 ÉÌÉ 
harK = 2;0; ÅÓÌÉ m6 ...2, 
harK 6= 2 É r 6 ...2;(2) dimK Ker'0;m2(n−1) = 1, ÅÓÌÉ m...2;(3) ÄÌÑ 0 6 l 6 n− 2 ×Ù�ÏÌÎÅÎÏ dimK Ker'1;m2l = 0;(4) �ÕÓÔØ m...2, n6 ...2, r 6 ...2 É îïä(3n− 1; r) = 1, ÔÏÇÄÁdimK Ker'1;m2(n−1) = 1;(5) ÄÌÑ 0 6 l 6 n− 2 ×Ù�ÏÌÎÅÎÏdimK Ker'2;m2l = 




1; ÅÓÌÉ m...2 ÉÌÉ 
harK = 2;0; ÅÓÌÉ m6 ...2, 
harK 6= 2 É r 6 ...2;



90 à. ÷. ÷ïìëï÷(6) dimK Ker'2;m2(n−1) = 1, ÅÓÌÉ m...2;(7) dimK Ker'3;m2l = { r; ÅÓÌÉ 1 6 l 6 n− 1;rn; ÅÓÌÉ l = 0;(8) ÄÌÑ 0 6 l 6 n− 1 ×Ù�ÏÌÎÅÎÏ dimK Ker'4;m2l = rl;(9) ÄÌÑ 0 6 l 6 n− 2 ×Ù�ÏÌÎÅÎÏdimK Ker'−1;m2l+1 = 



1; ÅÓÌÉ m6 ...2 ÉÌÉ 
harK = 2;0; ÅÓÌÉ m...2, 
harK 6= 2 É r 6 ...2;(10) ÄÌÑ 0 6 l 6 n− 2 ×Ù�ÏÌÎÅÎÏ dimK Ker'0;m2l+1 = r(n− l);(11) ÄÌÑ 0 6 l 6 n− 2 ×Ù�ÏÌÎÅÎÏdimK Ker'1;m2l+1 = 




r + 1; ÅÓÌÉ m6 ...2 ÉÌÉ 
harK = 2;r; ÅÓÌÉ m...2, 
harK 6= 2 É r 6 ...2;(12) ÄÌÑ 0 6 l 6 n− 2 ×Ù�ÏÌÎÅÎÏ dimK Ker'2;m2l+1 = r;(13) ÄÌÑ 0 6 l 6 n− 1 ×Ù�ÏÌÎÅÎÏ dimK Ker '̃ 0;m2l = 0;(14) ÄÌÑ 0 6 l 6 n− 2 ×Ù�ÏÌÎÅÎÏdimK Ker '̃ 1;m2l = 



1; ÅÓÌÉ m...2 ÉÌÉ 
harK = 2;0; ÅÓÌÉ m6 ...2, 
harK 6= 2 É r 6 ...2;(15) �ÕÓÔØ îïä(3n− 1; r) = 1, ÔÏÇÄÁdimK Ker '̃ 1;m2(n−1) = 





2; ÅÓÌÉ n...2 É ×Ù�ÏÌÎÅÎÏ ÏÄÎÏ ÉÚÕÓÌÏ×ÉÊ: m...2 ÉÌÉ 
harK = 2;1; ÅÓÌÉ n6 ...2, r 6 ...2 É 
harK = 2;0 ÅÓÌÉ m6 ...2, r 6 ...2 É 
harK 6= 2;(16) ÄÌÑ 0 6 l 6 n− 1 ×Ù�ÏÌÎÅÎÏ dimK Ker '̃ 2;m2l = r;



ëïçïíïìïçéé èïèûéìøäá óáíïéîÿåë�é÷îùè áìçåâò 91(17) dimK Ker '̃ 3;m2l = { r; ÅÓÌÉ 1 6 l 6 n− 1;rn; ÅÓÌÉ l = 0;(18) ÄÌÑ 0 6 l 6 n− 1 ×Ù�ÏÌÎÅÎÏ dimK Ker '̃ 4;m2l = r(l + 1);(19) ÄÌÑ 0 6 l 6 n− 2 ×Ù�ÏÌÎÅÎÏdimK Ker '̃ 0;m2l+1 = 



r(n− 1− l) + 1; ÅÓÌÉ m6 ...2 ÉÌÉ 
harK = 2;r(n− 1− l); ÅÓÌÉ m...2, 
harK 6= 2 É r 6 ...2;(20) ÄÌÑ 0 6 l 6 n− 2 ×Ù�ÏÌÎÅÎÏ dimK Ker '̃ 1;m2l+1 = r.äÏËÁÚÁÔÅÌØÓÔ×Ï. (1) ðÕÓÔØ 0 6 l 6 n− 2 Éw = r∑i=1 κie∗i;n + r∑i=1 n−1−l∑j=1 �i;j(�i;j+l−1 : : : �i;j)∗ ∈ V 02lÄÌÑ ÎÅËÏÔÏÒÙÈ κi; �i;j ∈ K (1 6 i 6 r; 1 6 j 6 n − 1 − l). �ÏÇÄÁw ∈ Ker'0;m2l ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ'0;m2l (w) = r∑i=1((−1)mκi − κi+1)�∗i+ r∑i=1((−1)m�i;n−1−l − κi)�∗i;n−1−l+ r∑i=1 n−2−l∑j=1 (�i;j − �i;j+1)(�i;j+l : : : �i;j)∗+ r∑i=1((−1)mκi − �i+2;1)(�i+2;l
i)∗ = 0:åÓÌÉ m...2 ÉÌÉ 
harK = 2, ÔÏ (−1)m = 1. ÷ ÜÔÏÍ ÓÌÕÞÁÅ '0;m2l (w) = 0ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ κi = κi+1, κi = �i;n−1−l, �i;j = �i;j+1, �i+2;1 =

κi ÄÌÑ 1 6 i 6 r, 1 6 j 6 n−2−l, ÔÏ ÅÓÔØ, ÅÓÌÉ κ1 = κ, ÔÏ �i;j = κi = κÄÌÑ 1 6 i 6 r, 1 6 j 6 n− 1− l. �ÏÇÄÁ w ∈ Ker'0;m2l ÒÁ×ÎÏÓÉÌØÎÏ w =
κ

( r∑i=1 e∗i;n + r∑i=1 n−1−l∑j=1 (�i;j+l−1 : : : �i;j)∗) ÄÌÑ ÎÅËÏÔÏÒÏÇÏ κ ∈ K. üÔÏ



92 à. ÷. ÷ïìëï÷ÚÎÁÞÉÔ, ÞÔÏ × ÓÌÕÞÁÅ, ËÏÇÄÁ m...2 ÉÌÉ 
harK = 2, dimK Ker'0;m2l = 1.ðÕÓÔØ ÔÅ�ÅÒØ m 6 ...2, 
harK 6= 2 É r 6 ...2. �ÏÇÄÁ κi+1 = −κi. äÁÌÅÅ �ÏÉÎÄÕË�ÉÉ �ÏÌÕÞÁÅÍ, ÞÔÏ κi+p = (−1)pκi ÄÌÑ ÌÀÂÏÇÏ p. �ÏÇÄÁ κi =
κi+r = (−1)rκi = −κi, ÔÏ ÅÓÔØ κi = 0 ÄÌÑ 1 6 i 6 r. �ÁË ËÁË �i;n−1−l+
κi = 0, ÔÏ �i;n−1−l = 0 ÄÌÑ 1 6 i 6 r. óÌÅÄÏ×ÁÔÅÌØÎÏ, ÔÁË ËÁË �i;j =�i;j+1 ÄÌÑ 1 6 j 6 n− 2− l, ÔÏ �i;j = 0 ÄÌÑ 1 6 i 6 r, 1 6 j 6 n− 1− l.�ÏÇÄÁ ÉÚ w ∈ Ker'0;m2l ÓÌÅÄÕÅÔ w = 0, ÔÏ ÅÓÔØ dimK Ker'0;m2l = 0.(2) ðÕÓÔØ w = r∑i=1κie∗i;n ∈ V 02(n−1) ÄÌÑ ÎÅËÏÔÏÒÙÈ κi ∈ K (1 6i 6 r). �ÏÇÄÁ w ∈ Ker'0;m2(n−1) ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ '0;m2(n−1)(w) =r∑i=1((−1)mκi − κi+1)�∗i = 0. åÓÌÉ m...2, ÔÏ �ÏÓÌÅÄÎÅÅ ÒÁ×ÅÎÓÔ×Ï ÒÁ×ÎÏ-ÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ κi = κi+1 ÄÌÑ 1 6 i 6 r, ÔÏ ÅÓÔØ, ÅÓÌÉ κ1 = κ, ÔÏ
κi = κ ÄÌÑ 1 6 i 6 r. �ÏÇÄÁ w ∈ Ker'0;m2(n−1) ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏw = κ( r∑i=1 e∗i;n) ÄÌÑ ÎÅËÏÔÏÒÏÇÏ κ ∈ K. üÔÏ ÚÎÁÞÉÔ, ÞÔÏ × ÜÔÏÍ ÓÌÕÞÁÅdimK Ker'0;m2(n−1) = 1.(3) ðÕÓÔØ 0 6 l 6 n − 2 É w = r∑i=1κi�∗i ∈ V 12l ÄÌÑ ÎÅËÏÔÏÒÙÈ κi ∈K (1 6 i 6 r). �ÏÇÄÁ ËÏÜÆÆÉ�ÉÅÎÔ �ÒÉ (�i�i;n−1−l)∗ × ÒÁÚÌÏÖÅÎÉÉ'1;m2l (w) �Ï ÂÁÚÉÓÕ((�i+1�i)∗; (�i�i;n−1−l)∗; (�i+3;j+l−n�i�i;j)∗)16i6r;n−l6j6nÒÁ×ÅÎ −κi. �ÏÇÄÁ w ∈ Ker'1;m2l ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ κi = 0 ÄÌÑ1 6 i 6 r, ÔÏ ÅÓÔØ w = 0. óÌÅÄÏ×ÁÔÅÌØÎÏ, dimK Ker'1;m2l = 0.(4) ðÕÓÔØ w = r∑i=1 κi�∗i + r∑i=1 n−1∑j=1 �i;je∗i;j ∈ V 12(n−1)ÄÌÑ ÎÅËÏÔÏÒÙÈ κi, �i;j ∈ K (1 6 i 6 r, 1 6 j 6 n − 1). �ÏÇÄÁ w ∈Ker'1;m2(n−1) ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ'1;m2(n−1)(w) = r∑i=1((−1)mκi − κi+1 + (−1)m n−1∑z=1 �i+2;z)(�i+1�i)∗



ëïçïíïìïçéé èïèûéìøäá óáíïéîÿåë�é÷îùè áìçåâò 93+ r∑i=1 n−1∑j=1((−1)m+1 n−1∑z=j �i;z + (−1)mκi + j∑z=1 �i+3;z)(�i+3;j−1�i�i;j)∗ = 0:ðÕÓÔØ ÔÅ�ÅÒØ m...2, n6 ...2, r 6 ...2 É îïä (3n − 1; r) = 1. ÷ ÜÔÏÍ ÓÌÕÞÁÅ'1;m2(n−1)(w) = 0 ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ
κi+1 = κi + n−1∑z=1 �i+2;z É κi = n−1∑z=j �i;z − j∑z=1 �i+3;zÄÌÑ 1 6 i 6 r, 1 6 j 6 n− 1. ðÕÓÔØ '1;m2(n−1)(w) = 0. �ÁË ËÁË n−1∑z=j �i;z −j∑z=1 �i+3;z = κi = n−1∑z=j+1 �i;z − j+1∑z=1 �i+3;z ÄÌÑ 1 6 j 6 n− 2, ÔÏ �i+3;j+1 =

−�i;j ÄÌÑ 1 6 j 6 n− 2. äÁÌÅÅ �Ï ÉÎÄÕË�ÉÉ �ÏÌÕÞÁÅÍ, ÞÔÏ �i+3p;j+p =(−1)p�i;j ÄÌÑ 0 6 p 6 n − 2, 1 6 j 6 n − 1 − p. óÌÅÄÏ×ÁÔÅÌØÎÏ, �i;j =(−1)j−1�i−3(j−1);1 ÄÌÑ 1 6 i 6 r, 1 6 j 6 n − 1. �ÁË ËÁË κi+2 =n−1∑z=1 �i+2;z − �i+5;1, ÔÏ
κi+1 = κi + n−1∑z=1 �i+2;z = κi + κi+2 + �i+5;1;ÔÏ ÅÓÔØ �i+5;1 = −κi −κi+2 +κi+1. �ÁË ËÁË κi = �i;n−1 − n−1∑z=1 �i+3;z , ÔÏ

κi+2 = κi+1 + n−1∑z=1 �i+3;z = κi+1 − κi + �i;n−1, ÔÏ ÅÓÔØ �i;n−1 = κi+2 +
κi − κi+1 = −�i+5;1. ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ, �i;n−1 = (−1)n−2�i−3(n−2);1 =
−�i−3(n−2);1, ÔÏ ÅÓÔØ �i+5;1 = �i−3(n−2);1. úÁÍÅÎÑÑ i ÎÁ i − 5, �Ï-ÌÕÞÁÅÍ, ÞÔÏ �i;1 = �i−(3n−1);1. ïÔÓÀÄÁ �ÏÌÕÞÁÅÍ �Ï ÉÎÄÕË�ÉÉ, ÞÔÏ�i;1 = �i−p(3n−1);1 ÄÌÑ ÌÀÂÏÇÏ p. �ÁË ËÁË îïä (3n − 1; r) = 1, ÜÔÏÏÚÎÁÞÁÅÔ, ÞÔÏ �i1;1 = �i2;1 ÄÌÑ 1 6 i1; i2 6 r. ðÕÓÔØ �i;1 = � ÄÌÑ1 6 i 6 r. �ÏÇÄÁ �i;j = (−1)j−1� ÄÌÑ 1 6 i 6 r, 1 6 j 6 n − 1. �Ï-ÇÄÁ κi = n−1∑z=1 �i;z − �i+3;1 = −� ÄÌÑ 1 6 i 6 r. ñÓÎÏ, ÞÔÏ �ÒÉ κi = −�,�i;j = (−1)j−1� ÉÍÅÅÍ '1;m2(n−1)(w) = 0. �ÏÇÄÁ w ∈ Ker'1;m2(n−1) ÒÁ×ÎÏ-ÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ w = �(− r∑i=1�∗i + r∑i=1 n−1∑j=1(−1)j−1e∗i;j) ÄÌÑ ÎÅËÏÔÏÒÏÇÏ� ∈ K. üÔÏ ÚÎÁÞÉÔ, ÞÔÏ × ÜÔÏÍ ÓÌÕÞÁÅ dimK Ker'1;m2(n−1) = 1.



94 à. ÷. ÷ïìëï÷(5) ðÕÓÔØ 0 6 l 6 n − 2 É w = r∑i=1κi(�i+1�i)∗ ∈ V 22l ÄÌÑ ÎÅËÏ-ÔÏÒÙÈ κi ∈ K (1 6 i 6 r). �ÏÇÄÁ w ∈ Ker'2;m2l ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ,ÞÔÏ '2;m2l (w) = r∑i=1((−1)mκi − κi+1)(�i+2�i+1�i)∗ = 0. åÓÌÉ m...2 ÉÌÉ
harK = 2, ÔÏ �ÏÓÌÅÄÎÅÅ ÒÁ×ÅÎÓÔ×Ï ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ κi = κi+1ÄÌÑ 1 6 i 6 r, ÔÏ ÅÓÔØ, ÅÓÌÉ κ1 = κ, ÔÏ κi = κ ÄÌÑ 1 6 i 6 r. �ÏÇÄÁw ∈ Ker'2;m2l ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ w = κ( r∑i=1(�i+1�i)∗) ÄÌÑ ÎÅËÏ-ÔÏÒÏÇÏ κ ∈ K. üÔÏ ÚÎÁÞÉÔ, ÞÔÏ × ÜÔÏÍ ÓÌÕÞÁÅ dimK Ker'2;m2l = 1.ðÕÓÔØ ÔÅ�ÅÒØ m 6 ...2, 
harK 6= 2 É r 6 ...2. �ÏÇÄÁ κi+1 = −κi. äÁÌÅÅ�Ï ÉÎÄÕË�ÉÉ �ÏÌÕÞÁÅÍ, ÞÔÏ κi+p = (−1)pκi ÄÌÑ ÌÀÂÏÇÏ p. �ÏÇÄÁ
κi = κi+r = (−1)rκi = −κi, ÔÏ ÅÓÔØ κi = 0 ÄÌÑ 1 6 i 6 r. �ÏÇÄÁÉÚ w ∈ Ker'2;m2l ÓÌÅÄÕÅÔ w = 0, ÔÏ ÅÓÔØ dimK Ker'2;m2l = 0.(6) äÏËÁÚÙ×ÁÅÔÓÑ ÁÎÁÌÏÇÉÞÎÏ (2).(7) dimK Ker'3;m2l = dimK V 32l = { r; 1 6 l 6 n− 1;rn; l = 0;ÔÁË ËÁË '3;m2l = 0.(8) dimK Ker'4;m2l = dimK V 42l = rl, ÔÁË ËÁË '4;m2l = 0.(9) ðÕÓÔØ 0 6 l 6 n − 2 É w = r∑i=1κie∗i;n ∈ V −12l+1 ÄÌÑ ÎÅËÏÔÏÒÙÈ
κi ∈ K (1 6 i 6 r). �ÏÇÄÁ w ∈ Ker'−1;m2l+1 ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ'−1;m2l+1 (w) = r∑i=1((−1)mκi + κi+1)�∗i = 0. åÓÌÉ m 6 ...2 ÉÌÉ 
harK = 2, ÔÏ�ÏÓÌÅÄÎÅÅ ÒÁ×ÅÎÓÔ×Ï ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ κi = κi+1 ÄÌÑ 1 6 i 6 r,ÔÏ ÅÓÔØ, ÅÓÌÉ κ1 = κ, ÔÏ κi = κ ÄÌÑ 1 6 i 6 r. �ÏÇÄÁ w ∈ Ker'−1;m2l+1ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ w = κ( r∑i=1 e∗i;n) ÄÌÑ ÎÅËÏÔÏÒÏÇÏ κ ∈ K. üÔÏÚÎÁÞÉÔ, ÞÔÏ × ÜÔÏÍ ÓÌÕÞÁÅ dimK Ker'−1;m2l+1 = 1. ðÕÓÔØ ÔÅ�ÅÒØ m...2,
harK 6= 2 É r 6 ...2. �ÏÇÄÁ κi+1 = −κi. äÁÌÅÅ �Ï ÉÎÄÕË�ÉÉ �ÏÌÕÞÁÅÍ,ÞÔÏ κi+p = (−1)pκi ÄÌÑ ÌÀÂÏÇÏ p. �ÏÇÄÁ κi = κi+r = (−1)rκi = −κi,ÔÏ ÅÓÔØ κi = 0 ÄÌÑ 1 6 i 6 r. �ÏÇÄÁ ÉÚ w ∈ Ker'−1;m2l+1 ÓÌÅÄÕÅÔ w = 0,ÔÏ ÅÓÔØ dimK Ker'−1;m2l+1 = 0.



ëïçïíïìïçéé èïèûéìøäá óáíïéîÿåë�é÷îùè áìçåâò 95(10) ðÕÓÔØ 0 6 l 6 n− 2 Éw = r∑i=1 κi�∗i + r∑i=1 n−1−l∑j=1 �i;j(�i;j+l : : : �i;j)∗ + r∑i=1 "i(�i+2;l
i)∗ ∈ V 02l+1ÄÌÑ ÎÅËÏÔÏÒÙÈ κi; �i;j , "i ∈ K (1 6 i 6 r; 1 6 j 6 n − 1 − l). �ÏÇÄÁw ∈ Ker'0;m2l+1 ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ'0;m2l+1(w) = r∑i=1((−1)mκi + κi+1+(−1)m+1 n−2−l∑z=1 �i+2;z − �i+2;n−1−l + (−1)m+1"i)(�i+1�i)∗ = 0:ðÏÓÌÅÄÎÅÅ ÒÁ×ÅÎÓÔ×Ï ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ"i = κi + (−1)mκi+1 − n−2−l∑z=1 �i+2;z + (−1)m+1�i+2;n−1−l:úÎÁÞÉÔ, w ∈ Ker'0;m2l+1 ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏw = r∑i=1 κi�∗i + r∑i=1 n−1−l∑j=1 �i;j(�i;j+l : : : �i;j)∗+ r∑i=1(κi + (−1)mκi+1 − n−2−l∑z=1 �i+2;z + (−1)m+1�i+2;n−1−l)(�i+2;l
i)∗ÄÌÑ ÎÅËÏÔÏÒÙÈ κi; �i;j ∈ K (1 6 i 6 r; 1 6 j 6 n− 1− l). üÔÏ ÏÚÎÁÞÁÅÔ,ÞÔÏ × ÜÔÏÍ ÓÌÕÞÁÅ dimK Ker'0;m2l+1 = r(n− l).(11) ðÕÓÔØ 0 6 l 6 n− 2 Éw = r∑i=1 κi(�i+1�i)∗ + r∑i=1 "i(�i�i;n−1−l)∗+ r∑i=1 n∑j=n−l �i;j(�i+3;j+l−n�i�i;j)∗ ∈ V 12l+1



96 à. ÷. ÷ïìëï÷ÄÌÑ ÎÅËÏÔÏÒÙÈ κi, "i, �i;j ∈ K (1 6 i 6 r; n − l 6 j 6 n). �ÏÇÄÁw ∈ Ker'1;m2l+1 ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ'1;m2l+1(w) = r∑i=1((−1)mκi + κi+1 − "i+2 + (−1)m+1�i;n)(�i+2�i+1�i)∗+ r∑i=1((−1)m+1"i − �i;n−l)(�i�i;n−1−l)∗+ r∑i=1 n−1∑j=n−l(�i;j − �i;j+1)(�i+3;j+l+1−n�i�i;j)∗ = 0:ðÕÓÔØ '1;m2l+1(w) = 0. ïÂÏÚÎÁÞÉÍ �i;n−l ÞÅÒÅÚ �i ÄÌÑ 1 6 i 6 r. �ÁË ËÁË�i;j+1 = �i;j ÄÌÑ 1 6 i 6 r; n− l 6 j 6 n− 1, ÔÏ �i;j = �i ÄÌÑ 1 6 i 6 r,n−l 6 j 6 n. ëÒÏÍÅ ÔÏÇÏ, "i = (−1)m+1�i. úÎÁÞÉÔ, w ∈ Ker'1;m2l+1 ÔÏÇÄÁÉ ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ ÄÌÑ ÎÅËÏÔÏÒÙÈ �i ∈ K: �i;j = (−1)m+1"i = �i,(−1)mκi+κi+1−"i+2+(−1)m+1�i;n = (−1)mκi+κi+1− (−1)m+1�i+2+(−1)m+1�i = 0 (1 6 i 6 r; n − l 6 j 6 n). äÁÌÅÅ ÓÞÉÔÁÅÍ, ÞÔÏ ÔÁËÉÅ�i ∈ K ÎÁÛÌÉÓØ. åÓÌÉ m 6 ...2 ÉÌÉ 
harK = 2, ÔÏ (−1)m+1 = 1. ÷ ÜÔÏÍÓÌÕÞÁÅ '1;m2l+1(w) = 0 ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ κi+1 = κi + �i+2 − �i ÄÌÑ1 6 i 6 r. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ÜÔÏ ÒÁ×ÅÎÓÔ×Ï ×Ù�ÏÌÎÅÎÏ. ðÕÓÔØ κ1 = κ.äÏËÁÖÅÍ �Ï ÉÎÄÕË�ÉÉ, ÞÔÏ κi = κ + �i+1 + �i − �2 − �1. äÌÑ i = 1ÜÔÏ ×ÅÒÎÏ. ðÕÓÔØ ÜÔÏ ×ÅÒÎÏ ÄÌÑ i− 1, ÔÏÇÄÁ κi = κi−1 + �i+1 − �i−1 =(κ+ �i+ �i−1− �2− �1)+ �i+1− �i−1 = κ+ �i+1+ �i− �2− �1. òÁ×ÅÎÓÔ×Ï
κi = κ + �i+1 + �i − �2 − �1 ËÏÒÒÅËÔÎÏ Ï�ÒÅÄÅÌÑÅÔ κi ÄÌÑ 1 6 i 6 r,�ÏÓËÏÌØËÕ × ÜÔÏÍ ÓÌÕÞÁÅ κi+r = κi, ÔÁË ËÁË �i+r = �i. ëÒÏÍÅ ÔÏÇÏ,ÜÔÉ κi ÏÞÅ×ÉÄÎÏ ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÒÁ×ÅÎÓÔ×Õ κi+1 = κi+ �i+2− �i. �ÏÇÄÁw ∈ Ker'1;m2l+1 ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ ÎÁÊÄÕÔÓÑ ÔÁËÉÅ κ; �i ∈ K (1 6i 6 r), ÞÔÏ w = r∑i=1(κ + �i+1 + �i − �2 − �1)(�i+1�i)∗+�i( r∑i=1(�i�i;n−1−l)∗ + r∑i=1 n∑j=n−l(�i+3;j+l−n�i�i;j)∗):üÔÏ ÏÚÎÁÞÁÅÔ, ÞÔÏ × ÜÔÏÍ ÓÌÕÞÁÅ dimK Ker'1;m2l+1 = r+1. ðÕÓÔØ ÔÅ�ÅÒØm...2, 
harK 6= 2 É r 6 ...2. ÷ ÜÔÏÍ ÓÌÕÞÁÅ '1;m2l+1(w) = 0 ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ,



ëïçïíïìïçéé èïèûéìøäá óáíïéîÿåë�é÷îùè áìçåâò 97ÞÔÏ κi+1 + κi = �i − �i+2 ÄÌÑ 1 6 i 6 r. �ÏÇÄÁ (−1)i(κi+1 + κi − �i +�i+2) = 0. ðÒÏÓÕÍÍÉÒÕ×Á× ÜÔÉ ÒÁ×ÅÎÓÔ×Á ÏÔ i ÄÏ i + r − 1, �ÏÌÕÞÁÅÍ,ÞÔÏ i+r−1∑z=i (−1)i(κi+1 + κi − �i + �i+2) = 0. ðÒÅÏÂÒÁÚÕÅÍ ÌÅ×ÕÀ ÞÁÓÔØ�ÏÓÌÅÄÎÅÇÏ ÒÁ×ÅÎÓÔ×Á:i+r−1∑z=i (−1)z(κz+1 + κz − �z + �z+2)= i+r−1∑z=i (−1)zκz+1 + i+r−1∑z=i (−1)zκz − i+r−1∑z=i (−1)z�z + i+r−1∑z=i (−1)z�z+2= − i+r∑z=i+1(−1)zκz + i+r−1∑z=i (−1)zκz − i+r−1∑z=i (−1)z�z + i+r+1∑z=i+2(−1)z�z= (−1)i+r+1κi+r + (−1)iκi − (−1)i�i + (−1)i�i+1+(−1)i+r�i+r + (−1)i+r+1�i+r+1 = (−1)i(2κi − 2�i + 2�i+1):ðÏÌÕÞÁÅÍ, ÞÔÏ κi = �i − �i+1. ñÓÎÏ, ÞÔÏ ÜÔÉ κi ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÒÁ×ÅÎ-ÓÔ×Õ κi+1+κi = �i− �i+2. �ÏÇÄÁ w ∈ Ker'1;m2l+1 ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏÎÁÊÄÕÔÓÑ ÔÁËÉÅ �i ∈ K (1 6 i 6 r), ÞÔÏw = r∑i=1(�i − �i+1)(�i+1�i)∗ + r∑i=1 �i(�i�i;n−1−l)∗+ r∑i=1 �i( n∑j=n−l(�i+3;j+l−n�i�i;j)∗):üÔÏ ÏÚÎÁÞÁÅÔ, ÞÔÏ × ÜÔÏÍ ÓÌÕÞÁÅ dimK Ker'1;m2l+1 = r.(12) dimK Ker'2;m2l+1 = dimK V 22l+1 = r, ÔÁË ËÁË '2;m2l+1 = 0.(13) äÌÑ l = n − 1 ÜÔÏ ÓÌÅÄÕÅÔ ÉÚ ÔÏÇÏ, ÞÔÏ Ṽ 02(n−1) = 0. ðÕÓÔØ0 6 l 6 n− 2 É w = r∑i=1 n−1−l∑j=1 �i;j(�i;j+l−1 : : : �i;j)∗ ∈ Ṽ 02l ÄÌÑ ÎÅËÏÔÏÒÙÈ�i;j ∈ K (1 6 i 6 r; 1 6 j 6 n− 1− l). �ÏÇÄÁ w ∈ Ker '̃ 0;m2l ÒÁ×ÎÏÓÉÌØÎÏ



98 à. ÷. ÷ïìëï÷ÔÏÍÕ, ÞÔÏ '̃ 0;m2l (w) = r∑i=1(−1)m�i;n−1−l�∗i;n−1−l+ r∑i=1 n−2−l∑j=1 (�i;j − �i;j+1)(�i;j+l : : : �i;j)∗+ r∑i=1 �i+2;1(�i+2;l
i)∗ = 0:úÎÁÞÉÔ, ÅÓÌÉ '̃ 0;m2l (w) = 0, ÔÏ �i;n−1−l = 0 ÄÌÑ 1 6 i 6 r. éÚ ÒÁ×ÅÎÓÔ×�i;j = �i;j+1 ÄÌÑ 1 6 i 6 r, 1 6 j 6 n − 2 − l ÓÌÅÄÕÅÔ, ÞÔÏ �i;j = 0ÄÌÑ 1 6 i 6 r, 1 6 j 6 n − 1 − l, ÔÏ ÅÓÔØ w = 0. óÌÅÄÏ×ÁÔÅÌØÎÏ,dimK Ker '̃ 0;m2l = 0.(14) ðÕÓÔØ 0 6 l 6 n−2 É w = r∑i=1κie∗i;n ∈ Ṽ 12l ÄÌÑ ÎÅËÏÔÏÒÙÈ κi ∈ K(1 6 i 6 r). �ÏÇÄÁ w ∈ Ker '̃ 1;m2l ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ'̃ 1;m2l (w) = r∑i=1((−1)m+1
κi + κi+1)(�i�i;n−1−l)∗+ r∑i=1 n∑z=n−l(κi + (−1)m+1

κi+1)(�i+3;z+l−n�i�i;z) = 0:äÁÌÅÅ ÒÁÚÂÏÒ ÓÌÕÞÁÅ× �ÒÏÈÏÄÉÔ ÔÁË ÖÅ, ËÁË É × ÓÌÕÞÁÅ (5).(15) ðÕÓÔØ w = r∑i=1κie∗i;n + r∑i=1 n−1∑j=1 �i;je∗i;j ∈ Ṽ 12(n−1). �ÏÇÄÁ w ∈Ker '̃ 1;m2(n−1) ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ'̃ 1;m2(n−1)(w) = r∑i=1((−1)m+1
κi + κi+1 + (−1)m+1

κi+2 + κi+3 + n−1∑z=1 �i+2;z+(−1)m+1 n−1∑z=1 �i+3;z)(�i+2�i+1�i)∗ + r∑i=1 n−1∑j=1((−1)m+1 n−1∑z=j �i;z+κi + (−1)m+1
κi+1 + j∑z=1 �i+3;z)(�i+3;j−1�i�i;j)∗ = 0:



ëïçïíïìïçéé èïèûéìøäá óáíïéîÿåë�é÷îùè áìçåâò 99ðÕÓÔØ m...2 ÉÌÉ 
harK = 2. �ÏÇÄÁ '̃ 1;m2(n−1)(w) = 0 ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ,ÞÔÏ ×Ù�ÏÌÎÅÎÏ −κi + κi+1 − κi+2 + κi+3 + n−1∑z=1 �i+2;z − n−1∑z=1 �i+3;z = 0,
−

n−1∑z=j �i;z + κi − κi+1 + j∑z=1 �i+3;z = 0 ÄÌÑ 1 6 i 6 r, 1 6 j 6 n − 1.ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ '̃ 1;m2(n−1)(w) = 0. �ÁË ËÁËn−1∑z=j �i;z − j∑z=1 �i+3;z = κi − κi+1 = n−1∑z=j+1 �i;z − j+1∑z=1 �i+3;zÄÌÑ 1 6 j 6 n − 2, ÔÏ �i+3;j+1 = −�i;j ÄÌÑ 1 6 j 6 n − 2. äÁÌÅÅ �ÏÉÎÄÕË�ÉÉ �ÏÌÕÞÁÅÍ, ÞÔÏ �i+3p;j+p = (−1)p�i;j ÄÌÑ 0 6 p 6 n − 2,1 6 j 6 n − 1 − p. óÌÅÄÏ×ÁÔÅÌØÎÏ, �i;j = (−1)j−1�i−3(j−1);1 ÄÌÑ1 6 i 6 r, 1 6 j 6 n− 1. �ÁË ËÁË −�i;n−1 + κi − κi+1 + n−1∑z=1 �i+3;z = 0,
−

n−1∑z=1 �i+2;z+κi+2−κi+3+�i+5;z = 0, ÔÏ �i;n−1−κi+κi+1−n−1∑z=1 �i+3;z+n−1∑z=1 �i+2;z−κi+2+κi+3−�i+5;z = 0, ÔÏ ÅÓÔØ �i;n−1 = �i+5;1. ó ÄÒÕÇÏÊ ÓÔÏ-ÒÏÎÙ, �i;n−1 = (−1)n−2�i−3(n−2);1, ÔÏ ÅÓÔØ �i+5;1 = (−1)n−2�i−3(n−2);1.úÁÍÅÎÑÑ i ÎÁ i − 5, �ÏÌÕÞÁÅÍ, ÞÔÏ �i;1 = (−1)n−2�i−(3n−1);1. ïÔÓÀÄÁ�ÏÌÕÞÁÅÍ �Ï ÉÎÄÕË�ÉÉ, ÞÔÏ �i;1 = (−1)p(n−2)�i−p(3n−1);1 ÄÌÑ ÌÀÂÏÇÏp. åÓÌÉ n...2, ÔÏ × ÓÉÌÕ ÔÏÇÏ, ÞÔÏ îïä (3n − 1; r) = 1, ÜÔÏ ÏÚÎÁÞÁÅÔ,ÞÔÏ �i1;1 = �i2;1 ÄÌÑ 1 6 i1; i2 6 r. ðÕÓÔØ �i;1 = � ÄÌÑ 1 6 i 6 r.�ÏÇÄÁ �i;j = (−1)j−1� ÄÌÑ 1 6 i 6 r, 1 6 j 6 n − 1. óÌÅÄÏ×Á-ÔÅÌØÎÏ, κi+1 − κi = − n−1∑z=1 �i;z + �i+3;1 = − n−1∑z=2(−1)z� = 0, ÔÏ ÅÓÔØ
κi+1 = κi ÄÌÑ 1 6 i 6 r, É ÔÁËÉÍ ÏÂÒÁÚÏÍ, ÅÓÌÉ κ1 = κ, ÔÏ
κi = κ ÄÌÑ 1 6 i 6 r. �ÏÇÄÁ w ∈ Ker '̃ 1;m2(n−1) ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ,ÞÔÏ w = κ( r∑i=1 e∗i;n) + �( r∑i=1 n−1∑j=1(−1)j−1e∗i;j) ÄÌÑ ÎÅËÏÔÏÒÙÈ κ; � ∈ K.üÔÏ ÚÎÁÞÉÔ, ÞÔÏ × ÜÔÏÍ ÓÌÕÞÁÅ dimK Ker '̃ 1;m2(n−1) = 2. ðÕÓÔØ ÔÅ�ÅÒØ
harK = 2, n6 ...2, r 6 ...2. �ÏÇÄÁ ÁÎÁÌÏÇÉÞÎÏ ÓÌÕÞÁÀ n...2 �ÏÌÕÞÁÅÍ, ÞÔÏÄÌÑ ÎÅËÏÔÏÒÏÇÏ � ∈ K ÍÙ ÉÍÅÅÍ �i;1 = � ÄÌÑ 1 6 i 6 r. äÁ-ÌÅÅ �i;j = (−1)j−1� = � ÄÌÑ 1 6 i 6 r; 1 6 j 6 n − 1. �ÏÇÄÁ
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κi+1−κi = − n−1∑z=1 �i;z+ �i+3;1 = −(n−1)�+ � = �. �ÏÇÄÁ κi+p = κi+p�ÄÌÑ ÌÀÂÏÇÏ p. �ÏÇÄÁ κi = κi+r = κi+r� = κi+ �, ÔÏ ÅÓÔØ � = 0. �ÏÇÄÁ
κi+1 = κi ÄÌÑ 1 6 i 6 r, ÔÏ ÅÓÔØ, ÅÓÌÉ κ1 = κ, ÔÏ κi = κ ÄÌÑ 1 6 i 6 r.�ÏÇÄÁ w ∈ Ker '̃ 1;m2(n−1) ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ w = κ( r∑i=1 e∗i;n) ÄÌÑ ÎÅËÏ-ÔÏÒÏÇÏ κ ∈ K. üÔÏ ÚÎÁÞÉÔ, ÞÔÏ × ÜÔÏÍ ÓÌÕÞÁÅ dimK Ker '̃ 1;m2(n−1) = 1.ðÕÓÔØ ÔÅ�ÅÒØ m6 ...2, r 6 ...2 É 
harK 6= 2. �ÏÇÄÁ '̃ 1;m2(n−1)(w) = 0 ÒÁ×ÎÏ-ÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ κi + κi+1 + κi+2 + κi+3 + n−1∑z=1 �i+2;z + n−1∑z=1 �i+3;z = 0,n−1∑z=j �i;z + κi + κi+1 + j∑z=1 �i+3;z = 0 ÄÌÑ 1 6 i 6 r; 1 6 j 6 n − 1.ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ '̃ 1;m2(n−1)(w) = 0. �ÁË ËÁË n−1∑z=j �i;z + j∑z=1 �i+3;z =
−κi − κi+1 = n−1∑z=j+1 �i;z + j+1∑z=1 �i+3;z ÄÌÑ 1 6 j 6 n− 2, ÔÏ �i+3;j+1 = �i;jÄÌÑ 1 6 j 6 n − 2. äÁÌÅÅ �Ï ÉÎÄÕË�ÉÉ �ÏÌÕÞÁÅÍ, ÞÔÏ �i+3p;j+p = �i;jÄÌÑ 0 6 p 6 n − 2, 1 6 j 6 n− 1− p. óÌÅÄÏ×ÁÔÅÌØÎÏ, �i;j = �i−3(j−1);1ÄÌÑ 1 6 i 6 r, 1 6 j 6 n− 1. �ÁË ËÁË �i;n−1+κi+κi+1+ n−1∑z=1 �i+3;z = 0,n−1∑z=1 �i+2;z +κi+2 +κi+3 + �i+5;z = 0, ÔÏ �i;n−1 +κi +κi+1 + n−1∑z=1 �i+3;z +n−1∑z=1 �i+2;z + κi+2 + κi+3 + �i+5;z = 0, ÔÏ ÅÓÔØ �i;n−1 = −�i+5;1. ó ÄÒÕ-ÇÏÊ ÓÔÏÒÏÎÙ, �i;n−1 = �i−3(n−2);1, ÔÏ ÅÓÔØ �i+5;1 = −�i−3(n−2);1. úÁ-ÍÅÎÑÑ i ÎÁ i − 5, �ÏÌÕÞÁÅÍ, ÞÔÏ �i;1 = −�i−(3n−1);1. ïÔÓÀÄÁ �ÏÌÕ-ÞÁÅÍ �Ï ÉÎÄÕË�ÉÉ, ÞÔÏ �i;1 = (−1)p�i−p(3n−1);1 ÄÌÑ ÌÀÂÏÇÏ p. �ÏÇÄÁ�i;1 = (−1)r�i−r(3n−1);1 = −�i;1, ÔÏ ÅÓÔØ �i;1 = 0 ÄÌÑ 1 6 i 6 r. �ÏÇÄÁ�i;j = �i−3(j−1);1 = 0 ÄÌÑ 1 6 i 6 r, 1 6 j 6 n − 1. �ÏÇÄÁ κi+1 = −κi.äÁÌÅÅ �ÏÌÕÞÁÅÍ �Ï ÉÎÄÕË�ÉÉ, ÞÔÏ κi+p = (−1)pκi ÄÌÑ ÌÀÂÏÇÏ p É, ÓÌÅ-ÄÏ×ÁÔÅÌØÎÏ, κi = κi+r = (−1)rκi = −κi, ÔÏ ÅÓÔØ κi = 0 ÄÌÑ 1 6 i 6 r.�ÏÇÄÁ ÉÚ w ∈ Ker '̃ 1;m2l ÓÌÅÄÕÅÔ w = 0, ÔÏ ÅÓÔØ dimK Ker '̃ 1;m2l = 0.(16) dimK Ker '̃ 2;m2l = dimK Ṽ 22l = r, ÔÁË ËÁË '̃ 2;m2l = 0.(17) dimK Ker '̃ 3;m2l = dimK Ṽ 32l = { r; 1 6 l 6 n− 1;rn; l = 0;ÔÁË ËÁË '̃ 3;m2l = 0.



ëïçïíïìïçéé èïèûéìøäá óáíïéîÿåë�é÷îùè áìçåâò 101(18) dimK Ker '̃ 4;m2l = dimK Ṽ 42l = r(l + 1), ÔÁË ËÁË '̃ 4;m2l = 0.(19) ðÕÓÔØ 0 6 l 6 n− 2 Éw = r∑i=1 n−1−l∑j=1 �i;j(�i;j+l : : : �i;j)∗ + r∑i=1 "i(�i+2;l
i)∗ ∈ Ṽ 02l+1ÄÌÑ ÎÅËÏÔÏÒÙÈ �i;j , "i ∈ K (1 6 i 6 r, 1 6 j 6 n − 1 − l). �ÏÇÄÁw ∈ Ker '̃ 0;m2l+1 ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ'̃ 0;m2l+1(w) = r∑i=1 ( n−2−l∑z=1 �i+2;z + (−1)m n−2−l∑z=1 �i+1;z+(−1)m�i+2;n−1−l + �i+1;n−1−l − "i − (−1)m"i+1)(�i+2�i+1�i)∗ = 0:÷×ÅÄ£Í ÓÌÅÄÕÀÝÅÅ ÏÂÏÚÎÁÞÅÎÉÅ:
κi = (−1)m n−2−l∑z=1 �i+1;z + �i+1;n−1−l − "i:�ÏÇÄÁ '̃ 0;m2l+1(w) = 0 ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ κi + (−1)mκi+1 = 0. åÓÌÉm6 ...2 ÉÌÉ 
harK = 2, ÔÏ �ÏÓÌÅÄÎÅÅ ÒÁ×ÅÎÓÔ×Ï ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ

κi = κi+1 ÄÌÑ 1 6 i 6 r, ÔÏ ÅÓÔØ, ÅÓÌÉ κ1 = κ, ÔÏ κi = κ ÄÌÑ 1 6 i 6 r.�ÏÇÄÁ w ∈ Ker '̃ 0;m2l+1 ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ ÎÁÊÄ£ÔÓÑ κ ∈ K, ÔÁËÏÅ,ÞÔÏ "i = n−2−l∑z=1 �i+1;z + �i+1;n−1−l − κ ÄÌÑ 1 6 i 6 r, ÔÏ ÅÓÔØw = r∑i=1 n−1−l∑j=1 �i;j(�i;j+l : : : �i;j)∗+ r∑i=1 ( n−2−l∑z=1 �i+1;z + �i+1;n−1−l − κ

)(�i+2;l
i)∗ÄÌÑ ÎÅËÏÔÏÒÙÈ �i;j ;κ ∈ K (1 6 i 6 r; 1 6 j 6 n− 1− l). üÔÏ ÏÚÎÁÞÁÅÔ,ÞÔÏ × ÜÔÏÍ ÓÌÕÞÁÅ dimK Ker '̃ 0;m2l+1 = r(n − 1 − l) + 1. åÓÌÉ ÖÅ m...2,
harK 6= 2 É r 6 ...2, ÔÏ '̃ 0;m2l+1(w) = 0 ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ κi+1 =
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−κi ÄÌÑ 1 6 i 6 r. �ÏÇÄÁ �ÏÌÕÞÁÅÍ �Ï ÉÎÄÕË�ÉÉ κi+p = (−1)pκi.óÌÅÄÏ×ÁÔÅÌØÎÏ, κi = κi+r = (−1)rκi = −κi. �ÏÇÄÁ κi = 0 ÄÌÑ 1 6 i 6r. úÎÁÞÉÔ, w ∈ Ker '̃ 0;m2l+1 ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ"i = − n−2−l∑z=1 �i+1;z + �i+1;n−1−lÄÌÑ 1 6 i 6 r, ÔÏ ÅÓÔØw = r∑i=1 n−1−l∑j=1 �i;j(�i;j+l : : : �i;j)∗+ r∑i=1 (

−
n−2−l∑z=1 �i+1;z + �i+1;n−1−l)(�i+2;l
i)∗ÄÌÑ ÎÅËÏÔÏÒÙÈ �i;j ∈ K (1 6 i 6 r; 1 6 j 6 n − 1 − l). üÔÏ ÏÚÎÁÞÁÅÔ,ÞÔÏ × ÜÔÏÍ ÓÌÕÞÁÅ dimK Ker '̃ 0;m2l+1 = r(n − 1− l).(20) ðÕÓÔØ 0 6 l 6 n− 2 Éw = r∑i=1 "i(�i�i;n−1−l)∗+ r∑i=1 n∑j=n−l �i;j(�i+3;j+l−n�i�i;j)∗ ∈ Ṽ 12l+1ÄÌÑ ÎÅËÏÔÏÒÙÈ "i; �i;j ∈ K (1 6 i 6 r; n − l 6 j 6 n). �ÏÇÄÁ w ∈Ker '̃ 1;m2l+1 ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ'̃ 1;m2l+1(w) = r∑i=1((−1)m+1"i − �i;n−l)(�i�i;n−1−l)∗+ r∑i=1 n−1∑j=n−l(�i;j − �i;j+1)(�i+3;j+l+1−n�i�i;j)∗ = 0:ðÏÓÌÅÄÎÅÅ ÒÁ×ÅÎÓÔ×Ï ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ �i;j = (−1)m+1"i ÄÌÑ (1 6i 6 r; n − l 6 j 6 n). �ÏÇÄÁ w ∈ Ker '̃ 1;m2l+1 ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏÎÁÊÄÕÔÓÑ ÔÁËÉÅ "i ∈ K (1 6 i 6 r), ÞÔÏw = r∑i=1 "i(�i�i;n−1−l)∗ + (−1)m+1 r∑i=1 "i( n∑j=n−l(�i+3;j+l−n�i�i;j)∗):



ëïçïíïìïçéé èïèûéìøäá óáíïéîÿåë�é÷îùè áìçåâò 103üÔÏ ÏÚÎÁÞÁÅÔ, ÞÔÏ × ÜÔÏÍ ÓÌÕÞÁÅ dimK Ker '̃ 1;m2l+1 = r.ìÅÍÍÁ ÄÏËÁÚÁÎÁ.úÁÍÅÔÉÍ ÓÌÅÄÕÀÝÉÊ ÆÁËÔ. òÁÓÓÍÏÔÒÉÍ ÌÉÎÅÊÎÏÅ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï�ÒÏÓÔÒÁÎÓÔ×Á R, �ÏÒÏÖÄ£ÎÎÏÅ ÎÁÄ K ×ÓÅÍÉ �ÕÔÑÍÉ, ×ÅÄÕÝÉÍÉ ÉÚ ×ÅÒ-ÛÉÎÙ (i2 − 1)n+ j2 × ×ÅÒÛÉÎÕ (i1 − 1)n+ j1. ðÕÓÔØ (w1; w2; : : : ; wp) {ÅÇÏ ÂÁÚÉÓ. ñÓÎÏ, ÞÔÏ (w∗1 ; w∗2 ; : : : ; w∗p) { ÂÁÚÉÓ Hom� (P[i1;j1℄[i2;j2℄; R), ÔÏÅÓÔØ: Hom� (P[i1;j1℄[i2;j2℄; R) = p⊕i=1 V (wi): (3.1)ðÕÓÔØ l Ém { ÎÅËÏÔÏÒÙÅ �ÅÌÙÅ ÞÉÓÌÁ. òÁÓÓÍÏÔÒÉÍ ÓÌÅÄÕÀÝÅÅ ÕÓÌÏ-×ÉÅ ÎÁ l É m:
P(l;m) ≡ 




l...2; ÅÓÌÉ n...2 ÉÌÉ m...2;l 6 ...2; ÅÓÌÉ n6 ...2 É m6 ...2: (3.2)òÁÓÓÍÏÔÒÉÍ t-ÙÊ ÞÌÅÎ ÂÉÍÏÄÕÌØÎÏÊ ÒÅÚÏÌØ×ÅÎÔÙ ÁÌÇÅÂÒÙ R. ðÕÓÔØt = 2l + m(2n − 1), 0 6 l 6 n − 1 ÉÌÉ t = 2l + 1 + m(2n − 1), 0 6l 6 n − 2. éÚ Ï�ÉÓÁÎÉÑ Qt, ÄÁÎÎÏÇÏ × ÔÅÏÒÅÍÅ 1, ÌÅÇËÏ ÓÌÅÄÕÅÔ, ÞÔÏ,ÅÓÌÉ ×Ù�ÏÌÎÑÅÔÓÑ P(l;m), ÔÏ × ÜÔÉÈ ÓÌÕÞÁÑÈ Qt = �m(T2l) ÉÌÉ Qt =�m(T2l+1) ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, Á, ÅÓÌÉ ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ P(l;m), ÔÏ Qt =�m(T ′2l) ÉÌÉ Qt = �m(T ′2l+1) ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ. ëÒÏÍÅ ÔÏÇÏ, ÚÁÍÅÔÉÍ,ÞÔÏ P(l;m) ×Ù�ÏÌÎÅÎÏ ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ P(l + 1;m) ÎÅ×Ù�ÏÌÎÅÎÏ, Á P(n − 1;m) ×Ù�ÏÌÎÅÎÏ ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ ÎÅ×Ù�ÏÌÎÅÎÏ P(0;m+ 1).óÌÕÞÁÊ r > 4. ÷ ÜÔÏÍ �ÕÎËÔÅ ×ÅÚÄÅ �ÏÌÁÇÁÅÍ, ÞÔÏ r > 4. �ÏÇÄÁÓ�ÒÁ×ÅÄÌÉ×Á ÓÌÅÄÕÀÝÁÑ ÔÅÏÒÅÍÁ.�ÅÏÒÅÍÁ 2. ðÕÓÔØ HHt(R) { t-ÁÑ ÇÒÕ��Á ËÏÇÏÍÏÌÏÇÉÊ èÏÈÛÉÌØÄÁÁÌÇÅÂÒÙ R Ó ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ × R. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ r > 4. �ÏÇÄÁdimK HHt(R) �ÒÉÎÉÍÁÅÔ ÓÌÅÄÕÀÝÉÅ ÚÎÁÞÅÎÉÑ:1, ÅÓÌÉ ×Ù�ÏÌÎÅÎÏ ÏÄÎÏ ÉÚ ÕÓÌÏ×ÉÊ:t = 2l +m(2n− 1) ÉÌÉ t = 2l + 1 +m(2n− 1); 0 6 l 6 n− 2;×Ù�ÏÌÎÅÎÏ P(l;m), 3l+m(3n− 1)...r É [ 
harK = 2;m...2; (3.3)



104 à. ÷. ÷ïìëï÷t = 2l +m(2n− 1) ÉÌÉ t = 2l + 1 +m(2n− 1); 0 6 l 6 n− 2;×Ù�ÏÌÎÅÎÏ P(l;m), 3l +m(3n− 1)− 2...r É [ 
harK = 2;m...2; (3.4)t = 2l+ 1 +m(2n− 1) ÉÌÉ t = 2l+ 2 +m(2n− 1);0 6 l 6 n− 2; ×Ù�ÏÌÎÅÎÏ P(l;m),3l+m(3n− 1) + 1...r É [ 
harK = 2;m6 ...2; 



(3.5)t = 2l+ 1 +m(2n− 1) ÉÌÉ t = 2l+ 2 +m(2n− 1);0 6 l 6 n− 2; ×Ù�ÏÌÎÅÎÏ P(l;m),3l+m(3n− 1)− 1...r É [ 
harK = 2;m6 ...2; 



(3.6)t = 2l+m(2n− 1) ÉÌÉ t = 2l+ 1 +m(2n− 1);0 6 l 6 n− 2; P(l;m) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ,3l +m(3n− 1)− 1...r É [ 
harK = 2;m...2; 




(3.7)t = 2l+ 1 +m(2n− 1) ÉÌÉ t = 2l+ 2 +m(2n− 1);0 6 l 6 n− 2; P(l;m) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ,3l+m(3n− 1)...r É [ 
harK = 2;m6 ...2; 




(3.8)t = 2n− 2 +m(2n− 1) ÉÌÉ t = (m+ 1)(2n− 1);0 6 l 6 n− 2; P(n− 1;m) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ,3(n− 1) +m(3n− 1)− 1...r; 
harK = 2 É n6 ...2; (3.9)t = 2n− 2 +m(2n− 1) ÉÌÉ t = (m+ 1)(2n− 1);0 6 l 6 n− 2; ×Ù�ÏÌÎÅÎÏ P(n− 1;m),3(n− 1) +m(3n− 1)...r; 



(3.10)t = 2n− 2 +m(2n− 1) ÉÌÉ t = (m+ 1)(2n− 1);0 6 l 6 n− 2; ×Ù�ÏÌÎÅÎÏ P(n− 1;m),3(n− 1) +m(3n− 1)− 1...r; 



(3.11)



ëïçïíïìïçéé èïèûéìøäá óáíïéîÿåë�é÷îùè áìçåâò 105t = 2n− 2 +m(2n− 1) ÉÌÉ t = (m+ 1)(2n− 1);0 6 l 6 n− 2; ×Ù�ÏÌÎÅÎÏ P(n− 1;m),3(n− 1) +m(3n− 1)− 2...r; 



(3.12)2, ÅÓÌÉ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ:t = 2n− 2 +m(2n− 1) ÉÌÉ t = (m+ 1)(2n− 1);0 6 l 6 n− 2; P(n− 1;m) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ,3(n− 1) +m(3n− 1)− 1...r; n...2 É [ 
harK = 2;m...2; (3.13)0, ÅÓÌÉ ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ ÎÉ ÏÄÎÏ ÉÚ ÕÓÌÏ×ÉÊ, Ï�ÉÓÁÎÎÙÈ ×ÙÛÅ.ìÅÍÍÁ 3. ðÕÓÔØ Qt { ÏÄÉÎ ÉÚ ÞÌÅÎÏ× ÒÅÚÏÌØ×ÅÎÔÙ ÉÚ ÔÅÏÒÅÍÙ 1.åÓÌÉ r > 4, ÔÏ ×Ù�ÏÌÎÅÎÏ ÏÄÎÏ ÉÚ ÕÓÌÏ×ÉÊ:(1) t = 2l+m(2n− 1), 0 6 l 6 n− 1, ×Ù�ÏÌÎÅÎÏ P(l;m) É3l+m(3n− 1)− q...r, ÇÄÅ q ∈ {0; 1; 2; 3; 4}. ÷ ÜÔÏÍ ÓÌÕÞÁÅHom� (Qt; R) = V q2l.(2) t = 2l+1+m(2n−1), 0 6 l 6 n−2, ×Ù�ÏÌÎÅÎÏ P(l;m) É 3l+m(3n−1)−q...r, ÇÄÅ q ∈ {−1; 0; 1; 2}. ÷ ÜÔÏÍ ÓÌÕÞÁÅ Hom� (Qt; R) = V q2l+1.(3) t = 2l +m(2n − 1), 0 6 l 6 n − 1, P(l;m) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ É 3l +m(3n−1)−q...r, ÇÄÅ q ∈ {0; 1; 2; 3; 4}. ÷ ÜÔÏÍ ÓÌÕÞÁÅ Hom� (Qt; R) =Ṽ q2l.(4) t = 2l + 1 +m(2n − 1), 0 6 l 6 n − 2, P(l;m) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ É3l+m(3n− 1)− q...r, ÇÄÅ q ∈ {0; 1}. ÷ ÜÔÏÍ ÓÌÕÞÁÅ Hom� (Qt; R) =Ṽ q2l+1.(5) Hom� (Qt; R) = 0.äÏËÁÚÁÔÅÌØÓÔ×Ï ÌÅÍÍÙ 3. éÚ (3.1) É ÔÏÇÏ, ÞÔÏ r > 4, ×ÙÔÅËÁÅÔÓÌÅÄÕÀÝÅÅ Ï�ÉÓÁÎÉÅ Hom� (P[i1;j1℄[i2;j2℄; R) ÄÌÑ ÆÉËÓÉÒÏ×ÁÎÎÙÈ i1, i2,



106 à. ÷. ÷ïìëï÷1 6 j1 6 n, 1 6 j2 6 n:Hom� (P[i1;j1℄[i2;j2℄; R)= 




V (�i2;j1−1 : : : �i2;j2); ÅÓÌÉ i1 ≡ i2(mod r); j1 > j2;V (�i2+3;j1−1�i2�i2;j2); ÅÓÌÉ i1 ≡ i2 + 3(mod r); j1 6 j2;V (�i2�i2;j2); ÅÓÌÉ i1 ≡ i2 + 1(mod r); j1 = n;V (�i2+2;j1−1
i2); ÅÓÌÉ i1 ≡ i2 + 2(mod r); j2 = n;0 × ÏÓÔÁÌØÎÙÈ ÓÌÕÞÁÑÈ:äÁÌÅÅ, ÅÓÌÉ ÕÞÅÓÔØ, ÞÔÏ Qt = �l(T2l), Qt = �l(T2l+1), Qt = �l(T ′2l) ÉQt = �l(T ′2l+1) ÄÌÑ �ÕÎËÔÏ× (1), (2), (3) É (4) ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, �ÒÏ×ÅÒËÁÕÔ×ÅÒÖÄÅÎÉÑ ÌÅÍÍÙ ÎÅ �ÒÅÄÓÔÁ×ÌÑÅÔ ÔÒÕÄÁ.ìÅÍÍÁ 4. ðÕÓÔØ r > 4, É �ÕÓÔØ Qt { ÏÄÉÎ ÉÚ ÞÌÅÎÏ× ÒÅÚÏÌØ×ÅÎÔÙ ÉÚÔÅÏÒÅÍÙ 1.(1) ðÕÓÔØ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ (1) ÌÅÍÍÙ 3. �ÏÇÄÁ Hom� (Qt+1; R)= Uq2l ⊕ U ÄÌÑ ÎÅËÏÔÏÒÏÇÏ U , É, ÅÓÌÉ i1 : Uq2l → Hom� (Qt+1; R) {�ÒÑÍÏÅ ×ÌÏÖÅÎÉÅ Uq2l × Hom� (Qt+1; R), ÔÏ Æt = i1'q;m2l . ëÒÏÍÅ ÔÏÇÏ,×Ù�ÏÌÎÅÎÙ ÓÌÅÄÕÀÝÉÅ ÕÓÌÏ×ÉÑ:(a) ÅÓÌÉ q ∈ {0; 2}, 0 6 l 6 n− 2 É m 6 ...2, ÔÏ r 6 ...2;(Â) ÅÓÌÉ q ∈ {0; 2}, l = n− 1, ÔÏ m...2;(×) ÅÓÌÉ q = 1, l = n− 1, ÔÏ m...2, n 6 ...2, r 6 ...2 É îïä(3n− 1; r) = 1.(2) ðÕÓÔØ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ (2) ÌÅÍÍÙ 3. �ÏÇÄÁ Hom� (Qt+1; R)= U q2l+1 ⊕ U ÄÌÑ ÎÅËÏÔÏÒÏÇÏ U , É, ÅÓÌÉ i1 : Uq2l+1 → Hom� (Qt+1; R) {�ÒÑÍÏÅ ×ÌÏÖÅÎÉÅ Uq2l+1 × Hom� (Qt+1; R), ÔÏ Æt = i1'q;m2l+1. ëÒÏÍÅ ÔÏÇÏ,×Ù�ÏÌÎÅÎÏ ÓÌÅÄÕÀÝÅÅ ÕÓÌÏ×ÉÅ:ÅÓÌÉ q ∈ {−1; 1} É m...2, ÔÏ r 6 ...2.(3) ðÕÓÔØ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ (3) ÌÅÍÍÙ 3. �ÏÇÄÁ Hom� (Qt+1; R)= Ũq2l ⊕ U ÄÌÑ ÎÅËÏÔÏÒÏÇÏ U , É, ÅÓÌÉ i1 : Ũq2l → Hom� (Qt+1; R) {�ÒÑÍÏÅ ×ÌÏÖÅÎÉÅ Ũq2l × Hom� (Qt+1; R), ÔÏ Æt = i1'̃ q;m2l . ëÒÏÍÅ ÔÏÇÏ,×Ù�ÏÌÎÅÎÙ ÓÌÅÄÕÀÝÉÅ ÕÓÌÏ×ÉÑ:(Á) ÅÓÌÉ q = 1, 0 6 l 6 n− 2 É m6 ...2, ÔÏ r 6 ...2;(Â) ÅÓÌÉ q = 1, l = n− 1, ÔÏ îïä(3n − 1; r) = 1. åÓÌÉ n 6 ...2, ÔÏ m6 ...2.åÓÌÉ n6 ...2 ÉÌÉ m 6 ...2, ÔÏ r 6 ...2.



ëïçïíïìïçéé èïèûéìøäá óáíïéîÿåë�é÷îùè áìçåâò 107(4) ðÕÓÔØ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ (4) ÌÅÍÍÙ 3. �ÏÇÄÁ Hom� (Qt+1; R)= Ũ q2l+1 ⊕ U ÄÌÑ ÎÅËÏÔÏÒÏÇÏ U , É, ÅÓÌÉ i1 : Ũ q2l+1 → Hom� (Qt+1; R){ �ÒÑÍÏÅ ×ÌÏÖÅÎÉÅ Ũq2l+1 × Hom� (Qt+1; R), ÔÏ Æt = i1'̃ q;m2l+1. ëÒÏÍÅÔÏÇÏ, ×Ù�ÏÌÎÅÎÏ ÓÌÅÄÕÀÝÅÅ ÕÓÌÏ×ÉÅ:ÅÓÌÉ q = 0 É m...2, ÔÏ r 6 ...2.äÏËÁÚÁÔÅÌØÓÔ×Ï. 1. �Ï, ÞÔÏ U q2l { �ÒÑÍÏÅ ÓÌÁÇÁÅÍÏÅ Hom� (Qt+1,R), ÌÅÇËÏ �ÏÌÕÞÁÅÔÓÑ ÉÚ ÌÅÍÍÙ 3. îÁÄÏ �ÒÏ×ÅÒÉÔØ, ÞÔÏ 'q;m2l (w)(�)= Æt(w)(�) = w(dt(�)) = w(�m(s2l)(�)) ÄÌÑ ÌÀÂÏÇÏ w ∈ V q2l É ÌÀÂÏÇÏ� = ei1;j1 ⊗ ei2;j2 ∈ Qt+1. ðÒÏ×ÅÒËÁ ÜÔÏÇÏ ÒÁ×ÅÎÓÔ×Á ×Ï ×ÓÅÈ ÓÌÕÞÁÑÈ ÎÅ�ÒÅÄÓÔÁ×ÌÑÅÔ ÔÒÕÄÁ.(a) ðÕÓÔØ m 6 ...2. åÓÌÉ r...2, ÔÏ, �ÏÓËÏÌØËÕ �Ï �ÒÅÄ�ÏÌÏÖÅÎÉÀ m(3n−1)+3l−q...r, ÉÍÅÅÍ m(3n−1)+3l...2. åÓÌÉ n...2, ÔÏ ÉÚ ×Ù�ÏÌÎÅÎÉÑ P(l;m)ÓÌÅÄÕÅÔ, ÞÔÏ l...2, Á ÔÏÇÄÁ m(3n − 1) + 3l 6 ...2. åÓÌÉ ÖÅ n 6 ...2, ÔÏ ÉÚ ×Ù-�ÏÌÎÅÎÉÑ P(l;m) ÓÌÅÄÕÅÔ, ÞÔÏ �ÒÉ m6 ...2 ÍÙ ÉÍÅÅÍ l 6 ...2, ÔÏ ÅÓÔØ Ï�ÑÔØm(3n− 1) + 3l 6 ...2. ðÒÏÔÉ×ÏÒÅÞÉÅ.(Â) óÌÅÄÕÅÔ ÉÚ ÔÏÇÏ, ÞÔÏ P(n− 1;m) ÍÏÖÅÔ ×Ù�ÏÌÎÑÔØÓÑ ÌÉÛØ �ÒÉm...2.(×) éÚ ÔÏÇÏ, ÞÔÏ ×Ù�ÏÌÎÅÎÏ P(n− 1;m), ÓÌÅÄÕÅÔ, ÞÔÏ n6 ...2, m...2. �ÁËËÁË m(3n− 1) + 3(n− 1)− 1 = (m + 1)(3n− 1)− 3...r, ÎÏ (m + 1)(3n−1) − 36 ...2 (ÔÁË ËÁË 3n− 1...2), ÔÏ r 6 ...2. åÓÌÉ îïä (3n − 1; r) = d, ÔÏ 3...d.óÌÅÄÏ×ÁÔÅÌØÎÏ, d = 1 ÉÌÉ d = 3. îÏ 3n−16 ...3, ÔÏ ÅÓÔØ îïä(3n−1; r) =1. 2. �Ï, ÞÔÏ Uq2l+1 { �ÒÑÍÏÅ ÓÌÁÇÁÅÍÏÅ Hom� (Qt+1; R), ÌÅÇËÏ �ÏÌÕ-ÞÁÅÔÓÑ ÉÚ ÌÅÍÍÙ 3. îÁÄÏ �ÒÏ×ÅÒÉÔØ, ÞÔÏ 'q;m2l+1(w)(�) = Æt(w)(�) =w(dt(�)) = w(�m(s2l+1)(�)) ÄÌÑ ÌÀÂÏÇÏ w ∈ V q2l+1 É ÌÀÂÏÇÏ � = ei1;j1 ⊗ei2;j2 ∈ Qt+1. ðÒÏ×ÅÒËÁ ÜÔÏÇÏ ÒÁ×ÅÎÓÔ×Á ×Ï ×ÓÅÈ ÓÌÕÞÁÑÈ ÎÅ �ÒÅÄÓÔÁ-×ÌÑÅÔ ÔÒÕÄÁ. äÁÌÅÅ, �ÕÓÔØ q ∈ {−1; 1} É m...2. éÍÅÅÍ m(3n−1)+3l−q...r,ÓÌÅÄÏ×ÁÔÅÌØÎÏ, ÅÓÌÉ r...2, ÔÏ m(3n− 1) + 3l 6 ...2. �ÏÇÄÁ l 6 ...2. îÏ ÉÚ ×Ù�ÏÌ-ÎÅÎÉÑ P(l;m) ÓÌÅÄÕÅÔ, ÞÔÏ, ÅÓÌÉ m...2, ÔÏ l...2. ðÒÏÔÉ×ÏÒÅÞÉÅ.3. �Ï, ÞÔÏ Ũq2l { �ÒÑÍÏÅ ÓÌÁÇÁÅÍÏÅ Hom� (Qt+1; R), ÌÅÇËÏ �ÏÌÕÞÁÅÔÓÑ



108 à. ÷. ÷ïìëï÷ÉÚ ÌÅÍÍÙ 3. îÁÄÏ �ÒÏ×ÅÒÉÔØ, ÞÔÏ '̃ q;m2l (w)(�) = Æt(w)(�) = w(dt(�)) =w(�m(s′2l)(�)) ÄÌÑ ÌÀÂÏÇÏ w ∈ Ṽ q2l É ÌÀÂÏÇÏ � = ei1;j1 ⊗ ei2;j2 ∈ Qt+1.ðÒÏ×ÅÒËÁ ÜÔÏÇÏ ÒÁ×ÅÎÓÔ×Á ×Ï ×ÓÅÈ ÓÌÕÞÁÑÈ ÎÅ �ÒÅÄÓÔÁ×ÌÑÅÔ ÔÒÕÄÁ.(a) ðÕÓÔØ m6 ...2. åÓÌÉ r...2, ÔÏ, �ÏÓËÏÌØËÕ �Ï �ÒÅÄ�ÏÌÏÖÅÎÉÀ m(3n−1)+ 3l− q...r, ÉÍÅÅÍ m(3n− 1)+ 3l 6 ...2. åÓÌÉ n...2, ÔÏ ÉÚ ÔÏÇÏ, ÞÔÏ P(l;m)ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ, ÓÌÅÄÕÅÔ, ÞÔÏ l 6 ...2, Á ÔÏÇÄÁ m(3n − 1) + 3l...2. åÓÌÉ ÖÅn6 ...2, ÔÏ ÉÚ ÔÏÇÏ, ÞÔÏ P(l;m) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ, ÓÌÅÄÕÅÔ, ÞÔÏ �ÒÉ m6 ...2 ÍÙÉÍÅÅÍ l...2, ÔÏ ÅÓÔØ Ï�ÑÔØ m(3n− 1) + 3l...2. ðÒÏÔÉ×ÏÒÅÞÉÅ.(Â) ðÅÒ×ÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ ÜÔÏÇÏ �ÕÎËÔÁ ÄÏËÁÚÙ×ÁÅÔÓÑ ÔÁË ÖÅ, ËÁËÉ × �ÕÎËÔÅ (×) ÓÌÕÞÁÑ 1. åÓÌÉ n6 ...2, ÔÏ ÉÚ ÔÏÇÏ, ÞÔÏ P(n − 1;m) ÎÅ×Ù�ÏÌÎÑÅÔÓÑ, ÓÌÅÄÕÅÔ, ÞÔÏ m6 ...2. åÓÌÉ n6 ...2 ÉÌÉ m6 ...2, ÔÏ m(3n − 1) +3(n− 1)− 1 = (m+1)(3n− 1)− 3 6 ...2. �ÁË ËÁË (m+1)(3n− 1)− 3...r, ÔÏr 6 ...2.4. �Ï, ÞÔÏ Ũq2l+1 { �ÒÑÍÏÅ ÓÌÁÇÁÅÍÏÅ Hom� (Qt+1; R), ÌÅÇËÏ �ÏÌÕ-ÞÁÅÔÓÑ ÉÚ ÌÅÍÍÙ 3. îÁÄÏ �ÒÏ×ÅÒÉÔØ, ÞÔÏ '̃ q;m2l+1(w)(�) = Æt(w)(�) =w(dt(�)) = w(�m(s′2l+1)(�)) ÄÌÑ ÌÀÂÏÇÏ w ∈ Ṽ q2l+1 É ÌÀÂÏÇÏ � =ei1;j1 ⊗ ei2;j2 ∈ Qt+1. ðÒÏ×ÅÒËÁ ÜÔÏÇÏ ÒÁ×ÅÎÓÔ×Á ×Ï ×ÓÅÈ ÓÌÕÞÁÑÈ ÎÅ�ÒÅÄÓÔÁ×ÌÑÅÔ ÔÒÕÄÁ. äÁÌÅÅ, �ÕÓÔØ q = 0 É m...2. éÍÅÅÍ m(3n−1)+3l...r,ÓÌÅÄÏ×ÁÔÅÌØÎÏ, ÅÓÌÉ r...2, ÔÏ m(3n− 1)+3l...2. �ÏÇÄÁ l...2. îÏ ÉÚ ÔÏÇÏ, ÞÔÏ
P(l;m) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ, ÓÌÅÄÕÅÔ, ÞÔÏ �ÒÉ m...2 ÍÙ ÉÍÅÅÍ l 6 ...2. ðÒÏÔÉ-×ÏÒÅÞÉÅ.ìÅÍÍÁ ÄÏËÁÚÁÎÁ.ìÅÍÍÁ 5. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ r = 4. ðÕÓÔØ Qt { ÏÄÉÎ ÉÚ ÞÌÅÎÏ× ÒÅ-ÚÏÌØ×ÅÎÔÙ ÉÚ ÔÅÏÒÅÍÙ 1. �ÏÇÄÁ ×Ù�ÏÌÎÅÎÏ ÏÄÎÏ ÉÚ ÕÓÌÏ×ÉÊ:(1) t = 2l+m(2n− 1), 0 6 l 6 n− 1, ×Ù�ÏÌÎÅÎÏ P(l;m) É 3l+m(3n−1)− q...r, ÇÄÅ q ∈ {1; 2; 3}. ÷ ÜÔÏÍ ÓÌÕÞÁÅ Hom� (Qt; R) = V q2l.(1′) t = 2l+m(2n− 1), 0 6 l 6 n− 1, ×Ù�ÏÌÎÅÎÏ P(l;m) É 3l+m(3n−1)...r. ÷ ÜÔÏÍ ÓÌÕÞÁÅ Hom� (Qt; R) = V 02l ⊕ V 42l.



ëïçïíïìïçéé èïèûéìøäá óáíïéîÿåë�é÷îùè áìçåâò 109(2) t = 2l+1+m(2n−1), 0 6 l 6 n−2, ×Ù�ÏÌÎÅÎÏ P(l;m) É 3l+m(3n−1)−q...r, ÇÄÅ q ∈ {−1; 0; 1; 2}. ÷ ÜÔÏÍ ÓÌÕÞÁÅ Hom� (Qt; R) = V q2l+1.(3) t = 2l + m(2n − 1), 0 6 l 6 n − 1, P(l;m) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ É3l+m(3n−1)−q...r, ÇÄÅ q ∈ {1; 2; 3}. ÷ ÜÔÏÍ ÓÌÕÞÁÅ Hom� (Qt; R) =Ṽ q2l.(3′) t = 2l + m(2n − 1), 0 6 l 6 n − 1, P(l;m) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ É3l +m(3n− 1)...r. ÷ ÜÔÏÍ ÓÌÕÞÁÅ Hom� (Qt; R) = Ṽ 02l ⊕ Ṽ 42l.(4) t = 2l + 1 +m(2n − 1), 0 6 l 6 n − 2, P(l;m) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ É3l+m(3n− 1)− q...r, ÇÄÅ q ∈ {0; 1}. ÷ ÜÔÏÍ ÓÌÕÞÁÅ Hom� (Qt; R) =Ṽ q2l+1.(5) Hom� (Qt; R) = 0.äÏËÁÚÁÔÅÌØÓÔ×Ï ÌÅÍÍÙ 5. ðÏ-�ÒÅÖÎÅÍÕ ×ÅÒÎÏ ÄÁÎÎÏÅ × ÌÅÍÍÅ 3Ï�ÉÓÁÎÉÅ ÄÌÑ Hom� (P[i1;j1℄[i2;j2℄; R), É �ÒÏ×ÅÒÉÔØ ÕÔ×ÅÒÖÄÅÎÉÅ ÌÅÍÍÙÎÅ �ÒÅÄÓÔÁ×ÌÑÅÔ ÔÒÕÄÁ.ñÓÎÏ, ÞÔÏ ×ÅÒÅÎ É ÁÎÁÌÏÇ ÌÅÍÍÙ 4 Ó ÔÏÊ ÌÉÛØ ÒÁÚÎÉ�ÅÊ, ÞÔÏ ×ÓÌÕÞÁÑÈ (1′) É (3′) ÌÅÍÍÙ 5 ÍÙ ÉÍÅÅÍ Æt = '0;m2l ⊕ '4;m2l É Æt = '̃ 0;m2l ⊕'̃ 4;m2l ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ.äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 2. óÎÁÞÁÌÁ ÒÁÚÂÅÒ£Í ÓÌÕÞÁÊ r > 4. úÁ-ÍÅÔÉÍ, ÞÔÏ �ÒÉ t > 0dimK HHt(R)= dimK Ker Æt + dimK Ker Æt−1 − dimK Hom� (Qt−1; R): (3.14)�ÁË ËÁË dimK HHt(R) 6 dimK Ker Æt 6 dimK Hom� (Qt; R), ÔÏdimK HHt(R) ÍÏÖÅÔ ÂÙÔØ ÎÅ ÒÁ×ÎÏ 0 ÔÏÌØËÏ × ÓÌÕÞÁÑÈ, ÕËÁÚÁÎÎÙÈ× ÌÅÍÍÅ 3. òÁÚÂÅÒ£Í ÜÔÉ ÓÌÕÞÁÉ.1. ðÕÓÔØ t = 2l + m(2n − 1), 0 6 l 6 n − 2, ×Ù�ÏÌÎÅÎÏ P(l;m) É3l+m(3n− 1)...r. åÓÌÉ l > 0, ÔÏ t− 1 = 2l− 1+m(2n− 1) É P(l− 1;m)ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ. ðÏÜÔÏÍÕ Hom� (Qt−1; R) = 0, ÅÓÌÉ 3l − 3 + m(3n −1)− q 6 ...r ÄÌÑ q ∈ {0; 1}. �ÁË ËÁË r > 4, ÜÔÏ ÓÌÅÄÕÅÔ ÉÚ 3l+m(3n− 1)...r.åÓÌÉ l = 0, ÔÏ ÌÉÂÏ t = 0, ÌÉÂÏ t − 1 = 2(n − 1) + (m − 1)(2n − 1) É
P(n−1;m−1) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ. ÷Ï ×ÔÏÒÏÍ ÓÌÕÞÁÅ Hom� (Qt−1; R) = 0,ÅÓÌÉ 3n − 3 + (m − 1)(3n − 1) − q 6 ...r ÄÌÑ q ∈ {0; 1; 2; 3; 4}. �ÁË ËÁË



110 à. ÷. ÷ïìëï÷r > 4, ÔÏ ÄÌÑ q = 1 ÜÔÏ ÓÌÅÄÕÅÔ ÉÚ m(3n− 1)...r. åÓÌÉ ÖÅ ÜÔÏ ÎÅ ×ÅÒÎÏÄÌÑ q ∈ {0; 2; 3; 4}, ÔÏ Æt−1 = '̃ q;m2(n−1) = 0. úÎÁÞÉÔ, × ÌÀÂÏÍ ÓÌÕÞÁÅdimK HHt(R) = dimK Ker Æt = dimK Ker'0;m2l . åÓÌÉ m...2 ÉÌÉ 
harK =2, ÔÏ ×Ù�ÏÌÎÑÅÔÓÑ �ÅÒ×ÁÑ ÞÁÓÔØ ÕÓÌÏ×ÉÑ (3.3). �ÏÇÄÁ �Ï ÌÅÍÍÅ 2 ÉÍÅÅÍdimK HHt(R) = 1. åÓÌÉ ÖÅ m 6 ...2 É 
harK 6= 2, ÔÏ ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ ÎÉÏÄÎÏ ÉÚ ÕÓÌÏ×ÉÊ, Ï�ÉÓÁÎÎÙÈ × ÔÅÏÒÅÍÅ 2. �ÏÇÄÁ �Ï ÌÅÍÍÅ 4 ÉÍÅÅÍ r 6 ...2,ÔÏ ÅÓÔØ �Ï ÌÅÍÍÅ 2 �ÏÌÕÞÁÅÍ dimK HHt(R) = 0.2. ðÕÓÔØ t = 2(n−1)+m(2n−1), ×Ù�ÏÌÎÅÎÏ P(n−1;m) É 3(n−1)+m(3n − 1)...r. �ÏÇÄÁ ÁÎÁÌÏÇÉÞÎÏ ÞÁÓÔÉ 1 ÜÔÏÇÏ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÉÍÅÅÍdimK HHt(R) = dimK Ker'0;m2(n−1). óÌÅÄÏ×ÁÔÅÌØÎÏ, ×Ù�ÏÌÎÑÅÔÓÑ �ÅÒ×ÁÑÞÁÓÔØ ÕÓÌÏ×ÉÑ (3.10). �ÏÇÄÁ �Ï ÌÅÍÍÅ 4 ÉÍÅÅÍ m...2, ÔÏ ÅÓÔØ �Ï ÌÅÍÍÅ 2�ÏÌÕÞÁÅÍ dimK HHt(R) = 1.3. ðÕÓÔØ t = 2l+m(2n− 1), 0 6 l 6 n− 2, ×Ù�ÏÌÎÅÎÏ P(l;m) É 3l+m(3n− 1)− 1...r. �ÏÇÄÁ ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ ÎÉ ÏÄÎÏ ÉÚ ÕÓÌÏ×ÉÊ ÔÅÏÒÅÍÙ 2.ðÏ ÌÅÍÍÅ 2 ÉÍÅÅÍ Ker Æt = Ker'1;m2l = 0, Á ÔÏÇÄÁ É dimK HHt(R) = 0.4. ðÕÓÔØ t = 2(n − 1) + m(2n − 1), ×Ù�ÏÌÎÅÎÏ P(n − 1;m) É3(n − 1) + m(3n − 1) − 1...r. �ÏÇÄÁ ÁÎÁÌÏÇÉÞÎÏ ÞÁÓÔÉ 1 ÜÔÏÇÏ ÄÏËÁÚÁ-ÔÅÌØÓÔ×Á ÉÍÅÅÍ dimK HHt(R) = dimK Ker'1;m2(n−1). �ÏÇÄÁ ×Ù�ÏÌÎÑÅÔÓÑ�ÅÒ×ÁÑ ÞÁÓÔØ ÕÓÌÏ×ÉÑ(3.11). �ÏÇÄÁ �Ï ÌÅÍÍÅ 4 ÉÍÅÅÍ m...2; n6 ...2, r 6 ...2 Éîïä (3n− 1; r) = 1, ÔÏ ÅÓÔØ �Ï ÌÅÍÍÅ 2 �ÏÌÕÞÁÅÍ dimK HHt(R) = 1.5. ðÕÓÔØ t = 2l + m(2n − 1), 0 6 l 6 n − 2, ×Ù�ÏÌÎÅÎÏ P(l;m) É3l+m(3n− 1)− 2...r. �ÏÇÄÁ ÁÎÁÌÏÇÉÞÎÏ ÞÁÓÔÉ 1 ÜÔÏÇÏ ÄÏËÁÚÁÔÅÌØÓÔ×Á�ÏÌÕÞÁÅÍ, ÞÔÏ �ÒÉ m...2 ÉÌÉ 
harK = 2 ×Ù�ÏÌÎÑÅÔÓÑ �ÅÒ×ÁÑ ÞÁÓÔØ ÕÓÌÏ-×ÉÑ (3.4) É dimK HHt(R) = 1, Á �ÒÉ m 6 ...2 É 
harK 6= 2 ÎÅ ×Ù�ÏÌÎÑÅÔÓÑÎÉ ÏÄÎÏ ÉÚ ÕÓÌÏ×ÉÊ, Ï�ÉÓÁÎÎÙÈ × ÔÅÏÒÅÍÅ 2, É dimK HHt(R) = 0.6. ðÕÓÔØ t = 2(n − 1) + m(2n − 1), ×Ù�ÏÌÎÅÎÏ P(n − 1;m) É3(n − 1) + m(3n − 1) − 2...r. �ÏÇÄÁ ×Ù�ÏÌÎÑÅÔÓÑ �ÅÒ×ÁÑ ÞÁÓÔØ ÕÓÌÏ-×ÉÑ (3.12). áÎÁÌÏÇÉÞÎÏ ÞÁÓÔÉ 2 ÜÔÏÇÏ ÄÏËÁÚÁÔÅÌØÓÔ×Á �ÏÌÕÞÁÅÍ, ÞÔÏdimK HHt(R) = 1.7. ðÕÓÔØ t = 2l + m(2n − 1), 0 6 l 6 n − 1, ×Ù�ÏÌÎÅÎÏ P(l;m)



ëïçïíïìïçéé èïèûéìøäá óáíïéîÿåë�é÷îùè áìçåâò 111É 3l + m(3n − 1) − 3...r. òÁÓÓÍÏÔÒÉÍ ÓÎÁÞÁÌÁ ÓÌÕÞÁÊ l = 0. ñÓÎÏ, ÞÔÏm > 0. �ÏÇÄÁ t−1 = 2(n−1)+(m−1)(2n−1), P(n−1;m−1) ÎÅ ×Ù�ÏÌ-ÎÑÅÔÓÑ, Á �ÏÔÏÍÕ Æt−1 = '̃ 1;m−12(n−1). �ÏÇÄÁ, ÉÓ�ÏÌØÚÕÑ ÌÅÍÍÕ 2, �ÏÌÕÞÁÅÍdimK HHt(R) = dimK Ker Æt + dimK Ker Æt−1 − dimK Hom� (Qt−1; R) =rn+dimK Ker '̃ 1;m−12(n−1)−rn = dimK Ker '̃ 1;m−12(n−1). ëÒÏÍÅ ÔÏÇÏ, �Ï ÌÅÍÍÅ 4ÉÍÅÅÍ îïä (3n − 1; r) = 1. åÓÌÉ m...2 É 
harK 6= 2, ÔÏ ÎÅ ×Ù�ÏÌÎÑ-ÅÔÓÑ ÎÉ ÏÄÎÏ ÉÚ ÕÓÌÏ×ÉÊ, Ï�ÉÓÁÎÎÙÈ × ÔÅÏÒÅÍÅ 2. �ÏÇÄÁ �Ï ÌÅÍÍÅ 4ÉÍÅÅÍ r 6 ...2, Á, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, �Ï ÌÅÍÍÅ 2 �ÏÌÕÞÁÅÍ dimK HHt(R) = 0.ðÕÓÔØ ÔÅ�ÅÒØ m6 ...2 ÉÌÉ 
harK = 2. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ n...2. �ÏÇÄÁ×Ù�ÏÌÎÑÅÔÓÑ ×ÔÏÒÁÑ ÞÁÓÔØ ÕÓÌÏ×ÉÑ (3.13) (Ó ÚÁÍÅÎÏÊ m ÎÁ m − 1).�ÏÇÄÁ �Ï ÌÅÍÍÅ 2 ÉÍÅÅÍ dimK HHt(R) = 2. åÓÌÉ ÖÅ n6 ...2, ÔÏ �ÏÌÅÍÍÅ 4 �ÏÌÕÞÁÅÍ r 6 ...2 É m...2, Á ÔÏÇÄÁ 
harK = 2. ÷ ÜÔÏÍ ÓÌÕÞÁÅ ×Ù-�ÏÌÎÑÅÔÓÑ ×ÔÏÒÁÑ ÞÁÓÔØ ÕÓÌÏ×ÉÑ (3.9) (Ó ÚÁÍÅÎÏÊ m ÎÁ m − 1). �Ï-ÇÄÁ �Ï ÌÅÍÍÅ 2 ÉÍÅÅÍ dimK HHt(R) = 1. òÁÚÂÅÒ£Í ÔÅ�ÅÒØ ÓÌÕÞÁÊl > 0. �ÏÇÄÁ t − 1 = 2l − 1 + m(2n − 1), P(l − 1;m) ÎÅ ×Ù�ÏÌÎÑ-ÅÔÓÑ, Á �ÏÔÏÍÕ Æt−1 = '̃ 0;m2l−1. �ÏÇÄÁ, ÉÓ�ÏÌØÚÕÑ ÌÅÍÍÕ 2, �ÏÌÕÞÁÅÍdimK HHt(R) = dimK Ker Æt + dimK Ker Æt−1 − dimK Hom� (Qt−1; R) =dimK Ker'3;m2l + dimK Ker '̃ 0;m2l−1 − dimK Ṽ 02l−1 = r + dimK Ker '̃ 0;m2l−1 −r(n + 1− l) = dimK Ker '̃ 0;m2l−1 − r(n − l). åÓÌÉ m6 ...2 ÉÌÉ 
harK = 2, ÔÏ×Ù�ÏÌÎÑÅÔÓÑ ×ÔÏÒÁÑ ÞÁÓÔØ ÕÓÌÏ×ÉÑ (3.8) (Ó ÚÁÍÅÎÏÊ l ÎÁ l − 1). �ÏÇÄÁ�Ï ÌÅÍÍÅ 2 ÉÍÅÅÍ dimK HHt(R) = r(n − l) + 1− r(n − l) = 1. åÓÌÉ ÖÅm...2 É 
harK 6= 2, ÔÏ ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ ÎÉ ÏÄÎÏ ÉÚ ÕÓÌÏ×ÉÊ, Ï�ÉÓÁÎÎÙÈ ×ÔÅÏÒÅÍÅ 2. �ÏÇÄÁ �Ï ÌÅÍÍÅ 4 ÉÍÅÅÍ r 6 ...2, Á ÔÏÇÄÁ �Ï ÌÅÍÍÅ 2 �ÏÌÕÞÁÅÍdimK HHt(R) = r(n− l)− r(n − l) = 0.8. ðÕÓÔØ t = 2l+m(2n− 1), 0 6 l 6 n− 1, ×Ù�ÏÌÎÅÎÏ P(l;m) É 3l+m(3n− 1)− 4...r. �ÏÇÄÁ ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ ÎÉ ÏÄÎÏ ÉÚ ÕÓÌÏ×ÉÊ, Ï�ÉÓÁÎÎÙÈ× ÔÅÏÒÅÍÅ 2. ðÏ ÌÅÍÍÅ 2 ÉÍÅÅÍ dimK Ker Æt = dimK Ker'4;m2l = rl.�ÏÇÄÁ �ÒÉ l = 0 Á×ÔÏÍÁÔÉÞÅÓËÉ ÉÍÅÅÍ dimK HHt(R) = 0. åÓÌÉ l > 0,ÔÏ t − 1 = 2l − 1 + m(2n − 1), P(l − 1;m) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ, Á �ÏÔÏÍÕÆt−1 = '̃ 1;m2l−1. �ÏÇÄÁ, ÉÓ�ÏÌØÚÕÑ ÌÅÍÍÕ 2, �ÏÌÕÞÁÅÍ dimK HHt(R) =dimK Ker Æt+dimK Ker Æt−1−dimK Hom� (Qt−1; R) = dimK Ker'4;m2l +dimK Ker '̃ 1;m2l−1 − dimK Ṽ 12l−1 = rl + r − r(l + 1) = 0.



112 à. ÷. ÷ïìëï÷áÎÁÌÏÇÉÞÎÏ ÁÎÁÌÉÚÉÒÕÀÔÓÑ ÏÓÔÁ×ÛÉÅÓÑ ÓÌÕÞÁÉ (2){(4) ÌÅÍÍÙ 3.÷ ÓÌÕÞÁÅ r = 4 ×ÍÅÓÔÏ ÌÅÍÍÙ 3 ÎÁÄÏ ÉÓ�ÏÌØÚÏ×ÁÔØ ÌÅÍÍÕ 5. ÷ÓÅ×ÏÚÎÉËÁÀÝÉÅ �ÒÉ ÜÔÏÍ ×ÁÒÉÁÎÔÙ ÒÁÚÂÉÒÁÀÔÓÑ ÔÁË ÖÅ, ËÁË É × ÓÌÕÞÁÅr > 4. �Ï, ÞÔÏ × ÜÔÏÍ ÓÌÕÞÁÅ �ÒÉ t = 2l + m(2n − 1), 0 6 l 6 n − 1,3l+m(3n−1)...r ÍÙ ÉÍÅÅÍ Hom� (Qt; R) = V 02l⊕V 42l ÉÌÉ Hom� (Qt; R) =Ṽ 02l⊕ Ṽ 42l × ÚÁ×ÉÓÉÍÏÓÔÉ ÏÔ ÔÏÇÏ, ×Ù�ÏÌÎÅÎÏ P(l;m) ÉÌÉ ÎÅÔ, ÎÉÞÅÇÏ ÎÅÍÅÎÑÅÔ, �ÏÓËÏÌØËÕ ÄÌÑ ÔÁËÉÈ Qt ÉÍÅÅÍ '4;m2l = 0 É V 42l ⊂ Im Æt−1 ÉÌÉKer '̃ 0;m2l = 0 É '̃ 4;m2l = 0 ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ.óÌÕÞÁÊ r 6 2. ÷ ÜÔÏÍ �ÕÎËÔÅ ÒÁÚÂÅÒ£Í ÓÌÕÞÁÊ r 6 2 (ÓÌÕÞÁÊ r = 3ÎÅ ÒÁÓÓÍÁÔÒÉ×ÁÅÔÓÑ, ÔÁË ËÁË r 6 ...3).�ÅÏÒÅÍÁ 3. ðÕÓÔØ HHt(R) { t-ÁÑ ÇÒÕ��Á ËÏÇÏÍÏÌÏÇÉÊ èÏÈÛÉÌØÄÁÁÌÇÅÂÒÙ R Ó ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ × R. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ r = 2. �ÏÇÄÁdimK HHt(R) �ÒÉÎÉÍÁÅÔ ÓÌÅÄÕÀÝÉÅ ÚÎÁÞÅÎÉÑ:1, ÅÓÌÉ ×Ù�ÏÌÎÅÎÏ ÏÄÎÏ ÉÚ ÕÓÌÏ×ÉÊ:t = 2l+m(2n− 1) ÉÌÉ t = 2l+ 1 +m(2n− 1);0 6 l 6 n− 2; P(l;m) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ,3l+m(3n− 1)− 1...r; (3.15)t = 2l + 1 +m(2n− 1) ÉÌÉ t = 2l + 2 +m(2n− 1);0 6 l 6 n− 2; P(l;m) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ, 3l+m(3n− 1)...r; (3.16)2, ÅÓÌÉ ×Ù�ÏÌÎÅÎÏ ÏÄÎÏ ÉÚ ÕÓÌÏ×ÉÊ:t = 2l+m(2n− 1) ÉÌÉ t = 2l+ 1 +m(2n− 1);0 6 l 6 n− 2; ×Ù�ÏÌÎÅÎÏ P(l;m),3l+m(3n− 1)...r; (3.17)t = 2l + 1 +m(2n− 1) ÉÌÉ t = 2l + 2 +m(2n− 1);0 6 l 6 n− 2; ×Ù�ÏÌÎÅÎÏ P(l;m),3l+m(3n− 1)− 1...r; (3.18)t = 2n− 2 +m(2n− 1) ÉÌÉ t = (m+ 1)(2n− 1);
P(n− 1;m) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ,3(n− 1) +m(3n− 1)− 1...r; (3.19)



ëïçïíïìïçéé èïèûéìøäá óáíïéîÿåë�é÷îùè áìçåâò 113t = 2n− 2 +m(2n− 1) ÉÌÉ t = (m+ 1)(2n− 1);×Ù�ÏÌÎÅÎÏ P(n− 1;m), 3(n− 1) +m(3n− 1)...r: (3.20)ìÅÍÍÁ 6. ðÕÓÔØ r = 2, É �ÕÓÔØ Qt { ÏÄÉÎ ÉÚ ÞÌÅÎÏ× ÒÅÚÏÌØ×ÅÎÔÙ ÉÚÔÅÏÒÅÍÙ 1. �ÏÇÄÁ ×Ù�ÏÌÎÅÎÏ ÏÄÎÏ ÉÚ ÕÓÌÏ×ÉÊ:(1) t = 2l + m(2n − 1), 0 6 l 6 n − 1, ×Ù�ÏÌÎÅÎÏ P(l;m). ÷ ÜÔÏÍÓÌÕÞÁÅ:(Á) ÅÓÌÉ 3l+m(3n− 1)...r, ÔÏ Hom� (Qt; R) = V 02l ⊕ V 22l ⊕ V 42l;(Â) ÅÓÌÉ 3l+m(3n− 1)− 1...r, ÔÏ Hom� (Qt; R) = V 12l ⊕ V 32l.(2) t = 2l+ 1 +m(2n− 1), 0 6 l 6 n− 2, ×Ù�ÏÌÎÅÎÏ P(l;m). ÷ ÜÔÏÍÓÌÕÞÁÅ:(Á) ÅÓÌÉ 3l+m(3n− 1)...r, ÔÏ Hom� (Qt; R) = V 02l+1 ⊕ V 22l+1;(Â) ÅÓÌÉ 3l+m(3n− 1)− 1...r, ÔÏ Hom� (Qt; R) = V −12l+1 ⊕ V 12l+1.(3) t = 2l+m(2n− 1), 0 6 l 6 n− 1, P(l;m) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ. ÷ ÜÔÏÍÓÌÕÞÁÅ:(Á) ÅÓÌÉ 3l+m(3n− 1)...r, ÔÏ Hom� (Qt; R) = Ṽ 02l ⊕ Ṽ 22l ⊕ Ṽ 42l;(Â) ÅÓÌÉ 3l+m(3n− 1)− 1...r, ÔÏ Hom� (Qt; R) = Ṽ 12l ⊕ Ṽ 32l.(4) t = 2l + 1 +m(2n− 1), 0 6 l 6 n− 2, P(l;m) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ. ÷ÜÔÏÍ ÓÌÕÞÁÅ:(Á) ÅÓÌÉ 3l+m(3n− 1)...r, ÔÏ Hom� (Qt; R) = Ṽ 02l+1;(Â) ÅÓÌÉ 3l+m(3n− 1)− 1...r, ÔÏ Hom� (Qt; R) = Ṽ 12l+1.äÏËÁÚÁÔÅÌØÓÔ×Ï ÌÅÍÍÙ 6. éÚ (3.1) É ÔÏÇÏ, ÞÔÏ r = 2, ×ÙÔÅËÁÅÔÓÌÅÄÕÀÝÅÅ Ï�ÉÓÁÎÉÅ Hom� (P[i1;j1℄[i2;j2℄; R) ÄÌÑ ÆÉËÓÉÒÏ×ÁÎÎÙÈ i1, i2,



114 à. ÷. ÷ïìëï÷1 6 j1 6 n, 1 6 j2 6 n:Hom� (P[i1;j1℄[i2;j2℄; R)= 



V (�i2 ;j1−1 : : : �i2;j2 ); ÅÓÌÉ i1 ≡ i2(mod r); j1 > j2; j2 < n;V (�i2+3;j1−1�i2�i2;j2 ); ÅÓÌÉ i1 ≡ i2 + 1(mod r); j1 6 j2; j1 < n;V (�i2�i2;j2 ); ÅÓÌÉ i1 ≡ i2 + 1(mod r); j1 = n > j2;V (�i2+2;j1−1
i2 ); ÅÓÌÉ i1 ≡ i2(mod r); j2 = n > j1;V (ei2;n)⊕ V (�i2+1�i2); ÅÓÌÉ i1 ≡ i2(mod r); j1 = j2 = n;V (�i2 )⊕ V (�i2+2�i2+1�i2); ÅÓÌÉ i1 ≡ i2 + 1(mod r); j1 = j2 = n;0 × ÏÓÔÁÌØÎÙÈ ÓÌÕÞÁÑÈ.äÁÌÅÅ �ÒÏ×ÅÒÉÔØ ÕÔ×ÅÒÖÄÅÎÉÅ ÌÅÍÍÙ ÎÅ �ÒÅÄÓÔÁ×ÌÑÅÔ ÔÒÕÄÁ.ìÅÍÍÁ 7. ðÕÓÔØ r = 2, É �ÕÓÔØ Qt { ÏÄÉÎ ÉÚ ÞÌÅÎÏ× ÒÅÚÏÌØ×ÅÎÔÙ ÉÚÔÅÏÒÅÍÙ 1.(1Á) ðÕÓÔØ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ (1), (a) ÌÅÍÍÙ 6. �ÏÇÄÁHom� (Qt+1; R) = U02l ⊕ U22l ⊕ U42l ⊕ UÄÌÑ ÎÅËÏÔÏÒÏÇÏ U , É, ÅÓÌÉ i1 { �ÒÑÍÏÅ ×ÌÏÖÅÎÉÅ U02l ⊕ U22l ⊕ U42l ×Hom� (Qt+1; R), ÔÏ Æt = i1('0;m2l ⊕ '2;m2l ⊕ '4;m2l ).(1Â) ðÕÓÔØ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ (1), (Â) ÌÅÍÍÙ 6. �ÏÇÄÁHom� (Qt+1; R) = U12l ⊕ U32l ⊕ UÄÌÑ ÎÅËÏÔÏÒÏÇÏ U , É, ÅÓÌÉ i1 { �ÒÑÍÏÅ ×ÌÏÖÅÎÉÅ U12l ⊕ U32l ×Hom� (Qt+1; R), ÔÏ Æt = i1('1;m2l ⊕ '3;m2l ).(2a) ðÕÓÔØ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ (2), (Á) ÌÅÍÍÙ 6. �ÏÇÄÁHom� (Qt+1; R) = U02l+1 ⊕ U22l+1 ⊕ UÄÌÑ ÎÅËÏÔÏÒÏÇÏ U , É, ÅÓÌÉ i1 { �ÒÑÍÏÅ ×ÌÏÖÅÎÉÅ U02l+1 ⊕ U22l+1 ×Hom� (Qt+1; R), ÔÏ Æt = i1('0;m2l+1 ⊕ '2;m2l+1).(2Â) ðÕÓÔØ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ (2), (Â) ÌÅÍÍÙ 6. �ÏÇÄÁHom� (Qt+1; R) = U−12l+1 ⊕ U12l+1 ⊕ UÄÌÑ ÎÅËÏÔÏÒÏÇÏ U , É, ÅÓÌÉ i1 { �ÒÑÍÏÅ ×ÌÏÖÅÎÉÅ U−12l+1 ⊕ U12l+1 ×Hom� (Qt+1; R), ÔÏ Æt = i1('−1;m2l+1 ⊕ '1;m2l+1).



ëïçïíïìïçéé èïèûéìøäá óáíïéîÿåë�é÷îùè áìçåâò 115(3Á) ðÕÓÔØ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ (3), (Á) ÌÅÍÍÙ 6. �ÏÇÄÁHom� (Qt+1; R) = Ũ02l ⊕ Ũ22l ⊕ Ũ42l ⊕ UÄÌÑ ÎÅËÏÔÏÒÏÇÏ U , É, ÅÓÌÉ i1 { �ÒÑÍÏÅ ×ÌÏÖÅÎÉÅ Ũ02l ⊕ Ũ22l ⊕ Ũ42l ×Hom� (Qt+1; R), ÔÏ Æt = i1('̃ 0;m2l ⊕ '̃ 2;m2l ⊕ '̃ 4;m2l ).(3Â) ðÕÓÔØ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ (3), (Â) ÌÅÍÍÙ 6. �ÏÇÄÁHom� (Qt+1; R) = Ũ12l ⊕ Ũ32l ⊕ UÄÌÑ ÎÅËÏÔÏÒÏÇÏ U , É, ÅÓÌÉ i1 { �ÒÑÍÏÅ ×ÌÏÖÅÎÉÅ Ũ12l ⊕ Ũ32l ×Hom� (Qt+1; R), ÔÏ Æt = i1('̃ 1;m2l ⊕ '̃ 3;m2l ).(4Á) ðÕÓÔØ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ (4), (Á) ÌÅÍÍÙ 6. �ÏÇÄÁHom� (Qt+1; R) = Ũ02l+1 ⊕ UÄÌÑ ÎÅËÏÔÏÒÏÇÏ U , É, ÅÓÌÉ i1 { �ÒÑÍÏÅ ×ÌÏÖÅÎÉÅ Ũ02l+1 ×Hom� (Qt+1; R); ÔÏ Æt = i1'̃ 0;m2l+1:(4Â) ðÕÓÔØ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ (4), (Â) ÌÅÍÍÙ 6. �ÏÇÄÁHom� (Qt+1; R) = Ũ12l+1 ⊕ UÄÌÑ ÎÅËÏÔÏÒÏÇÏ U , É, ÅÓÌÉ i1 { �ÒÑÍÏÅ ×ÌÏÖÅÎÉÅ Ũ12l+1 ×Hom� (Qt+1; R); ÔÏ Æt = i1'̃ 1;m2l+1:ëÒÏÍÅ ÔÏÇÏ, × ÓÌÕÞÁÑÈ (1Á), (2Á), (3Â) É (4Â) ÉÍÅÅÍ m...2, Á × ÓÌÕÞÁÑÈ(1Â), (2Â), (3Á) É (4Á) { m 6 ...2. åÓÌÉ l = n−1, ÔÏ ÓÌÕÞÁÊ (1Â) ÎÅ×ÏÚÍÏÖÅÎ,Á × ÓÌÕÞÁÅ (3Â) { n...2. åÓÌÉ l = 0, ÔÏ ÓÌÕÞÁÊ (3Â) ÎÅ×ÏÚÍÏÖÅÎ, Á × ÓÌÕÞÁÅ(1Â) { n...2.äÏËÁÚÁÔÅÌØÓÔ×Ï ÌÅÍÍÙ 7. äÏËÁÚÁÔÅÌØÓÔ×Ï �ÒÏÈÏÄÉÔ ÔÁË ÖÅ, ËÁËÉ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÌÅÍÍÙ 4.äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 3. äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÄÏÓÔÁÔÏÞÎÏ ÒÁ-ÚÏÂÒÁÔØ ÓÌÕÞÁÉ, ÕËÁÚÁÎÎÙÅ × ÌÅÍÍÅ 6. ðÏÌØÚÕÑÓØ ÆÏÒÍÕÌÏÊ (3.14) ÄÌÑt > 0, ÌÅÍÍÏÊ 7 É ÌÅÍÍÏÊ 2, × ËÁÖÄÏÍ ÓÌÕÞÁÅ ÌÅÇËÏ �ÒÏ×ÅÒÉÔØ, ÞÔÏÚÎÁÞÅÎÉÅ dimK HHt(R) ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ÒÅÚÕÌØÔÁÔÕ, ÕËÁÚÁÎÎÏÍÕ × ÔÅÏ-ÒÅÍÅ.



116 à. ÷. ÷ïìëï÷�ÅÏÒÅÍÁ 4. ðÕÓÔØ HHt(R) { t-ÁÑ ÇÒÕ��Á ËÏÇÏÍÏÌÏÇÉÊ èÏÈÛÉÌØÄÁÁÌÇÅÂÒÙ R Ó ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ × R. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ r = 1. �ÏÇÄÁdimK HHt(R) �ÒÉÎÉÍÁÅÔ ÓÌÅÄÕÀÝÉÅ ÚÎÁÞÅÎÉÑ �ÒÉ t > 0:1, ÅÓÌÉ ×Ù�ÏÌÎÅÎÏ ÏÄÎÏ ÉÚ ÕÓÌÏ×ÉÊ:t = 2l+m(2n− 1) ÉÌÉ t = 2l+ 1 +m(2n− 1);0 6 l 6 n− 2; P(l;m) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ, m...2; 
harK 6= 2; (3.21)t = 2l + 1 +m(2n− 1) ÉÌÉ t = 2l + 2 +m(2n− 1);0 6 l 6 n− 2; P(l;m) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ, m6 ...2; 
harK 6= 2; (3.22)2, ÅÓÌÉ ×Ù�ÏÌÎÅÎÏ ÏÄÎÏ ÉÚ ÕÓÌÏ×ÉÊ:t = 2l+ 1+m(2n− 1); 0 6 l 6 n− 2;
P(l;m) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ É 
harK = 2; (3.23)t = 2l+m(2n− 1) ÉÌÉ t = 2l+ 1 +m(2n− 1);0 6 l 6 n− 2; ×Ù�ÏÌÎÅÎÏ P(l;m), m...2; 
harK 6= 2; (3.24)t = 2l + 1 +m(2n− 1) ÉÌÉ t = 2l + 2 +m(2n− 1);0 6 l 6 n− 2; ×Ù�ÏÌÎÅÎÏ P(l;m), m6 ...2; 
harK 6= 2; (3.25)t = 2n− 2 +m(2n− 1) ÉÌÉ t = (m+ 1)(2n− 1);

P(n− 1;m) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ, n...2; m...2; 
harK 6= 2; (3.26)3, ÅÓÌÉ ×Ù�ÏÌÎÅÎÏ ÏÄÎÏ ÉÚ ÕÓÌÏ×ÉÊ:t = 2l+m(2n− 1); 0 6 l 6 n− 2; 
harK = 2; (3.27)t = 2n− 2 +m(2n− 1) ÉÌÉ t = (m+ 1)(2n− 1);
P(n− 1;m) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ, n6 ...2; 
harK = 2; (3.28)



ëïçïíïìïçéé èïèûéìøäá óáíïéîÿåë�é÷îùè áìçåâò 117t = 2n− 2 +m(2n− 1) ÉÌÉ t = (m+ 1)(2n− 1);×Ù�ÏÌÎÅÎÏ P(n− 1;m), 
harK 6= 2; (3.29)4, ÅÓÌÉ ×Ù�ÏÌÎÅÎÏ ÏÄÎÏ ÉÚ ÕÓÌÏ×ÉÊ:t = 2l+ 1+m(2n− 1); 0 6 l 6 n− 2;×Ù�ÏÌÎÅÎÏ P(l;m) É 
harK = 2; (3.30)t = 2n− 2 +m(2n− 1) ÉÌÉ t = (m+ 1)(2n− 1);
P(n− 1;m) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ, n...2; 
harK = 2; (3.31)t = 2n− 2 +m(2n− 1) ÉÌÉ t = (m+ 1)(2n− 1);×Ù�ÏÌÎÅÎÏ P(n− 1;m), 
harK = 2; (3.32)0, ÅÓÌÉ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ:t = 2n− 2 +m(2n− 1) ÉÌÉ t = (m+ 1)(2n− 1);
P(n− 1;m) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ, n6 ...2; 
harK 6= 2: (3.33)ëÒÏÍÅ ÔÏÇÏ, dimK HH0(R) = rn+ 2.ìÅÍÍÁ 8. ðÕÓÔØ r = 1, É �ÕÓÔØ Qt { ÏÄÉÎ ÉÚ ÞÌÅÎÏ× ÒÅÚÏÌØ×ÅÎÔÙ ÉÚÔÅÏÒÅÍÙ 1. �ÏÇÄÁ ×Ù�ÏÌÎÅÎÏ ÏÄÎÏ ÉÚ ÕÓÌÏ×ÉÊ:(1) t = 2l + m(2n − 1), 0 6 l 6 n − 1, ×Ù�ÏÌÎÅÎÏ P(l;m). ÷ ÜÔÏÍÓÌÕÞÁÅ Hom� (Qt; R) = 4⊕q=0V q2l.(2) t = 2l+ 1 +m(2n− 1), 0 6 l 6 n− 2, ×Ù�ÏÌÎÅÎÏ P(l;m). ÷ ÜÔÏÍÓÌÕÞÁÅ Hom� (Qt; R) = 2⊕q=−1V q2l+1.(3) t = 2l+m(2n− 1), 0 6 l 6 n− 1, P(l;m) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ. ÷ ÜÔÏÍÓÌÕÞÁÅ Hom� (Qt; R) = 4⊕q=0 Ṽ q2l.(4) t = 2l + 1 +m(2n− 1), 0 6 l 6 n− 2, P(l;m) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ. ÷ÜÔÏÍ ÓÌÕÞÁÅ Hom� (Qt; R) = 1⊕q=0 Ṽ q2l+1.



118 à. ÷. ÷ïìëï÷äÏËÁÚÁÔÅÌØÓÔ×Ï ÌÅÍÍÙ 8. éÚ (3.1) É ÔÏÇÏ, ÞÔÏ r = 1, ÓÌÅÄÕÅÔ ÓÌÅ-ÄÕÀÝÅÅ Ï�ÉÓÁÎÉÅ Hom� (P[0;j1℄[0;j2℄; R) ÄÌÑ ÆÉËÓÉÒÏ×ÁÎÎÙÈ 1 6 j1 6 n,1 6 j2 6 n:Hom� (P[0;j1℄[0;j2℄; R)= 



V (�0;j1−1 : : : �0;j2); ÅÓÌÉ n > j1 > j2;V (�0;j1−1�0�0;j2); ÅÓÌÉ j1 < j2 < n;V (e0;j2)⊕ V (�0;j2−1�0�0;j2); ÅÓÌÉ j1 = j2 < n;V (�0;j2)⊕ V (�0�0;j2); ÅÓÌÉ n = j1 > j2;V (�0;j1−1
0)⊕ V (�0;j1−1�0); ÅÓÌÉ j1 < j2 = n;V (e0;n)⊕ V (�0)⊕ V (�0�0)⊕ V (�0�0�0); ÅÓÌÉ j1 = j2 = n:äÁÌÅÅ �ÒÏ×ÅÒÉÔØ ÕÔ×ÅÒÖÄÅÎÉÅ ÌÅÍÍÙ ÎÅ �ÒÅÄÓÔÁ×ÌÑÅÔ ÔÒÕÄÁ.ìÅÍÍÁ 9. ðÕÓÔØ r = 1, É �ÕÓÔØ Qt { ÏÄÉÎ ÉÚ ÞÌÅÎÏ× ÒÅÚÏÌØ×ÅÎÔÙ ÉÚÔÅÏÒÅÍÙ 1.(1) ðÕÓÔØ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ (1) ÌÅÍÍÙ 8. �ÏÇÄÁHom� (Qt+1; R) = ( 4⊕q=0 U q2l)⊕ UÄÌÑ ÎÅËÏÔÏÒÏÇÏ U , É, ÅÓÌÉ i1 { �ÒÑÍÏÅ ×ÌÏÖÅÎÉÅ 4⊕q=0Uq2l ×Hom� (Qt+1; R); ÔÏ Æt = i1( 4⊕q=0 Uq2l):ëÒÏÍÅ ÔÏÇÏ, ×Ù�ÏÌÎÅÎÏ ÓÌÅÄÕÀÝÅÅ ÕÓÌÏ×ÉÅ:ÅÓÌÉ l = n− 1, ÔÏ m...2; n 6 ...2.(2) ðÕÓÔØ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ (2) ÌÅÍÍÙ 8. �ÏÇÄÁHom� (Qt+1; R) = ( 2⊕q=−1U q2l+1)⊕ UÄÌÑ ÎÅËÏÔÏÒÏÇÏ U , É, ÅÓÌÉ i1 { �ÒÑÍÏÅ ×ÌÏÖÅÎÉÅ 2⊕q=−1Uq2l+1 ×Hom� (Qt+1; R), ÔÏ Æt = i1( 2⊕q=−1'q;m2l+1).



ëïçïíïìïçéé èïèûéìøäá óáíïéîÿåë�é÷îùè áìçåâò 119(3) ðÕÓÔØ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ (3) ÌÅÍÍÙ 8. �ÏÇÄÁHom� (Qt+1; R) = ( 4⊕q=0 Ũq2l)⊕ UÄÌÑ ÎÅËÏÔÏÒÏÇÏ U , É, ÅÓÌÉ i1 { �ÒÑÍÏÅ ×ÌÏÖÅÎÉÅ 4⊕q=0 Ũq2l ×Hom� (Qt+1; R); ÔÏ Æt = i1( 4⊕q=0 '̃ q;m2l ):ëÒÏÍÅ ÔÏÇÏ, ×Ù�ÏÌÎÅÎÏ ÓÌÅÄÕÀÝÅÅ ÕÓÌÏ×ÉÅ:ÅÓÌÉ l = n− 1 É n6 ...2, ÔÏ m 6 ...2.(4) ðÕÓÔØ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ (4) ÌÅÍÍÙ 8. �ÏÇÄÁHom� (Qt+1; R) = ( 1⊕q=0 Ũ q2l+1)⊕ UÄÌÑ ÎÅËÏÔÏÒÏÇÏ U É, ÅÓÌÉ i1 { �ÒÑÍÏÅ ×ÌÏÖÅÎÉÅ 1⊕q=0 Ũq2l+1 ×Hom� (Qt+1; R), ÔÏ Æt = i1( 1⊕q=0 '̃ q;m2l+1).äÏËÁÚÁÔÅÌØÓÔ×Ï ÌÅÍÍÙ 9. äÏËÁÚÁÔÅÌØÓÔ×Ï �ÒÏÈÏÄÉÔ ÔÁË ÖÅ, ËÁËÉ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÌÅÍÍÙ 4.äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 4. äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÄÏÓÔÁÔÏÞÎÏ ÒÁ-ÚÏÂÒÁÔØ ÓÌÕÞÁÉ, ÕËÁÚÁÎÎÙÅ × ÌÅÍÍÅ 8 ÄÌÑ 
harK = 2 É 
harK 6= 2.ðÏÌØÚÕÑÓØ ÆÏÒÍÕÌÏÊ (3.14) ÄÌÑ t > 0, ÌÅÍÍÏÊ 9 É ÌÅÍÍÏÊ 2, × ËÁÖÄÏÍÓÌÕÞÁÅ ÌÅÇËÏ �ÒÏ×ÅÒÉÔØ, ÞÔÏ ÚÎÁÞÅÎÉÅ dimK HHt(R) ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ÒÅ-ÚÕÌØÔÁÔÕ, ÕËÁÚÁÎÎÏÍÕ × ÔÅÏÒÅÍÅ.éÚ ÔÅÏÒÅÍ 2{4 ÎÅ�ÏÓÒÅÄÓÔ×ÅÎÎÏ ×ÙÔÅËÁÅÔ ÓÌÅÄÕÀÝÅÅ ÕÔ×ÅÒÖÄÅÎÉÅ,�ÒÅÄÓÔÁ×ÌÑÀÝÅÅ ÓÁÍÏÓÔÏÑÔÅÌØÎÙÊ ÉÎÔÅÒÅÓ.óÌÅÄÓÔ×ÉÅ 3. (Á) dimK HH0(R) = 



1; ÅÓÌÉ r > 3;2; ÅÓÌÉ r = 2;rn+ 2; ÅÓÌÉ r = 1;



120 à. ÷. ÷ïìëï÷(Â) dimK HH1(R) = 




1; ÅÓÌÉ r > 3;2; ÅÓÌÉ r = 2 ÉÌÉ { r = 1;
harK 6= 2;4; ÅÓÌÉ r = 1 É 
harK = 2;
(×) dimK HH2(R) =





0; ÅÓÌÉ r > 3;1; ÅÓÌÉ { r = 2;n > 2 ÉÌÉ 




r = 1;n > 2;
harK 6= 2;2; ÅÓÌÉ { r = 2;n = 2 ÉÌÉ 




r = 1;n = 2;
harK 6= 2;3; ÅÓÌÉ r = 1, n > 2 É 
harK = 2;4; ÅÓÌÉ r = 1, n = 2 É 
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