
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 364, 2009 Ç.P. DeheuvelsA MULTIVARIATE BAHADUR{KIEFERREPRESENTATION FOR THEEMPIRICAL COPULA PROCESSAbstrat. We provide a multivariate extension of the Kiefer (1970)strong limit law for the Bahadur{Kiefer reperesentation. This allows usto derive optimal rates for the strong approximation of empirial op-ula proesses by sequenes of Gaussian proesses. We also provide a fullharaterization of empirial opulas in a general framework.1. Introdution1.1. An outline of our resultsIn the present paper, we are onerned with strong approximationsof the empirial opula proess {n(u) : u ∈ [0; 1℄d} (see, e.g., Se. 1.4below for de�nitions) by a sequene of Gaussian proesses {Bn;C(u) : u ∈[0; 1℄d}. We will be mainly onerned with the ase where n is generatedby a sample of random vetors with independent marginals, and referto §1.3 and §2.2 in [11℄ for referenes onerning this problem. In thisframework, the approximating Gaussian proesses {Bn;C(u) : u ∈ [0; 1℄d},n = 1; 2; : : : ; form a sequene of opula Brownian bridges (refer to (2.16)p. 2486 in [11℄, and to (2.11) below, for details). The motivation of ourwork is the following limit law, stated in (2.43), p. 503 of [12℄, for d = 2.On an appropriate probability spae, we may de�ne {n(u) : u ∈ [0; 1℄2}and {Bn;C(u) : u ∈ [0; 1℄2}, n = 1; 2; : : : ; in suh a way that, almostsurely,lim supn→∞
n1=4(logn)−1=2(log logn)−1=4 supu∈[0;1℄2 |n(u)−Bn;C(u)|

≤ 5× 2−1=4: (1.1)In the forthoming Theorem 2.1, we will show, via an appropriate on-strution, that the lim sup the left-hand side of (1:1) may be hosenequal to 2−1=23−3=255=4 ≃ 1:0175, in agreement with the upper bound5 × 2−1=4 ≃ 4:2045 in (1:1). This is ahieved through a d-dimensional120



A MULTIVARIATE BAHADUR{{KIEFER REPRESENTATION 121version of the uniform Bahadur-Kiefer representation (see, e.g., [19℄,[10, (1:1), p. 670℄), whih onstitutes our main result, and whih westate, below, in Theorem 1.1. We onsider d ≥ 1 independent sequenesof independent and identially distributed [i.i.d.℄ uniform (0; 1) randomvariables, eah of whih generates, for n ≥ 1, uniform empirial andquantile proesses, denoted, respetively by {�n;j(u) : u ∈ [0; 1℄} and
{�n;j(u) : u ∈ [0; 1℄}, for j = 1; : : : ; d. Set t = (t1; : : : ; td).Theorem 1.1. We have, almost surely,lim supn→∞

n1=4(logn)−1=2(log logn)−1=4
× supt∈[0;1℄d ∣∣∣ d∑k=1{ d∏j=1j 6=k tj}{�n;j(tj) + �n;j(tj)}∣∣∣= 2− 14 d 34{ (d− 34 )d− 34(d− 12 )d− 12 }: (1.2)The proof of Theorem 1.1 is postponed until §2.3 For d = 1, (1:2)redues to the lassial uniform Bahadur{Kiefer representation of quantileproesses (see, e.g., Fat 1 in the sequel).The remainder of our paper is organized as follows. In §1.2, we establishsome basi properties of opula funtions. These preliminary results areused in §1.3 to establish a omplete haraterization of empirial opulas,generated by a sequene of multivariate observations. These preliminaryresults, whih are of interest in and of themselves, are followed, in §1.4,by a general desription of empirial opula proesses. In §2, we speializeinto the ase of independent marginals. Our main result onerning thestrong approximation of opula proesses is stated in Theorem 1.1 in §2.2.1.2. Some basi properties of opulasLet X ∈ R be a random variable [r.v.℄ with (right-ontinuous) distri-bution funtion [d.f.℄ F(x) = P(X ≤ x), for x ∈ R := [−∞;∞℄, and(left-ontinuous) quantile funtion [q.f.℄ Q(t) = inf{x : F(x) ≥ t}, fort ∈ (0; 1). We extend the de�nition of Q(t) to t = 0 and t = 1 by setting
Q(0) = limt↓0 Q(t) and Q(1) = limt↑1 Q(t): (1.3)These funtions ful�ll the reiproal relation (see, e.g., [13, pp. 96{98℄ fordetails)

F(x) = sup{t : Q(t) ≤ x} for Q(0) ≤ x ≤ Q(1): (1.4)



122 P. DEHEUVELSThe quantile transform theorem (see, e.g., [26, Theorem 1, p. 3℄ and [13,Theorem 1.4, pp. 108{109℄) may be stated as follows.Proposition 1.1. We may de�ne X on a probability spae (
;A;P), inombination with a uniformly distributed on (0; 1) random variable U , insuh a way that X = Q(U). Moreover, if F is ontinuous, then we mayset U = F(X) in the previous relation.Proof. For an arbitrary F , the proof of these well-known statements isa bit triky. We give below some details, whih will be used later on inthe setup of opula funtions. Letting U be a uniformly distributed on(0; 1) r.v., we infer �rst from (1:4) the equality of events {U ≤ F(x)} =
{Q(U) ≤ x}, implying that P(Q(U) ≤ x) = F(x) for all x ∈ R. Weso obtain the distributional identity X d= Q(U), allowing us to set (onan appropriate probability spae) X = Q(U). We next introdue theleft-ontinuous version of F , and right-ontinuous version of Q, de�ned,respetively, by

F−(x) := lim"↓0 F(x− ") = P(X < x) for x ∈ R; (1.5)and
Q+(t) := lim"↓0 Q(t+ ") for t ∈ (0; 1): (1.6)We observe that F ; F−; Q, and Q+ are related through the inequalities(see, e.g., [13, p. 98℄)

F−(Q(t)) ≤ t ≤ F(Q(t)) for t ∈ (0; 1); (1.7)and
Q(F(x)) ≤ x ≤ Q+(F(x)) for x ∈ (Q(0);Q(1)): (1.8)When F is ontinuous, we have F− = F , whene, by (1:7), F(Q(t)) = tfor all t ∈ (0; 1). Letting, as above, X = Q(U), and setting t = U inthis last relation, we obtain the equality F(X) = F(Q(U)) = U , whihompletes the proof of Proposition 1.1. �The de�nition of the opula of a random vetor [r.v.℄ in R

d appears asa natural generalization of Proposition 1.1. Consider a multivariate r.v.X = (X(1); : : : ; X(d)) ∈ R
d, with joint d.f.F (x) = F (x1; : : : ; xd) = P(X ≤ x)= P(X(1) ≤ x1; : : : ; X(d) ≤ xd); (1.9)



A MULTIVARIATE BAHADUR{{KIEFER REPRESENTATION 123where, for x = (x1; : : : ; xd) ∈ R
d and y = (y1; : : : ; yd) ∈ R

d, we set x ≤ ywhere xj ≤ yj for j = 1; : : : ; d. For eah j = 1; : : : ; d, denote the jthmarginal (or oordinate) d.f. of X by Gj(x) = P(Xj ≤ x), for x ∈ R,and denote the orresponding (left-ontinuous version of the) q.f. (whosede�nition is extended to [0; 1℄, as in (1:3)), byQj(t) =  inf{x : Gj(x) ≥ t} for t ∈ (0; 1);limu↓0Qj(u) for t = 0;limu↑1Qj(u) for t = 1: (1.10)The following generalization of Proposition 1.1 to arbitrary dimensions,is losely related to the elebrated Sklar theorem (refer to [28. 29℄).Proposition 1.2. We may de�neX = (X(1); : : : ; X(d)) on a probabilityspae (
;A;P), together with a r.v. U = (U(1); : : : ; U(d)) ∈ (0; 1)d, withthe following properties:(i) For eah j = 1; : : : ; d, the jth oordinate U(j) of U is uniformlydistributed on (0; 1).(ii) We haveX = (X(1); : : : ; X(d)) = Q(U) := (Q1(U(1)); : : : ; Qd(U(d))):(iii) When G1; : : : ; Gd are ontinuous, we may set U = G(X) =(G1(X(1)); : : : ; Gd(X(d)) in the previous statements.Here, and elsewhere, we set G(x) = (G1(x1); : : : ; Gd(xd)), for x =(x1; : : : ; xd) ∈ R
d. The d.f's. C(t) = P(U ≤ t) of r.v's. U =(U(1); : : : ; U(d)) ∈ (0; 1)d, ful�lling ondition (i) of Proposition 1.2,namely, with oordinates (or marginals) uniformly distributed on (0; 1),ompose the lass of opula funtions, denoted hereafter by Cop (Rd),whih has been extensively investigated in the literature (see, e.g., [5, 4,22℄ and the referenes therein). When C(t) = P(U ≤ t) is related toX = Q(U) via onditions (i){(ii) of Proposition 1.2, it is alled a opula(or opula funtion) of (or assoiated to) X (or F ). In general, the opulafuntion of a r.v. X ∈ R

d is not unique. SettingC(t)=C(t1; : : : ; td)=P(U ≤ t)=P(U(1)≤ t1; : : : ; U(d) ≤ td); (1.11)for t = (t1; : : : ; td) ∈ R
d, it is readily heked that any opula funtionC(t) = P(U ≤ t) related to X = Q(U) and F (x) = P(X ≤ x), via



124 P. DEHEUVELSonditions (i){(ii) of Proposition 1.2, satis�es, for all x = (x1; : : : ; xd) ∈
R
d, the fundamental identityF (x) = F (x1; : : : ; xd) = C(G(x)) = C(G1(x1); : : : ; Gd(xd)); (1.12)Conversely, for eah opula funtion C ∈ Cop (Rd) ful�lling (1.12),there exists, on a suitable probability spae, a r.v. U ∈ R

d, with d.f.C(t) = P(U ≤ t) ful�lling the onditions of Proposition 1.2. Thus, thefundamental identity (1.12) is neessary and suÆient to haraterize thefat that C ∈ Cop (Rd) is a opula funtion of X. In the literature, (1.12)is often used as a de�nition, in spite of the fat that, for a given r.v. Xwith arbitrary d.f. F (whose knowledge determines G1; : : : ; Gd), the ex-pliit onstrution of C ful�lling (1.12) is not quite obvious (refer to [23,6℄ for details). We note that the original statement of Sklar's theorem, in[28, 29℄ imposed restritions with respet to the full generality of Proposi-tion 1.2. The ideas underlining these results were latent in earlier paperssuh as that of Fre�het (see [16℄), and opula funtions have been alsodisussed in the literature under the name of dependene funtions (see,e.g., [9℄). Various proofs giving expliit onstrutions of opula funtions,assoiated to arbitrary d.f's. F , have been given, in ompletion to Sklar'spioneering work (refer to [7, 17, 24, 27℄ and the referenes therein). In thepartiular ase where the marginal d.f's. G1; : : : ; Gd of F are ontinuous,the onstrution of C is an easy and diret onsequene of the relations(1.14){(1.15), given below.As follows from Proposition 1.2 and the haraterization (1.12) of op-ula funtions of F , we see that the opula funtion C ∈ Cop(Rd) of Fis unique, if and only if the marginal d.f's. G1; : : : ; Gd of F are ontinu-ous. When this ondition holds, (1.7) implies that Gj(Qj(t)) = t for allt ∈ (0; 1), and hene that G(Q(t)) = t for all t ∈ (0; 1)d. This, in om-bination with the relation X = Q(U) in Proposition 1.2 (ii), entails thatwe may de�ne U in this proposition byU = (U(1); : : : ; U(d)) =G(X) = (G1(X(1)); : : : ; Gd(X(d)): (1.13)Assuming, as above, that the marginal d.f's. G1; : : : ; Gd are ontinuous,and setting, in (1:12), xj = Qj(tj) for j = 1; : : : ; d; we obtain the identityC(t) = C∗(t), whereC∗(t) := F (Q(t)) = F (Q1(t1); : : : ; Qd(td)); (1.14)



A MULTIVARIATE BAHADUR{{KIEFER REPRESENTATION 125for t = (t1; : : : ; td) ∈ R
d. In view of (1:13) and (1:14), we see that theassumption that the d.f's. G1; : : : ; Gd are ontinuous, implies further, via(1:11), the identity C(t) = C∗∗(t), whereC∗∗(t) := P(G(X) ≤ t)=P(G1(X(1))≤ t1; : : : ; Gd(X(d))≤ td); (1.15)for t = (t1; : : : ; td) ∈ R
d. It is noteworthy that the funtions C∗(t) =F (Q(t)) in (1:14), and C∗∗(t) = P(G(x) ≤ t) in (1:15), are alwaysuniquely de�ned for eah spei�ed F (orX). On the other hand, neither ofC∗(t) and C∗∗(t) de�nes a opula funtion when at least one among themarginal d.f's. G1; : : : ; Gd of F is disontinuous. We will all C∗(t) (resp.C∗∗(t)), for t ∈ R

d, the pre-opula of �rst (resp. seond) type of X (or F ).To desribe the relations holding between an arbitrary (non neessarilyunique) opula C ∈ Cop(Rd) of X (or F ), and the (unique) pre-opulas,C∗ and C∗∗, of X (or F ), the following notation will be needed. For eahj = 1; : : : ; d, denote by Sj the set of points of left-inrease of Gj , de�nedby
Sj = {x ∈ R : Gj(x− ") < Gj(x) ∀" > 0}: (1.16)It is readily heked that, for j = 1; : : : ; d;Qj((0; 1)) ⊆ Sj ⊆ Qj([0; 1℄): (1.17)We observe that Qj(0) ∈ Sj if and only if Gj(Qj(0)) > 0. Likewise,Qj(1) ∈ Sj if and only if Gj(Qj(1)) < 1. Relation (1:17), in ombinationwith Propositions 1.1 and 1.2 (ii), entails that (with probability 1)X = (X(1); : : : ; X(d)) ∈ S1 × : : :× Sd: (1.18)The losure Sj of Sj in R, oinides with the support supp(Gj) of Gj ,through the equality

Sj = supp(Gj) := {x ∈ R : Gj(x− ") < Gj(x+ ") ∀" > 0}:Making use of (1:8), we see that Qj(Gj(x)) ≤ x for all x ∈ R, the inequal-ity being strit for x ∈ Sj − Sj , andQj(Gj(x)) = x for all x ∈ Sj : (1.19)



126 P. DEHEUVELSProposition 1.3. Let C denote a opula of X ful�lling (1:12). Then, thepre-opulas C∗ and C∗∗ of X de�ned by (1:14) and (1:15), respetively,ful�ll for all x = (x1; : : : ; xd) ∈ S1 × : : :× Sd, the equalitiesF (x) = C(G(x)) = C∗(G(x)) = C∗∗(G(x)); (1.20)Moreover, any opula C̃ ∈ Cop (Rd), oiniding on G(S1 × : : :×Sd) withC∗ and C∗∗, is a opula of X.Proof. By ombining (1:14) with (1:19), we see that for any x =(x1; : : : ; xd) ∈ S1 × : : :× Sd,C∗(G(x)) = F (Q1(G1(x1)); : : : ; Qd(Gd(xd))) = F (x1; : : : ; xd) = F (x):Realling from (1:12) the identity F (x) = C(G(x)), we infer from theabove relations the �rst two equalities in (1:20). In view of the de�nition(1:15) of C∗∗, the remaining part of (1:20) redues to the identity for allx = (x1; : : : ; xd) ∈ S1 × : : :× Sd,
P(X(1) ≤ x1; : : : ; X(d) ≤ xd) = P(G(X(1))

≤ G1(x1); : : : ; G(X(d)) ≤ Gd(xd)):For eah xj ∈ Sj , set x∗j = sup{x : Gj(x) = Gj(xj)}, for j = 1; : : : ; d. Wedeompose {1; : : : ; d} into I = {j ∈ {1; : : : ; d} : Gj(xj) < Gj(x∗j )} andJ = {j ∈ {1; : : : ; d} : Gj(xj) = Gj(x∗j )}. By a permutation of oordinatesof x, we may redue our study to the ase where I = {1; : : : ; q} andJ = {q + 1; : : : ; d}, in whih ase we get
P(X(1) ≤ x1; : : : ; X(d) ≤ xd)= P(X(1) < x∗1; : : : ; X(q) < x∗q ; X(q + 1) ≤ x∗q+1; : : : ; X(d) ≤ x∗d):By ombining this equality with the inlusion of events
{X(1) ≤ x1; : : : ; X(d) ≤ xd}
⊆
{G1(X(1)) ≤ G1(x1); : : : ; Gd(X(d)) ≤ Gd(xd)}

⊆
{X(1) < x∗1; : : : ; X(q) < x∗q ; X(q + 1) ≤ x∗q+1; : : : ; X(d) ≤ x∗d};we onlude that F (x) = P(G(X) ≤ G(x)) = C∗∗(G(x)). This ompletesthe proof of (1:20). �



A MULTIVARIATE BAHADUR{{KIEFER REPRESENTATION 127Proposition 1.4. Let C denote a opula of X ful�lling (1:12). Then, thepre-opulas C∗ and C∗∗ of X de�ned by (1:14) and (1:15), respetively,ful�ll the inequalities C∗∗(t) ≤ C(t) ≤ C∗(t) (1.21)for all t ∈ R
d. Moreover, equality holds in (1:21) whenever the d.f's.G1; : : : ; Gd are ontinuous.Proof. The fat that equality holds in (1:21) when the d.f's. G1; : : : ; Gdare ontinuous has been established in (1:14) and (1:15). The remainderof our proof is obtained through the following arguments. First we inferfrom (1:12) that for all t = (t1; : : : ; td) ∈ R

d,C∗(t) = F (Q(t)) = F (Q1(t1); : : : ; Qd(td))= C(G1(Q1(t1)); : : : ; Gd(Qd(td)):Making use of (1:7), we see that Gj(Qj(tj)) ≥ tj for j = 1; : : : ; d. Thus,in turn, implies that C∗(t) = F (Q(t)) ≥ C(t), whih yields the seondinequality in (1:21). To establish the �rst inequality in (1:21), we observe,via (1:15), thatC∗∗(t) = P(G(X) ≤ t) = P(G1(X(1)) ≤ t1; : : : ; Gd(X(d)) ≤ td)= P(G(Q(U)) ≤ t) = P(G1(Q1(U(1))) ≤ t1; : : : ; Gd(Qd(U(d))) ≤ td):Making use again of (1:7), we see that Gj(Qj(U(j))) ≥ U(j) for j =1; : : : ; d. This, in turn implies that C∗∗(t) = P(G(X) ≤ t) ≤ C(t), assought. �We are now equipped with the methodology allowing us to give a fullharaterization of the empirial opulas (or empirial opula funtions).This is ahieved in Se. 1.3 below.1.3. The empirial opulasLet X ∈ R
d be as in Se. 1.2 and onsider a sequene Xi =(Xi(1); : : : ; Xi(d)), i = 1; 2; : : : of i.i.d. random repli� of X. Throughoutthe sequel, we assume that the marginal distribution funtions G1; : : : ; Gdof X are ontinuous. We infer from the Bonferroni-type inequality
|F (y)− F (x)| ≤ d∑j=1 |Gj(yj)−Gj(xj)| (1.22)



128 P. DEHEUVELSfor x = (x1; : : : ; xd) ∈ R
d and y = (y1; : : : ; yd) ∈ R

d, that the ontinuityof G1; : : : ; Gd implies the ontinuity of F . A simular argument (see, e.g.,[27, (1.5), p. 15℄) shows that, whenever C ∈ Cop (Rd) is a opula funtion,we have
|C(t) − C(s)| ≤ d∑j=1 |tj − sj | (1.23)for all s = (s1; : : : ; sd) ∈ [0; 1℄d and t = (t1; : : : ; td) ∈ [0; 1℄d. Setting 1IAfor the indiator funtion of A, we de�ne for eah n ≥ 1, the empirialounterparts of F , G1; : : : ; Gd, and Q1; : : : ; Qd, respetively, by settingfor j = 1; : : : ; d,Fn(x) = 1n n∑i=1 1I{X≤x} for x ∈ R

d; (1.24)Gn;j(x) = 1n n∑i=1 1I{Xi(j)≤x} = Fn(1; : : : ; x; : : : ; 1) for x ∈ R; (1:25)Qn;j(t) =  inf{x : Gn;j(x) ≥ t} for t ∈ (0; 1);limu↓0Q(u) for t = 0;limu↑1Q(u) for t = 1; (1.26)In view of the haraterization (1:12), we de�ne an empirial op-ula funtion of (or assoiated with) Fn (or, equivalently, assoiated withX1; : : : ;Xn), as any opula Cn ∈ Cop (Rd) (by de�nition, the d.f. of arandom vetor in R
d with uniform marginals on (0; 1)) ful�lling the fun-damental identityFn(x) = Fn(x1; : : : ; xd) = Cn(Gn(x))= Cn(Gn;1(x1); : : : ; Gn;d(xd)); (1.27)where we setGn(x) = (Gn;1(x1); : : : ; Gn;d(xd)) for all x = (x1; : : : ; xd) ∈ R

d:As follows from our disussion in Se. 1.2, sine the d.f's. Gn;1; : : : ; Gn;dare disontinuous, the empirial opula funtion Cn is not unique. In theforthoming Proposition 1.6, we provide a onstrutive haraterization of



A MULTIVARIATE BAHADUR{{KIEFER REPRESENTATION 129all Cn ∈ Cop (Rd) ful�lling (1:27). The following notation will be needed.By ontinuity of G1; : : : ; Gd for eah j = 1; : : : ; d, the order statistisX1;n(j) < : : : < Xn;n(j)of X1(j); : : : ; Xn(j), are distint with probability 1, and we will work,without loss of generality, on the event where this property holds. Theassoiated marginal rank vetorrn(j) = (r1;n(j); : : : ; rn;n(j));is then uniquely de�ned, as a permutation of {1; : : : ; n}, via the equalitiesXi(j) = Xri;n(j);n(j) for i = 1; : : : ; n: (1.28)We keep in mind (see [18, Theorem a, p. 38℄) that, for eah j = 1; : : : ; d,XO;n(j) := (X1;n(j); : : : ; Xn;n(j)) and rn(j) = (r1;n(j); : : : ; rn;n(j)) areindependent, with rn(j) uniformly distributed over the set of all per-mutations of {1; : : : ; n}. The following proposition states a fundamentalproperty of the empirial opula funtions Cn ∈ Cop (Rd) ful�lling (1:27).Denote by ri;n = (ri;n(1); : : : ; ri;n(d)) ∈ {1; : : : ; n}d for i = 1; : : : ; n therank vetor of the ith observation.Proposition 1.5. A opula funtion Cn ∈ Cop (Rd) de�nes via (1:27),an empirial opula funtion assoiated with Fn if and only if for eahinteger vetor k = (k1; : : : ; kd) ∈ {0; : : : ; n}d,Cn(k1n ; : : : ; kdn ) = 1n n∑i=1 1I{ri;n≤k}= 1n n∑i=1 1I{ri;n(1)≤k1;::: ;ri;n(d)≤kd}: (1.29)Proof. We �rst observe that for eah Cn ∈ Cop (Rd), Cn(k1n ; : : : ; kdn ) =0, whenever one among the integers k1; : : : ; kd equals 0. Therefore, (1:29)always holds in this ase and we may limit ourselves to establish (1:29)where (k1; : : : ; kd) ∈ {1; : : : ; n}d. Denote by ⌊u⌋ ≤ u < ⌊u⌋ + 1 (resp.
⌈u⌉ ≥ u > ⌈u⌉ − 1) the lower (resp. upper) integer part of u ∈ R. By(1:25){(1:26),Gn;j(x) =  0 for x < X1;n(j);kn for Xk;n(j) ≤ x < Xk+1;n(j);1 for Xn;n(j) ≤ x;



130 P. DEHEUVELSand Qn;j(t) = { X1;n(j) for t = 0;X⌈nt⌉;n(j) for t ∈ (0; 1℄: (1.31)An appliation of (1:28) and (1:30) shows, in turn, that, for eah j =1; : : : ; d and k = 1; : : : ; n,Gn;j(Xk;n(j)) = kn and Gn;j(Xi(j)) = ri;n(j)n ; (1.32)so thatXi(j) ≤ Xk;n(j) ⇔ Gn;j(Xi(j)) ≤ kn ⇔ ri;n(j) ≤ k: (1.33)By (1:14) and (1:31), C∗n(t) is de�ned for t = (t1; : : : ; td) ∈ [0; 1℄d throughthe identitiesC∗n(t) = C∗n(t1; : : : ; td) = Fn(Qn(t)) = Fn(Qn(t1); : : : ; Qn;d(td))= Fn(Xk1;n(1); : : : ; Xkd;n(d))= 1n n∑i=1 1I{ri;n(1)≤k1;::: ;ri;n(d)≤kd}; (1.34)where Qn(t) := (Qn;1(t1); : : : ; Qn;d(td)) and we set for j = 1; : : : ; d,kj = { ⌈ntj⌉ for tj ∈ (0; 1℄;1 for tj = 0:We note that for t = (t1; : : : ; td) ∈ [0; 1℄d,C∗n(t) ≥ C̃n(t) = C̃n(t1; : : : ; td) := 1n n∑i=1 1I{ri;n(1)≤⌈nt1⌉;::: ;ri;n(d)≤⌈ntd⌉}:Making use of (1:21) and (1:33), we obtain readily that, for all t =(t1; : : : ; td) ∈ [0; 1℄d,C∗∗n (t) = C∗∗n (t1; : : : ; td) = 1n d∑i=1 1I{Gn;1(Xi(1))≤t1;::: ;Gn;d(Xi(d))≤td}= 1n d∑i=1 1I{ri;n(1)≤nt1;::: ;ri;n(d)≤ntd} (1.35)= 1n n∑i=1 1I{ri;n(1)≤⌊nt1⌋;::: ;ri;n(d)≤⌊ntd⌋}:



A MULTIVARIATE BAHADUR{{KIEFER REPRESENTATION 131In view of (1:16) and (1:25) for eah n ≥ 1 and j = 1; : : : ; d, the set Sn;jof points of left-inrease of Gn;j is de�ned by
Sn;j = {x ∈ R : Gn;j(x − ") < Gn;j(x) ∀" > 0}: (1.36)By ombining (1:30) with (1:36), we obtain that

Sn;j = {X1;n(j); : : : ; Xn;n(j)} (1.37)and Gn;j(Sn;j) = {Gn;j(x) : x ∈ Sn;j} = { 1n; : : : ; nn}: (1.38)In view of (1:37) and (1:35), and the fat that a opula funtionC(t1; : : : ; td) equals 0 when one among t1; : : : ; td equals 0, an applia-tion of Propositions 1.3{1.4 shows that for all t = (t1; : : : ; td) ∈ [0; 1℄d,C∗∗(t) = 1n n∑i=1 1I{ri;n(1)≤⌊nt1⌋;::: ;ri;n(d)≤⌊ntd⌋} ≤ Cn(t) (1.39)
≤ C̃n(t) = 1n n∑i=1 1I{ri;n(1)≤⌈nt1⌉;::: ;ri;n(d)≤⌈ntd⌉} ≤ C∗n(t):We onlude therefore (1:29) by an appliation of Proposition 1.3. �The following orollary of Proposition 1.5 states a useful property ofempirial opula funtions.Corollarie 1.1. A opula funtion Cn ∈ Cop (Rd) is an empirial opulafuntion assoiated with the (original) sample X1; : : : ;Xn, if and only ifit is an empirial opula funtion assoiated with the (redued) sampleU1 :=G(X1); : : : ;Un :=G(Xn).Proof. In view of Proposition 1.5, it is enough to hek that the ranksvetors ri;n, i = 1; : : : ; n in (1:29) are not modi�ed by the formal replae-ment of X1; : : : ;Xn by U1; : : : ;Un, whih is straightforward. �The next proposition gives a general onstrution of empirial opulafuntions.



132 P. DEHEUVELSProposition 1.6. Cn ∈ Cop (Rd) is an empirial opula funtion of Fn(or assoiated with X1; : : : ;Xn), if and only if there exists a sequeneD1; : : : ; Dn ∈ Cop (Rd) of opula funtions, suh thatCn(t1; : : : ; td)= 1n n∑i=1Di(nt1 − (ri;n(1)− 1); : : : ; ntd − (ri;n(d) − 1)): (1.40)Proof. Obviously, Cn in (1.40) de�nes a opula funtion. Letting k =(k1; : : : ; kd) ∈ {1; : : : ; n}d and setting in (1.40), tj = kj=n for j =1; : : : ; d; we obtain the equalitiesDi(nt1 − (ri;n(1)− 1); : : : ; ntd − (ri;n(d)− 1))= Di(k1 + 1− ri;n(1); : : : ; kd + 1− ri;n(d))= { 1 if ri;n(j) = kj for j = 1; : : : ; d;0 otherwise:By (1:40), this entails that Cn ful�lls (1:29). By Proposition 1.5, thisin turn, implies that Cn de�nes a opula funtion of Fn. The onverseproperty is obtained by straightforward arguments, whih we omit. �Remark 1.1. 1◦. A possible default hoie for D1; : : : ; Dn in (1:40) isobtained by settingDi(u1; : : : ; ud) = U(u1; : : : ; ud) := u1 : : : ud;for u = (u1; : : : ; ud) ∈ [0; 1℄d and i = 1; : : : ; n.2◦. The notion of empirial opula (or dependene) funtion was intro-dued in [8℄ and further disussed in [9, 13℄ (for related work, see, e.g., [23,24℄).The next two propositions shows that the empirial opula funtionsof a given empirial d.f. Fn vary within a limited range.Proposition 1.7. Let C ′n ∈ Cop (Rd) and C ′′n ∈ Cop (Rd) be any two em-pirial opula funtions assoiated with Fn (or, equivalently,X1; : : : ;Xn).Then, we have supt∈Rd |C ′n(t)− C ′′n(t)| ≤ d− 1nd (1.41)



A MULTIVARIATE BAHADUR{{KIEFER REPRESENTATION 133with equality for appropriate hoies of C ′n ∈ Cop (Rd) and C ′′n ∈Cop (Rd).Proof. Let D(t) ∈ Cop (Rd) for t = (t1; : : : ; td) ∈ R
d, be a opula fun-tion. We have (see [16℄ and, e.g., [27, (1.6), p. 16℄) the Fr�ehet inequalitiesmax{t1 + : : :+ td − d+ 1; 0} ≤ D(t1; : : : ; td) ≤ min{t1; : : : ; td}: (1.42)The upper funtional bound in (1:42), Dmax(t) := min{t1; : : : ; tn} for t =(t1; : : : ; td) ∈ [0; 1℄d, is a opula, whereas the lower funtional bound in(1:42), Dmin(t) := max{t1+ : : :+td−d+1; 0} for t = (t1; : : : ; td) ∈ [0; 1℄d,is a opula for d = 2, but not for d ≥ 3 (see, e.g., [14℄). By (1:42), anypair of opulas D′, D′′ ∈ Cop (Rd), ful�llsupt∈[0;1℄d |D′(t)−D′′(t)| ≤ supt∈[0;1℄d |Dmax(t)−Dmin(t)|: (1.43)The supremum in the right-hand side in (1:43) is reahed for t1 = : : : =td = t and dt− d+ 1 = 0, or, equivalently, for t1 = : : : = td = (d− 1)=d.This implies that supt∈Rd |D′(t)−D′′(t)| ≤ d− 1d : (1.44)It is readily heked that there exists a opula funtion D0 ∈ Cop (Rd)suh that D0(d− 1d ; : : : ; d− 1d ) = 0:Therefore, setting D′ = Dmax and D′′ = D0, we see that the upper boundin (1:44) is reahed. By Proposition 1.6, an arbitrary pair C ′n and C ′′n ofopula funtions of Fn is of the formC ′n(t1; : : : ; td)= 1n n∑i=1 D′i(nt1 − (ri;n(1)− 1); : : : ; ntd − (ri;n(d) − 1)); (1.45)andC ′′n(t1; : : : ; td)= 1n n∑i=1D′′i (nt1 − (ri;n(1)− 1); : : : ; ntd − (ri;n(d) − 1)) (1.46)



134 P. DEHEUVELSfor some D′i ∈ Cop (Rd) and D′′i ∈ Cop (Rd), i = 1; : : : ; n. This, in turn,implies, via (1:44), thatsupt∈Rd |C ′n(t) − C ′′n(t)| ≤ 1n{ max1≤i≤n supt∈Rd |D′i(t)−D′′i (t)|} ≤ d− 1nd ;whih, as sought, beomes an equality when D′i = Dmax and D′′i = D0 fori = 1; : : : ; n. �Proposition 1.8. Let Cn(t) ∈ Cop (Rd) for t ∈ [0; 1℄d, be an arbitraryopula funtion assoiated with Fn, and let C∗n(t) = Fn(Qn(t)) for t ∈[0; 1℄d, be as in (1:34). Then, we havesupt∈[0;1℄d |Cn(t)− C∗n(t)| = 1n: (1.47)Proof. By (1:29) and (1:34), we have for all k = (k1; : : : ; kd) ∈
{1; : : : ; n}d,Cn(k1n ; : : : ; kdn ) = C∗n(k1n ; : : : ; kdn ) = C∗n(t1; : : : ; td)for tj ∈ (kj−1n ; kjn ℄ and j = 1; : : : ; d. This in ombination with (1:40)implies thatsupt∈(0;1℄d |Cn(t)− C∗n(t)|= maxk∈{1;::: ;n}d{ suptj∈( kj−1n ; kjn ]j=1;::: ;d |Cn(t)− C∗n(t)|} = 1n: (1.48)It remains to treat the ase, where t ∈ [0; 1℄d− (0; 1℄d. We limit ourselves,without loss of generality, to t1 = : : : = tq = 0 and tq+1; : : : ; td > 0.Making use of (1:26) we see that

|Cn(t1; : : : ; td)− C∗n(t1; : : : ; td)|= lim"↓0 |Cn(t1 + "; : : : ; tq + "; tq+1; : : : ; td)
− C∗n(t1 + "; : : : ; tq + "; tq+1; : : : ; td)|;whene supt∈[0;1℄d−(0;1℄d |Cn(t)− C∗n(t)| ≤ supt∈(0;1℄d |Cn(t) − C∗n(t)| = 1n: (1.49)We onlude that (1:47) by ombining (1:47) with (1:48). �



A MULTIVARIATE BAHADUR{{KIEFER REPRESENTATION 1351.4. The empirial opula proessWe may now de�ne the empirial opula proess {n(u) : u ∈ [0; 1℄d}by setting n(u) = n1=2(Cn(u) − C(u)) (1.50)for u ∈ [0; 1℄d, where Cn ∈ Cop (Rd) is as in (1:40), an arbitrary opulaof Fn. Sine the opula funtion Cn ∈ Cop (Rd) of Fn is not unique, theempirial proess n is not unique either. It is onvenient to investigateits properties though the modi�ed empirial opula proess, whih is, inturn, uniquely de�ned by∗n(u) = n1=2(C∗n(u)− C(u)) = n1=2(Fn(Qn(u))− C(u)) (1.51)for u ∈ [0; 1℄d, where C∗n(u) = Fn(Qn(u)) is as in (1:34). The follow-ing orollary of Proposition 1.8 shows that for pratial appliations, thedi�erenes between n and ∗n may be negleted.Corollary 1.2. Let {n(u) : u ∈ [0; 1℄d} and {∗n(u) : u ∈ [0; 1℄d} be asabove. We have supu∈[0;1℄d |n(u) − ∗n(u)| = 1√n: (1.52)Proof. Straightforward, by (1:47). �In the next setion, we onsider strong approximations of the empirialopula proess by sequenes of Gaussian proesses. We limit ourselves tothe ase of independent marginals.2. Strong approximations2. Notation and assumptionsThroughout the sequel, we let the notation and assumptions of Se. 1be in fore. We assume further that the r.v. X = (X(1); : : : ; X(d)) hasindependent ontinuous marginal d.f 's. G1; : : : ; Gd. Letting C ∈ Cop (Rd)denote the (unique) opula of X, this last ondition is equivalent toF (x) = F (x1; : : : ; xd) = d∏j=1Gj(xj) andC(u) = C(u1; : : : ; ud) = U(u) := d∏j=1uj (2.1)



136 P. DEHEUVELSfor x = (x1; : : : ; xd) ∈ R
d and u = (u1; : : : ; ud) ∈ [0; 1℄d. Our aim is toprovide a strong approximation of the empirial opula proess {n(u) :u ∈ [0; 1℄d} based upon X1; : : : ;Xn, by a sequene of Gaussian proesses.In view of Corollary 1.1, there is no loss of generality in assuming from thestart thatX = U is a vetor with marginals uniformly distributed on (0; 1)whih, by (2:1), is equivalent to the ondition that X = U is uniformlydistributed on (0; 1)d. We let, therefore, X1 = U1, X2 = U2; : : : be ani.i.d. sequene of uniformly distributed r.v's. on (0; 1)d. The empirialmeasure based upon the �rst n ≥ 1 of these r.v's. is denoted by�n(A) = 1n n∑i=1 1I{Ui∈A}: (2.2)For our needs, it will be suÆient, to let A in (2:2) vary within the set

Rd of retangular subsets of [0; 1℄d, olleting produts I1 × : : : × Id ofsub-intervals of [0; 1℄. We denote by �d(·) the Lebesgue measure on R
d,and onsider the uniform empirial proess indexed by Rd, de�ned by�n(A) = n1=2(�n(A)− �d(A)); (2.3)for A ∈ Rd. It is onvenient to identify t = (t1; : : : ; td) ∈ [0; 1℄d with∏dj=1[0; tj ℄ ∈ Rd, whih allows us to write Un(t) := Fn(t) = �n(t) for theempirial d.f. based upon U1; : : : ;Un. Likewise, we set U(t) = �d(t) =∏dj=1 tj for t = (t1; : : : ; td) ∈ [0; 1℄d, and let�n(t) = n1=2(�n(t)− �d(t)) = n1=2(Un(t)− U(t)) (2.4)for t = (t1; : : : ; td) ∈ [0; 1℄d, denote the usual multivariate uniform em-pirial proess. In view of (1.25){(1.26) for j = 1; : : : ; d, the marginalempirial and quantile proesses of �n(t) are de�ned, respetively, by�n;j(t) = �n(1; : : : ; t; : : : ; 1) = n1=2(Gn;j(t)− t); (2.5)and �n;j(t) = n1=2(Qn;j(t)− t); (2.6)for t ∈ [0; 1℄. It is noteworthy that the empirial proesses �n;1; : : : ; �n;d(resp., �n;1; : : : ; �n;d) are independent. The next fat states the lassial



A MULTIVARIATE BAHADUR{{KIEFER REPRESENTATION 137Bahadur{Kiefer representation (see, e.g., [10, 19℄). For an arbitrary d ≥ 1,we denote the sup-norm of a bounded funtion  (·) on [0; 1℄d by
‖ ‖ = supt∈[0;1℄d | (t)|:Fat 1. We have for j = 1; : : : ; d with probability 1,lim supn→∞

n1=4(log n)−1=2(loglogn)−1=4‖�n;j + �n;j‖ = 2−1=4: (2.7)To de�ne the Gaussian approximations of n, we start with a multi-variate Wiener proess {W(t) : t ∈ R
d+} on R

d+, where R+ := [0;∞). Thisproess has ontinuous sample paths and ful�lls
E(W(t)) = 0 and E(W(s)W(t)) = d∏j=1(sj ∧ tj) (2.8)for s = (s1; : : : ; sd) ∈ R

d+ and t = (t1; : : : ; td) ∈ R
d+. A multivariateBrownian bridge on [0; 1℄d is de�ned, in terms of W, by settingB(t) =W(t)− { d∏j=1 tj}W(1) =W(t)− U(t)W(1) (2.9)for t = (t1; : : : ; td) ∈ [0; 1℄d, and 1 := (1; : : : ; 1). This proess has ontin-uous sample paths and ful�lls

E(B(t)) = 0 and E(B(s)B(t)) = d∏j=1(sj ∧ tj)− d∏j=1 sjtj (2.10)for s = (s1; : : : ; sd) ∈ R
d+ and t = (t1; : : : ; td) ∈ R

d+. When W(·) andB(·) are as in (2:11), B(·) in (2:8) and W (1) d= N(0; 1) are independent.Thus, if Z d= N(0; 1) is independent of B(·), we have the distributionalidentity {B(t) + ZU(t) : t ∈ [0; 1℄d} d= {W(t) : t ∈ [0; 1℄d}. Here andelsewhere, we denote by \ d=" equality in distribution, and set N(0; 1) forthe entered normal law with unit variane. The opula Brownian bridge(see, e.g., (2:16) in [11℄) is, in turn, de�ned byBC(t) = B(t)− d∑k=1{ d∏j=1j 6=k tj}B(1; : : : ; tk; : : : ; 1): (2.11)



138 P. DEHEUVELS2.2. Main resultsOur approximations will be based on the following fat, whih ombinesresults of [1, 2℄, and [21℄.Fat 2. On a suitable probability spae (
;A;P), it is possible to de�neU1;U2; : : : , together with a sequene Wn(·), n = 1; 2; : : : ; of Wienerproesses on R
d+, in suh a way that, almost surely as n→ ∞,

‖�n −Bn‖ = O( (logn)3=2n1=(2d) ); (2.12)where Bn(t) = Wn(t) − U(t)Wn(1) for t ∈ [0; 1℄d. In addition, whend = 2, we may hoose (
;A;P) in suh a way that
‖�n −Bn‖ = O( (logn)2n1=2 ): (2.13)In view of the de�nition (1:34) of C∗n(u) = Un(Qn(t)) = Fn(Qn(t)), astraightforward onsequene of (2:12) is that, on the probability spae ofFat 2, almost surely as n→ ∞,supt∈[0;1℄d |n1=2{C∗n(t)− U(Qn(t)} −Bn(Qn(t))| (2.14)= supt∈[0;1℄d |�n(Qn(t))−Bn(Qn(t))| = O( (logn)3=2n1=(2d) ) for d ≥ 3;O( (logn)2n1=2 ) for d = 2:We note thatQn(t) = (t1 + n−1=2�n;1(t1); : : : ; td + n−1=2�n;d(td));where �n;j(t) = n1=2(Qn;j(t) − t) for t ∈ [0; 1℄, denotes the jth marginalquantile proess. An appliation of the Chung law of the iterated logarithm(see, e.g., [3℄) show that, for eah j = 1; : : : ; d almost surely,lim supn→∞

{(loglogn)−1=2 sup0≤t≤1 |�n;j(t)|} = 2−1=2: (2.15)



A MULTIVARIATE BAHADUR{{KIEFER REPRESENTATION 139Consider now the modulus of ontinuity of �n (see, e.g., [30, p. 364℄)de�ned by!n(h) = sup{|�(A)| : A = d∏j=1 Ij ∈ Rdwith |Ij | ≤ hj ; ∀ j = 1; : : : ; d}; (2.16)where |I | = �1(I) denotes Lebesgue measure of I ⊆ R, and h =(h1; : : : ; hd) ∈ R
d+. Seth∗n = (h∗n; : : : ; h∗n); where h∗n = (logn)2=dn1=d :As follows from (2:15), we have, almost surely for all j = 1; : : : ; d ≥ 2 andall large n sup0≤t≤1 |n−1=2�n;j(t)| ≤ (loglogn)1=2n1=2 ≤ h∗n;and hene, supt∈[0;1℄d |�n(Qn(t)) −�n(t)| ≤ !n(h∗n): (2.17)The following result is a partiular ase in [30, Theorem 2.1, p. 367℄.Fat 3. Assume that hn > 0 is a sequene of onstants ful�llinghn ↓ 0; nhdn ↑ ∞; nhdnlogn → ∞; log(1=hn)loglogn → ∞: (2.18)Then, we have, almost surely,limn→∞

!n(hn; : : : ; hn)√2hdn log(1=hdn) = 1: (2.19)Lemma 2.1. On the probability spae of Fat 2, we have, almost surelyas n→ ∞ supt∈[0;1℄d ∣∣n1=2{C∗n(t) − U(Qn(t)} −Bn(t)∣∣= O( (logn)3=2n1=(2d) ) for d ≥ 3;O( (logn)2n1=2 ) for d = 2: (2.20)



140 P. DEHEUVELSProof. We have the hain of inequalitiessupt∈[0;1℄d |n1=2{C∗n(t)− U(Qn(t)} −Bn(t)|= supt∈[0;1℄d |�n(Qn(t)) −Bn(t)|
≤ supt∈[0;1℄d |�n(Qn(t)) −�n(t)|+ supt∈[0;1℄d |�n(t)−Bn(t)|
≤!n(h∗n) + supt∈[0;1℄d |�n(t)−Bn(t)|:By ombining (2:17) with (2:19), we obtain that, amost surely as n→ ∞,!n(h∗n) = O( (log n)3=2n1=2 ): (2.21)This, when ombined with (2:12) yields (2:20). �prolaimLemma 2.2 We have, almost surely,supt∈[0;1℄d ∣∣∣n1=2{U(Qn(t))− U(t)} − d∑k=1{ d∏j=1j 6=k tj}�n;j(tj)∣∣∣= O( loglognn1=2 ): (2.22)Proof. We have

U(Qn(t))− U(t) = d∏j=1 (tj + �n;j(tj)n1=2 )
−

d∏j=1 tj ;so that (2:22) is a straightforward onsequene of (2:15). �We may now state our strong approximation theorem as follows.Theorem 2.1. On suitable probability spae, we may de�ne the empir-ial opula proess {n(u) : u ∈ [0; 1℄d} in ombination with a sequene
{Bn;C(u) : u ∈ [0; 1℄d}, n = 1; 2; : : : ; of opula Brownian bridges, in suha way that, almost surely as n→ ∞supu∈[0;1℄d |n(u)−Bn;C(u)| = O( (logn)2=dn1=d ): (2.23)



A MULTIVARIATE BAHADUR{{KIEFER REPRESENTATION 141In addition, when d = 2, we may onstrut the above proesses in suh away that, almost surely,lim supn→∞
n1=4(logn)−1=2(loglogn)−1=4{ supu∈[0;1℄2 |n(u)−Bn;C(u)|}= 2−1=23−3=255=4: (2.24)Proof. On the probability spae of Fat 2, we de�ne a sequene of opulaBrownian bridges by setting, for n = 1; 2; : : : ; and t ∈ [0; 1℄d,Bn;C(t) = Bn(t)− d∑k=1{ d∏j=1j 6=k tj}Bn(1; : : : ; tk; : : : ; 1):Set likewise�n;C(t) = �n(t)− d∑k=1{ d∏j=1j 6=k tj}�n(1; : : : ; tk; : : : ; 1)= �n(t)− d∑k=1{ d∏j=1j 6=k tj}�n;k(tk);where we have used the observation that, for eah k = 1; : : : ; d, �n;k(tk) =�n(1; : : : ; tk; : : : ; 1). An appliation of the triangle inequality shows, inturn, thatsupt∈[0;1℄d |�n;C(u)−Bn;C(u)| ≤ (d+ 1) supt∈[0;1℄d |�n(t)−Bn(t)|: (2.25)Reall from (1.50){(1.51) that, under (2.1) for t ∈ [0; 1℄d,n(t) = n1=2(Cn(t)− U(t)) and ∗n(t) = n1=2(Un(Qn(t))− U(t)):We make use of (1.50){(1.52), in ombination with (2.17), (2.21), (2.22)



142 P. DEHEUVELSand the triangle inequality, to writesupu∈[0;1℄2 |n(u)−Bn;C(u)| ≤ supu∈[0;1℄2 |n(u)− ∗n(u)|+ supu∈[0;1℄2 |∗n(u)−Bn;C(u)| ≤ 1√n + supu∈[0;1℄2 |∗n(u)−Bn;C(u)|= 1√n + supu∈[0;1℄2 |�n(Qn(u))−�n(u) + n1=2(U(Qn(t)) − U(t))+�n(u)−Bn;C(u)| = O( (logn)3=2n1=2 )+ supu∈[0;1℄2 ∣∣∣ d∑k=1{ d∏j=1j 6=k tj}{�n;k(tk) + �n;k(tk)}+�n;C(u)−Bn;C(u)∣∣∣:This, when ombined with (2:25) and (1:2), ompletes the proof of Theo-rem 2. �Remark 2.1. 1◦. It would be enough to replae the almost sure approx-imation rate in (2:12) by
‖�n −Bn‖ = o( (log n)1=2(loglogn)1=4n1=4 ); (2.26)to allow us to replae (2:23) bylim supn→∞

n1=4(logn)−1=2(loglogn)−1=4{ supu∈[0;1℄d |n(u)−Bn;C(u)|}= 2− 14 d 34{ (d− 34 )d− 34(d− 12 )d− 12 }: (2.27)Unfortunately, to our best knowledge, a result suh as (2:26) is notpresently available in the literature, exept for d = 2.2◦. The results of Theorems 2.1 and 1.1 show that, through the presentmethodology, the best possible rate of uniform approximation of theempirial opula proess by a sequene of opula Brownian bridges isgoverned by the O(n−1=4(logn)1=2(loglogn)1=4) almost sure rate of theBahadur{Kiefer representation. This was observed by Stute, as early as1984 [30, (4.2)℄.



A MULTIVARIATE BAHADUR{{KIEFER REPRESENTATION 1432.3. Proof of Theorem 1.1Set an = n1=4(logn)−1=2(loglogn)−1=4. In this subsetion, we providea proof of Theorem 1.1, by showing that, almost surely as n→ ∞,lim supn→∞

{an supt∈[0;1℄d ∣∣∣ d∑k=1{ d∏j=1j 6=k tj}{�n;j(tj) + �n;j(tj)}∣∣∣}= 2− 14 d 34{ (d− 34 )d− 34(d− 12 )d− 12 }: (2.28)Towards proving (2.28), we proeed as in (1:6) of [25℄, by showing that,for eah j = 1; : : : ; d,sup0≤t≤1 |Gn;j(Qn;j(t))−t| = sup0≤t≤1 |Gn;j(Qn;j(t))−Qn;j(t)+Qn;j(t)−t| = 1n;whih, in turn, implies, via (2.5), (2.6), thatsup0≤t≤1 |�n;j(Qn;j(t)) + �n;j(t)| = sup0≤t≤1 ∣∣∣�n;j(t+ �n;j(t)n1=2 )+ �n;j(t)∣∣∣ = 1n:A routine appliation of Fat 3 show, in turn, that, almost surely as n→
∞, sup0≤t≤1 ∣∣∣�n;j(t+ �n;j(t)n1=2 )− �n;j(t− �n;j(t)n1=2 )∣∣∣= O(n− 38 (logn) 34 (loglogn) 18):By ombining these results, we onlude that, almost surely,

L := lim supn→∞

{an supt∈[0;1℄d ∣∣∣ d∑k=1{ d∏j=1j 6=k tj}{�n;j(tj) + �n;j(tj)}∣∣∣} (2.29)= lim supn→∞

{an supt∈[0;1℄d ∣∣∣ d∑k=1{ d∏j=1j 6=k tj}{�n;j(tj)− �n;j(tj − �n;j(tj)n1=2 )}∣∣∣
}:



144 P. DEHEUVELSTo evaluate (2:29), we �rst provide a funtional law of the iterated log-arithm [FLIL℄ for the sequene Sn(t) := (�n;1(t); : : : ; �n;d(t)) ∈ R
d,n = 1; 2; : : : ; of random funtions of t ∈ [0; 1℄. For d = 1, the resultredues to the Finkelstein FLIL (see, e.g., [15℄), whih shows that, foreah j = 1; : : : ; d, the sequene {(2 loglogn)−1=2�n;j : n ≥ 3} is almostsurely relatively ompat in the set B[0; 1℄ of bounded funtions on [0; 1℄,endowed with the uniform topology. The limit set F1 onsists of all abso-lutely ontinuous funtions f on [0; 1℄, of the formf(t)= t∫0 '(u)du for t∈ [0; 1℄ with 1∫0 '(u)du=0 and 1∫0 '2(u)du≤1:The Finkelstein FLIL is implied by the general results of [20℄, whih showreaditly that, for eah set of onstants  = (1; : : : ; d) with ∑dj=1 2j ,the sequene {(2 loglogn)−1=2′Sn : n ≥ 3} is almost surely relativelyompat in B[0; 1℄ with limit set equal to F . We use here the notation u′vto denote the usual Eulidian produt of u;v ∈ R

d. Given this property,the projetion argument in [15℄ may be used to obtain, via an indutionon d = 1; 2; : : : the following lemma.Lemma 2.3. The sequene {(2n loglogn)−1=2Sn : n ≥ 3} is almost surelyrelatively ompat in B[0; 1℄d with limit set equal to
Fd = {(f1; : : : ; fd) : fj(t) = t∫0 'j(u)du for t ∈ [0; 1℄; with1∫0 'j(u)du=0 for j=1; : : : ; d and d∑j=1 1∫0 '2j (u)du≤1}: (2.30)Proof. The routine details are omitted. �As an appliation of Lemma 2.3, we obtain that, for eah hoie oft1; : : : ; td ∈ (0; 1), the sequene(2 loglogn)−1=2( �n;1(t1)√t1(1− t1) ; : : : ; �n;d(td)√td(1− td)); n ≥ 3;
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d, with limit set equal to theunit ball {u ∈ R

d : u′u ≤ 1}. In view of these fats, we reopy, line byline, the elegant argument of Shorak (see, e.g., [25℄) to onlude that theonstant L in (2.29) is, almost surely, equal to 21=4M, where M denotesthe supremum of the funtion of t1; : : : ; td ∈ (0; 1) and �1; : : : ; �d ≥ 0,de�ned by	(t1; : : : ; td;�1; : : : ; �d) = d∑k=1{ d∏j=1j 6=k tj}{�jtj(1− tj)}1=4= t1; : : : ; td d∑j=1 �1=4j  (tj);where  (t) := t−3=4(1− t)1=4, subjet to the onstraintd∑j=1 �j = 1: (2.31)By introduing a Lagrange multiplier , the problem redues to the max-imization of	∗ = 	∗(t1; : : : ; td;�1; : : : ; �d; ) := t1; : : : ; td d∑j=1 �1=4j  (tj)+ { d∑j=1 �j − 1}:The extrema of 	∗ are reahed when t1; : : : ; td and �1; : : : ; �d are suhthat, for j = 1; : : : ; d,�L��j = t1 : : : td{14�−3=4j  (tj)}−  = 0;and �L�tj = t1; : : : ; td{ 1tj d∑j=1 �1=4j  (tj) + �1=4j  ′(tj)} = 0;



146 P. DEHEUVELSThis implies that �−3=4j  (tj) is independent of j = 1; : : : ; d, and, like-wise, that �1=4j tj ′(tj) is independent of j = 1; : : : ; d. This entails thattj ′(tj) 1=3(tj) is independent of j = 1; : : : ; d, and hene, that t1 = : : : =td, and �1 = : : : = �d. By (2:31), we see that �1 = : : : = �d = 1=d. Setting	∗∗(t) = 	(t; : : : ; t; 1=d; : : : ; 1=d), we onlude that M is the supremumover t ∈ (0; 1) of 	∗∗(t) = d1− 14 td− 34 (1− t) 14 :A routine argument yields
M = sup0<t<1	∗∗(t) = 	(d− 34d− 12 ) = d 34

√2 (d− 34 )d− 34(d− 12 )d− 12where (2:28) is straightforward. This ompletes the proof of Theorem 1.1.
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