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t. The m-spa
ing method is a very popular statisti
al tool inentropy estimation and in goodness of �t testing. In this text, we fo
uson the 
ase, where the underlying probability density may have an un-bounded support or may vanish and show that under mild 
onditions them-spa
ing entropy estimators have standard Gaussian limits.1. Introdu
tionSuppose we are given a random ve
tor Xn = (X1; : : : ; Xn)T whose
omponents are i.i.d. random variables with an unknown probability den-sity p(x), x ∈ R1. Our goal is to estimate the entropyH(p) = −
∞∫

−∞

log[p(x)℄p(x) dx (1)with the help ofXn. This statisti
al problem 
an be viewed as a parti
ular
ase of the general theory of nonlinear fun
tional estimation developed in[11, 12, 7{9℄. However, the entropy is a very spe
i�
 fun
tional enablingto 
onstru
t its nontrivial estimators and the study of these estimators isthe main theme of the present paper.Undoubtedly, prin
ipal diÆ
ulties in entropy estimation result fromtwo obvious fa
ts:
• H(p) is the nonlinear fun
tional of p;
• log[p(x)℄ → −∞ as p(x) → 0.Indeed, if our target fun
tional would be linear, for instan
e,L(p) = ∞∫

−∞

l(x)p(x) dx;151
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ould use the standard Æ-method providing the following estimateL(Xn) = L(p̂); with p̂(x;Xn) = 1n n∑i=1 Æ(x−Xi);where Æ(x) is the standard Dira
 Æ-fun
tion. Sin
eL(Xn) = 1n n∑i=1 l(Xi);statisti
al analysis of this estimate is simple be
ause it is related to thestandard probabilisti
 fa
ts like the law of large numbers and the 
entrallimit theorem (for mathemati
al details 
on
erning the Æ -method we referinterested readers to [15℄).Although, the naive idea to plug-in p̂(x;Xn) in H(p) obviously fails,but it prompts a stru
ture of reasonable entropy estimatorsĤ(Xn) = − 1n n∑i=1 log[p̃(Xi;Xn)℄;where p̃(Xi;Xn) is a probability density estimator. This idea redu
es en-tropy estimation to re
overing probability density. Intuitively, it is 
learthat the popular plug-in prin
iple saying that good density estimatorsresult in good nonlinear fun
tional estimators, does not work in this sit-uation. This phenomenon admits a simple explanation be
ause Ĥ(Xn)is based on the averaging with respe
t to the empiri
al measure. So, it�nds out that the varian
e of the density estimator is not determinativebe
ause of the averaging, but its bias is really important. Therefore to
onstru
t good entropy estimators, we need density estimators with �nitevarian
es but very small biases.Su
h density estimators 
an be obtained by numeri
al di�erentiationof the empiri
al distribution fun
tionFn(x) = 1n n∑i=1 1{Xi 6 x}:For instan
e, we 
an use the following density estimatorp̂1(X(i);Xn) = Fn[X(i+1)℄− Fn[X(i)℄X(i+1) −X(i) = 1n[X(i+1) −X(i)℄ ;



ON ENTROPY ESTIMATION BY m{SPACING METHOD 153where X(1) 6 · · · 6 X(n) stands the nonde
reasing permutation ofX1; : : : ; Xn. This estimator admits a natural generalizationp̂m(X(i);Xn) = Fn[X(i+m)℄− Fn[X(i)℄X(i+m) −X(i) = mn[X(i+m) −X(i)℄ ;whi
h is 
alled m-spa
ing density estimator. With this density estimatorwe arrive at the so-
alled m-spa
ing entropy estimatorĤm(Xn) = 1n n−m∑i=1 log n[X(i+m) −X(i)℄m : (2)The idea of this estimator goes ba
k to [4℄. We also refer interested readersto the paper [5℄ whi
h 
ontains a rea
h bibliography on spa
ings. Noti
ealso that a slightly modi�ed version of this estimator provides powerfulmethods for testing True Random Numbers Generators [6℄.In spite of the simpli
ity of Ĥm(Xn), its statisti
al analysis is not banal.In this paper, we use the famous Pyke theorem [13℄ to 
ompute statisti
al
hara
teristi
s of this estimator.Theorem 1. Let U1; : : : ; Un be independent random variables uniformlydistributed on [0; 1℄ and e1; : : : ; en+1 be independent exponentially dis-tributed random variables P{ei > x} = exp(−x). ThenU(k) D= k∑i=1 ei/ n+1∑i=1 ei: (3)Let us look at heuristi
ally how does this theorem work. Denote byF (x) the distribution fun
tion of Xi. To 
ompute the limit distributionof Ĥm(Xn), note that F (X(i)) = U(i)and therefore we 
an writeU(i+m) − U(i) = F (X(i+m))− F (X(i))= p(X(i))[X(i+m) −X(i)℄× F (X(i+m))− F (X(i))p(X(i))[X(i+m) −X(i)℄ :Thus we haveX(i+m) −X(i) = U(i+m) − U(i)p(X(i)) × p(X(i))[X(i+m) −X(i)℄F (X(i+m))− F (X(i))



154 F. EL HAJE HUSSEIN, YU. GOLUBEVand substituting this in (2) and using Pyke's theorem, we obtainĤm(Xn) =− 1n n−m∑i=1 log[p(X(i))℄ + 1n n−m∑i=1 log[ 1m i+m−1∑k=i ek]
−

(1− mn ) log[ 1n n+1∑k=1 ek]+ �n√n; (4)where �n = 1√n n−m∑i=1 log F [X(i+m)℄− F [X(i)℄p(X(i))[X(i+m) −X(i)℄ :Statisti
al properties of the �rst term at the right-hand side of (4)
an be easily analyzed by standard probabilisti
 methods. Indeed, by the
entral limit theorem,
√n[

− 1n n−m∑i=1 log[p(X(i))℄−H(p)]
≈ − 1√n n∑i=1{log[p(Xi)℄ +H(p)} D→ N (0; �2(p)); (5)where �2(p) = ∞∫

−∞

log2(p(x))p(x) dx −H2(p):Next note that the se
ond and the third terms in (4) do not depend onp(·). It is easy to see, using the Taylor formula, thatE log[ 1n n+1∑k=1 ek] = O( 1n)and E 1n n−m∑i=1 log[ 1m i+m−1∑k=i ek] = 	(m)− log(m) +O( 1n);where 	(m) is digamma fun
tion	(m) = E log[ m∑k=1 ek] = 1�(m) ∞∫0 log(x)xm−1 exp(−x) dx = �′(m)�(m) :



ON ENTROPY ESTIMATION BY m{SPACING METHOD 155Note also that, by the Taylor formula,
√n log[ 1n n+1∑k=1 ek] ≈ 1√n n∑i=1(ei − 1) D→ N (0; 1):To analyze the se
ond term at the right-hand side of (4), we de
omposeit as follows1√n n−m∑i=1 { log[i+m−1∑k=i ek] −	(m)}= 1√m m∑l=1 1√n=m n=m∑s=0{ log[l+(m+1)s−1∑k=l+ms ek] −	(m)}:By the 
entral limit theorem,1√n=m n=m∑s=0{ log[l+(m+1)s−1∑k=l+ms ek] −	(m)} D→ N (0;�2(m));where�2(m) = 1�(m) ∞∫0 log2(x)xm−1 exp(−x) dx = �′′(m)�(m) −	2(m) = 	′(m):and therefore the third term at (4) has also a Gaussian limit. The 
al
u-lation of the varian
e of this Gaussian low is not very easy and we referthe interested reader to [3℄, where it was proved that1√n n−m∑i=1 {log[i+m−1∑k=i ek]−	(m)}−

(1−mn )√n log[ 1n n+1∑k=1 ek] D→N (0;�2);(6)where �2 = (2m2 − 2m+ 1)	′(m)− 2m+ 1:Therefore 
ombining (6) and (5), we 
an hope that √n[Ĥm(Xn) −H(p) − 	(m) + log(m)℄ 
onverges in distribution to N (0; �2(p) + �2) asn → ∞. To prove this fa
t it remains to 
he
k that
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• the remainder term �n is small, i.e., limn→∞

E�2n = 0;
• the �rst term in (4) is weakly 
orrelated with the others.All these fa
ts 
an be easily proved if we suppose the density p(·) has a
ompa
t support and stri
tly bounded from zero over its support (see [1,2℄), and the derivative p′(x) is bounded over the support. For instan
e, toprove the �rst assertion, we obtain by the Taylor formulaF [X(i+m)℄− F [X(i)℄p(X(i))[X(i+m) −X(i)℄ = 1 + p′(�i)2p(X(i)) [X(i+m) −X(i)℄;where �i belongs to [X(i); X(i+m)℄. Thus, we have using that log(1+x) 6 x,x > 0,�n 6

1√n n−m∑i=1 log[1 + C(X(i+m) −X(i))℄
6

C√n n−m∑i=1 [(X(i+m) −X(i))℄ 6
Cm√n : (7)Here and later, on C denotes a generi
 
onstant. To bound �n from below,noti
e by the Taylor formula�n >

1√n n−m∑i=1 log[1− C(X(i+m) −X(i))℄
> − 1√n n−m∑i=1 C[X(i+m) −X(i)℄1− C[X(i+m) −X(i)℄
> − Cm√n{1− Cmaxi[X(i+m) −X(i)℄} :Next, sin
e p(x) is assumed to be stri
tly bounded from zero, we haveU(i+m) − U(i) = F [X(i+m)℄− F [X(i)℄= p(�i)[X(i+m) −X(i)℄ > C[X(i+m) −X(i)℄;and therefore obviouslyX(i+m) −X(i) 6 C[U(i+m) − U(i)℄ 6 Cmmaxi [U(i+1) − U(i)℄:



ON ENTROPY ESTIMATION BY m{SPACING METHOD 157Thus, using Pyke's theorem, we get for some C > 0P{�n 6 −2Cm√n }
6 P{maxi [U(i+1) − U(i)℄ >

12C}
6 n exp[

−n=(2C)]:Combining this with (7), we see that with a high probability �n 6 Cm=√n.Obviously, these arguments fail when the density p(x) has an un-bounded support or vanishes. However, in spite of the fa
t that unboundedsupport densities are widely used in statisti
al pra
ti
e, there are only afew papers dealing with this 
ase. We mention here for instan
e [10℄ and[14℄, where the standard entropy estimator was modi�ed to deal withvanishing densities.The main goal in this paper it to demonstrate that the standard entropyestimator has the same Gaussian limit for vanishing probability densitiesas well.2. Root n 
onsisten
y of the m-spa
ing entropy estimatorFor a given sequen
e r(n) > 1 de�ne the family of balls in R1 by
Bnr (x) = {y : |F (x)− F (y)| 6

r(n)n }:Denote also Dnr (x) = supy∈Bnr (x){p′2(y)p2(y) + |p′′(y)|p(y) }: (8)If the se
ond derivative of p(x) does not exist, then we set Dnr (x) = ∞.Let
Qnr;R = {x : p(x) >

√Dnr (x)R(n)n }; (9)where R(n) > r(n) is a given sequen
e.The main statisti
al fa
t in this se
tion is provided by the followinglemma.Lemma 1. Let r(n) = 5 log(n) and R(n) > 7r(n). Assume that
• the number of 
onne
ted 
omponents of Qnr;R is bounded uniformlyin n;
• for some " > 0,E|X1 −X2|±" < C; Ep±�(X1) < C; (10)



158 F. EL HAJE HUSSEIN, YU. GOLUBEVthenE�2n 6 C log(n)√n ∫x=∈Qnr;R p(x) dx+ C log(n)n3=2 ∫x∈Qnr;R Dnr (x)p(x) dx+ C log(n)√n : (11)The root-n 
onsisten
y the m - spa
ing entropy estimator follows nowimmediately from Lemma 1.Theorem 2. Suppose that the 
onditions of Lemma 1 hold true. Assumealso thatlim supn→∞

[log(n)√n ∫x=∈Qnr;R p(x) dx + log(n)n3=2 ∫x∈Qnr;R Dnr (x)p(x) dx] = 0: (12)Then lim supn→∞
nE[Ĥm(Xn)−H(p)−	(m) + log(m)]2 6 C:2.1. Auxiliary lemmasLemma 2. Assume that R(n) > 7r(n) and x ∈ Qnr;R. Then for any�1; �2 ∈ Bnr (x) ∣∣∣∣

p(�1)p(�2) − 1∣∣∣∣ < 14 :Proof. Denote �d = sup�1;�2∈Bnr (x) p(�1)p(�2) :With the help of the Taylor expansion we get for some �3; �4 ∈ Bnr (x)p(�1)p(�2) − 1 = p(�1)− p(�2)p(�2) = p′(�3)(�1 − �2)p(�2) = p′(�3)[F (�1)− F (�2)℄p(�2)p(�4)= 1p(x) p′(�3)p(�3) [F (�1)− F (�2)℄ p(�3)p(x)p(�2)p(�4) : (13)Next we use that p′(�3)p(�3) 6
√Dnr (x); p(�3)p(x)p(�2)p(�4) 6 �d2



ON ENTROPY ESTIMATION BY m{SPACING METHOD 159and therefore, in view of (9),�d− 1 6 �d2 r(n)R(n) :It is easy to 
he
k with a simple algebra that�d 6
R(n)2r(n) − √ R2(n)4r2(n) − R(n)r(n) = 2/(1 +√1− 4r(n)R(n) )and therefore �d 6 1 + 0:21, when r(n)=R(n) 6 1=7.Similar arguments 
an be used to get the lower bound ford = inf�1;�2∈Bnr (x) p(�1)p(�2) :By (13), we obviously obtaind− 1 > − �d2 r(n)R(n) = 1− �d;thus proving the lemma. �Our prin
ipal idea to 
ontrol the remainder term is related toLemma 3. Assume that R(n) > 7r(n), then for any x ∈ Qnr;R and anyy ∈ Bnr (x)

∣∣∣∣2 log F (y)− F (x)p(x)(y − x) − log p(y)p(x) ∣∣∣∣ 6 C[F (x) − F (y)℄2Dnr (x)p2(x) : (14)Proof. It is based on the well-known formulaF (y)− F (x) = y∫x p(u) du = p(y) + p(x)2 (y − x)− p′′(�)12 (y − x)3;where � ∈ [x; y℄. Therefore we obviously obtain for some �1 ∈ [x; y℄
[F (y)− F (x)p(x)(y − x) ]2 = [1 + p(y)− p(x)2p(x) − p′′(�)12p(x) (y − x)2]2= 1 + p(y)− p(x)p(x) − p′′(�)6p(x) (y − x)2 + p′2(�1)4p2(x) (y − x)2+ [ p′′(�)12p(x) (y − x)2]2 − p′(�1)p′′(�)12p2(x) (x− y)3: (15)



160 F. EL HAJE HUSSEIN, YU. GOLUBEVThe last term at the right-hand side 
an be 
ontrolled with the help ofab 6 a2=2 + b2=2 as follows
|p′(�1)||p′′(�)|12p2(x) (x− y)3 6

p′2(�1)8p2(x) (y − x)2 + 172[p′′(�)p(x) (y − x)2]2:Therefore substituting this in (15) and using that F (y)−F (x) = p(�3)(y−x), for some �3 ∈ [x; y℄, we get
∣∣∣∣
[F (y)− F (x)p(x)(y − x) ]2

− p(y)p(x) ∣∣∣∣
6

[F (x)− F (y)℄2p2(x) { |p′′(�)|p(x)4p2(�3) + p′2(�1)2p2(�3)} (16)provided that
[F (x) − F (y)℄2 |p′′(�)|p(x)p2(�3) 6 1: (17)To �nish the proof, noti
e that by the Taylor formula

∣∣∣∣log[F (y)− F (x)p(x)(y − x) ]2
− log p(y)p(x) ∣∣∣∣ = ∣∣∣∣log p(x)p(y)[F (y)− F (x)p(x)(y − x) ]2∣∣∣∣= ∣∣∣∣log{1 + p(x)p(y)[[F (y)− F (x)p(x)(y − x) ]2

− p(y)p(x)]}∣∣∣∣

6 4p(x)p(y)[[F (y)− F (x)p(x)(y − x) ]2
− p(y)p(x)] (18)if p(x)p(y) ∣∣∣∣[F (y)− F (x)p(x)(y − x) ]2

− p(y)p(x) ∣∣∣∣ 6
34 :In view of (17), the last display is equivalent to the following onep(x)p(y) [F (x) − F (y)℄2p2(x) { |p′′(�)|p(x)4p2(�3) + p′2(�1)2p2(�3)} 6

34 (19)and therefore it remains to 
he
k 
onditions (17) and (19). To do that,noti
e that by Lemma 2, for all �1; �2 ∈ Bnr (x)p(�1)p(�2) < 54 : (20)
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[F (x)− F (y)℄2 |p′′(�)|p(x)p2(�3) = p(x)p(�)p2(�3) [F (x) − F (y)℄2p2(x) |p′′(�)|p(�)

6
2516 r2(n)n2 Dnr (x)p2(x) 6

2516 r2(n)R2(n) : (21)Thus (17) holds for all R(n) >
√2r(n).To analyze (19) we use the same arguments. We have by (20)p(x)p(y) [F (x)− F (y)℄2p2(x) { |p′′(�)|p(x)4p2(�3) + p′2(�1)2p2(�3)}

6
54 r2(n)n2p2(x){ |p′′(�)|p(�) p(x)p(�)4p2(�3) + p′2(�1)p2(�1) p2(�1)2p2(�3)}

6
12564 r2(n)n2 Dnr (x)p2(x) 6

12564 r2(n)R2(n) :Noti
ing that this inequality holds true for R(n) >
√2r(n), we �nish theproof. �Lemma 4. Let q > 0 be a given integer. Suppose (10) holds, then thereexists a 
onstant C(") su
h that

{E maxi=1;::: ;n log2q [p(X(i)℄}1=(2q)
6 C(")[log(n) + q℄; (22)

{E max16i<j6n log2q [X(j) −X(i)℄}1=(2q)
6 C(")[log(n) + q℄ (23)and

{E maxi=1;::: ;n−m log2q [F (X(i+m))−F (X(i))℄}1=(2q)
6 C(m)[log(n)+q℄: (24)Proof. Note that for any integer q > 1, fun
tion L(x) = log2q(x+e2q−1),x > 0 is 
on
ave, sin
eL′′(x) = 2q log2q−2(x+ e2q−1)

(x+ e2q−1)2 [2q − 1− log(x+ e2q−1)] 6 0:



162 F. EL HAJE HUSSEIN, YU. GOLUBEVTherefore by the Jensen inequality we getE maxi=1;::: ;n log2q[p(X(i))℄ 6
1"2qE log2q[ n∑i=1 [p"(Xi) + p−"(Xi)℄]

6
1"2q log2q[E n∑i=1[p"(Xi) + p−"(Xi)℄ + e2q−1]= 1"2q log2q[nEp"(X1) + nEp−"(X1) + e2q−1];thus proving (22).The proof of (23) is quite similar and therefore it is omitted. Finally,noti
e that (24) is a parti
ular 
ase of (23) when Xi are i.i.d. uniformlydistributed on [0:1℄. �Proof of Lemma 1To simplify te
hni
al details, we fo
us on the 
ase m = 1. De
ompose�n as follows �n = �1n + �2n;where �1n = 1√n ∑i<n:X(i)∈Qnr;R log F (X(i+1) − F (X(i))p(X(i))(X(i+1) −X(i)) ;�2n = 1√n ∑i<n:X(i) =∈Qnr;R log F (X(i+1) − F (X(i))p(X(i))(X(i+1) −X(i)) :Let us �rst bound from above �2n. We obviously have

|�2n| 6
1√n ∑i<n∣∣∣∣log F (X(i+1) − F (X(i))p(X(i))(X(i+1) −X(i)) ∣∣∣∣1{X(i) =∈ Qnr;R}

6 maxi<n ∣∣∣∣log F (X(i+1) − F (X(i))p(X(i))(X(i+1) −X(i)) ∣∣∣∣ 1√n ∑i6n 1{X(i) =∈ Qnr;R}:



ON ENTROPY ESTIMATION BY m{SPACING METHOD 163Therefore by the Cau
hy{S
hwarz inequality and by Lemma 4 we obtainE1=2�22n 6 C log(n) E1=4[ 1√n ∑i6n 1{Xi =∈ Qnr;R}]4= C log(n) E1=4[√nP{X1 =∈ Qnr;R}+ 1√n ∑i6n(1{Xi =∈ Qnr;R}
−P{Xi =∈ Qnr;R})]4

6 C log(n)√nP{X1 =∈ Qnr;R} + C log(n)P1=2{X1 =∈ Qnr;R}

6 C log(n)√nP{X1 =∈ Qnr;R} + C log(n)√n : (25)In the last line we usedP1=2{X1 =∈ Qnr;R} = 1n1=4n1=4P1=2{X1 =∈ Qnr;R}

6

√n2 P{X1 =∈ Qnr;R} + 12√nsin
e ab 6 a2=2 + b2=2.Our �nal step is to �nd an upper bound forE�21n. Consider the followingset
Anr = {Xn : maxi [F (X(i+1))− F (X(i))℄ 6

r(n)n }and noti
e that with a very high probability Xn belongs to Anr . To seethis one may 
ombine Pyke's theorem together with Lemma 7. Indeed,re
alling that r(n) > 5 log(n), we arrive atP{Xn =∈ Anr} = P{maxi [U(i+1) − U(i)℄ >
r(n)n }=P{maxi ei >

r(n)n n+1∑k=1 ek} 6 Cn exp[−r(n)℄ 6
Cn4 : (26)We begin with a rough upper bound for �1n. By Lemma 4, we obtainE1=4�41n 6 C√n logn:
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e using (26) and the Cau
hy{S
hwarz inequality, we arrive atE1=2�21n1{Xn =∈ Anr}
6 E1=4�41nP1=4{Xn =∈ Anr}

6
C log(n)√n : (27)In order to 
ontrol E1=2|�1n|21{Xn ∈ Anr }, we apply Lemma 3. We have

|�1n|1{Xn ∈ Anr}
6 1{Xn ∈ Anr} C√n ∣∣∣∣

∑i<n:X(i)∈Qnr;R log p(X(i+1))p(X(i)) ∣∣∣∣+1{X∈Anr}C log(n)n3=2 ∑i<n:X(i)∈Qnr;RDnr (X(i))p2(X(i)) [F (X(i+1))− F (X(i))℄: (28)In view of the de�nition of Dnr (x) and Lemma 2 it is 
lear that1{Xn ∈ Anr} ∑i:X(i)∈Qnr;R Dnr (X(i))p2(X(i)) [F (X(i+1))− F (X(i))℄
6 C ∫x∈Qnr;R Dnr (x)p(x) dx: (29)Next, sin
e Qnr;R may have only a �nite number of 
onne
ted 
omponents,say N , we get

∣∣∣∣
∑i:X(i)∈Qnr;R log p(X(i+1))p(X(i)) ∣∣∣∣ 6

N∑k=1∣∣∣∣log p(Xi2(k))p(Xi1(k)) ∣∣∣∣
6

N∑k=1[| log p(Xi2(k))|+ | log p(Xi1(k))|] 6 2N maxi | log p(Xi)|;where i1(k) and i2(k) are some indi
es from {1; : : : ; n}. Therefore theabove display and Lemma 4 obviously yieldE[
∑i:X(i)∈Qnr;R log p(X(i+1))p(X(i)) ]2

6 C log2(n):Finally, 
ombining this inequality with (27){(29) we arrive atE�21n 6
C log(n)√n + C log(n)n3=2 ∫x∈Qnr;R Dnr (x)p(x) dx;thus �nishing the proof (see also (25)). �
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orrelation termIn the previous se
tion, it was shown (see Lemma 1) that under some
onditions the m-spa
ing entropy estimator admits the following de
om-position
√n [Ĥm(Xn)−H(p)−	(m) + log(m)] = −En + Sn + �n; (30)where limn→∞E �2n = 0 andEn = 1√n n∑i=1[log p(Xi)−E log p(X1)];Sn= 1√n n−m∑i=1 {log[F (X(i+m))−F (X(i))℄−E log[F (X(i+m))−F (X(i))℄}:The main goal in this se
tion is to show that En and Sn are weakly
orrelated.Theorem 3. Assume that the 
onditions of Lemma 1 and (12) hold true.Then lim supn→∞

∣∣EEnSn∣∣ = 0: (31)To simplify te
hni
al detail we assume that m = 1 and that Qnr;R hasthe only one 
onne
ted 
omponent. DenoteP (0) = P{X1 ∈ Qnr;R}; P (1) = 1− P (0):Noti
e that the sample Xn 
an be generated as follows. Let �i ∈ {0; 1}be i.i.d. su
h that P{�i = k} = P (k) k = 0; 1:Denote �k = n∑i=1 1{�i = k} k = 0; 1:Then Xn 
an be represented as (X(0)1 ; : : : ; X(0)�0 ; X(1)1 ; : : : ; X(1)�1 ), whereX(0)k and X(1)k are i.i.d. random variables with the densitiesp(0)(x) = p(x)1{x ∈ Qnr;R}P (0) and p(1)(x) = p(x)1{x =∈ Qnr;R}P (1) ;
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tively. Denote also for brevityF (k)(x) = x∫
−∞

p(k)(u) du; k = 0; 1:With the samples (X(0)1 ; : : : ; X(0)�0 ) and (X(1)1 ; : : : ; X(1)�1 ) we asso
iate (k =0; 1) the following statisti
sEnk = 1√n �k∑i=1[log p(k)(X(k)i )−E log p(k)(X(k)1 )];Snk = 1√n �k∑i=1{log[F (k)(X(k)(i+m))− F (k)(X(k)(i) )℄
−E log[F (k)(X(k)(i+m))− F (k)(X(k)(i) )℄}: (32)The proof of Lemma 3 is essentially based the following fa
t.Lemma 5. Under the 
onditions of Lemma 1 and (12),lim supn→∞

EEn0 Sn0 = 0:Proof. To simplify notations, we denoteX(0)(k) = X(k); p(0)(x) = p(x); F (0)(x) = F (x):It 
lear that En0 = 1√n �0∑i=1[log p(X(i))−E log p(X1)];and to evaluate the 
orrelation of En0 and Sn0 we 
an use Pyke's theorem(see Theorem 1) whi
h permits to represent these random variables interms of e1; : : : ; e�0+1.X(i) = F−1(U(i)) = F−1( i∑k=1 ek/ �0+1∑k=1 ek):



ON ENTROPY ESTIMATION BY m{SPACING METHOD 167Let us �rst look at Sn0 . We havelog[F (X(i+1))− F (X(i))℄= log(ei+1)− log[1 + 1�0 + 1 �0+1∑k=1 (ek − 1)]+ log(�0 + 1):Next expanding log(1 + ·) (see for details Lemma 10), we 
an writelog[1 + 1�0 + 1 �0+1∑k=1 (ek − 1)] = 1�0 + 1 �0+1∑k=1 (ek − 1) +O( 1�0);and, therefore,Sn0 = 1√n �0−1∑i=1 [log(ei+1)−E log(e1)℄+ �0 − 1(�0 + 1)√n �0+1∑k=1 [ek−1℄+O( 1√�0)= 1√n �0∑i=2 [log(ei)+ei−E log(e1)−1℄+O( 1√�0) = S̃n0 +O( 1√�0); (33)with S̃n0 = 1√n �0∑i=1 [log(ei) + ei −E log(e1)− 1℄:In view of (33) and the Cau
hy{S
hwarz inequality, it is 
lear thatEEn0 Sn0 = EEn0 S̃n0 +O(E 1√�0): (34)The representation of En0 in terms of e1; : : : ; e�0+1 is quite similar.Denote for brevity G(u) = log p[F−1(u)℄:Noti
e that instead of En0 we 
an deal withẼn0 def= 1√n �0∑i=1 log p(X(i)) = 1√n �0∑i=1 G[U(i)℄be
ause EEn0 S̃n0 = EẼn0 S̃n0 : (35)



168 F. EL HAJE HUSSEIN, YU. GOLUBEVSo, in view of (34), it remains to 
ompute EẼn0 S̃n0 . We do that with thehelp of Lemma 8. DenoteU−k(i) = [ i∑s=1 ei − 1{k 6 i}ek]/[ n∑s=1 ei − ek]and noti
e that ek and U−k(i) are independent. Therefore we haveEẼn0 S̃n0 = 1nE �0∑i;k=1EG[U(i)℄[log(ek) + ek −E log(e1)− 1℄= 1nE �0∑i;k=1EG[U−k(i) ℄[log(ek) + ek −E log(e1)− 1℄ (36)+ 1nE �0∑i;k=1E{G[U(i)℄−G[U−k(i) ℄}[log(ek) + ek −E log(e1)− 1℄= 1nE �0∑i;k=1E{G[U(i)℄−G[U−k(i) ℄}[log(ek) + ek −E log(e1)− 1℄:To 
ontrol the right-hand side at the above display, we use the followingTailor expansionG[U(i)℄−G[U−k(i) ℄ = G′
(U−k(i) )[U(i) −U−k(i) ]+ 12G′′(�i)[U(i) −U−k(i) ]2; (37)where G′(u) = p′(F−1(u))p2(F−1(u)) ;G′′(u) = 1p2(F−1(u))[p′′(F−1(u))p(F−1(u)) − 2(p′(F−1(u))p(F−1(u)) )2]and �i ∈ [min(U(i); U−k(i) );max(U(i); U−k(i) )℄. Substituting (37) in (36), weobtain the following formulaEẼn0 S̃n0 = Rn1 +Rn2 ; (38)with

Rn1 = 1nE �0∑i;k=1EG′
(U−k(i) )[U(i) − U−k(i) ][log(ek) + ek −E log(e1)− 1℄;
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Rn2 = 12nE �0∑i;k=1EG′′(�i)[U(i) − U−k(i) ]2[log(ek) + ek −E log(e1)− 1℄;and our goal is to show that Rn1 and Rn2 are small.We begin with Rn2 . By Lemma 8,U(i)−U−k(i) =U−k(i) ek/∑s6=k es−1{k 6 i}ek/∑s6=k es+O( 1�20 );U(i)−U−k(i) =U(i)ek/∑s es−1{k 6 i}ek/ ∑s es+O( 1�20 ): (39)This obviously yields that |U(i) −U−k(i) | 6 O(1=�0), and with the Cau
hy{S
hwarz inequality we get

|Rn2 | 6
CnE 1�20 �0∑i;k=1E1=2[G′′(�i)℄2 6

CR(n) : (40)In the above inequality we used (see (9)) that |G′′(�i)| 6 n=R(n).Let us look atRn1 . Denoting for brevity � = E[log(ek)+ek−E log(e1)−1]ek, we obtain with the help of (39)
Rn1 = �nE �0∑i;k=1EG′

(U−k(i) )[∑s6=k es]−1[U−k(i) − 1{k 6 i}]+O( 1nE 1�20 �0∑i;k=1E1=2G′2(U−k(i) )) (41)= �nE �0∑i;k=1EG′
(U−k(i) )[∑s6=k es]−1[U−k(i) − 1{k 6 i}]+O( 1R(n)):Consider



170 F. EL HAJE HUSSEIN, YU. GOLUBEV1nE �0∑i;k=1EG′
(U(i))[�0+1∑s=1 es]−1[U(i) − 1{k 6 i}]=1nE �0∑i=1 EG′

(U(i))[ 1�0 �0+1∑s=1 es]−1[U(i) − i�0 ]=1nE �0∑i=1 G′

( i�0)E[ 1�0 �0+1∑s=1 es]−1[U(i) − i�0 ]+1nE �0∑i=1 EG′′
(�i)[ 1�0 �0+1∑s=1 es]−1[U(i) − i�0 ]2: (42)Sin
e |G′′

(�i)| 6 n=R(n), the last term 
an be 
ontrolled very easily
∣∣∣∣
1nE �0∑i=1 EG′′

(�i)[ 1�0 �0+1∑s=1 es]−1[U(i) − i�0 ]2∣∣∣∣
6

1R(n)E �0∑i=1 E1=2[ 1�0 �0+1∑s=1 es]−2E1=2[U(i) − i�0 ]4
6

CR(n) : (43)The same upper bound holds true for the �rst therm at the right-handside of (42). By Lemma 11, we have1nE �0∑i=1∣∣∣∣G′

( i�0)∣∣∣∣ ×
∣∣∣∣E[ 1�0 �0+1∑s=1 es]−1[U(i) − i�0 ]∣∣∣∣

6
CnE 1�0 �0∑i=1∣∣∣∣G′

( i�0)∣∣∣∣ 6
CR(n) :Therefore, 
ombining the above inequalities, we obtain1nE �0∑i;k=1EG′

(U(i))[�0+1∑s=1 es]−1[U(i) − 1{k 6 i}] = O( 1R(n)): (44)Re
all that we need to 
ontrol a little bit di�erent term, namely1nE �0∑i;k=1EG′
(U−k(i) )[∑s6=k es]−1[U−k(i) − 1{k 6 i}]:



ON ENTROPY ESTIMATION BY m{SPACING METHOD 171However, noti
ing that
∣∣U−k(i) − U(k)∣∣ 6 O( 1�0) and ∣∣∣∣

[∑s6=k es]−1
−

[�0+1∑s=1 es]−1∣∣∣∣ 6 O( 1�20 );we 
an do that very easily. Indeed, applying several times the Taylorformula, we obtain1nE �0∑i;k=1EG′
(U−k(i) )[∑s6=k es]−1[U−k(i) − 1{k 6 i}]=1nE �0∑i;k=1EG′
(U(i))[∑s6=k es]−1[U−k(i) − 1{k 6 i}]+O(1) 1nE 1�0 �0∑i;k=1EG′′

(�i)[∑s6=k es]−1[U−k(i) − 1{k 6 i}]=1nE �0∑i;k=1EG′
(U(i))[∑s6=k es]−1[U−k(i) − 1{k 6 i}] +O( 1R(n))=1nE �0∑i;k=1EG′
(U(i))[�0+1∑s=1 es]−1[U−k(i) − 1{k 6 i}]+O( 1R(n))=1nE �0∑i;k=1EG′
(U(i))[�0+1∑s=1 es]−1[U(i) − 1{k 6 i}] +O( 1R(n)):Therefore, by (44),1nE �0∑i;k=1EG′

(U−k(i) )[∑s6=k es]−1[U−k(i) − 1{k 6 i}] 6 O( 1R(n)):This inequality, together with (34){(36), (40), and (41), �nish the proof.
�Lemma 6. Under the 
onditions of Lemma 1 and (12)lim supn→∞

E[En1 ]2 = 0; lim supn→∞
E[Sn1 ]2 = 0



172 F. EL HAJE HUSSEIN, YU. GOLUBEV(see (32) for de�nitions of En1 and Sn1 ).Proof. It remains to noti
e that in view of 
ondition (12)E�1 = nP (1) = n ∫x=∈Qnr;R p(x) dx 6 C√n:Therefore, by the independen
e of X(1)k , we getE[En1 ]2 = 1nE[ �1∑i=1[log p(1)(X(1)i )−E log p(1)(X(1)1 )]]2
6
E�1n ∫x=∈Qnr;R log2(p(x))p(x) dx 6 CP (1) 6

C√n:To 
ompute E[Sn1 ]2, we use Pyke's theorem. So, we haveE[Sn1 ]2 = 1nE{�1−m∑i=1 log[ 1m i+m−1∑k=i ek] −E log[ 1m i+m−1∑k=i ek]
−

(�1−m) log[1� 1 �1+1∑k=1 ek]+E(�1−m) log[1� 1 �1+1∑k=1 ek]}2
6
CE�1n 6

C√n:
�Proof of Theorem 3. It is 
lear thatEn = En0 +En1 :On the other hand, the de
omposition of Sn is not so banal be
ause ofthe 
haining. It means that ordering (X(0)1 ; : : : ; X(0)�0 ; X(1)1 ; : : : ; X(1)�1 ), weget a ve
tor with the following stru
ture(X(1)(1) ; : : : ; X(1)(t) ; X(0)(1) ; : : : ; X(0)(�0); X(1)(t+1); : : : ; X(1)(�1))with some integer t ∈ [0; �1℄. This results in the following de
ompositionSn = S10 + Sn1+ 1√n{log[F (X(0)(1) )− F (X(1)(t) )℄−E log[F (X(0)(1) )− F (X(1)(t) )℄}+ 1√n{log[F (X(1)(t+1))− F (X(0)(�0))℄−E log[F (X(1)(t+1))− F (X(0)(�0))℄}

− 1√n{log[F (X(1)(t+1))− F (X(1)(t) )℄−E log[F (X(1)(t+1))− F (X(1)(t) )℄}:



ON ENTROPY ESTIMATION BY m{SPACING METHOD 173By Pyke's theorem and Lemma 7, three remainder terms at the right-handside of the above display are bounded by C log(n)=√n. This remark andLemmas 5 and 6 �nish the proof. �The following theorem summarizes the prin
ipal fa
ts of this paper.Theorem 4. Let r(n) = 5 log(n) and R(n) > 7r(n). Assume that
• the number of 
onne
ted 
omponents of Qnr;R is bounded uniformlyin n;
• for some " > 0E|X1 −X2|±" <∞; Ep±�(X1) < ∞;
•lim supn→∞

log(n)[√n ∫x=∈Qnr;R p(x) dx + 1n3=2 ∫x∈Qnr;R Dnr (x)p(x) dx] = 0: (46)Thenlimn→∞

√n[Ĥm(Xn)−H(p)−	(m) + log(m)℄ D→ N (0;�2 + �2(p));where �2 = (2m2 − 2m+ 1)	′(m)− 2m+ 1;�2(p) = ∞∫

−∞

log2(p(x))p(x) dx −H2(p);and limn→∞
nE[Ĥm(Xn)−H(p)−	(m) + log(m)℄2 = �2(p) + �2:4. ExamplesIn this se
tion, we show that the 
onditions of Theorem 4 
an be
he
ked for standard densities. Our attention is fo
used on two distin
tdensities su
h as Gaussian and Cau
hy but our arguments 
an be easilyextended to very general density families. Noti
e however that the maindiÆ
ulties are related to 
he
king the 
ondition (46).



174 F. EL HAJE HUSSEIN, YU. GOLUBEV1. The Gaussian density. We start with 
ontrolling Qnr;R. Sin
eDn(x) >
|p′2(x)|p2(x) + |p′′(x)|p(x) > x2 + |x2 − 1| > 1;we obviously have

Qnr;R = {x : √Dnr (x)p(x) 6
nR(n)} ⊆ Qn+def= {x : |x| 6

√2 log nR(n)√2�}: (47)On the other hand, it is easy to 
he
k that
|p′2(x)|p2(x) + |p′′(x)|p(x) 6 2x2 + 1;and therefore for all suÆ
iently large nDn(x) 6 supx>0:x∈Qn+{{F−1[F (x) + r(n)n ]}2 + 1}

6

{{F−1[1− R(n)n√2 log(n) + r(n)n ]}2 + 1}
6 −2 log[ R(n)n√2 log(n) − r(n)n ]+ + 1; x ∈ Qnr;R: (48)In the above display we used two well-known inequalities:

• F (x) 6 1− 1√2�x exp(−x2=2)
• F (x) > 1− exp(−x2=2); or equivalently F−1(x) 6

√
−2 log(1− x):Thus if R(n) > 2√2 log(n)r(n), then with (48) we arrive at

Qnr;R = {x : √Dnr (x)p(x) 6
nR(n)} ⊇ Qn

−def= {x : |x| 6

√2 log nR(n)√8� log(2n)}: (49)



ON ENTROPY ESTIMATION BY m{SPACING METHOD 175Finally, integrating by parts, we obtain by (49)
∫x=∈Qnr;R p(x) dx 6

CR(n)√log(n)nand, by (47), ∫x∈Qnr;R √Dnr (x)p(x) dx 6
CnR(n) :Thus, in order to 
he
k 
ondition (46), we 
hoose R(n) > 7 log(n) andobtain the following equivalent form of this 
onditionlimn→∞

log(n)[R(n)√log(n)√n + 1R(n)√n] = 0:2. Cau
hy density. In this 
ase, it is easy to see that
|p′2(x)|p2(x) + |p′′(x)|p(x) 6

C1 + x2 :Therefore sin
e
B�r (x) ⊆{y : y > x− r(n)np(x)};we get that if for some � ∈ (0; 1)r(n)np(x) 6 �|x|;then Dn(x) 6

Cx2 ; |x| > 1:These fa
ts immediately imply that for some C1 < C2
{x : |x| 6

C1nR(n)} ⊆ Qnr;R ⊆
{x : |x| 6

C2nR(n)}:Thus we easily obtain
∫x∈Qnr;R √Dnr (x)p(x) dx 6

[ CnR(n)]2



176 F. EL HAJE HUSSEIN, YU. GOLUBEVand ∫x=∈Qnr;R p(x) dx 6
CR(n)n :Therefore the prin
ipal 
ondition (46) is ful�lled iflimn→∞

log(n)[R(n)√n + √nR2(n)] = 0:It is easy to see than R(n) = n1=3 provides the optimal 
hoi
e guaranteingthis property. 5. AppendixIn this se
tion, we 
olle
t some simple te
hni
al fa
ts. They are well-known, and we provide them only for reader 
onvenien
e. Let ei be i.i.d.standard exponentially distributed random variables.Lemma 7. Uniformly in x ∈ [0;√n℄P{maxk=1;n ek >
log(n) + xn n∑k=1 ek} 6 C exp(−x): (50)Proof. By the Markov inequality and the Taylor formula, we obtainP{maxk=1;n ek >

log(n) + xn n∑k=1 ek} 6

n∑i=1 P{ei >
log(n) + xn n∑k=1 ek}

6 nP{e1(1− log(n) + xn )
>

log(n) + xn n∑k=2 ek}= nE exp(
− log(n) + xn− log(n)− x n∑k=2 ek)= n exp[

−(n− 1) log(1− log(n) + xn− log(n)− x)]= n exp[
−(log(n) + x)(1 +O(n−1=2))+ O(1)] 6 exp[−x+O(1)℄:

�



ON ENTROPY ESTIMATION BY m{SPACING METHOD 177Lemma 8. For some C < ∞E1=2[U−k(i) − U(i) − U−k(i) ek/ ∑s6=k es + 1{k 6 i}ek/∑s6=k es]2 6
Cn2 ;whereU(i) = i∑s=1 ei/ n∑s=1 ei and U−k(i) = [ i∑s=1 ei − 1{k 6 i}ek]/[ n∑s=1 ei − ek]:Proof. De�ne the following subset in Rn

An = {xi > 0 : n+1∑i=1 xi >
n2}:If en ∈ An, it follows immediately from the Taylor formula thatU−k(i) = i∑s=1 es/ ∑s6=k es − 1{k 6 i}ek/∑s6=k es= U(i) + U(i)ek/ n+1∑s=1 es − 1{k 6 i}ek/∑s6=k es +O(e2k + ekn2 ) (51)= U(i) + U−k(i) ek/ ∑s6=k es − 1{k 6 i}ek/∑s6=k es +O(e2k + ekn2 ):Next note that using the Chernov inequality with � = 1, we getP{en =∈ An} = P{n+1∑i=1 ei 6

n2} = P{ n∑i=1(1− ei) >
n2} (52)

6 exp{−nmax� [log(1+�)−�=2℄} = exp{−n[log(2)−1=2℄} 6 exp[−0:19n℄:Combining this with (51) and using the Cau
hy{S
hwarz inequality, weobtain E[U−k(i) − U(i) − U−k(i) ek/ ∑s6=k es + 1{k 6 i}ek/∑s6=k es]2= E[U−k(i) − U(i) − U−k(i) ek/ ∑s6=k es + 1{k 6 i}ek/ ∑s6=k es]21{en ∈ An}+E[U−k(i) − U−k(i) ek/ ∑s6=k es + 1{k 6 i}ek/∑s6=k es]21{en =∈ An} 6
Cn4 :

�



178 F. EL HAJE HUSSEIN, YU. GOLUBEVLemma 9. For some C > 0, uniformly in x ∈ [0;√n=2℄P{maxi √n∣∣∣∣U(i) − in ∣∣∣∣ > x}
6 exp(−Cx2): (53)Proof. Let Fi = �(e1; : : : ; ei). Sin
e for any given � ∈ (0; 1),X�(t) = exp[� t∑k=1(ek − 1) + t[log(1− �) + �℄]is martingale su
h that EX�(t) = 1, by the Doob inequality we obtainP{ max16t6nX�(t) > x2} 6 exp(−x2):Therefore 
hoosing � = x=√n, we obtainP{ max16t6n 1√n t∑k=1(ek − 1) > x− nx[log(1− x√n) + x√n]}

6 exp(−x2):SimilarlyP{ max16t6n 1√n t∑k=1(1− ek) > x− nx[log(1 + x√n)
− x√n]}

6 exp(−x2):Next noti
e that F (z) = log(1− z) + zz2 ; z ∈ (−∞; 1℄is de
reasing and F (0:5) = −0:7726. Therefore, for any x 6
√n=2P{ max16t6n 1√n ∣∣∣∣

t∑k=1(1− ek)∣∣∣∣ > x}
6 2 exp(−x2=4):Combining this inequality with

√nmaxi ∣∣∣∣U(i) − in ∣∣∣∣= maxi ∣∣∣∣
1√n i∑k=1(ek − 1)− in3=2 n∑k=1(ek − 1)∣∣∣∣/[1 + 1n n∑k=1(ek − 1)]

6

[maxi 1√n ∣∣∣∣
i∑k=1(ek − 1)∣∣∣∣ + 1√n ∣∣∣∣

n∑k=1(ek − 1)∣∣∣∣]/[1 + 1n n∑k=1(ek − 1)];we �nish the proof. �
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n∑i=1(ei − 1)]2 6 C:Proof. Note that sin
e log(1 + x) 6 x,E[ log( 1n n∑i=1 ei)]4+6 E( 1n n∑i=1(ei − 1))4

6
Cn :On the other hand,E[

− log( 1n n∑i=1 ei)]4+6 E[− log(mini=1;n ei)℄4+= E[− log(e1=n)℄4+ 6 C log4(n)and therefore E log4( 1n n∑i=1 ei) 6 C log4(n):Let
An = {xi > 0 : ∣∣∣∣

n∑i=1(xi − 1)∣∣∣∣ 6
n2}:It was already proved (see (52)) that for some C > 0P{en =∈ An} 6 exp(−Cn):Therefore using the Taylor formula and the Cau
hy{S
hwarz inequality,we get E[n log( 1n n∑i=1 ei) −

n∑i=1(ei − 1)]2=E[n log(1 + 1n n∑i=1(ei − 1)) −
n∑i=1(ei − 1)]21{en ∈ An}+E[n log( 1n n∑i=1 ei) −

n∑i=1(ei − 1)]21{en =∈ An}
6CE 1n( n∑i=1(ei − 1))2 + 2n2E log2( 1n n∑i=1 ei)1{en =∈ An}+E[ n∑i=1(ei − 1)]21{en =∈ An} 6 C: �



180 F. EL HAJE HUSSEIN, YU. GOLUBEVLemma 11. E[ 1n+ 1 n+1∑k=1 ek]−1[U(i) − in+ 1] = O( 1n):Proof. We use the same argument as in the proof of Lemma 10. First ofall noti
e thati∑k=1 ek − in+ 1 n+1∑k=1 ek = i∑k=1(ek − 1)− in+ 1 n+1∑k=1(ek − 1) = O(√n):Next, by the Taylor formula,
[ 1n+1 n+1∑k=1 ek]−2=1− 2n+ 1 n+1∑k=1(ek−1)+ 3(n+1)2[n+1∑k=1(ek−1)]2+O( 1n3=2):ThereforeE[ 1n+ 1 n+1∑k=1 ek]−1[U(i) − in+ 1]= E[ 1n+ 1 n+1∑k=1 ek]−2[ i∑k=1 ek − in+ 1 n+1∑k=1 ek]= E{

− 2n+ 1 n+1∑k=1(ek − 1) + 3(n+ 1)2 [n+1∑k=1(ek − 1)]2}
[ i∑k=1 ek − in+ 1 n+1∑k=1 ek]+O( 1n):Finally, it is easy to see with a simple algebra thatE n+1∑k=1(ek − 1) i∑k=1 ek = i; E[n+1∑k=1(ek − 1)]2 i∑k=1 ek = ni+ 3i:So, substituting this in (54), we �nish the proof. �
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