úÁÐÉÓËÉ ÎÁÕÞÎÙÈ ÓÅÍÉÎÁÒÏŒ ðïíé ôÏÍ 362, 2008 Ç.

P. Maremonti

STOKES AND NAVIER–STOKES PROBLEMS IN THE HALF–SPACE: EXISTENCE AND UNIQUENESS OF SOLUTIONS NON CONVERGING TO A LIMIT AT INFINITY

Abstract. We study the Cauchy problem and the initial boundary value problem in the half-space of the Stokes and Navier-Stokes equations. We furnish existence and uniqueness of classical solutions (u; ß) (meaning at least C^2 × C^1 smooth with respect to the space variable and C^1 × C^0 smooth with respect to the time variable) without requiring of convergence at in˛nity. A priori the ˛elds u and ß are nondecreasing at in˛nity. In the case of the Stokes problem we prove the existence, for any t ¿ 0, and uniqueness of solutions with kinetic ˛eld u = O([1 + t^fi2 ][1 + |x|^fi]) and pressure ˛eld ß = O([1 + t^fi2 ][1 + |x|^fi]|x|^fl ), for some fi ∈ (0; 1) and fl ∈ (0; 1−fi). In the case of the Navier-Stokes equations we prove the existence (local in time) and the uniqueness of classical solutions to the Navier- Stokes equations assuming an initial data only continuous and bounded, proving that, for any t ∈ (0; T ), the kinetic ˛eld u(x; t) is bounded and, for any fl ∈ (0; 1), the pressure ˛eld ß(x; t) = O(1 + |x|^fl ).

To V. A. Solonnikov on his 75th birthday

1. Introduction

This paper concerns the initial boundary value problem in the halfspace R^n_+ of the Stokes equations and of the Navier-Stokes equations without requiring the convergence of the kinetic field to a limit at infinity.

Related to the introduced question, in the case of the Stokes problem we recall the results of [2, 19]. In [2] it is proved that the Stokes operator generates a strongly continuous analytic semigroup on suitable space of bounded functions and not strongly continuous in L^∞, provided that the compatibility conditions are satisfied. In [19], by means of the Green function, it is proved a maximum modulus theorem proving existence and uniqueness of smooth solutions assuming an initial data continuous and bounded. The solutions have a bounded kinetic field and the 176

STOKES AND NAVIER{STOKES PROBLEM 177

corresponding pressure fields are functions of the kind t^{12} ß(x; t) = O(|x|) and lim_{xn→∞} t^{12} (t + x^2_n)^{12} |∇ß(x; t)| = o(1).

In this paper, related to the Stokes problem we establish the existence, for any t ¿ 0; and uniqueness of solutions corresponding to a initial data u_0(x) = O(1 + |x|^fi ); for some fi ∈ [0; 1): The class of existence of the solution (u; ß) has the kinetic field u = O(1 + t^{fi2} + |x|^fi ) and pressure field t^{12 + fl2} ß = O( [ 1 + t^{fi2} + |x|^fi ] |x|^fl ); for some fi ∈ (0; 1) and fl ∈ (0; 1 − fi).

As already point out in [13], if fi = 0, in any case the pressure field a priori is a non bounded function in a neighborhood of infinity.

The Navier Stokes problem has been studied by some authors with different aims. As far as we known, in [9, 10] the author gives the first contribute in this field for the Cauchy problem related to the Navier-Stokes equations. In [9, 10] the existence, local in time, and the uniqueness of classical solutions (meaning at least a C^2-smooth solution in the space and C^1-smooth in time) are given assuming the initial data only continuous and bounded. Subsequently, in [5] it is considered the Cauchy problem again. The authors prove existence of solutions in BUC(R^n) (bounded and uniform continuous functions) or in L^∞(R^n) and the pressure field is an element of BMO(R^n). The uniqueness is ensured provided that the pressure has a suitable representation. We consider [19] again, to recall that for the Navier-Stokes initial boundary value problem in the half-space the existence and uniqueness are proved in the wake of the results of the Stokes problem recalled above. Finally, in [17, 20] the initial boundary value problem in exterior domains is studied in the Hölder class and in [20] is given a maximum modulus theorem; in both the papers no assumptions of convergence (at infinity) is given for the kinetic field.

In [4], related to the problem of the uniqueness of classical solutions to the Cauchy problem of the Navier-Stokes equations, the authors establish a result of uniqueness provided that the gradient of the kinetic field is bounded and the gradient of the pressure field belongs to L^p(0; T ; L^p(R^n)); for some p ∈ (1; +∞). Subsequently, in [3], it is considered the uniqueness for solutions to the the initial boundary value problem requiring that the gradient of the kinetic field is bounded and the pressure field is O(|x|^b); b ¡ 1: The result is stated in exterior domains. By virtue of a counterexample to the uniqueness, given by the pair of functions u(x; t) = sin t and ß(x; t) = x_1 cos t (exhibit in [15]), the assumptions on the pressure given in [4] and [3] appear as sharp in the sense that cannot be required, respectively, a gradient of pressure in L^p(0; T ; L^∞(R^n)) and

178 P. MAREMONTI

an exponent b = 1.

The above results have a commune denominator in the properties of the kinetic field, but the properties of the pressure fields are different and, a priori, these differences make different the classes of existence, since the uniqueness is closely connected with the property of the associated pressure. However in [14], related to the Cauchy problem, it is proved the uniqueness of weak bounded solutions, that is the uniqueness for solutions (u; ß) having u ∈ L^∞((0; T ) × R^n) and (1 + |x|)^{−n−1}ß(x; t) ∈ L^1(0; T ; L^1(R^n)). As far as we known the assumptions on the pressure field are the weaker employed. Hence, appears interesting to prove the existence of solutions having pointwise estimates in neighborhood of infinity. We give special attention to the behavior of the pressure field.

The aim of this paper is to prove the existence (local in time) and the uniqueness of classical solutions to the Navier-Stokes equations assuming an initial data only continuous and bounded, proving that, for any t ∈ (0; T ), the kinetic field u(x; t) is bounded and, for any fl ∈ (0; 1), the pressure field t^{12 + fl2} ß(x; t) = O(1 + |x|^fl ). As a matter of course of the employed technique, we have that our result for the half-space holds in the case of the Cauchy problem, giving in this way the first contribute about the behavior of the pressure field. Thanks to the result proved in [14], we can assert the coincidence of our solution of the Cauchy problem with the solutions given in [5, 9, 10].

We point out that the quoted authors find solutions with the tool of a representation formula, and in this way, since no spatial decay is given for the initial data u_0; only very weak representations are possible for the pressure field, as for example, almost everywhere in t ∈ (0; T ), ß(x; t) ∈ BMO(R^n): In this paper we employ a different technique, which is based on the approximation of the solutions by mean of a sequence {(u_n; ß_n)}, whose elements decay sufficiently fasten at spatial infinity, but not uniformly with respect to n ∈ N: Nevertheless, we are able to prove the convergence in F(R^n) (see section 2) saving in the limit an order of growth with respect to |x| as indicated in more details above. This approach leads to give the existence of both the fields (u; ß). Hence, we must prove the convergence of u and of its derivatives until the order which ensures also the existence and the convergence of the pressure field ß. Therefore, as in the paper [13], here we develop estimates of the derivatives not to prove the regularity, which can be deduced subsequently and by classical tools, but just to prove the existence of the pressure field and to give its pointwise estimate.

STOKES AND NAVIER{STOKES PROBLEM 179

2. Statement of the problem and of the chief results We study the following initial boundary value problem of the Navier- Stokes system:

u_t − �u + u · ∇u = −∇ß; ∇ · u = 0; on R^n_+ × (0; T ); u(x^′; 0; t) = 0; on R^{n−1} × (0; T ); u(x; 0) = u_0(x); on R^n_+;

(2.1)

where u is the kinetic field and ß is the pressure field; u · ∇u_i = u_k^{@ui}_{@xk} , i = 1; : : : ; n; for any t ¿ 0; u(x^′; 0; t) is the trace of u(x; t) on R^{n−1}; u_0(x) is the initial data. Moreover, we study the linear form of system (2.1):

U_t − �U = −∇� ; ∇ · U = 0; on R^n_+ × (0; T ); U(x^′; 0; t) = 0; on R^{n−1} × (0; T ); U(x; 0) = a(x); on R^n_+:

(2.2)

To better explain the statement of our result, we introduce some notations and definitions. For j ∈ N; ˘ ∈ [0; 1), the symbol C^{j;˘}(�) denotes the vector space of continuous functions on � ⊆ R^n, j-times differentiable with the j-derivatives a Hölder function of exponent ˘. By C^{j;˘}(�) the subset of C^{j;˘}(�) whose elements and their derivatives are continuous up to the boundary @�: We indicate by

M(�) = { h(x) ∈ C(�) : h(x) = 0 on @�; ∇ · h = 0 } ; where the condition ∇·h = 0 is understood in weak sense. For any compact set K ⊂ �, we denote by C^{j;˘}(K) the usual Banach space of continuous function, j-times differentiable, with the j-derivatives a ˘-Hölder function on K: The norm in C^{j;˘}(K) is |f|_Cj;˘_{(K)} := |f|_0 + [D^j f]^K_{0;˘} := max_K |f(x)| + sup x;x∈K x≠x

|D^j f (x)−D^j f (x)| |x−x|^˘ : Let {F

k} be a partition of � such that each F^k ⊂ �

is compact. Let {p^m} be a countable family of semi-norms with p^m(h) =

|h|_Cj;˘_{(D}m_) where D^m =^m ⋃ ‘=1 F^‘. Let {c^k} be a sequence of positive real

number such that^∞ ∑ k=1 c^k ¡ ∞: As it is know

d(f) = ∞∑ m=1 c^m p^m(f) p^m(f) + 1

(2.3)

180 P. MAREMONTI

is a quasi norm which endows C^{j;˘}(�) of structure of complete metric locally convex space (Fréchet space). We denote such spaces by F^{j;˘}(�) and, for j = ˘ = 0; by F(�). The closure of C^∞_0 (�) in F(�) is the subspace F_{|0}(�) of the functions of F(�) with zero trace on @�. We set C^{j;˘}(�) := M ∩ F^{j;˘}(�) and C_{|0}(�) := M ∩ F_{|0}(�): Finally, we denote by C^{j;˘}(a; b; X) the vector space of all functions bounded and continuous on (a; b) ⊆ R with values in the metric space X, together with all derivatives D^k, k ≤ j, and the j-derivative is a Hölder function of exponent ˘.

Definition 2.1. A pair (u; ß) defined on � × (0; T )) is said a classical solution of system (2.1) (resp. (2.2)) if, for some ˘ ∈ (0; 1) and for any ¯ ∈ [0; 1], and for any ȷ ∈ (0; T ); u(x; t) ∈ C(0; T ; C_{|0}(�) ∩ C^{0;¯ ˘2} (ȷ; T ; C^{2;(1−¯)˘}(�)), u_t(x; t) ∈ C^{0;¯ ff2} (ȷ; T ; C^{0;(1−¯)˘}(�)); ß(x; t) ∈ C^{0;¯ ˘2} (ȷ; T ; F^{1;(1−¯)˘}(�)); (u; ß) satisfies system (2.1) in �× (0; T ) and, for any x_0 ∈ �, lim_{(x;t)→(x0;0)} u(x; t) = u_0(x_0):

Our chief results are the following theorems:

Theorem 2.1. Assume that in system (2.2) the data a(x) ∈ C_0(R^n_+) and |a(x)| ≤ A(1 + |x|)^fi ; for some fi ∈ [0; 1): Then, there exists a unique classical solution (U; �) to (2.2). Moreover, for any ˘ ∈ (0; 1); fl ∈(0; ˘−fi]; and ~˘ ∈ (0; ˘); the following estimates hold: 2∑ ‘=0 t^{‘2} |∇^‘U(x; t)| + t|U_t(x; t)| ≤ cA(1 + t^{12} + |x|)^fi ;

fl_1 ∈ (0; fl]; |�(x; t)| ≤ cAt^{− fl12 − 12} |x|^{fl1} (1 + t^{12} + |x|)^fi

t(1 + x_n)|∇�(x; t)| ≤ cA(1 + t^{12} + |x|)^fi ;

|D^2U(x; t) − D^2U(x; t)| + |U_t(x; t) − U_t(x; t)|

≤ cA(1 + t^{∘ 12} + |x^∘|)^fi t_∘^{−1− ˘2} ( |x − x|^2 + |t − t|)^{˘2} (2.4)

|�(x; t) − �(x; t)| + t^{12} |∇�(x; t) − ∇�(x; t)|

� cA(1 + t^{12} + |x^∘|)^fi t^{− 12 − fl2} |x − x|^fl ;

STOKES AND NAVIER{STOKES PROBLEM 181

fl_2 ∈ (0; fl); fl_2 + ~˘ ≤ ˘; |�(x; t) − �(x; t)|

≤ cA|x|^{fl2} (1+ t^{∘ 12} + |x|)^fi t_∘^{− 12 − fl22 − ~˘2} |t − t|^{~˘2}

|∇�(x; t) − �(x; t)| ≤ cA(1 + t^{∘ 12} + |x|)^fi t_∘^{−1− fl22 − ~˘2} |t − t|^{~˘2} :

with c independent of a and T .

Remark 2.1. For the initial boundary value problem of the Navier-Stokes equations we are not able to give a theorem of existence of the same kind of Theorem 2.1. For a special class of initial data u_0(x) = U_0 + M · x, where U_0 belongs to some L^p and M is a suitable matrix, some results are known for the Cauchy problem [7, 8, 16].

In the following theorem � may be R^n or R^n_+:

Theorem 2.2. Let u_0 ∈ C_{|0}(�) ∩ L^∞(�). Then, for some T ≥ (4c^3|u_0|_∞)^{− 12} ; there exists a unique classical solution to problem (2.1) on � × (0; T ). Moreover, the following estimates hold on � × (0; T ):

|u(x; t)| ≤ c|u_0|_∞;

for any fl ∈ (0; 1); |ß(x; t)| ≤ c(fl)t^{− 12 − fl2} (1 + |x|)^fl ;

(2.5)

with c; c(fl) independent of u_0.

Remark 2.2 As it will be clear, the proof of the results of Theorem 2.2 concerning the case of the half space works also in the case of the Cauchy problem. Hence, the proof of the latter case will be omitted. For Theorem 2.2 related to the Cauchy problem, we recall that some results is already known, however these results do not give the estimate (2.5)_2, see the paper [9, 10] by Knightly and the paper [5] by Giga, Inui and Matsui. It is interesting to remark that a priori the results of the above authors are not comparable, in the sense that each solution is unique in its class of existence, but a priori it is not known a uniqueness of the class, by means of the different qualitative properties of the pressure. The same sentence is allowed if we would compare our result with the ones of the quoted paper. Actually, the papers determine different classes of solutions. However, the uniqueness is possible thanks to the results by Maremonti in [14], where it holds with u(x; t) ∈ L^∞((0; T ) × R^n)) and (1 + |x|)^{−n−1}ß(x; t) ∈ L^1(0; T ; L^1(R^n)): These assumptions are ensured o guaranteed by other ones.

182 P. MAREMONTI

We complete the notations of the paper. For any x ∈ R^n_+ we set x = (x^′; x_n), with x^′ ∈ R^{n−1} and x_n ¿ 0. If y^′ ∈ R^{n−1}, by (x − y^′) we

mean the point (x^′ − y^′; x_n). We denote by �_y′ the operator^{n−1} ∑ j=1 D^2_{yj} ,

moreover by ∇_x′ g(x) we mean the vector (^@_{x1} g; : : : ;^@_{xn−1} g; 0).

We set x^∗ = (x_1; · · · ; x_{n−1}; −x_n). For any function g(x) defined on R^n_+, g(x^′) = g(x^′; 0) denotes the trace of g(x) on x_n = 0. By the symbol B_a(x) we mean a ball of R^n with center at x and ray a; if x = 0, then we get B_a(0) = B_a: If g(x; t) is a function defined on R^n_+ × R, for any multi-index h = (h_1; : : : ; h_n) and for any k ∈ N ∪ {0} we denote by D^{h;k}_{x;t} g(x; t) and D^{|h|+k}_{xh11 xh22 :::xhnn tk} g(x; t) the derivative^{@|h|+k g(x;t)}_{@xh11 @xh22 ···@xhnn @tk} ,

|h| = h_1 + · · · + h_n, and by D^{h′;k}_x′_{;t} g(x; t) and D^{|h′|+k}_{xh11 xh22 :::xhn−1n−1 tk} g(x^′; t)

the derivative^{@|h′ |+k g(x;t)}

@x^{h1}_1 @x^{h2}_2 ···@x^{hn−1}_{n−1} @t^k

, |h^′| = h_1 + · · · + h_{n−1}. Sometimes,

when there is no danger of confusion, we replace D^h_x g by D^hg. We set t^∘ = max{t; t} and t_∘ = min{t; t}, analogously |x^∘| = max{|x|; |x|} and |x_∘| = min{|x|; |x|}

Finally, we recall the following lemma which gives a characterization on the convergence in F^{j;˘}(R^n_+):

Lemma 2.1. A sequence {g^k} is a Cauchy sequence in the metric (2.3) if and only if it is a Cauchy sequence in each semi-norm p^m.

The plan of the paper is the following. In section 3 we discuss some integral transforms related to double layer potential in the half-space R^n_+ (Poisson integral), simple layer potential in the half space R^n_+ and volume potential on R^n: In section 4 we introduce the Green function for the Stokes problem. In section 5 we prove Theorem 2.1. In section 6 we study the initial boundary value problem with a special body force (∇ · (a ⊗ b)). In section 7 we prove Theorem 2.2. Finally, in section 8 we study the uniqueness of the exhibit solutions.

3. Poisson integral, simple layer and volume potentials on R^n

Let us consider the following integral operator:

T_0(g)(x) = ∫ R^{n−1}

k(x; y^′)g(y^′)dy^′; (3.1)

STOKES AND NAVIER{STOKES PROBLEM 183

where k(x; y^′) ∈ C(R^n_+ × R^{n−1}) with

|k(x; y^′)| ≤ c x_n |x − y^′|^n

; x ∈ R^n_+; y^′ ∈ R^{n−1}; ∫ R^{n−1}

k(x; y^′)dy^′ = k_0 ∈ R; uniformly in x ∈ R^n_+; (3.2)

for ˘ ∈ (0; 1]; | k(x; y^′) − k(x; y^′) | ≤ c |x − x| æ^{n−1+˘} 0

˘ ; x; x ∈ R^n_+; y^′ ∈ R^{n−1};

where æ_0 is the distance of y^′ from the line with end points {x; x}: By the symbol E(z) we mean the fundamental solution for the Laplace operator. Lemma 3.1. Let fi ∈ [0; ˘) and let g(y^′) a Hölder continuous function such that

|g(y^′)| ≤ G_0(1 + |y^′|)^fi ; y^′ ∈ R^{n−1};

˘_0 ∈ (0; ˘ − fi); |g(y^′) − g(y^′)|≤G_{0;˘0} |y^′ − y^′|^{˘0} (1 + |x^{′∘}|)^fi ; y^′; y^′ ∈ R^{n−1}:

Then, the following estimates hold

|T_0(g)(x)| ≤ cG_0(1 + |x|)^fi ; x ∈ R^n_+; | |T_0(g)(x) − T_0(g)(x) | | ≤ cG_{0;˘0} |x − x|^˘0 (1 + |x^∘|)^fi ; x; x ∈ R^n_+;

(3.3)

with c independent of g. Proof. We have ∫ R^{n−1}

k(x; y^′)g(y^′)dy^′

= ∫ |y^′|≤^{|x|}_2

k(x; y^′)g(y^′)dy^′ + ∫ |x| 2 ≤|y^′|≤^3_2 |x|

k(x; y^′)g(y^′)dy^′ (3.4) + ∫ |y^′|≥^3_2 |x|

k(x; y^′)g(y^′)dy^′ = 3∑ ‘=1 I_‘:

184 P. MAREMONTI

Employing (3.2)_1 and since, for a suitable constant c_P ,

c_P ∫ R^{n−1}

x_n |x − y^′|^n dy^′ = ∫ R^{n−1} d dn E(x−y)dy^′ = 1;

by means of elementary computations, the following estimates hold

I_1 ≤ ∫ |y^′|≤^{|x|}_2

(1 + |y^′|)^fi (|x^′ − y^′|^2 + x^2_n)^{n−1}2 dy^′

≤ c |x|^{n−1} ∫ |y^′|≤^{|x|}_2

(1 + |y^′|)^fi dy^′ ≤ c(1 + |x|)^fi ;

I_2 ≤ c(1 + |x|)^fi ∫ |x| 2 ≤|y^′ |≤^3_2 |x|

x_n (|x^′ − y^′|^2 + x^2_n)^n2 dy^′ ¡ c(1 + |x|)^fi ;

I_3 ≤ cx_n ∫ |y^′|≥^3_2 |x|

(1 + |y^′|)^fi (|y^′|^2 + x^2_n)^n2 dy^′ ≤ c x_n |x|^{1−fi}

≤ c(1 + |x|)^fi :

Estimates obtained for I_h; h = 1; 2; 3; and relation (3.4) imply estimate (3.3)_1. Taking (3.2)_2 into account, for the Hölder property we deduce the following decomposition:

|T_0(g)(x) − T_0(g)(x)| = ∫ R^{n−1}−B_æ(x^′)

[k(x; y^′) − k(x; y^′)](g(y^′) − g(x^′))dy^′

+ ∫ B_æ(x^′ )

k(x; y^′)(g(y^′) − g(x^′))dy^′ + (g(x^′) − g(x^′)) ∫ B_æ (x^′ )

k(x; y^′)dy^′ (3.5) − ∫ B_æ(x^′ )

k(x; y^′)(g(y^′) − g(x^′))dy^′ = 4∑ ‘=1 I_‘:

We set æ = 3|x − x| and observe that for |x − y^′| ≥ æ the following inequalities hold: |x − y^′| ≥^2_3 |x − y^′|; and æ_0 = |s(x − x) + x − y^′| ≥

STOKES AND NAVIER{STOKES PROBLEM 185

|x − y^′| − s|x − x| ≥^1_2 |x − y^′|: Thus, in virtue of the assumption (3.2)_3 on the kernel k we have

|I_1| ≤ cG_{0;˘0} |x − x|^˘ ∫ |x−y^′|≥æ

|x − y^′|^{1−n−˘+˘0} [(1+ |x^′|)^fi + (1 + |y^′|)^fi ]dy^′

≤ cG_{0;˘0} |x − x|^˘ [ (1 + |x^′|)^fi ∫ |x−y^′|≥æ

|x − y^′|^{1−n−˘+˘0} dy^′

+ ∫ |x−y^′|≥æ

|x − y^′|^{1−n−˘+˘0 +fi} dy^′ ] (3.6)

≤ cG_{0;˘0} [ |x − x|^{˘0} (1 + |x|)^fi +|x − x|^{˘0+fi} ] ≤cG_{0;˘0} |x − x|^{˘0} (1 + |x^∘|)^fi :

Employing (3.2)_1, for the second integral on the right hand side of (3.5) we have

|I_2| ≤ cG_{0;˘0} ∫ |x^′−y^′ |≤æ

|x − y^′|^{1−n+˘0} [ (1 + |x^′|)^fi + (1 + |y^′|)^fi ] dy^′

≤ cG_{0;˘0} (1 + |x^′|)^fi ∫ |x^′ −y^′|≤æ

|x − y^′|^{1−n+˘0} dy^′

+ cG_{0;˘0} ∫ |x^′−y^′|≤æ

|x − y^′|^{1−n+˘0 +fi}dy^′ (3.7)

≤ cG_{0;˘0} |x − x|^{˘0} (1 + |x^∘|)^fi :

Using (3.2)_2, for the third integral on the right hand side of (3.5) we have

|I_3| ≤ cG_{0;˘0} |x−x|^{˘0} (1+|x^∘|)^fi ∫ B_æ (x^′)

x_n |x − y^′|^n dy^′ ≤cG_{0;˘0} |x−x|^{˘0} (1+|x^∘|)^fi :

(3.8) Finally, since B_æ(x^′) ⊂ B 4_{3 æ}(x^′), we have

|I_4| ≤ ∫ B_{4æ3} (x^′)

|k(x; y^′)||g(y^′) − g(x)|dy^′;

186 P. MAREMONTI

and the estimate follows as in the case of I_2: Hence

|I_4| ≤ cG_{0;˘0} |x − x|^{˘0} (1 + |x^∘|)^fi :

This last estimate and estimates (3.6)–(3.8), via the right hand side of (3.5), imply (3.3). The lemma is completely proved.

Let us consider the following integral operators:

for r ∈ {1; : : : ; n − 1}; T^r_1 (g)(x) := AD_{xr} ∫ R^{n−1} d dn E(x − z^′)g(z^′)dz^′; (3.9)

for r ∈ {1; : : : ; n − 1}; T^r_2 (g)(x) := AD_{xr} ∫ R^{n−1}

E(x − z^′)g(z^′)dz^′; (3.10)

where A ¿ 0 is a constant and E(y) = −[(n − 2)!_n]|y|^{1−n}: Concerning operator (3.9) we have Lemma 3.2. Let {g^k} ⊂ F^{2;˘}(R^{n−1}) a Cauchy sequence such that for some fi ∈ [0; 1)

for 0 ≤ i ≤ 2; |∇^ig^k(y^′)| ≤ G_i(1 + |y^′|)^fi ; k ∈ N and y^′ ∈ R^{n−1};

|D^2g^k(x^′) − D^2g^k(x^′)| ≤ G_{2;˘}|x^′ − x^′|^˘(1 + |x^∘|)^fi ; (3.11) k ∈ N and x^′; x^′ ∈ R^{n−1}:

Then, the sequence {T^r_1 g^k} is a Cauchy sequence in F^1(R^n_+). Denoted by g the limit of {g^k} and by p_1(x) the limit of {T^r_1 (g^k)}, then T^r_1 (g) = p_1. Finally, the following estimates hold

(1 + x_n)|p_1(x)| ≤ cG_1(1 + |x|)^fi ;

(1 + x_n)^2|∇p_1(x)| ≤ c(G_0 + G_1 + G_{2;˘})(1 + |x|)^fi ; x ∈ R^n_+; (3.12) fl ∈ (0; 1 − fi); |p_1(x) − p_1(x)| ≤ cG_{1;fl} |x − x|^fl (1 + |x^∘|)^fi ; x; x ∈ R^n_+:

Proof. In hypothesis (3.11)_1 the transform T^r_1 is well defined for any k ∈ N and x ∈ R^n: We start with proving that {T^r_1 (g^k)} is a Cauchy

STOKES AND NAVIER{STOKES PROBLEM 187

sequence in F^1(R^n_+): Let K ⊂ R^n_+ be a compact set and let R ¿ 0 such that^2_3 R ¿ |x| for any x ∈ K: We have

|T^r_1 (g^k) − T^r_1 (g^m)| ≤ A| ∫ |z^′ |≥R

D_{xr} d dn E(x − z^′)(g^k(z^′) − g^m(z^′))dz^′|

+ A| ∫ |z^′ |=R d dn EE(x − z^′)(g^k(z^′) − g^m(z^′)) z_r R dz^′|

+ A| ∫ |z^′ |≤R d dn E(x − z^′)D_{zr} (g^k(z^′) − g^m(z^′))dz^′| (3.13)

≤ cA ∫ |z^′ |≥R

|z^′|^{−n+fi} dz^′ + cAR^{−1+fi} + cA max_{S(R)} |D_{zr} (g^k − g^m)|:

Given ” ¿ 0, we can correspond a sufficiently large R in a way that 2cAR^{−1+fi} ¡ ” and then we can choose ˚(S(R); ”) ∈ N such that max_{S(R)} |D_{zr} (g^k(z^′) − g^m(z^′))| ¡ ”; for any n; m ≥ ˚: Thus we have that

estimate (3.13) implies the Cauchy condition on K. Since K is arbitrary, by virtue of Lemma 2.1 we have proved that {T^r_1 (g^k)} converges in F(R^n_+): With the unique exception of a double (tangential) integration by parts, in an analogous way we can prove the convergence of {D_{xs} T^r_1 (g^k)}, s = 1; · · · ; n − 1; in F(R^n_+). We now prove the convergence of {D_{xn} T^r_1 (g^k)}. Since D^2_{xn} E(y) = −�_y′ E(y), after integrating by parts we get

|D_{xn} (T^r_1 (g^k) − T^r_1 (g^m))|

≤ A| ∫ |y^′|≥R

D_{yr} �_y′ E(y^′; x_n)(g^k(x^′ − y^′) − g^m(x^′ − y^′))dz^′|

+ A| ∫ |y^′ |=M

D_{yr} ∇_y′ E(y^′; x_n) · y^′ M (g^k(x^′ − y^′) − g^m(x^′ − y^′))dy^′|

188 P. MAREMONTI

+ A| ∫ |y^′|=M

D_{yr} E(y^′; x_n) y^′ M · ∇_y′ (g^k(x^′ − y^′) − g^m(x^′ − y^′))dy^′| (3.14)

+ A| ∫ |y^′|≤M

D_{yr} E(y^′; x_n)�_y′ (g^k(x^′ − y^′) − g^m(x^′ − y^′))dy^′|

+ A| ∫ M≤|y^′ |≤R

D_{yr} �_y′ E(y^′; x_n)(g^k(x^′ − y^′) − g^m(x^′ − y^′))dy^′| = 5∑ h=1 J_h:

Via an elementary computation we deduce:

J_1 ≤ c ∫ |z^′ |≥R

(|y^′| + x_n)^{−n−1}(1 + R^fi + |y^′|^fi )dy^′ ≤ cGR^{−1+fi};

J_2 + J_3 ≤ c max_{|y′|≤2R} [ |g^k(y^′) − g^m(y^′)| + |∇g^k(y^′) − ∇g^m(y^′)| ] ; (3.15)

J_5 ≤ c max_{|y′|≤2R} [ |g^k(y^′) − g^m(y^′)| ] : Finally, since ∫

|y^′|≤M

D_{yr} E(y^′; x_n)dy^′ = 0

J_4 = A | | | | ∫ |y′|≤M

D_{yr} E(y^′; x_n)´_y′ [ g^k(x^′ −y^′) − g^m(x^′ −y^′)−g^k(x^′)+g^k(x^′) ] dy^′ | | | |: By virtue of (3.11)_2, for any a ∈ (0; 1); we have

|�_y′ (g^k(x^′ − y^′) − g^m(x^′ − y^′)) + �(g^m(x^′) − g^k(x^′))|^a

× |�_y′ (g^k(x^′ − y^′) − g^m(x^′ − y^′) + �(g^m(x^′) − g^k(x^′))|^{1−a}

≤ cG^a_{2;˘}|y^′|^{a˘}(1 + |x^′ − y^′| + |x^′|)^{afi}

× |�_y′ (g^k(x^′ − y^′) − g^m(x^′ − y^′)) + �(g^m(x^′) − g^k(x^′))|^{1−a};

hence for the integral J_4 we get

J_4 ≤ c ∫ |y^′|≤M

(|y^′|^2 + x^2_n )^{a ˘2 − n2 + 12} {(1 + |x^′ − y^′| + |x^′|)^fi }dy^′ (3.16)

× G^a max_{|y′|≤M} |�_y′ (g^k(x^′ − y^′) − g^m(x^′ − y^′)) + �(g^m(x^′) − g^m(x^′))|^{1−a} :

STOKES AND NAVIER{STOKES PROBLEM 189

Hence starting from (3.14), using for J_‘ estimates (3.15) and (3.16) we get

|D_{xn} (T^r_1 (g^k)(x) − T^r_1 (g^m)(x))| ≤ cR^{−2+fi} + c max

|y^′|=M [ |∇(g^k − g^m)| + |(g^k − g^m)| ] + c max

M≤|y^′|≤R

|�(g^k(x^′ − y^′) − g^m(x^′ − y^′))|

+C(x) max_{|y′|≤M} [ |�(g^k(x^′−y^′)−g^m(x^′ − y^′))|^{1−a} +|�(g^k(x^′)−g^m(x^′))|^{1−a} ] ; where, for a given compact K ⊂ R^n_+; max_K C(x) is finite. Therefore for R sufficiently large and then ˚(S(R)) sufficiently large, we obtain the convergence of {∇T^r_1 (g^k)} uniformly with respect to x ∈ R^n_+ ∩ K too. Since K is arbitrary, by virtue of Lemma 2.1, we denote by p_1(x) the limit of {T^r_1 (g^k)} in F^1(R^n_+): By the above argument, it is easy to prove that T^r_1 (g) = p_1; hence we omit the proof. Via an integration by parts with respect to the tangential variables, estimate (3.12)_2 is a consequence of Lemma 3.1. For x_n ≥ 1; the following elementary inequalities hold :

|D_{xr} d dn E(x − y^′)| ≤ c x_n + 1 x_n |x − y^′|^n and |D^2_{xr xh} d dn E(x − y^′)| ≤ c (x_n + 1)^2 x_n |x − y^′|^n : Hence, for x_n ≥ 1; estimates (3.12)_1 is a consequence of Lemma 3.1. For x_n ≤ 1; making an integration by parts with respect to the tangential variables, we give an uniform bound for p_1 and D_{xh} p_1; h = 1; · · · ; n − 1; employing Lemma 3.1 again. We study the last case for x_n ≤ 1: D_{xn} p_1(x). Recalling that D^2_{x2n} E(x − y^′) = −�_y′ E(x − y^′), integrating by parts, we have

|D_{xn} (T^r_1 (g^k))| ≤ A| ∫ |x^′−y^′|≥M

D_{yr} �_y′ E(x − y^′)g^k(y^′)dy^′|

+ A| ∫ |x^′−y^′|=M

D_{yr} ∇_y′ E(x − y^′)· x^′ − y^′ M g^k(y^′)dy^′|

+ A| ∫ |x^′−y^′|=M

D_{yr} E(x − y^′) x^′ − y^′ M ·∇_y′ g^k(y^′)dy^′| (3.17)

+ A| ∫ |x^′−y^′|≤M

D_{yr} E(x − y^′)(�_y′ g^k(y^′) − �g^k(x^′))dy^′|:

190 P. MAREMONTI

By virtue of assumption (3.11), from (3.17) we easily deduce

|D_{xn} T^r_1 (g^k)| ≤ cG_0 ∫ |x^′−y^′|≥M

(1+ |y^′|)^fi

|x−y^′|^{n+1} dy^′ + c(G_0 + G_1)(1+ |x^′|)^fi (3.18)

+ cG_{2;˘} ∫ |x^′−y^′|≤M

|x^′ −y^′|^˘(1 + |x^′|^fi + |x^′ − y^′|^fi ) (|x^′ −y^′| + x_n)^{n−1} dy^′:

Estimate (3.18) yields |D_{xn} (T^r_1 (g^k))| ≤ c(G_0 +G_1 +G_{2;˘})(1+|x^′|)^fi ≤ c(G_0 +G_1 +G_{2;˘})(1+|x|)^fi ; which implies

(1+x_n)^2|D_{xn} (T^r_1 (g^k))| ≤ c(G_0 +G_1 +G_{2;˘})(1+|x|)^fi; (x^′; x_n)∈R^{n−1} ×(0; 1): (3.19) Hence, we have achieved the result. Finally, the Hölder property (3.12)_2 is a consequence of Lemma 3.1. Indeed, in order to apply the lemma is sufficient the integration by parts with respect to the variable y_r which furnishes T^r_1 (g^k) = T_0(D_{yr} g^k): The lemma is completely proved.

The next lemma concerns the transform T^r_2 (g):

Lemma 3.3. Let {g^k} be a Cauchy sequence in F^{1;˘}(R^{n−1}). Assume for some fi ∈ [0; 1) i = 0; 1;|∇^ig^k(y^′)| ≤ G_i(1 + |y^′|)^fi ; k ∈N; y^′ ∈ R^{n−1}; (3.20) |g^k(y^′)−g^k(y^′)| ≤ G_{0;˘}|y^′ −y^′|^˘(1+|y^{′∘}|)^fi ; k ∈N; y^′; y^′ ∈ R^{n−1}; |∇g^k(y^′)−∇g^k(y^′)|≤G_{1;˘}|y^′ −y^′|^˘(1+ |y^{′∘}|)^fi ; k ∈N; y^′; y^′∈R^{n−1}:

Suppose that for any k ∈ N there exist c^k and c^k_1 such that |g^k(y^′)| ≤ c^k_0 (1 + |y^′|)^{−1}; |∇g^k(y^′)| ≤ c^k_1 (1 + |y^′|)^{−1}: (3.21) Then, there exists a sequence {p^k_2 (x)} ⊂ F^1(R^n_+) such that ∇p^k_2 (x) = ∇T^r_2 (g^k(x)); and, for any fl ∈ (0; 1 − fi) ∩ (0; ˘];

|∇p^k_2 (x)| ≤ c(G_0 + G_1)(1 + x_n)^{−1}(1 + |x|)^fi ; x ∈ R^n_+ |p^k_2 (x) − p^k_2 (x)| ≤ cG_{0;fl} |x − x|^fl (1 + |x^∘|)^fi ; x; x ∈ R^n_+; (3.22)

STOKES AND NAVIER{STOKES PROBLEM 191

with c uniform with respect to k ∈ N: Moreover, {p^k_2 (x)} is convergent to a limit p_2(x) in F^1(R^n) such that

|p_2(x)| ≤ cG_{0;fl} |x|^fl (1 + |x|)^fi ;

|∇p_2(x)| ≤ c(G_0 + G_1)(1 + x_n)^{−1}(1 + |x|)^fi ; x ∈ R^n_+; (3.23) |p_2(x) − p_2(x)| ≤ cG_{0;fl} |x − x|^fl (1 + |x^∘|)^fi ;

|∇p_2(x) − ∇p_2(x)| ≤ cG_{0;fl} |x − x|^fl (1 + |x^∘|)^fi ; x; x ∈ R^n_+:

Proof. For any k ∈ N; for any x ∈ R^n_+, by virtue of (3.21) the operator T^r_2 (g^k) is well defined. Performing an integration by parts we have

∇T^r_2 (g^k)(x) = A ∫ R^{n−1}

∇_xE(x − y^′)D_{yr} g^k(y^′)dy^′: (3.24)

The proof of the lemma is achieved in four steps.

Step 1: |∇T^r_2 (g^k)(x)| ≤ c(G_0 + G_1)(1 + x_n)^{−1}(1 + |x|)^fi uniformly with respect to k and x ∈ R^n_+:

Since D_{xn} T^r_2 is an integral of the Poisson kind, from Lemma 3.1 we have |D_{xn} T^r_2 (g^k)(x)| ≤ cG_1(1 + |x|)^fi ; k ∈ N; x ∈ R^n_+:

Now let us consider D_{xj} T^r_2 (g^k)(x); j = 1; · · · ; n − 1: After integrating by parts, we obtain

|D_{xj} (T^r_2 (g^k))| ≤ A| ∫ |x^′−y^′|≥M

D_{yr yj} E(x − y^′)g^k(y^′)dy^′|

+ A| ∫ |x^′−y^′|=M

D_{yj} E(x − y^′)· x_r − y_r M g^k(y^′)dy^′|

+ A| ∫ |x^′−y^′|≤M

D_{yj} E(x − y^′)(D_{yr} g^k(y^′) − D_{xr} g^k(x^′))dy^′|;

for some M ¿ 0: Taking (3.20)_{1;3} into account, we obtain

|D_{xj} T^r_2 (g^k )(x)| ≤ cG_0 ∫ |x′−y′|≥M

(1+ |y^′|) |x−y^′| fi n dy^′ + cG_0(1+ |x^′|)^fi + cG_1 ∫ |z′|≤M

|z^′|^fl (1 + |x^′|) (|z^′| + x_n) fi n−1 dz^′;

192 P. MAREMONTI

which implies

|D_{xj} T^r_2 (g^k)(x)| ≤ c(G_0 + G_1)(1 + |x|)^fi ; k ∈ N; x ∈ R^n_+: Hence we have proved

|∇T^r_2 (g^k)(x)| ≤ c(G_0 + G_1)(1 + |x|)^fi ; k ∈ N; x ∈ R^n_+; which implies

|∇T^r_2 (g^k )(x)| ≤ c(G_0 +G_1)(1+x_n)^{−1}(1+|x|)^fi ; k ∈ N; (x^′; x_n) ∈ R^{n−1} ×[0; 1]: (3.25)

For (x^′; x_n) with x_n ¿ 1; we have

|∇T^r_2 (g^k)(x)| ≤ cG_0 ∫ Rn−1

(1 + |y^′|)^fi |x − y^′|^n dy^′ ≤ cG_0(1 + x_n)^{−1} ∫ Rn−1

x_n(1 + |y^′|)^fi |x − y^′|^n dy^′:

Employing Lemma 3.1 for the last integral term, we obtain |∇T_2(g^k)(x)| ≤ G_0(1 + x_n)^{−1}(1 + |x|)^fi ; k ∈ N; (x^′; x_n) ∈ R^{n−1} × [1; ∞); which together (3.25) completes the proof of step 1). Step 2: {∇T^r_2 (g^k)(x)} is a Cauchy sequence in F(R^n_+).

From assumption (3.20)_3 we have |D_{yr} (g^k(x^′ −y^′) − g^m(x^′ −y^′)) + D_{xr} (g^k(x^′) − g^m(x^′))|^a × |D_{yr} (g^k(x^′ −y^′) − g^m(x^′ −y^′)+D_{yr} (g^k(x^′) − g^m(x^′))|^{1−a} (3.26) ≤ cG^a_{1;˘}|y^′|^{a˘}|D_{yr} (g^k(x^′ −y^′)− g^m(x^′ −y^′))+D_{xr} (g^k(x^′) − g^m(x^′))|^{1−a};

Let K ⊂ R^n_+ be a compact set and let ” ¿ 0: There exists R ¿ 0 such that |x^′ − z^′| ≤ 2R, for any (x^′; z^′) ∈ K^′ × B_R(0^′) and GAR^{−1+fi} ¡ ”: The following inequality easily holds |∇(T^r_2 (g^k)−T^r_2 (g^m))| ≤ A| ∫ |z^′|¿R

D_{yr} ∇_xE(z^′; x_n)(g^k(x^′ −z^′) − g^m(x^′ −z^′))dz^′|

+ A| ∫ |y^′|=M

∇_xE(z^′; x_n) z_r M (g^k(x^′ −z^′) − g^m(x^′ −z^′))dz^′|

+ A| ∫ |z^′ |≤M

∇_x′ E(z^′; x_n)D_{zr} (g^k(x^′ −z^′) − g^m(x^′ −z^′))dz^′| (3.27)

+ A| ∫ |z^′ |≤M

D_{xn} E(z^′; x_n)D_{zr} (g^k(x^′ −z^′) − g^m(x^′ −z^′))dz^′|

+ A| ∫ M≤|z^′ |≤R

∇_xD_{zr}E(z^′; x_n)D_{zr} (g^k(z^′)−g^m(z^′))dz^′|= 5∑ h=1 J_h:

STOKES AND NAVIER{STOKES PROBLEM 193

We estimate each term J_h, h = 1; · · · ; 5:

J_1(x) ≤ cG_0 ∫ |z^′ |¿R

(|z^′|^2 + x^2_n)^{− n2} (1 + R^fi + |z^′|^fi )dz^′ ≤ cR^{fi−1};

J_2(x) ≤ c max_{|z′|=M} |g^k(x^′ − z^′) − g^m(x^′ − z^′)|;

since ∫

|z^′|≤M

∇_z′ E(z^′; x_n)dz^′ = 0

J_3(x) = | | | | ∫ |z′ |≤M

∇_z′ E(z^′; x_n) [ D_{zr} (g^k (x^′ −z^′) − g^m(x^′ −z^′)) − D_{xr} (g^k (x^′) − g^m(x^′)) ] dz^′ | | | |; employing estimate (3.26), then

J_3(x) ≤ cG^a_{1;˘} max_{B2R(0′ )} |D_{xr} (g^k − g^m)|^{1−a};

J_4(x) ≤ c max_{B2R (0′)} |D_{xr} (g^k − g^m)| | | | ∫ |z^′|≤M

D_{xn} E(z^′; x_n)dz^′ | | | ≤ c max

B_{2R} (0^′)

|D_{xr} (g^k − g^m)|;

J_5(x) ≤ c max_{B2R (0′)} |D_{xr} (g^k − g^m)| | | | ∫ M≤|z^′ |≤R

D_{xn} E(z^′; x_n)dz^′ | | |

≤ c max

B_{2R} (0^′)

|D_{xr} (g^k − g^m)|:

Inequality (3.27) and the above estimates for the integral terms J_h; h = 1; · · · ; 5; for ˚(S(2R); ”) sufficiently large, imply

|∇T^r_2 (g^k)(x) − ∇T^r_2 (g^m)(x)| ≤ c”; uniformly in x ∈ K and k; m ≥ ˚:

Since ” is arbitrary we have proved the Cauchy condition on K: Since K ⊂ R^n_+ is arbitrary, by virtue of Lemma 2.1 we have proved the Cauchy condition for ∇T^r_2 (g^k) in F(R^n_+):

Step 3: the existence of {p^k_2 (x)} and its convergence in F^1(R^n_+):

For any k ∈ N; we define p^k_2 (x) as the line integral of ∇T^r_2 (g^k)(x), integral of line with end points x and 0: Of course, for any k; T^r_2 (g^k)(x) and

194 P. MAREMONTI

p^k_2 (x) are different for a constant and ∇T^r_2 (g^k)(x) = ∇p^k_2 (x). Given a compact set K ⊂ R^n_+; the Cauchy condition of {∇T^r_2 (g^k)} implies the Cauchy condition for {p^k_2 (x)} and for {∇p^k_2 } on K: Hence {p^k_2 } is convergent in F^1(R^n_+): We denote by p_2 the limit in F^1(R^n_+): Step 4: estimates (3.23) for p_2.

Since on any compact K ⊂ R^n_+ {p^k_2 (x)} is convergent in C^1(K); we can argue for the Hölder estimate on the difference p^k_2 (x) − p^k_2 (x). We recall that ∫ @B_æ(x^′)

E(x − y^′)^{x′r−y′r}_æ dy^′ = 0; we set W_r = ∫ @B_æ (x^′ )

E(x − y^′)^{x′r −y′r}_æ dy^′ and

æ = 3|x − x|. Since for any k; T^r_2 (g^k)(x) − T^r_2 (g^k)(x) = p^k_2 (x) − p^k_2 (x), the following identity holds

p^k_2 (x) −p^k_2 (x) = g^k(x^′)W_r + ∫ Rn−1−Bæ (x′ ) [ D_{yr}E(x−y^′)−D_{yr} E(x−y^′) ] g^k(y^′)dy^′

+ ∫ Bæ(x′)

D_{yr} E(x − y^′)(g^k (y^′) − g^k(x^′))dy^′ − ∫ Bæ(x′ )

D_{yr} E(x − y^′)(g^k (y^′) − g^k(x^′))dy^′

= ∫ Rn−1−Bæ(x′) [ D_{yr} E(x − y^′) − D_{yr} E(x − y^′) ] [ g^k(y^′) − g^k(x^′) ] dy^′ (3.28)

+ ∫ Bæ (x′)

D_{yr} E(x − y^′)(g^k (y^′) − g^k(x^′))dy^′ − ∫ Bæ(x′ )

D_{yr} E(x − y)(g^k (y^′) − g^k(x^′))dy^′;

where in the last integral we have considered: ∫ R^{n−1}−B_æ(x^′) [ D_{yr}E(x −y)−D_{yr} E(x−y) ] dy^′ + W_r = 0: (3.29)

For y^′ =∈ B_æ(x^′) we have the inequality

|x^′ − y^′| ≥ 3 4 |x^′ − y^′| and |x^′ − y^′| ≥ 2 3 |x^′ − y^′|: (3.30)

From formula (3.28), via inequality (3.30) and by virtue of (3.20)_2, we obtain

|p^k_2 (x) − p^k_2 (x)| ≤ cG_{0;fl} |x − x| ∫ |x^′−y^′|≥æ [ 1 |x^′ − y^′|^{n−fl−fi} + (1+|x|) |x^′ −y^′| fi n−fl ] dy^′

+ cG_{0;fl} ∫ B_æ(x^′)

|x − y^′|^{−n+1+fl} dy^′ + cG_{0;fl} ∫ B_{43 æ}(x^′)

|x − y^′|^{−n+1+fl} dy^′

≤ cG_{0;fl} [ |x − x|^{fl+fi} + |x − x|^fl (1 + |x|)^fi ] ;

STOKES AND NAVIER{STOKES PROBLEM 195

which trivially implies (3.23)_3 for p_2(x): Inequality (3.23)_1 for p_2 follows from the Hölder property. We prove estimate (3.23)_4. We consider ∇_x′ T^r_2 (g^k)(x): An integration by parts with respect to y_j ; j = 1; · · · ; n−1; allows to us to get ∇_x′ T^r_2 (g^k)(x) = T^r_2 (∇g^k): Hence, by the above estimates for the Hölder property of T_2(g^k) we deduce

|∇_x′ T^r_2 (g^k)(x) − ∇_x′ T^r_2 (g^k)(x)| ≤ cG_{1;fl} |x − x|^fl (1 + |x|)^fi ; (3.31)

uniformly with respect to k and x; x ∈ R^n_+: Moreover, an integration by parts gives D_{xn} T^r_2 (g^k(x) = T_0(D_{xr} g^k)(x), hence, applying Lemma 3.1,

|D_{xn} T^r_2 (x) − D_{xn} T^r_2 (x)| ≤ cG_{1;fl} |x − x|^fl (1 + |x^∘|)^fi ; (3.32)

uniformly with respect to k and x; x ∈ R^n_+: Estimates (3.31) and (3.32) ensure (3.23)_4. Estimate (3.23)_2 is a consequence of the estimate given in the step 1) and of the convergence given in the step 2).

The lemma is completely proved.

Lemma 3.4. Let {g^k} ⊂ F^{2;˘}(R^{n−1}) be such that for some fi ∈ [0; 1) and ˘ ∈ (0; 1)

for 0 ≤ i ≤ 2;|∇^ig^k(y^′)| ≤ G_i(1 + |y^′|)^fi ; for any k ∈ N and y^′ ∈ R^{n−1}; |D^2g^k(y^′) − D^2g^k(y^′)| ≤ G_{2;˘}|x^′ − x^′|^˘(1 + |y^{′∘}|)^fi ; (3.33) for any k ∈ N and y^′ ∈ R^{n−1}:

Let ff ¿ fi: Suppose that for any k ∈ N there exists c_k(ff) such that

|g_k(y^′)| + |∇g_k(y^′)| ≤ c_k(ff)(1 + |y^′|)^{−ff+fi} : (3.34) Then, for any fl ∈ (0; ˘ − fi),

|∇T^r_1 (g^k)(x) − ∇T^r_1 (g^k)(x)| ≤ cG_{2;fl} |x − x|^fl (1 + |x^∘|)^fi ; uniformly with respect to k ∈ N; x; x ∈ R^n_+: (3.35)

Proof. After integrating by parts, we have ∇_x′ T_1(g^k)(x) = T_0(∇D_{yr} g^k)(x):

196 P. MAREMONTI

Hence the result follows from Lemma 3.1. If we consider D_{xn} T_1(g^k), recalling that D^2_{z2n} E(z) = −^{n−1} ∑ ‘=1 D^2_{z2‘} E(z); after integrating by parts, we have

D_{xn} T_1(g^k) = − n−1∫ R D_{xr} ∇^′_xE(x − y^′) · ∇g^k(y^′)dy^′;

hence the result follows from Lemma 3.3. The lemma is completely proved.

By K(z) we denote a C^2 smooth function on R^n −{0}. We assume that 1) K(z) is homogeneous of degree 1 − n on R^n − {0}: for ¯ ¿ 0; K(¯z) = ¯^{1−n}K(z) for any z ∈ R^n − {0}; 2) ∫ |z|=1

@K(z)

@z_j dœ = 0; for any j = 1; : : : ; n: Let us consider the following

integral transform:

T_3(A)(x) = ∗∫ R^n

∇_yK(x − y) · A(y)dy; (3.36)

with A(x) vectorial field with components A_j (x); j = 1; · · · ; n. The following lemma holds:

Lemma 3.5. Let {A^k} be a Cauchy sequence in F^{1;˘}(R^n). Assume that for some fi ∈ [0; 1) and ˘ ∈ (0; 1)

|A^k(y)| ≤ a_0(1 + |y|)^fi; |∇A^k (y)| ≤ a_1(1 + |y|)^fi ; k ∈N; y ∈ R^n; |A^k(y) − A^k(y)| ≤ a_{0;˘}|y − y|^˘(1 + |y^∘|)^fi ; k ∈N; y; y ∈ R^n; (3.37) |∇A^k(y) −∇A^k(y)|≤a_{1;˘}|y−y|^˘(1+ |y^∘|)^fi ; k ∈N; y; y ∈R^n:

Let ff ¿ fi + 1: Suppose that for any k ∈ N there exists c_k(ff) such that

|A^k(y)| + |∇A^k(y)| ≤ c_k(ff)(1 + |y|)^{−ff+fi} : (3.38)

Then there exists a sequence {p^k_3 (x)} ⊂ F^1(R^n) such that, for any k ∈ N; ∇p^k_3 (x) = ∇T_3(A^k (x)): Moreover {p^k_3 (x)} is convergent to a limit p_3(x) in

STOKES AND NAVIER{STOKES PROBLEM 197

F^1(R^n) and for any fl ∈ (0; 1 − fi) there exists a constant c independent of ff such that

|p_3(x)| ≤ ca_{0;fl} |x|^fl (1 + |x|)^fi ;

|∇p_3(x)| ≤ c(a_0 + a_{1;fl} )(1 + |x|)^fi ; x ∈ R^n; (3.39)

|p_3(x) − p_3(x)| ≤ ca_{0;fl} |x − x|^fl (1 + |x^∘|)^fi ; x; x ∈ R^n;

fl ≤ ˘; |∇p_3(x) − ∇p_3(x)| ≤ ca_{1;fl} |x − x|^fl (1 + |x^∘|)^fi ; x; x ∈ R^n:

Proof. We set ~k = ∫ |z|=1

K(z)zdœ: By virtue of assumption (3.38) we have

T_3(A^k)(x) = −~k · A^k(x) + ∫ R^n

K(x − y)∇ · A^k(y)dy:

By virtue of the Giraud theorem, we obtain

∇T_3(A^k )(x) =−∇ [ ~k · A^k (x) ] +~k∇ · A^k(x)− ∗∫ R^n

∇_yK(x − y)∇ · A^k(y)dy

= −∇ [ ~k · A^k(x) ] + ~k∇ · A^k(x) − lim_{”→0} J^k_” (x); (3.40)

where J^k_” (x) = ∫ R^n−B_”(x)

∇_yK(x − y) · ∇ · A^k(y)dy

with B_”(x) exclusion regions. The proof is achieved in four steps. Step 1: |∇T_3(A^k)| ≤ a(1 + |x|)^fi uniformly with respect to k and x ∈ R^n_+: We have

J^k_” (x) = ∫ Rn−B1 (x)

∇_yK(x−y)·∇·A^k(y)dy + ∫ B1 (x)−B”(x)

∇_y K(x−y)· [ ∇·A^k(y)−∇·A^k(x) ] dy: An integration by parts gives

J^k_” (x) = − ∫ R^n−B_1(x)

∇_y∇_yK(x−y)·A^k(y)dy + ∫ @B_1(x)

∇_yK(x−y)(x − y)·A^k(y)dy

+ ∫ B_1(x)−B_”(x)

∇_yK(x−y)· [ ∇·A^k(y) − ∇ · A^k(x) ] dy:

198 P. MAREMONTI

Taking assumptions (3.37) into account, by means of elementary computations on the right hand side of the last formula, we obtain

|J^k_” (x)| ≤ c(a_0 + a_{1;fl} )(1 + |x|)^fi ; (3.41)

uniformly in k ∈ N; ” ¿ 0 and x ∈ R^n: Relation (3.40) and estimate (3.41) complete the proof of the result of Step 1). Step 2: {∇T_3(A^k (x))} is a Cauchy sequence in F(R^n):

We consider relation (3.40), hence we limit ourselves to prove that {J^k_” } is a Cauchy sequence in F(R^n): We denote by K ⊂ R^n a compact set and we choose R ¿ ” such that |x − y| ≤ 2R for any (x; y) ∈ K × B_R: We have

J^k_” (x) − J^m_” (x) = ∫ R^n−B_R

∇_z∇_z K(z)· [ A^k(x − z) − A^m(x − z) ] dz

+ ∫ B_R−B_”

∇_yK(z)· [ ∇·A^k(x − z) −∇·A^k(x) −∇·A^m(x − z) +∇·A^m(x) ] dy ∫ @B_R

∇_yK(z) z R · [ A^k(x − z) − A^m(x − z) ] dy = 3∑ h=1 I_h: (3.42)

The following estimates hold:

taking assumption (3.37)_1 into account we obtain

|I_1(x)| ≤ ∫ |z|≥R

|z|^{−n−1}(1 + |x − z|)^fi dz ≤ c ( R^{fi−1} + R^{−1} ) (1 + |x|)^fi ;

taking assumption (3.37)_3 into account we have | ∇·A^k(x−z) −∇·A^k(x) −∇·A^m(x−z) +∇·A^m(x) | ≤ c|z|^{afl} | |∇·A^k(x−z) −∇·A^k(x) −∇·A^m(x−z) +∇·A^m(x) | |^{1−a}

(1+|x|+|z|)^{afi};

hence

|I_2(x)| ≤ ∫ ”≤|z|≤R

|z|^{−n+afl} | |∇·A^k(x − z)−∇·A^k(x)

−∇·A^m(x − z) +∇·A^m(x)|^{1−a}(1 + |x| + |z|)^{afi}}dz ≤ c ( 1 + R^{a(fl+fi)} ) max |z|≤2R

|∇A^k(z) − ∇A^m(z)|^{1−a};

STOKES AND NAVIER{STOKES PROBLEM 199

finally, for the last integral, we easily deduce

|I_3(x)| ≤ c R max |z|=R

|A^k(z) − A^m(z)|:

We can increase the right hand side of (3.42) by means of the above estimates obtained for the integral terms I_i; i = 1; 2; 3: | |J^k_” (x) − J^m_” (x) | | ≤ c (R^{fi−1} + R^{−1}) (1 + |x|)^fi + [ 1+R^{a(fl+fi)} ] max |z|≤2R | |∇A^k (z)− ∇A^m(z) | |^{1−a} + c R max |z|=R

|A^k(z)−A^m(z)|:

This last estimate implies the Cauchy condition in C(K) for J^k_” (x). The Cauchy condition in C(K) of {J^k_” } is uniform with respect to ”; hence from relation (3.40) we deduce the one of {∇T_3(A^k )}. Since K is arbitrary, by virtue of Lemma 2.1 we have that {∇T_3(A^k)} is a Cauchy sequence in F(R^n_+): Thus the proof of step 2) is achieved. Step 3: the existence of {p_3(x)} ∈ F^1(R^n):

For any k we define p^k_3 (x) as the line integral of ∇T_3(A^k )(x). The Cauchy condition of the sequence {∇T_3(A^k )} implies trivially the one of {p^k_3 (x)} in C(K). We denote by p_3(x) the limit of {p^k_3 } and, since K is arbitrary, we also have p_3(x) ∈ F^1(R^n): Step 4: estimates (3.39).

Actually we just must prove the Hölder properties. Indeed estimate (3.39)_2 is a consequence of the estimates obtained in the step 1) and of the convergence of {∇T_3(A^k )} to ∇p_3: We begin pointing out that, employing our hypotheses, from (3.36) the following relations hold:

T_3(A^k)(x) = ∫ R^n−B(x;æ)

∇_yK(x − y)·A^k(y)dy

+ ∫ B(x; æ)∇_yK(x − y)·(A^k(y) − A^k(x))dy

T_3(A^k)(x) = ∫ R^n−B(x;æ)

∇_yK(x − y)·A^k(y)dy

+ ∫ B(x;æ)

∇_yK(x − y)·(A^k(y) − A^k(x))dy

+ A^k(x) · [ ∫ |x − y| = æK(x − y)n(y)dœ ] − ~k · A^k(x);

200 P. MAREMONTI

provided that æ ≥ 3|x − x|: Since p^k_3 (x) − p^k_3 (x) = T_3(g^k)(x) − T_3(g^k)(x), then the following relation holds:

p^k_3 (x) − p^k_3 (x) = ∫ R^n−B(x;æ)

∇_y [ K(x − y) − K(x − y) ] · A^k(y)dy

+ ∫ B(x;æ)

∇_yK(x−y)· [ A^k(y)−A^k(x) ] dy − ∫ B(x;æ)

∇_yK(x − y)· [ A^k(y)−A^k(x) ] dy

− A^k(x) · [ ∫ |x−y|=æ

K(x − y)n(y)dœ ] + ~k · A^k (x): (3.43)

We point out that in our hypotheses on K the function |∇K(x − y) − ∇K(x − y)| = O(|y|^{−n−1}) and |K(x − y) − K(x − y)| = O(|y|^{−n}); hence the following relation holds ∫ R^n−B(x;æ) [ ∇K(x − y) − ∇K(x − y) ] dy = ∫ |x−y|=æ

K(x − y)n(y)dœ − ~k:

This last and (3.43) imply

p^k_3 (x) − p^k_3 (x) = ∫ Rn−B(x;æ)

∇_y [ K(x − y) − K(x − y) ] · [ A^k(y) − A^k(x) ] dy

+ ∫ B(x;æ)

∇_yK(x−y)· [ A^k(y)−A^k(x) ] dy − ∫ B(x;æ)

∇_yK(x − y)· [ A^k(y)−A^k (x) ] dy

= 3∑ h=1 I_h: (3.44)

Since for y =∈ B_æ(x) and s ∈ [0; 1]

|(x − x)s − y + x| ≥ c|y − x| and |y − x| ≤ c|y − x|;

taking properties 1)–2) of kernel K into account and assumption (3.37)_2

STOKES AND NAVIER{STOKES PROBLEM 201

on A^k also, we get

|I_1| = | | | ∫ Rn−B(x;æ) 1∫ 0 ∇_z ∇_zK((x − x)s − y + x)) · (x − x) · [ A^k(y) − A^k(x) ] dyds | | |

≤ ca_{0;fl} |x − x| ∫ |y−x|≥æ

|y − x| |y − x| fl n+1 [ (1 + |y − x|)^fi + (1 + |x|)^fi ] dy

≤ ca_{0;fl} |x − x| ∫ |y−x|≥æ

|y − x|^{−n−1+fl+fi} + c|x − x|(1 + |x|)^fi ∫ |x−y|≥æ

|y − x|^{−n−1+fl} dy

≤ ca_{0;fl} [ |x − x|^{fl+fi} + (1+ |x|)^fi |x − x|^fl ] ≤ ca_{0;fl} |x − x|^fl (1+ |x^∘|)^fi ;

|I_2| ≤ ∫ |x−y|≤æ

|x − y|^{−n}|A^k(y)−A^k(x)|dy ≤ ca_{0;fl} ∫ |x−y|≤æ

|x − y|^{−n+fl} [ (1 + |y|)^fi +(1 + |x|)^fi ] dy

≤ ca_{0;fl} |x − x|^fl [ (1 + |x|)^fi + |x − x|^fi ] ≤ ca_{0;fl} |x − x|^fl (1 + |x^∘|)^fi ;

|I_3| ≤ ∫ |x−y|≤æ

|x − y|^{−n}|A^k(y)−A^k (x)|dy ≤ ca_{0;fl} ∫ |x−y|≤æ

|x − y|^{−n+fl} [ (1+ |y|)^fi + (1+ |x|)^fi ] dy

≤ ca_{0;fl} ∫ |x−y|≤ 43 æ

|x − y|^{−n+fl} [ (1 + |y|)^fi + (1 + |x|)^fi ] dy ≤ ca_{0;fl} |x − x|^fl (1+ |x^∘|)^fi :

Substituting the estimates deduced for I_i; i = 1; 2; 3; on the right hand side of (3.44) we obtain

|p^k_3 (x) − p^k_3 (x)| ≤ ca_{0;fl} |x − x|^fl (1+ |x^∘|)^fi ;

uniformly in k ∈ N and x ∈ R^n: Therefore, from the uniform convergence of {p^k_3 } in C^1(K), since K is arbitrary, we obtain (3.39)_3. Finally, starting from (3.40) the Hölder property for ∇p_3 is just deduced in an analogous way. Hence we omit the proof. This completes the proof of step 4) and of the lemma.

Remark 3.1 The proof of step 4) is just a suitable modification of the one given in [12] Lemma 2.2.

202 P. MAREMONTI

4. The Green function; some pointwise estimates We introduce the following kernels:

G_{ij} (x; y; t) = ffi_{ij} (H(x−y; t)−H(x−y^∗; t)) + 4^ffi_{rj} D_{xr} ∫ Rn+;xn

D_{xi} E(x−z)H(z−y^∗; t)dz

:= ffi_{ij} (H(x − y; t)− H(x − y^∗; t)) + G^∗_{ij} (x; y; t); i; j = 1; : : : ; n

g_j (x; y; t)! = 4^ffi_{rj} D_{xr} [ ∫ Rn−1

D_{xn} E(x − z^′)H(z^′ −y^′; y_n; t)dz^′ (4.1)

+ ∫ Rn−1

E(x−z^′)D_{yn}H(z^′ −y^′; y_n; t)dz^′ ] ; j = 1; : : : ; n;

The pair (G; g) is the Green function of the initial boundary value problem of the Stokes system in the half-space. The definition of the Green function and its properties are studied by Solonnikov in [18], [19]. In formulas (4.1) H(z; s) = (4ßt)^{− n2} e^{− |z|4t 2} is the fundamental solution of heat equation, ffî_{rj} = ffi_{rj} if j ≠ n, ffî_{rn} = 0, finally Rn_{+;xn} = Rn−1 × (0; x_n). We recall the following estimates for H(z; s): for |h|; |l|; k ∈ N ∪ {0}, ¯ ≥ 0:

|D^{h;l;k}_{x;y;t}H(x − y; t)|≤ ct^{− n2 − |h|2 − |l|2 −k}e^{− |x−y|4t} 2 ≤ ct^{¯2} (|x − y|^2 + t)^{− n+|h|+|l|2 −k− ¯2} : (4.2)

Moreover, in [18] it is proved that the components G^∗_{ij} and g_j , for |h|; |l|; k ∈ N ∪ {0} with h = (h^′; h_n), l = (l^′; l_n), for some â ¿ 0, satisfy the following inequalities:

|D^{h;l;k}_{x;y;t}G^∗_{ij} (x; y; t)| ≤ ct^{− ln2 −k}(x^2_n + t)^{− hn2} (|x − y^∗|^2 + t)^{− n+|h′|+|l′|2} e^{−â y} 2 n t ; |D^{h;l;k}_{x;y;t}g_j (x; y; t)| ≤ ct^{−1− ln2 −k}(|x − y^∗|^2 + t)^{− n−1+|h|+|l′|2} e^{−â y} 2 n t : (4.3)

Therefore, taking into account (4.2) we have for any |h|; |l|; k ∈ N ∪ {0} with h = (h^′; h_n), l = (l^′; l_n), for some â ¿ 0

|D^{h;l;k}_{x;y;t}G_{ij} (x; y; t)| ≤c(|x− y|^2 + t)^{− n+|h|+|l|+2k2}

+ ct^{− ln2 −k}(x^2_n + t)^{− hn2} (|x− y^∗|^2 + t)^{− n+|h′|+|l′|2} e^{−â y} 2 n t : (4.4)

STOKES AND NAVIER{STOKES PROBLEM 203

Lemma 4.1. Let ¯ ¿ 0 and ¯_1 ≥ 0: Let a(y) ∈ C(R^n) with |a(y)| ≤ c(1 + |y|)^fi ; for some fi ∈ (0; 1): Then, the following estimate holds: ∫ Rn s^{¯2} |a(y)| (|x − y| + s^{12} )^{n+¯+¯1} dy ≤ cs^¯2 (R+s^12 )^{fi−¯−¯1} +cs^{− ¯1}2 max_{B(R)} |a(y)|; s ¿ 0; x ∈ R^n;

provided that 2|x| ¡ R and ¯ + ¯_1 ¿ fi: Proof. We have ∫ R^n

s^{¯2} |a(y)| (|x − y| + s^12 )^{n+¯+¯1} dy = ∫ |y|≤R

s^{¯2} |a(y)| (|x − y| + s^12 )^{n+¯+¯1} dy

+ ∫ |y|≥R

s^{¯2} |a(y)| (|x − y| + s^12 )^{n+¯+¯1} dy:

Hence, by virtue of our assumptions on a, after integrating, for ¯+¯_1 ¿ fi, we get ∫ R^n

s^{¯2} |a(y)| (|x − y| + s^12 )^{n+¯+¯1} dy ≤ cs^{− ¯12} max_{BR} |a(y)| + cs^{¯2} (R + s^{12} )^{fi−¯−¯1} ;

provided that 2|x| ¡ R: The lemma is proved. Lemma 4.2. Let ¯; ¯_1 ≥ 0: The following estimate holds: ∫ R^n_+

s^{¯2} (1 + |y|)^fi (|x − y| + s^12 )^{n+¯+¯1} dy ≤ c [ s^{− ¯12} |x|^fi + (1 + s)^{fi2 − ¯12} ] ; x ∈ R^n_+;

provided that ¯ + ¯_1 ¿ fi. Proof. We get ∫ R^n

s^{¯2} (1 + |y|)^fi (|x − y|^2 + s)^{n2 + ¯2 + ¯12} dy = s^{¯2} ∫ |y|≤2|x|+1

(1 + |y|)^fi dy (|x − y|^2 + s)^{n2 + ¯2 + ¯12}

+ s^{¯2} ∫ |y|≥2|x|+1

(1 + |y|)^fidy (|x − y|^2 + s)^{n2 + ¯2 + ¯12}

204 P. MAREMONTI

Hence ∫ R^n

s^{¯2} (1 + |y|)^fi (|x − y|^2 + s)^{n2 + ¯2 + ¯12} dy

≤ cs^{¯2} (1 + |x|)^fi ∫ |y|≤2|x|+1 dy (|x − y|^2 + s)^{n2 + ¯2 + ¯12}

+ cs^{¯2} ∫ |y|≥2|x|+1

(1 + |y|)^fi dy (|y|^2 + 1 + s)^{n2 + ¯2 + ¯12} ;

which implies the thesis.

We denote by T_4 the following special heat operator:

T_4(a) = ∫ R^n_+

H(x; y; t)a(y)dy; (4.5)

where H(x; y; t) = H(x − y; t) − H(x − y^∗; t):

Lemma 4.3. Let {a^k(x)} be a Cauchy sequence in F_0(R^n_+). Let us assume that, for each k ∈ N; |a^k(x)| ≤ A(1 + |x|)^fi ; for some fi ∈ [0; 1): Then, the sequence {T_4(a^k)} is a Cauchy sequence in C(0; T ; F_0(R^n_+)) ∩ C^{0;¯ ˘2} (ffi; T ; F^{2;(1−¯)˘}(R^n_+))∩C^{1;¯ ˘2} (ffi; T ; F^{(1−¯)˘}(R^n_+)); ¯ ∈ [0; 1]; and uniformly in k ∈ N we have 2∑ ‘=0 t^‘2 |∇^‘T_4(a^k )(x; t)| ≤ cA(1 + t^12 + |x|)^fi ; x ∈ R^n_+; t ∈ (0; T ); | | |D^2_xT4(a^k )(x; t)−D^2_xT4(a^k )(x; t) | | | ≤ cAt^{−1−} ˘ 2 ∘ [ |x−x|+|t − t|^12

]_˘ (1+t^{∘ 12} + |x^∘|)^fi ; | | |DtT4(a^k )(x; t) − DtT4(a^k )(x; t) | | | ≤ cAt^{−1−} ˘ 2 ∘ [ |x−x|+|t − t|^12

]_˘ (1+t^{∘ 12} + |x^∘|)^fi ;

x; x ∈ R^n_+; t; t ∈ (0; T ): (4.6)

Proof. Let K ⊂ R^n_+ be a compact set and R ¿ 0 such that R ¿ 2|x|; for any x ∈ K: Since T_4(a^k) is differentiable, taking estimates (4.2) into account, for ¯ ¿ fi; we have

|D^{h;k}_{x;t} T_4(a^m − a^k)| ≤ cA ∫ R^n_+

t^{¯2} |a^m(y) − a^k(y)| (|x − y|^2 + t)^n2^{+ h}2^{+k+ ¯}2 dydø:

STOKES AND NAVIER{STOKES PROBLEM 205

Applying the estimates deduced in lemma 4.1 to the right hand side, we obtain | | |D^{h;k}_{x;t} T4(a^m − a^k) | | | ≤ cA t^{¯2} (R^2 + t)^{¯2 + h2 +k− fi2}

+ ct^{− h2 −k} max_{BR} |a^m − a^k|;

which proves, for each h;k; the convergence in F(R^n): Now, we prove (4.6)_1. Taking estimate (4.2) into account, we obtain

|D^{h;k}_{x;t} T_4(a^k)(x; t)| ≤ A ∫ R^n_+

t^{¯2} (1 + |y|)^fi dy (|x − y|^2 + t)^{n2 + ¯2 + h2 +k} :

Employing Lemma (4.2) with ¯_1 =^h_2 + k; then

|D^{h;k}_{x;t} T_4(a^k)(x; t)| ≤ cA [ t^{− h2 −k}|x|^fi + (1 + t)^{fi2 − h2 −k} ] ; which proves(4.6)_1. The Hölder estimates (4.6)_{2;3} easily follow from (4.7). The lemma is proved.

We denote by T_5 the following heat operator:

T_5(a) = ∫ R^n_+

G^∗(x; y; t)a(y)dy:

Lemma 4.4. Let a(y) ∈ C(R^n_+) with |a(y)| ≤ c(1 + |y|)^fi ; for some fi ∈ [0; 1) and ¯ ¡ 1 − fi: Then, the following estimate holds: ∫ R^n_+

|a(y)|e^{−â y2ns} (|x−y^∗|^2 + s)^{n2 − ¯2} dy ≤ cs^{12} (R + s^{12} )^{fi+¯−1} + cs^{¯2} max_{BR+2} |a(y)|; s ¿ 0;

provided that 2|x| ¡ R:

206 P. MAREMONTI

Proof. The following elementary estimate holds: ∫ R^n_+

|a(y)|e^{−â y2ns} (|x − y^∗|^2 + s)^{n2 − ¯2} dy = ∫ |y|≤R+2

|a(y)|e^{−â y2ns} (|x − y^∗|^2 + s)^{n2 − ¯2} dy

+ ∫ |y|≥R+2

|a(y)|e^{−â y2ns} (|x−y^∗|^2 + s)^{n2 − ¯2} dy

≤ c max_{BR+2} |a(y)| ∞∫ 0 ∫ |y^′|≤R+2

e^{−â y2ns} (|x − y^∗|^2 + s)^{n2 − ¯2} dy

+ c ∞∫ 0 ∫ |y^′|≥R+2

(1 + |y|)^fi e^{−â y2ns} (|x − y^∗|^2 + s)^{n2 − ¯2} dy:

Recalling that ∞∫ 0 e^{− y2ns} s^{− 12} dy_n = c; by means of some elementary integral computations we deduce ∫ R^n_+

|a(y)|e^{−â y2ns} (|x − y^∗|^2 + s)^{n2 − ¯2} dy

≤ cs^{¯2} max_{BR+2} |a(y)| ∞∫ 0 e s −^a^{y2n}_s 1 2 dy_n + ∞∫ 0 e^{−^a y2ns} (R+1+x_n + s^12 )^{1−fi−¯} dy_n

≤ cs^{¯2} max_{BR+2} |a(y)| + cs^{12} (R+1+ s^{12} )^{fi−1−¯};

which completes the proof of the lemma.

Lemma 4.5. Let ¯_1 be a real number with ¯_1 ¿ fi−1: Then, the following estimate holds: ∫ R^n_+

(1+|y|)^fie^{−â y2ns} (|x − y^∗|^2 + s)^n2^{+ ¯1}2 dy ≤ c [ s^{− ¯12} |x|^fi + (1 + s)^{fi2 − ¯12} ] ; x ∈ R^n_+:

STOKES AND NAVIER{STOKES PROBLEM 207

Proof. We get ∫ R^n_+

(1 + |y|)^fi e^{−â y2ns} (|x − y^∗|^2 + s)^n2^{+ ¯1}2 dy ∫ |y|≤2|x|+1

(1 + |y|)^fie^{−â y2ns} (|x − y^∗|^2 + s)^n2^{+ ¯1}2 dy + ∫ |y|≥2|x|+1

(1+|y|)^fie^{−â y2ns} (|x − y^∗|^2 + s)^n2^{+ ¯1}2 dy:

Hence ∫ R^n_+

(1+|y|)^fie^{−â y2ns} (|x − y^∗|^2 + s)^n2^{+ ¯1}2 dy

≤ c(1 + |x|)^fi ∞∫ 0 ∫ R^{n−1}

e^{−â y2ns} (|y^′|^2 + y^2_n + s)^n2^{+ ¯1}2 dy^′dy_n

+ ∞∫ 0 ∫ R^{n−1}

e^{−â y2ns} (|y^′|^2 + y^2_n + s)^{n2 + ¯12 − fi2} dy ≤ c(1 + |x|)^fi (s^{− ¯12} + s^{fi2 − ¯12} ):

Since ∫

R^{n−1} 1 (|y^′|^2 + y^2_n + s)^{n2 + ¯12 − fi2} dy^′ = c s^{12 + ¯12}

and_{+∞} ∫ 0 e^{−â y2ns} s^12 dy_n = c;

from the above estimate we get ∫ R^n_+

(1 + |y|)^fie^{−â y2ns} (|x − y^∗|^2 + s)^n2^{+ ¯1}2 dy ≤ c(1 + |x|)^fi (s^{− ¯12} + s^{fi2 − ¯12} ):

The lemma is proved.

208 P. MAREMONTI

Lemma 4.6. Let {a^k(x)} be a Cauchy sequence in F_0(R^n_+). Let us assume that, for each k ∈ N; |a^k(x)| ≤ A(1 + |x|)^fi ; for some fi ∈ [0; 1): Then, the sequence {T_5(a^k)} is a Cauchy sequence in C(0; T ; F_0(R^n_+)) ∩ C^{0;¯ ˘2} (ffi; T ; F^{2;(1−¯)˘}(R^n_+))∩C^{1;¯ ˘2} (ffi; T ; F^{(1−¯)˘}(R^n_+)); ¯ ∈ [0; 1]; and uniformly in k ∈ N we have 2∑ ‘=0 t^‘2 |∇^‘T_5(a^k )(x; t)| + t|D_tT_5(x; t)| ≤ cA(1+ t^12 +|x|)^fi; x ∈ R^n_+; t ∈ (0; T ); | | |D^2_x T5(a^k )(x; t)− D^2_x T5(a^k )(x; t) | | | ≤ cAt^{−1−} ˘ 2 ∘ [ |x−x|+|t−t|^12

]_˘ (1+t^{∘ 12} + |x^∘|)^fi ; | | |DtT5(a^k )(x; t)− DtT5(a^k )(x; t) | | | ≤ cAt^{−1−} ˘ 2 ∘ [ |x−x|+|t−t|^12

]_˘ (1+t^{∘ 12} + |x^∘|)^fi ;

x; x ∈ R^n_+; t; t ∈ (0; T ): (4.8)

Proof. Let K ⊂ R^n_+ be a compact set and R ¿ 0 such that R ¿ 2|x|; for any x∈K. By virtue of (4.3), we have that T_5(a^k) is differentiable. Hence we get

|D^{h;k}_{x;t} T_5(a^m)(x; t) − D^{h;k}_{x;t} T_5(a^k)(x; t)| = | | | | | | ∫ R^n_+

D^{h;k}_{x;t} G^∗(x; y; t) · (a^m(y) − a^k(y))dy | | | | | | ≤ A ∫ R^n_+

t^{−k}e^{−â y2nt}

(x^2_n + t)^{hn}2

|a^m(y) − a^k(y)| (x − y^∗|^2 + t)^n2^{+ |h′ |}2 dy:

By virtue of Lemma 4.4, we get

|D^{h;k}_{x;t} T_5(a^m)(x; t) − D^{h;k}_{x;t} T_5(a^k)(x; t)|

≤ ct^{− |h|2 −k} [ A(R + t^{12} )^{fi−1} + max_{BR+2} |a^m − a^k| ] ; t ¿ 0; x ∈ R^n;

which proves the convergence of {T_5(a^k)} in F_0(R^n_+) ∩ F^2(R^n_+) and of D_tT_5(a^k) in F(R^n_+): To prove estimates (4.8)_1 we just consider the spatial derivatives, the case of time derivatives is proved by the same way. Applying estimate (4.3) and taking assumptions on a^k into account, we

STOKES AND NAVIER{STOKES PROBLEM 209 get |∇^hT_5(a^k)(x; t)| ≤ cA ∫ R^n_+

(1+|y|)^fie^{−â y2nt} (|x−y^∗|^2 +t)^{n2 + h2} dy:

Applying Lemma 4.5 one deduces

|∇^hT_5(a^k)(x; t)| ≤ cA(t^{− h2} |x|^fi + (1 + t)^{fi2 − h2} :

The estimate for the time derivatives is analogous, hence we get

|D^{h;k}_{x;t} T_5(a^k)(x; t)| ≤ cA [ t^{− h2 −k}|x|^fi + (1 + t)^{fi2 − h2 −k} ] : The last estimates furnishes (4.8)_1. The Hölder properties (4.8)_{2;3} easily follow from (4.9). The lemma is completely proved.

5. Proof of Theorem 2.1

We denote by h a smooth cut-off functions such that, h ∈ [0; 1], h(x) = 1 for |x| ≤ 1 and h(x) = 0 for |x| ≥ 2. For any k ∈ N; we set h^k (x) = h(kx) and a^k(x) = a(x)h^k (x): The sequence {a^k(x)} converges to a(x) in F_0(R^n_+): We consider the sequences {U^k(x; t)} and {~�^k(x; t)}, where

U^k(x; t) = ∫ R^n_+

G(x; y; t)a^k(y)dy and ~�^k(x; t) = ∫ R^n_+

g(x; y; t)a^k(y)dy;

with pair (G; g) Green’s function (4.1) of the Stokes problem (2.2). Since, each k ∈ N; ∇ · a^k = a · ∇h^k a priori different from zero, then function U^k is not free divergence. We set �^k(x; t) = ~�^k(x; t) − ~�^k(0; t). The pair (U^k(x; t); �^k (x; t)) is solution of equation (2.2)_{1;1}. Now, we prove that {U^k} is convergent to a limit U and {�^k} to a limit �, respectively, in C(0; T ; F_{|0}(R^n_+))∩C^{0;¯ ˘2} (ffi; T ; F^{2;(1−¯)˘}(R^n_+))∩C^{1;¯ ˘2} (ffi; T ; F^{(1−¯)˘}(R^n_+)); and in C^{0;¯ ˘2} (ffi; T ; F^{1;(1−¯)˘}(R^n_+)), ¯ ∈ [0; 1]. We start noting that U^k(x; t) = T_4(a^k)+T_5(a^k), hence, by virtue of Lemma 4.3 and Lemma 4.6, we deduce the convergence. The limit U has null divergence. Indeed, for any ’ ∈ C^∞_0 (R^n_+)

(∇ · U; ’) = −(U; ∇’) = − lim_k (U^k; ∇’) = lim_k (∇ · U^k; ’):

210 P. MAREMONTI

Since

∇ · U^k = − ∫ R^n_+ [ H(x; y; t) + H^∗(x; y; t) ] a(y) · ∇h^k(y)dy;

then |∇ · U^k| ≤ c k (1 + |x|)^fi :

Hence we have proved

|(∇ · U; ’)| ≤ lim_k c k |(1 + |x|)^fi ’|_1 = 0:

Now, we prove the convergence of {�^k}. We set

g^k(z^′; t) := ∫ R^n_+

H(z^′ −y^′; y_n; t)a^k(y)dy x ∈ R^n_+; t ¿ 0:

From Lemma 4.3 we deduce in particular that the sequence {g^k(z; t)} is a Cauchy sequence in C(0; T ; F(R^{n−1})) ∩ C^{¯ ˘2} (ffi; T ; F^{2;(1−¯)˘}(R^{n−1})); and uniformly in k ∈ N, we have 2∑ ‘=0 ‘ 2 |∇^‘g^k(z; t)| ≤ cA(1 + t^{12} + |z|)^fi; z ∈ R^n_+; t ∈ (0; T ); | | |g^k_t (z; t) − g^k_t (z; t) | | | ≤ cAt^{−1− ˘2}∘ [ |z − z|^˘ + |t − t|^{˘2} ] (1 + t^{∘ 12} + |z^∘|)^fi ; | | |D^2_z g^k(z; t)−D^2_zg^k(z; t) | | |≤cAt^{−1− ˘2}∘ [ |z − z|^˘ + |t − t|^{˘2} ] (1+t^{∘ 12} +|z^∘|)^fi ;

z; z ∈ R^n_+; t; t ∈ (0; T ): (5.1)

Moreover, since for each k ∈ N; a^k(y) has compact support, then there exists a constant c_k such that

|g^k(y^′; t)| ≤ c^k_0 (1 + |y^′|)^{−1}; |∇g^k(y^′; t)| ≤ c^k_0 t^{− 12} (1 + |y^′|)^{−1}:

Hence, for each k ∈ N;

~˝^k(x; t) = 4^ffi_{rj} D_{xr} ∫ Rn−1

D_{xn} E(x−z^′)g^k_j (z^′; t)dz^′+ 4^ffi_{rj} D_{xr} ∫ Rn−1

E(x−z^′)D_{zn} g^k_j (z^′; t)dz^′

= 4^ffi_{rj} n−1∑ j=1 [ T^j_1 (g^k_j ) + T^j_2 (g^k_j ) ] : (5.2)

STOKES AND NAVIER{STOKES PROBLEM 211

is well defined. Therefore, taking representation (5.2) into account, the convergence of {�^k} and estimates (2.4)_{2;3} and (2.4)_5 are consequence of Lemma 3.2–Lemma (3.4). For the Hölder property in time of the pressure term by (5.2) we get

~�^k(x; t) − ~�^k(x; t) = 4^ffi_{rj} n−1∑ j=1 [ T^j_1 (g^k_j )(x; t) − T^j_2 (g^k_j )(x; t) ] : (5.3)

For ‘ = 1; 2, from the the estimates (5.1) we get

|∇^‘g^k(x^′; t) − ∇^‘g^k(x^′; t) − ∇^‘g^k(y^′; t) + ∇^‘g^k(y^′; t)|

= |∇^‘g^k(x^′; t) − ∇^‘g^k(x^′; t) − ∇^‘g^k(y^′; t) + ∇^‘g^k(y^′; t)|^a

× |∇^‘g^k(x^′; t) − ∇^‘g^k(x^′; t) − ∇^‘g^k(y^′; t) + ∇^‘g^k(y^′; t)|^{1−a}

≤ [∇^‘g^k(x^′; t)]^a_{0; ˘2 ;t}|t − t|^{a ˘2} [∇^‘g^k]^{1−a}_{0;˘;x}|x^′ − y^′|^{(1−a)˘}

≤ cAt^{− ‘2 − ˘2}_∘ |t − t|^{a ˘2} |x^′ − y^′|^{(1−a)˘}(1 + t^{∘ 12} + |x^{′∘}|)^fi :

Keeping this in mind, we can apply to the linear combination of operators (5.3) the Lemma 3.2 and 3.3 assuming fl = (1−a)˘ that we call fl_2: Hence, we deduce the convergence in F^1(R^n_+) of {�^k(x; t)−�^k(x; t)} to a function �(x; t; t) which satisfies the estimates

|�(x; t; t)| ≤ cA|x|^{fl2} t^{− 12 − ˘2}_∘ |t − t|^{a ˘2} (1 + t^{∘ 12} + |x|)^fi ;

|∇�(x; t; t)| ≤ cAt^{− 12 − ˘2}_∘ |t − t|^{a ˘2} (1 + t^{∘ 12} + |x|)^fi :

On the other hand, we known that for each t ¿ 0 the sequence {�^k(x; t)} is convergent to �(x; t) in F^1(R^n_+), hence we deduce the Hölder property in time for the pressure field and its gradient. Since a can be chosen arbitrarily near to 1 we have proved (2.4) for any ~˘ ¡ ˘. From the limit properties and the fact that the pair (U^k; �^k) is a classical solution to equation (2.2)_{1;1}, we deduce that (U; �) is a solution to problem (2.2). Finally, estimates (4.6) and (4.8) for the field U and the above estimates for the pressure field ensure that the limit (U(x; t); �(x; t)) is a classical solution which satisfies (2.4). The uniqueness is a consequence of the uniqueness Lemma 8.1 of the next section 8. The proof of Theorem 2.1 is completed.

212 P. MAREMONTI

6. The IBVP for Stokes system with body force ∇ · (� ⊗ �) We study the following Stokes problem:

W_t − �W = −∇Q − ∇ · (� ⊗ �); ∇ · W = 0 in R^n_+ × (0; T ); W (x^′; t) = 0 on R^{n−1} × (0; T ); (6.1) W (x; 0) = 0 in R^n_+:

Assumptions 6.1. Let L(t) and M(t) be two nonnegative and nondecreasing functions on [0; +∞). We assume that, for each ȷ ¿ 0; ¯ ∈ [0; 1], �(x) ∈ C(0; T ; C_{|0}(R^n_+))∩ C^{0;¯ ˘2} (ȷ; T ; F^{1;(1−¯)˘}(R^n_+)), �(x) ∈ C(0; T ; F_{|0}(R^n_+)) ∩ C^{0;¯ ˘2} (ȷ; T ; F^{1;(1−¯)˘}(R^n_+)) with

|∇¯(x; t)−∇¯(x; t)| ≤ L(t^∘)t^{− 12 − ˘2}_∘ ¯_0(|x−x| + |t−t|^12 )^˘; x; x ∈ R^n_+; t; t ≥ 0; |∇^(x; t)−∇^(x; t)| ≤ M(t^∘)t^{− 12 − ˘2}_∘ ^_0(|x−x| + |t−t|^12 )^˘; x; x ∈ R^n_+; t; t ≥ 0; |¯(x; t)| + t^12 |∇¯(x; t)| ≤ L(t)¯_0 ; |^(x; t)| + t^12 |∇^(x; t)| ≤ M(t)^_0; (x; t) ∈ R^n_+ × (0; T );

for any t ≥ 0; ^(x; t) has compact support in R^n_+:

We set � = c�_0�_0; where c is a suitable constant whose value depends on estimate considered on the line, but is independent of the support of �: Lemma 6.1. The field f = ∇ · (� ⊗ �) admits the decomposition:

f(x; t) = ∇~q(x; t) + f(x; t) with ~q(x; t) = ∫ R^n_+

∇N(x; y) · ∇ · (�(y; ø) ⊗ �(y; t))dy; (6.3)

∇ · f = 0; f_n(x^′; t) = 0 on R^{n−1} × (0; T ); f_j (x; t) = ∇ · �_j (x; t); where j = 1; : : : ; n;

�_{nj} (y; t) = �_n�_j (y; t) − ffi_{nj} �_n�_n(y; t); m; s = 1; : : : ; n − 1;

�_{ms}(y; t)=�_m�_s(y; t)−ffi_{ms}�_n�_n(y; t)+D_{ys} ∫ R^3_+ [ D_{zq} N (y; z)�_m�_q(z; t)

D_{zn} N (y; z)�_n�_m(z; t) − D_{zm} N (y; z)�_n�_n(z; t) ] dz;

STOKES AND NAVIER{STOKES PROBLEM 213

m = 1; : : : ; n − 1; �_{mn}(y; t) = −ffî_{rs}D_{yr} ∫ R^n_+

D_{yn} N (y; z)�_m�_s(z; t)dz

+ D_{ym} ∫ R^n_+

D_{yn} N (y; z)�_n�_n(z; t)dz − �_n�_m(y; t)

− ffî_{rs}D_{yr} ∫ R^n_+

D_{zs} N^−(y; z)(�_m�_n(z; t) + �_n�_m(z; t))dz;

where N (y; z) = E(y − z) + E(y − z^∗) is the Neumann function and N^−(y; z) = E(y − z) − E(y − z^∗). Proof. See [11, 192].

We get f_j = D_{xi} �_i�_j − D_{xj} �_3�_3 − ffî_{rm}ffi_{3j} D_{xr} (�_m�_3 + �_3�_m) + h_j ; (6.4) where h_j is a linear combination of terms of the kind D_{ymys} ∫ R^n_+

D_{zq} N^±(y; z)�_p�_r(z; t)dz; m; s ≠ 3: (6.5)

Lemma 6.2. If �; � satisfy Assumptions 6.1, then, there exists a function q such that ∇~q = ∇q: Moreover, for each fl ∈ (0; ˘] and fl_1 ∈ (0; fl) the following estimates hold:

|q(x; t)| ≤ �L(t)M(t)t^{− fl2} |x|^fl ;

|q(x; t) − q(x; t)| ≤ �L(t)M(t)t^{− fl2} |x − x|^fl ; |q(x; t) − q(x; t)| ≤ �L(t^∘)M(t^∘)t^{− ˘2}_∘ |x|^{˘−fl1} |t − t|^{fl12} ; |∇q(x; t)| ≤ �L(t)M(t)t^{− 12} (6.6) |∇q(x; t) − ∇q(x; t)| ≤ �L(t)M(t)t^{− 12 − fl2} |x − x|^fl ; |∇q(x; t) − ∇q(x; t)| ≤ �L(t^∘)M(t^∘)t^{− 12 − ˘2}_∘ |t − t|^{fl12} :

Proof. Estimates (6.6) are a consequence of Lemma (3.5). In order to apply Lemma 3.5, we consider ~q(x; t) = ∫ R^n_+

∇E(x−y)·�·∇�(y; t)dy+ ∫ R^n_−

∇E(x−z)·�^∗·∇�^∗(z; t)dz; (6.7)

214 P. MAREMONTI

where, for z ∈ R^n_− ; �^∗(z; t) = �(y_1; y_2; : : : ; −y_n; t) and �^∗(z; t) = �(y_1; y_2; : : : ; −y_n; t), y ∈ R^n_+. Moreover, we consider a zero extension in R^n_− of � and �, say, respectively, � and �, and a zero extension in R^n_+ of �^∗ and �^∗, say, respectively �^∗ and �^∗: Since � and � have trace equal zero to on x_n = 0 , then the functions � ⊗ � and �^∗ ⊗ �^∗ have on R^n the same regularity of � and �. Applying Lemma 3.5 to T_3(�_i) and to T_3(�^∗�^∗_i ), by requiring K(x − y) =^@_{@yi} E(x − y) and fi = 0; we prove the

existence of n functions q_i; i =; · · · ; n such that q =^n ∑ i=1 q_i has ∇q = ∇~q;

which satisfies estimates (6.6) together with its gradient, with the exception of Hölder properties in time. To prove estimate (6.6)_{3;6} we consider formula (3.40) with A = ( �_i(y; t) − �_i(y; t) ) : For each ¯ ∈ [0; 1], we have

|�_i(y; t) − �_i(y; t)| ≤ �L(t)M(t);

|� · ∇�_i(y; t) − � · ∇�_i(y; t)| ≤ �L(t)M(t)t^{− 12} ;

|�_i(y; t) − �_i(y; t) − �_i(x; t) − �_i(x; t)|;

≤ �L(t^∘)M(t^∘)t^{− ˘2}_∘ |x − y|^{¯˘}|t − t|^{(1−¯) ˘2} ; (6.8)

|� ·∇�_i(y; t) − � ·∇�_i(y; t) − � ·∇�_i(x; t) − � ·∇�_i(x; t)|

≤ �L(t^∘)M(t^∘)t^{− 12 − ˘2}_∘ |x − y|^{¯˘}|t − t|^{(1−¯) ˘2} :

Thus, with A(y) = ( �_i(y; t) − �_i(y; t) ) by means of (6.8) we satisfy assumptions (3.37) with fi = 0; fl = ¯˘ and suitable Hölder coefficients. Applying Lemma 3.5 we deduce estimates (6.6)_{3;6} by means of estimates (3.39)_{1;2}. The lemma is completely proved.

Lemma 6.3. If �; � satisfy Assumptions 6.1, then, for each fl ∈ (0; ˘], fl_1 ∈ (0; ˘);

|h_j (x; t)| ≤ �L(t)M(t)t^{− 12} ;

|h_j (x; t) − h_j (x; t)| ≤ �L(t)M(t)t^{− 12 − fl2} |x − x|^fl ; (6.9)

|h_j (x; t) − h_j (x; t)| ≤ �L(t^∘)M(t^∘)t^{− 12 − ˘2}_∘ |t − t|^{fl12} :

Proof. We omit the proof since it is analogous to the one of Lemma 6.2.

STOKES AND NAVIER{STOKES PROBLEM 215

We study the following transforms:

T_6(f)(x; t) = t∫ 0 ∫ R^n_+

H(x; y; t − ø)f(y; ø)dydø;

T_7(f)(x; t) = t∫ 0 ∫ R^n_+

G^∗(x; y; t − ø)f(y; ø)dydø:

Lemma 6.4. If �; � satisfy Assumptions 6.1, then 2∑ ‘=0 t^{‘2} |∇^‘T_6(f)(x; t)| + t|D_tT_6(f)(x; t)| ≤ �L(t)M(t)t^{12} ;

|D^2T_6(f)(x; t)−D^2T_6(f)(x; t)|+|D_tT_6(f)(x; t)−D_tT_6(f)(x; t)| (6.10)

≤ �L(t^∘)M(t^∘)t^{− 12 − ˘2}_∘ ( |x − x| + |t − t|^{12} )^˘:

Proof. We employ estimates (4.2) with ¯ ¿ 0. Taking relation (6.4) and Lemma 6.3 into account, we obtain

|T_6(f)(x; t)| ≤ �L(t)M(t) t∫ 0 ∫ R^n_+

(t − ø)^{¯2} (|x − y|^2 + t − ø)^{− n2 − ¯2} ø^{− 12} dydø

≤ �L(t)M(t)t^{12} : (6.11)

Now, we estimate the spatial Hölder seminorm of D^2T_6(f):

|D^2T_6(f)(x; t) − D^2T_6(f)(x; t)|

=| lim_{ffi→0}

[^{t−ffi}∫ 0 ∫ R^n_+ [ D^2H(x; y; t−ø) − D^2H(x; y; t−ø) ] (f(y; ø)−f(x; ø))dydø (6.12)

+ffi_{in}ffi_{jn}f(x; t) t−ffi∫ 0 ∫ R^n_+ [ D^2H(x; y; t−ø) − D^2H(x; y; t − ø) ] dyø ] =I_1 + I_2;

216 P. MAREMONTI

provided that I_1; I_2 exist. Employing estimates (4.4), taking relation (6.4) and Lemma 6.3 into account, since |x − y| ≤^4_3 |x − y|; we get

I_1 ≤ �L(t)M(t) t∫ 0 ∫ |x−y|≥æ

|x − x|ø^{− 12 − ˘2} (|x − y|^2 + t − ø)^{n2 + 32 − ˘2} dydø

+ �L(t)M(t) t∫ 0 ∫ |x−y|≤æ

ø^{− 12 − ˘2} (|x − y|^2 + t − ø)^{n2 +1− ˘2} dydø

+ �L(t)M(t) t∫ 0 ∫ |x−y|≤æ

ø^{− 12 − ˘2} (|x − y|^2 + t − ø)^{n2 +1− ˘2} dydø:

Integrating with respect to ø and then with respect to space variables, we deduce the estimate

I_1 ≤ �L(t)M(t)t^{− 12 − ˘2} [ |x − x|æ^{−1+˘} + æ^˘ ] ; which for æ = |x − x| furnishes the estimate

I_1 ≤ �L(t)M(t)t^{− 12 − ˘2} |x − x|^˘: (6.13)

In the case of the I_2 term, without loss of generality, we assume x_n ¡ x_n: Then, applying the Green formula, we obtain

I_2 = cf(x; t) t∫ 0 x_n (t − ø)^{32} e^{− x} 2 n 4(t−ø ) dø − c t∫ 0 x_n (t − ø)^{32} e^{− x} 2 n 4(t−ø ) dø

= cf(x; t) ∞∫ xn t 1 2 e^{− s24} ds − cf(x; t) ∞∫ xn t 1 2 e^{− s24} ds = cf(x; t) xn t 1 2∫ xn t 1 2 e^{− s24} ds:

Since ∞∫ 0 e^{−s2} ds ¡ ∞, the above identity allows to deduce

|I_2| ≤ �L(t)M(t)t^{− 12 − ˘2} |x_n − x_n|^˘;

STOKES AND NAVIER{STOKES PROBLEM 217

which together with estimate (6.13) implies (6.10) for the second deriva-

tives. We assume t ¡ t: For the time Hölder seminorm we get

D^2T_6(f)(x; t) − D^2T_6(f)(x; t) = 4∑ i=1 J_i;

with

J_1 = t∫ 0 ∫ R^n_+ [ D^2H(x; y; t − ø) − D^2H(x; y; t − ø) ] (f(y; ø) − f(x; ø))dydø

J_2 = t∫ 0 f(x; ø) ∫ R^n_+ [ D^2H(x; y; t − ø) − D^2H(x; y; t − ø) ] dydø

J_3 = t∫ t ∫ R^n_+

D^2H(x; y; t − ø) [ f(y; ø) − f(x; ø) ] dydø

J_4 = t∫ t f(x; ø) ∫ R^n_+

D^2H(x; y; t − ø)dydø;

provided that J_i; i = 1; : : : ; 4 are finite. Employing estimates (4.4), taking

relation (6.4) and Lemma (6.3) into account, we get

|J_1| ≤ �L(t^∘)M(t^∘) t∫ 0 ∫ |x−y|≥æ

|t − t|^{12} ø^{− 12 − ˘2}

(|x − y|^2 + t − ø)^{n2 + 32 − ˘2} dydø

+ �L(t^∘)M(t^∘) t∫ 0 ∫ |x−y|≤æ

ø^{− 12 − ˘2}

(|x − y|^2 + t − ø)^{n2 +1− ˘2} dydø

+ �L(t^∘)M(t^∘) t∫ 0 ∫ |x−y|≤æ

ø^{− 12 − ˘2}

(|x − y|^2 + t − ø)^{n2 +1− ˘2} dydø:

218 P. MAREMONTI

We set æ = |t − t|^{12} ; hence

|J_1| ≤ �L(t^∘)M(t^∘)|t − t|^{˘2} :

J_2 ≠ 0 only can be for D^2_{x2n} . Hence we deduce

J_2 = t∫ 0 f(x; ø) x_n (t − ø)^{32} e^− x2n 4(t−ø ) dø − c t∫ 0 f(x; ø) x_n (t − ø)^{32} e^− x2n 4(t−ø ) dø

= ∞∫ xn t 1 2 f(x; ø)e^{− s24} ds − ∞∫ xn t 1 2 f(x; ø)e^{− s24} ds = xn t 1 2∫ xn t 1 2 f(x; ø)e^{− s24} ds;

which easily implies the estimate

|J_2| ≤ �L(t^∘)M(t^∘)t^{− 12 − ˘2}_∘ |t − t|^{˘2} :

For the term J_3 we have

|J_3| ≤ �t^{− 12 − ˘2}_∘ t∫ t ∫ R^n_+

(|x − y|^2 + t − ø|)^{− n2 −1+ ˘2} dydø;

which furnishes |J_3| ≤ �t^{− 12 − ˘2}_∘ |t − t|^{˘2} :

Finally, the term J_4 is discussed in the same way of the term J_2. The estimtes obtained for terms J_i; i = 1; : : : ; 4; prove completely estimate (6.10) for the Hölder seminorm of the second derivatives. The estimate for D_tT_6(f) is analogous, hence it is omitted. Now, applying the interpolation inequality on the cone C_x with vertex x and height t^{‘2} , we have for ‘ = 1; 2

|∇^‘T_6(f)(x; t)| ≤ c[D^2T_6(f)]^{Cx}_{0;˘}^{‘2+˘} |T_6(f)|^{2−‘+˘2+˘}_{C0(Cx)} + t^{− ‘2} |T_6(f)|_C0_{(Cx)}; (6.14)

which together with estimates (6.11) and (6.10)_2 implies the estimate (6.10)_1. The same argument is employed to estimate D_tT_6(f): The lemma is proved.

STOKES AND NAVIER{STOKES PROBLEM 219

To study transformation T_7(f) we define the following kernels:

K_{ijq} (x; z; s) := ∫ R^3_+

G_{ij} (x; y; s)D_{zq} N^±(y; z)dy; (6.15)

K^∗_{ijq} (x; z; s) := ∫ R^3_+

G^∗_{ij} (x; y; s)D_{zq} N^±(y; z)dy; where N^+ := N :

We need of some properties of the kernels as Lemma 6.5. For any multi-index m = (m^′; m_n), for any k ∈ N ∪ {0} |D^{m;l′ ;k}

x;z^′;s Kijq (x; z; s)| ≤ c [|x − z|^2 + s]^{12 (n−1+|m|+|l′|+2k)}

+ cs^{−k}

(x^2_n + s)^{− mn2} [|x − z|^2 + s]^{12 (n−1+|m′|+|l′|)} + c ((x_n −z_n)^2 +s) [ |x − z|^2 + s]

−^1_2 (m_n+2k) 1 2 (n−1+|m^′|+|l^′|);

|D^{m;l′ ;k}

x;z^′;s K ∗ ijq (x; z; s)| ≤ c [ |x − z|^2 + s]^{12 (n−1+|m|+|l′|+2k)}

+ cs^{−k}

(x^2_n + s)^{− mn2} [ |x − z|^2 + s]^{12 (n−1+|m′|+|l′ |)} + c ((x_n − z_n)^2 + s) [ |x − z|^2 + s]

−^1_2 (m_n+2k) 1 2 (n−1+|m^′|+|l^′|);

uniformly in x and z ∈ R^n_+, s ¿ 0, provided that |l^′| = 0; 1. Proof. The estimate for K is proved in [11] with m_n = |l^′| = k = 0, in the present statement is Proposition 3.1 of [1]. As matter of course the estimate for K^∗ follows from the one of K.

To the proof of the next lemma, we premise the following formulas deduced by differentiating:

i ≠ n; D^2_x2_n G^∗_{ij} (x; z; s) = D^2_{xixj} ∫ R^{n−1}

D_{xn} E(x^′ −z^′; x_n)H(y^′ −z^′; y_n; s)dz^′

+ D^2_{xixj} ∫ R^{n−1}

E(x^′ −z^′; x_n)D_{yn} H(y^′ −z^′; y_n; s)dz^′ (6.16)

+ D^2_{xixj} ∫ R^n_{xn}

E(x^′ −z^′; w_n)D^2_y2_n H(y^′ −z^′; x_n −w_n +y_n; s)dz^′dw_n;

220 P. MAREMONTI

i = n; D^2_x2_n G^∗_{nj} (x; z; s) = D_{xn} [ D_{xj} H(x − z^∗; s) − n−1∑ k=1 D_{xk} G^∗_{kj} (x; z; s) ] : Lemma 6.6. If �; � satisfy Assumptions 6.1, then 2∑ ‘=0 t^{‘2} |∇^‘T_7(f)(x; t)| ≤ �L(t)M(t)t^{12} ; (6.17)

|D^2T_7(f)(x; t)−D^2T_7(f)(x; t)| ≤ �L(t)M(t)t^{− 12 − ˘2} |x − x|^˘;

Proof. We employ estimates (4.3)_1. Taking relations (6.4) and (6.15) into account, we get

T_7(f)(x; t) = − e_i t∫ 0 ∫ R^n_+

D_{yh} G^∗_{ij} (x; y; t − ø) · [ �_h(y; ø)�_j (y; ø) − ffi_{hj} �_3�_3

− ^ffi_{hm}ffi_{3j} (�_m�_3 + �_3�_m) ] dydø + h(x; t); (6.18)

were h(x; t) is a linear combination of terms of the kind t∫ 0 ∫ R^n_+

D_{xm} D_{zs} K^∗_{ijq} (x; z; t − ø)_p(z; ø)`_r(z; ø)dzdø; m; s ≠ n:

Hence, employing Lemma 6.3 and Lemma 6.5, moreover estimates (4.2) and (4.3), from (6.18) we obtain

|T_7(f)(x; t)|≤�L(t)M(t) t∫ 0 ∫ R^n_+ [ 1 (|x − y|^2 + t − ø)^{n2 + 12} + (t − ø)^{¯2} ø^12 (|x − y|^2 +t−ø)^{n2+¯2} ] dydø;

which implies |T_7(f)(x; t)| ≤ c�L(t)M(t)t^{12} : (6.19) Now, we prove the space Hölder properties of D^2T_7(f): Since ∫ R^n_+

D^2G^∗_{ij} (x; y; t − ø)dydø = 0;

STOKES AND NAVIER{STOKES PROBLEM 221

for h ≠ n we get

|D^2_{xhxk} T_7(f)(x; t) − D^2_{xhxk} T_7(f)(x; t)| = | | t∫ 0 4∑ i=1 J_i | |;

with

J_1 = ∞∫ 0 ∫ |x^′ −y^′|≥æ [ D^2_{xhxk} G^∗_{ij} (x; y; t − ø) − D^2_{xhxk} G^∗_{ij} (x; y; t − ø) ]

× ( f(y; ø) − f(x; ø) ) dy^′dy_n;

J_2 = ∞∫ 0 ∫ |x^′ −y^′|≤æ

D^2_{xhxk} G^∗_{ij} (x; y; t − ø) ( f(y; ø) − f(x; ø) ) dy^′dy_n;

J_3 = ∞∫ 0 ∫ |x^′ −y^′|≤æ

D^2_{xhxk} G^∗_{ij} (x; y; t − ø) ( f(y; ø) − f(x; ø) ) dy^′dy_n;

J_4 = ( f(x; ø) − f(x; ø)

)^∞∫ 0 ∫ |x^′−y^′|≤æ

D^2_{xhxk} G^∗_{ij} (x; y; t − ø)dy^′dy_n:

We stress that for æ = 3|x − x|

|x^′ − y^′| ≥ æ ⇒ |x − y| ≤ |x − x| + |x − y| ≤ 2|x − y|:

Hence, by virtue of estimates (4.3)_1 and (6.9)_2, we obtain for ø ∈ (0; t);

|J_1| ≤ � ø^{12 + ˘2} ∞∫ 0 ∫ |x^′ −y^′|≥æ

|x − x| (t − ø) e^{−^a y} 2 n t−ø |x − y|^˘ (|x − y|^2 + t − ø)^{n2 + 12} dy^′dy_n:

Hence,

|J_1| ≤ � ø^{12 + ˘2} ∞∫ 0 ∫ |x^′ −y^′|≥æ

|x − x| (t − ø) e^{−^a y} 2 n t−ø dy^′dy_n (|x^′ − y^′|^2 + t − ø)^{n2 + 12 − ˘2} ≤ � ø^{12 + ˘2} ∫ |x^′ −y^′|≥æ

|x − x| (t − ø)^{12}

(|x^′ − y^′|^2 + t − ø)^{− n2 − 12 + ˘2} dy^′:

222 P. MAREMONTI

Integrating J_1(x; ø) on (0; t), we deduce t∫ 0 |J_1(x; ø)|dø ≤ J_{11} + J_{12} (6.20)

with

J_{11} = � t 2∫ 0 1 ø^{12 + ˘2} ∫ |x^′−y^′ |≥æ

|x − x| (t − ø)^{12}

(|x^′ − y^′|^2 + t − ø)^{− n2 + ˘2} dy^′dø;

and

J_{12} = � t∫ t 2 1 ø^{12 + ˘2} ∫ |x^′−y^′ |≥æ

|x − x| (t − ø)^{12}

(|x^′ − y^′|^2 + t − ø)^{− n2 + ˘2} dy^′dø:

Computing the integrals, we obtain

J_{11} ≤ � t 2∫ 0 1 ø^{12 + ˘2}

|x − x| (t − ø)^{12}

(|x − x|^2 + t)^{−1+ ˘2} dø

≤ c � t |x − x|^˘ t 2∫ 0 ø^{− 12 − ˘2} dø ≤ �

|x − x|^˘ t^12^{+ ˘}2 ;

J_{12} ≤ � t∫ t 2 1 ø^{12 + ˘2}

|x − x| (t − ø)^{12}

(|x − x|^2 + t − ø)^{−1+ ˘2} dø

≤ � |x − x|^˘ t^12^{+ ˘}2 t∫ t 2 (t − ø)^{− 12} (|x − x|^2 + t − ø)^{12} dø ≤ �

|x − x|^˘ t^12^{+ ˘}2 :

Hence, from (6.20) t∫ 0 |J_1(x; x; ø)|dø ≤ �

|x − x|^˘ t^12^{+ ˘}2

: (6.21)

STOKES AND NAVIER{STOKES PROBLEM 223

Employing estimates (4.3)_1 and (6.9)_2, we obtain

|J_2| ≤ � ø^{12 + ˘2} ∞∫ 0 ∫ |x^′−y^′|≤æ

(t − ø)^{−1} e^{−^a y} 2 n t−ø (|x − y|^2 + t − ø)^{n2 − ˘2} dy^′dy_n

≤ � ø^{12 + ˘2}

(t − ø)^{− 12} ∫ |x^′ −y^′|≤æ

(|x^′ − y^′|^2 + t − ø)^{− n2 + ˘2} dy^′:

Integrating J_2(x; ø) on (0; t), we deduce t∫ 0 |J_2(x; ø)|dø ≤ J_{21} + J_{22} (6.22)

with

J_{21} = � t 2∫ 0 1 ø^{12 + ˘2} ∫ |x^′−y^′|≤æ

(t − ø)^{− 12} (|x^′ − y^′|^2 + t − ø)^{n2 − ˘2} dy^′dø; and J_{22} = � t∫ t 2 1 ø^{12 + ˘2} ∫ |x^′−y^′|≤æ

(t − ø)^{− 12} (|x^′ − y^′|^2 + t − ø)^{n2 − ˘2} dy^′dø:

Computing the integrals, we obtain

J_{21} ≤ ¨ t t 2∫ 0 1 ø^12^{+ ˘}2 ∫ |x′ −y′|≤æ

(|x^′ − y^′|^2 + t − ø )^{− n2 + 12 + ˘2} dy^′dø

≤ ¨ t |x − x|^˘ t 2∫ 0 1 ø^12^{+ ˘}2 dø ≤¨

|x − x|^˘ t^12^{+ ˘}2 ;

J_{22} ≤ ¨ t^12^{+ ˘}2 t∫ t 2

∫ |x′−y′|≤æ

(t−ø )^{− 12} dy^′dø (|x^′ −y^′|^2 + t−ø )^n2^{− ˘}2 ≤ ¨ t^12^{+ ˘}2 ∫ |x′−y′|≤æ

t^{12} dy^′ (|x^′ −y^′|^2 + t)^n2^{− ˘}2

+ ¨ t^12^{+ ˘}2 t∫ t 2

∫ |x′ −y′|≤æ

(t − ø )^12 dy^′dø (|x^′ − y^′|^2 + t − ø )^n2^{+1− ˘}2

≤ ¨ t^12^{+ ˘}2 ∫ |x′ −y′|≤æ

dy^′ (|x^′ −y^′|^2 + t)^n2^{− 1}2^{− ˘}2 + ¨ t^12^{+ ˘}2 t∫ t 2

∫ |x′−y′|≤æ

dy^′dø (|x^′ −y^′|^2 + t−ø )^n2^{+ 1}2^{− ˘}2

224 P. MAREMONTI

Hence, from (6.22) t∫ 0 |J_2(x; x; ø)|dø ≤ �

|x − x|^˘ t^12^{+ ˘}2

: (6.23)

observing that |x^′ − y^′| ≤^4_3 æ; one deduces the estimate t∫ 0 J_3(x; x; ø)dø ≤ t∫ 0 +∞∫ 0 ∫ |x^′ −y^′|≤^4_3 æ

D^2_{xhxk} G^∗(x; y; t−ø)||f(y; ø)−f(x; ø)|dø;

which can be estimated by the same arguments employed to deduce (6.23). Hence without proof we state t∫ 0 |J_3(x; x; ø)|dø ≤ �

|x − x|^˘ t^12^{+ ˘}2

: (6.24)

To estimate J_4 we recall that D_{xh} = D_{yh} for h = 1; : : : ; n − 1: Then, applying the Gauss-Green formula, we obtain t∫ 0 |J_4(x; x; ø )|dø ≤ ¨|x − x|^˘ t∫ 0 ø^{− 1}2^{− ˘}2 +∞∫ 0 ∫ |x′ −y′|=æ

|D_{xk} G^∗(x; y; t − ø )|dœ^′ dy_ndø

≤ ¨|x − x|^˘ t∫ 0 ø^{− 12 − ˘2} æ^{n−2} (æ^2 + t − ø )^{n2} dø ≤ ¨|x − x|^˘t^{− 1}2^{− ˘}2 : (6.25)

Estimates (6.21), (6.23), (6.24) and (6.25) imply, uniformly in x and x;

|D^2_{xhxk}T_7(f)(x; t)−D^2_{xh xk}T_7(f)(x; t)| ≤ ¨ t^12^{+ ˘}2

|x−x|^˘; h = 1; · · ·; n − 1; k = 1; · · ·; n: (6.26)

We complete the proof of inequality (6.17)_2 estimating D^2_x2_n : To this end, we employ formulas (6.16). We have

D^2_x2_n T_7(f)(x; t) = ∇_x′ T^j_1 (^f_j )(x; t) + ∇_x′ T^j_2 (D_{zn}^f_j )(x; t) (6.27)

+ T_7(D^2_z2_n^f)(x; t) + (∇ − ∇_x′ )( n−1∑ j=1 D_{xj}^f_j )(x; t) − n−1∑ k=1 D_{xn} D_{xk} T_7(f)(x; t);

STOKES AND NAVIER{STOKES PROBLEM 225

where the operators T^j_1 (·) and T^j_2 (·) are defined by (3.9)–(3.10) and

^f_j (z; t) = t∫ 0 ∫ R^n_+

H(y − z^∗; t − ø)f_j (y; ø)dydø: (6.28)

From Lemma 6.4, for any t ∈ (0; T ), ^f belongs to F^{2;˘}(R^n_+) with Hölder coefficient [D^2^f]_{0;˘} ≤ �t^{− 12 − ˘2} : Hence, from Corollary 3.4, Lemma 3.3, Lemma 6.4 and estimate (6.26), via (6.27), we obtain, uniformly in x and x, |D^2_x2_n T_7(f)(x; t) − D^2_x2_n (x; t)| ≤ �t^{− 12 − ˘2} |x − x|^˘:

Together with (6.26) this last estimate completes the proof of (6.17)_2. The proof of the lemma is completed if we complete the proof of estimate (6.17)_1. Taking inequalities (6.19), (6.17)_2 into account, we state the result employing the interpolation inequality (6.14) for ∇T_7(f)(x; t) and ∇∇T_7(f)(x; t).

We set

T_8(f) := n−1∑ j=1 T^j_1 (^f_j )(x; t) + n−1∑ j=1 T^j_2 (^f_j )(x; t): (6.29)

We remark that

T_8(f)(x; t) = t∫ 0 ∫ R^n_+

g(x; y; t − ø) · f(y; ø)dydø: (6.30)

The following lemma holds

Lemma 6.7. If �; � satisfy Assumptions 6.1, then, for any fl ∈ (0; ˘);

|T_8(f)(x; t) − T_8(f)(x; t)| ≤ �L(t^∘)M(t^∘)t^{− ˘2}_∘ |t − t|^{fl12} |x|^{˘−fl1} ; (6.31)

|∇T_8(f)(x; t) − ∇T_8(f)(x; t)| ≤ �L(t^∘)M(t^∘)t^{− 12 − ˘2}_∘ |t − t|^{fl12} ;

uniformly with respect to x ∈ R^n_+ and t; t ¿ 0:

226 P. MAREMONTI

Proof. By virtue of Lemma 6.4 the following estimate for the spatial Hölder seminorm of the function D^2^f(x; t) − D^2^f(x; t) holds:

|D^2^f(x; t) − D^2^f(x; t) − D^2^f(y; t) + D^2^f(y; t)| = |D^2^f(x; t) − D^2^f(x; t) − D^2^f(y; t) + D^2^f(y; t)|^a× |D^2^f(x; t) − D^2^f(x; t) − D^2^f(y; t) + D^2^f(y; t)|^{1−a} ≤ [D^2^f(x; t)]^a_{0;} ˘_{2 ;t}|t − t|^{a ˘2} [D^2^f]^{1−a}_{0;˘;x}|x − y|^{(1−a)˘} ≤ �L(t^∘)M(t^∘)t^{− 12 − ˘2}_∘ |t − t|^{a ˘2} |x − y|^{(1−a)˘} (6.32) By interpolation from estimate (6:10)_1 and from estimate (6.32) we deduce

|∇^f(x; t) − ∇^f(x; t) − ∇^f(y; t) + ∇^f(y; t)|

≤ �L(t^∘)M(t^∘)t^{− ˘2}_∘ |t − t|^{a ˘2} |x − y|^{(1−a)˘}:

Therefore, for each term of the linear combination in (6.29) estimates of the same kind of (6.31) with fl = a˘; a ∈ (0; 1); follow from Lemma 3.2 and Lemma 3.3. The lemma is proved.

Lemma 6.8. If �; � satisfy Assumptions 6.1, then, for any fl ∈ (0; ˘);

|D_tT_7(x; t)| ≤ �L(t)M(t)t^{− 12} ;

|D^2T_7(f)(x; t) − D^2T_7(f)(x; t)| ≤ �L(t^∘)M(t^∘)t^{− 12 − ˘2}_∘ |t − t|^{fl2} ; (6.33) |D_tT_7(f)(x; t) − D_tT_7(f)(x; t)| ≤ �L(t^∘)M(t^∘)t^{− 12 − ˘2}_∘ |t − t|^{fl2} ;

uniformly with respect to x ∈ R^n_+ and t; t ¿ 0:

Proof. We begin with D^2_{xnxn} T_7(f)(x; t). By virtue of formula (6.27), the time Hölder property for D^2_{x2n} is a consequence of Lemma 6.7, Lemma 6.4 and estimate (6.17) evaluated for ‘ = 0 and ‘ = 2: Now we prove the estimate for D^2_{xhxk} T_7(f)(x; t); h ≠ n: We assume t ¡ t: Since ∫ R^n_+

D_{xhxk} G(x; y; s)dy = 0; then,

|D^2_{xhxk} T_7(f)(x; t) − D^2_{xhxk} T_7(f)(x; t)| = J_1 + J_2;

STOKES AND NAVIER{STOKES PROBLEM 227

with

J_1 = t∫ 0 ∫ Rn+ [ D^2_{xhxk} G(x; y; t − ø ) − D^2_{xhxk} G(x; y; t − ø ) ] (f(y; ø ) − f(x; ø ))dydø

J_2 = t∫ t ∫ Rn+ D^2_{xhxk} G(x; y; t − ø ) [ f(y; ø ) − f(x; ø ) ] dydø:

Taking estimate (4:3)_1 and Assumption 7.1 into account, we get J_1 = 3∑ i=1 J_{1i}; with

|J_{11}| ≤ ¨L(t^∘)M(t^∘) t∫ 0 +∞∫ 0 ∫ |x′−y′|≥æ

|t − t|^{12} ø^{− 12 − ˘2} e^−

^a^{y2n}_{t−ø}

(t − ø )(|x − y^∗|^2 + t − ø )^n2^{+ 1}2^{− ˘}2 dy^′dy_ndø

|J_{12}| ≤ ¨L(t^∘)M(t^∘) t∫ 0 +∞∫ 0 ∫ |x′−y′|≤æ

ø^{− 1}2^{− ˘}2 e^−

^a^{y2n}_{t−ø}

(t − ø )^12 (|x − y^∗|^2 + t − ø )^{n2 +1− ˘2} dy^′dy_ndø

|J_{13}| ≤ ¨L(t^∘)M(t^∘) t∫ 0 +∞∫ 0 ∫ |x′−y′|≤æ

ø^{− 1}2^{− ˘}2 e^−

^a^{y2n}_{t−ø}

(t − ø )^12 (|x − y^∗|^2 + t − ø )^{n2 +1− ˘2} dy^′dy_ndø:

The following estimate of the right hand side of J_{11} yields:

|J_{11}| ≤ ¨L(t^∘)M(t^∘)|t − t|^12 t∫ 0 ø^{− 1}2^{− ˘}2 (t − ø )^12 ∫ |x′−y′|≥æ

(|x^′ − y^′|^2 + t − ø )^{− n}2^{− 1}2^{+ ˘}2 dy^′dø

≤ ¨L(t^∘)M(t^∘)|t − t|^12 t∫ 0 ø^{− 12 − ˘2} (æ^2 + t − ø )^{1− ˘}2 dø ≤ ¨ t^12^{+ ˘}2

L(t^∘)M(t^∘ )æ^˘2 :

For J_{12} we obtain

228 P. MAREMONTI

|J_{12}| ≤ ¨L(t^∘)M(t^∘) t∫ 0 ø^{− 1}2^{− ˘}2 ∫ |x′−y′|≥æ

(|x^′ − y^′|^2 + t − ø )^{− n}2^{− 1}2^{+ ˘}2 dy^′dø

≤ ¨L(t^∘)M(t^∘)

[^t2∫ 0 ∫ |x′ −y′|≥æ

(|x^′ − y^′|^2 + t − ø )^{− n}2^{− 1}2^{+ ˘}2 dy^′dø

+ t∫ t 2

∫ |x′−y′|≥æ

(|x^′ − y^′|^2 + t − ø )^{− n2 − 12 + ˘2} dy^′dø ]

≤ c t^12^{+ ˘}2

¨L(t^∘)M(t^∘) ∫ |x′−y′|≥æ

(|x^′ −y^′|^2 + t−ø )^12^{− n}2^{+ ˘}2 dy^′ ≤ ¨ t^12^{+ ˘}2

L(t^∘)M(t^∘)æ^˘2 :

Since t ¡ t; we can perform by analogous arguments the estimate for J_{13}, hence we get |J_{13}| ≤ � t^{12 + ˘2}

L(t^∘)M(t^∘)æ^{˘2} :

From the estimate for the terms J_{1i}; i = 1; 2; 3; setting æ := |t − t|; we get

J_1 ≤ � t^{12 + ˘2}

L(t^∘)M(t^∘)|t−t|^{˘2} :

From (4.3) and Assumption 7.1, we have

|J_2| ≤ ¨L(t^∘)M(t^∘) t∫ t +∞∫ 0 ∫ |x′ −y′|≥æ

|t − t|^12 ø^{− 1}2^{− ˘}2 e^−

^a^{y2n}_{t−ø}

(t − ø )(|x − y^∗|^2 + t − ø )^{n2 + 12 − ˘2} dy^′dy_ndø

+ ¨L(t^∘)M(t^∘) t∫ t +∞∫ 0 ∫ |x′ −y′|≤æ

ø^{− 1}2^{− ˘}2 e^−

^a^{y2n}_{t−ø}

(t − ø )^12 (|x − y^∗|^2 + t − ø )^{n2 +1− ˘2} dy^′dy_ndø:

Performing for the two integrals on the right hand side estimates analogous to the ones of the terms J_{11} and J_{12}, respectively, we get

|J_2| ≤ � t^{12 + ˘2}

L(t^∘)M(t^∘)|t−t|^{˘2} :

The inequalities furnished for J_1 and J_2 complete the proof of (6:33)_1. To prove (6:33)_2, we start from the following formula proved in [18]: D_sG^∗(x; y; s) = �_xG^∗(x; y; s) + ∇_xg(x; y; s):

STOKES AND NAVIER{STOKES PROBLEM 229

This last formula, together with formula (6.30) via Lemma 6.7 and estimate (6:33)_1 allows us to consider achieved estimate (6:33)_2. The lemma is completely proved.

Lemma 6.9. If �; � satisfy Assumptions 6.1, then there exists a unique classical solution (W; Q) to the Stokes problem 6.1 with

W (x; t) := t∫ 0 ∫ R^n_+

G(x; y; t − ø) · f(y; ø)dydø

Q(x; t) := q(x; t) + q_0(x; t) ; (6.34)

where f is the term of the Helmotz decomposition given in Lemma 6.1, q is the pressure field determined in Lemma 6.2 and ∇q_0(x; t) = ∇ t∫ 0 ∫ R^n_+

g(x; y; t − ø) · f(y; ø)dydø: Moreover, the following estimates hold:

2∑ ‘=0 t^{‘2} |∇^‘W (x; t)| + t|W_t(x; t)| ≤ �L(t)M(t)t^{12} ;

for fl ∈(0; ˘]; |Q(x; t)| ≤ � t^{fl2}

L(t)M(t)|x|^fl ;

|D^2W (x; t)−D^2W (x; t)|+|W_t(x; t)−W_t(x; t)| ≤ � t_∘^{12 + ˘2}

L(t^∘)M(t^∘) ( |x − x|^2 + |t − t|)^{˘2} ; (6.35)

|Q(x; t)−Q(x; t)|+ t^{12} |∇Q(x; t)−∇Q(x; t)| ≤ � t^{˘2}

|x−x|^˘;

for fl_1 ∈(0; ˘); |Q(x; t)−Q(x; t)|+ t^{12}_∘ |∇Q(x; t)

− ∇Q(x; t)| ≤ � t^{˘2}

|t−t|^{fl12} :

Proof. Formulas (6.28)–(6.30) furnish^t ∫ 0 ∫ R^n_+

g(x; y; t − ø) · f(y; ø)dydø by

means of a suitable linear combination of the operators T^r_1 and T^r_2 : Hence, by virtue of Lemma 3.2 – Lemma 3.4, for any t ¿ 0, there exists q_0(x; t) ∈ F^{1;˘}(R^n_+) such that ∇q_0(x; t) = ∇T_8(f)(x; t). Then q_0(x; t) satisfies estimate (6:35)_2 and the Hölder estimate (6:35)_4. By virtue of

230 P. MAREMONTI

Lemma 6.7, function q_0 also satisfies estimates of the kind (6:35)_5. Moreover, by virtue of Lemma 6.2, the field Q(x; t) = q(x; t) + q_0(x; t) is well defined and Q(x; t) satisfies estimates (6:35)_{2;4;5}. As far as the field W is concerned, then by virtue of Lemma 6.4, Lemma 6.6 and Lemma 6.8, W (x; t) = T_6(f)(x; t) + T_7(f)(x; t) is well defined and satisfies estimates (6:35)_{1;3}. The pair (W; Q) is a solution of system (6.1) by virtue of properties of the Green function (G; g) (cf. [19]). The uniqueness is a consequence of Lemma 8.3. The proof of the theorem is completed.

7. Proof of Theorem 2.2 We premise to the proof of Theorem 2.2 the study of the following inital boundary value problem:

V_t − �V = −∇ · (V ⊗ hV ) − ∇P; ∇ · V = 0; in R^n_+ × (0; T ); (7.1) V (x; t) = 0 on R^{n−1} × (0; T ); V (x; 0) = u_0(x);

where h is the cutoff function introduced in section 5 and u_0(x) ∈ C_0(R^n_+) ∩ L^∞(R^n_+) is the initial data given in problem (2.1). Without loss of generality, we assume that |∇h(x)| ≤ 1:

Lemma 7.1. Let u_0(x) ∈ C_{|0}(R^n_+)∩L^∞(R^n_+): Then, there exists a unique classical solution (V; P ) to problem (7.1) and, for some ˘ ∈ (0; 1), the following estimates hold 2∑ ‘=0 t^{‘2} |∇^‘V (x; t)| + t|V_t(x; t)| ≤ c(T )|u_0|_∞;

|D^2V (x; t)−D^2V (x; t)|+|V_t(x; t)−V_t(x; t)| ≤ c(T )|u_0|_∞t^{−1− ˘2}_∘ ( |x − x| + |t − t|^{12} )^˘ for fl ∈ (0; ˘]; |P (x; t)| ≤ c(T )t^{− 12 − fl2} |x|^fl (7.2) |P (x; t) − P (x; t)| + t^{12}_∘ |∇P (x; t) − P (x; t)| ≤ c(T )|u_0|_∞t^{− 12 − ˘2}_∘ |x − x|^˘;

for fl_1 ∈ (0; ˘); |P (x; t) − P (x; t)| + t^{12}_∘ |∇P (x; t) − P (x; t)| ≤ c(T )|u_0|_∞t^{− 12 − ˘2}_∘ |t − t|^{fl12} ;

STOKES AND NAVIER{STOKES PROBLEM 231

with c(T ) independent of the support of h, provided that 4c^2T^{12} |u_0|_∞ ≤ 1 for a suitable constant c.

Proof. We apply the method of successive approximations. Hence, let us consider the sequence {V^k; P^k} with

V^k_t − �V^k = −∇ · (V^{k−1} ⊗ hV^{k−1}) − ∇P^k; ∇ · V^k = 0; in R^n_+ × (0; T ); V^k(x; t) = 0 on R^{n−1} × (0; T ); V^k(x; 0) = u_0(x);

with (V^0; P^0) := (U; �) solution to the problem (2.2) with initial data u_0(x): For k ∈ N; we set V^k = V^0 + W^k and P^k = P^0 + Q^k; with (W^k; Q^k) solution to

W^k_t −�W^k =−∇ · (V^{k−1} ⊗hV^{k−1})−∇Q^k; ∇·W^k = 0; in R^n_+ × (0; T ); W^k(x; t) = 0 on R^{n−1} × (0; T ); W^k(x; 0) = 0:

We set

V^k(T ) = sup

Rn+×(0;T )

[_2∑ ‘=0 t^‘2 |∇^‘V^k(x; t)| + t|V^k_t (x; t) ]

+ sup

x≠x t≠t

t^{1+ ˘2}_∘

|D^2V^k(x; t) − D^2V^k(x; t)| ( |x − x|^2 + |t − t|

) ˘_2 + sup_{x≠x}

t≠t

t^{1+ ˘2}_∘

|D_tV^k(x; t) − D_tV^k(x; t)| ( |x − x|^2 + |t − t|

) ˘_2 :

Let us prove that for k ≥ 0 a) If V^{k−1}(T ) ¡ +∞, then, there exists a constant c ≥ 1 independent of k such that V^k ≤ cV^0 + cT^{12} (V^{k−1})^2;

b) V^k(T ) ≤ V_{min}; for any k ∈ N; provided that sup_{Rn} + |u_0(x)| ≤ (4c^2T^{12} )^{−1};

where V_{min} is the minimal root of the algebraic equation cT^{12} V^2 − V + cV^0 = 0.

For k = 0 estimate a) is satisfied thanks to Theorem 2.1. For k ≥ 1 we look for a solution V^k as the sum V^0 + W^k: In order to apply Lemma 6.9, we set � = V^{k−1} and � = hV^{k−1}: By means of the above positions, since |∇h| ≤ 1; we satisfy Assumptions 6.1 with

�_0 = V^{k−1}; �_0 = cV^{k−1}; M(t) = L(t) = 1;

232 P. MAREMONTI

with c independent of support of h: We set � = (V^{k−1}): By virtue of Lemma 6.9 we have sup Rn+×(0;T )

[_2∑ ‘=0 t^‘2 |∇^‘W^k(x; t)| + t|W^k_t (x; t)| ]

+ sup

x≠x t≠t

t^{1+ ˘2}_∘

|D^2W^k(x; t) − D^2W^k(x; t)| ( |x − x|^2 + |t − t|

) ˘_2 + sup_{x≠x}

t≠t

t^{1+ ˘2}_∘

|D_tW^k(x; t) − D_tW^k(x; t)| ( |x − x|^2 + |t − t|

) ˘_2

≤ cT^12 (V^{k−1} )^2:

Hence V^k ≤ cV^0 + cT^{12} (V^{k−1})^2; (7.3)

which proves item a). From Lemma 10.2 of [18] and (7.3) we deduce V^k ≤ V_{min} provided that 4c^2T^{12} V^0 ≤ 1: Since V^0 = c|u_0|_∞; we have proved also item b). Setting

P^k(T ) = sup_{Rn×[0;T )} t^{12 + fl2} |P^k(x; t)||x|^{−fl}

+ sup_{(0;T )} sup_{x≠x} t^{12 + ˘2} 1∑ ‘=0 t^{‘2}

|∇^‘P^k(x; t) − ∇^‘P^k(x; t)| |x − x|^˘

sup_{Rn} sup

t≠t

t^{12 + ˘2}_∘ 1∑ ‘=0 t^{‘2}_∘

|∇^‘P^k(x; t) − ∇^‘P^k(x; t)| |t − t|^{fl1}2 ;

by virtue of Theorem 2.1 and Lemma 6.9 employed for P^0 and P^k; respectively, we deduce the estimate

P^k(T ) ≤ c ( V^0 + V^2_{min} ) : The sequence {V^k; P^k} is convergent to a limit (V; P ) solution to the problem (7.1). Actually, the convergence is proved for V^k in C(0; T ; C_{|0}(R^n_+) ∩ C^{1;¯ fl2} (ȷ; T ; C^{2;(1−¯)fl} (R^n_+)) and for P^k(x; t) in C^{0;¯ fl2} (ȷ; T ; F^{1;(1−¯)fl} (R^n_+)): For this task, we define Z^k = V^k − V^{k−1} and S^k = P^k − P^{k−1}, which are solution to the system

Z^k_t +∇·[V^{k−2} ⊗hZ^{k−1}] +∇·[Z^{k−1} ⊗hV^{k−1}] = �Z^k − ∇S^k; ∇·Z^k = 0; in R^n_+ × (0; T ); Z^k(x; t) = 0 on R^{n−1} × (0; T ); Z^k(x; 0) = 0:

STOKES AND NAVIER{STOKES PROBLEM 233

By an obvious meaning of the symbols, employing Lemma 6.9, we have

Z^{k+1} ≤ cT^{12} [V_{min}Z^k + Z^kV_{min}];

uniformly with respect to k ∈ N: It is easy to obtain ∞∑ k=1 Z^k ≤ ∞∑ k=1 2^{−1}(2cT^{12} V_{min})^k;

which, for 2cT^{12} V_{min} ¡ 1, implies the convergence. As far as the pressure field, since P^k = P^0 +Q^k, the convergence of the sequence {P^k} is reduced to the convergence of {Q^k}: On the other hand, Q^k −Q^{k−1} = S^k. Recalling estimates (6.35) for the pressure term, we obtain the following:

t^{˘2} |S^{k+1}(x; t)| ≤ 2cV_{min}Z^k;

t^{12 + ˘2}_∘

|S^k(x; t) − S^k(x; t)| (|x − x|^2 + |t − t|)^fl2

+ t^{1+ ˘2}_∘

|∇S^k(x; t) − ∇S^k(x; t)| (|x − x|^2 + |t − t|)^fl2

≤ 2cT^{12} V_{min}Z^k;

uniformly with respect to the variables and k ∈ N: Hence, the series of general term |S^k| and the one of general term the Hölder seminorms are convergent by virtue of the convergence of the series with general term Z^k: Hence, the existence is proved and the uniqueness of the pair (V; P ) is a consequence of Lemma 8.3 of section n.8. The lemma is completely proved.

Now, we are in a position to prove Theorem 2.2. We consider the sequence {h^k(x)} with h^k(x) = h(kx): We construct the sequence {(V^k; P^k)} requiring to the pair (V^k; P^k) to be the solution to the problem 7.1, provided that the convective term is ∇ · (V^k ⊗ h^k V^k): For any k ∈ N; the existence of the pair (V^k; P^k) is ensured by Lemma 7.1. If {F^r} is a partition of R^n_+ with F^r ⊂ R^n_+ compact set, then, Lemma 7.1 also ensures that, the sequence {V^k} is equicontinuous as function from [0; T ) into C(F^r) and, for any ȷ ¿ 0; its time and spatial derivatives together with the sequence of the pressure fields {P^k} are, for a suitable fl; (0; fl)-equicontinuous as functions from [ȷ; T ) into C^{0;fl} (F^r). Hence, for any t ∈ (0; T ), {(V^k; P^k)} is relatively compact in C^{2;fl′} (F^r) × C^{1;fl′} (F^r) and {V^k_t } in C^{0;fl′} (F^r); for some fl^′ ∈ (0; fl) independent of F^r: Moreover, for any ¯ ∈ [0; 1], the sequence {(V^k; P^k)}

234 P. MAREMONTI

is relatively compact in C(0; T ; C(F^r)) ∩ C^{0;¯ fl′2} (ȷ; T ; C^{2;(1−¯)fl′} (F^r)) ∩ C^{1;¯ fl′2} (ȷ; T ; C^{0;(1−¯)fl′} (F^r)) × C^{0;¯ fl′2} (ȷ; T ; C^{1;(1−¯)fl′} (F^r)). By virtue of Lemma 2.1 we conclude the existence of a classic solution (u; ß) to the problem 2.1. For the uniqueness it is sufficient to apply Lemma 8.3 of section 8. The proof of Theorem 2.2 is completed. □

8. Results of uniqueness

In this section we furnish some results of uniqueness. The results concern the uniqueness of the solutions furnished by Theorems 2.1 and Theorem 2.2. However we complete our analysis giving a result of uniqueness which makes unique the existence class of the solutions to the Cauchy problem associated to the Navier–Stokes system.

The uniqueness of solutions to the Stokes problem is a consequence of a uniqueness result given by Solonnikov in [18] that we propose here:

Theorem 8.1. Let (U; �) be a classical solution to the homogenous Stokes problem. Assume that (U; �) satisfies properties (2.4). Then, U(x; t) is identically equal to zero in R^n_+ × (0; T ):

Proof. Actually, the result proved in [18] is concerned with solutions having bounded kinetic field and a pressure field which is at most a divergent function as |x| and with its gradient at least decreasing along the x_n axe as (1 + x_n)^{−1}: For solutions of Theorem 2.1 the behaviors are different. However, in order to apply the quoted uniqueness result it is sufficient to require: the pressure field is at most a divergent function as |x|^{fi+fl} , with fi + fl ¡ 1; the gradient of the pressure is a decreasing function along the x_n axe at least as (1 + x_n)^{fi−1}; finally, the kinetic field and its derivatives can be divergent functions as (1 + |x|)^fi . These requirements do not invalidate the line proof of the uniqueness. Indeed, the divergence of the kinetic field is compensated by the fact that, giving the uniqueness via a duality technique, the test function of the dual problem tends to zero for large |x| as |x|^{−n−1}: We refer to [18] for further details.

We discuss the uniqueness of solutions given in Lemma 6.9 by means of the next uniqueness theorem, which holds for solutions to problem (2.1) too. In this connection we stress that the linear character of system (6.1) is not enough to apply the above considerations. Indeed the solutions given in Lemma 6.9 have not a gradient of pressure which along the x_n axe tends to zero. This fact is consequence of the fact that in our construction

STOKES AND NAVIER{STOKES PROBLEM 235

the pressure field has the term q(x; t) which is a volume potential. However, it is important to stress that the next uniqueness theorem is not a generalization of the one given by Solonnikov, since it holds thanks to the fact that the pressure field is at most divergent, for arbitrary fl ¿ 0, as |x|^fl and the kinetic field is bounded.

Lemma 8.1. Let (u; ß) be a classical solution to the problem (2.1) corresponding to u_0(x) ∈ C_{|0}(R^n_+) ∩ L^∞(R^n_+). Assume that the kinetic field u is bounded on (0; T ) and the pressure field ß is divergent, for each fl ¿ 0, at most as t^{− 12 − fl2} |x|^fl : Then, (u; ß) is the unique solution corresponding to u_0(x):

We premise to the proof of the theorem two lemmas. The first lemma is concerned with the following initial boundary value problem:

�_t −l(x; t) ·∇� − M(x; t) · � = �− ∇S; ∇·� = 0; in R^n_+ × (0; T ); (8.1)

�(x; t) = 0 on R^{n−1} × (0; T ); �(x; 0) = �_0(x);

where l and M are given functions.

Lemma 8.2. Let l ∈ ∩L^∞(R^n_+ × (0; T )) and, for some r ¿ 1, M ∈ L^r(0; T ; L^∞(R^n_+)). Assume that �_0(x) ∈ D_0(R^n_+): Then, corresponding to �_0 there exists a unique solution of problem (8.1) such that � ∈ ⋂ p¿1 C(0; T ; J^p(R^n_+)) ∩ L^p(0; T ; W^{2;p}(R^n_+ ∩ J^{1;p}(R^n_+)); (8.2)

�_t; ∇S ∈ ⋂ p¿1 L^p(0; T ; L^p(R^n_+)):

Proof. The proof of this theorem is given in [19] for the three-dimensional case. However, the extension to the n-dimensional case is without difficulties. Thus, we consider achieved the result.

Lemma 8.3. Let (u; ß) and (~u; ~ß) be two classical solutions corresponding to u_0(x) ∈ C_{|0}(R^n_+)∩L^∞(R^n_+). Assume that on (0; T ) the kinetic fields u and ~u are bounded, ∇u and ∇~u are O(t^{− 12} ) and, for each fl ∈ (0; 1), the pressure fields ß and ~ß are O(t^{− 12 − fl2} |x|^fl ): Then, set w = u − ~u, ∫ R^n_+

|w(x; t)|^2(1 + |x|)^{2−n−4fl} dx ¡ ∞; t ∈ (0; T ): (8.3)

236 P. MAREMONTI

Proof. We also set ß_0 = ß − ~ß: Then, the pair (w; ß_0) is a solution to the system

w_t +(w + u) ·∇w +w · ∇u = �w− ∇ß_0; ∇·w = 0; in R^n_+ × (0; T );

w(x; t) = 0 on R^{n−1} × (0; T ); w(x; 0) = 0: (8.4)

We set, for k ∈ N; b_k(x) = (1 + |x|)^{1− n2 −2fl} h^2(k|x|); where h(|y|) is the smooth cut-off function introduced in section 5. We multiply (8:4)_1 by w(x; t)b^2_k (x). Taking the properties of the solutions into account, an integration by parts on R^n_+ × (0; T ) furnishes the weighted energy formula:

|w(t)b_k |^2 + 2 t∫ 0 |∇w(ø)b_k |^2dø = 2 t∫ 0 ∫ R^n_+

�b^2_kw · wdxdø

− 2 t∫ 0 ∫ R^n_+ [ (w + u)·∇w · w + w·∇u·w ] b^2_kdxdø (8.5)

+ 2 t∫ 0 ∫ R^n_+

ß_0w ·∇b^2_kdxdø:

STOKES AND NAVIER{STOKES PROBLEM 237

The following estimates for the terms of the right hand side hold: | | t∫ 0 ∫ R^n_+

�b^2_kw · wdxdø | | ≤ c t∫ 0 ∫ R^n_+

|w|^2(1 + |x|)^{− n2 −2fl} dxdø ;

| | t∫ 0 ∫ R^n_+ [ (w+u)·∇w· w + w·∇u· w ] b^2_kdxdø | |

≤ c t∫ 0 |w^2b_k|∇b_k||_1dø + c t∫ 0 ø^{− 12} |w(ø)b_k |^2dø;

| | t∫ 0 ∫ R^n_+

ß_0w · ∇b^2_kdxø | | ≤ c t∫ 0 ø^{− 12 − fl2} ∫ R^n_+

(1 + |x|)^{− n2 −fl} |w|b_kdxdø

≤ c t∫ 0 ø^{− 12 − fl2} |w(ø)b_k |_2dø:

Employing the above estimates for the right hand side of (8.5), we deduce

the weighted energy inequality:

|w(t)b_k |^2 ≤ c t∫ 0 |w(ø)b_k |_2dø + c t∫ 0 ø^{− 12} |w(ø)b_k |^2dø

+ c t∫ 0 ø^{− 12 − fl2} |w(ø)b_k |_2dø;

which implies

|w(t)b_k | ≤ c(T ); uniformly with respect to k and t ∈ (0; T ):

Applying the monotone convergence theorem, in the limit for k → ∞, we

deduce (8.3). The lemma is proved.

We are in a position to prove Theorem 8.1. We consider ^�(x; t) =

�(x; t − ø) where �(x; s) is the solution of system (8.1) in (0; t) with

238 P. MAREMONTI

l(x; ø) = u(x; t − ø) + w(x; t − ø) and M(x; ø) = ∇u(x; t − ø). Of course, in order to apply Lemma 8.2, we assume ∇u ∈ L^r(0; T ; L^∞(R^n_+)), for some r ∈ (1; 2): Multiplying equation (8:4)_1 by ^�h(k|x|), an integration by parts furnishes

(w(t); �_0) = t∫ 0 [ (w; �h) + 2(w; ∇h · ∇�)

+ ((u + w) · ∇h�; w) + (ß_0∇h; �) + (S∇h; w) ] dø: (8.6)

Taking properties of (w; ß_0) and estimates (8.2) into account, applying the Hölder inequality, we derive the following estimates:

for each p_1 ∈ (1; n=(n − 2)); |(w; �h)| ≤ ck^{n−2− np}1 |�(s)|_{p1} ; s ∈ (0; t);

for each p_2 ∈ (1; n=(n − 1)); |(w; ∇h · ∇�)| ≤ ck^{n−1− np}2 |∇�(s)|_{p2} ; s ∈ (0; t);

for each p_2 ∈ (1; n=(n − 1)); |((u + w) · ∇h�; w)| ≤ ck^{n−1− np}2 |�(s)|_{p2} ; s ∈ (0; t);

for each p_3 ∈ (1; n=(n − 1 + fl); |(ß_0∇h; �)| ≤ ck^{n−1− np}3 s^{− 12 − fl2} |�(s)|_{p3} ; s∈(0; t); for each fl : n − 2 + 4fl ≥ 2; |(S∇h; w)| ≤ c|S(s)| n−2+4fl_{n−3+4fl} |w=(1 + |x|)|_Ln−2+4fl_{(|x|≥k)}; s ∈ (0; t);

for the last estimate we stress that, uniformly in n, n − 2 + 4fl ≥ 2 and

n−2+4fl n−3+4fl ¿ n n−1 for fl ∈ [^1_4 ;^1_2 ): Thus, for a suitable ”, via the Sobolev imbedding theorem ∇S ∈ L^{1+”}(R^n_+) implies S ∈ L^{n−2−4fln−3+4fl} (R^n_+): Therefore, the above estimates for the right hand side of (8.6), in the limit for k → ∞, give 0 :

(w; �_0) = 0; for any �_0 ∈ D_0(R^n_+);

which implies that w = ∇œ(x). Hence, œ is harmonic as well as its gradient. Since the gradient of œ is harmonic, zero on x_n = 0 and (1 + |x|)^{1− n2 −2fl} ∇œ ∈ L^2(R^n_+), then, ∇œ is zero on R^n_+ and the uniqueness is proved.

STOKES AND NAVIER{STOKES PROBLEM 239

Theorem 8.2. If (u; ß) and (ū; ß̄) are two bounded weak solutions of the Navier-Stokes Cauchy problem with initial data u_0 such that u; w ∈ L^∞((0; T ) × R^n) and ß − ß̄ ∈ L^1(0; T ; L^1(R^n)), then (u; ß) and (ū; ß̄) coincide.

Proof. See [14].

Acknowledgement. The author would like to thank Professor S. Rionero for his valuable discussions concerning the Navier–Stokes initial boundary vale problem in unbounded domains with no condition at infinity.

The paper has been worked out under the auspices of GNFM (INdAM) and MIUR-COFIN 2008-2010 “Ottimizzazione nonlineare, disequazioni variazionali, e problemi di equilibrio”.

References

1. F. Crispo and P. Maremonti, On the asymptotic properties in (x; t) of solutions to the Navier{Stokes equations in the half-space. | J. of Math. Sc., 136, No. 2 (2006), 3735{3767 (trad. Nauch. Sem. POMI, Vol. 318 (2004), 147-202).

2. W. Desch, M. Hieber, and J. Pr-uss, Lp-Theory of the Stokes equation in a half space. | J. Evol. Equation, 1 (2001), 115{142.

3. G. P. Galdi and P. Maremonti, A uniquenesss theorem for viscous ‚uid motions in exterior domains. | Arch. for Ratioanl Mech. and Analysis, 91 (1986), 375{384.

4. G. P. Galdi and S. Rionero, On the best conditions on the gradient of pressure for uniqueness of viscous ‚ows in the whole space. { Pac. J. Math. 104 (1983), 77{83.

5. Y. Giga, K. Inui e Sh. Matsui, On the Cauchy problem for the Navier{Stokes equations with nondecaying initial data. | Quad. Mat., 4 (1999), 27{68.

6. J. Kato, The uniqueness of nondecaying solutions for the Navier{Stokes equations.

| Arch. for Rational Mech. and Analyisi, 169 (2003), 159{175.

7. M. Hieber, A. Rhandi, and O. Sawada, The Navier-Stokes ‚ow for globally Lipschitz continuous initial data, to appear 8. M. Hieber and O. Sawada, The Navier{Stokes equations in R^n with linearly growing initial data. { Arch. for Rational Mech. and Analysis, 175 (2005), 269{285.

9. G. H. Knightly, A note on the Cauchy problem for the Navier{Stokes equations. | SIAM J. Appl. Math. 18 (1970), 641{644.

10. G. H. Knightly, Stability of uniform solutions of the Navier{Stokes equations in n-dimensions. | Math. Research Center Technical Summary Report # 1085, Wisconsin University (1971).

11. H. Koch and V. A. Solonnikov, L_q -estimtes of the ˛rst-order derivatives of solutions to the nonstationary Stokes problem, Nonlinear problems of mathematical physics and related topics, 1, International Math. Series, Kluwer Academic Plenum Publisher (2002).

12. O. A. Ladyzhenskaya and N. N. Uralceva, Linear and quasilinear elliptic equations, Academic Press (1968).

240 P. MAREMONTI

13. P. Maremonti and G. Starita, On the nonstationary Stokes equations in half-space with continuous initial data. | Zap. Nauch. Sem. POMI, 295 (2003), 118{167.

14. P. Maremonti, On the uniqueness of bounded weak solutions to the Navier{Stokes Cauchy problem, submitted for the publication.

15. P. Muratori, Su un problema esterno relativo alle equazioni di Navier{Stokes. | Rend. Sem. Mat. Univ. Padova 46 (1971), 53{100.

16. O. Sawada and T. Usui, The Navier{Stokes equations for linearly growing velocity with nondecaying initial disturbance, to appear.

17. V. A. Solonnikov, Estimates for solutions to the nonstationary Navier{Stokes equations. | Zap. Nauch. Sem. LOMI, 38 (1973), 153{231.

18. V. A. Solonnikov, Estimates for solutions of the nonstationary Stokes problem in anisotropic Sobolev spaces and estimates for the resolvent of the Stokes operator. | Usp. Mat. Nauk, 58 (2003), 123{156.

19. V. A. Solonnikov, On nonstationary Stokes problem and Navier-ãStokes problem in a half-space with initial data nondecreasing at in˛nity. | J. Math. Sci., 114 (2003), 1726{1740.

20. V. A. Solonnikov, Weighted Schauder estimates for evolution Stokes problem. | Ann. Univ. Ferrara, Sez. VII, Sci. Mat. 52 (2006), 137{172.

ðÏÓÔÕÐÉÌÏ 15 ÓÅÎÔÑÂÒÑ 2008 Ç.

Dipartimento di Matematica, Seconda Universit„a degli Studi di Napoli, via Vivaldi 43, 81100 Caserta, Italy.

E-mail: paolo.maremonti@unina2.it