úÁÐÉÓËÉ ÎÁÕÞÎÙÈ ÓÅÍÉÎÁÒÏŒ ðïíé ôÏÍ 362, 2008 Ç.

W. M. Zaja̧czkowski

SPECIAL GLOBAL REGULAR SOLUTIONS TO THE NAVIER–STOKES EQUATIONS

Abstract. We present the existence results of global regular solutions to the Navier-Stokes equations which are close either to two-dimensional or to axially-symmetric solutions. We assume the slip-boundary conditions. Moreover, the considered domains are either cylindrical or axially symmetric. We examine problems with and without in‚ow-out‚ow. All proofs can be divided into two steps: 1. long time existence by either the Leray{Schauder ˛xed point theorem or the method of successive approximations 2. global existence by prolongation of the local solution with respect to time.

I devote this paper to Vsevolod Alekseevich Solonnikov, the great mathematician and my teacher

1. Introduction

The aim of this paper is to present global regular special solutions to the Navier–Stokes equations. We shall show the existence of solutions which are close either to two-dimensional or to axially symmetric solutions. The existence of global two-dimensional solutions was proved by Ladyzhenskaya [1, 3] and axially-symmetric also by Ladyzhenskaya [2, 3] and by Yudovich–Ukhovskij [4]. Therefore, we are looking for solutions in domains of special geometry. In the case of solutions which are close to two-dimensional solutions the considered domain is a nonaxially symmetric cylinder but in the case of solutions close to the axially-symmetric we have to restrict our considerations to axially-symmetric domains.

The Navier–Stokes equations have the form

v_{;t} + v · ∇v − div T(v; p) = f in �^T = � × (0; T ); (1.1)

div v = 0 in �^T ; (1:2)

The work was supported by the RFFI grant 08-01-00372-a . 120

SPECIAL GLOBAL REGULAR SOLUTIONS 121

where � ⊂ R^3 is a bounded domain,

v = v(x; t) = (v_1(x; t); v_2(x; t); v_3(x; t)) ∈ R^3

is the velocity of the fluid, f = f(x; t) = (f_1(x; t); f_2(x; t); f_3(x; t)) ∈ R^3 is the external force field, p = p(x; t) ∈ R is the pressure, x = (x_1; x_2; x_3) is the Cartesian system of coordinates. By the dot we denote the scalar product in R^3.

Moreover we assume that x ∈ �, t ∈ (0; T ). By T(v; p) we denote the stress tensor of the form

T(v; p) = ˚D(v) − pI; (1:3)

where ˚ ¿ 0 is the viscosity coefficient, D(v) = {v_{i;xj} + v_{j;xi} }_{i;j=1;2;3}, I is the unit matrix.

To equations (1.1), (1.2), we add the initial conditions

v|_{t=0} = v_0 in �: (1:4)

In this paper, we examine two kinds of boundary conditions:

1. slip boundary conditions

v · n̄ = 0 on S^T = S × (0; T ); (1.5) n̄ · D(v) · ø̄_ff + flv · ø̄_ff = 0; ff = 1; 2; on S^T ;

where S = @�, n̄ is the unit outward vector normal to S, ø̄_ff, ff = 1; 2, are unit tangent vectors to S, fl ¿ 0 is the constant slip coefficient;

2. inflow-outflow slip boundary conditions

v · n̄ = d on S^T ; (1.6) n̄ · D(v) · ø̄_ff + flv · ø̄_ff = 0; ff = 1; 2; on S^T :

In view of incompressibility we have to add the following compatibility condition to (1.6) ∫

S d dS = 0: (1:7)

122 W. M. ZAJA CZKOWSKI

In this paper we examine the following problems.

Problem A. Prove long time existence of solutions which are close to two-dimensional solution in the case without inflow and outflow.

Here, we consider problem (1.1)–(1.5), where domain � is a cylinder parallel to the x_3-axis with arbitrary cross section. We assume that S = S_1 ∪ S_2, where S_1 is the part of the boundary which is parallel to the axis x_3 and S_2 is perpendicular. Hence,

S_1 = {x ∈ R^3 : ’_0(x_1; x_2) = c_0; −a ¡ x_3 ¡ a} (1:8) and S_2 = {x ∈ R^3 : ’_0(x_1; x_2) ¡ c_0; x_3 is equal either − a or a}; (1:9)

where a and c_0 are positive given numbers and ’_0(x_1; x_2) = c_0 describes a sufficiently smooth closed curve in the plane x_3 = const. Problem A_1. Prove global existence of solutions to problem A. Problem A_2. Prove the existence of global attractor for solutions to problem A.

Problem B. Prove long time existence of solutions close to twodimensional solutions in the case with inflow and outflow.

In this case, we consider problem (1.1)–(1.4), (1.6) and S_1 and S_2 are the same as in problem A. Moreover

d_1 = −d|_{S2(−a)}; d_2 = d|_{S2(a)}; d|_{S1} = 0; (1:10)

where S_2(−a) = {x ∈ S_2 : x_3 = −a}, S_2(a) = {x ∈ S_2 : x_3 = a}.

Then the compatibility condition (1.7) takes the form ∫ S_2(−a)

d_1dS_2 = ∫ S_2(a)

d_2dS_2: (1:11)

Problem B_1. Prove global existence of solutions of problem B. Problem B_2. Prove the existence of global attractor for solutions to problem B.

Problem C. Prove long time existence of solutions close to axially symmetric solutions in a cylinder without inflow and outflow.

SPECIAL GLOBAL REGULAR SOLUTIONS 123

In this case, we consider problem (1.1)–(1.5) in an axially symmetric cylinder. Then S_1, S_2 are defined in the same way as in problem A with the additional assumption that they are axially symmetric.

Problem D. Prove long time existence of solutions close to axially symmetric solutions in an arbitrary axially symmetric domain. Then we consider problem (1.1)–(1.5) in axially symmetric domain � with the boundary S described in the following way: Let S^′ be a curve described by the equation (r; z) = 0, r ∈ [0; R], z ∈ (−a; a). Then S is obtained by rotating S^′ around the x_3 axis.

The existence of global regular either two-dimensional or axiallysymmetric solutions to problem (1.1)–(1.5) is proved in [5, 6].

To solve problems A–D we need global existence of weak solutions to either problem (1.1)–(1.5) or problem (1.1)–(1.4), (1.6). Moreover, we need appropriate global estimates. Then solvability of problems A–D means an increasing of regularity of weak solutions. First we recall the existence of weak solutions to problem (1.1)–(1.5) (see [7]). We start with the definition of weak solutions.

Definition 1.1. By a weak solution to problem (1.1)–(1.5) we mean v ∈ V^0_2 (�^T ) (see Sec. 2) such that div v = 0, v · n̄|_S = 0, satisfying the integral identity ∫ �^T

(−v · ’_{;t} + ˚D(v) : D(’) + v · ∇v · ’)dxdt

+ ∫ � v · ’|_{t=T} dx − ∫ � v · ’|_{t=0}dx = ∫ � f · ’dxdt (1.12)

for any ’ ∈ W^{1;1}_2 (�^T ) such that div ’ = 0, ’ · n̄|_S = 0.

By: we mean the contraction of matrices D(v) : D(’) = D_{ij} (v)D_{ij} (’), where the summation over the repeated indices is assumed.

To formulate the existence result of solutions to Problem A we need the notation

g = f_{;x3} ; h = v_{;x3} ; q = p_{;x3} ; Ø = (rot v)_3; F_3 = (rot f)_3 (1:13)

124 W. M. ZAJA CZKOWSKI

and define

K_1(A) = ‖f_3‖_{L2(S}T_{2 )} + ‖g‖_{L2(�}T_) + ‖F_3‖_{L2(0;T ;L6=5(�))} + ‖h(0)‖_{L2(�)} + ‖Ø(0)‖_{L2(�)};

K_2(A) = K_1(A) + d_1 + d_2 + ‖f‖_{L2(�}T_) + ‖v(0)‖_H1_{(�)}; K_3(A) = ‖g‖_{Lœ(�}T_) + ‖h(0)‖_W 2−2=œ_{œ (�)}; d_A(T ) = ‖g‖_{L2(�}T_) + ‖f_3‖_{L2(S}T_{2 )} + ‖h(0)‖_{L2(�)};

(1.14)

where d_1 and d_2 are defined by (2.6).

Then the following result holds Theorem A (see [10]). Assume that K_i(A), i = 1; 2; 3, d_A(T ) are finite. Assume that^5_3 ¡ œ ¡ 3. Assume that for a given constant C_A such that C_A ¿ cK_3(A) and given T ¿ 0 there exists the constant d_A(T ) so small that ’(C_A; K_2(A))d_A(T ) + cK_3(A) ⩽ C_A (1:15) for some nonlinear function ’.

Then there exists a solution to problem A with fl = 0 such that v ∈ W^{2;1}_2 (�^T ), ∇p ∈ L_2(�^T ), h ∈ W^{2;1}_œ (�^T ), ∇q ∈ L_œ(�^T ) such that ‖h‖_W 2;1_{œ (�T )} + ‖∇q‖_{Lœ(�}T_) ⩽ C_A; ‖v‖_W 2;1_{2 (�}T_) + ‖∇p‖_{L2(�}T_) ⩽ ’(C_A; K_2(A)):

(1.16)

The absolute constant c depends on imbedding only.

Let us express quantities (1.14) in the form K_i(A; 0; T ); i = 1; 2; 3; d_A(0; T ):

From [21], we have Theorem A_1. Assume that K_i(A; kT; (k + 1)T ), i = 1; 2; 3, d_A(kT; (k + 1)T ), k ∈ N ∪ {0} are finite. Assume that (1:15) admits the existence of constant C_A for any interval (kT; (k +1)T ), k ∈ N∪{0}. Then there exists a global solution to problem A such that

‖v‖_W 2;1_{2 (�×(kT;(k+1)T ))} + ‖∇p‖_{L2(�×(kT;(k+1)T ))} ⩽ ’(C_A) for any k ∈ N ∪ {0}:

From [22], we have

SPECIAL GLOBAL REGULAR SOLUTIONS 125

Theorem A_2. There exists a global attractor for solutions to problem A. Let us introduce the quantities K_2(B) = ‖d_{;x}′ ‖_{L∞(0;T ;W} 2_{3=2 (S2))} + ‖d_{;t}‖_{L2(0;T ;W} 1_{6=5 (S2))} + ‖d(0)‖_H1_{(S2)} + ‖d‖_W 3=2;3=4_{2 (ST2 )} + ‖f_3‖_{L2(0;T ;L4=3(S2))} + ‖g‖_{L2(0;T ;L6=5(�))} + ‖h(0)‖_{L2(�)} + ‖F_3‖_{L2(0;T ;L6=5(�))} + ‖Ø(0)‖_{L2(�)} + ‖f‖_{L2(�}T_) + ‖v(0)‖_H1_{(�)}; (1.17) K_3(B) = ‖g‖_{Lœ(�}T_) + ‖h(0)‖_W 2−2=œ_{œ (�)} + ‖d_{;x}′ ‖_W 2−1=œ;1−1=2œ_{œ (ST2 )}; d_B (T ) = ‖d_{;x}′ ‖_{L∞(0;T ;H}1_{(S2))} + ‖d_{;t}‖_{L2(0;T ;W} 1_{6=5(S2))}

+ ‖f_3‖_{L2(0;T ;L4=3(S2))} + ‖g‖_{L2(0;T ;L6=5(�))} + ‖h(0)‖_{L2(�)}: Theorem B. Let quantities (1.17) be finite. Let^5_3 ¡ œ ¡^{10}_3 . Let d_B (T ) be so small that there exists a constant C_B such that

’(C_B ; K_2(B))d_B (T ) + cK_3(B) ⩽ C_B ; C_B ¿ cK_3(B); where ’ is some increasing positive function. Then there exists a solution to problem (1.1)–(1.4), (1.6) such that ‖h‖_W 2;1_{œ (�T )} + ‖∇q‖_{Lœ (�}T_) ⩽ C_B ; ‖v‖_W 2;1_{2 (�}T_) + ‖∇p‖_{L2(�}T_) ⩽ ’(C_B ):

Global existence and the existence of global attractor for problem B are proved in [23, 24], respectively.

Let us introduce the quantities X(T ) = ‖g‖_{L2;−(1+”∗) (�}T_) + ‖f_’‖_{L2;−} (^1_2^{+”}0 )^{(�T )} + ‖F^′‖_{L2(0;T ;L6=5(�))} + ‖h(0)‖_H1_{−(1+”∗) (�)} + ‖w(0)‖_H1_{0 (�)} + ‖u(0)‖_{L2;−} (^1_2^{+”}0)^{(�)}

+ ‖ff^′(0)‖_{L2(�)};

Y_1(T ) = ‖F_’‖_{L2;−1(�}T_) + ‖Ø(0)‖_{L2;−1(�)}; Y_2(T ) = ‖f‖_{L 52 (�}T_) + ‖v(0)‖_W 6=5_{5=2 (�)};

(1.18)

where ē_r = (cos ’; sin ’; 0), ē_’ = (− sin ’; cos ’; 0), ē_z = (0; 0; 1), f_r = f · ē_r, f_z = f · ē_z, f_’ = f · ē_’, g = f_{r;’}ē_r + f_{’;’}ē_’ + f_{z;’}ē_z, F = rot f, ff = rot v, F^′ = (F_r; F_z ), ff^′ = (ff_r; ff_z ), u = v_{’;z}, Ø = ff_’, ”_0; ”_∗ are positive arbitrary small numbers.

126 W. M. ZAJA CZKOWSKI

Theorem C. Let the quantities (1:18) be finite. Assume that X is so small that there exists a constant C_C such that

’(C_C )(1 + Y_1(T ))X(T ) + ’(C_C X(T ))Y_1(T ) + cY_2(T ) ⩽ C_C ; C_C ¿ ’(0)Y_1(T ) + cY_2(T );

where ’ is an increasing positive function. Then there exists a solution to problem C such that v ∈ W^{2;1}_{5=2}(�^T ), ∇p ∈ L_{5=2}(�^T ) and

‖v‖_W 2;1_{5=2(�}T_) + ‖∇p‖_{L5=2(�}T_) ⩽ ’(C_C ):

Finally, we describe problem D. Let us introduce the quantities X̄_1(T ) = ‖g‖_{L2(0;T ;L6=5(�))} + ‖g‖_{L2;−(1+”)(�T )} + ‖f_’‖_{L2;1−¯(�T )} + ‖h(0)‖_H1_{−(1+”) (�)} + ‖v_’(0)‖_H1_{1−¯ (�)};

X̄_2(T ) = ‖F^′‖_{L2(0;T ;L6=5(�))} + ‖F_r‖_{L2(0;T ;L6=5;−¯(�))}

+ ‖F^′‖_{L2;1−¯(�}T_) + ‖ff^′(0)‖_{L2(�)} + ‖ff_r(0)‖_{L2;−¯(�)} + ‖ff^′(0)‖_W 1_{2;1−¯ (�)};

Ȳ_1 = ‖F_’‖_{L2(0;T ;L6=5;−1(�))} + ‖ff_’(0)‖_{L2;−1(�)}; Ȳ_2 = ‖f‖_{L5=2(�T )} + ‖v(0)‖_{W 6=55=2 (�)}; K = ‖ ‖ ‖ 1 r ( k − fl 2˚ )‖ ‖ ‖_{W 1∞(S)};

(1.19)

where ” ¿ 0 arbitrary small, ¯ ∈ (0; 1), k is the curvature of the curve S ∩ P , where P is the plane passing through the axis of symmetry of �. Theorem D (see [26]). Assume that quantities (1.19) are finite. Assume some geometrical restrictions on S (see [26]). Assume that X̄_2(T ) so small that there exists a constant C_D such that

2’_1(T; X̄_1(T ); C_D)X̄^2_2 (T ) + 2’_2(X̄_1(T ))Ȳ^2_1 + 2c_1K(K + 1)(d^2_4 + X̄^2_1 (T )) + 2cȲ_2(T ) ⩽ C_D ;

where ’_1 and ’_2 are some increasing positive functions, d_4 is defined by (2:7). Then there exists a solution to problem D such v ∈ W^{2;1}_{5=2}(�^T ), ∇p ∈ L_{5=2}(�^T ), and ‖v‖_W 2;1_{5=2(�}T_) + ‖∇p‖_{L5=2(�}T_) ⩽ cC_D :

SPECIAL GLOBAL REGULAR SOLUTIONS 127

The existence of solutions formulated in Theorems A–D is proved by the Leray–Schauder fixed point theorem. The existence of solutions to problems C–D were also shown by the method of successive approximations in [16, 25], but such proofs are much longer. To prove the existence of solutions close to the axially symmetric solutions (see Theorems C and D) weighted Sobolev spaces must be used. 2. Notation and auxiliary results First we introduce some definitions. Isotropic and anisotropic Lebesgue spaces

L_p(Q); Q ∈ {�^T ; S^T ; �; S}; p ∈ [1; ∞]; L_q(0; T ; L_p(Q)); Q ∈ {�; S}; p; q ∈ [1; ∞]:

Sobolev and Sobolev–Slobodetskii spaces

W^s_p (Q); W^{s;s=2}_p (Q^T ); Q ∈ {�; S}; s ∈ R_+; p ∈ [1; ∞]: In the special case p = 2, we assume H^s(Q) = W^s_2 (Q); H^{s;s=2}(Q^T ) = W^{s;s=2}_2 (Q^T ); Q ∈ {�; S}; s ∈ R_+: We define a space natural for weak solutions to the Navier-Stokes equations

V^k_2 (�^T ) = { u : ‖u‖_V k_{2 (�}T_) = ess sup_{t∈(0;T )} ‖u‖_Hk_{(�)}

+ (^T∫ 0 ‖∇u(t)‖^2_Hk_{(�)}dt

)_{1=2} ¡ ∞ }

with k ∈ N and L_2 replacing H^0 in the definition of V^0_2 .

To prove the existence of weak solution we need the Korn inequality. Lemma 2.1 (see [7, 8, 9]). Assume that

E_�(v) = ‖D(v)‖^2_{L2(�)} ¡ ∞; v · n̄|_S = 0; div v = 0: (2:1) If � is not axially symmetric, then there exists a constant c such that ‖v‖^2_H1_{(�)} ⩽ cE_�(v): (2:2) If � is axially symmetric, ȷ = (−x_2; x_1; 0), ff = ∫ � v · ȷdx, then there exists a constant c such that ‖v‖^2_H1_{(�)} ⩽ c(E_�(v) + |ff|^2): (2:3)

128 W. M. ZAJA CZKOWSKI

Lemma 2.2 (see [7]). Assume that f ∈ L_∞(0; ∞; L_{6=5}(�)), ∫ �^t f ·

ȷdxdt^′ ∈ L_∞(0; ∞) and v(0) ∈ L_2(�). Let T ¿ 0 be given. Assume that there exists constants a_1; a_2 such that

a_1 ≡ sup_t ‖f(t)‖_{L6=5(�)} ¡ ∞; a_2 ≡ sup_t | | | ∫ �^t

f · ȷdxdt^′ | | | ¡ ∞: (2:4)

Then there exist constants

d^2_1 = c ˚_1 a^2_1 + ‖v(0)‖^2_{L2(�)};

d^2 = (min{1; ˚_2})^{−1}e^{˚1T} ( c ˚_1 a^2_1 + d^2_1 ) ; d^2_3 = c ˚_1 ( a^2_1 + a^2 + | | | ∫ � v(0) · ȷdx | | |^2 ) + ‖v(0)‖^2_{L2(�)};

d^2_4 = (min{1; ˚_2})^{−1}e^{˚1T} [ c ˚_1 ( a^2_1 + a^2 + | | | ∫ � v(0) · ȷdx | | | 2) + d^2_3 ] ;

(2.5)

which do not depend on k_0 = kT , k ∈ N, and^˚_c = ˚_1 + ˚_2, where c is the constant either from (2:2) or from (2:3), such that in the nonaxially symmetric case we have

‖v(t)‖_{L2(�)} ⩽ d_1 for any t ¿ 0; (2.6) ‖v‖_V 0_{2 (�×(kT;t))} ⩽ d_2 for t ∈ (kT; (k + 1)T ); k ∈ N;

and in the axially symmetric case

‖v(t)‖_{L2(�)} ⩽ d_3 for any t ¿ 0; (2.7) ‖v‖_V 0_{2 (�×(kT;t))} ⩽ d_4 for t ∈ (kT; (k + 1)T ); k ∈ N:

By the Galerkin method and the considerations from [3, Chap. 6], we have the following lemma.

SPECIAL GLOBAL REGULAR SOLUTIONS 129

Lemma 2.3 (see [7]). Let the assumptions of Lemma 2:2 hold. Then there exists a weak solution to problem (1.1)–(1.5) in any interval (kT; (k+ 1)T ), k ∈ N, satisfying ‖v‖_V 0_{2 (�×(kT;(k+1)T )} ⩽ d_i; (2:8) where i = 2 for nonaxially symmetric domains and i = 4 for axially symmetric domains.

Now we consider the existence of weak solutions in the case of inflow and outflow. The inflow and outflow are described by d_1 = −v · n̄|_{S2 (−a)}; d_2 = v · n̄|_{S2(a)}; (2:9) where d_i ⩾ 0, i = 1; 2.

By the compatibility condition (1.11) we describe the flux � by � ≡ ∫ S_2(−a)

d_1dS_2 = ∫ S_2(a)

d_2dS_2: (2:10)

Let us introduce an extension ff = ff(x; t) ∈ R such that ff|_{S2(−a)} = d_1; ff|_{S2 (a)} = d_2: (2:11) Then we define vector b = ffē_3, where ē_3 = (0; 0; 1) is directed along the axis x_3. Let us define the function u = v − b. Therefore, div u = −div b = −ff_{;x3} in �; (2.12) u · n̄ = 0 on S:

The compatibility condition (1.11) implies ∫ � ff_{;x3} dx = − ∫ S_2(−a)

ff|_{x3 =−a}dS_2 + ∫ S_2(a)

ff|_{x3=a}dS_2 = 0:

Hence, we can define a function ’ as a solution to the Neumann problem �’ = −div b; in �;

n̄ · ∇’ = 0 on S; (2.13) ∫ � ’dx = 0:

130 W. M. ZAJA CZKOWSKI

Therefore, we introduce the new function

! = u − ∇’ = v − (b + ∇’) ≡ v − ffi; (2:14)

which is a solution to the problem

w_{;t} + w · ∇w + w · ∇ffi + ffi · ∇w − div T(w; p) = f − ffi_{;t} − ffi · ∇ffi + ˚div D(ffi) ≡ F (ffi; f) in �^T ; div w = 0 in �^T ; w · n̄ = 0 on S^T ; ˚n̄ · D(w) · ø̄_ff + flw · ø̄_ff (2:15) = −˚n̄ · D(ffi) · ø̄_ff − flffi · ø̄_ff ≡ B_{1ff}(ffi); ff = 1; 2; on S^T_1 ; ˚n̄ · D(w) · ø̄_ff = −˚n̄ · D(ffi) · ø̄_ff ≡ B_{2ff}(ffi); ff = 1; 2; on S^T_2 ; w|_{t=0} = v(0) − ffi(0) ≡ w(0) in �;

where

n̄|_{S1} =

(’_{0;x1} ; ’_{0;x2} ; 0) √ ’^2_{0;x1} + ’^2_{0;x2}

; ø̄_1|_{S1} =

(−’_{0;x2} ; ’_{0;x1} ; 0) √ ’^2_{0;x1} + ’^2_{0;x2} ; ø̄_2|_{S1} = (0; 0; 1) ≡ ē_3;

n̄|_{S2} = ē_3; ø̄_1|_{S2} = (1; 0; 0) ≡ ē_1; ø̄_2|_{S2} = (0; 1; 0) ≡ ē_2:

First we obtain an estimate for weak solutions to problem (2.15). Lemma 2.4 (see [13]). Assume that d_1 ∈ L_6(0; T ; L_3(S_2)), ff ∈ L_2(0; T ; W^1_3 (�)), w(0) ∈ L_2(�). Let

�(t) = ‖ff‖_{L2(S1)} + ‖ff_{;t}‖_{L6=5(�)} + ‖ff_{;x3t}‖_{L6=5(�)} + (1 + ‖ff‖_W 1_{3 (�)})‖ff‖_H1_{(�)} + ‖f‖_{L6=5(�)}:

Assume that � ∈ L_2(0; T ). Then the following estimate is valid

‖w‖^2_V 0_{2 (�}t_) ⩽ c exp[c(‖d_1‖^6_{L6(0;t;L3(S2))} + ‖∇ff‖^2_{L2(0;t;L3(�))}] × (‖�‖^2_{L2(0;t)} + ‖w(0)‖^2_{L2(�)}); t ⩽ T: (2.16)

SPECIAL GLOBAL REGULAR SOLUTIONS 131

Using the definition of ffi we have

‖ffi‖^2_{L∞(0;t;L2(�))} + ˚‖ffi‖^2_{L2(0;t;H}1_{(�))} + fl 2∑ ¯=1 ‖ffi · ø̄_¯‖^2_{L2(S}t_{1)}

⩽ c( ff‖^2_{L∞(0;t;L2(�))} + ‖ff_{;x3} ‖^2_{L∞(0;t;L2(�))} + ‖ff‖^2_{L2(0;t;H}1_{(�))}); (2.17) t ⩽ T . Estimates (2.16) and (2.17) imply Lemma 2.5. Let the assumptions of Lemma 2:4 be satisfied. Let the r.h.s. of (2:17) be bounded. Then the following estimate is valid ‖v‖^2_V 0_{2 (�}t_) ⩽ c exp[c(‖d_1‖^6_{L6(0;t;L3(�))} + ‖∇ff‖^2_{L2(0;t;L3(�))})] ×(‖�‖^2_{L2(0;t)} + ‖w(0)‖^2_{L2(�)}) + c(‖ff‖^2_{L∞(0;t;L2(�))} + ‖ff_{;x3} ‖^2_{L∞(0;t;L2(�))} +‖ff‖^2_{L2(0;t;H}1_{(�))}); t ⩽ T: (2.18) To prove Lemma 2.4 we need the Korn inequality.

Lemma 2.6. Assume that

E_�(w) ¡ ∞; 2∑ ff=1 ‖w · ø̄_ff‖^2_{L2(S1)} ¡ ∞; w · n̄|_S = 0; div w = 0:

Assume that � is not axially symmetric. Then there exists a constant c independent of w such that

‖w‖^2_H1_{(�)} ⩽ c(E_�(w) + 2∑ ff=1 ‖w · ø̄_ff‖^2_{L2(S1)}): (2:19)

By the Galerkin method we obtain from Lemma 2.5 the result Lemma 2.7. Assume that d_1 ∈ L_6(0; T ; L_3(S_2)); d ∈ L_∞(0; T ; W^{2=3}_3 (S_2)); d_{;t} ∈ L_2(0; T ; W^{1=6}_{6=5} (S_2)); f ∈ L_2(0; T ; L_{6=5}(�));

d(0) ∈ L_2(S_2); v(0) ∈ L_2(�):

132 W. M. ZAJA CZKOWSKI

Then there exists a weak solution to problem (1.1)–(1.4), (1.6) such that ‖v‖_V 0_{2 (�}t_) ⩽ l_1(t); t ⩽ T; (2:20) where l_1(t) = exp(‖d_1‖_{L6(0;t;L3(S2))} + ‖d‖_{L2(0;t;W} 2=3_{3 (S2))}) ×[‖d‖_{L∞(0;t;H}1=2_{(S2))} + ‖d_{;t}‖_{L2(0;t;W} 1=6_{6=5 (S2))} + ‖d(0)‖_{L2(S2 )} (2:21) +‖f‖_{L2(0;t;L6=5(�))} + ‖v(0)‖_{L2(�)}](1 + ‖d‖_{L∞(0;t;W} 2=3_{3 (S2))}):

To present the results on existence of solutions to the Navier–Stokes equations in axially symmetric domains we need the cylindrical coordinates and weighted Sobolev spaces. Let x = (x_1; x_2; x_3) be the Cartesian system of coordinates. The cylindrical coordinates (r; ’; z) are defined as follows x_1 = r cos ’; x_2 = r sin ’; x_3 = z: (2:22) Then we introduce the weighted spaces. The Lebesgue weighted spaces L_{p;¯}(Q) is defined by

‖u‖_{Lp;¯(Q)} = ( ∫ Q |u|^pr^{p¯}dx

)_{1=p} ¡ ∞;

p ∈ [1; ∞], ¯ ∈ R, Q ∈ {�; S; �^T ; S^T }.

Let us define H^s_¯(Q) for Q ∈ {�; S}, s ∈ Z_+ ∪ {0}, ¯ ∈ R by

‖u‖_Hs_{¯(Q)} = ( ∑ |ff|⩽s ∫ Q |D^ff_x u|^2r^{2(¯−s+|ff|)}dQ

)_{1=2} ¡ ∞;

where D^ff_x u = @^{ff1}_{x1} @^{ff2}_{x2} @^{ff3}_{x3} , |ff| = ff_1 + ff_2 + ff_3, and H^{s;s=2}_¯ (Q^T ) for Q ∈ {�; S},^s_2 ∈ Z_+ ∪ {0}, ¯ ∈ R by

‖u‖_Hs;s=2_{¯ (QT )} = ( ∑ |ff|+2i⩽s ∫ Q^T

|D^ff_x @^i_t u|^2r^{2(¯−s+|ff|+2i)}dQdt

)_{1=2} ¡ ∞:

Let us consider the following Stokes system

h_{;t} − div T(h; q) = f in �^T ; div h = 0 in �^T ; (2.23) h · n̄ = 0; n̄ · D(h) · ø̄_ff = 0; ff = 1; 2; on S^T ; h|_{t=0} = h(0) in �;

where � is axially-symmetric containing the axis of symmetry.

SPECIAL GLOBAL REGULAR SOLUTIONS 133

Lemma 2.8 (see [17–20]). Assume that f ∈ L_{2;−¯}(�^T ), h(0) ∈ H^1_{−¯}(�), ¯ ∈ R_+, ¯ ∉ Z_+. Assume that � is either a cylinder with S_1 ∈ C^2 or @� = S ∈ C^2. Then there exists a solution to problem (2:23) such that h ∈ H^{2;1}_{−¯}(�^T ), ∇q ∈ L_{2;−¯}(�^T ), and

‖h‖_H2;1_{−¯(�T )} + ‖∇q‖_{L2;−¯(�}T_) ⩽ c(‖f‖_{L2;−¯(�}T_) + ‖h(0)‖_H1_{−¯(�)}); (2:24) where c does not depend on h, q, and f. 3. Proof of Theorem A Let us recall (1.13).

Lemma 3.1 (see [7]). The pair of functions (h; q) is a solution to the problem

h_{;t} − div T(h; q) = −v · ∇h − h · ∇v + g in �^T ; div h = 0 in �^T ; h · n̄ = 0; n̄ · D(h) · ø̄_ff = 0; ff = 1; 2; on S^T_1 ; (3.1) h_i = 0; i = 1; 2; h_{3;x3} = 0 on S^T_2 ; h|_{t=0} = h(0) in �:

Lemma 3.2 (see [7, 10]). Assume that v is a weak solution to problem (1.1)–(1.5) with fl = 0 satisfying (2:6). Assume that h ∈ L_∞(0; T ; L_3(�)), g ∈ L_2(�^T ), f_3 ∈ L_2(S^T_2 ), h(0) ∈ L_2(�). Then

‖h‖^2_V 0_{2 (�}t_) ⩽ cd^2‖h‖^2_{L∞(0;t;L3(�))} + c(‖f_3‖^2_{L2(S}t_{2)} + ‖g‖^2_{L2(�}t_) + ‖h(0)‖^2_{L2(�)}); t ⩽ T: (3.2)

Lemma 3.3 (see [7, 10]). With g; f_3; h(0) as in the previous lemma and ∇v ∈ L_2(0; T ; L_3(�)), we have

‖h(t)‖_{L2(�)} ⩽ c exp(c‖∇v‖^2_{L2(0;t;L3(�))}) × [‖g‖_{L2(�}t_) + ‖f_3‖_{L2(S}t_{2)} + ‖h(0)‖_{L2(�)}]; t ⩽ T (3.3) and ‖h‖_{L2(�}t_) ⩽ c[‖∇v‖_{L2(0;t;L3(�))} exp(c‖∇v‖_{L2(0;t;L3(�))}) + 1] × [‖g‖_{L2(�}t_) + ‖f_3‖_{L2(S}t_{2)} + ‖h(0)‖_{L2(�)}]; t ⩽ T: (3.4)

134 W. M. ZAJA CZKOWSKI

Lemma 3.4 (see [7]). Let F_3 = (rot f)_3; h; v be given. Then Ø = (rot v)_3 is a solution to the problem

Ø_{;t} + v · ∇Ø − h_3Ø + h_2v_{3;x1} − h_1v_{3;x2} − ˚�Ø = F_3 in �^T ; Ø = 2∑ i;j=1

v_i(n_{i;xj} ø_{1j} + ø_{1i;xj} n_j )

+ v · ø̄_1(ø_{12;x1} − ø_{11;x2} ) ≡ Ø_∗ on S^T_1 ; (3.5) Ø_{;x3} = 0 on S^T_2 ; Ø|_{t=0} = Ø(0) in �;

where tangent and normal vectors are defined as follows

n̄|_{S1} =

∇’_0 |∇’_0| = 1 |∇’_0|

(’_{0;x1} ; ’_{0;x2} ; 0);

ø̄_1|_{S1} =

∇^⊥’_0 |∇’_0| = 1 |∇’_0|

(−’_{0;x2} ; ’_{0;x1} ; 0); ø̄_2|_{S1} = (0; 0; 1);

n̄|_{S2} = (0; 0; 1); ø̄_1|_{S2} = (1; 0; 0); ø̄_2|_{S2} = (0; 1; 0):

Lemma 3.5 (see [10]). Assume that h ∈ L_∞(0; T ; L_3(�)), Ø(0) ∈ L_2(�), v^′ = (v_1; v_2) ∈ L_∞(0; T ; W^1_{9=5}(�)) ∩ H^{1=2+”}(�)) ∩ W^{1;1=2}_2 (�^T ), F_3 ∈ L_2(0; T ; L_{6=5}(�)), ” ¿ 0 arbitrary small. Let the assumptions of Lemma 2:2 be satisfied. Then solutions to problem (3:5) satisfy ‖Ø‖^2_V 0_{2 (�}t_) ⩽ cd^2(‖h‖^2_{L∞(0;t;L3(�))} + ‖v^′‖^2_{L∞(0;t;W} 1_{9=5(�))}) +c(‖F_3‖^2_{L2(0;t;L6=5(�))} + ‖Ø(0)‖^2_{L2(�)} + ‖v‖^2_{L∞(0;t;H1=2+”(�))} +‖v^′‖_W 1;1=2_{2 (�t )}); t ⩽ T: (3:6) Let us consider the problem v_{1;x2} − v_{2;x1} = Ø in �^′;

v_{1;x1} + v_{2;x2} = −h_3 in �^′; (3.7) v^′ · n̄^′ = 0 on S^′_1;

where S^′_1 = S_1 ∩ {plane x_3 = const ∈ (−a; a)}; �^′ = � ∩ {plane x_3 = const ∈ (−a; a)};

and x_3; t are treated as parameters.

SPECIAL GLOBAL REGULAR SOLUTIONS 135

Lemma 3.6 (see [10]). Let the assumptions of Lemmas 3:5 and 3:2 be satisfied. Let

K_1(A; t) = ‖f_3‖_{L2(�}t_) + ‖g‖_{L2(�}t_) + ‖F_3‖_{L2(0;t;L6=5(�))} +‖h(0)‖_{L2(�)} + ‖Ø(0)‖_{L2(�)}; t ⩽ T:

Then

‖v^′‖^2_V 1_{2 (�}t_) ⩽ c‖v^′‖^2_{L2(�;W 1=22 (0;t))} + cd^2‖h‖^2_{L∞(0;t;L3(�))}

+c(K^2_1 (A; t) + d^2_1 + d^2); t ⩽ T: (3.8) From Lemma 3.7 in [11], we have ‖v^′‖_{L10(�}T_) ⩽ c‖v^′‖_V 1_{2 (�}T_); (3:9) so we can increase regularity of v from the problem v_{;t} − div T(v; p) = −v^′ · ∇v − v_3h + f in �^T ; div v = 0 in �^T ; (3.10) v · n̄ = 0; n̄ · T(v; p) · ø̄_ff = 0; ff = 1; 2; on S^T ; v|_{t=0} = v_0 in �:

Lemma 3.7 (see [10]). Let the assumptions of Lemma 2:2 be satisfied. Let K_i(A), i = 1; 2, be finite. Let h ∈ L 10_3 (�^T ) ∩ L_∞(0; T ; L_3(�)). Then solutions to problem (3:10) satisfy the inequality

‖v‖_W 2;1_{2 (�}t_) + ‖∇p‖_{L2(�}t_) ⩽ cd^2(‖h‖^2_{L 103 (�}t_) + ‖h‖^2_{L∞(0;t;L3(�))})

+cK^2_2 (A; t) + c(‖f‖^2_{L2(�}t_) + ‖v(0)‖^2_H1_{(�)}); t ⩽ T: (3:11) Next we examine problem (3.1).

Lemma 3.8 (see [10]). Assume that v ∈ W^{2;1}_2 (�^T ), h ∈ L_2(�^T ), g ∈ L_œ(�^T ), h(0) ∈ W^{2−2=œ}_œ (�), œ ¡^{10}_3 . Then for solutions of problem (3.1) the following inequality holds

‖h‖_W 2;1_{œ (�t )} + ‖∇q‖_{Lœ (�}t_) ⩽ ’(‖v‖_W 2;1_{2 (�t )})‖h‖_{L2(�}t_) + c(‖g‖_{Lœ(�}t_) + ‖h(0)‖_W 2−2=œ_{œ (�)}); t ⩽ T; (3.12)

136 W. M. ZAJA CZKOWSKI

where ’(a) = a^4.

From Lemmas 3.3, 3.7, and 3.8 estimates (1.15) follow. To prove the existence of solutions we consider the problem

h_{;t} − div T(h; q) = −˘[v(h̃; v̄) · ∇h̃ + h̃ · ∇v(h̃; v̄) + g] in �^T ; div h = 0 in �^T ; h · n̄ = 0; n̄ · D(h) · ø̄_ff = 0; ff = 1; 2; on S^T_1 ; (3.13) h_i = 0; i = 1; 2; h_{3;x3} = 0 on S^T_2 ; h|_{t=0} = h(0) in �;

where ˘ ∈ [0; 1], h̃ is treated as given function and v̄ is the weak solution described by Lemmas 2.2 and 2.3 and the dependence v = v(h̃; v̄) is described by Lemmas 3.1–3.7. Let M(�^T ) = {h : ‖h‖_{L∞(0;T ;W} 1_{ȷ (�))} ¡ ∞}:

Problem (3.13) gives the mapping

Œ : M(�^T ) → W^{2;1}_œ (�^T ) ,→ M(�^T );

where the last imbedding is compact for 20 7 ¡ œ ¡ 10 3 ; 4 ¡ ȷ ¡ 6; 5 œ − 3 ȷ ¡ 1: (3:14)

Lemma 3.9 (see [10]). Let (3:14) hold. Then the mapping Œ is uniformly continuous and compact in the product M(�^T ) × [0; 1].

Moreover, for ˘ = 0 we have the existence of a unique solution to problem (3.13) (see [12]).

From the above considerations Theorem A follows.

4. Proof of Theorem B We use quantities introduced in (1.13).

SPECIAL GLOBAL REGULAR SOLUTIONS 137

Lemma 4.1 (see [13, 14]). The quantities h; q are solutions to the prob- lem h_{;t} − div T(h; q) = −v · ∇h − h · ∇v + g in �^T ; div h = 0 in �^T ; n̄ · h = 0; ˚n̄ · D(h) · ø̄_ff + flh · ø̄_ff = 0;

ff = 1; 2; on S^T_1 ; (4.1) h_i = −d_{;xi} ; i = 1; 2; h_{3;x3} = �^′d on S^T_2 ; h|_{t=0} = h(0) in �;

where �^′ = @^2_{x1} + @^2_{x2} , d stands for d_1 and d_2, because d|_{S2 (−a)} = d_1, d|_{S2(a)} = d_2.

Lemma 4.2 (see [13]). Assume that v is a weak solution to problem (1:1)–(1:4), (1:6). Let the assumptions of Lemma 2:7 be satisfied. Let v ∈ L_2(0; T ; W^1_3 (�)), d ∈ L_∞(0; T ; L_3(S_2)). Let the quantity ȷ_1(t) = ‖d_{;x}′ ‖_{L∞(0;t;H}1_{(S2))} + ‖d_{;x}′ ‖_{L2(0;t;H}1_{(S2))} + ‖d_{;t}‖_{L2(0;t;W} 1_{6=5 (S2))} +‖f_3‖_{L2(0;t;L4=3(S2))} + ‖g‖_{L2(0;t;L6=5(�))} + ‖h(0)‖_{L2(�)}; t ⩽ T; (4:2) be finite. Then solutions to problem (4:1) satisfy the inequality ‖h‖^2_V 0_{2 (�}t_) ⩽ ’(l_1(t); ‖d‖_{L∞(0;t;L3(S2))}; ‖v‖_{L2(0;t;W} 1_{3 (�))})ȷ^2_1 (t); (4:3) where ’ is some nonlinear increasing function.

Lemma 4.3 (see [13]). The function Ø (see (1:13)) is a solution to the problem

Ø_{;t} + v · ∇Ø − h_3Ø + h_2v_{3;x1} − h_1v_{3;x2} − ˚�Ø = F_3 in �^T ;

Ø|_{S1} = − 2∑ i;j=1

v_i(n_{i;xj} ø_{1j} + ø_{1i;xj} n_j ) (4.4)

+ fl ˚ 2∑ i=1 v_iø_{1i} + v · ø̄_1(ø_{12;x1} − ø_{11;x2} ) ≡ Ø_∗ on S^T_1 ;

Ø_{;x3} |_{S2} = 0 on S^T_2 ; Ø|_{t=0} = Ø(0) in �;

and the other notation is the same as in (3:5).

Repeating the proof of Lemma 3.5, where d_2 is replaced by l_1 we obtain

138 W. M. ZAJA CZKOWSKI

Lemma 4.4. Assume that v is a weak solution to problem (1:1)– (1:4), (1:6) such that the assumptions of Lemma 2:7 hold. Assume that h ∈ L_∞(0; T ; L_3(�)), Ø(0) ∈ L_2(�), v^′ = (v_1; v_2) ∈ L_∞(0; T ; W^1_{9=5}(�) ∩ H^{1=2+”}(�))∩W^{1;1=2}_2 (�^T ), F_3 ∈ L_2(0; T ; L_{6=5}(�)), ” ¿ 0 is arbitrary small. Then solutions to problem (4.4) satisfy the inequality

‖Ø‖^2_V 0_{2 (�}t_) ⩽ cl^2_1(‖h‖^2_{L∞(0;t;L3(�))} + ‖v^′‖_{L∞(0;t;W} 1_{9=5(�))}) +c(‖F_3‖^2_{L2(0;t;L6=5(�))} + ‖Ø(0)‖^2_{L2(�)} + ‖v^′‖_{L∞(0;t;H}1=2+”_{(�))} (4.5) +‖v^′‖^2_{W 1;1=22 (�t )}); t ⩽ T:

We need also another estimate for h. Let l^2(t) = (1 + sup_t ‖d‖^2_{L3(S2)})‖d_{;x}′ ‖^2_{L2(0;t;H}1_{(S2))}

+‖d_{;t}‖^2_{L2(0;t;W} 1_{6=5 (S2))} + ‖d_{;x}′ ‖^2_{L2(0;t;W} 2_{3=2(S2))} (4.6) +‖f_3‖^2_{L2(0;t;L4=3(S2))} + ‖g‖^2_{L2(0;t;L6=5(�))} + ‖h(0)‖^2_{L2(�)} and l^2_3(t) = l^2(t) + l^2_1(t)‖d_{;x}′ ‖^2_{L∞(0;t;H}1_{(S2))} + ‖d_{;x}′ ‖^2_{L∞(0;t;L2(S2))} +‖d_{;x}′ ‖^2_{L2(0;t;H}1_{(S2))} + ‖d_{;x}′ (0)‖^2_{L2(S2 )}: (4:7) Lemma 4.5. Assume that d_1 ∈ L_6(0; T ; L_3(S_2)), h ∈ L_∞(0; T ; L_3(�)), and l_i(T ), i = 1; 2; 3 are finite. Then for solutions of problem (4:1) the following inequality is valid

‖h‖^2_V 0_{2 (�}t_) ⩽ c exp(‖d_1‖^6_{L6(0;t;L3(S2 ))})[l^2_1(t)‖h‖^2_{L∞(0;t;L3(�))} + l^2_3(t)]; t ⩽ T: (4.8)

Proof. Let h̃ be a solution to the problem

− �h̃ + ∇œ = 0 in �; div h̃ = 0 in �; h̃|_{S1} = 0; h̃_i|_{S2} = −d_{;xi} ; i = 1; 2; h̃_{3;x3} |_{S2} = 0:

SPECIAL GLOBAL REGULAR SOLUTIONS 139

Then we can introduce the function k = h − h̃:

We can express (3.34) from [13] in the form with k^{(1)} replaced by k d dt ‖k‖^2_{L2(�)} + ˚‖k‖^2_H1_{(�)} ⩽ c‖d_1‖^2_{L3(S2 )}‖k‖^2_{L2(�)} +c‖∇v‖^2_{L2(�)}‖k‖^2_{L3(�)} + c‖v‖^2_H1_{(�)}‖d_{;x}′ ‖^2_H1_{(S2)} +c(1 + ‖d‖^2_{L3(S2)})‖d_{;x}′ ‖^2_H1_{(S2)} + c(‖d_{;t}‖^2_W 1_{6=5 (S2)} (4.9) +‖d_{;x}′ ‖^2_H2_{3=2(S2)} + ‖f_3‖^2_{L4=3(�)} + ‖g‖^2_{L6=5(�)}):

Integrating (4.9) with respect to time and using h = k + h̃ (see (3.23) from [13], where index (1) is omitted), we obtain ‖h‖^2_V 0_{2 (�}t_) ⩽ c exp(‖d_1‖^2_{L6(0;t;L3(S2))}) ×[l^2_1(t)(sup_t ‖h‖^2_{L3(�)} + sup_t ‖h̃‖^2_{L3(�)} + sup_t ‖d_{;x}′ ‖^2_H1_{(S2)}) (4.10) +l^2(t) + ‖h̃‖^2_V 0_{2 (�}t_) + ‖h̃(0)‖^2_{L2(�)}]:

Now, we estimate the norms with h̃. In view of Lemma 3.5 from [13], we have sup_t ‖h̃‖_{Lœ(�)} ⩽ c sup_t ‖d_{;x}′ ‖_{Lœ(�)}; œ = 2; 3;

‖h̃‖_{L2(0;t;H}1_{(�))} ⩽ c‖d_{;x}′ ‖_{L2(0;t;H}1_{(S2 ))}; (4.11) ‖h̃(0)‖_{L2(�)} ⩽ c‖d_{;x}′ (0)‖_{L2(S2)}:

Using estimates (4.11) in (4.10) yields (4.8). This concludes the proof.

Now we consider problem (3.7). In view of (4.5) and (4.8) we have ‖v^′‖_V 1_{2 (�}t_) ⩽ cl_1‖h‖_{L∞(0;t;L3(�))} + ’(l_1)l_1 +c(‖F_3‖_{L2(0;t;L6=5(�))} + ‖Ø(0)‖_{L2(�)} + ‖v^′‖_{L2(�;H}1=2_{(0;t))}) +c exp(‖d_1‖^6_{L6(0;t;L3(S2))})[l_1‖h‖_{L∞(0;t;L3(�))} + l_3] (4.12)

140 W. M. ZAJA CZKOWSKI

⩽ c‖v^′‖_{L2(�;H}1=2_{(0;t))} + cl_1 exp(‖d_1‖^6_{L6(0;t;L3(S2))})‖h‖_{L∞(0;t;L3(�))} + cl_4(t); where

l_4(t) = exp(‖d_1‖^6_{L6(0;t;L3(S2 ))})l_3 + ’(l_1)l_1 + ‖F_3‖_{L2(0;t;L6=5(�))} + ‖Ø(0)‖_{L2(�)}; (4.13) where ’ is some nonlinear positive function which appears from some interpolation inequalities.

We can apply inequality (3.9) so we examine the following problem v_{;t} − div T(v; p) = −v^′ · ∇v − v_3h + f in �^T ; div v = 0 in �^T ; v · n̄|_{S1} = 0;

n̄ · D(v) · ø̄_ff + flv · ø̄_ff = 0; ff = 1; 2; on S^T_1 ; (4.14) v · n̄|_{S2} = d; n̄ · D(v) · ø̄_ff = 0; ff = 1; 2; on S^T_2 ; v|_{t=0} = v(0) in �:

Let us introduce the quantities

l_5(T ) = ‖f‖_{L5=3(�}T_) + ‖v(0)‖_W 2−6=5_{5=3 (�)} + ‖d‖_W 2−3=5;1−3=10_{5=3 (ST2 )}; l_6(T ) = ‖f‖_{L2(�}T_) + ‖v(0)‖_H1_{(�)} + ‖d‖_W 3=2;3=4_{2 (ST2 )}:

(4.15)

Lemma 4.6. Assume that l_i(T ), i = 1; 4; 5; 6, are finite. Assume that d_1 ∈ L_6(0; T ; L_3(S_2)); h ∈ L_∞(0; T ; L_3(�)) ∩ L 10_3 (�^T ):

Then solutions to (4.14) satisfy the inequality

‖v‖_W 2;1_{2 (�t )} + ‖∇p‖_{L2(�}t_) ⩽ ’(l_1(t); exp ‖d_1‖_{L6(0;t;L3(S2))}) (4.16) ×(‖h‖^2_{L∞(0;t;L3(�))} + ‖h‖^2_{L 103 (�}t_)) + c’(l_1(t); l_4(t); l_5(t); l_6(t)) t ⩽ T;

where ’ is some increasing positive function.

Proof. In view of (3.9), (4.12) and the results from [12, 27] we have ‖v‖_W 2;1_{5=3(�}t_) ⩽ c‖v^′‖_{L10(�}t_)‖∇v‖_{L2(�}t_) + c‖v_3‖_{L 103 (�}t_)‖h‖_{L 103 (�}t_)

SPECIAL GLOBAL REGULAR SOLUTIONS 141

+c(‖f‖_{L 53 (�}t_) + ‖v(0)‖_W 2−6=5_{5=3 (�)} + ‖d‖_W 2−3=5;1−3=10_{5=3 (St2)}) (4.17) ⩽ cl_1‖v^′‖_{L2(�;H}1=2_{(0;t))} + cl_1 exp(‖d_1‖^6_{L6(0;t;L3(S2))})(‖h‖_{L∞(0;t;L3(�))} +‖h‖_{L 103 (�}t_)) + c(l_1l_4 + l_5):

By some interpolation inequality we can eliminate the first norm on the r.h.s. of (4.17) to get

‖v‖_W 2;1_{5=3(�T )} ⩽ l_1 exp(‖d_1‖^6_{L6(0;t;L3(S2))})(‖h‖_{L∞(0;t;L3(�))} +‖h‖_{L 103 (�}t_)) + c(’(l_1)l_1 + l_1l_4 + l_5); (4:18) where the increasing positive function ’ appears from the used interpolation inequalities.

Applying again [12, 27] to problem (4.14) we obtain ‖v‖_W 2;1_{2 (�t )}

⩽ c‖v^′‖_{L10(�}t_)‖∇v‖_{L5=2(�}t_) + c‖v_3‖_{L5(�}t_)‖h‖_{L 103 (�}t_) + cl_6(t): (4.19) Using (4.18) in (4.12) we obtain from (3.9) the inequality

‖v^′‖_{L10(�}t_) ⩽ c‖v^′‖_V 1_{2 (�}t_) ⩽ l_1 exp(‖d_1‖^6_{L6(0;t;L3(S2))}) ×(‖h‖_{L∞(0;t;L3(�))} + ‖h‖_{L 103 (�}t_)) + c(’(l_1)l_1 + l_1l_4 + l_4 + l_5): (4:20) In view of the imbedding ‖∇v‖_{L5=2(�}T_) + ‖v‖_{L5(�}T_) ⩽ c‖v‖_W 2;1_{5=3(�T )} (4:21) and (4.20), (4.18) inequality (4.19) takes the form ‖v‖_W 2;1_{2 (�t )} ⩽ l^2_1 exp(c‖d_1‖^6_{L6(0;t;L3(S2))}) ×(‖h‖^2_{L∞(0;t;L3(�))} + ‖h‖^2_{L 103 (�}t_)) + c(’(l_1)l_1 + l_1l_4 + l_4 + l_5)^2 + cl_6: (4:22) The above inequality implies (4.16). This concludes the proof.

142 W. M. ZAJA CZKOWSKI

Let us introduce the quantities K_2(B) = ‖d_{;x}′ ‖_{L∞(0;T ;W} 2_{3=2 (S2))} + ‖d_{;t}‖_{L2(0;T ;W} 1_{6=5 (S2))} + ‖d(0)‖_H1_{(S2)} + ‖d‖_W 3=2;3=4_{2 (ST2 )} + ‖f_3‖_{L2(0;T ;L4=3(S2))} + ‖g‖_{L2(0;T ;L6=5(�))} + ‖h(0)‖_{L2(�)} + ‖F_3‖_{L2(0;T ;L6=5(�))} + ‖Ø(0)‖_{L2(�)} + ‖f‖_{L2(�}T_) + ‖v(0)‖_H1_{(�)}; (4.23) K_3(B) = ‖g‖_{Lœ(�}T_) + ‖h(0)‖_W 2−2=œ_{œ (�)} + ‖d_{;x}′ ‖_W 2−1=œ;1−1=2œ_{œ (ST2 )}; d_B (T ) = ‖d_{;x}′ ‖_{L∞(0;T ;H}1_{(S2))} + ‖d_{;t}‖_{L2(0;T ;W} 1_{6=5(S2))}

+ ‖f_3‖_{L2(0;T ;L4=3(S2))} + ‖g‖_{L2(0;T ;L6=5(�))} + ‖h(0)‖_{L2(�)}: Lemma 4.7. Let quantities (4:23) be finite. Let^5_3 ¡ œ ¡^{10}_3 . Let d_B (T ) be sufficiently small. Then there exists a constant C_B such that ‖h‖_W 2;1_{œ (�T )} + ‖∇q‖_{Lœ(�}T_) ⩽ C_B : (4:24)

Proof. Applying [12, 27] to problem (4.1) and using the same interpolation inequalities as in the proof of Lemma 3.4 from [10] we obtain ‖h‖_W 2;1_{œ (�t)} + ‖∇q‖_{Lœ(�}t_) ⩽ ’(‖v‖_W 2;1_{2 (�t )})‖h‖_{L2(�}t_) +c(‖g‖_{Lœ(�}t_) + ‖h(0)‖_W 2−2=œ_{œ (�)} + ‖d_{;x}′ ‖_W 2−1=œ;1−1=2œ_{œ (St2)} +‖�^′d‖_W 1−1=œ;1=2−1=2œ

œ (S^t_2 )) (4.25)

≡ ’(‖v‖_W 2;1_{2 (�}t_))‖h‖_{L2(�}t_) + cl_7(œ; t); t ⩽ T; where œ ¡^{10}_3 .

Since ‖v‖_{L2(0;T ;W} 1_{3 (�))} ⩽ c‖v‖_W 2;1_{2 (�T )} and by imbedding ‖h‖_{L∞(0;T ;L3(�))} + ‖h‖_{L 103 (�}T_) ⩽ c‖h‖_W 2;1_{œ (�T )} for œ ¿^5_3 , we obtain from (4.3), (4.16), and (4.25)

‖h‖_W 2;1_{œ (�}T_) + ‖∇q‖_{Lœ(�}T_) ⩽ ’(‖h‖_W 2;1_{œ (�T )}; K_2(B))d_B (T ) + cK_3(B); (4.26)

SPECIAL GLOBAL REGULAR SOLUTIONS 143

l_0 = ‖d‖_{L6(0;T ;L3(S2))};

l_0 + l_1 + l_4 + l_5 + l_6 ⩽ ’(K_2(B)); d_B (T ) = ȷ_1(T ); K_3(B) = l_7(œ; T );

where ’ denotes an increasing positive function.

For sufficiently small d_T (B), there exists a constant C_B such that ’(C_B ; K_2(B))d_B (T ) + cK_3(B) ⩽ C_B ; C_B ¿ cK_3(B):

Hence, estimate (4.24) holds. This concludes the proof.

To prove the existence of solutions to problem B we examine the system h_{;t} − div T(h; q) = −˘[v(h̃; v̄) · ∇h̃ + h̃ · ∇v(h̃; v̄)] + g in �^T ; div h = 0 in �^T ; n̄ · h = 0; n̄ · D(h) · ø̄_ff + flh · ø̄_ff = 0; ff = 1; 2; on S^T_1 ; (4.27) h_i = −d_{;xi} ; i = 1; 2; h_{3;x3} = �^′d on S^T_2 ; h|_{t=0} = h(0) in �;

where ˘ ∈ [0; 1], h̃ is treated as a given function and v̄ is the weak solution described by Lemma 2.7. Moreover, v(h̃; v̄) is determined by problems (4.1), (4.4), (3.7), and (3.14). Let M(�^T ) = {h : ‖h‖_{L∞(0;T ;W} 1_{ȷ (�))} ¡ ∞}:

Problem (4.27) implies the mapping Œ : M(�^T ) → W^{2;1}_œ (�^T ) ,→ M(�^T );

where the last imbedding is compact for 20 7 ¡ œ ¡ 10 3 ; 4 ¡ ȷ ¡ 6; 5 œ − 3 ȷ ¡ 1: (4:28)

Lemma 4.8. Let (4.28) hold. Then the mapping Œ is uniformly continuous and compact in the product M(�^T ) × [0; 1].

Moreover, for ˘ = 0 there exists a unique solution to problem (4.27) (see [12, 27]).

From the above considerations and the Leray–Schauders theorem Theorem B follows.

144 W. M. ZAJA CZKOWSKI

5. Proof of Theorem C With cylindrical coordinates we connect vectors

ē_r = (cos ’; sin ’; 0); ē_’ = (− sin ’; cos ’; 0); ē_z = (0; 0; 1):

Then the cylindrical coordinates of any vector u are u_r = u · ē_r, u_’ = u · ē_’, u_z = u · ē_z. Let us introduce the quantities

h = v_{r;’}ē_r + v_{’;’}ē_’ + v_{z;’}ē_z; q = p_{;’} ff = rot v; Ø = ff_’; w = v_’; F = rot f; u = v_{’;z}; g = f_{r;’}ē_r + f_{’;’}ē_’ + f_{z;’}ē_z:

(5.1)

To prove Theorem C we transform problem (1.1)–(1.5) with fl = 0 in axially-symmetric cylinder into a system of problems. From Sec. 4.3 in [16] we have the following problem for Ø

Ø_{;t} + v · ∇Ø + (v_{r;r} + v_{z;z} )Ø −˚ [( r ( Ø r ) ;r ) ;r + 1 r^2

Ø_{;’’} + Ø_{;zz} + 2 ( Ø r ) ;r ] (5.2) = 2˚ r ( − h_{’;z} + 1 r h_{z;’} ) − 1 r ( w_{;z}h_r − w_{;r}h_z + w r h_z ) + 2 r v_’v_{’;z} + F_’;

Ø|_S = 0;

Ø|_{t=0} = Ø(0);

where v; h; w are treated as given functions.

Moreover, from Sec. 4.3 in [16] we obtain the problem for w

w_{;t} + v · ∇w + v_r r w − ˚�w +˚ w r^2 = q r + 2˚ r^2 h_r + f_’ in �^T ;

w_{;r} = 1 R w on S^T_1 ; (5.3)

w_{;z} = 0 on S^T_2 ; w|_{t=0} = w(0) in �;

where v; q; h are treated as given functions.

SPECIAL GLOBAL REGULAR SOLUTIONS 145

We assumed that � is a cylinder of radius R. The cylindrical components of vorticity have the form

ff_r = h_z r − w_{;z} ff_’ = v_{r;z} − v_{z;r} ≡ Ø;

ff_z = w_{;r} + 1 r w − 1 r h_r:

(5.4)

Formula (5.2.3) from [16] yields

ff_{r;t} + v · ∇ff_r − (v_{r;r}ff_r + v_{r;z} ff_z) − Ø r h_r − ˚�ff_r +˚ ff_r r^2 = − 2˚ r^2

(h_{r;z} − h_{z;r}) + F_r in �^T ;

ff_{r;r} = − 1 R^2 h_z − 1 R w_{;z} on S^T_1 ; (5.5) ff_r = 0 on S^T_2 ; ff_r|_{t=0} = ff_r(0) in �:

Formula (5.2.5) from [16] takes the form

ff_{z;t} + v · ∇ff_z − (v_{z;r}ff_r + v_{z;z}ff_z ) − Ø r h_z − ˚�ff_z = F_z in �^T ;

ff_z = 2 R w on S^T_1 ; (5.6) ff_{z;z} = 0 on S^T_2 ; ff_z|_{t=0} = ff_z(0) in �:

Differentiating (5.3) with respect to z yields the problem

u_{;t} + v · ∇u + v_r r u − ˚�u +˚ u r^2 = −v_{;z} · ∇w − v_{r;z} r w + f_{’;z} + 1 r q_{;z} + 2˚ r^2 h_{r;z} in �^T ;

u_r = 1 R u on S^T_1 ; (5.7) u = 0 on S^T_2 ; u|_{t=0} = u(0) in �;

146 W. M. ZAJA CZKOWSKI

where the functions v; w; q, and h are treated as given.

Next for a given v we see that (h; q) is a solution to the problem

h_{;t} − div T(h; q) = −v · ∇h − h · ∇v + g in �^T ; div h = 0 in �^T ; (5.8) n̄ · h = 0; n̄ · D(h) · ø̄_ff = 0; ff = 1; 2; on S^T ; h|_{t=0} = h(0) in �:

Finally we consider the elliptic problem for v rot v = ff in �;

div v = 0 in �; (5.9) v · n̄ = 0 on S:

Now we obtain an estimate for solutions to problem (1.1)–(1.5) with fl = 0. For solutions to problem (5.8) we have the energy type estimate ‖h‖_V 0_{2 (�}t_) ⩽ c exp(c‖v‖_{L2(0;t;W} 1_{3 (�))})[‖g‖_{L2(0;t;L6=5(�))} + ‖h(0)‖_{L2(�)}] ⩽ c exp[cZ^′_1(t)]X^′_1(t); t ⩽ T; (5.10) where Z^′_1(t) = ‖v‖_{L2(0;t;W} 1_{3 (�))};

X^′_1(t) = ‖g‖_{L2(0;t;L6=5(�))} + ‖h(0)‖_{L2(�)}:

(5.11)

Applying Lemma 2.8 to problem (5.8) yields

‖h‖_H2;1_{−(1+”∗) (�t )} + ‖q‖_{L2(0;t;H}1_{−(1+”∗ )(�))} ⩽ ’(Z^′_2(t))X_1(t) + cX^′_2(t); t ⩽ T; (5.12) where ”_∗ ¿ 0 arbitrary small and Z^′_2(t) = ‖v‖_{N (�}t_);

N (�^t) = L_∞(0; t; L_{4;−ffi}(�)) ∩ L_∞(0; t; W^1_{2;−ffi}(�)) ∩ L_2(0; t; W^1_3 (�)); ffi ∈ (0; 1);

X^′_2(t) = ‖g‖_{L2;−(1+”∗)(�}t_) + ‖h(0)‖_H1_{−(1+”∗) (�)}:

(5.13)

Energy type estimate for solutions to problem (5.3) takes the form ‖w‖_V 0_{2 (�}t_) ⩽ c exp c(t + Z^{′2}_3 (t))[‖q‖_{L2(�}t_) + ‖h‖_{L2;−1(�}t_) + cX^′_3(t)]; t ⩽ T; (5.14)

SPECIAL GLOBAL REGULAR SOLUTIONS 147

where X^′_3(t) = ‖f_’‖_{L2(�}t_) + ‖w(0)‖_{L2(�)}; Z^′_3(t) = ‖v‖_{L2(0;t;L∞(�))}:

(5.15)

Formula (5.3.22) from [16] yields

‖w(t)‖^2_H1_{0 (�)} ⩽ ’(Z_4(t))[sup_t ‖w(t)‖^2_{L2;1(�)} + ‖w‖^2_{L2(�}t_)

+ ‖h‖^2_{L2;−1(�}t_) + X^{′2}_4 (t)]; (5.16) where X^′_4(t) = ‖f_’‖_{L2;1(�}t_) + ‖w(0)‖_H1_{0 (�)};

and Lemma 6.3.7 from [16] gives

‖w(t)‖_{L2;1(�)}

⩽ ‖w(0)‖_{L2;1(�)} + c t∫ 0 (‖q‖_{L2;�} + ‖h‖_{L2;−1(�)} + ‖f_’‖_{L2;1(�)})dt: (5.17)

From (5.14), (5.16), and (5.17), we have ‖w(t)‖_H1_{0 (�)} ⩽ ’(t; Z_1(t))X_1(t); (5:18) where

Z_1(t) = ‖v‖_{L4(0;t;L∞(�))} + ‖v‖_{L2(0;t;W} 1_{3 (�))} + ‖v_{;x}‖_{L∞(0;t;L2;−ffi (�))} + ‖v‖_{L∞(0;t;L4;−ffi (�))};

X_1(t) = ‖g‖_{L2;−(1+”∗)(�}t_) + ‖f_’‖_{L2(�}t_) + ‖h(0)‖_H1_{−(1+”∗) (�)} + ‖w(0)‖_H1_{0 (�)}:

Applying the energy type estimate to problem (5.2) yields ‖ ‖ ‖ Ø r ‖ ‖ ‖ 2 L_2(�) +˚ t∫ 0 ‖ ‖ ‖ Ø(t^′) r ‖ ‖ ‖ 2 H^1 (�)

dt^′

⩽ c exp(c‖h‖^2_{L2(0;t;L3;−1(�))}) [ (1 + ‖w‖^2_{L∞(0;t;H}1_{0 (�))})‖h‖^2_{L2(0;t;H}2_{−1(�))}

+ ‖w‖^2_{L∞(0;t;H}1_{0 (�))} t∫ 0 ‖u(t^′)‖^2_{L4;−}

(^3_4^{+”}0)^{(�)} dt^′ + Y^2_1 (t) ] ; t ⩽ T; (5.19)

148 W. M. ZAJA CZKOWSKI

where Y_1(t) = ‖F_’‖_{L2;−1(�}t_) + ‖Ø(0)‖_{L2;−1(�)}: (5:20) Applying again the energy type estimate to solutions of problem (5.7) we obtain

‖u(t)‖^2_{L2;−¯(�)} + ‖∇u‖^2_{L2;−¯(�}t_) + ‖u‖^2_{L2;−(1+¯)(�}t_)

⩽ c exp c(t + ‖v‖^2_{L2(0;t;L∞(�))})[‖w‖^2_{L∞(0;t;H}1_{0 (�))}‖v_{;z}‖^2_{L2(0;t;L 31−¯ (�))}

+ ‖q‖^2_{L2;−(1+¯)(�}t_) + ‖h‖^2_{L2;−(2+¯)(�}t_) + ‖f_’‖^2_{L2;−¯(�}t_) + ‖u(0)‖^2_{L2;−¯(�)}] ⩽ ’(t; Z_2(t))X^2_{2;¯}(t); (5.21)

where in the second inequality (5.10) and (5.18) were used and

X_{2;¯}(t) = X_1(t) + ‖f_’‖_{L2;−¯(�}t_) + ‖u(0)‖_{L2;−¯(�)}; Z_2(t) = Z_1(t) + ‖v_{;x}‖_{L2(0;t;L 61−2”0 (�))}: (5.22)

To estimate the second factor of the second term under the square bracket on the r.h.s. of (5.19) we employ (5.21) for ¯ =^1_2 + ”_0. Then (5.19) takes the form ‖ ‖ ‖ ‖ Ø r ‖ ‖ ‖ ‖_{V 02 (�t )} ⩽ ’(t; Z^2(t))X2;^1_2 +”0 (t) + ’(Z^1(t)X^1(t))Y^1(t): (5:23)

For solutions to problems (5.5), (5.6) we have

‖ff^′‖_V 0_{2 (�}t_) ⩽ ’(Z_2) [ ‖w‖_W 1;1=2_{2 (�t)} + ‖w‖_{L∞(0;t;H}1_{(�))}

+ X_1 ‖ ‖ ‖ Ø r ‖ ‖ ‖ V^0_2 (�^t )

+ ‖u‖_{L2(0;t;H}1_{(�))} + X_1(t) + X_3(t) ] ; (5.24)

where X_3(t) = ‖F^′‖_{L2(0;t;L6=5(�))} + ‖ff^′(0)‖_{L2(�)}: (5:25)

Employing (5.18), (5.21) and (5.23) in (5.24) yields

‖ff^′‖_V 0_{2 (�}t_) ⩽ ’(t; Z_2)[X_4 + ‖w‖_{L2(�;W} 1=2_{2 (0;t))} + X_1Y_1]; (5:26)

where X_4(t) = X_{2;} 1_{2 +”0} (t) + X_3(t):

SPECIAL GLOBAL REGULAR SOLUTIONS 149

From Lemma 6.3.3 from [16] we have ‖w_{;t}‖_{L2(�}t_) ⩽ ’(t; Z_2)X_1(t): (5:27) Hence (5.23), (5.26),, and (5.27) imply

‖ff‖_V 0_{2 (�}t_) ⩽ ’(t; Z_2)(1 + Y_1(t))X_4(t) + ’(Z_1(t)X_1(t))Y_1(t): (5:28) Let us consider problem (5.9). Then we have

‖v‖_{L10(�}t_) + ‖∇v‖_{L 103 (�}t_) ⩽ ’(t; Z_2)(1 + Y_1)X + ’(Z_2X)Y_1; (5:29) where X = X_4.

Let us consider problem (1.1)–(1.5) with fl = 0. In view of (5.29) we have

‖v‖_W 2;1_{5=2(�T )} ⩽ ’(T; Z_2)(1 + Y_1)X + ’(Z_2X)Y_1 + cY_2(T ); (5:30) where Y_2(t) = ‖f‖_{L5=2(�}t_) + ‖v(0)‖_W 6=5_{5=2 (�)}.

Let Z(T ) = ‖v‖_W 2;1_{5=2(�T )}. From imbeddings we have Z(T ) ⩽ ’(T; Z(T ))(1 + Y_1(T ))X(T ) + ’(Z(T )X(T ))Y_1(T ) + cY_2(T ): (5.31) From (5.31) there exists a constant A such that A ¿ ’(0)Y_1(T ) + cY_2(T ) satisfying the inequality

’(T; A)(1 + Y_1(T ))X(T ) + ’(AX(T ))Y_1(T ) + cY_2(T ) ⩽ A which holds for sufficiently small X(T ).

To prove the existence of solutions to problem (1.1)–(1.5) with fl = 0 we examine the mapping

Œ : v^′ ∈ M(�^T ) → Œ(v^′) = v ∈ W^{2;1}_{5=2}(�^T ) ⊂ M(�^T ); determined by the problem v_{;t} − div T(v; p) = −˘v(v^′) · ∇v(v^′) + f in �^T ; div v = 0 in �^T ; (5.32) v · n̄|_S = 0; n̄ · D(v) · ø̄_ff = 0; ff = 1; 2; on S^T ; v|_{t=0} = v(0) in �;

150 W. M. ZAJA CZKOWSKI

where ˘ ∈ [0; 1] and

M(�^T ) = {v : ‖v‖_{L4(0;T ;L∞(�))} + ‖v‖_{L2(0;T ;W} 1_{3 (�))} + ‖v_{;x}‖_{L∞(0;T ;L2;−ffi (�))}

+‖v‖_{L∞(0;T ;L4;−ffi (�))} + ‖v_{;x}‖_{L2(0;T ;L 61−2”0 (�))} ¡ ∞};

where ”_0 ¿ 0 is arbitrary small, 1 ¿ ffi ¿ ”_∗ ¿ 0 and ”_∗ appears in (5.12).

Moreover, v(v^′) is determined by the problems (5.2), (5.3), and (5.5)– (5.9).

For ˘ = 0 problem (5.32) has a unique solution so index Œ = 1. Moreover, Œ is continuous and compact because the imbedding W^{2;1}_{5=2}(�^T ) ⊂ M(�^T ) is compact.

Hence the Leray–Schauder fixed point theorem implies the existence of solutions to problem (1.1)–(1.5) with fl = 0, so Theorem C is proved.

6. Some comments

Problem D without inflow and outflow was considered in [26] but with inflow-outflow in [28].

The results presented in this paper have such property that we have no restrictions on the magnitude of the initial velocity and the external force. Restrictions were imposed on derivatives of the initial velocity and the external force in one direction: either with respect to x_3 or with respect to ’. The motions were considered in a bounded domain so we could apply the Leray–Schauder fixed point theorem to increase regularity of weak solutions.

A possibility of increasing regularity follows from applying the problem for vorticity. This needs slip boundary conditions which imply appropriate boundary conditions for vorticity. This means that the boundary data for the Dirichlet problem for vorticity depend on velocity, but the data for the Neumann problem on derivatives of velocity. This by some interpolation inequalities implies estimates appropriate for proofs of global existence of regular solutions.

In general, we can prove similar results for the Cauchy problems only. Results of this type were considered by Mucha (see [29–32]).

References

1. O. A Ladyzhenskaya, Solutions “in the large” of the nonstationary boundary value problem for the Navier–Stokes system with two space variables. | Comm. Pure Appl. Math. 12 (1959), 427{433.

SPECIAL GLOBAL REGULAR SOLUTIONS 151

2. O. A. Ladyzhenskaya, On unique solvability of three-dimensional Cauchy problem for the Navier–Stokes equations under the axial symmetry. | Zap. Nauchn. Semin. LOMI 7 (1968), 155{177.

3. O. A. Ladyzhenskaya, The mathematical theory of viscous incompressible flow.

Nauka, Moscow, 1970.

4. M. R. Ukhovskij, V. I. Yudovich, Axially symmetric motions of ideal and viscous fluids filling all space. | Prikl. Mat. Mekh. 32 (1968), 59{69.

5. W. M. Zajaczkowski, Some global regular solutions to Navier–Stokes equations.

| Math. Meth. Appl. Sci. 30 (2007), 123{151.

6. M. Wiegner, W. M. Zajaczkowski, On stability of axially symmetric solutions to Navier–Stokes equations in a cylindrical domain and with slip boundary conditions. | Proc. Banach Center 70 (2005), 251{278.

7. W. M. Zajaczkowski, Long time existence of regular solutions to Navier–Stokes equations in cylindrical domains under boundary slip conditions. | Studia Math. 169 (2005), 243{285.

8. V. A. Solonikov, V. E. Shchadilov, On a boundary value problem for a stationary system of the Navier–Stokes equations. | Trudy Mat. Inst. Steklov 125 (1973), 196{210.

9. W. M. Zajaczkowski, Global existence of axially symmetric solutions of incompressible Navier–Stokes equations with large angular component of velocity. | Colloq. Math. 100 (2004), 243{263.

10. J. Renclawowicz, W. M. Zajaczkowski, Large time regular solutions to the Navier– Stokes equations in cylindrical domains. | Top. Meth. Nonlin Anal. 32 (2008), 69{87.

11. W. M. Zajaczkowski, Global special regular solutions to the Navier–Stokes equations in a cylindrical domain without the axis of symmetry. | Top. Meth. Nonlin. Anal. 24 (2004), 69{105.

12. V. A. Solonnikov, Estimates for solutions to nonstationary linearized Navier– Stokes system. | Trudy Steklov Math. Inst. 70 (1964), 213{317.

13. W. M. Zajaczkowski, Global regular nonstationary flow for the Navier–Stokes equations in a cylindrical pipe. | Top. Meth. Nonlin. Anal. 26 (2005), 221{286.

14. P. Kacprzyk, Global regular nonstationary flow for the Navier–Stokes equations in a cylindrical pipe. | Appl. Math. 34 (2007), 289{307.

15. W. M. Zajaczkowski, Global regular solutions to the Navier–Stokes equations in a cylinder. | Banach Center Publ. 74 (2006), 235{255.

16. W. M. Zajaczkowski, Global special regular solutions to the Navier–Stokes equations in a cylindrical domain under boundary slip conditions. | Gakuto Series Math. 21 (2004), 1{188.

17. W. M. Zajaczkowski, Existence of solutions to the nonstationary Stokes system in H^{2;1}_{−¯}, ¯ ∈ (0; 1), in a domain with a distinguished axis. Part 1. Existence near the axis in 2d. | Appl. Math. 34 (2007), 121{141.

18. W. M. Zajaczkowski, Existence of solutions to the nonstationary Stokes system in H^{2;1}_{−¯}, ¯ ∈ (0; 1), in a domain with a distinguished axis. Part 2. Estimate in the 3d case. | Appl. Math. 34 (2007), 143{167.

19. E. Zadrzy«nska, W. M. Zajaczkowski, Solvability of the Poisson equation in weighted Sobolev spaces. | Appl. Math. (to be published).

152 W. M. ZAJA CZKOWSKI

20. E. Zadrzy«nska, W. M. Zajaczkowski, Nonstationary Stokes system in weighted Sobolev spaces. (to be published).

21. B. Nowakowski, W. M. Zajaczkowski, Global existence of solutions to Navier– Stokes equations in cylindrical domains. | Appl. Math. (to be published).

22. B. Nowakowski, W. M. Zajaczkowski, Global attractor for Navier–Stokes equations in cylindrical domains. | Appl. Math. (to be published).

23. P. Kacprzyk, Global existence for inflow-outflow problem for the Navier–Stokes equations in a cylinder. | Appl. Math. (to be published).

24. P. Kacprzyk, Global attractor for the Navier–Stokes equations in a cylindrical pipe. | Annales Polon. Math. (to be published).

25. W. M. Zajaczkowski, Global special regular solutions to the Navier–Stokes equations in axially symmetric domains under boundary slip conditions. | Diss. Math. 432 (2005), 1{138.

26. W. M. Zajaczkowski, Global regular solutions to the Navier–Stokes equations in an axially symmetric domain. | Top. Meth. Nonlin. Anal. (to be published).

27. W. Alame, On the existence of solutions for the nonstationary Stokes system with slip boundary conditions. | Appl. Math. 32 (2005), 195{223.

28. W. M. Zajaczkowski, Large time existence of solutions to the Navier–Stokes equations in axially symmetric domains with inflow and outflow. (to be published).

29. P. B. Mucha, Stability of nontrivial solutions of the Navier–Stokes system on the three dimensional torus. | J. Di¸. Eqs. 172 (2001), 359{375.

30. P. B. Mucha, On cylindrical symmetric flows through pipe-like domains. | J.

Di¸. Eqs. 201 (2004), 304{323.

31. P. B. Mucha, Stability of 2d incompressible flow in R^3. | J. Di¸. Eqs. 245 (2008), 2355{2367.

32. P. B. Mucha, Stability of constant solutions to the Navier–Stokes system in R^3.

| Appl. Math. 28 (2001), 301{310.

ðÏÓÔÕÐÉÌÏ 27 ÎÏÑÂÒÑ 2008 Ç.

Institute of Mathematics, Polish Academy of Sciences; Institute of Mathematics and Cryptology, Cybernetics Faculty, Military University of Technology, Warsaw, Poland E-mail: wz@impan.gov.pl