úÁÐÉÓËÉ ÎÁÕÞÎÙÈ ÓÅÍÉÎÁÒÏŒ ðïíé ôÏÍ 362, 2008 Ç.

G. I. Bizhanova

SOLUTION OF A MODEL PROBLEM RELATED TO SINGULARLY PERTURBED FREE BOUNDARIES OF STEFAN TYPE

Abstract. We consider a model problem of conjunction of two phases with a small parameter ˇ in front of the principal term of a free boundary condition. The coercive estimate for the solution with a constant independent of ˇ is derived in terms of a weighted H-older space.

Dedicated to Vsevolod Alekseevich Solonnikov

Let S_1 = R^n_− and S_2 = R^n_+ be half-spaces x_n ¡ 0 and x_n ¿ 0 in R^n, n � 2, respectively, S_{jT} = S_j × (0; T ), j = 1; 2; R be a plane x_n = 0 in R^n, R_T = R × [0; T ]; x = (x^′; x_n), x^′ = (x_1; : : : ; x_{n−1}).

Free boundary Stefan type problems (for example, the classical Stefan problem, the problem describing the melting of a binary alloy) lead to the following linear transmission problem for unknowns u_1(x; t), u_2(x; t) and a free boundary (x^′; t):

@_tu_j − a_j �u_j + ¯_j (@_t − a_j �^′) = f_j (x; t) in S_{jT} ; j = 1; 2; (1)

u_j | |_{t=0} = 0 in S_j ; j = 1; 2; | |_{t=0} = 0 on R; (2)

u_j | |_{xn=0} = p_j (x^′; t); t ∈ (0; T ); j = 1; 2; (3)

(˘_1 @_{xn} u_1 − ˘_2 @_{xn} u_2) | |_{xn=0} + ˇ @_t + d^′∇^{′ T} = ’(x^′; t); t ∈ (0; T ); (4)

where all coefficients are constant, a_j ; ˘_j ; j=1,2, ˇ – positive, d^′ = (d_1; :::; d_{n−1}); �^′ = @^2_{x1} +: : :+@^2_{xn−1} , ∇^′ = (@_{x1} ; : : : ; @_{xn−1} ), ∇^{′T} –column– vector; @_t = @=@t, @_{xn} = @=@x_n.

We consider (1)–(4) as a problem with a small parameter ˇ ¿ 0 at the principal term in the condition (4). This term affects the solution of the problem (1)–(4), the smoothness of the solutions of the problems with ˇ ¿ 0 and ˇ = 0 is different. That is (1)–(4) is singularly perturbed 64

SOLUTION OF A MODEL PROBLEM 65

problem, it’s solution (15), (16) contains ˇ explicitly in the denominator of fractions and in the exponents of Green functions (17)–(19).

In the present paper we derive estimates of Green functions to the problem (1)–(4) (Lemma 2) and then uniform (with respect to ˇ ∈ (0; ˇ_0]) estimates of the solution with a constant independent on ˇ (Theorems 1,2). They are basic estimates for the proof of the solvability of the Stefan type free boundary problems with a small parameter ˇ in front of the normal velocity V_˚ to the unknown boundary. With the help of Theorems 1, 2, we obtain existence, uniqueness, estimate of the solution of Stefan type free boundary problems for t � T_0, and a constant in the estimate of the solution independent on ˇ. Then, letting ˇ to zero, we find solvability and estimate of the solution to the free boundary problems with ˇ = 0, that is, to the problems, in which free boundary is described implicitly like in the Florin problem (degenerate Stefan problem) [Fl].

Problem (1)–(4) with arbitrary ˇ ¿ 0 was studied in the Hölder spaces by B. V. Bazaliy [2], E. V. Radkevich [7], and G. I. Bizhanova [4]. However, the constant in the estimate of the solution obtained in these papers depend on ˇ and, therefore, the corresponding results cannot be applied to the limit case ˇ = 0. In [8], J. F. Rodrigues, V. A. Solonnikov, and F. Yi have derived an estimate with a constant independent on ˇ of a solution of a one-phase linear model problem in the Hölder space.

We are studying two-phase problem (1)–(4) in the weighted Hölder space C^‘_s (�_T ), defined by V. S. Belonosov for s � ‘, l – positive non– integer, with the norm [3], [9]:

|u|^{(l)}_{s;�T} = sup_{t⩽T} t^{l−s2} [u]^{(‘)}_�′_t + ∑ s¡2k+|m|¡l

sup_{t⩽T} t^{2k+|m|−s2} |@^k_t @^m_x u|_�

+ { |u|^{(s)}_{�T} ; s ≥ 0;

0; s ¡ 0; (5) where �^′_t = � × (^t_2 ; t), | v|_� = sup_{x∈ �} | v|,

[u]^{(l)}_{�t} = ∑ 2k+|m|=[l]

[@^k_t @^m_x u]^{(l−[l])}_{x;�t} + ∑ 0¡l−2k−|m|¡2

[@^k_t @^m_x u]

(_{l−2k−|m|} 2 ) t;�_t ;

[v]^{(ff)}_{x;�T} = sup

(x;t);(z;t)∈�_T | |v(x; t) − v(z; t) | | |x − z|^{−ff};

[v]^{(ff)}_{t;�T} = sup

(x;t);(x;t_1)∈�_T | |v(x; t) − v(x; t_1) | | |t − t_1|_{−ff}; ff ∈ (0; 1);

66 G. I. BIZHANOVA

|u|^{(s)}_{�T} is the norm of the classical Hölder space C^{s;s=2}_{x t} (¯�_T ) [6]

|u|^{(s)}_{�T} = ∑ 2k+|m|⩽[s]

|@^k_t @^m_x u|_{�T} + { 0; s an integer ;

[u]^{(s)}_{�T} ; s not an integer ;

| v|_{�T} = sup_{(x;t)∈ �T} | v|: For s = l C^l_s(�_T ) is the space C^{l;l=2}_{x t} (�_T ). By ∘ C^l_s(�_T ) we designate the subset of functions u ∈ C^l_s(�_T ), such that @^k_t u | |_{t=0} = 0, k � [s=2] if s � 0 and^∘Cl_s(�_T ) ≡ Cl_s(�_T ) if s ¡ 0. The consideration of the problems in this space allows us to reduce the order of the compatibility conditions up to [s=2] and decrease the smoothness of given functions.

Theorem 1. Let ff ∈ (0; 1), s ∈ (1; 2 + ff], 0 ¡ ˇ � ˇ_0, ¯_j ¿ 0, j = 1; 2.

For every functions f_j ∈^∘C^ff_{s−2}(S_{jT} ), p_j ∈^∘C^{2+ff}_s (R_T ), j = 1; 2, ’ ∈ ∘ C^{1+ff}_{s−1} (R_T ) the problem (1)–(4) has a unique solution u_j ∈^∘C^{2+ff}_s (S_{jT} ), j = 1; 2; ∈^∘C^{2+ff}_s (R_T ), ˇ@_t ∈^∘C^{1+ff}_{s−1} (R_T ) and it satisfies the estimate 2∑ j=1 |u_j |^{(2+ff)}

s;S_{jT} + ||

(2+ff) s;R_T + |ˇ@t|

(1+ff) s−1;R_T

� C_1

(^2∑ j=1 ( |f_j |^{(ff)}_{s−2;SjT} + |p_j |^{(2+ff)}_{s;RT} ) + |’|^{(1+ff)}_{s−1;RT} ) (6) for all ˇ ∈ (0; ˇ_0], where a constant C_1 does not depend on ˇ.

From Theorem 1 in the case s = 2 + ff we have Theorem 2. Let ff ∈ (0; 1), 0 ¡ ˇ � ˇ_0, ¯_j ¿ 0, j = 1; 2.

For every functions f_j ∈^∘C^{ff;ff=2}_{x t} (S_{jT} ), p_j ∈^∘C^{2+ff;1+ff=2}_{x t} (R_T ), j = 1; 2, ’ ∈^∘C^{1+ff; 1+ff2}_x′_t (R_T ) the problem (1)–(4) has a unique solution u_j ∈ ∘ C^{2+ff;1+ff=2} x t (S_{jT} ), j = 1; 2; ∈^∘C^{2+ff;1+ff=2}_x′_t (R_T ), ˇ@_t ∈^∘C^{1+ff; 1+ff2}_x′_t (R_T ) and it satisfies an estimate 2∑ j=1 |u_j |^{(2+ff)}_{SjT} + ||^{(2+ff)}_{RT} + |ˇ@_t|^{(1+ff)}_{RT}

� C_2

(^2∑ j=1 ( |f_j |^{(ff)}_{SjT} + |p_j |^{(2+ff)}_{RT} ) + |’|^{(1+ff)}_{RT} )

SOLUTION OF A MODEL PROBLEM 67

∀ ˇ ∈ (0; ˇ_0], where a constant C_2 does not depend on ˇ.

We construct auxiliary functions V_1(x; t), V_2(x; t) as the solutions of the first boundary value problems in a half-space S_j , j = 1; 2,

@_tV_j − a_j �V_j = f_j (x; t) in S_{jT} ; V_j | |_{t=0} = 0; V_j | |_{xn=0} = p_j (x^′; t):

Every of these problems has unique solution V_j ∈^∘C^{2+ff}_s (S_{jT} ) j = 1; 2, and the estimates for them hold [9]

|V_j |^{(2+ff)}_{s;SjT} � C_3 ( |f_j |^{(ff)}_{s−2;S1T} + |p_j |^{(1+ff)}_{s−1;RT} ) : (7)

In the problem (1)–(4) we make change

u_j (x; t) = v_j (x; t) + V_j (x; t) − ¯_j (x^′; t); j = 1; 2; (8)

then we obtain the conjunction problem for the functions v_1, v_2 and satisfying zero initial data

@_tv_1 − a_1 �v_1 = 0 in S_{1T} ; @_tv_2 − a_2 �v_2 = 0 in S_{2T} ; (9)

v_j | |_{xn=0} − ¯_j = 0; j = 1; 2; (10)

(˘_1 @_{xn} v_1 − ˘_2 @_{xn} v_2) | |_{xn=0} + ˇ @_t + d^′ ∇^′ = �(x^′; t); (11)

here �(x^′; t) = ’(x^′; t) − (˘_1 @_{xn} V_1 − ˘_2 @_{xn} V_2) | |_{xn=0} ∈^∘C^{1+ff}_{s−1} (R_T ), and an estimate for it is fulfilled

|�|^{(1+ff)}

s−1;R_T � C4

(^2∑ j=1 ( |f_j |^{(ff)}_{s−2;SjT} + |p_j |^{(2+ff)}_{s;RT} ) + |’|^{(1+ff)}_{s−1;RT} ) ; (12)

where C_4 is independent on ˇ.

In the problem (9)–(11) we apply Fourier (F ) on x^′ and Laplace (L) on t transforms

LF [v] := ~v(¸^′; x_n; p)= ∞∫ 0 e^{−pt} dt ∫ R^{n−1}

v(x; t)e^{−ix′ ¸′} dx^′; ¸^′ =(¸_1; : : : ; ¸_{n−1}):

68 G. I. BIZHANOVA

From the equations (9) we find the solution in the images of Fourier and Laplace mappings ~v_1 = A_1 e^{r1xn} ; x_n ¡ 0; ~v_2 = A_2 e^{−r2xn} ; x_n ¿ 0; (13) where r^2_j =^1_{aj} (p + a_j ¸^{′2}), A_j = A_j (¸^′; p), j = 1; 2, are unknown functions. From the transmission conditions (10) and (11) we find A_j , ~

A_j =

¯_j ˇ ı ~�; j = 1; 2; ~ = 1 ˇ ı ~�; ı = p +

˘_1 ¯_1 ˇ r_1 +

˘_2 ¯_2 ˇ r_2 + i 1 ˇ d^′¸^′:

(14)

Here Re ı ¿ 0 by the conditions ˘_j ¿ 0, ¯_j ¿ 0, j = 1; 2, ˇ ¿ 0. We represent the fraction 1=ı as follows 1 ı = ∞∫ 0 e^{−ıœ}dœ;

then from the formulae (13), (14) we obtain

~v_j =

¯_j ˇ ~� ∞∫ 0 e^{−ıœ−rj |xn|} dœ; j = 1; 2;

~ = 1 ˇ ~� ∞∫ 0 e^{−ıœ} dœ:

We make use of the inverse Laplace (L^{−1}) and Fourier (F^{−1}) transforms to the functions ~v_j , j = 1; 2, ~. Applying the tabular [1] and convolution formulae and the following one

L^{−1}[ ∞∫ 0 e^{−p œ} ~f(p)dœ] = t∫ 0 f(t − œ)d œ; f(t) = L^{−1}[ ~f];

we obtain the functions v_j and in the explicit form

v_j (x; t) =

¯_j ˇ t∫ 0 dø ∫ R^{n−1}

�(y^′; ø) G_j (x^′ − y^′; x_n; t − ø) dy^′; j = 1; 2; (15)

(x^′; t) = 1 ˇ t∫ 0 dø ∫ R^{n−1}

�(y^′; ø) G_j (x^′ − y^′; 0; t − ø) dy^′; j = 1; 2; (16)

SOLUTION OF A MODEL PROBLEM 69

where

G_j (x; t) = t∫ 0 g_j (x^′ − d^′œ ˇ ; x_n; œ ˇ ; t − œ) dœ; (17)

g_1(x^′ − d^′œ ˇ ; x_n; œ ˇ ; t) = 4a_1a_2 t∫ 0 dø_1

× ∫ R^{n−1}

@_{xn} �_1(x^′ − ȷ^′ − d^′œ ˇ ; ˘_1¯_1œ ˇ − x_n; t − ø_1)

× @_{ȷn} �_2(ȷ^′;

˘_2¯_2œ ˇ − ȷ_n; ø_1) | |_{ȷn=0} dȷ^′

≡ t∫ 0 d ø_1 ∫ R^{n−1}

˘_1¯_1œ=ˇ − x_n (2 √ ßa_1(t − ø_1))^n(t − ø_1)

˘_2¯_2œ=ˇ (2 √ ßa_2ø_1)^nø_1

× e^{− (x}

′ −ȷ′ −d′œ=ˇ)2 +(˘ 1¯1 œ=ˇ−xn) 2 4a1 (t−ø1 ) e− ȷ ′ 2 +(˘2¯2 œ=ˇ)2

4a2 ø1 d ȷ′ = t∫ 0 ˘_1¯_1œ=ˇ − x_n 2 √ ßa_1(t − ø_1)^3

˘_2¯_2œ=ˇ 2 √ ßa_2ø^3_1 e^{− (˘1¯1 œ=ˇ−xn)} 2 4a1 (t−ø1 ) e−

(˘2 ¯2 œ=ˇ)2

4a2ø1

× 1 (2 √ ß(a_1(t − ø_1) + a_2ø_1))^{n−1} e^{− (x}

′ −d′œ=ˇ)2 4(a1 (t−ø1 )+a2 ø1) d ø1; xn ¡ 0;

(18)

g_2(x^′ − d^′œ ˇ ; x_n; œ ˇ ; t) = 4a_1a_2 t∫ 0 dø_1 ∫ R^{n−1}

@_{ȷn} �_1(ȷ^′;

˘_1¯_1œ ˇ + ȷ_n; ø_1) | |_{ȷn=0}

×@_{xn} �_2(x^′ −ȷ^′ − d^′œ ˇ ; ˘_2¯_2œ ˇ + x_n; t − ø_1)dȷ^′

≡ t∫ 0 d ø_1 ∫ R^{n−1}

˘_1¯_1œ=ˇ (2 √ ßa_1ø_1)^nø_1

˘_2¯_2œ=ˇ + x_n (2 √ ßa_2(t − ø_1))^n(t − ø_1)

×e^{− ȷ} ′ 2 +(˘1¯1 œ=ˇ)2 4a1 ø1 e−

(x′−ȷ′ −d′œ=ˇ)2 +(˘2 ¯2œ=ˇ+xn)2 4a2 (t−ø1 ) d ȷ′

= t∫ 0 ˘_1¯_1œ=ˇ 2 √ ßa_1ø^3_1

˘_2¯_2œ=ˇ + x_n 2 √ ßa_2(t − ø_1)^3 e^{− (˘1 ¯1œ=ˇ)} 2 4a1ø1 e−

(˘2 ¯2 œ=ˇ+xn)2 4a2 (t−ø1 )

70 G. I. BIZHANOVA × 1 (2 √ ß(a_1ø_1 + a_2(t − ø_1)))^{n−1} e^{− (x}

′ −d′œ=ˇ)2 4(a1 ø1 +a2(t−ø1 )) d ø1; xn ¿ 0; (19)

�_j (x; t) =^1_{(2}√_{aj ßt)n} e^{− x} 2 4aj t is a fundamental solution to the heat equations

(9) satisfying the estimate

|@^k_t @^m_x �_j (x; t)| � C_5 1 t^{n+2k+|m|}2 e^{− x} 2 8aj t ; j = 1; 2: (20)

As it is seen from the formulae (15), (16) and (18), (19) the parameter ˇ is in the denominator of fractions and is contained in the exponent of Green functions. The expressions under the integrals in (18), (19) tend to zero, as ˇ → 0 if t − ø_1 ≠ 0; ø_1 ≠ 0; that is we have indefiniteness 0=0, as ˇ → 0. We uncover it.

For that first we estimate some integrals and functions g_j , G_j , j = 1; 2, depending on ˇ.

Lemma 1. Let 0 � ¯ ¡ 1. The following estimates hold

J_1 := ø∫ 0 1 (ø − œ)^¯ √ t − ø e^{− fl} 2 2 œ 2 t−ø d œ ≤ C_6 1 fl_2 ø^¯

; 0 ¡ ø ¡ t; fl_2 ¿ 0; (21)

J_2 :=

t_1∫

0 d ø ø^¯(t_2 − ø)^{2−fi}

� C_7 1 t^¯_2 ( 1 (t_2 − t_1)^{1−fi} + 1 t^{1−fi}_2 ) ; 0 ¡ fi ¡ 1; 0 ¡ t_1 ¡ t_2; (22)

J_q := t∫ 0 1 (t − œ)^{q=2} e^{− fl} 2 1 x 2+fl2 2 œ 2 t−œ d œ ≤ C_8 e^{− fl} 2 1 x 2 t fl_2 t^{q−1}2

+ C_9 e^{− fl} 2 1 x 2 +fl2 2 t 2 4t (fl^2_1 x^2 + fl^2_2 t^2)^{q−2}2

; q ¿ 2; (23)

where the constants C_6, C_8, C_9 do not depend on fl_2. Proof. We represent ø = (ø − œ) + œ, then

J_1 = 1 ø ø∫ 0 ( (ø − œ)1−¯ √ t − ø + 1 fl_2 (ø − œ)^¯ fl_2 œ √ t − ø ) e^{− fl} 2 2 œ 2 t−ø d œ:

SOLUTION OF A MODEL PROBLEM 71

Applying the inequalities (ø − œ)^{1−¯} � ø^{1−¯} and

|¸|^fl e^{−¸2} � C_fl e^{−¸2=2}; fl � 0; (24)

after integrating we shall have (21).

As above writing t_2 = (t_2 − ø) + ø in an integral J_2 we obtain

J_2 = 1 t_2

t_1∫

0 ( 1 ø^¯(t_2 − ø)^{1−fi} + ø^{1−¯} (t_2 − ø)^{2−fi} ) d ø

� 1 t_2(t_2 − t_1)^{1−fi} t^{1−¯}_1 1 −¯ + t^{1−¯}_1 t_2(1 − fi) ( 1 (t_2 − t_1)^{1−fi} + 1 t^{1−fi}_2 ) ; and from here we have got (22).

We divide an integral in (23) into two ones on the domains (0; t=2), (t=2; t), in the first integral we use the inequalities 1=(t − œ) � 2=t and 1=(t − œ) � 1=t in the exponent, in the second one we make the change of variable A^2=(t − œ) = 2 v^2, A^2 = (fl^2_1 x^2 + fl^2_2 t^2)=4, then

J_q � ( 2=t )_{q=2}^{t=2}∫ 0 e^{− fl} 2 1 x 2+fl2 2 œ 2 t d œ + t∫ t=2 1 (t − œ)^{q=2} e^{− fl} 2 1 x 2 +fl2 2 t 2 4(t−œ) d œ

� C_8 1 fl_2 t^{q−1}2 e^{− fl} 2 1 x 2 t + 2^{q=2} 1 A^{q−2} e^{− A2t} ∞∫ 0 v^{q−3} e^{−v2} d v; q ¿ 2;

and this is an estimate (23). In particular, for q = 3 we have

J_3 = t∫ 0 1 (t − œ)^{3=2} e^{− fl} 2 1 x 2+fl2 2 œ 2 t−œ d œ ≤ (C_8 + C_9) 1 fl_2 t e^{− fl} 2 1 x 2 t : (25)

□ Lemma 2. Let 0 ¡ ˇ � ˇ_0, ¯_j ¿ 0, ˘_j ¿ 0, j = 1; 2:

The functions G_j , g_j , j = 1; 2, defined by formulae (17)–(19) satisfy the following estimates for all ˇ ∈ (0; ˇ_0]

|@^k_t @^m_x g_j (x^′ − d^′œ ˇ ; x_n; œ ˇ ; t)| � C_{10} 1 t^{n+2k+|m|+1}2 e^{− fl} 2 1 x 2+fl2 2 œ 2 t ; (26)

72 G. I. BIZHANOVA

|@^k_t @^m_x G_j (x; t)| � C_{11}ˇ 1 t^{n+2k+|m|}2 e^{− fl} 2 1 x 2 t + C_{12} 1 (fl^2_1 x^2 + fl^2_2 t^2)^{n+2k+|m|−1}2 e^{− fl} 2 1 x 2+fl2 2 t 2 t ; (27) ∫ R^{n−1}

|@^k_t @^m_x g_j (x^′ − y^′ − d^′œ ˇ ; x_n; œ ˇ ; t)| dy^′ � C_{13} 1 t^{2k+|m|+2}2 e^{− fl} 2 1 x 2 n+fl 2 2 œ 2 t ; (28) where a = max(a_1; a_2), fi = min(˘_1¯_1; ˘_2¯_2)

fl^2_1 = fi^2 32a(d^{′2} + ˘^2_1¯^2_1 + ˘^2¯^2)

; fl^2_2 = fi^2 32aˇ^2

(29)

constants C_{10} − C_{13} do not depend on ˇ.

Proof. Obtain an estimate (26). Consider, for definiteness, g_1(x^′ −

d^′œ

ˇ ; x_n;^œ_ˇ ; t) (18). We divide an integral over ø_1 into two ones on the domains (0; t=2) and (t=2; t), in the second integral we make the change of variables ø_1 = t − ø_2, ¸^′ = x^′ − ȷ^′ −^{d′ œ}_ˇ , then we obtain

@^k_t @^m_x g_1(x^′ − d^′œ ˇ ; x_n; œ ˇ ; t) = 4a_1a_2 @^k_t @^m_x @_{xn} t=2∫ 0 dø_1

× ∫ R^{n−1}

R_1(x^′; ȷ^′; x_n; t − ø_1; ø_1; œ ˇ ) dȷ^′; (30)

where

R_1(x^′; ȷ^′; x_n; t − ø_1; ø_1; œ ˇ ) = �_1(x^′ − ȷ^′ − d^′œ ˇ ; ˘_1¯_1œ ˇ − x_n; t − ø_1)@_{ȷn} �_2(ȷ^′;

˘_2¯_2œ ˇ −ȷ_n; ø_1) | ȷ_n=0

+ �_1(ȷ^′;

˘_1¯_1œ ˇ −x_n; ø_1)@_{ȷn} �_2(x^′ −ȷ^′ − d^′œ ˇ ; ˘_2¯_2œ ˇ − ȷ_n; t − ø_1) | |_{ȷn=0}:

The functions v_j (x; t) satisfy the heat equations (9) and

@^2_{xn} v_j = 1=a_j @_tv_j − @^2_{x1} v_j − : : : − @^2_{xn−1} v_j ;

SOLUTION OF A MODEL PROBLEM 73

so instead of @^k_t @^m_x g_1 we can estimate the derivative

I := @^{k1}_t @^{s′}_x′ @^˚_{xn} t=2∫ 0 dø_1 ∫ R^{n−1}

R_1(x^′; ȷ^′; x_n; t − ø_1; ø_1; œ ˇ ) dȷ^′ (31)

with ˚ = 0; 1, 2k_1 + |s^′| + ˚ = 2k + |m| + 1.

Thus, consider I with k_1 � 1

I = 1 2 ∫ R^{n−1} k_1∑

i=1 @^{k1−i}_t ( @^{i−1}_t @^{s′}_x′ @^˚_{xn} �_1(x^′ −ȷ^′ − d^′œ ˇ ; ˘_1¯_1œ ˇ −x_n; t=2)

× @_{ȷn} �_2(ȷ^′;

˘_2¯_2œ ˇ −ȷ_n; t=2) + @^˚_{xn} �_1(ȷ^′;

˘_1¯_1œ ˇ − x_n; t 2 ) × @^{i−1}_t @^{s′}_x′ @_{ȷn} �_2(x^′ −ȷ^′ − d^′œ ˇ ; ˘_2¯_2œ ˇ − ȷ_n; t=2) )| |_{ȷn=0}dȷ^′+

+ t=2∫ 0 d ø_1 ∫ R^{n−1} ( @^{k1}_t @^{s′}_x′ @^˚_{xn} �_1(x^′ −ȷ^′ − d^′œ ˇ ; ˘_1¯_1œ ˇ −x_n; t−ø_1)

× @_{ȷn} �_2(ȷ^′;

˘_2¯_2œ ˇ −ȷ_n; ø_1) + @^˚_{xn} �_1(ȷ^′;

˘_1¯_1œ ˇ −x_n; ø_1)

× @^{k1}_t @^{s′}_x′ @_{ȷn} �_2(x^′ −ȷ^′ − d^′œ ˇ ; ˘_2¯_2œ ˇ − ȷ_n; t − ø_1) )| |_{ȷn=0}dȷ^′;

if k_1 = 0 the first integral is omitted.

Applying an estimate (20) of �_j , tabular formula ∞∫ −∞ 1 2 √ a_1a_2ßø_1(t − ø_1) e^{− (xi−ȷi)} 2 4a1 (t−ø1 ) −

(ȷi −zi)2 4a2ø1 dȷ i

= 1 √ a_1(t − ø_1) + a_2ø_1 e^{− (xi−zi)} 2 4(a1 (t−ø1 )+a2 ø1)

and inequality 1=(t − ø_1) � 2=t for ø_1 � t=2, we find

|I| � C_{14} 1 t^{n+2k1+|s′|+˚} 2 e^{− (x−hœ)2 +˘2œ2}

16at ; (32)

74 G. I. BIZHANOVA

where h = (h_1; : : : ; h_n); h^′ = d^′ ˇ ; h_n =

˘_1¯_1 ˇ ; ˘ = ˘_2¯_2 ˇ ; a = max(a_1; a_2);

(33)

constant C_{14} does not depend on ˇ.

To estimate an exponent in (32) we apply Hölder and Young inequalities to the sum 2œ x h (œ ¿ 0) 2œ | |^n ∑ i=1 x_ih_i | |

� 2œ

(^n∑ i=1 x^2_i

)_{1=2}(^n∑ i=1 h^2_i

)_{1=2} ≡ 2 (√ ”|x|

)( 1 √ ” |h|œ ) � ”x^2 + h^2œ^2 ” : Putting ” = (h^2 +˘^2=2)=(h^2 +˘^2) and remembering the notations (33), we derive e^{− x2 −2xhœ+h2 œ2 +˘2œ2}

16at � e− fl21 x2+fl2 œ2

t (34)

with fl_1; fl_2 determined by (29). We can see that the small parameterˇ is in the denominator of fl_2.

Thus, from (30), (31) due to (32), (34) and an identity 2k_1 + |s^′| + ˚ = 2k + |m| + 1, ˚ = 0; 1, we shall have inequality (26) for g_1

|@^k_t @^m_x g_1| � C_{15}|I| � C_{14}C_{15} 1 t^{n+2k1+|s′|+˚} 2 e^{− fl} 2 1 x 2+fl2 2 œ 2 t = C_{10} 1 t^{n+2k+|m|+1}2 e^{− fl} 2 1 x 2 +fl2 2 œ 2 t : The function g_2 is evaluated as g_1.

Applying the estimates (26), (23) to the derivative of the function g_j in the formula

@^k_t @^m_x G_j (x; t) = t∫ 0 @^k_t @^m_x g_j (x^′ − d^′œ ˇ ; x_n; œ ˇ ; t − œ) dœ

we obtain an estimate (27).

In an inequality (26) we write down argument x^′ − y^′ instead of x^′, then after integrating it with respect to y^′ on the domain R^{n−1} we have got an estimate (28). □

SOLUTION OF A MODEL PROBLEM 75

Theorem 3. Let 0 ¡ ˇ � ˇ_0, ¯_j ¿ 0, ˘_j ¿ 0, j = 1; 2:

For every function �(x^′; t) ∈^∘C^{1+ff}_{s−1} (R_T ), j = 1; 2, ff ∈ (0; 1), s ∈ (1; 2 + ff], a function determined by (16) belongs to^∘C^{2+ff}_s (R_T ) and satisfies an estimate

||^{(2+ff)}

s;R_T � C16|�|

(1+ff) s−1;R_T (35)

for all ˇ ∈ (0; ˇ_0] and with a constant C_{16} independent on ˇ. Proof. We represent the function (x^′; t) (16) after the change of variable ø = ø_1 − œ in the form

(x^′; t) = 1 ˇ t∫ 0 dø ∫ R^{n−1}

dy^′ ø∫ 0 �(y^′; ø − œ)g_j (x^′ − y^′ − d^′œ ˇ ; 0; œ ˇ ; t − ø) d œ:

(36) We estimate the norm

||||^{(2+ff)}_{s;RT} := sup_{t¡T} t^{−s=2} ||_R

+ n−1∑

i;j=1

sup_{t¡T} t^{2+ff−s2} ( [@^2_{xixj} ]^{(ff)}_{x′;R}′_t + [@^2_{xixj} ]^{(ff=2)}_{t;R}′_t )

+ sup_{t¡T} t^{2+ff−s2} ( [@_t ]^{(ff)}_{x′;R}′_t + [@_t ]^{(ff=2)}_{t;R}′_t )

+ n−1∑ i=1 sup_{t¡T} t^{2+ff−s2} [@_{xi} ]^{( 1+ff2 )}_{t;R}′_t ; R^′_t = R × [t=2; t]:

(37)

This norm is equivalent to the norm (5) for the functions from^∘C^{2+ff}_s (R_T ) [9].

For convenience we denote ¯ = 2 + ff − s 2 ;

M = sup_{t¡T} t^{1−s2} |�|_R; M_{1+˚} = sup_{t¡T} t^¯ [@^˚_x′ �]^{( 1+ff−˚2 )}_{t;R}′_t ; ˚ = 0; 1;

M_3 = sup_{t¡T} t^¯ [@_x′ �]^{(ff)}_{x′;R}′_t :

76 G. I. BIZHANOVA

We shall use the following inequalities:

t^¯ |@^˚_x′ �(x^′; t) − @^˚_x′ �(x^′; t_1)| � M_{1+˚} |t − t_1|^{1+ff−˚2} ;

˚ = 0; 1; |�(x^′; t)| � M t^{s−12} ; (38)

t^¯ |@_x′ �(x^′; t) − @_z′ �(z^′; t)| � M_3|x^′ − z^′|^ff; |@_x′ �(x^′; t)| � M_2 t^{s−22} : (39) Derive the estimates of the all terms in (37). We should obtain multiplier 1=fl_2 in the estimates to cancel ˇ in the denominator in (36), where fl_2 is defined by (29).

We evaluate a function (36) applying the estimates (28) for g_j and (38) for �

t^{−s=2}|(x^′; t)| � C_{17} t^{−s=2} ˇ M t∫ 0 d ø t − ø dø ø∫ 0 (ø − œ)^{s−12} e^{− fl} 2 2 œ 2 t−ø dœ:

Here s ¿ 1, therefore (ø − œ)^{s−12} � ø^{s−12} � t^{s−12} and

t^{−s=2}|| � C_{17} 1 ˇ M t^{−1=2} t∫ 0 d ø t − ø dø ø∫ 0 e^{− fl} 2 2 œ 2 t−ø dœ:

Integrating with respect to œ and ø we shall have

sup_{t¡T} t^{−s=2}||_R � C_{18} 1 ˇfl_2

M: (40)

We estimate Hölder constants with respect to t. For that we represent the derivatives @_t, @^2_{xixj} , @_{xi} ; i; j = 1; : : : ; n − 1; in the forms

@_t(x^′; t) = 1 ˇ t∫ 0 dø ∫ R^{n−1}

dy^′ ø∫ 0 [�(y^′; ø − œ) − �(y^′; t − œ)]

× @_tg_1(x^′ − y^′ − d^′œ ˇ ; 0; œ ˇ ; t − ø)dœ + 1 ˇ t∫ 0 dœ ∫ R^{n−1}

�(y^′; t − œ)g_1(x^′ − y^′ − d^′œ ˇ ; 0; œ ˇ ; t − œ) dy^′;

(41)

SOLUTION OF A MODEL PROBLEM 77

@^2_{xixj} (x^′; t) = 1 ˇ t∫ 0 dø ∫ R^{n−1}

dy^′

× ø∫ 0 �_{yi} (y^′;ø −œ) @_{xj} g_1(x^′ − y^′ − d^′œ ˇ ; 0; œ ˇ ; t − ø)dœ

≡ 1 ˇ t∫ 0 dø ∫ R^{n−1}

dy^′ ø∫ 0 [�_{yi} (y^′; ø − œ)−�_{xi} (x^′; ø − œ)]

×@_{xj} g_1(x^′ − y^′ − d^′œ ˇ ; 0; œ ˇ ; t − ø)dœ; (42)

@_{xi} (x^′; t) = 1 ˇ t∫ 0 dø ∫ R^{n−1}

dy^′ ø∫ 0 [�_{yi} (y^′; ø − œ) − �_{yi} (y^′; t − œ)]

×g_1(x^′ − y^′ − d^′œ ˇ ; 0; œ ˇ ; t − ø)dœ

+ 1 ˇ t∫ 0 dœ ∫ R^{n−1}

�_{yi} (y^′; t − œ) d y^′ t−œ∫ 0 g_1(·; ø) d ø:

Then we compose the differences with t_1 ∈ [t=2; t) and ¯ = (2+ff−s)=2,

△_1 := t^¯ ( @_t(x^′; t) − @_{t1} (x^′; t_1) ) =

= t^¯ ˇ t∫ t_1 dø ∫ R^{n−1}

dy^′ ø∫ 0 [�(y^′; ø − œ) − �(y^′; t − œ)]

×@_tg_1(x^′ − y^′ − d^′œ ˇ ; 0; œ ˇ ; t − ø)dœ

+ t^¯ ˇ t_1∫

0 dø ∫ R^{n−1}

dy^′ ø∫ 0 [�(y^′; ø − œ) − �(y^′; t_1 − œ)] dœ t∫ t_1

@^2_{t2} g_1(·; t_2 − ø)dt_2

+ t^¯ ˇ t_1∫

0 dœ ∫ R^{n−1}

[�(y^′; t − œ) − �(y^′; t_1 − œ)]g_1(·; t − t_1)dy^′ (43)

78 G. I. BIZHANOVA

+ t^¯ ˇ t∫ t_1 dœ ∫ R^{n−1}

�(y^′; t − œ)g_1(·; t − œ)dy^′

+ t^¯ ˇ t_1∫

0 dœ ∫ R^{n−1}

�(y^′; t_1 − œ)dy^′ t∫ t_1

@_{t2} g_1(·; t_2 − œ)dt_2;

△_2 := t^¯ ( @^2_{xixj} (x^′; t) − @^2_{xixj} (x^′; t_1) )

= t^¯ ˇ t∫ t_1 dø ∫ R^{n−1}

dy^′ ø∫ 0 [�_{yi} (y^′; ø − œ) − �_{xi} (x^′; ø − œ)]

×@_{xj} g_1(x^′ − y^′ − d^′œ ˇ ; 0; œ ˇ ; t − ø)dœ (44)

+ t^¯ ˇ t_1∫

0 dø ∫ R^{n−1}

dy^′ ø∫ 0 [�_{yi} (y^′; ø − œ)−�_{xi} (x^′; ø − œ)]dœ t∫ t_1

@_{t2} g_1(·; t_2 − ø)dt_2;

△_3 := t^¯ ( _{xi} (x^′; t) − _{xi} (x^′; t_1) )

= t^¯ ˇ t∫ t_1 dø ∫ R^{n−1}

dy^′ ø∫ 0 [�_{yi} (y^′; ø − œ) − �_{yi} (y^′; t − œ)]

×g_1(x^′ − y^′ − d^′œ ˇ ; 0; œ ˇ ; t − ø) dœ

+ t^¯ ˇ t_1∫

0 dø ∫ R^{n−1}

dy^′ ø∫ 0 [�_{yi} (y^′; ø − œ) − �_{yi} (y^′; t_1 − œ)]dœ

× t∫ t_1

@_{t2} g_1(·; t_2 − ø)dt_2

+ t^¯ ˇ t_1∫

0 dœ ∫ R^{n−1}

[�_{yi} (y^′; t − œ) − �_{yi} (y^′; t_1 − œ)]dy^′

t−t_1∫

0 g_1(·; ø)dø

SOLUTION OF A MODEL PROBLEM 79

+ t^¯ ˇ t∫ t_1 dœ ∫ R^{n−1}

�_{y˚} (y^′; t − œ)dy^′ t−œ∫ 0 g_1(·; ø)dø (45)

− t^¯ ˇ t∫ t_1 dø ∫ R^{n−1}

dy^′

t_1∫

0 [�_{y˚} (y^′; t − œ) − �_{y˚} (y^′; t_1 − œ)g_1(·; ø − œ) dœ

+ t^¯ ˇ t∫ t_1 dø ∫ R^{n−1}

dy^′

t_1∫

0 �_{y˚} (y^′; t − œ)]g_1(·; ø − œ)dœ:

We evaluate the difference △_1 (43) making use of the estimates (38) for � and (28) for g_1

|△_1| � C_{19} t^¯ ˇ M_1

(^t∫

t_1 dø (t − ø)^{1−ff=2} ø∫ 0 1 (ø − œ)^¯ √ t − ø e^{− fl} 2 2 œ 2 t−ø dœ

+ t∫ t_1

dt_2

t_1∫

0 (t_1 − ø)^{1+ff2} (t_2 − ø)^{5=2} dø ø∫ 0 1 (ø − œ)^¯ √ t_2 − ø e^{− fl} 2 2 œ 2 t2 −ø dœ

+(t − t_1)^{ff=2}

t_1∫

0 1 (t_1 − œ)^¯ √ t − t_1 e^{− fl} 2 2 œ 2 t−t1 dœ )

+C_{20} t^¯ ˇ M (^t∫

t_1

(t − œ)^{s−ff2 + ff2} (t − œ)^{3=2} e^{− fl} 2 2 œ 2 t−œ dœ + t∫ t_1

dt_2

t_1∫

0 (t_1 − œ)^{s−12} (t_2 − œ)^2 e^{− fl} 2 2 œ 2 t2 −œ dœ ) : In the first three integrals over œ we apply an inequality (21), in the second one on ø we make use of an estimate (t_1 − ø)^{1+ff2} � (t_2 − ø)^{1+ff2} , evaluate the expressions in the last two integrals as follows: (t−œ)^{s−ff2 + ff2} � t^{s−ff2} (t − t_1)^{ff=2} (as s ¿ 1 and œ � t_1) and

(t_1 − œ)^{s−12} (t_2 − œ)^2 � (t_2 − œ)^{s−1−ff2 +ff=2} (t_2 − œ)^2 � (t_2 − œ)^{s−ff2} (t_2 − œ)^{1−ff=2}(t_2 − œ)^{3=2} � t^{s−ff2} (t_2 − t_1)^{1−ff=2}(t_2 − œ)^{3=2}

80 G. I. BIZHANOVA

(as t_1 � t_2 � t and œ � t_1) respectively, then we shall have

|△_1| � C_{21} t^¯ ˇfl_2

M_1

× (^t∫

t_1 dø ø^¯(t − ø)^{1−ff=2} + t∫ t_1

dt_2

t_1∫

0 dø ø^¯(t_2 − ø)^{2−ff=2} + 1 t^¯_1

(t − t_1)^{ff=2} )

+C_{22} t^¯ ˇ M ( t^{s−ff2} (t − t_1)^{ff=2} t∫ 0 1 (t − œ)^{3=2} e^{− fl} 2 2 œ 2 t−œ dœ

+t^{s−ff2} t∫ t_1

dt_2 (t_2 − t_1)^{1−ff=2}

t_2∫

0 1 (t_2 − œ)^{3=2} e^{− fl} 2 2 œ 2 t2 −œ dœ ) :

With the help of the estimates (22), (25) we derive

|△_1| � C_{23} t^¯ ˇfl_2

M_1 ( 1 t^¯_1

(t − t_1)^{ff=2} + t∫ t_1 1 t^¯_2 ( 1 (t_2 − t_1)^{1−ff=2} + 1 t^{1−ff=2} 2 ) dt_2 )

+C_{24} t^¯ ˇfl_2 M ( 1 t^¯

(t − t_1)^{ff=2} + t^{s−ff2} t∫ t_1

dt_2 t_2(t_2 − t_1)^{1−ff=2} ) :

Taking into account that t=2 � t_1 ¡ t, t_1 � t_2 � t and 1=t_2 � 1=t_1 � 2=t we obtain

|△_1| := t^¯ | |@_t(x^′; t) − @_{t1} (x^′; t_1) | | � C_{25} 1

ˇfl_2

(M + M_1) (t − t_1)^{ff=2}

and sup_{t¡T} t^¯[@_t ]^{(ff=2)}_{t;R}′_t � C_{25} 1 ˇfl_2

(M + M_1): (46)

Consider the difference △_2 (44). We apply the estimates (26) for g_1

SOLUTION OF A MODEL PROBLEM 81

and (39) for �

|△_2| � C_{26} t^¯ ˇ M_3 × (^t∫

t_1 dø ø∫ 0 dœ (ø − œ)^¯(t − ø)^{n+2}2 ∫ R^{n−1}

|x^′ − y^′|^ffe^{− fl} 2 1 (x

′−y′ )2 +fl2 2 œ 2 t−ø dy^′

+ t∫ t_1

dt_2

t_1∫

0 dø ø∫ 0 dœ (ø − œ)^¯(t_2 − ø)^{n+4}2 ∫ R^{n−1}

|x^′ − y^′|^ffe^{− fl} 2 1 (x

′−y′ )2 +fl2 2 œ 2 t2 −ø dy′ ) ;

then we make use of an estimate (24), integrate with respect to y^′ and apply (21), (22)

|△_2| � C_{27} t^¯ ˇ M_3

(^t∫

t_1 dø (t − ø)^{1−ff=2} ø∫ 0 1 (ø − œ)^¯ √ t − ø e^{− fl} 2 2 œ 2 t−ø dœ

+ t∫ t_1

dt_2

t_1∫

0 dø (t_2 − ø)^{2−ff=2} ø∫ 0 1 (ø − œ)^¯ √ t_2 − ø e^{− fl} 2 2 œ 2 t2 −ø dœ )

� C_{28} t^¯ t^¯_1 ˇfl_2

M_3 ( (t − t_1)^{ff=2} + t∫ t_1 ( 1 (t_2 − t_1)^{1−ff=2} + 1 t^{1−ff=2} 2 ) d t_2 )

� C_{29} 1 ˇfl_2

M_3(t − t_1)^{ff=2}:

This inequality leads to an estimate

sup_{t¡T} t^¯[@^2_{xixj} ]^{(ff=2)}_{t;R}′_t � C_{29} 1 ˇfl_2

M_3; i; j = 1; : : : ; n − 1: (47)

We evaluate the difference △_3 determined by formula (45), for that we apply the inequalities (28) for g_1 and (38), (39) for �

|△_3| � C_{30} t^¯ ˇ M_2

(^t∫

t_1 dø (t − ø)^{1−ff}2 ø∫ 0 1 (ø − œ)^¯ √ t − ø e^{− fl} 2 2 œ 2 t−ø dœ

82 G. I. BIZHANOVA

+ t∫ t_1

dt_2

t_1∫

0 (t_1 − ø)^{ff=2}

(t_2 − ø)^{3=2} dø ø∫ 0 1 (ø − œ)^¯ √ t_2 − ø e^{− fl} 2 2 œ 2 t2 −ø dœ

+ (t − t_1)^{ff=2}

t−t_1∫

0 dø √ ø t_1∫

0 1 (t_1 − œ)^¯ √ ø e^{− fl} 2 2 œ 2 ø dœ

+ t∫ t_1

(t − œ)^{s−12} dœ t−œ∫ 0 1 √ t − œ ø e^{− fl} 2 2 œ 2 ø dø (48)

+ (t − t_1)^{ff=2} t∫ t_1 dø t_1∫

0 1 (t_1 − œ)^¯(ø − œ) e^{− fl} 2 2 œ 2 ø −œ dœ

+ t∫ t_1 dø t_1∫

0 (t − œ)^{s−22}

ø − œ e^{− fl} 2 2 œ 2 ø −œ dœ ) :

In the first three integrals we use the estimate (21), in the second one

we apply also an inequality (t_1 − ø)^{ff=2} � (t_2 − ø)^{ff=2}; in the forth and the last terms we estimate 1 √ t − œ � 1 √ ø ; (t − œ)^{s−12} � t^{s−12} (s ¿ 1) and (t − œ)^{s−22} ≡

(t − œ)^{s−12} √ t − œ � t^{s−12} √ ø − œ : Consider fifth integral. We represent t_1 = (t_1 − œ) + œ, then 1 (t_1 − œ)^¯(ø − œ) e^{− fl} 2 2 œ 2 ø −œ = ( (t_1 − œ)1−¯√ø − œ

t_1 (ø − œ)^{3=2} + 1 t_1 fl_2 (t_1 − œ)^¯ √ ø − œ fl_2œ √ ø − œ ) e^{− fl} 2 2 œ 2 ø −œ � √ t t^¯_1 1 (ø − œ)^{3=2} e^{− fl} 2 2 œ 2 ø −œ + C31 1

t_1 fl_2 √ ø − t_1 1 (t_1 − œ)^¯

(0 � ¯ ¡ 1):

SOLUTION OF A MODEL PROBLEM 83

Thus, substituting obtained estimates into (48) we shall have

|△_3| � C_{32} t^¯ ˇ M_2 ( 1 fl_2 t∫ t_1 dø ø^¯(t − ø)^{1−ff}2 + 1 fl_2 t∫ t_1

dt_2

t_1∫

0 dø ø^¯(t_2 − ø)^{2− 1+ff}2

+ 1 fl_2 t^¯_1

(t − t_1)^{ff=2}

t−t_1∫

0 dø √ ø + t^{s−12} t∫ t_1 dœ t∫ 0 1 ø^{3=2} e^{− fl} 2 2 œ 2 ø dø

+ (t − t_1)^{ff=2} ( t^{−¯+1=2} t∫ t_1 dø t_1∫

0 1 (ø − œ)^{3=2} e^{− fl} 2 2 œ 2 ø −œ dœ

+ 1 fl_2 t_1 t∫ t_1 dø √ ø − t_1

t_1∫

0 dœ (t_1 − œ)^¯ )

+t^{s−12} t∫ t_1 dø ø∫ 0 1 (ø − œ)^{3=2} e^{− fl} 2 2 œ 2 ø −œ dœ ) :

In the second integral we apply (22), in the forth one on ø we make change fl_2 œ= √ ø = ¸, in the fifth and last terms we use (25), then we find

|△_3| � C_{33} 1 ˇ fl_2

M_2 ( (t − t_1)^{1+ff2} + t^{s−12 +¯} t∫ t_1 dœ œ^{1−ff}2 œ^{1+ff}2

+(t − t_1)^{ff=2} ( t^{1=2} t∫ t_1 dø √ ø √ ø + t∫ t_1 dø √ ø − t_1 ) + t^{s−12 +¯} t∫ t_1 dø ø^{1−ff}2 ø^{1+ff}2 )

� C_{34} 1 ˇ fl_2

M_2(t − t_1)^{1+ff2}

(we remind that ¯ = (2 + ff − s)=2 and t=2 � t_1 ¡ t), from here we obtain

sup_{t¡T} t^¯[@_{xi} ]^{( 1+ff2 )}_{t;R}′_t � C_{34} 1 ˇfl_2

M_2; i = 1; : : : ; n − 1: (49)

84 G. I. BIZHANOVA

Now we evaluate Hölder constants with respect to x^′ of the derivatives @_t and @^2_{xixj} determined by formulae (41), (42). In the integral over y^′ in (42) we make change of variable: y^′ + d^′ œ=ˇ = ¸, then we have got a formula

@_{xj xj} = 1 ˇ t∫ 0 dø ∫ R^{n−1}

dy^′ ø∫ 0 [�_{yi} (y^′ − d^′œ ˇ ; ø − œ) − �_{xi} (x^′ − d^′œ ˇ ; ø − œ)]

× @_{xj} g_1(x^′ − y^′; 0; œ ˇ ; t − ø)dœ:

Compose the differences of @_t and @^2_{xixj} putting r = |x^′ − z^′|

△_4 := t^¯ ( @_t(x^′; t) − @_t(z^′; t) )

= t^¯ ˇ t∫ 0 dø ∫ |y^′−z^′|⩽2r

dy^′ ø∫ 0 ( �(y^′; ø − œ) − �(y^′; t − œ) )

× ( @_tg_1(x^′ − y^′ − d^′ œ ˇ ; 0; œ ˇ ; t − ø) − @_tg_1(z^′ − y^′ − d^′ œ ˇ ; 0; œ ˇ ; t − ø) ) dœ + t^¯ ˇ t∫ 0 dø ∫ |y^′ −z^′|¿2r

dy^′ ø∫ 0 [�(y^′; ø − œ) − �(y^′; t − œ)] (50)

× n−1∑ i=1 (x_i − z_i) 1∫ 0 @_t@_{zi} g_1(z^′ − y^′ + ˘(x^′ − z^′) − d^′œ ˇ ; 0; œ ˇ ; t − ø)d˘dœ

+ t^¯ ˇ t∫ 0 dœ ∫ |y^′ −z^′ |⩽2r

�(y^′; t − œ) ( g_1(x^′ − y^′ − d^′œ ˇ ; 0; œ ˇ ; t − œ)

− g_{zn} (z^′ − y^′ − d^′œ ˇ ; 0; œ ˇ ; t − œ) ) dy^′ + t^¯ ˇ t∫ 0 dœ ∫ |y^′ −z^′ |¿2r

�(y^′; t − œ)

× n−1∑ i=1 (x_i − z_i) 1∫ 0 @_{zi} g_1(z^′ − y^′ + ˘(x^′ − z^′) − d^′œ ˇ ; 0; œ ˇ ; t − œ)d˘ dy^′;

t^¯ ( _{xixj} (x^′; t) − _{zizj} (z^′; t) ) = △_5 + I_1; i; j = 1; : : : ; n − 1; (51)

SOLUTION OF A MODEL PROBLEM 85

△_5 := t^¯ ˇ t∫ 0 dø ∫ |y^′−z^′ |⩽2r

dy^′ ø∫ 0 ( �_{yi} (y^′ − d^′œ ˇ ; ø − œ)−�_{xi} (x^′ − d^′œ ˇ ; ø − œ) )

× @_{xj} g_1(x^′ − y^′; 0; œ ˇ ; t − ø)dœ − t^¯ ˇ t∫ 0 dø ∫ |y^′−z^′ |⩽2r

dy^′ ø∫ 0 ( �_{yi} (y^′ − d^′œ ˇ ; ø − œ) − �_{zi} (z^′ − d^′œ ˇ ; t − œ) )

× @_{zj} g_1(z^′ − y^′; 0; œ ˇ ; t − ø)dœ+ (52)

+ t^¯ ˇ t∫ 0 dø ∫ |y^′−z^′|¿2r

dy^′ ø∫ 0 [�_{yi} (y^′ − d^′œ ˇ ; ø − œ) − �_{xj} (x^′ − d^′œ ˇ ; ø − œ)]

× n−1∑ k=1 (x_k − z_k) 1∫ 0 @^2_{zk zj} g_1(z^′ − y^′ + ˘(x^′ − z^′); 0; œ ˇ ; t − ø)d˘dœ;

I_1 = t^¯ ˇ t∫ 0 dø ø∫ 0 [�_{x˚} (x^′ − d^′œ ˇ ; ø − œ) − �_{z˚} (z^′ − d^′œ ˇ ; ø − œ)]dœ

× ∫ |y^′−z^′|¿2r

@_{zj} g_1(z^′ − y^′; 0; œ ˇ ; t − ø)dy^′: (53)

Consider the difference (50) △_4. We apply the inequalities (38) for � and (26) for g_1, in the integrals over y^′ we pass to the spherical coordinates putting |x^′ − y^′| = æ in the first and forth ones with

2r � |y^′ − z^′| � æ − r; 0 � æ � 3r; |z^′ − y^′| = æ

in the second and fifth terms and

æ = |z^′ − y^′ + ˘(x^′ − z^′)| � |y^′ − z^′| − |x^′ − z^′| ¿ r

in the third and last integrals, then we shall have

86 G. I. BIZHANOVA

|△_4| � C_{35} t^¯ ˇ M_1

((^{3r}∫ 0 + 2r∫ 0 ) æ^{n−2}dæ t∫ 0 dø (t − ø)^{n+1−ff}2 × ø∫ 0 1 (ø − œ)^¯ √ t − ø e^{− fl} 2 1 æ 2+fl2 2 œ 2 t−ø dœ

+ r ∞∫ r æ^{n−2} dæ t∫ 0 dø (t − ø)^{n+2−ff}2 ø∫ 0 1 (ø − œ)^¯ √ t − ø e^{− fl} 2 1 æ 2+fl2 2 œ 2 t−ø dœ )

+ M ((^{3r}∫ 0 + 2r∫ 0 ) æ^{n−2}dæ t∫ 0 (t − œ)^{s−12}

(t − œ)^{n+1}2 e^{− fl} 2 1 æ 2+fl2 2 œ 2 t−œ dœ

+ r ∞∫ r æ^{n−2} dæ t∫ 0 (t − œ)^{s−12}

(t − œ)^{n+2}2 e^{− fl} 2 1 æ 2 +fl2 2 œ 2 t−œ dœ )

:= C_{35} t^¯ ˇ ( M_1 ( i_1 + i_2 ) + M ( i_3 + i_4 )) :

(54)

In the first two terms we make use of the inequality (21) to the integrals with respect to œ and then divide the integrals over ø into two ones on the domains (0; t=2) and (t=2; t). Consider i_1

i_1 � C_{36}

(^{3r}∫ 0 + 2r∫ 0 ) æ^{n−2}dæ 1 fl_2

(^{t=2}∫ 0 + t∫ t=2 ) 1 ø^¯ (t − ø)^{n+1−ff}2 e^{− fl} 2 1 æ 2 t−ø dø

� C_{37}

(^{3r}∫ 0 + 2r∫ 0 ) æ^{n−2}dæ

( t1−¯

fl_2t^{n+1−ff}2 e^{− fl} 2 1 æ 2 t + 1 fl_2t^¯ t∫ 0 1 (t − ø)^{n+1−ff}2 e^{− fl} 2 1 æ 2 t−ø dø ) : In the first term we apply an estimate (24), in the second one we make change of variable fl^2_1 æ^2=(t − ø) = ı^2, then we derive

i_1 � C_{38} 1 fl_2 t^¯

(^{3r}∫ 0 + 2r∫ 0 ) æ^{ff−1}dæ ( 1 + ∞∫ 0 ı^{n−2−ff}e^{−ı2} dı )

= C_{39} 1 fl_2 t^¯ r^ff (n � 2): (55)

SOLUTION OF A MODEL PROBLEM 87

In the same manner we estimate the second integral in (54)

i_2 � r fl_2 ∞∫ r æ^{n−2} dæ t∫ 0 1 ø^¯ (t − ø)^{n+2−ff}2 e^{− fl} 2 1 æ 2 t−ø dø

� C_{40} r fl_2 t^¯ ∞∫ r æ^{ff−2} dæ = C_{41} 1 fl_2 t^¯r^ff

: (56)

In the two last integrals in (54) we apply an inequality |¸|^fl e^{−¸2} � C_fl e^{−¸2=2} with fl = n − 1 − ff and fl = n − ff respectively and make use of the estimate (25)

i_3 + i_4 � C_{42}

((^{3r}∫ 0 + 2r∫ 0 ) æ^{ff−1}dæ + r ∞∫ r æ^{ff−2} dæ

)^t∫ 0 (t − œ)^{s−ff2} (t − œ)^{3=2} e^{− fl} 2 2 œ 2 t−œ dœ

� C_{43} 1 fl_2 t^¯ r^ff: (57)

Gathering obtained estimates (55)–(57) in (54) we shall have

|△_4| � C_{44} 1 ˇfl_2 ( M + M_1 ) r^ff; r = |x^′ − z^′| and sup_{t¡T} t^¯[@_t]^{(ff)}_{x′;R}′_t � C_{44} 1 ˇfl_2 ( M + M_1 ) : (58)

Now we consider the difference (51) and first evaluate △_5 determined by (52). We apply (39) for �, (26) for g_1 with fl_1 | |_{d′=0} := fl_3, as above pass to the spherical coordinates and make use of an inequality |x^′ − y^′|^ff � C_{45}(æ^ff + r^ff) � 2C_{45}æ^ff in the last integral as æ � r, (here æ = |z^′ − y^′ + ˘(x^′ − z^′)|), then we shall have

|△_5| � C_{46}M_3 t^¯ ˇ × ((^{3r}∫ 0 + 2r∫ 0 ) æ^{n−2+ff}dæ t∫ 0 dø (t − ø)^{n+1}2 ø∫ 0 1 (ø − œ)^¯ √ t − ø e^{− fl} 2 3 æ 2+fl2 2 œ 2 t−ø dœ

+ r ∞∫ r æ^{n−2+ff} dæ t∫ 0 dø (t − ø)^{n+2}2 ø∫ 0 1 (ø − œ)^¯ √ t − ø e^{− fl} 2 3 æ 2 +fl2 2 œ 2 t−ø dœ ) :

88 G. I. BIZHANOVA

These integrals are evaluated in the same way as the first two terms i_1, i_2 in (54), so we apply their estimates (55), (56) and shall have

|△_5| � C_{47} 1 ˇfl_2

M_3 |x^′ − z^′|^ff: (59)

To estimate an integral I_1 determined by (53) we consider two cases. Let n � 3, then we can make use of the formula ∫ |y^′−z^′ |¿2r

@_{yj} g_1(z^′ − y^′; 0; œ ˇ ; t − ø) dy^′

= ∫ |y^′−z^′ |=2r

g_{zn} (z^′ −y^′; 0; œ ˇ ; t − ø) cos(n̄; z_j )dS_y′ ;

where n̄ is the normal to a sphere |y^′ − z^′| = 2r, and we obtain

|I_1| � C_{48}M_3 t^¯ ˇ r^{n−2+ff} t∫ 0 dø (t − ø)^n2 ø∫ 0 1 (ø − œ)^¯ √ t − ø e^{− fl} 2 3 r 2+fl2 2 œ 2 t−ø dœ

� C_{49}M_3 t^¯ fl_2ˇ r^{n−2+ff} t∫ 0 1 ø^¯(t − ø)^{n=2} e^{− fl} 2 3 r 2 t−ø dø:

Estimating this integral as i_1 we derive t∫ 0 1 ø^¯(t − ø)^{n=2} e^{− fl} 2 3 r 2 t−ø dø � 1 t^¯r^{n−2} ( C_{50} + C_{51} ∞∫ 0 ı^{n−3}e^{−ı2} dı ) ; n � 3:

This estimate leads to

|I_1| � C_{52} 1 ˇfl_2

M_3 |x^′ − z^′|^ff: (60)

Let n = 2, then an integral over y^′ = y_1 equals to zero due to evenness of a functions g_j (y_1; 0; œ=ˇ; t − ø) with respect to y_1, j = 1; 2, (see (18), (19)), that is ∫ |y^′−z^′|¿2r

@_{yj} g_1(z^′ − y^′; ·)dy^′ = −g_1(−2r; ·) + g_1(2r; ·) = 0:

SOLUTION OF A MODEL PROBLEM 89

Applying the inequalities (59), (60) in (51) we have got

sup_{t¡T} t^¯[@^2_{xixj} ]^{(ff)}_{x′;R}′_t � C_{53} 1 ˇfl_2

M_3: (61)

Gathering the estimates (40), (46), (47), (49), (58) and (61) of the all terms of the norm ||||^{(2+ff)}_{s;RT} (37) and remembering that

fl_2 = 1 √ 32aˇ min(˘_1¯_1; ˘_2¯_2); a = max(a_1; a_2)

(see (29)), we obtain

||^{(2+ff)}

s;R_T � C54||||

(2+ff) s;R_T � C55 1 ˇfl_2 ( M + M_1 + M_2 + M_3 ) � C_{16}|�|^{(1+ff)}_{s−1;RT} ;

where C_{16} is independent on ˇ.

An estimate (35) and Theorem 3 are proved. □ Proof of Theorem 1. Consider the problem (9)–(11). From the conditions (10) we shall have

v_1 | |_{xn=0} = ¯_1 (x^′; t); v_2 | |_{xn=0} = ¯_2 (x^′; t): (62)

Due to Theorem 3 and an estimate (35)

v_j | |_{xn=0} ∈^∘C^{2+ff}_s (R_T ); j = 1; 2; and |v_j |_{xn=0}|^{(2+ff)}_{s;RT} � C_{57}|�|^{(1+ff)}_{s−1;RT} ; j = 1; 2;

where the constant C_{57} does not depend on ˇ.

The functions v_1(x; t) and v_2(x; t) may be considered as the solutions of the first boundary value problems satisfying the heat equations (9) and boundary conditions (62) respectively, then by [9] v_j (x; t) ∈^∘C^{2+ff}_s (S_{jT} ), j = 1; 2; and the estimates are fulfilled

|v_j |^{(2+ff)}

s;S_{jT} � C58|vj |xn=0|

(2+ff) s;R_T � C59|�|

(1+ff) s−1;R_T ; j = 1; 2; (63)

90 G. I. BIZHANOVA

with a constant C_{59} independent on ˇ.

From the boundary condition (11) we find

ˇ @_t = �(x^′; t) − (˘_1 @_{xn} v_1 − ˘_2 @_{xn} v_2) | |_{xn=0} − d^′ ∇^′ ∈^∘C^{1+ff}_{s−1} (R_T );

and with the help of the estimates (63) and (35) we derive

|ˇ@_t|^{(1+ff)}_{s−1;RT} � C_{60}|�|^{(1+ff)}_{s−1;RT} ; (64)

where a constant C_{60} is not depended on ˇ.

From the formula (8):

u_j (x; t) = v_j (x; t) + V_j (x; t) − ¯_j (x^′; t); j = 1; 2;

by the estimates (7) for V_j ; (63) for v_j , j = 1; 2, and (35) for we shall have the estimates for the functions u_j , j = 1; 2, via given functions and �. At least, gathering these estimates for u_j , and the estimates (35)for and (64) for ˇ@_t and remembering an estimate (12) for � we have got required estimate (6) for the solution to the problem (1)–(4) with the constant independent on ˇ and Theorem 1. □

References

1. H. Bateman and A. Erd«elyi, The tables of integral transforms. \Nauka", M. (1969). 2. B. V. Bazaliy, The Stefan problem. | Dokl. Akad.Nauk Ukrain. SSR. Ser.A. 11 (1986), 3{7.

3. V. S.Belonosov and T. I. Zelenyak, Nonlocal Problems in the Theory of Quasilinear Parabolic Equations. Novosibirsk Gos. Univ., Novosibirsk (1975) (in Russian).

4. G. I. Bizhanova, Solution in a weighted Hölder space of an initial-boundary value problem for a second-order parabolic equation with a time derivative in the conjugation condition. | Algebra i Analiz 6, No. 1 (1994), 64{94; translation in: St. Petersburg Math. J. 6, No. 1 (1995), 51{75.

5. V. A. Florin, Compression of earth medium and filtration under the alternating porosity with consideration of the influence of latent water. | Izv. AN SSSR. OTN 1 (1951), 1625{1649.

6. O. A. Lady»zenskaja, V. A. Solonnikov and N. N. Ural’ceva, Linear and quasi–linear equations of parabolic type. \Nauka", Moscow (1967) (in Russian); translation by S. Smith, Translations of Mathematical Monographs, Vol. 23 American Mathematical Society, Providence, R.I. 1967.

7. E. V. Radkevich, On the solvability of general non–stationary problems with free boundary. | Some Applications of Functional Analysis to the Problems of Mathematical Physics, Akad. Nauk SSSR, Sibirsk. Otdel., Inst. of Math., Novosibirsk (1986), 85{111.

SOLUTION OF A MODEL PROBLEM 91

8. J. F. Rodrigues, V. A. Solonnikov and F. Yi, On a parabolic system with time derivative in the boundary conditions and related free boundary problems.- { Math.Ann. 315 (1999), 61{95.

9. V. A. Solonnikov, On an estimate of the maximum of a derivative modulus for a solution of a uniform parabolic initial–boundary value problem. Preprint P-2-77, LOMI (1977) (in Russian).

ðÏÓÔÕÐÉÌÏ 19 ÄÅËÁÂÒÑ 2008 Ç.

Institute of Mathematics, Pushkin Str. 125, Almaty, 050010, Kazakhstan E-mail: galya@math.kz, galina math@mail.ru