úÁÐÉÓËÉ ÎÁÕÞÎÙÈ ÓÅÍÉÎÁÒÏŒ ðïíé ôÏÍ 357, 2008 Ç.

œ. œ. öÕË

ðòéâìéöåîéå ðåòéïäéþåóëéè æõîëãéê œ òáœîïíåòîïê íåôòéëå ðïìéîïíáíé ôéðá äöåëóïîá

ðÕÓÔØ C { ÐÒÏÓÔÒÁÎÓÔŒÏ ÎÅÐÒÅÒÙŒÎÙÈ 2ß-ÐÅÒÉÏÄÉÞÅÓËÉÈ ÆÕÎËÃÉÊ f Ó ÎÏÒÍÏÊ ‖f‖ = max_{x∈R} |f(x)|, t_k =^{2ßk}_{n+1} ,

J_n(f; x) = 1 (n + 1)^2 n∑ k=0 f(t_k) ( sin^{(n+1)}_2 (x − t_k) sin^{(x−tk)}_2

)_2

{ ÐÏÌÉÎÏÍÙ äÖÅËÓÏÎÁ ÆÕÎËÃÉÉ f. ðÏÌÉÎÏÍÙ J_n(f) ÏÂÌÁÄÁÀÔ (ÓÍ. [1, Ó. 35, 36]) ÓŒÏÊÓÔŒÁÍÉ: J_n(f) { ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÊ ÐÏÌÉÎÏÍ ÐÏÒÑÄËÁ ÎÅ ŒÙÛÅ n, J_n(f; t_k) = f(t_k), J^′_n(f; t_k) = 0. ðÒÅÄÓÔÁŒÌÑÅÔ ÉÎÔÅÒÅÓ ŒÏ- ÐÒÏÓ: ËÁË ÓŒÑÚÁÎÏ ÐÏŒÅÄÅÎÉÅ ŒÅÌÉÞÉÎÙ ‖f − J_n(f)‖ ÓÏ ÓÔÒÕËÔÕÒÎÙÍÉ ÓŒÏÊÓÔŒÁÍÉ ÆÕÎËÃÉÉ f. ïÎ ÉÚÕÞÁÌÓÑ Œ ÒÑÄÅ ÒÁÂÏÔ ÒÁÚÌÉÞÎÙÈ ÁŒÔÏÒÏŒ (ÓÍ., ÎÁÐÒÉÍÅÒ, [2, 3] É ÕËÁÚÁÎÎÕÀ ÔÁÍ ÌÉÔÅÒÁÔÕÒÕ). œ ÞÁÓÔÎÏÓÔÉ, Œ [3] ÐÏËÁÚÁÎÏ, ÞÔÏ ÄÌÑ ÌÀÂÏÊ f ∈ C 1 n + 1 max 0⩽k⩽n (k + 1)‖J_k(f) − f‖ ≈ ff ( f; 1 n + 1 ) ; ÇÄÅ ff(f; ffi) = ffi ‖ ‖ ‖ ß∫ ffi f(· + t) + f(· − t) − 2f(·) t^2 dt ‖ ‖ ‖ + !(f; ffi)

(!(f; ffi) { ÍÏÄÕÌØ ÎÅÐÒÅÒÙŒÎÏÓÔÉ ÆÕÎËÃÉÉ f). ðÕÓÔØ

Q_{n;r}(f; x) = f(x) − R_{n;r}(f; x); ÇÄÅ R_{n;r}(f; x) = n∑ k=0 ( 1 − ( k n + 1

)_r)

(a_k(f) cos kx + b_k(f) sin kx)

115

116 œ. œ. öõë

{ ÓÒÅÄÎÉÅ òÉÓÓÁ; !_r(g; h) { ÍÏÄÕÌØ ÎÅÐÒÅÒÙŒÎÏÓÔÉ ÐÏÒÑÄËÁ r ÆÕÎË- ÃÉÉ g, fi_r(f; h) = !_{r+1}(f; h) + h^{−1}!_{r+2}( ~F ; h);

ÇÄÅ ~F { ÆÕÎËÃÉÑ, ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉ ÓÏÐÒÑÖÅÎÎÁÑ Ó ÐÅÒŒÏÏÂÒÁÚÎÏÊ

ÄÌÑ ÆÕÎËÃÉÉ f −^1_{2ß}^ß ∫ −ß f. œ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÅ ÐÏÌÕÞÅÎÙ ÒÅÚÕÌØÔÁÔÙ ÓÌÅÄÕÀÝÅÇÏ ÔÉÐÁ

E_n(f) + ||J_{4n−1}(Q_{n;r}(f)) − Q_{n;r}(f)|| ≈ fi_r ( f; 1 n + 1 ) ; sup_{ff∈R} ||J_n(Q_{n;r}(f; · + ff)) − Q_{n;r}(f; · + ff)|| ≈ fi_r ( f; 1 n + 1 ) : úÄÅÓØ r { ÃÅÌÏÅ ÎÅÏÔÒÉÃÁÔÅÌØÎÏÅ ÞÉÓÌÏ, Q_{n;0}(f) = f, f { ÌÀÂÁÑ ÆÕÎË- ÃÉÑ ÉÚ C. œ ÞÁÓÔÎÏÓÔÉ, ÐÒÉ r = 0 ÉÍÅÅÍ

E_n(f) + ||J_{4n−1}(f) − f|| ≈ !_1 ( f; 1 n + 1 ) + (n + 1)!_2 ( ~F ; 1 n + 1 ) ; sup_{ff∈R} ||J_n(f(· + ff)) − f(· + ff)|| ≈ !_1 ( f; 1 n + 1 ) + (n + 1)!_2 ( ~F ; 1 n + 1 ) : œ ÏÓÎÏŒÅ ÐÒÉŒÅÄÅÎÎÙÈ ŒÙÛÅ ÓÏÏÔÎÏÛÅÎÉÊ ÌÅÖÁÔ ÔÅÏÒÅÍÙ ÏÂÝÅÇÏ ÈÁ- ÒÁËÔÅÒÁ (ÓÍ. §2), ÐÒÉÍÅÎÉÍÙÅ É Ë ÄÒÕÇÉÍ ÍÅÔÏÄÁÍ ÁÐÐÒÏËÓÉÍÁÃÉÉ. ïÔÍÅÔÉÍ, ÞÔÏ ÐÏÄÈÏÄÙ, ÉÓÐÏÌØÚÕÅÍÙÅ Œ ÄÁÎÎÏÊ ÒÁÂÏÔÅ, Œ ÚÎÁÞÉÔÅÌØ- ÎÏÊ ÞÁÓÔÉ ÕÖÅ ÐÒÉÍÅÎÑÌÉÓØ ÁŒÔÏÒÏÍ ÒÁÎÅÅ É Œ ÏÐÒÅÄÅÌÅÎÎÏÊ ÓÔÅÐÅÎÉ ÏÎÉ ÎÁÛÌÉ ÓŒÏÅ ÏÔÒÁÖÅÎÉÅ Œ ÍÏÎÏÇÒÁÆÉÉ [4].

§1. ïÂÏÚÎÁÞÅÎÉÑ. œÓÐÏÍÏÇÁÔÅÌØÎÙÅ ÐÒÅÄÌÏÖÅÎÉÑ

1. œ ÄÁÌØÎÅÊÛÅÍ R; R_+; Z; Z_+; N ÓÕÔØ ÓÏÏÔŒÅÔÓÔŒÅÎÎÏ ÍÎÏÖÅÓÔŒÁ ŒÅ- ÝÅÓÔŒÅÎÎÙÈ, ÎÅÏÔÒÉÃÁÔÅÌØÎÙÈ ŒÅÝÅÓÔŒÅÎÎÙÈ, ÃÅÌÙÈ, ÎÅÏÔÒÉÃÁÔÅÌØ- ÎÙÈ ÃÅÌÙÈ, ÎÁÔÕÒÁÌØÎÙÈ ÞÉÓÅÌ; C_k(·) { ÐÏÌÏÖÉÔÅÌØÎÙÅ ËÏÎÅÞÎÙÅ ÐÏ- ÓÔÏÑÎÎÙÅ, ÚÁŒÉÓÑÝÉÅ ÔÏÌØËÏ ÏÔ ŒÙÐÉÓÁÎÎÙÈ ÁÒÇÕÍÅÎÔÏŒ, Q = [−ß; ß]. æÕÎËÃÉÉ, ÉÍÅÀÝÉÅ Œ ÎÅËÏÔÏÒÏÊ ÔÏÞËÅ ÕÓÔÒÁÎÉÍÙÊ ÒÁÚÒÙŒ, ÄÏÏÐÒÅ- ÄÅÌÑÀÔÓÑ Œ ÜÔÏÊ ÔÏÞËÅ ÐÏ ÎÅÐÒÅÒÙŒÎÏÓÔÉ; Œ ÄÒÕÇÉÈ ÓÌÕÞÁÑÈ ÓÉÍŒÏÌ^0 ÐÏÎÉÍÁÅÔÓÑ ËÁË 0. óÞÉÔÁÅÍ 0^0 = 1, +∞ · 0 = 0 · (+∞) = +∞.

þÅÒÅÚ L_p ÐÒÉ 1 ⩽ p ¡ ∞ ÏÂÏÚÎÁÞÁÅÍ ÍÎÏÖÅÓÔŒÏ ÉÚÍÅÒÉÍÙÈ 2ß- ÐÅÒÉÏÄÉÞÅÓËÉÈ ÆÕÎËÃÉÊ f : R → R, Õ ËÏÔÏÒÙÈ

‖f‖_p = ( ∫ Q |f|^p

)_{1=p} ¡ ∞;

ðòéâìéöåîéå ðåòéïäéþåóëéè æõîëãéê 117

C { ÐÒÏÓÔÒÁÎÓÔŒÏ ÎÅÐÒÅÒÙŒÎÙÈ 2ß-ÐÅÒÉÏÄÉÞÅÓËÉÈ ÆÕÎËÃÉÊ f : R → R Ó ÎÏÒÍÏÊ ‖f‖_∞ = max_{x∈R} |f(x)|;

H_n { ÍÎÏÖÅÓÔŒÏ ŒÅÝÅÓÔŒÅÎÎÙÈ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÈ ÐÏÌÉÎÏÍÏŒ ÐÏ- ÒÑÄËÁ ÎÅ ŒÙÛÅ n. œ ÄÁÌØÎÅÊÛÅÍ ŒÍÅÓÔÏ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÊ ÐÏÌÉÎÏÍ ÇÏŒÏÒÉÍ ÐÒÏÓÔÏ ÐÏÌÉÎÏÍ.

ðÕÓÔØ f ∈ L_1. ôÏÇÄÁ

a_k(f) = 1 ß ∫ Q f(t) cos ktdt; b_k(f) = 1 ß ∫ Q f(t) sin ktdt

{ ËÏÜÆÆÉÃÉÅÎÔÙ æÕÒØÅ ÆÕÎËÃÉÉ f, ÐÒÉ k ∈ N

A_k(f; x) = a_k(f) cos kx + b_k(f) sin kx; A_0(f; x) = a_0(f) 2 ;

S_n(f; x) = n∑ k=0 A_k (f; x); œ_n(f; x) = 1 n + 1 n∑ k=0 S_k(f; x);

ø_n(f; x) = 1 n 2n−1∑

k=n S_k(f; x); R_{l;r}(f; x) = l∑ k=0 ( 1 − ( k l + 1

)_r) A_k(f; x)

ÓÕÔØ ÓÏÏÔŒÅÔÓÔŒÅÎÎÏ ÓÕÍÍÙ æÕÒØÅ, æÅÊÅÒÁ, œÁÌÌÅ ðÕÓÓÅÎÁ, òÉÓÓÁ ÆÕÎËÃÉÉ f; E { ÔÏÖÄÅÓÔŒÅÎÎÙÊ ÏÐÅÒÁÔÏÒ Œ L_1;

˘_n(t) = 1 2ß(n + 1) ( sin^{(n+1)t}_2 sin^t_2

)_2 ;

V_n(t) = 1 4ßn cos nt − cos 2nt sin^{2 t}_2 ÓÕÔØ ÓÏÏÔŒÅÔÓÔŒÅÎÎÏ ÑÄÒÁ æÅÊÅÒÁ, œÁÌÌÅ ðÕÓÓÅÎÁ. óÐÒÁŒÅÄÌÉŒÙ ÓÏ- ÏÔÎÏÛÅÎÉÑ: œ_n(f) = R_{n;1}(f),

(E − œ_n)^r(f) = f − R_{n;r}(f)

ÐÒÉ r ∈ N; œ_n(f; x) = ∫ Q f(x + t)˘_n(t)dt;

118 œ. œ. öõë

ø_n(f; x) = ∫ Q f(x + t)V_n(t)dt:

ðÕÓÔØ f ∈ C, r ∈ N. ôÏÇÄÁ ´^r_t (f; x) = r∑ m=0 (−1)^{r−m}C^m_r f(x + mt)

{ ËÏÎÅÞÎÁÑ ÒÁÚÎÏÓÔØ r-ÇÏ ÐÏÒÑÄËÁ ÆÕÎËÃÉÉ f Œ ÔÏÞËÅ x Ó ÛÁÇÏÍ t; !_r(f; h) = sup_{|t|⩽h} ‖´^r_t (f)‖ { ÍÏÄÕÌØ ÎÅÐÒÅÒÙŒÎÏÓÔÉ ÐÏÒÑÄËÁ r ÆÕÎËÃÉÉ f Œ ÐÒÏÓÔÒÁÎÓÔŒÅ C; E_n(f) = inf_{T ∈Hn} ‖f − T ‖ { ÎÁÉÌÕÞÛÅÅ ÐÒÉÂÌÉÖÅÎÉÅ f ÐÏÒÑÄËÁ n Œ C, T_n(f) ∈ H_n { ÐÏÌÉÎÏÍ ÎÁÉÌÕÞÛÅÇÏ ÐÒÉÂÌÉÖÅÎÉÑ ÆÕÎËÃÉÉ f ÉÚ H_n, Ô.Å. E_n(f) = ‖f − T_n(f)‖:

þÅÒÅÚ ~f ÏÂÏÚÎÁÞÁÅÍ ÆÕÎËÃÉÀ, ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉ ÓÏÐÒÑÖÅÎÎÕÀ Ó f: ~f(x) ∼^∞ ∑ n=1 (−b_n(f) cos nx + a_n(f) sin nx);

F { ÐÅÒŒÏÏÂÒÁÚÎÁÑ ÄÌÑ ÆÕÎËÃÉÉ f −^{a0 (f )}_2 , ~F { ÆÕÎËÃÉÑ, ÔÒÉÇÏÎÏÍÅ- ÔÒÉÞÅÓËÉ ÓÏÐÒÑÖÅÎÎÁÑ Ó F , Ô.Å.

~F (x) =^∞ ∑ n=1 ( − b_n(f) n sin nx − a_n(f) n cos nx ) = − ∞∑ n=1 A_n(f; x) n : äÌÑ ÏÐÅÒÁÔÏÒÁ U : C → C ÐÏÌÁÇÁÅÍ ||U|| = sup_{f ∈C}{||U(f)|| = ||f||};

A(r) = sup_{l∈Z+} sup_{f ∈C}{||R_{l;r}(f)||=||f||} = sup_{l∈Z+} ||R_{l;r}||;

ðòéâìéöåîéå ðåòéïäéþåóëéè æõîëãéê 119

Q_{l;r}(f; x) = f(x) − R_{l;r}(f; x);

B(r) = sup_{l∈Z+} sup_{f ∈C} { ||Q_{l;r}(f)|| !_r(f;^ß_{l+1} ) } ; D(r) = sup_{n∈Z+} sup_{f ∈C} { E_n(f) !_r(f;^ß_{n+1} ) } ; Q(r) = sup_{l∈Z+} sup_{f ∈H} { (l + 1)^r||Q_{l;r}(f)|| ||f^{(r)}|| } ; ÅÓÌÉ r=2 ∈ Z_+,

Q(r) = sup_{l∈Z+} sup_{f ∈H} { (l + 1)^r||Q_{l;r}(f)|| || ~f^{(r)}|| } ;

ÅÓÌÉ^{r+1}_2 ∈ N, ÇÄÅ H =^∞ ⋃ n=0 H_n { ÍÎÏÖÅÓÔŒÏ ŒÓÅÈ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÈ ÐÏÌÉÎÏÍÏŒ.

ðÕÓÔØ n ∈ Z_+. ôÏÇÄÁ ˙_n { ÍÎÏÖÅÓÔŒÏ ÏÐÅÒÁÔÏÒÏŒ U : C → C, ÕÄÏŒÌÅÔŒÏÒÑÀÝÉÈ ÄÌÑ ÌÀÂÏÇÏ T ∈ H_n ÕÓÌÏŒÉÑÍ: U(T ) ∈ H_n, U^′(T ) = U(T^′), ~U(T ) = U( ~T ).

þÅÒÅÚ ~ ÏÂÏÚÎÁÞÁÅÍ ÍÎÏÖÅÓÔŒÏ ÆÕÎËÃÉÏÎÁÌÏŒ ˘ : C → R_+ ÔÁËÉÈ, ÞÔÏ ˘(f + g) ⩽ ˘(f) + ˘(g) ÄÌÑ ÌÀÂÙÈ f; g ∈ C. äÌÑ ˘ ∈ ~ ÐÏÌÁÇÁÅÍ

||˘|| = sup_{f ∈C}{˘(f)=||f||}:

ðÕÓÔØ n ∈ Z_+, f ∈ C. þÅÒÅÚ J_n(f) ÏÂÏÚÎÁÞÁÅÍ ÐÏÌÉÎÏÍÙ äÖÅËÓÏÎÁ ÆÕÎËÃÉÉ f:

J_n(f; x) = 2ß n + 1 n∑ k=0 f(t_k)˘_n(x − t_k); t_k = 2ßk n + 1 : ðÕÓÔØ n; l, r ∈ Z_+, f ∈ C. ðÏÌÁÇÁÅÍ

K_n(f; x) = sup_{ff∈R} | | | |f(x + ff) − 2ß n + 1 n∑ k=0 f(t_k + ff)˘_n(x − t_k) | | | |;

120 œ. œ. öõë

L_n(f) = ||f − J_n(f)||; M_n(f) = ||K_n(f)||; L_{n;l;r}(f) = L_n(Q_{l;r}(f));

M_{n;l;r}(f) = M_n(Q_{l;r}(f)); X_{n;l;r}(f; x) = K_n(Q_{l;r}(f); x): œ ÄÁÌØÎÅÊÛÅÍ C^{(r)} = {f ∈ C : ∃f^{(r)} ∈ C},

~K_1 = 4 ß ∞∑ k=0 (−1)^k (2k + 1)^2 = 4 ß G; fl = 1 3 + 2 √ 3 ß ; fl^∗ = fl + 1;

ÇÄÅ G = 0; 915965 : : : { ÐÏÓÔÏÑÎÎÁÑ ëÁÔÁÌÁÎÁ.

ðÕÓÔØ r ∈ N, h ¿ 0, f ∈ C. ôÏÇÄÁ ˙_r(f; h) = !_r(f; h) + h^{−1}!_{r+1}( ~F ; h):

2. îÁÍ ÐÏÎÁÄÏÂÑÔÓÑ ÓÌÅÄÕÀÝÉÅ ÉÚŒÅÓÔÎÙÅ ÒÅÚÕÌØÔÁÔÙ, ìÅÍÍÁ A (ÓÍ. [5, Ó. 120]). ðÕÓÔØ n ∈ N. ôÏÇÄÁ

||ø_n|| = ∫ Q |V_n(t)|dt = fl:

ìÅÍÍÁ B. ðÕÓÔØ n ∈ N, f ∈ C. ôÏÇÄÁ ||f − ø_n(f)|| ⩽ fl^∗E_n(f):

ìÅÍÍÁ C (ÓÍ. [6, Ó. 331]). ðÕÓÔØ n ∈ Z_+, f ∈ C. ôÏÇÄÁ

E_n( ~F ) ⩽

~K_1 n + 1

E_n(f):

ìÅÍÍÁ D (ÓÍ. [6, Ó. 223]). ðÕÓÔØ n ∈ Z_+, T ∈ H_n. ôÏÇÄÁ ||T^′|| ⩽ n||T ||; || ~T^′|| ⩽ n||T ||:

ìÅÍÍÁ E (ÓÍ. [6, Ó. 228]). ðÕÓÔØ n ∈ Z_+, r ∈ N, T ∈ H_{n+1}. ôÏÇÄÁ

||T^{(r)}|| ⩽

( n + 1 2 )_r‖ ‖´^r_{ßn+1} (T ) ‖ ‖:

ðòéâìéöåîéå ðåòéïäéþåóëéè æõîëãéê 121

ìÅÍÍÁ F (ÓÍ. [7, Ó. 47]). ðÕÓÔØ n ∈ N, T ∈ H_n, ||T || = T (x_0).

ôÏÇÄÁ T (x_0 + t) ⩾ ||T || cos nt ÄÌÑ t ∈ [−ß=n; ß=n].

ìÅÍÍÁ G (ÓÍ. [2, Ó. 401; 3, Ó. 240]). ðÕÓÔØ n; m ∈ Z_+, m ⩾ n, x ∈ R, T ∈ H_n. ôÏÇÄÁ

J_m(T; x) = T (x) + (cos(m + 1)x − 1)(T (x) − œ_m(T; x)) + ( ~T (x) − ~œ_m(T; x)) sin(m + 1)x: (1) úÁÍÅÞÁÎÉÅ 1. ðÕÓÔØ n ∈ Z_+. ôÁË ËÁË ÄÌÑ ÌÀÂÏÇÏ T ∈ H_{n+1}

T (x) − œ_n(T; x) = 1 n + 1 n+1∑ k=0 kA_k(f; x) =

~T ′(x) n + 1 ;

T (x) − ~œ_n(T; x) = 1 n + 1 n+1∑ k=0 k(−b_k(f) cos kx + a_k(f) sin kx) = −

T^′(x) n + 1 ; ÔÏ ÒÁŒÅÎÓÔŒÏ (1) ÍÏÖÎÏ ÐÅÒÅÐÉÓÁÔØ Œ ŒÉÄÅ

J_m(T; x) = T (x) + 1 m + 1 { (cos(m + 1)x − 1) ~T^′(x) − T^′(x) sin(m + 1)x } : (2) ìÅÍÍÁ H (ÓÍ. [6, Ó. 274]). ðÕÓÔØ r ∈ N. ôÏÇÄÁ D(r) ¡ ∞. ìÅÍÍÁ J. åÓÌÉ r ∈ Z_+, ÔÏ A(r) ¡ ∞, Q(r) ¡ ∞; B(r) ¡ ∞ ÐÒÉ r=2 ∈ N.

3. ìÅÍÍÁ 1. ðÕÓÔØ n; r ∈ N, f ∈ C, T ∈ H_n. ôÏÇÄÁ ||~ø^{(r)}_n (f)|| ⩽ fl(2n − 1)^r||f − T || + || ~T^{(r)}||; (3)

||ø^{(r)}_n (f)|| ⩽ fl(2n − 1)^r||f − T || + ||T^{(r)}||: (4) äÏËÁÚÁÔÅÌØÓÔŒÏ. õÓÔÁÎÏŒÉÍ ÎÅÒÁŒÅÎÓÔŒÏ (3) (ÎÅÒÁŒÅÎÓÔŒÏ (4) ÄÏËÁ- ÚÙŒÁÅÔÓÑ ÁÎÁÌÏÇÉÞÎÏ). ïÐÉÒÁÑÓØ ÎÁ ÌÅÍÍÕ D É ÒÁŒÅÎÓÔŒÏ ø_n(T ) = T , ÉÍÅÅÍ ||~ø^{(r)}_n (f)|| ⩽ ||~ø^{(r)}_n (f) − ~T^{(r)}|| + || ~T^{(r)}|| ⩽ (2n − 1)^r||ø_n(f) − T || + || ~T^{(r)}|| = (2n − 1)^r||ø_n(f − T )|| + || ~T^{(r)}|| ⩽ (2n − 1)^r||ø_n|| ||f − T || + || ~T^{(r)}||:

ïÓÔÁÌÏÓØ ŒÏÓÐÏÌØÚÏŒÁÔØÓÑ ÌÅÍÍÏÊ A.

122 œ. œ. öõë

óÌÅÄÓÔŒÉÅ 1. ðÕÓÔØ n; r ∈ N, f ∈ C. ôÏÇÄÁ

||~ø^{(r)}_n (f)|| ⩽ fl(2n − 1)^rE_n(f) + || ~T^{(r)}(f)||; (5)

||ø^{(r)}_n (f)|| ⩽ fl(2n − 1)^rE_n(f) + ||T^{(r)}(f)||: (6)

äÌÑ ÄÏËÁÚÁÔÅÌØÓÔŒÁ ÓÌÅÄÓÔŒÉÑ 1 ÄÏÓÔÁÔÏÞÎÏ ÐÏÌÏÖÉÔØ Œ ÎÅÒÁŒÅÎ- ÓÔŒÁÈ (3) É (4) T = T_n(f).

ìÅÍÍÁ 2. ðÕÓÔØ n; m ∈ Z_+, m ⩾ n, y_k =^{ß(2k+1)}_{m+1} , T ∈ H_n. ôÏÇÄÁ

max_{k∈Z} |J_m(T; y_k) − T (y_k)| ⩾

2|| ~T^′|| m + 1 cos nß m + 1 :

äÏËÁÚÁÔÅÌØÓÔŒÏ. éÚ ÒÁŒÅÎÓÔŒÁ (2) ÓÒÁÚÕ ÓÌÅÄÕÅÔ, ÞÔÏ

|J_m(T; y_k) − T (y_k)| = 2 m + 1

| ~T^′(y_k)|: (7)

ðÕÓÔØ || ~T^′|| = ~T^′(x_0) (ÅÓÌÉ || ~T^′|| = − ~T^′(x_0), ÔÏ ÒÁÓÓÕÖÄÅÎÉÅ ŒÅÄÅÔÓÑ ÄÌÑ ÐÏÌÉÎÏÍÁ − ~T^′). ôÁË ËÁË y_{k+1} − y_k =^{2ß}_{m+1} , ÔÏ x_0 ÐÏÐÁÄÅÔ Œ ËÁËÏÊ- ÔÏ ÏÔÒÅÚÏË [y_k; y_{k+1}] ÄÌÉÎÙ^{2ß}_{m+1} É ÐÏÔÏÍÕ ÎÁ ÏÓÎÏŒÁÎÉÉ ÌÅÍÍÙ F É ÓÏÏÔÎÏÛÅÎÉÑ (7) ÉÍÅÅÍ

max_{k∈Z} |J_m(T; y_k) − T (y_k)| ⩾

2|| ~T^′|| m + 1 cos nß m + 1 :

ìÅÍÍÁ 3. ðÕÓÔØ n; m ∈ Z_+, m ⩾ n, T ∈ H_n. ôÏÇÄÁ

||J_m(T ) − T || +

|| ~T^′|| m + 1 ⩾ ||T^′|| m + 1 cos nß 2(m + 1) :

äÏËÁÚÁÔÅÌØÓÔŒÏ. ðÏÌÏÖÉÍ

x_k = ß 2(m + 1) + ßk m + 1 :

ðòéâìéöåîéå ðåòéïäéþåóëéè æõîëãéê 123

ðÒÉÎÉÍÁÑ ŒÏ ŒÎÉÍÁÎÉÅ ÆÏÒÍÕÌÕ (2), ÌÅÇËÏ ÐÏÎÑÔØ, ÞÔÏ

||J_m(T ) − T || +

|| ~T^′|| m + 1 ⩾ 1 m + 1 sup_{k∈Z} |T^′(x_k )|: (8)

ðÕÓÔØ ||T^′|| = T^′(x_0) (ÅÓÌÉ ||T^′|| = −T^′(x_0), ÔÏ ÒÁÓÓÕÖÄÅÎÉÅ ŒÅÄÅÔÓÑ ÄÌÑ ÐÏÌÉÎÏÍÁ −T^′). ôÁË ËÁË x_{k+1} − x_k =^ß_{m+1} , ÔÏ x_0 ÐÏÐÁÄÅÔ Œ ËÁËÏÊ- ÔÏ ÏÔÒÅÚÏË [x_k; x_{k+1}] ÄÌÉÎÙ^ß_{m+1} É ÐÏÔÏÍÕ ÎÁ ÏÓÎÏŒÁÎÉÉ ÌÅÍÍÙ F É ÓÏÏÔÎÏÛÅÎÉÑ (8) ÉÍÅÅÍ

||J_m(T ) − T || +

|| ~T^′|| m + 1 ⩾ 1 m + 1 sup_{k∈Z} |T^′(x_k)| ⩾

||T^′|| m + 1 cos nß 2(m + 1) :

óÌÅÄÓÔŒÉÅ 2. ðÕÓÔØ n; m ∈ Z_+, m ⩾ 4n − 1, T ∈ H_n. ôÏÇÄÁ

|| ~T^′|| ⩽ (m + 1) ( cos ß 4 ) ||J_m(T ) − T || = L_m(T )(m + 1) cos ß 4 ; (9)

||T^′|| ⩽ 2(m + 1) ( cos ß 8 ) ||J_m(T ) − T || = L_m(T )(m + 1)2 cos ß 8 : (10)

äÏËÁÚÁÔÅÌØÓÔŒÏ. íÏÖÎÏ ÓÞÉÔÁÔØ n ∈ N. äÏËÁÖÅÍ (9). œ ÓÉÌÕ ÌÅÍÍÙ 2

L_m(T ) = ||J_m(T ) − T || ⩾

2|| ~T^′|| m + 1 cos ß 4 = || ~T^′|| (m + 1) cos(ß=4) : ôÅÐÅÒØ ÕÓÔÁÎÏŒÉÍ (10). ðÒÉÍÅÎÑÑ ÌÅÍÍÕ 3 É ÎÅÒÁŒÅÎÓÔŒÏ (9), ÉÍÅÅÍ ( 1 + cos ß 4 ) ||J_m(T ) − T || ⩾

||T^′|| m + 1 cos ß 8 : ïÓÔÁÌÏÓØ ÚÁÍÅÔÉÔØ, ÞÔÏ 1 + cos^ß_4 = 2 cos^{2 ß}_8 . ìÅÍÍÁ 4. ðÕÓÔØ n; m ∈ Z_+, m ⩾ n, T ∈ H_n. ôÏÇÄÁ

|| ~T^′|| ⩽ m + 1 2 M_m(T ); (11)

||T^′|| ⩽ 3 2 (m + 1)M_m(T ): (12)

124 œ. œ. öõë

äÏËÁÚÁÔÅÌØÓÔŒÏ. ðÏÌÏÖÉÍ T_ff(·) = T (· + ff). ïÐÉÒÁÑÓØ ÎÁ ÒÁŒÅÎ- ÓÔŒÏ (2), ÐÒÉ ÌÀÂÏÍ ff ∈ R ÉÍÅÅÍ

M_m(T ) ⩾ | |T_ff( ß

m + 1 ) − J_m ( T_ff; ß m + 1 )| | = 2 m + 1 | | ~T_′( ß m + 1 + ff )| | É, ÓÌÅÄÏŒÁÔÅÌØÎÏ,

|| ~T^′|| = sup_{ff∈R} | | | ~T^′ ( ß m + 1 + ff )| | ⩽ m + 1 2 M_m(T ):

äÁÌÅÅ, ÐÏÌÁÇÁÑ Œ ÆÏÒÍÕÌÅ (2) x =^ß_{2(m+1)} , ÐÒÉ ÌÀÂÏÍ ff ∈ R ÉÍÅÅÍ

M_m(T ) +

|| ~T^′|| m + 1 ⩾ | |T^′(^ß_{2(m+1)} + ff) | | m + 1 : ïÔÓÀÄÁ, ÐÒÉÍÅÎÑÑ ÎÅÒÁŒÅÎÓÔŒÏ (11), ÎÁÈÏÄÉÍ

M_m(T ) ( 1 + 1 2 ) ⩾ 1 m + 1 sup_{ff∈R} | |T_′( ß

2(m + 1) + ff )| | = ‖T^′‖ m + 1 : óÌÅÄÓÔŒÉÅ 3. ðÕÓÔØ n; m ∈ Z_+, m ⩾ 4n − 1, r ∈ Z_+, ff ∈ R_+, U ∈ ˙_n, ÄÌÑ ÌÀÂÏÇÏ ÐÏÌÉÎÏÍÁ T ∈ H_n ÓÐÒÁŒÅÄÌÉŒÏ ÎÅÒÁŒÅÎÓÔŒÏ ||T^{(r)}|| ⩽ ff||U(T )||. ôÏÇÄÁ ÄÌÑ ÌÀÂÏÇÏ T ∈ H_n

|| ~T^{(r+1)}|| ⩽ (m + 1)ff ( cos ß 4 ) ||J_m(U(T )) − U(T )||

= (m + 1)ff ( cos ß 4 ) L_m(U(T )); (13)

||T^{(r+1)}|| ⩽ 2(m + 1)ff ( cos ß 8 ) ||J_m(U(T )) − U(T )||

= 2(m + 1)ff ( cos ß 8 ) L_m(U(T )): (14)

äÏËÁÚÁÔÅÌØÓÔŒÏ. õÓÔÁÎÏŒÉÍ (13). ðÒÉÎÉÍÁÑ ŒÏ ŒÎÉÍÁÎÉÅ ÎÅÒÁŒÅÎ- ÓÔŒÏ (9) É ÓŒÏÊÓÔŒÁ ÏÐÅÒÁÔÏÒÁ U, ÉÍÅÅÍ

|| ~T^{(r+1)}|| ⩽ ff||U( ~T^′)|| = ff|| ~U^′(T )|| ⩽ (m + 1)ff ( cos ß 4 ) L_m(U(T )):

îÅÒÁŒÅÎÓÔŒÏ (14) ÄÏËÁÚÙŒÁÅÔÓÑ ÁÎÁÌÏÇÉÞÎÏ, ÎÏ ÚÄÅÓØ ŒÍÅÓÔÏ ÎÅÒÁŒÅÎ- ÓÔŒÁ (9) ÐÒÉÍÅÎÑÅÔÓÑ ÓÏÏÔÎÏÛÅÎÉÅ (10).

ðòéâìéöåîéå ðåòéïäéþåóëéè æõîëãéê 125

óÌÅÄÓÔŒÉÅ 4. ðÕÓÔØ n; m ∈ Z_+, m ⩾ 4n − 1, r ∈ Z_+, ff ∈ R_+, U ∈ ˙_n, ÄÌÑ ÌÀÂÏÇÏ ÐÏÌÉÎÏÍÁ T ∈ H_n ÓÐÒÁŒÅÄÌÉŒÏ ÎÅÒÁŒÅÎÓÔŒÏ || ~T^{(r)}|| ⩽ ff||U(T )||. ôÏÇÄÁ ÄÌÑ ÌÀÂÏÇÏ T ∈ H_n

||T^{(r+1)}|| ⩽ (m + 1)ff ( cos ß 4 ) L_m(U(T ));

|| ~T^{(r+1)}|| ⩽ 2(m + 1)ff ( cos ß 8 ) L_m(U(T )):

äÏËÁÚÁÔÅÌØÓÔŒÏ ÓÌÅÄÓÔŒÉÑ 4 ÁÎÁÌÏÇÉÞÎÏ ÄÏËÁÚÁÔÅÌØÓÔŒÕ ÓÌÅÄÓÔ- ŒÉÑ 3.

óÌÅÄÓÔŒÉÅ 5. ðÕÓÔØ n; m ∈ Z_+, m ⩾ n, r ∈ Z_+, ff ∈ R_+, U ∈ ˙_n, ÄÌÑ ÌÀÂÏÇÏ ÐÏÌÉÎÏÍÁ T ∈ H_n ÓÐÒÁŒÅÄÌÉŒÏ ÎÅÒÁŒÅÎÓÔŒÏ ||T^{(r)}|| ⩽ ff||U(T )||. ôÏÇÄÁ ÄÌÑ ÌÀÂÏÇÏ T ∈ H_n

|| ~T^{(r+1)}|| ⩽ ff 2 (m + 1)M_m(U(T )); (15)

||T^{(r+1)}|| ⩽ 3ff 2 (m + 1)M_m(U(T )): (16)

äÏËÁÚÁÔÅÌØÓÔŒÏ. õÓÔÁÎÏŒÉÍ (15). ðÒÉÎÉÍÁÑ ŒÏ ŒÎÉÍÁÎÉÅ ÎÅÒÁŒÅÎ- ÓÔŒÏ (11) É ÓŒÏÊÓÔŒÁ ÏÐÅÒÁÔÏÒÁ U, ÉÍÅÅÍ

|| ~T^{(r+1)}|| ⩽ ff||U( ~T^′)|| = ff|| ~U^′(T )|| ⩽ ff 2 (m + 1)M_m(U(T )):

îÅÒÁŒÅÎÓÔŒÏ (16) ÄÏËÁÚÙŒÁÅÔÓÑ ÁÎÁÌÏÇÉÞÎÏ, ÎÏ ÚÄÅÓØ ŒÍÅÓÔÏ ÎÅÒÁŒÅÎ- ÓÔŒÁ (11) ÐÒÉÍÅÎÑÅÔÓÑ ÓÏÏÔÎÏÛÅÎÉÅ (12).

óÌÅÄÓÔŒÉÅ 6. ðÕÓÔØ n; m ∈ Z_+, m ⩾ n, r ∈ Z_+, ff ∈ R_+, U ∈ ˙_n, ÄÌÑ ÌÀÂÏÇÏ ÐÏÌÉÎÏÍÁ T ∈ H_n ÓÐÒÁŒÅÄÌÉŒÏ ÎÅÒÁŒÅÎÓÔŒÏ ‖ ~T^{(r)}‖ ⩽ ff‖U(T )‖. ôÏÇÄÁ ÄÌÑ ÌÀÂÏÇÏ T ∈ H_n

||T^{(r+1)}|| ⩽ ff 2 (m + 1)M_m(U(T )); || ~T^{(r+1)}|| ⩽ 3ff 2 (m + 1)M_m(U(T )):

ìÅÍÍÁ 5. ðÕÓÔØ n; m; r ∈ Z_+, m ⩾ n, x ∈ R, ff ∈ R_+, U ∈ ˙_n, ÄÌÑ ÌÀÂÏÇÏ ÐÏÌÉÎÏÍÁ T ∈ H_n ÓÐÒÁŒÅÄÌÉŒÏ ÎÅÒÁŒÅÎÓÔŒÏ ||U(T )|| ⩽ ff||T^{(r)}||. ôÏÇÄÁ ÄÌÑ ÌÀÂÏÇÏ T ∈ H_n

K_m(U(T ); x) ⩽ ff m + 1 { || ~T^{(r+1)}||(1 − cos(m + 1)x) + ||T^{(r+1)}|| | sin(m + 1)x| } :

126 œ. œ. öõë

äÏËÁÚÁÔÅÌØÓÔŒÏ. ïÐÉÒÁÑÓØ ÎÁ ÓÏÏÔÎÏÛÅÎÉÅ (2), ÉÍÅÅÍ

K_m(U(T ))⩽ 1 m + 1 { || ~U^′(T )||(1 − cos(m + 1)x) + ||U^′(T )|| | sin(m + 1)x| }

= 1 m + 1 { ||U( ~T^′)||(1 − cos(m + 1)x) + ||U(T^′)|| | sin(m + 1)x| }

⩽ ff m + 1 { || ~T^{(r+1)}||(1 − cos(m + 1)x) + ||T^{(r+1)}|| | sin(m + 1)x| } : ìÅÍÍÁ 6. ðÕÓÔØ n; m; r ∈ Z_+, m ⩾ n, ff ∈ R_+, U ∈ ˙_n, ÄÌÑ ÌÀÂÏÇÏ ÐÏÌÉÎÏÍÁ T ∈ H_n ÓÐÒÁŒÅÄÌÉŒÏ ÎÅÒÁŒÅÎÓÔŒÏ ||U(T )|| ⩽ ff|| ~T^{(r)}||. ôÏÇÄÁ ÄÌÑ ÌÀÂÏÇÏ T ∈ H_n

K_m(U(T ); x) ⩽ ff m + 1 { ||T^{(r+1)}||(1−cos(m + 1)x)+|| ~T^{(r+1)}|| | sin(m + 1)x| } : äÏËÁÚÁÔÅÌØÓÔŒÏ ÌÅÍÍÙ 6 ÁÎÁÌÏÇÉÞÎÏ ÄÏËÁÚÁÔÅÌØÓÔŒÕ ÌÅÍÍÙ 5.

óÌÅÄÓÔŒÉÅ 7. ðÕÓÔØ n; m; r ∈ Z_+, m ⩾ n, ff ∈ R_+, U ∈ ˙_n, ÄÌÑ ÌÀÂÏÇÏ ÐÏÌÉÎÏÍÁ T ∈ H_n ÓÐÒÁŒÅÄÌÉŒÏ ÎÅÒÁŒÅÎÓÔŒÏ ||U(T )|| ⩽ ff||T^{(r)}||. ôÏÇÄÁ ÄÌÑ ÌÀÂÏÇÏ T ∈ H_n

M_m(U(T )) ⩽ ff m + 1 { 2|| ~T^{(r+1)}|| + ||T^{(r+1)}|| } : óÌÅÄÓÔŒÉÅ 8. ðÕÓÔØ n; m; r ∈ Z_+, m ⩾ n, ff ∈ R_+, U ∈ ˙_n, ÄÌÑ ÌÀ- ÂÏÇÏ ÐÏÌÉÎÏÍÁ T ∈ H_n ÓÐÒÁŒÅÄÌÉŒÏ ÎÅÒÁŒÅÎÓÔŒÏ ||U(T )|| ⩽ ff|| ~T^{(r)}||. ôÏÇÄÁ ÄÌÑ ÌÀÂÏÇÏ T ∈ H_n

M_m(T ) ⩽ ff m + 1 { 2||T^{(r+1)}|| + || ~T^{(r+1)}|| } : 4. óÌÅÄÓÔŒÉÅ 9. ðÕÓÔØ n; m; l ∈ Z_+, m ⩾ 4n − 1, l + 1 ⩾ n,^r_2 ∈ Z_+. ôÏÇÄÁ ÄÌÑ ÌÀÂÏÇÏ ÐÏÌÉÎÏÍÁ T ∈ H_n

|| ~T^{(r+1)}|| ⩽ (m + 1)(l + 1)^r ( cos ß 4 ) L_{m;l;r}(T ); (17)

||T^{(r+1)}|| ⩽ 2(m + 1)(l + 1)^r ( cos ß 8 ) L_{m;l;r}(T ): (18)

ðòéâìéöåîéå ðåòéïäéþåóëéè æõîëãéê 127

óÌÅÄÓÔŒÉÅ 10. ðÕÓÔØ n; m; l ∈ Z_+, m ⩾ 4n − 1, l + 1 ⩾ n,^{r+1}_2 ∈ N. ôÏÇÄÁ ÄÌÑ ÌÀÂÏÇÏ ÐÏÌÉÎÏÍÁ T ∈ H_n

||T^{(r+1)}|| ⩽ (m + 1)(l + 1)^r ( cos ß 4 ) L_{m;l;r}(T );

|| ~T^{(r+1)}|| ⩽ 2(m + 1)(l + 1)^r ( cos ß 8 ) L_{m;l;r}(T ):

óÌÅÄÓÔŒÉÅ 11. ðÕÓÔØ n; m; l ∈ Z_+, m ⩾ n, l + 1 ⩾ n,^r_2 ∈ Z_+. ôÏÇÄÁ ÄÌÑ ÌÀÂÏÇÏ ÐÏÌÉÎÏÍÁ T ∈ H_n

|| ~T^{(r+1)}|| ⩽ 1 2 (m + 1)(l + 1)^r M_{m;l;r}(T );

||T^{(r+1)}|| ⩽ 3 2 (m + 1)(l + 1)^r M_{m;l;r}(T ):

óÌÅÄÓÔŒÉÅ 12. ðÕÓÔØ n; m; l ∈ Z_+, m ⩾ n, l + 1 ⩾ n,^{r+1}_2 ∈ N. ôÏÇÄÁ ÄÌÑ ÌÀÂÏÇÏ ÐÏÌÉÎÏÍÁ T ∈ H_n

||T^{(r+1)}|| ⩽ 1 2 (m + 1)(l + 1)^r M_{m;l;r}(T );

|| ~T^{(r+1)}|| ⩽ 3 2 (m + 1)(l + 1)^r M_{m;l;r}(T ):

óÌÅÄÓÔŒÉÅ 13. ðÕÓÔØ n; m; l ∈ Z_+, m ⩾ n,^r_2 ∈ Z_+, x ∈ R. ôÏÇÄÁ ÄÌÑ ÌÀÂÏÇÏ ÐÏÌÉÎÏÍÁ T ∈ H_n

X_{m;l;r}(T; x) ⩽ Q(r) (m + 1)(l + 1)^r { || ~T^{(r+1)}||(1−cos(m + 1)x)+||T^{(r+1)}|| | sin(m+1)x| } :

óÌÅÄÓÔŒÉÅ 14. ðÕÓÔØ n; m; l ∈ Z, m ⩾ n,^{r+1}_2 ∈ N, x ∈ R. ôÏÇÄÁ ÄÌÑ ÌÀÂÏÇÏ ÐÏÌÉÎÏÍÁ T ∈ H_n

X_{m;l;r}(T; x) ⩽ Q(r) (m + 1)(l + 1)^r { ||T^{(r+1)}||(1−cos(m + 1)x)+|| ~T^{(r+1)}|| | sin(m+1)x| } :

128 œ. œ. öõë

óÌÅÄÓÔŒÉÅ 15. ðÕÓÔØ n; m; l ∈ Z_+, m ⩾ n,^r_2 ∈ Z_+. ôÏÇÄÁ ÄÌÑ ÌÀÂÏÇÏ ÐÏÌÉÎÏÍÁ T ∈ H_n

M_{m;l;r}(T ) ⩽

Q(r) (m + 1)(l + 1)^r { 2|| ~T^{(r+1)}|| + ||T^{(r+1)}|| } :

óÌÅÄÓÔŒÉÅ 16. ðÕÓÔØ n; m; l ∈ Z_+, m ⩾ n,^{r+1}_2 ∈ N. ôÏÇÄÁ ÄÌÑ ÌÀÂÏÇÏ ÐÏÌÉÎÏÍÁ T ∈ H_n

M_{m;l;r}(T ) ⩽

Q(r) (m + 1)(l + 1)^r { 2||T^{(r+1)}|| + || ~T^{(r+1)}|| } : úÁÍÅÞÁÎÉÅ 2. ðÒÉ l + 1 ⩾ n Œ ÓÌÅÄÓÔŒÉÑÈ 13{16 ÐÏÓÔÏÑÎÎÕÀ Q(r) ÍÏÖÎÏ ÚÁÍÅÎÉÔØ ÎÁ 1.

äÏËÁÚÁÔÅÌØÓÔŒÏ ÓÌÅÄÓÔŒÉÊ 9{16 ÐÏÌÕÞÁÅÔÓÑ ÐÒÉÍÅÎÅÎÉÅÍ ÓÌÅÄÓÔŒÉÊ 3{8 É ÌÅÍÍ 5 É 6 Ë ÏÐÅÒÁÔÏÒÕ U(f) = Q_{l;r}(f). ðÒÉ ÜÔÏÍ ÎÁÄÏ ÐÒÉÎÑÔØ ŒÏ ŒÎÉÍÁÎÉÅ, ÞÔÏ ÐÒÉ l + 1 ⩾ n ÄÌÑ ÌÀÂÏÇÏ T ∈ H_n ÓÐÒÁŒÅÄÌÉŒÙ ÒÁŒÅÎÓÔŒÁ ||Q_{l;r}(T )|| = (l + 1)^{−r}||T^{(r)}||;

ÅÓÌÉ^r_2 ∈ Z_+, ||Q_{l;r}(T )|| = (l + 1)^{−r}|| ~T^{(r)}||;

ÅÓÌÉ^{r+1}_2 ∈ N, Á ÔÁËÖÅ ÓÏÏÔÎÏÛÅÎÉÅ (ÌÅÍÍÁ J): Q(r) ¡ ∞ ÐÒÉ ÌÀ- ÂÏÍ r ∈ Z_+.

§2. ïÃÅÎËÉ ÆÕÎËÃÉÏÎÁÌÏŒ 1. ôÅÏÒÅÍÁ 1. ðÕÓÔØ n; r ∈ N, ˘; ¯ ∈ ~,

ff = sup

T ∈H_{2n−1} { ˘(T )=||T^{(r+1)}|| } ¡ ∞;

ÄÌÑ ÌÀÂÏÇÏ T ∈ H_n ÓÐÒÁŒÅÄÌÉŒÏ ÎÅÒÁŒÅÎÓÔŒÏ

|| ~T^{(r)}|| ⩽ fi¯(T );

ÇÄÅ fi ∈ R_+. ôÏÇÄÁ ÄÌÑ ÌÀÂÏÊ f ∈ C

˘( ~F ) ⩽

(||˘||fl∗ ~K_1 n + 1

+ ff(2n − 1)^rfl + ||¯||fffi ) E_n(f) + fffi¯(f):

ðòéâìéöåîéå ðåòéïäéþåóëéè æõîëãéê 129

äÏËÁÚÁÔÅÌØÓÔŒÏ. ðÒÉÎÉÍÁÑ ŒÏ ŒÎÉÍÁÎÉÅ ÌÅÍÍÙ B É C, ÉÍÅÅÍ

˘( ~F ) ⩽ ˘( ~F − ø_n( ~F )) + ˘(ø_n( ~F )) ⩽ ||˘|| || ~F − ø_n( ~F )|| + ff||ø^{(r+1)}_n ( ~F )|| (19)

⩽ ||˘||fl^∗E_n( ~F ) + ff||~ø^{(r)}_n (f)|| ⩽

||˘||fl^∗ ~K_1 n + 1

E_n(f) + ff||~ø^{(r)}_n (f)||:

ïÔÓÀÄÁ, ÐÒÉÍÅÎÑÑ ÎÅÒÁŒÅÎÓÔŒÏ (5), ÎÁÈÏÄÉÍ, ÞÔÏ

˘( ~F ) ⩽

||˘||fl^∗ ~K_1 n + 1

E_n(f) + ff(2n − 1)^rflE_n(f) + ff|| ~T^{(r)}_n (f)||:

äÁÌÅÅ,

|| ~T^{(r)}_n (f)|| ⩽ fi¯(T_n(f)) = fi{¯(T_n(f) − f) + ¯(f)} ⩽ fi{||¯|| ||T_n(f) − f|| + ¯(f)} = fi||¯||E_n(f) + fi¯(f):

ôÅÐÅÒØ, ÓÏÐÏÓÔÁŒÌÑÑ ÐÏÌÕÞÅÎÎÙÅ ÎÅÒÁŒÅÎÓÔŒÁ, ÐÒÉÈÏÄÉÍ Ë ÓÏÏÔÎÏÛÅ- ÎÉÀ ˘( ~F ) ⩽

(||˘||fl∗ ~K_1 n + 1

+ ff(2n − 1)^rfl + ||¯||fffi ) E_n(f) + fffi¯(f):

ôÅÏÒÅÍÁ 1^′. ðÕÓÔØ n; r ∈ N, ˘ ∈ ~,

ff = sup

T ∈H_{2n−1} { ˘(T )=||T^{(r+1)}|| } ¡ ∞;

U É V { ÏÐÅÒÁÔÏÒÙ ÉÚ C Œ C ÔÁËÉÅ, ÞÔÏ ÄÌÑ ÌÀÂÏÊ f ∈ C ÓÐÒÁŒÅÄÌÉŒÙ ÓÏÏÔÎÏÛÅÎÉÑ: U(f) ∈ H_n, ||U(V (f))|| = ||V (U(f))||. ôÏÇÄÁ, ÅÓÌÉ ÄÌÑ ÌÀÂÏÇÏ T ∈ H_n ÓÐÒÁŒÅÄÌÉŒÏ ÎÅÒÁŒÅÎÓÔŒÏ

|| ~T^{(r)}|| ⩽ fi||V (T )||;

ÇÄÅ fi ∈ R_+, ÔÏ ÄÌÑ ÌÀÂÏÊ f ∈ C

˘( ~F ) ⩽

(||˘||fl∗ ~K_1 n + 1

+ ff(2n − 1)^rfl ) ||f − U(f)|| + fffi||U|| ||V (f)||:

130 œ. œ. öõë

äÏËÁÚÁÔÅÌØÓÔŒÏ. œ ÓÉÌÕ (19)

˘( ~F ) ⩽

||˘||fl^∗ ~K_1

n + 1

E_n(f) + ff||~ø^{(r)}_n (f)||:

îÁ ÏÓÎÏŒÁÎÉÉ ÎÅÒÁŒÅÎÓÔŒÁ (3) ||~ø^{(r)}_n (f)|| ⩽ fl(2n − 1)^r||f − U(f)|| + || ~U^{(r)}(f)||:

äÁÌÅÅ,

|| ~U^{(r)}(f)|| ⩽ fi||V (U(f))|| = fi||U(V (f))|| ⩽ fi||U|| ||V (f)||: óÏÐÏÓÔÁŒÌÑÑ ÐÒÉŒÅÄÅÎÎÙÅ ÎÅÒÁŒÅÎÓÔŒÁ, ÎÁÈÏÄÉÍ

˘( ~F ) ⩽

||˘||fl^∗ ~K_1 n + 1

E_n(f) + ff(2n − 1)^rfl||f − U(f)|| + fffi||U|| ||V (f)||:

óÌÅÄÓÔŒÉÅ 17. åÓÌÉ Œ ÕÓÌÏŒÉÑÈ ÔÅÏÒÅÍÙ 1 ˘(·) = !_{r+1}(·; h);

ÇÄÅ h ∈ R_+, ÔÏ ÄÌÑ ÌÀÂÏÊ f ∈ C

˘( ~F ) ⩽

( 2r+1fl∗ ~K_1

n + 1

+ h^{r+1}(2n − 1)^rfl + ||¯||h^{r+1}fi ) E_n(f) + h^{r+1}fi¯(f):

äÏËÁÚÁÔÅÌØÓÔŒÏ. õÞÉÔÙŒÁÑ ÎÅÒÁŒÅÎÓÔŒÁ !_{r+1}(f; h) ⩽ 2^{r+1}||f||;

ÅÓÌÉ f ∈ C, !_{r+1}(f; h) ⩽ ||f^{(r+1)}||h^{r+1};

ÅÓÌÉ f ∈ C^{(r+1)} É ÐÒÉÍÅÎÑÑ ÔÅÏÒÅÍÕ 1 Ë ÆÕÎËÃÉÏÎÁÌÕ ˘(·) = !_{r+1}(·; h);

ÎÁÈÏÄÉÍ

!_{r+1}( ~F ; h) ⩽ (2r+1fl∗ ~K_1

n + 1

+ h^{r+1}(2n − 1)^rfl + ||¯||h^{r+1}fi ) E_n(f) + h^{r+1}fi¯(f):

ðòéâìéöåîéå ðåòéïäéþåóëéè æõîëãéê 131

óÌÅÄÓÔŒÉÅ 17^′. åÓÌÉ Œ ÕÓÌÏŒÉÑÈ ÔÅÏÒÅÍÙ 1^′ ˘(·) = !_{r+1}(·; h);

ÇÄÅ h ∈ R_+, ÔÏ ÄÌÑ ÌÀÂÏÊ f ∈ C

˘( ~F ) ⩽

( 2r+1fl∗ ~K_1 n + 1

+ h^{r+1}(2n − 1)^rfl ) ||f − U(f)|| + h^{r+1}fi||U|| ||V (f)||:

äÏËÁÚÁÔÅÌØÓÔŒÏ ÓÌÅÄÓÔŒÉÑ 17^′ ÁÎÁÌÏÇÉÞÎÏ ÄÏËÁÚÁÔÅÌØÓÔŒÕ ÓÌÅÄÓÔŒÉÑ 17, ÎÏ ÚÄÅÓØ ŒÍÅÓÔÏ ÔÅÏÒÅÍÙ 1 ÉÓÐÏÌØÕÅÔÓÑ ÔÅÏÒÅÍÁ 1^′. ôÅÏÒÅÍÁ 2. ðÕÓÔØ n; r ∈ N, ˘; ¯ ∈ ~, ff = sup

T ∈H_{2n−1} { ˘(T )=||T^{(r)}|| } ¡ ∞;

ÄÌÑ ÌÀÂÏÇÏ T ∈ H_n ÓÐÒÁŒÅÄÌÉŒÏ ÎÅÒÁŒÅÎÓÔŒÏ ||T^{(r)}|| ⩽ fi¯(T );

ÇÄÅ fi ∈ R_+. ôÏÇÄÁ ÄÌÑ ÌÀÂÏÊ f ∈ C

˘(f) ⩽ ( ||˘||fl^∗ + ff(2n − 1)^rfl + ||¯||fffi ) E_n(f) + fffi¯(f):

äÏËÁÚÁÔÅÌØÓÔŒÏ. ðÒÉÎÉÍÁÑ ŒÏ ŒÎÉÍÁÎÉÅ ÌÅÍÍÕ B, ÉÍÅÅÍ ˘(f) ⩽ ˘(f − ø_n(f)) + ˘(ø_n(f)) ⩽ ||˘|| ||f − ø_n(f)|| + ff||ø^{(r)}_n (f)|| (20) ⩽ ||˘||fl^∗E_n(f) + ff||ø^{(r)}_n (f)||:

îÁ ÏÓÎÏŒÁÎÉÉ ÎÅÒÁŒÅÎÓÔŒÁ (6) ||ø^{(r)}_n (f)|| ⩽ fl(2n − 1)^rE_n(f) + ||T^{(r)}(f)||:

äÁÌÅÅ,

||T^{(r)}(f)|| ⩽ fi¯(T_n(f)) ⩽ fi{¯(T_n(f) − f) + ¯(f)} ⩽ fi||¯|| ||T_n(f) − f|| + fi¯(f) = fi||¯||E_n(f) + fi¯(f):

ôÅÐÅÒØ, ÓÏÐÏÓÔÁŒÌÑÑ ÐÏÌÕÞÅÎÎÙÅ ÎÅÒÁŒÅÎÓÔŒÁ, ÐÒÉÈÏÄÉÍ Ë ÓÏÏÔÎÏÛÅ- ÎÉÀ ˘(f) ⩽ ( ||˘||fl^∗ + ff(2n − 1)^rfl + ||¯||fffi ) E_n(f) + fffi¯(f):

132 œ. œ. öõë

ôÅÏÒÅÍÁ 2^′. ðÕÓÔØ n; r ∈ N, ˘ ∈ ~, ff = sup

T ∈H_{2n−1} { ˘(T )=||T^{(r)}|| } ¡ ∞;

U É V { ÏÐÅÒÁÔÏÒÙ ÉÚ C Œ C ÔÁËÉÅ, ÞÔÏ ÄÌÑ ÌÀÂÏÊ f ∈ C ÓÐÒÁŒÅÄÌÉŒÙ ÓÏÏÔÎÏÛÅÎÉÑ: U(f) ∈ H_n, ||U(V (f))|| = ||V (U(f))||. ôÏÇÄÁ, ÅÓÌÉ ÄÌÑ ÌÀÂÏÇÏ T ∈ H_n ÓÐÒÁŒÅÄÌÉŒÏ ÎÅÒÁŒÅÎÓÔŒÏ ||T^{(r)}|| ⩽ fi||V (T )||;

ÇÄÅ fi ∈ R_+, ÔÏ ÄÌÑ ÌÀÂÏÊ f ∈ C

˘(f) ⩽ ( ||˘||fl^∗ + ff(2n − 1)^rfl ) ||f − U(f)|| + fffi||U|| ||V (f)||:

äÏËÁÚÁÔÅÌØÓÔŒÏ. œ ÓÉÌÕ (20) ˘(f) ⩽ ||˘||fl^∗E_n(f) + ff||ø^{(r)}_n (f)||:

îÁ ÏÓÎÏŒÁÎÉÉ ÎÅÒÁŒÅÎÓÔŒÁ (4) ||ø^{(r)}_n (f)|| ⩽ fl(2n − 1)^r||f − U(f)|| + ||U^{(r)}(f)||:

äÁÌÅÅ,

||U^{(r)}(f)|| ⩽ fi||V (U(f))|| = fi||U(V (f))|| ⩽ fi||U|| ||V (f)||: óÏÐÏÓÔÁŒÌÑÑ ÐÒÉŒÅÄÅÎÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ, ÐÏÌÕÞÁÅÍ

˘(f) ⩽ ||˘||fl^∗E_n(f) + flff(2n − 1)^r||f − U(f)|| + fffi||U|| ||V (f)|| ⩽ (||˘||fl^∗ + ff(2n − 1)^rfl)||f − U(f)|| + fffi||U|| ||V (f)||:

óÌÅÄÓÔŒÉÅ 18. åÓÌÉ Œ ÕÓÌÏŒÉÑÈ ÔÅÏÒÅÍÙ 2 ˘(·) = !_r(·; h);

ÇÄÅ h ∈ R_+, ÔÏ ÄÌÑ ÌÀÂÏÊ f ∈ C

˘(f) ⩽ (2^rfl^∗ + h^r(2n − 1)^rfl + ||¯||h^rfi)E_n(f) + h^rfi¯(f):

ðòéâìéöåîéå ðåòéïäéþåóëéè æõîëãéê 133

óÌÅÄÓÔŒÉÅ 18^′. åÓÌÉ Œ ÕÓÌÏŒÉÑÈ ÔÅÏÒÅÍÙ 2^′ ˘(·) = !_r(·; h);

ÇÄÅ h ∈ R_+, ÔÏ ÄÌÑ ÌÀÂÏÊ f ∈ C

˘(f) ⩽ (2^rfl^∗ + h^r(2n − 1)^rfl)||f − U(f)|| + h^rfi||U|| ||V (f)||: úÁÍÅÞÁÎÉÅ 3. åÓÌÉ Œ ÔÅÏÒÅÍÅ 2 ÕÓÌÏŒÉÑ ˘ ∈ ~ ÚÁÍÅÎÉÔØ ÎÁ ÕÓÌÏŒÉÅ ˘(f) = ||f − A(f)||;

ÇÄÅ ÏÐÅÒÁÔÏÒ A : C → C ÕÄÏŒÌÅÔŒÏÒÑÅÔ ÒÁŒÅÎÓÔŒÕ A(f) = A(ø_n(f)) ÄÌÑ ÌÀÂÏÊ f ∈ C, ÔÏ ÄÌÑ f ∈ C ÓÐÒÁŒÅÄÌÉŒÏ ÎÅÒÁŒÅÎÓÔŒÏ ˘(f) ⩽ (fl^∗ + ff(2n − 1)^rfl + ||¯||fffi)E_n(f) + fffi¯(f):

äÏËÁÚÁÔÅÌØÓÔŒÏ ÚÁÍÅÞÁÎÉÑ 3 ÁÎÁÌÏÇÉÞÎÏ ÄÏËÁÚÁÔÅÌØÓÔŒÕ ÔÅÏÒÅ- ÍÙ 2, ÎÏ ÚÄÅÓØ ÎÁÄÏ ŒÏÓÐÏÌØÚÏŒÁÔØÓÑ ÓÏÏÔÎÏÛÅÎÉÅÍ

˘(f) = ||f − A(f)|| ⩽ ||f − ø_n(f)|| + ||ø_n(f) − A(ø_n(f))|| ⩽ fl^∗E_n(f) + ff||ø^{(r)}_n (f)||:

úÁÍÅÞÁÎÉÅ 3^′. åÓÌÉ Œ ÔÅÏÒÅÍÅ 2^′ ÕÓÌÏŒÉÅ ˘ ∈ ~ ÚÁÍÅÎÉÔØ ÎÁ ÕÓÌÏŒÉÅ ˘(f) = ||f − A(f)||;

ÇÄÅ ÏÐÅÒÁÔÏÒ A : C → C ÕÄÏŒÌÅÔŒÏÒÑÅÔ ÒÁŒÅÎÓÔŒÕ A(f) = A(ø_n(f)) ÄÌÑ ÌÀÂÏÊ f ∈ C, ÔÏ ÄÌÑ f ∈ C ÓÐÒÁŒÅÄÌÉŒÏ ÎÅÒÁŒÅÎÓÔŒÏ ˘(f) ⩽ (fl^∗ + ff(2n − 1)^rfl)||f − U(f)|| + fffi||U|| ||V (f)||:

2. ôÅÒÅÍÁ 3. ðÕÓÔØ r;^k_2 ∈ N, n ∈ Z_+, ff; fi ∈ R_+, ÆÕÎËÃÉÏÎÁÌ ˘ ∈~ ÕÄÏŒÌÅÔŒÏÒÑÅÔ ÕÓÌÏŒÉÀ ˘(T ) ⩽ ff||T^{(r)}|| + fi|| ~T^{(r)}|| ÄÌÑ ÌÀÂÏÇÏ ÐÏÌÉÎÏÍÁ T ∈ H_n. ôÏÇÄÁ ÄÌÑ ÌÀÂÏÊ f ∈ C ÓÐÒÁŒÅÄÌÉŒÏ ÎÅÒÁŒÅÎÓÔŒÏ ˘(f) ⩽ B(k)||˘||!_k ( f; ß n + 1 )

134 œ. œ. öõë

+A(k)

(n + 1 2 )_r{ ff ‖ ‖´^r_{ßn+1} (f) ‖ ‖ + fi

( n + 1 2 )‖ ‖´^{r+1}_{ßn+1} ( ~F ) ‖ ‖ } : äÏËÁÚÁÔÅÌØÓÔŒÏ. ìÅÇËÏ ÐÏÎÑÔØ, ÞÔÏ

˘(f) ⩽ ˘(f − R_{n;k}(f)) + ˘(R_{n;k}(f))

⩽ ||˘|| ||f − R_{n;k}(f)|| + ff||R^{(r)}_{n;k}(f)|| + fi|| ~R^{(r)}_{n;k}(f)||:

ðÒÉÎÉÍÁÑ ŒÏ ŒÎÉÍÁÎÉÅ ÌÅÍÍÙ E É J, ÉÍÅÅÍ

||R^{(r)}_{n;k}(f)|| ⩽

( n + 1 2 )_r‖

‖´^r_{ßn+1} (R_{n;k}(f))|| =

( n + 1 2 )_r‖

‖R_{n;k}(´^r_{ßn+1} (f)) ‖ ‖ ⩽ ( n + 1 2 )_r‖

‖R_{n;k}‖ ‖´^r_{ßn+1} (f)‖ ⩽ A(k)

( n + 1 2 )_r‖

‖´^r_{ßn+1} (f)‖; ‖ ‖ ~R^{(r)}_{n;k}(f) ‖ ‖ = ‖ ‖R^{(r+1)}_{n;k} ( ~F ) ‖ ‖ ⩽ ( n + 1 2 )_{r+1}‖ ‖R_{n;k}(´^{r+1}_{ßn+1} ( ~F )) ‖ ‖ ⩽ (n + 1 2 )_{r+1}‖ ‖R_{n;k} ‖ ‖ ‖ ‖´^{r+1}_{ßn+1} ( ~F ) ‖ ‖ ⩽ A(k)

( n + 1 2 )_{r+1}‖

‖´^{r+1}_{ßn+1} ( ~F ) ‖ ‖; ‖f − R_{n;k}(f) ⩽ B(k)!_k ( f; ß n + 1 ) : óÏÐÏÓÔÁŒÌÑÑ ÐÒÉŒÅÄÅÎÎÙÅ ÎÅÒÁŒÅÎÓÔŒÁ, ÎÁÈÏÄÉÍ, ÞÔÏ

˘(f) ⩽ B(k)||˘||!_k ( f ß n + 1 )

+ A(k)

( n + 1 2 )_r( ff ‖ ‖´^r_{ßn+1} (f) ‖ ‖ + fi

( n + 1 2 )‖ ‖´^{r+1}_{ßn+1} ( ~F ) ‖ ‖ ) : ôÅÏÒÅÍÁ 4. ðÕÓÔØ r; n ∈ N, m = 2n − 1, ÆÕÎËÃÉÏÎÁÌ ˘ ∈ ~ ÕÄÏŒÌÅ- ÔŒÏÒÑÅÔ ÕÓÌÏŒÉÀ ˘(T ) ⩽ ff||T^{(r)}|| + fi|| ~T^{(r)}||

ÄÌÑ ÌÀÂÏÇÏ T ∈ H_m. ôÏÇÄÁ ÄÌÑ ÌÀÂÏÊ f ∈ C ÓÐÒÁŒÅÄÌÉŒÏ ÎÅÒÁŒÅÎÓÔŒÏ

˘(f) ⩽ ||˘||fl^∗E_n(f) + fln^r ( ff ‖ ‖´^r_{ß2n} (f) ‖ ‖ + fin ‖ ‖´^{r+1}_{ß2n} ( ~F ) ‖ ‖ ) : äÏËÁÚÁÔÅÌØÓÔŒÏ. ìÅÇËÏ ÐÏÎÑÔØ, ÞÔÏ

˘(f) ⩽ ˘(f − ø_n(f)) + ˘(ø_n(f))

⩽ ||˘|| ||f − ø_n(f)|| + ff||ø^{(r)}_n (f)|| + fi||~ø^{(r)}_n (f)||:

ðòéâìéöåîéå ðåòéïäéþåóëéè æõîëãéê 135

ðÒÉÎÉÍÁÑ ŒÏ ŒÎÉÍÁÎÉÅ ÌÅÍÍÙ E É A, ÉÍÅÅÍ

||ø^{(r)}_n (f)|| ⩽

( m + 1 2 )_r‖

‖´^r_{ßm+1} (ø_n(f))|| =

( m + 1 2 )_r‖

‖ø_n(´^r_{ßm+1} (f)) ‖ ‖

⩽ ( m + 1 2 )_r‖

‖ø_n ‖ ‖ ‖ ‖´^r_{ßm+1} (f) ‖ ‖ = n^rfl ‖ ‖´^r_{ß2n} (f) ‖ ‖; ‖ ‖~ø^{(r)}_n (f) ‖ ‖ = ‖ ‖ø^{(r+1)}

n ( ~F ) ‖ ‖ ⩽ (m + 1 2 )_{r+1}‖

‖ø_n(´^{r+1}_{ßm+1} ( ~F )) ‖ ‖ ⩽ (m + 1 2 )_{r+1}‖

‖ø_n ‖ ‖ ‖ ‖´^{r+1}_{ßm+1} ( ~F ) ‖ ‖ = n^{r+1}fl ‖ ‖´^{r+1}_{ß2n} ( ~F ) ‖ ‖: ïÓÔÁÌÏÓØ ÓÏÐÏÓÔÁŒÉÔØ ÐÒÉŒÅÄÅÎÎÙÅ ÎÅÒÁŒÅÎÓÔŒÁ.

úÁÍÅÞÁÎÉÅ 4. ðÕÓÔØ Œ ÐÒÏÓÔÒÁÎÓÔŒÅ C ŒŒÅÄÅÎÁ ÐÏÌÕÎÏÒÍÁ p. âÕÄÅÍ ÇÏŒÏÒÉÔØ, ÞÔÏ p ÐÒÉÎÁÄÌÅÖÉÔ ËÌÁÓÓÕ A, ÅÓÌÉ ŒÙÐÏÌÎÅÎÙ ÕÓÌÏŒÉÑ: 1) ÓÕÝÅÓÔŒÕÅÔ ÔÁËÁÑ ÐÏÓÔÏÑÎÎÁÑ M, ÎÅ ÚÁŒÉÓÑÝÁÑ ÏÔ f, ÞÔÏ p(f) ⩽ M||f|| ÄÌÑ ÌÀÂÏÊ f ∈ C; 2) ÐÏÌÕÎÏÒÍÁ p ÉÎŒÁÒÉÁÎÔÎÁ ÏÔÎÏÓÉÔÅÌØÎÏ ÓÄŒÉÇÁ, Ô.Å. ÄÌÑ ÌÀÂÏÊ f ∈ C É ÌÀÂÏÇÏ h ∈ R ÓÐÒÁŒÅÄÌÉŒÏ ÒÁŒÅÎÓÔŒÏ p(f(· + h)) = p(f). ìÉÎÅÊÎÏÅ ÍÎÏÖÅÓÔŒÏ C, Œ ËÏÔÏÒÏÍ ŒŒÅÄÅÎÁ ÐÏÌÕÎÏÒÍÁ p, ÐÒÉÎÁÄÌÅÖÁÝÁÑ ËÌÁÓÓÕ A, ÂÕÄÅÍ ÎÁÚÙŒÁÔØ ÐÒÏÓÔÒÁÎÓÔŒÏÍ C_p.

œÓÅ ÒÅÚÕÌØÔÁÔÙ ÜÔÏÇÏ ÐÁÒÁÇÒÁÆÁ (Ó ÅÓÔÅÓÔŒÅÎÎÙÍÉ ÉÚÍÅÎÅÎÉÑÍÉ) ÏÓÔÁÀÔÓÑ ÓÐÒÁŒÅÄÌÉŒÙÍÉ ÄÌÑ ÐÒÏÓÔÒÁÎÓÔŒ C_p É L_q ÐÒÉ 1 ⩽ q ¡ ∞.

§3. îÅËÏÔÏÒÙÅ ÐÒÉÌÏÖÅÎÉÑ ÔÅÏÒÅÍ §2 Ë ËÏÎËÒÅÔÎÙÍ ÆÕÎËÃÉÏÎÁÌÁÍ

œ ÜÔÏÍ ÐÁÒÁÇÒÁÆÅ ÐÒÉÄÅÒÖÉŒÁÅÍÓÑ ÓÌÅÄÕÀÝÅÊ ÓÈÅÍÙ: ÓÎÁÞÁÌÁ ÆÏÒ- ÍÕÌÉÒÕÅÍ ÏÓÎÏŒÎÙÅ ÔÅÏÒÅÍÙ, ÚÁÔÅÍ ÐÒÉŒÏÄÉÍ ÉÈ ÄÏËÁÚÁÔÅÌØÓÔŒÁ É ÕËÁÚÙŒÁÅÍ ÓÌÅÄÓÔŒÉÑ.

1. ôÅÏÒÅÍÁ 5. ðÕÓÔØ n; m; l ∈ Z_+, m ⩾ n, x ∈ R, ÆÕÎËÃÉÑ q ÏÐÒÅÄÅ- ÌÅÎÁ ÓÏÏÔÎÏÛÅÎÉÑÍÉ: q(t) = 2, ÅÓÌÉ t ≠^{2ßp}_{m+1} , q

(_{2ßp} m+1 ) = 0, ÇÄÅ p ∈ Z, f ∈ C. ôÏÇÄÁ:

1) ÅÓÌÉ^r_2 ∈ Z_+, ÔÏ

X_{m;l;r}(f; x) ⩽ C_1(r) { q(x) !_{r+1} ( f; ß n + 1 ) + (n + 1)^{r+1} (m + 1)(l + 1)^r × (| | sin(m + 1)x | | ‖ ‖´^{r+1}ß_{n+1} (f) ‖ ‖ + (n + 1) ( 1 − cos(m + 1)x ) ‖ ‖´^{r+2}ß_{n+1} ( ~F ) ‖ ‖ ‖ )} ; (21)

136 œ. œ. öõë

2) ÅÓÌÉ^{r+1}_2 ∈ N, ÔÏ

X_{m;l;r}(f; x) ⩽ C_2(r) { q(x) !_{r+1} ( f; ß n + 1 ) + (n + 1)^{r+1} (m + 1)(l + 1)^r × (( 1 − cos(m + 1)x ) ‖ ‖´^{r+1}ß_{n+1} (f) ‖ ‖ + (n + 1)| sin(m + 1)x| ‖ ‖ ‖´^{r+2}ß_{n+1} ( ~F ) ‖ ‖ ‖ )} : (22)

ôÅÏÒÅÍÁ 6. ðÕÓÔØ n; m ∈ N, l; r ∈ Z_+, m ⩾ 4n − 1, l + 1 ⩾ n, f ∈ C. ôÏÇÄÁ

˙_{r+1} ( f; 1 n + 1 ) ⩽ C_3(r)

(m + 1)(l + 1)^r (n + 1)^{r+1}

{E_n(f) + L_{m;l;r}(f)}:

ôÅÏÒÅÍÁ 7. ðÕÓÔØ n; m ∈ N, l; r ∈ Z_+, m ⩾ n, l + 1 ⩾ n, f ∈ C. ôÏÇÄÁ

˙_{r+1} ( f; 1 n + 1 ) ⩽ C_4(r)

(m + 1)(l + 1)^r (n + 1)^{r+1}

{E_n(f) + M_{m;l;r}(f)}:

2. äÏËÁÚÁÔÅÌØÓÔŒÏ ÔÅÏÒÅÍÙ 5. õÓÔÁÎÏŒÉÍ (21). œ ÓÉÌÕ ÓÌÅÄ- ÓÔŒÉÑ 13 ÄÌÑ ÌÀÂÏÇÏ T ∈ H_n

X_{m;l;r}(T; x) ⩽

Q(r) (m + 1)(l + 1)^r { || ~T^{(r+1)}||(1 − cos(m + 1)x)

+ ||T^{(r+1)}|| | sin(m + 1)x| } : (23)

äÁÌÅÅ, ÄÌÑ ÌÀÂÏÊ f ∈ C

X_{m;l;r}(f; x) ⩽ q(x)||Q_{l;r} (f)|| ⩽ q(x)(1 + A(r))||f||: (24)

ðÒÉÍÅÎÑÑ ÔÅÐÅÒØ ÔÅÏÒÅÍÕ 3 (ÐÒÉ k = r + 2) Ë ÆÕÎËÃÉÏÎÁÌÕ ˘(f) = X_{m;l;r}(f; x) É ÕÞÉÔÙŒÁÑ ÎÅÒÁŒÅÎÓÔŒÁ (23) É (24), ÎÁÈÏÄÉÍ, ÞÔÏ

X_{m;l;r}(f; x) ⩽ B(r + 2) q(x) ( A(r) + 1 ) !_{r+2} ( f; ß n + 1 )

+A(r + 2)

(n + 1 2 )_{r+1}{ Q(r)| sin(m + 1)x|

(m + 1)(l + 1)^r ‖ ‖ ‖´^{r+1}ß_{n+1} (f) ‖ ‖ ‖

ðòéâìéöåîéå ðåòéïäéþåóëéè æõîëãéê 137 + Q(r)(1 − cos(m + 1)x) (m + 1)(l + 1)^r

( n + 1 2 )‖ ‖´^{r+2}ß_{n+1} ( ~F ) ‖ ‖ ‖ ⩽ C_5(r) q(x) !_{r+1} ( f; ß n + 1 ) + C_6(r)(n + 1)^{r+1} (m + 1)(l + 1)^r { | sin(m+1)x| ‖ ‖ ‖´^{r+1}ß_{n+1} (f) ‖ ‖ ‖ +(n + 1)(1 − cos(m + 1)x) ‖ ‖ ‖´^{r+2}ß_{n+1} ( ~F ) ‖ ‖ ‖ } : îÅÒÁŒÅÎÓÔŒÏ (22) ÄÏËÁÚÙŒÁÅÔÓÑ ÁÎÁÌÏÇÉÞÎÏ, ÎÏ ÚÄÅÓØ ŒÍÅÓÔÏ ÓÌÅÄ- ÓÔŒÉÑ 13 ÉÓÐÏÌØÚÕÅÔÓÑ ÓÌÅÄÓÔŒÉÅ 14, Á ÔÅÏÒÅÍÁ 3 ÐÒÉÍÅÎÑÅÔÓÑ ÐÒÉ k = r + 1.

äÏËÁÚÁÔÅÌØÓÔŒÏ ÔÅÏÒÅÍÙ 6. ðÕÓÔØ^r_2 ∈ Z_+. œ ÓÉÌÕ (17)

|| ~T^{(r+1)}|| ⩽ (m + 1)(l + 1)^r ( cos ß 4 ) L_{m;l;r}(T ) (25)

ÄÌÑ ÌÀÂÏÇÏ T ∈ H_n. îÅÔÒÕÄÎÏ ŒÉÄÅÔØ, ÞÔÏ ÄÌÑ ÌÀÂÏÊ f ∈ C

L_{m;l;r}(f) ⩽ 2(A(r) + 1)||f||: (26)

ðÒÉÍÅÎÑÑ ÔÅÐÅÒØ ÓÌÅÄÓÔŒÉÅ 17 (ÄÌÑ ˘(·) = !_{r+2} ( ·;^1_{n+1} ) ) Ë ÆÕÎËÃÉÏ- ÎÁÌÕ ¯(f) = L_{m;l;r}(f) É ÕÞÉÔÙŒÁÑ ÎÅÒÁŒÅÎÓÔŒÁ (25) É (26), ÎÁÈÏÄÉÍ, ÞÔÏ (n+1) !_{r+2} ( ~F ; 1

n + 1 ) ⩽ ( 2^{r+2}fl^∗ ~K_1+2^{r+1}fl+2(A(r)+1)

(m + 1)(l + 1)^r (n + 1)^{r+1} × ( cos ß 4 )) E_n(f) +

(m + 1)(l + 1)^r (n + 1)^{r+1} ( cos ß 4 ) L_{m;l;r}(f)

⩽ C_7(r)

(m + 1)(l + 1)^r

(n + 1)^{r+1}

{E_n(f) + L_{m;l;r}(f)}: (27)

œ ÓÉÌÕ (18)

||T^{(r+1)}|| ⩽ 2(m + 1)(l + 1)^r ( cos ß 8 ) L_{m;l;r}(T ) (28)

ÄÌÑ ÌÀÂÏÇÏ T ∈ H_n. ðÒÉÍÅÎÑÑ ÔÅÐÅÒØ ÓÌÅÄÓÔŒÉÅ 18 (ÄÌÑ ˘(·) = !_{r+1} ( ·;^1_{n+1} ) Ë ÆÕÎËÃÉÏÎÁÌÕ ¯(f) = L_{m;l;r}(f) É ÕÞÉÔÙŒÁÑ ÎÅÒÁŒÅÎÓÔŒÁ (26) É (28), ÎÁÈÏÄÉÍ, ÞÔÏ

!_{r+1} ( f; 1 n + 1 ) ⩽ ( 2^{r+1}fl^∗+2^{r+1}fl+2(A(r)+1)

2(m + 1)(l + 1)^r ( cos^ß_8 ) (n + 1)^{r+1} )

138 œ. œ. öõë

×E_n(f) +

2(m + 1)(l + 1)^r ( cos^ß_8 ) (n + 1)^{r+1}

L_{m;l;r}(f)

⩽ C_8(r)

(m + 1)(l + 1)^r (n + 1)^{r+1}

{E_n(f) + L_{m;l;r}(f)}: (29)

ôÅÐÅÒØ ÏÐÉÒÁÑÓØ ÎÁ ÎÅÒÁŒÅÎÓÔŒÁ (27) É (29), ÉÍÅÅÍ

˙_{r+1} ( f; 1 n + 1 ) = !_{r+1} ( f; 1 n + 1 ) + (n + 1)!_{r+2} ( ~F ; 1 n + 1 )

⩽ C_3(r)

(m + 1)(l + 1)^r (n + 1)^{r+1}

{E_n(f) + L_{m;l;r}(f)}:

óÌÕÞÁÊ, ËÏÇÄÁ^{r+1}_2 ∈ N, ÒÁÓÓÍÁÔÒÉŒÁÅÔÓÑ ÁÇÎÁÌÏÇÉÞÎÏ, ÎÏ ÚÄÅÓØ ŒÍÅ- ÓÔÏ ÓÌÅÄÓÔŒÉÑ 9 ÉÓÐÏÌØÚÕÅÔÓÑ ÓÌÅÄÓÔŒÉÅ 10.

äÏËÁÚÁÔÅÌØÓÔŒÏ ÔÅÏÒÅÍÙ 7. œ ÓÉÌÕ ÓÌÅÄÓÔŒÉÊ 11 É 12 ÐÒÉ m ⩾ n, l + 1 ⩾ n || ~T^{(r+1)}|| ⩽ 3 2 (m + 1)(l + 1)^r M_{m;l;r}(T );

||T^{(r+1)}|| ⩽ 3 2 (m + 1)(l + 1)^r M_{m;l;r}(T )

ÄÌÑ ÌÀÂÏÇÏ T ∈ H_n. ìÅÇËÏ ŒÉÄÅÔØ, ÞÔÏ ÄÌÑ ÌÀÂÏÊ f ∈ C

M_{m;l;r}(f) ⩽ 2(A(r) + 1)||f||:

õÞÉÔÙŒÁÑ ÐÒÉŒÅÄÅÎÎÙÅ ÎÅÒÁŒÅÎÓÔŒÁ É ÒÁÓÓÕÖÄÁÑ ËÁË ÐÒÉ ÄÏËÁÚÁÔÅÌØ- ÓÔŒÅ ÔÅÏÒÅÍÙ 6, ÐÒÉÈÏÄÉÍ Ë ÄÏËÁÚÁÔÅÌØÓÔŒÕ ÔÅÏÒÅÍÙ 7.

3. óÌÅÄÓÔŒÉÅ 19. ðÕÓÔØ n; m; l; r ∈ Z_+, m ⩾ n, f ∈ C. ôÏÇÄÁ

L_{m;l;r}(f) ⩽ M_{m;l;r}(f) ⩽ C_9(r) { !_{r+1} ( f; ß n + 1 )

+ (n + 1)^{r+1} (m + 1)(l + 1)^r (‖ ‖´^{r+1}ß_{n+1} (f) ‖ ‖ ‖ + (n + 1) ‖ ‖ ‖´^{r+2}ß_{n+1} ( ~F ) ‖ ‖ ‖ )} :

óÌÅÄÓÔŒÉÅ 20. ðÕÓÔØ n; m; l; r ∈ Z_+, m ⩾ n, l ⩾ n, f ∈ C. ôÏÇÄÁ

L_{m;l;r}(f) ⩽ M_{m;l;r}(f)

⩽ C_{10}(r) { !_{r+1} ( f; ß n + 1 ) + (n + 1) ‖ ‖´_{r+2ß} n+1 ( ~F ) ‖ ‖}:

ðòéâìéöåîéå ðåòéïäéþåóëéè æõîëãéê 139

óÌÅÄÓÔŒÉÅ 21. ðÕÓÔØ n; m; l; r ∈ Z_+, m ⩾ n, l ⩾ n, f ∈ C. ôÏÇÄÁ

L_{m;l;r}(f) ⩽ M_{m;l;r}(f) ⩽ C_{11}(r) { !_{r+1} ( f; 1 n + 1 )

+ (n + 1)!_{r+2} ( ~F ; 1

n + 1 )} = C_{11}(r)˙_{r+1} ( f; 1 n + 1 ) : óÌÅÄÓÔŒÉÑ 19{21 ÌÅÇËÏ ŒÙŒÏÄÑÔÓÑ ÉÚ ÔÅÏÒÅÍÙ 5. ðÒÉ ÜÔÏÍ ÉÓÐÏÌØ- ÚÕÅÔÓÑ ÓŒÏÊÓÔŒÏ ÍÏÄÕÌÑ ÎÅÐÒÅÒÙŒÎÏÓÔÉ:

!_q ( f; ˘ n + 1 ) ⩽ (˘ + 1)^q !_q ( f; 1 n + 1 )

ÐÒÉ q ∈ N, ˘ ∈ R_+.

óÌÅÄÓÔŒÉÅ 22. ðÕÓÔØ n; m ∈ N, l; r ∈ Z_+, 4n−1 ⩽ m ⩽ 8n, n ⩽ l ⩽ 8n, f ∈ C. ôÏÇÄÁ

˙_{r+1} ( f; 1 n + 1 ) ⩽ C_{12}(r){E_n(f) + L_{m;l;r}(f)} ⩽ C_{13}(r)˙_{r+1} ( f; 1 n + 1 ) : äÏËÁÚÁÔÅÌØÓÔŒÏ. ðÅÒŒÏÅ ÎÅÒÁŒÅÎÓÔŒÏ ÏÞÅŒÉÄÎÏ Œ ÓÉÌÕ ÔÅÏÒÅÍÙ 6. œÔÏÒÏÅ ÐÏÌÕÞÁÅÔÓÑ ÓÏÐÏÓÔÁŒÌÅÎÉÅÍ ÓÌÅÄÓÔŒÉÑ 21 Ó ÎÅÒÁŒÅÎÓÔŒÏÍ (ÌÅÍÍÁ H)

E_n(f) ⩽ D(r + 1)!_{r+1} ( f; 1 n + 1 ) : óÌÅÄÓÔŒÉÅ 23. ðÕÓÔØ n ∈ N, r ∈ Z_+, f ∈ C. ôÏÇÄÁ

˙_{r+1} ( f; 1 n + 1 ) ⩽ C_{14}(r)M_{n;n;r} (f) ⩽ C_{15}(r)˙_{r+1} ( f; 1 n + 1 ) : äÏËÁÚÁÔÅÌØÓÔŒÏ. œ ÓÉÌÕ ÓÌÅÄÓÔŒÉÑ 21

M_{n;n;r}(f) ⩽ C_{11}(r)˙_{r+1} ( f; 1 n + 1 ) : ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ, ÕÞÉÔÙŒÁÑ ÔÅÏÒÅÍÕ 7 É ÎÅÒÁŒÅÎÓÔŒÏ E_n(f) ⩽ M_{n;n;r}(f), ÉÍÅÅÍ

˙_{r+1} ( f; 1 n + 1 ) ⩽ C_4(r){E_n(f) + M_{n;n;r}(f)} ⩽ 2C_4(r)M_{n;n;r}(f):

140 œ. œ. öõë

4. ïÔÄÅÌØÎÏ ÏÓÔÁÎÏŒÉÍÓÑ ÎÁ ÓÌÕÞÁÅ ÐÒÉÂÌÉÖÅÎÉÑ ÆÕÎËÃÉÊ ÐÏÌÉÎÏ- ÍÁÍÉ äÖÅËÓÏÎÁ (ÓÏÏÔŒÅÔÓÔŒÕÀÝÉÅ ÒÅÚÕÌØÔÁÔÙ ÐÏÌÕÞÁÀÔÓÑ ÉÚ ÐÒÉŒÅ- ÄÅÎÎÙÈ ŒÙÛÅ Œ ÜÔÏÍ ÐÁÒÁÇÒÁÆÅ ÐÒÉ r = 0).

ðÏÌÏÖÉÍ ÐÒÉ n ∈ Z_+, ff ∈ R

J_{n;ff}(f; x) = 1 (n + 1)^2 n∑ k=0 f(t_k + ff) ( sin^{(n+1)}_2 (x − t_k) sin^{x−tk}_2

)_2 ; ÇÄÅ t_k = 2ßk n + 1 : ôÅÏÒÅÍÁ 5^′. ðÕÓÔØ n; m ∈ Z_+, m ⩾ n, x ∈ R, ÆÕÎËÃÉÑ q ÏÐÒÅÄÅÌÅÎÁ ÓÏÏÔÎÏÛÅÎÉÑÍÉ: q(t) = 2, ÅÓÌÉ t ≠^{2ßk}_{m+1} , q

(_{2ßk} m+1 ) = 0 ÐÒÉ k ∈ Z, f ∈ C.

ôÏÇÄÁ

sup_{ff∈R} |f(x + ff) − J_{m;ff}(f; x)| ⩽ C_{16} { q(x)!_1 ( f; ß n + 1 )

+ n + 1 m + 1 {| | sin(m + 1)x | | ‖ ‖ ‖´^1 ß_{n+1} (f) ‖ ‖ ‖ + (n + 1) ( 1 − cos(m + 1)x ) ‖ ‖´^2 ß_{n+1} ( ~F ) ‖ ‖ ‖ } : ôÅÏÒÅÍÁ 6^′. ðÕÓÔØ n; m ∈ N, m ⩾ 4n − 1, f ∈ C. ôÏÇÄÁ

˙_1 ( f; 1 n + 1 ) = !_1 ( f; 1 n + 1 ) + (n + 1)!_2 ( ~F ; 1

n + 1 )

⩽ C_{17} m + 1 n + 1

{E_n(f) + ||f − J_m(f)||}:

ôÅÏÒÅÍÁ 7^′. ðÕÓÔØ n; m ∈ N, m ⩾ n, f ∈ C. ôÏÇÄÁ

˙_1 ( f; 1 n + 1 ) ⩽ C_{18} m + 1 n + 1

{E_n(f) + sup_{ff∈R} ‖f(· + ff) − J_{m;ff}(f; ·)‖}:

óÌÅÄÓÔŒÉÅ 19^′. ðÕÓÔØ n; m ∈ Z_+, m ⩾ n, f ∈ C. ôÏÇÄÁ

‖f − J_m(f)‖ ⩽ sup_{ff∈R} ‖f(· + ff) − J_{m;ff}(f; ·)‖

⩽ C_{19} { !_1 ( f; ß n + 1 ) + n + 1 m + 1 (‖ ‖´^1 ß_{n+1} (f) ‖ ‖ ‖ + (n + 1) ‖ ‖ ‖´^2 ß_{n+1} ( ~F ) ‖ ‖ ‖ )} :

ðòéâìéöåîéå ðåòéïäéþåóëéè æõîëãéê 141

óÌÅÄÓÔŒÉÅ 20^′. ðÕÓÔØ n; m ∈ Z_+, m ⩾ n, f ∈ C. ôÏÇÄÁ

sup_{ff∈R} ‖f(· + ff) − J_{m;ff}(f; ·)‖ ⩽ C_{20} { !_1 ( f;^ß_{n+1} ) + (n + 1) ‖ ‖´^2 ß_{n+1} ( ~F ) ‖ ‖ } :

óÌÅÄÓÔŒÉÅ 21^′. ðÕÓÔØ n; m ∈ Z_+, m ⩾ n, f ∈ C. ôÏÇÄÁ

sup_{ff∈R} ‖f(· + ff) − J_{m;ff}(f; ·)‖ ⩽ C_{21}˙_1 ( f;^1_{n+1} ) :

óÌÅÄÓÔŒÉÅ 22^′. ðÕÓÔØ n; m ∈ N, 4n − 1 ⩽ m ⩽ 8n, f ∈ C. ôÏÇÄÁ

˙_1 ( f; 1 n + 1 ) ⩽ C_{22}{E_n(f) + ||f − J_m(f)||} ⩽ C_{23}˙_1 ( f; 1 n + 1 ) : óÌÅÄÓÔŒÉÅ 23^′. ðÕÓÔØ n ∈ N, f ∈ C. ôÏÇÄÁ

˙_1 ( f; 1 n + 1 ) ⩽ C_{24} sup_{ff∈R} ||f − J_{n;ff}(f)||} ⩽ C_{25}˙_1 ( f; 1 n + 1 ) :

ìÉÔÅÒÁÔÕÒÁ

1. á. úÉÇÍÕÎÄ, ôÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÅ ÒÑÄÙ. ô. 2, í., 1965.

2. J. Szabados, On the convergence and saturation problem of the Jackson polynomials. | Acta Math. Hungar. 24, No. 3{4 (1973), 399{406.

3. T. F. Xie, X. L. Zhou, The Jackson interpolation operator and construction of functions. | Acta Math. Hungar. 112, No. 3 (2006), 237{247.

4. œ. œ. öÕË, áÐÐÒÏËÓÉÍÁÃÉÑ ÐÅÒÉÏÄÉÞÅÓËÉÈ ÆÕÎËÃÉÊ. ì., 1982. 5. œ. ë. äÚÑÄÙË, œŒÅÄÅÎÉÅ Œ ÔÅÏÒÉÀ ÒÁŒÎÏÍÅÒÎÏÇÏ ÐÒÉÂÌÉÖÅÎÉÑ ÆÕÎËÃÉÊ ÐÏÌÉ- ÎÏÍÁÍÉ. í., 1977.

6. á. æ. ôÉÍÁÎ, ôÅÏÒÉÑ ÐÒÉÂÌÉÖÅÎÉÑ ÆÕÎËÃÉÊ ÄÅÊÓÔŒÉÔÅÌØÎÏÇÏ ÐÅÒÅÍÅÎÎÏÇÏ.

í., 1960.

7. î. ë. âÁÒÉ, ôÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÅ ÒÑÄÙ. í., 1961.

Zhuk V. V. Approximation of periodic functions in the uniform metric by Jackson type polynomials.

Let C be a space of continuous 2ß-periodic functions f with the norm ‖f‖ = max_{x∈R} |f(x)|,

J_n(f; x) = 1 (n + 1)^2 n∑ k=0 f(t_k) ( sin^{(n+1)}_2 (x − t_k) sin^{(x−tk)}_2

)_2

; where t_k = 2ßk n + 1 ;

142 œ. œ. öõë

be the Jackson polynomials of a function f. Let !_r(f; h) be the rth continuity modulu of f, E_n(f) be the best approximation of f in the space C by trigonometric polynomials of order n, and let ~F be the function trigonometrically conjugated with the primitive of f. The paper establishes results of the following types:

E_n(f) + ‖J_{4n−1}(f) − f‖ ≈ !_1 ( f; 1 n + 1 ) + (n + 1)!_2 ( ~F ; 1 n + 1 ) ;

sup_{ff∈R} ‖J_n(f; · + ff) − f(· + ff)‖ ≈ !_1 ( f;^1_{n+1} ) + (n + 1)!_2 ( ~F ;^1_{n+1} ) : Here, the symbol ≈ does not depend on f and n.

ðÏÓÔÕÐÉÌÏ 1 ÓÅÎÔÑÂÒÑ 2008 Ç. ó.-ðÅÔÅÒÂÕÒÇÓËÉÊ ÇÏÓÕÄÁÒÓÔŒÅÎÎÙÊ ÕÎÉŒÅÒÓÉÔÅÔ

E-mail: zhuk@math.spbu.ru