úÁÐÉÓËÉ ÎÁÕÞÎÙÈ ÓÅÍÉÎÁÒÏŒ ðïíé ôÏÍ 357, 2008 Ç.

œ. œ. öÕË

ï ðòéâìéöåîéé ðåòéïäéþåóëéè æõîëãéê éîôåòðïìñãéïîîùíé óõííáíé ôéðá äöåëóïîá

ðÕÓÔØ

˘_n(t) = 1 2ı(n + 1) ( sin^{(n+1)t}_2 sin^t_2

)_2

{ ÑÄÒÏ æÅÊÅÒÁ, C { ÐÒÏÓÔÒÁÎÓÔŒÏ ÎÅÐÒÅÒÙŒÎÙÈ 2ı-ÐÅÒÉÏÄÉÞÅÓËÉÈ ÆÕÎËÃÉÊ f Ó ÎÏÒÍÏÊ ‖f‖ = max_{x∈R} |f(x)|; t_{k;n} = t_k =^{2ßk}_{n+1} ,

J_n(f; x) = 2ı n + 1 n∑ k=0 f(t_k)˘_n(x − t_k)

{ ÐÏÌÉÎÏÍÙ äÖÅËÓÏÎÁ ÆÕÎËÃÉÉ f,

ff_n(f; x) = ß∫ −ß f(x + t)˘_n(t) dt

{ ÓÕÍÍÙ æÅÊÅÒÁ ÆÕÎËÃÉÉ f.

ðÏÌÉÎÏÍÙ J_n(f) ÏÂÌÁÄÁÀÔ (ÓÍ. [1, Ó. 35, 36]) ÓŒÏÊÓÔŒÁÍÉ: J_n(f) { ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÊ ÐÏÌÉÎÏÍ ÐÏÒÑÄËÁ ÎÅ ŒÙÛÅ n, J_n(f; t_k) = f(t_k), J^′_n(f; t_k) = 0.

œ ÒÑÄÅ ÒÁÂÏÔ (ÓÍ., ÎÁÐÒÉÍÅÒ, [2; 3] É ÕËÁÚÁÎÎÕÀ ÔÁÍ ÌÉÔÅÒÁÔÕÒÕ) ÉÚÕÞÁÌÓÑ ŒÏÐÒÏÓ: ËÁË ÓŒÑÚÁÎÏ ÐÏŒÅÄÅÎÉÅ ŒÅÌÉÞÉÎÙ ‖f − J_n(f)‖ ÓÏ ÓÔÒÕËÔÕÒÎÙÍÉ ÓŒÏÊÓÔŒÁÍÉ ÆÕÎËÃÉÉ f. œ ÞÁÓÔÎÏÓÔÉ, Œ [3] ÐÏËÁÚÁÎÏ, ÞÔÏ ÄÌÑ ÌÀÂÏÊ f ∈ C

Y_n(f) = 1 n + 1 max 0⩽k⩽n (k + 1)‖J_k(f) − f‖ ≈ ¸(f; 1 n + 1 ); ÇÄÅ ÓÉÍŒÏÌ \≈" ÎÅ ÚÁŒÉÓÉÔ ÏÔ n É f,

¸(f; ‹) = ‹ ‖ ‖ ‖ ‖ ‖ ß∫ ffi f(· + t) + f(· − t) − 2f(·) t^2 dt ‖ ‖ ‖ ‖ ‖ + !(f; ‹):

90 ï ðòéâìéöåîéé ðåòéïäéþåóëéè æõîëãéê 91

úÄÅÓØ !(f; ‹) { ÍÏÄÕÌØ ÎÅÐÒÅÒÙŒÎÏÓÔÉ ÆÕÎËÃÉÉ f.

ðÕÓÔØ ~F { ÆÕÎËÃÉÑ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉ ÓÏÐÒÑÖÅÎÎÁÑ Ó ÐÅÒŒÏÏÂÒÁÚ- ÎÏÊ ÄÌÑ ÆÕÎËÃÉÉ f −^1_{2ß}^ß ∫ −ß f,

´^r_t (f; x) = r∑ m=0 (−1)^{r−m}C^m_r f(x + mt)

{ ËÏÎÅÞÎÁÑ ÒÁÚÎÏÓÔØ r-ÇÏ ÐÏÒÑÄËÁ ÆÕÎËÃÉÉ f,

!_r(f; h) = sup_{|t|⩽h} ‖´^r_t (f)‖

{ ÍÏÄÕÌØ ÎÅÐÒÅÒÙŒÎÏÓÔÉ ÐÏÒÑÄËÁ r ÆÕÎËÃÉÉ f,

U_n(f; x) = f(x) − ff_n(f; x):

œ ÒÁÂÏÔÅ ÕÓÔÁÎÁŒÌÉŒÁÀÔÓÑ ÏÃÅÎËÉ ÓŒÅÒÈÕ ÄÌÑ ŒÅÌÉÞÉÎ ÔÉÐÁ

|f(x) − J_n(f; x)|; |J_n(f; x) − ff_n(f; x)|; |J_n(U_n(f); x) − U_n(f; x)|; ‖f − J_n(f)‖; ‖J_n(f) − ff_n(f)‖

ÔÏÞÎÙÅ ÐÏ ÐÏÒÑÄËÕ ÄÌÑ ËÁÖÄÏÊ ÆÕÎËÃÉÉ f ∈ C. ðÒÉ ÜÔÏÍ ÓÅÒØÅÚÎÏÅ ŒÎÉÍÁÎÉÅ ÕÄÅÌÑÅÔÓÑ ÐÏÓÔÏÑÎÎÙÍ, ŒÈÏÄÑÝÉÍ Œ ÐÏÌÕÞÁÅÍÙÅ ÎÅÒÁŒÅÎ- ÓÔŒÁ.

ðÒÉÍÅÒÁÍÉ ÕÓÔÁÎÏŒÌÅÎÎÙÈ Œ ÒÁÂÏÔÅ ÒÅÚÕÌØÔÁÔÏŒ ÍÏÇÕÔ ÓÌÕÖÉÔØ ÓÌÅÄÕÀÝÉÅ ÕÔŒÅÒÖÄÅÎÉÑ.

ðÕÓÔØ n ∈ Z_+, x ∈ R, f ∈ C, ÆÕÎËÃÉÑ q_n ÏÐÒÅÄÅÌÅÎÁ ÓÏÏÔÎÏÛÅÎÉ- ÑÍÉ: q_n(x) = 2, ÅÓÌÉ x ≠ t_{k;n}, q_n(t_{k;n}) = 0. ôÏÇÄÁ:

|f(x) − J_n(f; x)| ⩽ ı^2 + 1 2 q_n(x)!_2 ( f; 1 n + 1 )

+ | sin(n + 1)x| ‖´^1 1_{n+1} (f)‖ + (1 − cos(n + 1)x)(n + 1)‖´^2 1_{n+1} ( ~F )‖;

‖f − J_n(f)‖ ⩽ (2ı^2 + 3)!_1(f; 1 n + 1

) + 2(n + 1)!_2( ~F ; 1 n + 1 );

|J_n(f; x) − ff_n(f; x)| ⩽ (ı^2 + 1)!_2(f; 1 n + 1 ) + | sin(n + 1)x| ‖´^1 1_{n+1} (f)‖ + (1 − cos(n + 1)x)(n + 1)‖´^2 1_{n+1} ( ~F )‖;

92 œ. œ. öõë

‖J_n(f) − ff_n(f)‖ ⩽ (2ı^2 + 3)!_1(f; 1 n + 1

) + 2(n + 1)!_2( ~F ; 1 n + 1 ); |J_n(U_n(f); x) − U_n(f; x)| ⩽ (ı^2 + 13 12 )q_n(x)!_2(f; 1 n + 1 ) +(1 − cos(n + 1)x)‖´^2 1_{n+1} (f)‖ + | sin(n + 1)x|(n + 1)‖´^3 1_{n+1} ( ~F )‖;

‖J_n(U_n(f)) − U_n(f)‖ ⩽ (2ı^2 + 25 6 )!_2(f; 1 n + 1

) + (n + 1)!_3( ~F ; 1 n + 1 ); Y_n(f) ⩽ (3 +

A(1) ı )!_1(f; ı n + 1 ) + A(1) ı (n + 1)‖´^2 ß_{n+1} ( ~F )‖;

ÇÄÅ ÐÏÓÔÏÑÎÎÁÑ A(1) ÏÐÒÅÄÅÌÅÎÁ ÆÏÒÍÕÌÏÊ (1).

ïÔÍÅÔÉÍ, ÞÔÏ ŒÓÅ ËÏÎËÒÅÔÎÙÅ ÒÅÚÕÌØÔÁÔÙ ÐÏÌÕÞÅÎÙ ÎÁ ÏÓÎÏŒÅ ÔÅ- ÏÒÅÍ ÏÂÝÅÇÏ ÈÁÒÁËÔÅÒÁ (ÓÍ. §2), ËÏÔÏÒÙÅ ÐÒÉÍÅÎÉÍÙ É Œ ÄÒÕÇÉÈ ÓÉ- ÔÕÁÃÉÑÈ.

§1. ïÂÏÚÎÁÞÅÎÉÑ. œÓÐÏÍÏÇÁÔÅÌØÎÙÅ ÐÒÅÄÌÏÖÅÎÉÑ 1. œ ÄÁÌØÎÅÊÛÅÍ R, R_+, Z, Z_+, N ÓÕÔØ ÓÏÏÔŒÅÔÓÔŒÅÎÎÏ ÍÎÏÖÅÓÔŒÁ ŒÅ- ÝÅÓÔŒÅÎÎÙÈ, ÎÅÏÔÒÉÃÁÔÅÌØÎÙÈ ŒÅÝÅÓÔŒÅÎÎÙÈ, ÃÅÌÙÈ, ÎÅÏÔÒÉÃÁÔÅÌØ- ÎÙÈ ÃÅÌÙÈ, ÎÁÔÕÒÁÌØÎÙÈ ÞÉÓÅÌ.

æÕÎËÃÉÉ, ÉÍÅÀÝÉÅ Œ ÎÅËÏÔÏÒÏÊ ÔÏÞËÅ ÕÓÔÒÁÎÉÍÙÊ ÒÁÚÒÙŒ, ÄÏ- ÏÐÒÅÄÅÌÑÀÔÓÑ Œ ÜÔÏÊ ÔÏÞËÅ ÐÏ ÎÅÐÒÅÒÙŒÎÏÓÔÉ; Œ ÄÒÕÇÉÈ ÓÌÕÞÁÑÈ ÓÉÍ- ŒÏÌ^0 ÐÏÎÉÍÁÅÔÓÑ ËÁË 0.

ðÒÉ 1 ⩽ p < ∞ ÞÅÒÅÚ L_p ÏÂÏÚÎÁÞÁÅÍ ÍÎÏÖÅÓÔŒÏ ÉÚÍÅÒÉÍÙÈ 2ı- ÐÅÒÉÏÄÉÞÅÓËÉÈ ÆÕÎËÃÉÊ f : R → R, Õ ËÏÔÏÒÙÈ

‖f‖_p = ß∫ −ß |f|^p 1=p < ∞;

C { ÐÒÏÓÔÒÁÎÓÔŒÏ ÎÅÐÒÅÒÙŒÎÙÈ 2ı-ÐÅÒÉÏÄÉÞÅÓËÉÈ ÆÕÎËÃÉÊ f : R → R Ó ÎÏÒÍÏÊ ‖f‖ = max_{x∈R} |f(x)|;

H_n { ÍÎÏÖÅÓÔŒÏ ŒÅÝÅÓÔŒÅÎÎÙÈ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÈ ÐÏÌÉÎÏÍÏŒ ÐÏ- ÒÑÄËÁ ÎÅ ŒÙÛÅ n. œ ÄÁÌØÎÅÊÛÅÍ ŒÍÅÓÔÏ \ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÊ ÐÏÌÉ- ÎÏÍ" ÇÏŒÏÒÉÍ ÐÒÏÓÔÏ ÐÏÌÉÎÏÍ.

ï ðòéâìéöåîéé ðåòéïäéþåóëéè æõîëãéê 93

ðÕÓÔØ f ∈ L_1. ôÏÇÄÁ

a_k(f) = 1 ı ß∫ −ß f(t) cos kt dt b_k(f) = 1 ı ß∫ −ß f(t) sin kt dt

{ ËÏÜÆÆÉÃÉÅÎÔÙ æÕÒØÅ ÆÕÎËÃÉÉ f; ÐÒÉ k ∈ N

A_k(f; x) = a_k(f) cos kx + b_k(f) sin kx; A_0(f; x) = a_0(f) 2 : ðÕÓÔØ f ∈ C, r ∈ N. ôÏÇÄÁ

´^r_t (f; x) = r∑ m=0 (−1)^{r−m}C^m_r f(x + mt)

{ ËÏÎÅÞÎÁÑ ÒÁÚÎÏÓÔØ r-ÇÏ ÐÏÒÑÄËÁ ÆÕÎËÃÉÉ f Œ ÔÏÞËÅ x Ó ÛÁÇÏÍ t;

!_r(f; h) = sup_{|t|⩽h} ‖´^r_t (f)‖

{ ÍÏÄÕÌØ ÎÅÐÒÅÒÙŒÎÏÓÔÉ ÐÏÒÑÄËÁ r ÆÕÎËÃÉÉ f Œ ÐÒÏÓÔÒÁÎÓÔŒÅ C.

þÅÒÅÚ ~f ÏÂÏÚÎÁÞÁÅÍ ÆÕÎËÃÉÀ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉ ÓÏÐÒÑÖÅÎÎÕÀ Ó f: ~f(x) ∼^∞ ∑ k=1 (−b_k(f) cos kx + a_k(f) sin kx);

F { ÐÅÒŒÏÏÂÒÁÚÎÁÑ ÄÌÑ ÆÕÎËÃÉÉ f −^{a0 (f )}_2 , ~F { ÆÕÎËÃÉÑ ÔÒÉÇÏÎÏÍÅ- ÔÒÉÞÅÓËÉ ÓÏÐÒÑÖÅÎÎÁÑ Ó F , Ô.Å.

~F (x) =^∞ ∑ k=1 ( − b_k(f) k sin kx − a_k(f) k ) cos kx = − ∞∑ k=1 A_k(f; x) k ;

C^{(r)} = {f ∈ C : ∃f^{(r)} ∈ C}; C^{(r)}_+ = {f ∈ C : ∃f^{(r)}; ~f^{(r)} ∈ C}:

äÌÑ ÏÐÅÒÁÔÏÒÁ U : C → C ÐÏÌÁÇÁÅÍ

‖U‖ = sup_{f ∈C}{‖U(f)‖=‖f‖}:

94 œ. œ. öõë

þÅÒÅÚ ~ ÏÂÏÚÎÁÞÁÅÍ ÍÎÏÖÅÓÔŒÏ ÆÕÎËÃÉÏÎÁÌÏŒ ˘ : C → R_+ ÔÁËÉÈ, ÞÔÏ ˘(f + g) ⩽ ˘(f) + ˘(g) ÄÌÑ ÌÀÂÙÈ f; g ∈ C. äÌÑ ˘ ∈ ~ ÐÏÌÁÇÁÅÍ

‖˘‖ = sup_{f ∈C}{˘(f)=‖f‖}:

þÅÒÅÚ S_{h;r}(f) ÏÂÏÚÎÁÞÁÅÍ ÆÕÎËÃÉÉ óÔÅËÌÏŒÁ ÐÏÒÑÄËÁ r ÆÕÎËÃÉÉ f:

S_{h;1}(f; x) = 1 h h=2∫

−h=2

f(x + t) dt; S_{h;r}(f) = S_{h;1}(S_{h;r−1}(f)):

äÌÑ ÌÀÂÏÊ f ∈ L_1 ÓÐÒÁŒÅÄÌÉŒÏ ÒÁŒÅÎÓÔŒÏ

S_{h;r}(f; x) = ∞∑ k=0 A_k(f; x)¸_r ( kh 2 ) ;

ÇÄÅ ¸_r(t) =

(_{sin t} t )_r

. ðÏÌÁÇÁÅÍ

–_r(t) =

−ßt^r (r−1)!2

(_1

sin(ßt=2

)_{(r−1)} ; ÅÓÌÉ^r_2 ∈ N;

ßt^r (r−1)!2 ( ctg^{ßt}_2

)_{(r−1)}

; ÅÓÌÉ^{r+1}_2 ∈ N;

‚_r(t) = ( t 2 sin(t=2)

)_r cos t 2 ; –(t) = ( 1 − |t| ı ) cos t + 1 ı sin t:

þÅÒÅÚ R_n(f), ff_n(f), X_{n;r}(f), K_n(f), J_n(f) ÏÂÏÚÎÁÞÁÅÍ ÓÏÏÔŒÅÔ- ÓÔŒÅÎÎÏ ÓÕÍÍÙ òÏÇÏÚÉÎÓËÏÇÏ, æÅÊÅÒÁ, áÈÉÅÚÅÒÁ{ëÒÅÊÎÁ{æÁŒÁÒÁ, âÏÍÁÎÁ{ëÏÒÏŒËÉÎÁ, äÖÅËÓÏÎÁ:

R_n(f) = n∑ k=0 cos ık 2(n + 1)

A_k(f); ff_n(f) = n∑ k=0 ( 1 − k n + 1 ) A_k(f);

X_{n;r}(f) = n∑ k=0 –_r ( k n + 1 ) A_k(f); K_n(f) = n∑ k=0 – ( ık n + 1 ) A_k(f);

J_n(f; x) = 2ı n + 1 n∑ k=0 f(t_k)˘_n(x − t_k);

ï ðòéâìéöåîéé ðåòéïäéþåóëéè æõîëãéê 95

ÇÄÅ t_k = t_{k;n} =^{2ßk}_{n+1} , ˘_n(t) { ÑÄÒÏ æÅÊÅÒÁ:

˘_n(t) = 1 2ı(n + 1) ( sin^{(n+1)t}_2

sin^t_2

)_2 : ðÏÌÁÇÁÅÍ

Y_{n;r}(f) = n∑ k=0 ‚_r ( ık n + 1 ) A_k(f); K_r = 4 ı ∞∑ k=0 (−1)^{k(r+1)} (2k + 1)^{r+1} ;

B(t) = 4ı cos^{2 t}_2 (t^2 − ı^2)^2 : éÍÅÀÔ ÍÅÓÔÏ ÓÏÏÔÎÏÛÅÎÉÑ: Y_{n;0}(f) = R_n(f), Y_{n;r}(f) = X_{n;r}(f) ÐÒÉ r = 1; 2; 3, K_n(f; x) = ∫ R f ( x + t n + 1 ) B(t) dt:

ðÕÓÔØ

U_n(f) = n∑ k=0 ’ ( ık n + 1 ) A_k(f);

ÇÄÅ ÆÕÎËÃÉÑ ’ ÏÐÒÅÄÅÌÅÎÁ É ÎÅÐÒÅÒÙŒÎÁ ÎÁ [0; ı], ’(0) = 1, ’(ı) = 0. èÏÒÏÛÏ ÉÚŒÅÓÔÎÏ (ÓÍ. [4, Ó. 166{168]), ÞÔÏ

sup_{n∈Z+} ‖U_n‖ ⩽ 2 ı ∫ R_+

| | | | | ß∫ 0 ’(u) cos ut du | | | | | dt:

ðÏÌÁÇÁÅÍ

A(r) = sup_{n∈Z+} ‖Y_{n;r}‖ ⩽ 2 ı ∫ R_+

| | | | | ß∫ 0 ‚_r(u) cos ut du | | | | | dt; (1)

A_{n;h}(f) = X_{n;2}(S_{h;2}(f)); B_{n;h}(f) = X_{n;3}(S_{h;3}(f)); C_{n;h}(f) = K_n(S_{h;2}(f)); D_{n;h}(f) = K_n(S_{h;3}(f)); F_{n;h}(f) = X_{n;1}(S_{h;1}(f)):

96 œ. œ. öõë

2. îÁÍ ÐÏÎÁÄÏÂÑÔÓÑ ÓÌÅÄÕÀÝÉÅ ÉÚŒÅÓÔÎÙÅ ÒÅÚÕÌØÔÁÔÙ. ìÅÍÍÁ á (ÓÍ. [5, Ó. 134, 138]). . ðÕÓÔØ r ∈ N, h > 0. ôÏÇÄÁ:

1) ÄÌÑ ÌÀÂÏÊ f ∈ C

S_{h;r}(f) ∈ C^{(r)}; ‖S^{(r)}_{h;r}(f)‖ = h^{−r}‖´^r_h(f)‖;

‖f − S_{n;1}(f)‖ ⩽ !_1(f; h 2 ); ‖f − S_{h;2}(f)‖ ⩽ 1 2 !_2(f; h);

2) ÄÌÑ ÌÀÂÏÊ f ∈ C^{(2)}

‖f − S_{h;1}(f)‖ ⩽ h^2 24 ‖f^{(2)}‖:

ìÅÍÍÁ œ. ðÕÓÔØ f ∈ C, h > 0. ôÏÇÄÁ

‖f − S_{h;3}(f)‖ ⩽ 13 24 !_2(f; h):

äÏËÁÚÁÔÅÌØÓÔŒÏ. ðÒÉÎÉÍÁÑ ŒÏ ŒÎÉÍÁÎÉÅ ÌÅÍÍÕ á, ÉÍÅÅÍ

‖f − S_{h;3}(f)‖ ⩽ ‖f − S_{h;2}(f)‖ + ‖S_{h;2}(f) − S_{h;3}(f)‖ ⩽ 1 2 !_2(f; h) + ‖S_{h;1}(S_{h;2}(f)) − S_{h;2}(f)‖ ⩽ 1 2 !_2(f; h) + h^2 24 ‖S^{′′}_{h;2}(f)‖ = 1 2 !_2(f; h) + 1 24 ‖´^2_h(f)‖ ⩽ 13 24 !_2(f; h):

ìÅÍÍÁ ó (ÓÍ. [6, Ó. 303; 7]). ðÕÓÔØ n ∈ Z_+, r ∈ N, f ∈ C^{(r)}. ôÏÇÄÁ

‖f − X_{n;r}(f)‖ ⩽

K_r (n + 1)^r

‖f^{(r)}‖:

úÁÍÅÞÁÎÉÅ 1. óÐÒÁŒÅÄÌÉŒÙ ÒÁŒÅÎÓÔŒÁ

K_1 = ı 2 ; K_2 = ı^2 8 ; K_3 = ı^3 24 :

ï ðòéâìéöåîéé ðåòéïäéþåóëéè æõîëãéê 97

ìÅÍÍÁ D (ÓÍ. [5, Ó. 328]). ðÕÓÔØ n ∈ Z_+, f ∈ C^{(2)}. ôÏÇÄÁ

‖f − K_n(f)‖ ⩽ ı^2 2(n + 1)^2

‖f^{(2)}‖:

ìÅÍÍÁ E. ðÕÓÔØ n ∈ Z_+, f ∈ C. ôÏÇÄÁ

‖f − R_n(f)‖ ⩽ 0; 582 !_2(f; ı n + 1

); (2)

‖f − R_n(f)‖ ⩽ 6 5 !_1(f; ı n + 1

); (3)

‖f − K_n(f)‖ ⩽ 1; 3424 !_1(f; ı n + 1

): (4)

œ ÓŒÑÚÉ Ó ÎÅÒÁŒÅÎÓÔŒÁÍÉ (2){(4) ÓÍ. ÓÏÏÔŒÅÔÓÔŒÅÎÎÏ [8; 9, Ó. 311; 10].

ìÅÍÍÁ F (ÓÍ. [6, Ó. 228]). ðÕÓÔØ n; r ∈ N, T ∈ H_n. ôÏÇÄÁ

‖T^{(r)}‖ ⩽ ( n 2 )^r‖´^rß_n (f)‖:

ìÅÍÍÁ G (ÓÍ. [11, Ó. 123]). óÐÒÁŒÅÄÌÉŒÙ ÓÏÏÔÎÏÛÅÎÉÑ

A(0) = sup_{n∈Z+} ‖R_n‖ ⩽ 2 ı ß∫ 0 sin t t dt = 2 ı S_i(ı) < 1; 185:

ìÅÍÍÁ H (ÓÍ. [12, Ó. 185]). ðÕÓÔØ n; r ∈ N, h ∈ (0; 2ı=n), T ∈ H_n. ôÏÇÄÁ ‖T ‖ ⩽ ( nh 2 sin(nh=2)

)_r ‖S_{h;r}(T )‖:

óÌÅÄÓÔŒÉÅ 1. ðÕÓÔØ r; s ∈ Z, r < s. ôÏÇÄÁ

A(s) ⩽ ( ı 2 )^{s−r} A(r):

äÏËÁÚÁÔÅÌØÓÔŒÏ. ðÕÓÔØ h =^ß_{n+1} , f ∈ C. ñÓÎÏ, ÞÔÏ

Y_{n;r}(f) = Y_{n;s}(S_{h;s−r}(f)) = S_{h;s−r}(Y_{n;s}(f)): (5)

98 œ. œ. öõë

ïÔÓÀÄÁ, ÐÒÉÍÅÎÑÑ ÌÅÍÍÕ H, ÎÁÈÏÄÉÍ, ÞÔÏ ÐÒÉ ÌÀÂÏÍ n ∈ Z_+ ‖Y_{n;s}(f)‖ ⩽ ( ı 2 )^{s−r} ‖Y_{n;r}(f)‖ ⩽ ( ı 2 )^{s−r}‖Y_{n;r}‖ ‖f‖ ⩽ ( ı 2 )^{s−r} A(r)‖f‖:

óÌÅÄÏŒÁÔÅÌØÎÏ, A(s) = sup_{n∈Z+} ‖Y_{n;s}‖ ⩽ ( ı 2 )^{s−r}A(r):

úÁÍÅÞÁÎÉÅ 2. ðÕÓÔØ n ∈ Z_+, r; s ∈ Z, r ⩽ s, f ∈ C. ôÏÇÄÁ ‖Y_{n;r}(f)‖ ⩽ ‖Y_{n;s}(f)‖: (6) îÅÒÁŒÅÎÓÔŒÏ (6) ÓÒÁÚÕ ÓÌÅÄÕÅÔ ÉÚ ÓÏÏÔÎÏÛÅÎÉÑ (5), ÔÁË ËÁË ‖S_{h;k}‖ = 1 ÐÒÉ ÌÀÂÙÈ h > 0, k ∈ N.

ìÅÍÍÁ I (ÓÍ. [2, Ó. 401; 3, Ó. 240]). ðÕÓÔØ n; m ∈ Z_+, m ⩾ n, x ∈ R, T ∈ H_n. ôÏÇÄÁ

J_m(T; x) = T (x) + (cos(m + 1)x − 1)(T (x) − ff_m(T; x)) + ( ~T (x) − ~ff_m(T; x)) sin(m + 1)x: (7) úÁÍÅÞÁÎÉÅ 3. ðÕÓÔØ n ∈ Z_+. ôÁË ËÁË ÄÌÑ ÌÀÂÏÇÏ ÐÏÌÉÎÏÍÁ T ∈ H_{n+1}

T (x) − ff_n(T; x) = 1 n + 1 n+1∑ k=0 kA_k(f; x) =

~T ′(x) n + 1

; (8)

~T (x) − ~ff_n(T; x) = 1 n + 1 n+1∑ k=0 k(−b_k(f) cos kx + a_k(f) sin kx) = −

T^′(x) n + 1 ; (9) ÔÏ ÒÁŒÅÎÓÔŒÏ (7) ÍÏÖÎÏ ÐÅÒÅÐÉÓÁÔØ Œ ŒÉÄÅ

J_m(T; x) = T (x) + 1 m + 1

{(cos(m + 1)x − 1) ~T^′(x) − T^′(x) sin(m + 1)x}: (10) óÌÅÄÓÔŒÉÅ 2. ðÕÓÔØ n; m ∈ Z_+, m ⩾ n, x ∈ R, T ∈ H_n. ôÏÇÄÁ J_m(T; x) = ff_m(T; x) + (T (x) − ff_m(T; x)) cos(m + 1)x + ( ~T (x) − ~ff_m(T; x)) sin(m + 1)x: (11)

ï ðòéâìéöåîéé ðåòéïäéþåóëéè æõîëãéê 99

§2. ïÃÅÎËÁ ÆÕÎËÃÉÏÎÁÌÏŒ òÅÚÕÌØÔÁÔÙ ÜÔÏÇÏ ÐÁÒÁÇÒÁÆÁ ÁÎÁÌÏÇÉÞÎÙ ÒÑÄÕ ÕÔŒÅÒÖÄÅÎÉÊ, ÓÏ- ÄÅÒÖÁÝÉÈÓÑ Œ ËÎÉÇÅ [5]. ïÓÎÏŒÕ ÉÈ ÄÏËÁÚÁÔÅÌØÓÔŒ ÓÏÓÔÁŒÌÑÀÔ ÒÁÓÓÕ- ÖÄÅÎÉÑ, ÕÖÅ ÐÒÉÍÅÎÑŒÛÉÅÓÑ Œ [5].

1. ôÅÏÒÅÍÁ 1. ðÕÓÔØ ˘ ∈ ~, ‖˘‖ < ∞, h > 0, n ∈ Z_+,

˘(T ) ⩽ ¸‖T^′‖ + ˛‖ ~T^′‖

ÄÌÑ ÌÀÂÏÇÏ ÐÏÌÉÎÏÍÁ T ∈ H_n. ôÏÇÄÁ ÄÌÑ ÌÀÂÏÊ ÆÕÎËÃÉÉ f ∈ C

˘(f) ⩽ ‖˘‖ ( 1 2 + ı^2 8(n + 1)^2h^2 ) !_2(f; h) + A(2){ ¸ h ‖´^1_h(f)‖ + ˛ h^2

‖´^2_h( ~F )‖}; (12)

˘(f) ⩽ ‖˘‖ ( 1 2 + ı^2 2(n + 1)^2h^2 ) !_2(f; h) + ¸ h ‖´^1_h(f)‖ + ˛ h^2

‖´^2_h( ~F )‖; (13)

˘(f) ⩽ 6 5 ‖˘‖!_1 ( f; ı n + 1 ) + A(1) ı ¸(n + 1)‖´^1 ß_{n+1} (f)‖ + A(2) ı^2

˛(n + 1)^2‖´^2 ß_{n+1} ( ~F )‖; (14)

˘(f) ⩽ 0; 582‖˘‖!_2 ( f; ı n + 1 ) + A(1) ı ¸(n + 1)‖´^1 ß_{n+1} (f)‖ + A(2) ı^2

˛(n + 1)^2‖´^2 ß_{n+1} ( ~F )‖; (15)

˘(f) ⩽ 1; 35‖˘‖!_1 ( f; ı n + 1 ) +¸ (n + 1) 2 ‖´^1 ß_{n+1} (f)‖ +˛ ( (n + 1) 2 )_2 ‖´^2 ß_{n+1} ( ~F )‖: (16)

100 œ. œ. öõë

äÏËÁÚÁÔÅÌØÓÔŒÏ. äÏËÁÖÅÍ (12). ñÓÎÏ, ÞÔÏ

˘(f) ⩽ ˘(f − A_{n;h}(f)) + ˘(A_{n;h}(f)) ⩽ ‖˘‖ ‖f − A_{n;h}(f)‖ + ¸‖A^′_{n;h}(f)‖ + ˛‖ ~A^′_{n;h}(f)‖:

ðÒÉÎÉÍÁÑ ŒÏ ŒÎÉÍÁÎÉÅ ÌÅÍÍÙ á É ó (r = 2) É ÚÁÍÅÞÁÎÉÅ 1, ÉÍÅÅÍ ‖f − A_{n;h}(f)‖ = ‖f − X_{n;2}(S_{h;2}(f))‖ ⩽ ‖f − S_{h;2}(f)‖

+ ‖S_{h;2}(f) − X_{n;2}(S_{h;2}(f))‖ ⩽ 1 2 !_2(f; h) +

K_2 (n + 1)^2

‖S^{′′}_{h;2}(f)‖ = 1 2 !_2(f; h) +

K_2 (n + 1)^2h^2

‖´^2_h(f)‖ ⩽ ( 1 2 + ı^2 8(n + 1)^2h^2 ) !_2(f; h):

äÁÌÅÅ,

‖A^′_{n;h}(f)‖ = ‖X^′_{n;2}(S_{h;2}(f))‖ = ‖X_{n;2}(S^′_{h;2}(f))‖ ⩽ ‖X_{n;2}‖ ‖S^′_{h;2}(f)‖ = ‖X_{n;2}‖ ‖S_{h;1}(S^′_{h;1}(f))‖ ⩽ ‖X_{n;2}‖ ‖S^′_{h;1}(f)‖ = ‖X_{n;2}‖h^{−1}‖´^1_h(f)‖;

‖ ~A^′_{n;h}(f)‖ = ‖ ~A^{′′}_{n;h}(F )‖ = ‖A^{′′}_{n;h}( ~F )‖ = ‖X_{n;2}(S^{′′}_{h;2}( ~F ))‖ ⩽ ‖X_{n;2}‖ ‖S^{′′}_{h;2}( ~F )‖ = ‖X_{n;2}‖h^{−2}‖´^2_h( ~F )‖:

óÏÐÏÓÔÁŒÌÑÑ ÕÓÔÁÎÏŒÌÅÎÎÙÅ ÎÅÒÁŒÅÎÓÔŒÁ, ÐÏÌÕÞÁÅÍ, ÞÔÏ

˘(f) ⩽ ‖˘‖ ( 1 2 + ı^2 8(n + 1)^2h^2 ) !_2(f; h) + ‖X_{n;2}‖(¸h^{−1}‖´^1_h(f)‖

+ ˛h^{−2}‖´^2_h( ~F )‖):

ïÓÔÁÌÏÓØ ÚÁÍÅÔÉÔØ, ÞÔÏ ‖X_{n;2}‖ ⩽ A(2).

ôÅÐÅÒØ ÄÏËÁÖÅÍ (13). ñÓÎÏ, ÞÔÏ

˘(f) ⩽ ˘(f − C_{n;h}(f)) + ˘(C_{n;h}(f)) ⩽ ‖˘‖ ‖f − C_{n;h}(f)‖ + ¸‖C^′_{n;h}(f)‖ + ˛‖ ~C^′_{n;h}(f)‖:

ðÒÉÎÉÍÁÑ ŒÏ ŒÎÉÍÁÎÉÅ ÌÅÍÍÙ á É D, ÉÍÅÅÍ

‖f − C_{n;h}(f)‖ = ‖f − K_n(S_{h;2}(f))‖ ⩽ ‖f − S_{h;2}(f)‖

+ ‖S_{h;2}(f) − K_n(S_{h;2}(f))‖ ⩽ 1 2 !_2(f; h) + ı^2 2(n + 1)^2

‖S^{′′}_{h;2}(f)‖ = 1 2 !_2(f; h) + ı^2 2(n + 1)h^2

‖´^2_h(f)‖ ⩽ ( 1 2 + ı^2 2(n + 1)^2h^2 ) !_2(f; h):

ï ðòéâìéöåîéé ðåòéïäéþåóëéè æõîëãéê 101

äÁÌÅÅ,

‖C^′_{n;h}(f)‖ = ‖K^′_n(S_{h;2}(f))‖ = ‖K_n(S^′_{h;2}(f))‖ ⩽ ‖S^′_{h;2}(f)‖ = ‖S_{h;1}(S^′_{h;1}(f))‖ ⩽ ‖S^′_{h;1}(f)‖ = h^{−1}‖´^1_h(f)‖; ‖ ~C^′_{n;h}(f)‖ = ‖ ~C^{′′}_{n;h}(F )‖ = ‖C^{′′}_{n;h}( ~F )‖ = ‖K_n(S^{′′}_{h;2}( ~F ))‖ ⩽ ‖S^{′′}_{h;2}( ~F )‖ = h^{−2}‖´^2_h( ~F )‖:

óÏÐÏÓÔÁŒÌÑÑ ÕÓÔÁÎÏŒÌÅÎÎÙÅ ÎÅÒÁŒÅÎÓÔŒÁ, ÐÏÌÕÞÁÅÍ, ÞÔÏ ˘(f) ⩽‖˘‖ ( 1 2 + ı^2 2(n + 1)^2h^2 ) !_2(f; h) + ¸h^{−1}‖´^1_h(f)‖ + ˛h^{−2}‖´^2_h( ~F )‖:

äÏËÁÖÅÍ (14) É (15). ñÓÎÏ, ÞÔÏ ˘(f) ⩽˘(f − R_n(f)) + ˘(R_n(f)) ⩽ ‖˘‖ ‖f − R_n(f)‖ + ¸‖R^′_n(f)‖ + ˛‖ ~R^′_n(f)‖:

ðÏÌÁÇÁÑ h =^ß_{n+1} É ÐÒÉÎÉÍÁÑ ŒÏ ŒÎÉÍÁÎÉÅ, ÞÔÏ R_n(f) = X_{n;1}(S_{h;1}(f)) = X_{n;2}(S_{h;2}(f));

ÉÍÅÅÍ

‖R^′_n(f)‖ = ‖X^′_{n;1}(S_{h;1}(f))‖ = ‖X_{n;1}(S^′_{h;1}(f))‖ ⩽ ‖X_{n;1}‖ ‖S^′_{h;1}(f)‖ = ‖X_{n;1}‖h^{−1}‖´^1_h(f)‖;

‖ ~R^′_n(f)‖ = ‖ ~X^{′′}_{n;2}(S_{h;2}(F ))‖ = ‖X_{n;2}(S^{′′}_{h;2}( ~F ))‖ ⩽ ‖X_{n;2}‖ ‖S^{′′}_{h;2}( ~F )‖ = ‖X_{n;2}‖h^{−2}‖´^2_h( ~F )‖:

óÏÐÏÓÔÁŒÌÑÑ ÕÓÔÁÎÏŒÌÅÎÎÙÅ ÎÅÒÁŒÅÎÓÔŒÁ, ÐÏÌÕÞÁÅÍ, ÞÔÏ ˘(f) ⩽‖˘‖ ‖f − R_n(f)‖ + ¸‖X_{n;1}‖h^{−1}‖´^1_h(f)‖ + ˛‖X_{n;2}‖h^{−2}‖´^2_h( ~F )‖:

ïÓÔÁÌÏÓØ ŒÏÓÐÏÌØÚÏŒÁÔØÓÑ ÎÅÒÁŒÅÎÓÔŒÁÍÉ (3) É (2).

102 œ. œ. öõë

äÏËÁÖÅÍ (16). éÍÅÅÍ

˘(f) ⩽˘(f − K_n(f) + ˘(K_n(f)) ⩽ ‖˘‖ ‖f − K_n(f)‖ + ¸‖K^′_n(f)‖ + ˛‖ ~K^′(f)‖:

ðÏÌÁÇÁÑ h =^ß_{n+1} É ÐÒÉÍÅÎÑÑ ÌÅÍÍÕ F, ÎÁÈÏÄÉÍ, ÞÔÏ

‖K^′_n(f)‖ ⩽ ( n + 1 2 ) ‖´^1_h(K_n(f))‖ = ( n + 1 2 ) ‖K_n(´^1_h(f))‖ ⩽ ( n + 1 2 ) ‖´^1_h(f)‖;

‖ ~K^′_n(f)‖ = ‖K^{′′}( ~F )‖ ⩽ ( n + 1 2 )_2

‖´^2_h(K_n( ~F ))‖ = ( n + 1 2 )_2

‖K_n(´^2_h( ~F ))‖ ⩽ ( n + 1 2 )_2

‖´^2_h( ~F )‖:

óÏÐÏÓÔÁŒÌÑÑ ÕÓÔÁÎÏŒÌÅÎÎÙÅ ÎÅÒÁŒÅÎÓÔŒÁ É ÕÞÉÔÙŒÁÑ (4), ÐÏÌÕÞÁÅÍ, ÞÔÏ ˘(f) ⩽1; 35‖˘‖!_1 ( f; ı n + 1 ) +¸ ( n + 1 2 ) ‖´^1 ß_{n+1} (f)‖ +˛ ( n + 1 2 )_2

‖´^2 ß_{n+1} ( ~F )‖:

úÁÍÅÞÁÎÉÅ 4. óÏÏÔÎÏÛÅÎÉÅ (14) ÓÌÅÄÕÅÔ ÉÚ (15) ÐÒÉÍÅÎÅÎÉÅÍ ÎÅÒÁ- ŒÅÎÓÔŒÁ !_2(f; h) ⩽ 2!_1(f; h). œ ÎÅÒÁŒÅÎÓÔŒÅ (16) ÐÏÓÔÏÑÎÎÁÑ 1,35 ÍÏÖÅÔ ÂÙÔØ ÕÍÅÎØÛÅÎÁ ÄÏ 1,313.

œ ÓŒÑÚÉ Ó ÐÏÓÌÅÄÎÉÍ ÕÔŒÅÒÖÄÅÎÉÅÍ ÓÍ. [13].

ôÅÏÒÅÍÁ 2. ðÕÓÔØ ˘ ∈ ~, ‖˘‖ < ∞, n ∈ Z_+, m ∈ N, m ⩾ n, h ∈ (0;^{2ß}_m ), ˘(T ) ⩽ ¸‖T^′‖ + ˛‖ ~T^′‖ ÄÌÑ ÌÀÂÏÇÏ ÐÏÌÉÎÏÍÁ T ∈ H_n. ôÏÇÄÁ ÄÌÑ ÌÀÂÏÊ ÆÕÎËÃÉÉ f ∈ C

˘(f) ⩽ ‖˘‖ ( 1 + ı 2(n + 1)h ) !_1(f; h) + A(1) { ¸ h ‖´^1_h(f)‖ +˛ ( m 2h sin(mh=2) ) ‖´^2_h( ~F )‖ } : (17)

ï ðòéâìéöåîéé ðåòéïäéþåóëéè æõîëãéê 103

äÏËÁÚÁÔÅÌØÓÔŒÏ. ñÓÎÏ, ÞÔÏ

˘(f) ⩽ ˘(f − F_{n;h}(f)) + ˘(F_{n;h}(f)) ⩽ ‖˘‖ ‖f − F_{n;h}(f)‖ + ¸‖F^′_{n;h}(f)‖ + ˛‖ ~F^′_{n;h}(f)‖:

ðÒÉÎÉÍÁÑ ŒÏ ŒÎÉÍÁÎÉÅ ÌÅÍÍÙ á É C (r = 1) É ÚÁÍÅÞÁÎÉÅ 1, ÉÍÅÅÍ

‖f − F_{n;h}(f)‖ = ‖f − X_{n;1}(S_{h;1}(f))‖ ⩽ ‖f − S_{h;1}(f)‖ + ‖S_{h;1}(f)

− X_{n;1}(S_{h;1}(f))‖ ⩽ !_1(f; h 2 ) + K_1 n + 1

‖S^′_{h;1}(f)‖

⩽ !_1(f; h) +

K_1 (n + 1)h

‖´^1_h(f)‖ ⩽ ( 1 + ı 2(n + 1)h ) !_1(f; h):

äÁÌÅÅ,

‖F^′_{n;h}(f)‖ = ‖X^′_{n;h}(S_{h;1}(f))‖ = ‖X_{n;1}(S^′_{h;1}(f))‖ ⩽ ‖X_{n;1}‖ ‖S^′_{h;1}(f)‖ = ‖X_{n;1}‖h^{−1}‖´^1_h(f)‖:

ïÐÉÒÁÑÓØ ÎÁ ÌÅÍÍÕ H, ÎÁÈÏÄÉÍ, ÞÔÏ

‖ ~F^′_{n;h}(f)‖ = ‖ ~X^′_{n;1}(S_{h;1}(f))‖ ⩽ ( mh 2 sin(mh=2) ) ‖S_{h;1}( ~X^′_{n;1}(S_{h;1}(f)))‖ = ( mh 2 sin(mh=2) ) ‖X_{n;1}(S^{′′}_{h;2}( ~F ))‖ ⩽ ( mh 2 sin(mh=2) ) ‖X_{n;1}‖ ‖S^{′′}_{h;2}( ~F )‖ = m‖X_{n;1}‖ 2h sin(mh=2)

‖´^2_h( ~F )‖:

óÏÐÏÓÔÁŒÌÑÑ ÕÓÔÁÎÏŒÌÅÎÎÙÅ ÎÅÒÁŒÅÎÓÔŒÁ, ÐÏÌÕÞÁÅÍ, ÞÔÏ

˘(f) ⩽‖˘‖ ( 1 + ı 2(n + 1)h ) !_1(f; h) + ‖X_{n;1}‖{¸h^{−1}‖´^1_h(f)‖ +˛ ( m 2h sin(mh=2) ) ‖´^2_h( ~F )‖}:

104 œ. œ. öõë

2. ôÅÏÒÅÍÁ 3. ðÕÓÔØ ˘ ∈ ~, ‖˘‖ < ∞, h > 0, n ∈ Z_+,

˘(T ) ⩽ ¸‖T^{′′}‖ + ˛‖ ~T^{′′}‖

ÄÌÑ ÌÀÂÏÇÏ ÐÏÌÉÎÏÍÁ T ∈ H_n. ôÏÇÄÁ ÄÌÑ ÌÀÂÏÊ f ∈ C

˘(f) ⩽ ‖˘‖ ( 13 24 + ı^3 12(n + 1)^3h^3 ) !_2(f; h) + A(3) { ¸ h^2

‖´^2_h(f)‖ + ˛ h^3

‖´^3_h( ~F )‖ } ; (18)

˘(f) ⩽ ‖˘‖ ( 13 24 + ı^2 2(n + 1)^2h^2 ) !_2(f; h) + ¸ h^2

‖´^2_h(f)‖ + ˛ h^3

‖´^3_h( ~F )‖; (19)

˘(f) ⩽ 0; 582‖˘‖!_2 ( f; ı n + 1 ) + A(2) ı^2

¸(n + 1)^2‖´^2 ß_{n+1} (f)‖ + A(3) ı^3

˛(n + 1)^3‖´^3 ß_{n+1} ( ~F )‖: (20)

äÏËÁÚÁÔÅÌØÓÔŒÏ. äÏËÁÖÅÍ (18). ñÓÎÏ, ÞÔÏ

˘(f) ⩽ ˘(f − B_{n;h}(f)) + ˘(B_{n;h}(f)) ⩽ ‖˘‖ ‖f − B_{n;h}(f)‖ + ¸‖B^{′′}_{n;h}(f)‖ + ˛‖ ~B^{′′}_{n;h}(f)‖:

ðÒÉÎÉÍÁÑ ŒÏ ŒÎÉÍÁÎÉÅ ÌÅÍÍÙ A, B É C (r = 3) É ÚÁÍÅÞÁÎÉÅ 1, ÉÍÅÅÍ

‖f − B_{n;h}(f)‖ = ‖f − X_{n;3}(S_{h;3}(f))‖ ⩽ ‖f − S_{h;3}(f)‖ + ‖S_{h;3}(f)

− X_{n;3}(S_{h;3}(f))‖ ⩽ 13 24 !_2(f; h) +

K_3 (n + 1)^3

‖S^{(3)}_{h;3}(f)‖ = 13 24 !_2(f; h) +

K_3 (n + 1)^3h^3

‖´^3_h(f)‖ ⩽ ( 13 24 + ı^3 12(n + 1)^3h^3 ) !_2(f; h):

äÁÌÅÅ,

‖B^{′′}_{n;h}(f)‖ = ‖X^{′′}_{n;3}(S_{h;3}(f))‖ = ‖X_{n;3}(S^{′′}_{h;3}(f))‖ ⩽ ‖X_{n;3}‖ × ‖S^{′′}_{h;3}(f)‖ = ‖X_{n;3}‖ ‖S_{h;1}(S^{′′}_{h;2}(f))‖ ⩽ ‖X_{n;3}‖ ‖S^{′′}_{h;2}(f)‖ = ‖X_{n;3}‖h^{−2}‖´^2_h(f)‖;

ï ðòéâìéöåîéé ðåòéïäéþåóëéè æõîëãéê 105

‖ ~B^{′′}_{n;h}(f)‖ = ‖ ~X^{′′}_{n;3}(S_{h;3}(f))‖ = ‖ ~X^{(3)}_{n;3}(S_{h;3}(F ))‖ = ‖X_{n;3}(S^{(3)}_{h;3}( ~F ))‖ ⩽ ‖X_{n;3}‖ ‖S^{(3)}_{h;3}( ~F )‖ = ‖X_{n;3}‖h^{−3}‖´^3_h( ~F )‖:

óÏÐÏÓÔÁŒÌÑÑ ÕÓÔÁÎÏŒÌÅÎÎÙÅ ÎÅÒÁŒÅÎÓÔŒÁ, ÐÏÌÕÞÁÅÍ, ÞÔÏ

˘(f) ⩽ ‖˘‖ ( 13 24 + ı^3 12(n + 1)^3h^3 ) !_2(f; h) + ‖X_{n;3}‖(¸h^{−2}‖´^2_h(f)‖

+ ˛h^{−3}‖´^3_h( ~F )‖):

ïÓÔÁÌÏÓØ ÚÁÍÅÔÉÔØ, ÞÔÏ ‖X_{n;3}‖ ⩽ A(3).

ôÅÐÅÒØ ÄÏËÁÖÅÍ (19). ñÓÎÏ, ÞÔÏ

˘(f) ⩽ ˘(f − D_{n;h}(f)) + ˘(D_{n;h}(f)) ⩽ ‖˘‖ ‖f − D_{n;h}(f)‖ + ¸‖D^{′′}_{n;h}(f)‖ + ˛‖ ~D^{′′}_{n;h}(f)‖:

ðÒÉÎÉÍÁÑ ŒÏ ŒÎÉÍÁÎÉÅ ÌÅÍÍÙ A, B É D, ÉÍÅÅÍ

‖f − D_{n;h}(f)‖ = ‖f − K_n(S_{h;3}(f))‖ ⩽ ‖f − S_{h;3}(f)‖

+ ‖S_{h;3}(f) − K_n(S_{h;3}(f))‖ ⩽ 13 24 !_2(f; h) + ı^2 2(n + 1)^2

‖S^{′′}_{h;3}(f)‖ = 13 24 !_2(f; h) + ı^2 2(n + 1)^2

‖S_{h;1}(S^{′′}_{h;2}(f))‖ ⩽ 13 24 !_2(f; h) + ı^2 2(n + 1)^2

‖S^{′′}_{h;2}(f)‖ ⩽ ( 13 24 + ı^2 2(n + 1)^2h^2 ) !_2(f; h):

äÁÌÅÅ,

‖D^{′′}_{n;h}(f)‖ = ‖K^{′′}_n (S_{h;3}(f))‖ = ‖K_n(S^{′′}_{h;3}(f))‖ ⩽ ‖S^{′′}_{h;3}(f)‖ = ‖S_{h;1}(S^{′′}_{h;2}(f))‖ ⩽ ‖S^{′′}_{h;2}(f)‖ = h^{−2}‖´^2_h(f)‖; ‖ ~D^{′′}_{n;h}(f)‖ = ‖ ~K^{′′}_n (S_{h;3}(f))‖ = ‖K_n(S^{(3)}_{h;3}( ~F ))‖ ⩽ ‖S^{′′′}_{h;3}( ~F )‖ = h^{−3}‖´^3_h( ~F )‖:

óÏÐÏÓÔÁŒÌÑÑ ÕÓÔÁÎÏŒÌÅÎÎÙÅ ÎÅÒÁŒÅÎÓÔŒÁ, ÐÏÌÕÞÁÅÍ, ÞÔÏ

˘(f) ⩽ ‖˘‖ ( 13 24 + ı^2 2(n + 1)^2h^2 ) !_2(f; h) + ¸ h^2

‖´^2_h(f)‖ + ˛ h^3

‖´^3_h( ~F )‖:

106 œ. œ. öõë

äÏËÁÖÅÍ (20). ðÒÉÎÉÍÁÑ ŒÏ ŒÎÉÍÁÎÉÅ (2), ÉÍÅÅÍ ˘(f) ⩽ ˘(f − R_n(f)) + ˘(R_n(f)) ⩽ ‖˘‖ ‖f − R_n(f)‖ + ¸‖R^{′′}_n(f)‖ + ˛‖ ~R^{′′}_n(f)‖ ⩽ 0; 582‖˘‖!_2(f; ı n + 1 ) + ¸‖R^{′′}_n(f)‖ + ˛‖ ~R^{′′}_n(f)‖:

ðÕÓÔØ h =^ß_{n+1} . ôÏÇÄÁ ‖R^{′′}_n(f)‖ = ‖X^{′′}_{n;2}(S_{h;2}(f))‖ = ‖X_{n;2}(S^{′′}_{h;2}(f))‖ ⩽ ‖X_{n;2}‖ ‖S^{′′}_{h;2}(f)‖ = ‖X_{n;2}‖h^{−2}‖´^2_h(f)‖; ‖ ~R^{′′}_n(f)‖ = ‖ ~X^{′′}_{n;3}(S_{h;3}(f))‖ = ‖X_{n;3}(S^{(3)}_{h;3}( ~F ))‖ ⩽ ‖X_{n;3}‖ ‖S^{(3)}_{h;3}( ~F )‖ = ‖X_{n;3}‖h^{−3}‖´^3_h( ~F )‖:

óÏÐÏÓÔÁŒÌÑÑ ÕÓÔÁÎÏŒÌÅÎÎÙÅ ÎÅÒÁŒÅÎÓÔŒÁ, ÐÏÌÕÞÁÅÍ, ÞÔÏ ˘(f) ⩽ 0; 582‖˘‖!_2(f; ı n + 1 ) + ‖X_{n;2}‖

ı^2

¸(n + 1)^2‖´^2_h(f)‖ + ‖X_{n;3}‖

ı^3

˛(n + 1)^3‖´^3_h( ~F )‖:

3. úÁÍÅÞÁÎÉÅ 5. ðÕÓÔØ n ∈ Z_+, r ∈ N, ˘ ∈ ~, ‖˘‖ < ∞, ˘(T ) ⩽ ¸‖T^{(r)}‖ + ˛‖ ~T^{(r)}‖ ÄÌÑ ÌÀÂÏÇÏ ÐÏÌÉÎÏÍÁ T ∈ H_n. ôÏÇÄÁ ÄÌÑ ÌÀÂÏÊ f ∈ C^{(r)}_+ ˘(f) ⩽ ( K_r‖˘‖ (n + 1)^r

+ ¸‖X_{n;r}‖ ) ‖f^{(r)}‖ + ˛‖X_{n;r}‖ ‖ ~f^{(r)}‖:

äÏËÁÚÁÔÅÌØÓÔŒÏ. ðÒÉÎÉÍÁÑ ŒÏ ŒÎÉÍÁÎÉÅ ÌÅÍÍÕ C, ÉÍÅÅÍ ˘(f) ⩽ ˘(f − X_{n;r}(f)) + ˘(X_{n;r}(f)) ⩽ ‖˘‖ ‖f − X_{n;r}(f)‖ + ¸‖X^{(r)}_{n;r}(f)‖ + ˛‖ ~X^{(r)}_{n;r}(f)‖ = ‖˘‖ ‖f − X_{n;r}(f)‖ + ¸‖X_{n;r}(f^{(r)})‖ + ˛‖X_{n;r}( ~f^{(r)})‖ ⩽

K_r‖˘‖ (n + 1)^r

‖f^{(r)}‖ + ¸‖X_{n;r}‖ ‖f^{(r)}‖ + ˛‖X_{n;r}‖ ‖ ~f^{(r)}‖:

ï ðòéâìéöåîéé ðåòéïäéþåóëéè æõîëãéê 107

úÁÍÅÞÁÎÉÅ 6. ðÕÓÔØ n ∈ Z_+, r ∈ N, ˘ ∈ ~, ‖˘‖ < ∞,

˘(T ) ⩽ ¸‖T^{(r)}‖

ÄÌÑ ÌÀÂÏÇÏ ÐÏÌÉÎÏÍÁ T ∈ H_n. ôÏÇÄÁ ÄÌÑ ÌÀÂÏÊ f ∈ C^{(r)}

˘(f) ⩽ ( K_r‖˘‖ (n + 1)^r

+ ¸‖X_{n;r}‖ ) ‖f^{(r)}‖:

äÏËÁÚÁÔÅÌØÓÔŒÏ ÚÁÍÅÞÁÎÉÑ 6 ÁÎÁÌÏÇÉÞÎÏ ÄÏËÁÚÁÔÅÌØÓÔŒÕ ÚÁÍÅÞÁ- ÎÉÑ 5.

úÁÍÅÞÁÎÉÅ 7. ïÃÅÎËÉ ŒÅÌÉÞÉÎÙ A(r) ÐÒÉ r ∈ N, ÐÏÌÕÞÁÀÝÉÅÓÑ ÉÚ ÓÏ- ÐÏÓÔÁŒÌÅÎÉÑ cÌÅÄÓÔŒÉÑ 1 Ó ÌÅÍÍÏÊ G, ÑŒÌÑÀÔÓÑ ÇÒÕÂÙÍÉ. îÁÈÏÖÄÅÎÉÅ ÞÉÓÌÅÎÎÙÈ ÚÎÁÞÅÎÉÊ A(r) ÓŒÑÚÁÎÏ Ó ŒÙÞÉÓÌÅÎÉÅÍ ÉÎÔÅÇÒÁÌÏŒ, ÓÔÏÑÝÉÈ Œ ÐÒÁŒÏÊ ÞÁÓÔÉ ÓÏÏÔÎÏÛÅÎÉÑ (1). úÁÍÅÔÉÍ, ÞÔÏ ŒÏÐÒÏÓ Ï ÎÏÒÍÁÈ ÓÕÍÍ áÈÉÅÚÅÒÁ{ëÒÅÊÎÁ{æÁŒÁÒÁ ÒÁÓÓÍÁÔÒÉŒÁÌÓÑ Œ [14].

úÁÍÅÞÁÎÉÅ 8. ðÕÓÔØ Œ ÐÒÏÓÔÒÁÎÓÔŒÅ C ŒŒÅÄÅÎÁ ÐÏÌÕÎÏÒÍÁ p. âÕÄÅÍ ÇÏŒÏÒÉÔØ, ÞÔÏ p ÐÒÉÎÁÄÌÅÖÉÔ ËÌÁÓÓÕ A, ÅÓÌÉ ŒÙÐÏÌÎÅÎÙ ÕÓÌÏŒÉÑ: 1) ÓÕÝÅÓÔŒÕÅÔ ÔÁËÁÑ ÐÏÓÔÏÑÎÎÁÑ M, ÎÅ ÚÁŒÉÓÑÝÁÑ ÏÔ f, ÞÔÏ p(f) ⩽ M‖f‖ ÄÌÑ ÌÀÂÏÊ f ∈ C; 2) ÐÏÌÕÎÏÒÍÁ p ÉÎŒÁÒÉÁÎÔÎÁ ÏÔÎÏÓÉÔÅÌØÎÏ ÓÄŒÉÇÁ, Ô.Å. ÄÌÑ ÌÀÂÏÊ f ∈ C É ÌÀÂÏÇÏ h ∈ R ÓÐÒÁŒÅÄÌÉŒÏ ÒÁŒÅÎÓÔŒÏ p(f(· + h)) = p(f). ìÉÎÅÊÎÏÅ ÍÎÏÖÅÓÔŒÏ C, Œ ËÏÔÏÒÏÍ ŒŒÅÄÅÎÁ ÐÏÌÕÎÏÒÍÁ p, ÐÒÉÎÁÄÌÅÖÁÝÁÑ ËÌÁÓÓÕ A, ÂÕÄÅÍ ÎÁÚÙŒÁÔØ ÐÒÏÓÔÒÁÎÓÔŒÏÍ C_p.

œÓÅ ÒÅÚÕÌØÔÁÔÙ ÜÔÏÇÏ ÐÁÒÁÇÒÁÆÁ Ó ÅÓÔÅÓÔŒÅÎÎÙÍÉ ÉÚÍÅÎÅÎÉÑÍÉ ÏÓÔÁÀÔÓÑ ÓÐÒÁŒÅÄÌÉŒÙÍÉ ÄÌÑ ÐÒÏÓÔÒÁÎÓÔŒ C_p É L_q ÐÒÉ 1 ⩽ q < ∞.

§3. îÅËÏÔÏÒÙÅ ÐÒÉÌÏÖÅÎÉÑ ÔÅÏÒÅÍ §2 Ë ËÏÎËÒÅÔÎÙÍ ÆÕÎËÃÉÏÎÁÌÁÍ 1. œ ÜÔÏÍ ÐÁÒÁÇÒÁÆÅ ÐÏÌÁÇÁÅÍ:

q_m(x) = 2; ÅÓÌÉ x ≠ 2ıp m + 1 ; q ( 2ıp m + 1 ) = 0; ÇÄÅ p ∈ Z;

U_l(f; x) = f(x) − ff_l(f; x); ¸_m(f; x) = |f(x) − J_m(f; x)|; ˛_m(f; x) = |J_m(f; x) − ff_m(f; x)|;

‚_m(f; x) = |J_m(f; x) − f(x) + (f(x) − ff_m(f; x)(1 − cos(m + 1)x)|:

108 œ. œ. öõë

ìÅÍÍÁ 1. ðÕÓÔØ n; m ∈ Z_+, m ⩾ n, x ∈ R, T ∈ H_n. ôÏÇÄÁ

¸_m(T; x) ⩽ 1 m + 1

{(1 − cos(m + 1)x)‖ ~T^′‖ + | sin(m + 1)x|‖T^′‖}; (21)

˛_m(T; x) ⩽ 1 m + 1

{| cos(m + 1)x| ‖ ~T^′‖ + | sin(m + 1)x|‖T^′‖}; (22)

‚_m(T; x) ⩽

‖T^′‖ m + 1

| sin(m + 1)x|: (23) ìÅÍÍÁ 1 ÌÅÇËÏ ÓÌÅÄÕÅÔ ÉÚ ÓÏÏÔÎÏÛÅÎÉÊ (7), (10), (11).

óÌÅÄÓÔŒÉÅ 3. ðÕÓÔØ n; m; l ∈ Z_+, m ⩾ n, l + 1 ⩾ n, T ∈ H_n. ôÏÇÄÁ

¸_m(U_l(T ); x) ⩽ 1 (m + 1)(l + 1)

{(1 − cos(m + 1)x)‖T^{′′}‖

+ | sin(m + 1)x|‖ ~T^{′′}‖}; (24)

˛_m(U_l(T ); x)⩽ 1 (m + 1)(l + 1)

{| cos(m + 1)x|‖T^{′′}‖+| sin(m + 1)x|‖ ~T^{′′}‖}; (25)

‚_m(U_l(T ); x) ⩽

‖ ~T^{′′}‖ (m + 1)(l + 1)

| sin(m + 1)x|: (26)

óÏÏÔÎÏÛÅÎÉÑ (24){(26) ÓÌÅÄÕÀÔ ÉÚ ÓÏÐÏÓÔÁŒÌÅÎÉÑ ÎÅÒÁŒÅÎÓÔŒ (21){ (23) Ó ÒÁŒÅÎÓÔŒÁÍÉ (8), (9).

úÁÍÅÞÁÎÉÅ 9. ðÕÓÔØ m ∈ Z_+, x ∈ R, f ∈ C. ôÏÇÄÁ

¸_m(f; x) ⩽ q_m(x)‖f‖; (27) ˛_m(f; x) ⩽ 2‖f‖; (28) ‚_m(f; x) ⩽ {q_m(x) + 2(1 − cos(m + 1)x)}‖f‖; (29) ¸_m(U_l(f); x) ⩽ 2q_m(x)‖f‖; (30) ˛_m(U_l(f); x) ⩽ 4‖f‖; (31) ‚_m(U_l(f); x) ⩽ {2q_m(x) + 4(1 − cos(m + 1)x)}‖f‖: (32) 2. íÙ ÎÅ ÂÕÄÅÍ ÒÁÓÓÍÁÔÒÉŒÁÔØ Œ ÐÏÌÎÏÍ ÏÂSSÅÍÅ ÐÒÉÌÏÖÅÎÉÑ ÔÅÏ- ÒÅÍ 1 É 2 Ë ÆÕÎËÃÉÏÎÁÌÁÍ ¸_m(f; x), ˛_m(f; x), ‚_m(f; x) É ÔÅÏÒÅÍÙ 3 Ë ÆÕÎËÃÉÏÎÁÌÁÍ ¸_m(U_l(f); x), ˛_m(U_l(f); x), ‚_m(U_l(f); x) (Á ÏÇÒÁÎÉÞÉÍÓÑ ÌÉÛØ ÐÒÉÍÅÒÁÍÉ ÔÁËÉÈ ÐÒÉÌÏÖÅÎÉÊ), ÔÁË ËÁË ÏÎÉ ÐÏÌÕÞÁÀÔÓÑ ÐÒÏ- ÓÔÙÍ ÓÏÐÏÓÔÁŒÌÅÎÉÅÍ ÓÏÏÔŒÅÔÓÔŒÕÀÝÉÈ ÎÅÒÁŒÅÎÓÔŒ, ÎÁÐÉÓÁÎÎÙÈ ÎÁ ÏÓÎÏŒÅ ÔÅÏÒÅÍ 1 É 2 (ÔÅÏÒÅÍÙ 3) Ó ÓÏÏÔÎÏÛÅÎÉÑÍÉ (21){(23), (27){(29) ((24){(26), (30){(32)).

ï ðòéâìéöåîéé ðåòéïäéþåóëéè æõîëãéê 109

ôÅÏÒÅÍÁ 4. ðÕÓÔØ n; m ∈ Z_+, m ⩾ n, x ∈ R, f ∈ C. ôÏÇÄÁ

¸_m(f; x) ⩽ q_m(x) ( 1 2 + ı^2(m + 1)^2 8(n + 1)^2 ) !_2 ( f; 1 m + 1 )

+ A(2){| sin(m + 1)x| ‖´^1 1_{m+1} (f)‖

+ (1 − cos(m + 1)x)(m + 1)‖´^2 1_{m+1} ( ~F )‖}; (33)

‖¸_m(f)‖ ⩽ ( 2 + A(2) + ı^2(m + 1)^2 2(n + 1)^2 ) !_1 ( f; 1 m + 1 )

+ 2A(2)(m + 1)!_2 ( ~F ; 1

m + 1 ) ; (34)

¸_n(f; x) ⩽ q_n(x) ( ı^2 + 1 2 ) !_2 ( f; 1 n + 1 ) + | sin(n + 1)x| ‖´^1 1_{n+1} (f)‖

+ (1 − cos(n + 1)x)(n + 1)‖´^2 1_{n+1} ( ~F )‖;

‖¸_n(f)‖ ⩽ (2ı^2 + 3)!_1 ( f; 1 n + 1 ) + 2(n + 1)!_2 ( ~F ; 1 n + 1 ) ;

˛_m(f; x) ⩽ ( 1 + ı^2(m + 1)^2 4(n + 1)^2 ) !_2 ( f; 1 m + 1 )

+ A(2){| sin(m + 1)x| ‖´^1 1_{m+1} (f)‖

+ | cos(m + 1)x|(m + 1)‖´^2 1_{m+1} ( ~F )‖};

‖˛_m(f)‖ ⩽ ( 2 + A(2) + ı^2(m + 1)^2 2(n + 1)^2 ) !_1 ( f; 1 m + 1 )

+ A(2)(m + 1)!_2 ( ~F ; 1

m + 1 ) ;

˛_n(f; x) ⩽ (ı^2 + 1)!_2 ( f; 1 n + 1 ) + | sin(n + 1)x| ‖´^1 1_{n+1} (f)‖

+ (1 − cos(n + 1)x)(n + 1)‖´^2 1_{n+1} ( ~F )‖;

110 œ. œ. öõë

‖˛_n(f)‖ ⩽ (2ı^2 + 3)!_1 ( f; 1 n + 1 ) + 2(n + 1)!_2 ( ~F ; 1 n + 1 ) ; ‚_m(f; x)

⩽ {q_m(x)+2(1−cos(m + 1)x)} ( 1 2 + ı^2(m + 1)^2 8(n + 1)^2 ) !_2 ( f; 1 m + 1 )

+ A(2)| sin(m + 1)x| ‖´^1 1_{m+1} (f)‖;

‖‚_m(f)‖ ⩽ ( 6 + A(2) +

3ı^2(m + 1)^2 2(n + 1)^2 ) !_1 ( f; 1 m + 1 ) : äÏËÁÚÁÔÅÌØÓÔŒÏ. ïÇÒÁÎÉÞÉÍÓÑ ÄÏËÁÚÁÔÅÌØÓÔŒÏÍ ÎÅÒÁŒÅÎÓÔŒ (33) É (34). ïÓÔÁÌØÎÙÅ ÕÔŒÅÒÖÄÅÎÉÑ ÔÅÏÒÅÍÙ ÕÓÔÁÎÁŒÌÉŒÁÀÔÓÑ ÂÌÉÚËÉÍ ÏÂÒÁÚÏÍ. ðÏÌÁÇÁÑ Œ ÎÅÒÁŒÅÎÓÔŒÅ (12)

˘(f) = ¸_m(f; x); h = 1 m + 1 ; ÎÁÈÏÄÉÍ, ÞÔÏ

˘(f) ⩽ ‖˘‖ ( 1 2 + ı^2(m + 1)^2 8(n + 1)^2 ) !_2 ( f; 1 m + 1 )

+ A(2){¸(m + 1)‖´^1 1_{m+1} (f)‖ + ˛(m + 1)^2‖´^2 1_{m+1} ( ~F )‖}:

œ ÓÉÌÕ (27) É (21) ÉÍÅÅÍ

‖˘‖ ⩽ q_m(x); ¸ ⩽

| sin(m + 1)x| m + 1

; ˛ ⩽

1 − cos(m + 1)x m + 1 : óÏÐÏÓÔÁŒÌÑÑ ÐÒÉŒÅÄÅÎÎÙÅ ÎÅÒÁŒÅÎÓÔŒÁ, ÐÏÌÕÞÁÅÍ, ÞÔÏ

¸_m(f; x)⩽q_m(x) ( 1 2 + ı^2(m + 1)^2 8(n + 1)^2 ) !_2 ( f; 1 m + 1 ) +A(2){| sin(m + 1)x|

× ‖´^1 1_{m+1} (f)‖ + (1 − cos(m + 1)x)(m + 1)‖´^2 1_{m+1} ( ~F )‖}:

ôÅÍ ÓÁÍÙÍ ÓÏÏÔÎÏÛÅÎÉÅ (33) ÄÏËÁÚÁÎÏ. äÌÑ ÄÏËÁÚÁÔÅÌØÓÔŒÁ (34) ÄÏÓÔÁÔÏÞÎÏ ŒÏÓÐÏÌØÚÏŒÁÔØÓÑ (33) É ÐÒÉÎÑÔØ ŒÏ ŒÎÉÍÁÎÉÅ, ÞÔÏ

q_m(x) ⩽ 2; !_2 ( f; 1 m + 1 ) ⩽ 2!_1 ( f; 1 m + 1 ) ; | sin(m + 1)x| ⩽ 1; 1 − cos(m + 1)x ⩽ 2:

ï ðòéâìéöåîéé ðåòéïäéþåóëéè æõîëãéê 111

ôÅÏÒÅÍÁ 5. ðÕÓÔØ n; m ∈ Z_+, m + 1 ⩾ n, x ∈ R, f ∈ C. ôÏÇÄÁ

¸_n(f; x) ⩽ q_n(x) ( 1 + m + 1 2(n + 1) ) !_1 ( f; ı m + 1 )

+ A(1)(m + 1) ı(n + 1)

{| sin(n + 1)x|

× ‖´^1 ß_{m+1} (f)‖ +

(1 − cos(n + 1)x) 2 (m + 1)‖´^2 ß_{m+1} ( ~F )‖}:

äÏËÁÚÁÔÅÌØÓÔŒÏ. ðÏÌÁÇÁÑ Œ ÎÅÒÁŒÅÎÓÔŒÅ (17)

˘(f) = ¸_n(f; x) h = ı m + 1

É ÕÞÉÔÙŒÁÑ ÓÏÏÔÎÏÛÅÎÉÑ (27) É (21), ÎÁÈÏÄÉÍ, ÞÔÏ

¸_n(f; x) ⩽ q_n(x) ( 1 + m + 1 2(n + 1) ) !_1 ( f; ı m + 1 )

+ A(1)(m + 1) ı(n + 1)

{| sin(n + 1)x|

× ‖´^1 ß_{m+1} (f)‖ +

(1 − cos(n + 1)x) 2 (m + 1)‖´^2 ß_{m+1} ( ~F )‖}:

óÌÅÄÓÔŒÉÅ 4. ðÕÓÔØ n; m ∈ Z_+, m + 1 ⩾ n, f ∈ C. ôÏÇÄÁ

‖¸_n(f)‖ ⩽ { 2 + ( m + 1 n + 1 ) ( 1 + A(1) ı )} !_1 ( f; ı m + 1 )

+ A(1)(m + 1)^2 ı(n + 1)

‖´^2 ß_{m+1} ( ~F )‖:

óÌÅÄÓÔŒÉÅ 5. ðÕÓÔØ m ∈ Z_+, f ∈ C. ôÏÇÄÁ 1 m + 1 max 0⩽n⩽m (n + 1)‖f − J_n(f)‖ ⩽ ( 3 + A(1) ı ) !_1 ( f; ı m + 1 )

+ A(1) ı (m + 1)!_2 ( ~F ; ı

m + 1 ) : óÌÅÄÓÔŒÉÅ 5 ÐÏÌÕÞÁÅÔÓÑ ÐÒÉÍÅÎÅÎÉÅÍ ÓÌÅÄÓÔŒÉÑ 4.

112 œ. œ. öõë

ôÅÏÒÅÍÁ 6. ðÕÓÔØ n; m; l ∈ Z_+, m ⩾ n, l + 1 ⩾ n, x ∈ R, f ∈ C. ôÏÇÄÁ

¸_m(U_l(f); x) ⩽ q_m(x) ( 2ı^3 + 13 12 ) !_2 ( f; 1 n + 1 ) + A(3)

(n + 1)^2 (l + 1)(m + 1) ×{(1 − cos(m + 1)x)‖´^2 1_{n+1} (f)‖ + | sin(m + 1)x|(n + 1)‖´^3 1_{n+1} ( ~F )‖}; (35)

‖¸_m(U_l(f))‖ ⩽ ( 2ı^3 + 13 6 + 2A(3)

(n + 1)^2 (l + 1)(m + 1) ) !_2 ( f; 1 n + 1 )

+ A(3)

(n + 1)^3 (l + 1)(m + 1)

!_3 ( ~F ; 1

n + 1 ) ; (36)

¸_n(U_n(f); x) ⩽ q_n(x) ( ı^2 + 13 12 ) !_2 ( f; 1 n + 1 )

+ (1 − cos(n + 1)x)‖´^2 1_{n+1} (f)‖ + | sin(n + 1)x|(n + 1)‖´^3 1_{n+1} ( ~F )‖;

‖¸_n(U_n(f))‖ ⩽ ( 2ı^2 + 25 6 ) !_2 ( f; 1 n + 1 ) + (n + 1)!_3 ( ~F ; 1

n + 1 ) :

äÏËÁÚÁÔÅÌØÓÔŒÏ. ïÇÒÁÎÉÞÉÍÓÑ ÄÏËÁÚÁÔÅÌØÓÔŒÏÍ ÎÅÒÁŒÅÎÓÔŒ (35) É (36). ïÓÔÁÌØÎÙÅ ÕÔŒÅÒÖÄÅÎÉÑ ÔÅÏÒÅÍÙ ÕÓÔÁÎÁŒÌÉŒÁÀÔÓÑ ÂÌÉÚËÉÍ ÏÂÒÁÚÏÍ. ðÏÌÁÇÁÑ Œ ÎÅÒÁŒÅÎÓÔŒÅ (18)

˘(f) = ¸_m(U_l(f); x); h = 1 n + 1 ; ÎÁÈÏÄÉÍ, ÞÔÏ

˘(f) ⩽ ‖˘‖ ( 2ı^3 + 13 24 ) !_2 ( f; 1 n + 1 ) + A(3){¸(n + 1)^2‖´^2 1_{n+1} (f)‖

+ ˛(n + 1)^3‖´^3 1_{n+1} ( ~F )‖}:

œ ÓÉÌÕ (30) É (24) ÉÍÅÅÍ

‖˘‖ ⩽ 2q_m(x); ¸ ⩽

1 − cos(m + 1)x (m + 1)(l + 1)

; ˛ ⩽

| sin(m + 1)x| (m + 1)(l + 1) :

ï ðòéâìéöåîéé ðåòéïäéþåóëéè æõîëãéê 113

óÏÐÏÓÔÁŒÌÑÑ ÐÒÉŒÅÄÅÎÎÙÅ ÎÅÒÁŒÅÎÓÔŒÁ ÐÏÌÕÞÁÅÍ, ÞÔÏ

¸_m(U_l(f); x) ⩽ 2q_m(x) ( 2ı^3 + 13 24 ) !_2 ( f; 1 n + 1 ) + A(3)

(n + 1)^2 (m + 1)(l + 1) × {(1 − cos(m + 1)x)‖´^2 1_{n+1} (f)‖ + | sin(m + 1)x|(n + 1)‖´^3 1_{n+1} ( ~F )‖}:

ôÅÍ ÓÁÍÙÍ ÓÏÏÔÎÏÛÅÎÉÅ (35) ÄÏËÁÚÁÎÏ. äÌÑ ÄÏËÁÚÁÔÅÌØÓÔŒÁ (36) ÄÏ- ÓÔÁÔÏÞÎÏ ŒÏÓÐÏÌØÚÏŒÁÔØÓÑ (35) É ÐÒÉÎÑÔØ ŒÏ ŒÎÉÍÁÎÉÅ, ÞÔÏ

q_m(x) ⩽ 2; | sin(m + 1)x| ⩽ 1; 1 − cos(m + 1)x ⩽ 2:

ìÉÔÅÒÁÔÕÒÁ

1. á. úÉÇÍÕÎÄ, ôÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÅ ÒÑÄÙ. ô. 2. í., 1965.

2. J. Szabados, On the convergence and saturation problem of the Jackson polynomials. | Acta Math. Hungar. 24, No. 3{4 (1973), 399{406.

3. T. F. Xie, X. L. Zhou, The Jackson interpolation operator and construction of functions. | Acta Math. Hungar. 112, No. 3 (2006), 237{247.

4. œ. œ. öÕË, ç. é. îÁÔÁÎÓÏÎ, ôÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÅ ÒÑÄÙ æÕÒØÅ É ÜÌÅÍÅÎÔÙ ÔÅÏÒÉÉ ÁÐÐÒÏËÓÉÍÁÃÉÉ. ì., 1983.

5. œ. œ. öÕË, áÐÐÒÏËÓÉÍÁÃÉÑ ÐÅÒÉÏÄÉÞÅÓËÉÈ ÆÕÎËÃÉÊ. ì., 1982. 6. á. æ. ôÉÍÁÎ, ôÅÏÒÉÑ ÐÒÉÂÌÉÖÅÎÉÑ ÆÕÎËÃÉÊ ÄÅÊÓÔŒÉÔÅÌØÎÏÇÏ ÐÅÒÅÍÅÎÎÏÇÏ.

í., 1960.

7. î. é. áÈÉÅÚÅÒ, í. ç. ëÒÅÊÎ, ï ÎÁÉÌÕÞÛÅÍ ÐÒÉÂÌÉÖÅÎÉÉ ÔÒÉÇÏÎÏÍÅÔÒÉ- ÞÅÓËÉÍÉ ÓÕÍÍÁÍÉ ÄÉÆÆÅÒÅÎÃÉÒÕÅÍÙÈ ÐÅÒÉÏÄÉÞÅÓËÉÈ ÆÕÎËÃÉÊ. | äÏËÌ. áî óóóò 15, No. 3 (1937), 107{112.

8. ï. ì. œÉÎÏÇÒÁÄÏŒ, ôÏÞÎÏÅ ÎÅÒÁŒÅÎÓÔŒÏ ÄÌÑ ÏÔËÌÏÎÅÎÉÑ ÓÕÍÍ òÏÇÏÚÉÎÓËÏÇÏ É ŒÔÏÒÏÇÏ ÍÏÄÕÌÑ ÎÅÐÒÅÒÙŒÎÏÓÔÉ Œ ÐÒÏÓÔÒÁÎÓÔŒÅ ÎÅÐÒÅÒÙŒÎÙÈ ÐÅÒÉÏÄÉÞÅÓËÉÈ ÆÕÎËÃÉÊ. | úÁÐ. ÎÁÕÞÎ. cÅÍÉÎ. ðïíé 247 (1997), 26{45.

9. á. é. óÔÅÐÁÎÅÃ, òÁŒÎÏÍÅÒÎÙÅ ÐÒÉÂÌÉÖÅÎÉÑ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÍÉ ÐÏÌÉÎÏ- ÍÁÍÉ. ëÉÅŒ, 1981.

10. œ. öÕË, ç. îÁÔÁÎÓÏÎ, ë ŒÏÐÒÏÓÕ ÐÒÉÂÌÉÖÅÎÉÑ ÆÕÎËÃÉÊ ÐÏÓÒÅÄÓÔŒÏÍ ÐÏÌÏÖÉ- ÔÅÌØÎÙÈ ÏÐÅÒÁÔÏÒÏŒ. | õÞ. ÚÁÐ. ôÁÒÔÕÓËÏÇÏ ÇÏÓ. ÕÎ-ÔÁ XIX, ŒÙÐ. 430 (1997), 58{69.

11. œ. ë. äÚÑÄÙË, œŒÅÄÅÎÉÅ Œ ÔÅÏÒÉÀ ÒÁŒÎÏÍÅÒÎÏÇÏ ÐÒÉÂÌÉÖÅÎÉÑ ÆÕÎËÃÉÊ ÐÏÌÉ- ÎÏÍÁÍÉ. í., 1977.

12. œ. œ. öÕË, ìÅËÃÉÉ ÐÏ ÔÅÏÒÉÉ ÁÐÐÒÏËÓÉÍÁÃÉÉ. óðÂ., 2008. 13. ï. ì. œÉÎÏÇÒÁÄÏŒ, ï ËŒÁÄÒÁÔÉÞÎÏÍ ÆÕÎËÃÉÏÎÁÌÅ ÉÚ ÚÁÄÁÞÉ Ï ÔÏÞÎÏÊ ÐÏÓÔÏ- ÑÎÎÏÊ Œ ÎÅÒÁŒÅÎÓÔŒÅ äÖÅËÓÏÎÁ ÄÌÑ ÐÒÉÂÌÉÖÅÎÉÑ ÌÉÎÅÊÎÙÍÉ ÐÏÌÏÖÉÔÅÌØ- ÎÙÍÉ ÏÐÅÒÁÔÏÒÁÍÉ. | œÅÓÔÎ. óðÂçõ, No. 15, ÓÅÒ. 1, ŒÙÐ. 3 (1998), 6{11.

14. œ. œ. öÕË, ó. à. ðÉÍÅÎÏŒ, ï ÎÏÒÍÁÈ ÓÕÍÍ áÈÉÅÚÅÒÁ{ëÒÅÊÎÁ{æÁŒÁÒÁ. | œÅÓÔÎ. óðÂçõ, ÓÅÒ. 10, ŒÙÐ. 4 (2006), 37{47.

114 œ. œ. öõë

Zhuk V. V. Approximation of periodic functions by Jackson type interpolation sums. Let ˘_n(t) = 1 2ı(n + 1) ( sin^{(n+1)t}_2 sin^t_2

)_2

be Fejer’s kernel, C be a space of continuous 2ı-periodic functions f with the norm ‖f‖ = max_{x∈R} |f(x)|;

J_n(f; x) = 2ı n + 1 n∑ k=0 f(t_k)˘_n(x − t_k); where t_k = 2ık n + 1 ;

be Jackson’s polynomials of a function f, and let

ff_n(f; x) = ß∫ −ß f(x + t)˘_n(t) dt

be Fejer’s sums of f.

The paper establishes upper estimates for the values of the types

|f(x) − J_n(f; x)|; |J_n(f; x) − ff_n(f; x); ‖f − J_n(t)‖; ‖J_n(t) − ffn(f)‖

which are exact in the order for every function f ∈ C. Special attention is paid to constants occurring in the inequalities obtained.

ðÏÓÔÕÐÉÌÏ 1 ÓÅÎÔÑÂÒÑ 2008 Ç. ó.-ðÅÔÅÒÂÕÒÇÓËÉÊ ÇÏÓÕÄÁÒÓÔŒÅÎÎÙÊ ÕÎÉŒÅÒÓÉÔÅÔ E-mail: zhuk@math.spbu.ru