úÁÐÉÓËÉ ÎÁÕÞÎÙÈ ÓÅÍÉÎÁÒÏŒ ðïíé ôÏÍ 357, 2008 Ç.

å. ð. çÏÌÕÂÅŒÁ

çòáîéãá ðòåäóôáœéíïóôé âïìøûéè þéóåì ôåòîáòîùíé ëœáäòáôéþîùíé æïòíáíé é îåïäîïòïäîùå õòáœîåîéñ œáòéîçá

§0. œŒÅÄÅÎÉÅ

œ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÅ ÍÙ ÕÓÉÌÉŒÁÅÍ ÒÅÚÕÌØÔÁÔÙ ÒÁÂÏÔÙ [1], ÇÄÅ ÂÙÌÏ ÄÏËÁÚÁÎÏ, ÞÔÏ ÕÒÁŒÎÅÎÉÅ

n = x^2 + y^2 + z^3 + u^3 + v^4 + w^{14} + t^{4k+1}; (1)

ÇÄÅ k { ÓËÏÌØ ÕÇÏÄÎÏ ŒÅÌÉËÏ, ÉÍÅÅÔ ÒÅÛÅÎÉÑ ÐÒÉ ÃÅÌÙÈ ÎÅÏÔÒÉÃÁ- ÔÅÌØÎÙÈ ÚÎÁÞÅÎÉÑÈ ÎÅÉÚŒÅÓÔÎÙÈ, ÅÓÌÉ n { ÐÒÏÉÚŒÏÌØÎÏÅ ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÏÅ ÃÅÌÏÅ ÞÉÓÌÏ.

ñÓÎÏ, ÞÔÏ Œ ÕÒÁŒÎÅÎÉÉ (1) ÐÒÉ ÂÏÌØÛÉÈ k ÓÕÍÍÁ ÏÂÒÁÔÎÙÈ ÐÏËÁÚÁ- ÔÅÌÅÊ ÓÔÅÐÅÎÅÊ ÎÅÉÚŒÅÓÔÎÙÈ ÍÅÎØÛÅ 2. ôÁËÉÍ ÏÂÒÁÚÏÍ, ÜÔÏ ÕÒÁŒÎÅÎÉÅ ÎÅ ÕÄÏŒÌÅÔŒÏÒÑÅÔ ÕÓÌÏŒÉÑÍ ÏÓÎÏŒÎÏÊ ÔÅÏÒÅÍÙ ÉÚ ÒÁÂÏÔÙ [2], ÇÄÅ ÉÓ- ÓÌÅÄÕÅÔÓÑ ÕÒÁŒÎÅÎÉÅ

n = x^2 + y^2 + z^{k1}_1 + · · · + z^{kr}_r ;

Œ ËÏÔÏÒÏÍ ÐÏËÁÚÁÔÅÌÉ k_i ÕÄÏŒÌÅÔŒÏÒÑÀÔ ÕÓÌÏŒÉÀ

1=k_1 + · · · + 1=k_r ¿ 1:

óÌÅÄÕÑ ÒÁÂÏÔÅ à. œ. ìÉÎÎÉËÁ [3], ÇÄÅ ÂÙÌÁ ÄÏËÁÚÁÎÁ ÒÁÚÒÅÛÉÍÏÓÔØ ÕÒÁŒÎÅÎÉÑ n = x^2 + t^2 + z^3_1 + z^3_2 + z^3 ;

ÍÙ ÓŒÅÌÉ ÕÒÁŒÎÅÎÉÅ (1) Ë ÚÁÄÁÞÅ Ï ÐÒÅÄÓÔÁŒÌÅÎÉÉ ÂÏÌØÛÉÈ ÞÉÓÅÌ ÔÅÒ- ÎÁÒÎÙÍÉ ËŒÁÄÒÁÔÉÞÎÙÍÉ ÆÏÒÍÁÍÉ. éÚÍÅÎÅÎÉÑ, ŒÎÅÓÅÎÎÙÅ Œ ÓÈÅÍÕ ÄÏËÁÚÁÔÅÌØÓÔŒÁ ÐÏÓÌÅÄÎÅÊ ÒÁÂÏÔÙ, ÐÏÚŒÏÌÉÌÉ ÒÁÓÓÍÁÔÒÉŒÁÔØ ÐÒÏÉÚ- ŒÏÌØÎÏÅ ÞÉÓÌÏ ÓÌÁÇÁÅÍÙÈ.

ôÅÒÎÁÒÎÁÑ ÆÏÒÍÁ, ËÏÔÏÒÁÑ ÐÒÉ ÜÔÏÍ ŒÏÚÎÉËÁÅÔ, ÉÍÅÅÔ ÂÏÌØÛÏÊ ÄÉÓËÒÉÍÉÎÁÎÔ. ðÏÜÔÏÍÕ ÐÏÑŒÌÑÅÔÓÑ ÎÅÏÂÈÏÄÉÍÏÓÔØ ÏÃÅÎÉÔØ ÇÒÁÎÉÃÕ ÐÒÅÄÓÔÁŒÉÍÏÓÔÉ ÂÏÌØÛÉÈ ÞÉÓÅÌ ÔÁËÏÊ ÔÅÒÎÁÒÎÏÊ ÆÏÒÍÏÊ, ÄÌÑ ÞÅÇÏ 5

6 å. ð. çïìõâåœá

ÎÕÖÎÏ ÏÃÅÎÉÔØ ÐÏ ÕÒÏŒÎÀ ÎÏÒÍÕ ÐÁÒÁÂÏÌÉÞÅÓËÏÊ ÆÏÒÍÙ ’ ŒÅÓÁ 3=2, ŒÈÏÄÑÝÅÊ Œ ÓÏÏÔŒÅÔÓÔŒÕÀÝÉÊ ÔÅÔÁ-ÒÑÄ.

ïÃÅÎËÉ ÔÁËÏÇÏ ÒÏÄÁ ÉÚŒÅÓÔÎÙ (ÓÍ. [4, 5]), ÎÏ ÏÎÉ ÎÅÄÏÓÔÁÔÏÞÎÏ ÔÏÞÎÙ ÄÌÑ ÔÏÇÏ, ÞÔÏÂÙ ÉÈ ÍÏÖÎÏ ÂÙÌÏ ÐÒÉÍÅÎÉÔØ Ë ÒÁÓÓÍÁÔÒÉŒÁÅ- ÍÏÊ ÚÁÄÁÞÅ.

œ ÒÁÂÏÔÅ [1] ÄÌÑ ÐÁÒÁÂÏÌÉÞÅÓËÏÊ ÆÏÒÍÙ ’ ÐÏÞÔÉ ÐÒÏÓÔÏÇÏ ÕÒÏŒÎÑ 24p ÂÙÌÁ ÐÏÌÕÞÅÎÁ ÏÃÅÎËÁ

‖’‖ = O ( p^{1=4+”} ) ; (2)

ÇÄÅ ” ¿ 0 ÐÒÏÉÚŒÏÌØÎÏ ÍÁÌÏ.

ðÏÓËÏÌØËÕ Œ [1] ÎÅ ÂÙÌÏ ÄÁÎÏ ÐÏÌÎÏÅ ÄÏËÁÚÁÔÅÌØÓÔŒÏ ÜÔÏÇÏ ÒÅÚÕÌØ- ÔÁÔÁ, ÍÙ ÐÒÉŒÏÄÉÍ ÅÇÏ ÚÄÅÓØ (ÓÍ. ÔÅÏÒÅÍÕ 3 ÎÉÖÅ).

ïÓÎÏŒÎÙÍÉ ÒÅÚÕÌØÔÁÔÁÍÉ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÙ ÑŒÌÑÀÔÓÑ ÔÅÏÒÅÍÙ 1 É 2 (É ÓÌÅÄÓÔŒÉÅ ÉÚ ÔÅÏÒÅÍÙ 1).

õÓÉÌÅÎÉÅ, ÐÏÌÕÞÅÎÎÏÅ Œ ÔÅÏÒÅÍÅ 1, ÐÏ ÓÒÁŒÎÅÎÉÀ Ó ÕÒÁŒÎÅÎÉÅÍ (1) ÐÒÏÉÚÏÛÌÏ ÂÌÁÇÏÄÁÒÑ ÔÏÍÕ, ÞÔÏ Œ ÕÒÁŒÎÅÎÉÉ

k = x^2 + y^2 + 6pz^2;

Ë ËÏÔÏÒÏÍÕ ÒÅÄÕÃÉÒÕÅÔÓÑ ÕÒÁŒÎÅÎÉÅ (3), ÍÙ ÉÍÅÅÍ ÎÅËÏÔÏÒÕÀ ÓŒÏ- ÂÏÄÕ Œ ŒÙÂÏÒÅ ÞÉÓÌÁ k É ŒÙÂÉÒÁÅÍ ÅÇÏ ÔÁË, ÞÔÏ ÏÎÏ ÄÅÌÉÔÓÑ ÎÁ ÂÏÌØ- ÛÏÊ ËŒÁÄÒÁÔ.

üÔÏ ÄÁÅÔ ŒÏÚÍÏÖÎÏÓÔØ ŒÏÓÐÏÌØÚÏŒÁÔØÓÑ ÒÅÚÕÌØÔÁÔÁÍÉ, ÓŒÑÚÁÎÎÙÍÉ Ó ÐÏÄSSÅÍÏÍ ûÉÍÕÒÙ, Œ ÓÉÌÕ ËÏÔÏÒÙÈ ÏÃÅÎËÉ ËÏÜÆÆÉÃÉÅÎÔÁ æÕÒØÅ ÐÁ- ÒÁÂÏÌÉÞÅÓËÏÊ ÆÏÒÍÙ ŒÅÓÁ 3=2 ÐÏ ËŒÁÄÒÁÔÎÏÊ ÞÁÓÔÉ ÎÏÍÅÒÁ ÓÏŒÐÁÄÁÀÔ Ó ÓÏÏÔŒÅÔÓÔŒÕÀÝÅÊ ÏÃÅÎËÏÊ ÄÌÑ ŒÅÓÁ 2.

ëÒÏÍÅ ÔÏÇÏ, Œ ÄÏËÁÚÁÔÅÌØÓÔŒÅ ÔÅÏÒÅÍÙ 1 ÉÓÐÏÌØÚÕÅÔÓÑ ÇÌÕÂÏËÉÊ ÒÅÚÕÌØÔÁÔ ÒÁÂÏÔÙ [6] (ÔÏÞÎÅÅ, ÅÇÏ ÕÓÉÌÅÎÉÅ ÉÚ [7]) Ï ÐÒÏÓÔÙÈ ÞÉÓÌÁÈ Œ ÁÒÉÆÍÅÔÒÉÞÅÓËÉÈ ÐÒÏÇÒÅÓÓÉÑÈ Ó ÍÏÄÕÌÅÍ, ÑŒÌÑÀÝÉÍÓÑ ÓÔÅÐÅÎØÀ ÐÒÏÓÔÏÇÏ ÞÉÓÌÁ.

ëÁË ÕÖÅ ÕÐÏÍÉÎÁÌÏÓØ ŒÙÛÅ, ÉÚŒÅÓÔÎÙÅ ÏÃÅÎËÉ ËÏÜÆÆÉÃÉÅÎÔÁ æÕ- ÒØÅ Ó ÎÏÍÅÒÏÍ n = tm^2 ÐÁÒÁÂÏÌÉÞÅÓËÏÊ ÆÏÒÍÙ ŒÅÓÁ 3/2 ÑŒÌÑÀÔÓÑ ÓÕÝÅÓÔŒÅÎÎÏ ÒÁÚÌÉÞÎÙÍÉ ÐÏ t (t-ÂÅÓËŒÁÄÒÁÔÎÏ) É m^2. åÓÌÉ ÐÏ t ÜÔÁ ÏÃÅÎËÁ ÉÍÅÅÔ ŒÉÄ O ( t^{1=2−1=28+”} ) (ÓÍ. [8, 9]), ÔÏ ÄÌÑ m^2 ÏÎÁ ÇÏÒÁÚÄÏ ÌÕÞÛÅ, Á ÉÍÅÎÎÏ O ( m^{1=2+”} ) , ÞÔÏ ÏÔÒÁÖÁÅÔÓÑ ÎÁ ÒÅÚÕÌØÔÁÔÅ ÔÅÏÒÅÍÙ 2.

òÁÎÅÅ ÄÌÑ ÚÁÄÁÞÉ Ï ÇÒÁÎÉÃÅ ÐÒÅÄÓÔÁŒÉÍÏÓÔÉ ÞÉÓÅÌ ÔÅÒÎÁÒÎÙÍÉ ÆÏÒÍÁÍÉ Ó ÂÏÌØÛÉÍ ÄÉÓËÒÉÍÉÎÁÎÔÏÍ ÂÙÌÉ ÉÚŒÅÓÔÎÙ ÔÏÌØËÏ ÏÃÅÎËÉ, Œ ËÏÔÏÒÙÈ t É m^2 ÒÁŒÎÏÐÒÁŒÎÙ, ÌÉÂÏ ÔÅ, Œ ËÏÔÏÒÙÈ ÕÞÉÔÙŒÁÌÏÓØ ÐÏ- ÎÉÖÅÎÉÅ ÔÏÌØËÏ ÐÏ m^2 (ÓÍ. [10]).

çòáîéãá ðòåäóôáœéíïóôé âïìøûéè þéóåì 7

ôÁËÉÍ ÏÂÒÁÚÏÍ, ÇÒÁÎÉÃÁ ÐÒÅÄÓÔÁŒÉÍÏÓÔÉ ÐÏÌÕÞÅÎÁ, ŒÏ-ÐÅÒŒÙÈ, ÚÁ ÓÞÅÔ ÓÐÅÃÉÆÉËÉ ŒÉÄÁ ÆÉÇÕÒÉÒÕÀÝÅÊ Œ ÎÅÊ ËŒÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ, ÄÌÑ ËÏÔÏÒÏÊ Œ ÔÅÏÒÅÍÅ 3 ÐÏÌÕÞÅÎ ÎÅÕÌÕÞÛÁÅÍÙÊ ÒÅÚÕÌØÔÁÔ É, ŒÏ-ŒÔÏÒÙÈ, ÚÁ ÓÞÅÔ ÔÏÇÏ, ÞÔÏ Œ ÐÅÒŒÏÎÁÞÁÌØÎÙÈ ÒÁÂÏÔÁÈ [8, 9] ÒÅÚÕÌØÔÁÔ ÈÏÒÏÛÏ ÁÄÁÐÔÉÒÏŒÁÎ Ë ÒÁÓÓÍÁÔÒÉŒÁÅÍÏÊ ÚÁÄÁÞÅ.

œ ÒÁÂÏÔÁÈ [11, 12] ÂÙÌÉ ÐÏÌÕÞÅÎÙ ÂÏÌÅÅ ÓÉÌØÎÙÅ ÒÅÚÕÌØÔÁÔÙ ÐÏ ÎÏ- ÍÅÒÕ t ÄÌÑ ÐÁÒÁÂÏÌÉÞÅÓËÉÈ ÆÏÒÍ ÐÏÌÕÃÅÌÏÇÏ ŒÅÓÁ, ÎÏ ÏÎÉ ÎÅ ÄÏËÁÚÁÎÙ ÄÌÑ ŒÅÓÁ 3/2 É ÄÁÀÔ ÂÏÌÅÅ ÓÌÁÂÙÊ ÒÅÚÕÌØÔÁÔ ÐÏ ÕÒÏŒÎÀ.

óÆÏÒÍÕÌÉÒÕÅÍ ÔÅÐÅÒØ ÏÓÎÏŒÎÙÅ ÒÅÚÕÌØÔÁÔÙ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÙ.

ôÅÏÒÅÍÁ 1. ðÕÓÔØ n ≡ 1(mod 5). õÒÁŒÎÅÎÉÅ

n = x^2 + y^2 + u^3 + v^4 + w^4 + t^{16}; (3)

ÉÍÅÅÔ ÐÒÉ ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÏÍ n ÒÅÛÅÎÉÑ ÐÒÉ ÎÅÏÔÒÉÃÁÔÅÌØÎÙÈ ÚÎÁ- ÞÅÎÉÑÈ ŒÓÅÈ ÐÅÒÅÍÅÎÎÙÈ.

óÌÅÄÓÔŒÉÅ. õÒÁŒÎÅÎÉÅ

n = x^2 + y^2 + u^3 + v^3 + w^4 + t^{16} + s^{4k+1}

ÉÍÅÅÔ ÎÅÏÔÒÉÃÁÔÅÌØÎÙÅ ÒÅÛÅÎÉÑ ÄÌÑ ŒÓÅÈ ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÉÈ n É k.

ôÅÏÒÅÍÁ 2. ðÕÓÔØ P { ÐÒÏÓÔÏÅ É ÞÉÓÌÏ n ÕÄÏŒÌÅÔŒÏÒÑÅÔ ÓÌÅÄÕÀÝÉÍ ÕÓÌÏŒÉÑÍ:

1. (n; 6P ) = 1; 2. ÓÒÁŒÎÅÎÉÅ n ≡ x^2 + y^2 + 6P z^2(mod 16)

ÉÍÅÅÔ ÒÅÛÅÎÉÑ;

3. nm^{12} ¿ P^{21+”}, ÇÄÅ n = tm^2, (t; m) = 1, ” ¿ 0 ÐÒÏÉÚŒÏÌØÎÏ ÍÁÌÏ. ôÏÇÄÁ ÕÒÁŒÎÅÎÉÅ n = x^2 + y^2 + 6P z^2

ÉÍÅÅÔ ÒÅÛÅÎÉÑ.

ôÅÏÒÅÍÁ 3. ðÕÓÔØ `(z) { ÔÅÔÁ-ÒÑÄ ËŒÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ x^2 + y^2 + 6pw^2 É E(z) { ÒÑÄ üÊÚÅÎÛÔÅÊÎÁ, ŒÈÏÄÑÝÉÊ Œ `(z). ðÕÓÔØ f(z) = `(z) − E(z), ÔÏÇÄÁ ‖f‖ = O ( p^{1=4+”} ) , ÇÄÅ ” ¿ 0 ÐÒÏÉÚŒÏÌØÎÏ ÍÁÌÏ.

8 å. ð. çïìõâåœá

§1. äÏËÁÚÁÔÅÌØÓÔŒÏ ÔÅÏÒÅÍÙ 1

òÁÓÓÍÏÔÒÉÍ ÒÅÛÅÎÉÑ ÕÒÁŒÎÅÎÉÑ (3), ÄÌÑ ËÏÔÏÒÙÈ u + v { ÞÅÔÎÏÅ ÞÉÓÌÏ. ðÕÓÔØ u + v = 2A. ôÏÇÄÁ ÕÒÁŒÎÅÎÉÅ ÚÁÐÉÛÅÔÓÑ Œ ŒÉÄÅ

n = x^2 + y^2 + 6Au^2 − 12A^2u + 8A^3 + w^4 + t^{16}: (4)

ðÏÌÏÖÉÍ z_1 = u − A, ÔÏÇÄÁ ÐÏÓÌÅÄÎÅÅ ÕÒÁŒÎÅÎÉÅ ÐÒÉÍÅÔ ŒÉÄ

n = x^2 + y^2 + 6Az^2_1 + 2A^3 + w^4 + t^{16}:

(ðÏÚÖÅ ÍÙ ŒÙÂÉÒÁÅÍ A ÔÁË, ÞÔÏ A ≍ n^{1=3}.) ðÏÓËÏÌØËÕ n ≡ 1(mod 5), ÓÒÁŒÎÅÎÉÅ n ≡ t^{16}_0 (mod 5^{4ff}) ÒÁÚÒÅÛÉÍÏ ÐÒÉ ÌÀÂÏÍ ff.

œÙÂÅÒÅÍ ff ÔÁË, ÞÔÏ 5^{4ff} ≈ c_1n^{1=16} Ó ÄÏÓÔÁÔÏÞÎÏ ÍÁÌÏÊ ÐÏÓÔÏÑÎÎÏÊ c_1. ðÏÌÏÖÉÍ t = t_0 + 5^{4ff}t_1, ÇÄÅ 0 ¡ t_0 ¡ 5^{4ff}. ôÏÇÄÁ n − t^{16} = 5^{4ff}n_1, ÇÄÅ n_1 ≍ n^{15=16}. ðÁÒÁÍÅÔÒ t_1 ÍÏÖÎÏ ŒÙÂÒÁÔØ ÔÁË, ÞÔÏ n_1 ≡ (mod 5).

ðÏÌÏÖÉÍ x = 5^{2ff}x_1, y = 5^{2ff}y_1, A = 5^{4ff}B, w = 5^ffw_1. ôÏÇÄÁ ÕÒÁŒÎÅ- ÎÉÅ (4) ÐÒÉÍÅÔ ŒÉÄ

n_1 = x^2_1 + y^2_1 + 6Bz^2_1 + 2 · 5^{8ff}B^3 + w^4_1 : (5)

úÁÍÅÔÉÍ, ÞÔÏ B ≍ n^{13=48}. ðÏÜÔÏÍÕ ËÏÜÆÆÉÃÉÅÎÔ ŒÙÄÅÌÅÎÎÏÊ ÔÅÒ- ÎÁÒÎÏÊ ËŒÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ ÕÄÏŒÌÅÔŒÏÒÑÅÔ ÕÓÌÏŒÉÀ B ≍ n^{13=45}_1 .

ôÁËÉÍ ÏÂÒÁÚÏÍ, ÚÁ ÓÞÅÔ ÓÌÁÇÁÅÍÏÇÏ t^{16} ÍÙ ÄÏÂÉÌÉÓØ ÔÏÇÏ, ÞÔÏ Œ ÓÏ- ÏÔŒÅÔÓÔŒÕÀÝÅÊ ÔÅÒÎÁÒÎÏÊ ËŒÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÅ ÄÉÓËÒÉÍÉÎÁÎÔ ÓÔÁÌ ÍÅÎØÛÅÊ ÓÔÅÐÅÎØÀ ÐÒÅÄÓÔÁŒÌÑÅÍÏÇÏ ÞÉÓÌÁ.

ðÏŒÔÏÒÉÍ ÜÔÏ ÒÁÓÓÕÖÄÅÎÉÅ. ðÕÓÔØ w_0 { ÎÁÉÍÅÎØÛÅÅ ÐÏÌÏÖÉÔÅÌØÎÏÅ ÒÅÛÅÎÉÅ ÓÒÁŒÎÅÎÉÑ n_1 ≡ w^4_0 (mod 5^{2ff}), o ¡ w_0 ¡ 5^{2ff}. ðÏËÁÚÁÔÅÌØ fi ŒÙÂÅÒÅÍ ÔÁË, ÞÔÏ 5^{2fi} ≈ c_2n^{1=4}_1 , ÇÄÅ c_2 { ÄÏÓÔÁÔÏÞÎÏ ÍÁÌÁÑ ÐÏÓÔÏÑÎÎÁÑ. ðÏÌÏÖÉÍ w_1 = w_0 + 5^{2fi}t_2. ôÏÇÄÁ n_1 − w^4_1 = 5^{2fi}n_2. ðÏÌÏÖÉÍ x_1 = 5^fix_2, y_1 = 5^fiy_2, B = 5^{2fi} C. ôÏÇÄÁ ÕÒÁŒÎÅÎÉÅ (5) ÚÁÐÉÛÅÔÓÑ Œ ŒÉÄÅ

n_2 = x^2 + y^2 + 6Cz^2_1 + 2 · 5^{8ff}C^3: (6)

ðÒÉ ÜÔÏÍ, n_2 ≍ n^{15=16−15=64} = n^{45=64}, C ≍ n^{13=48−15=64} = n^{7=192}. óÌÅ- ÄÏŒÁÔÅÌØÎÏ, C ≍ n^{7=135}_2 .

äÏ ÓÉÈ ÐÏÒ ÍÙ ÓÌÅÄÏŒÁÌÉ ÉÚÌÏÖÅÎÉÀ ÒÁÂÏÔÙ [1]. äÁÌÅÅ ÍÙ ŒÙÂÉÒÁÅÍ C ÔÁË, ÞÔÏ n_2 − 2 · 5^{8ff+4fi} C^3 ÄÅÌÉÔÓÑ ÎÁ ÂÏÌØÛÏÊ ËŒÁÄÒÁÔ.

ðÁÒÁÍÅÔÒÙ t_1 É t_2 ÍÏÖÎÏ ŒÙÂÒÁÔØ ÔÁË, ÞÔÏ (n_2; 11) = 1. óÒÁŒÎÅ- ÎÉÅ n_2 ≡ 2 · 5^{8ff+4fi}C^3(mod 11) ÉÍÅÅÔ ÒÅÛÅÎÉÅ, ÐÏÓËÏÌØËÕ

(_{−3} 11 ) = −1.

çòáîéãá ðòåäóôáœéíïóôé âïìøûéè þéóåì 9

óÌÅÄÏŒÁÔÅÌØÎÏ, ÓÒÁŒÎÅÎÉÅ n_2 ≡ 2 · 5^{8ff+4fi} C^3(mod 11^{2fl}) ÉÍÅÅÔ ÒÅÛÅÎÉÅ ÐÒÉ ÌÀÂÏÍ fl.

œÙÂÅÒÅÍ fl ÔÁË, ÞÔÏ 11^{2fl} ≈ c_3n^{7=480}, ÇÄÅ c_3 { ÄÏÓÔÁÔÏÞÎÏ ÍÁÌÁÑ ÐÏÓÔÏÑÎÎÁÑ. ðÏÌÏÖÉÍ C = C_0 + 11^{2fl} t_3; (7)

ÔÏÇÄÁ n_2 − 2 · 5^{8ff+4fi} C^3 = 11^{2fl} n_3 É 11^{2fl} n_3 ≍ n_2.

ðÏÓÌÅ ÜÔÏÊ ÚÁÍÅÎÙ ÕÒÁŒÎÅÎÉÅ (6) ÐÒÉÏÂÒÅÔÁÅÔ ŒÉÄ

11^{2fl}n_3 = x^2 + y^2 + 6Cz^2_1 :

(îÁÐÏÍÎÉÍ, ÞÔÏ C ≍ (11^{2fl} n_3)^{7=135}.)

þÔÏÂÙ ÐÏÓÌÅÄÎÅÅ ÕÒÁŒÎÅÎÉÅ ÕÄÏŒÌÅÔŒÏÒÑÌÏ ÕÓÌÏŒÉÑÍ ÔÅÏÒÅÍÙ 2 ÍÙ ŒÙÂÉÒÁÅÍ C = p, ÇÄÅ p { ÐÒÏÓÔÏÅ ÞÉÓÌÏ, ÐÒÉÎÁÄÌÅÖÁÝÅÅ ÐÒÏÇÒÅÓ- ÓÉÉ (7).

ïÃÅÎËÉ ÎÁÉÍÅÎØÛÅÇÏ ÐÒÏÓÔÏÇÏ Œ ÐÒÏÇÒÅÓÉÉ, ÍÏÄÕÌØ ËÏÔÏÒÏÊ ÓÏ- ÓÔÏÉÔ ÉÚ ÓÔÅÐÅÎÅÊ ÐÒÏÓÔÙÈ ÞÉÓÅÌ, ÐÒÉÎÁÄÌÅÖÁÝÉÈ ÆÉËÓÉÒÏŒÁÎÎÏÍÕ ÍÎÏÖÅÓÔŒÕ, ÂÙÌÉ ÐÏÌÕÞÅÎÙ Œ ÒÁÂÏÔÙÈ [6, 7]. éÚ ÒÅÚÕÌØÔÁÔÁ ÒÁÂÏÔÙ [14] ÓÌÅÄÕÅÔ, Œ ÞÁÓÔÎÏÓÔÉ, ÞÔÏ p ÍÏÖÎÏ ŒÙÂÒÁÔØ ÐÏÒÑÄËÁ p ≍ (11^{2fl} )^{2:5} ≍ n^{7=192}.

ôÁËÉÍ ÏÂÒÁÚÏÍ, ÉÓÈÏÄÎÏÅ ÕÒÁŒÎÅÎÉÅ ÓŒÅÌÏÓØ Ë ÕÒÁŒÎÅÎÉÀ

11^{2fl} n_3 = x^2 + y^2 + 6pz^2 ; (8,)

ÄÌÑ ËÏÔÏÒÏÇÏ ÌÅÇËÏ ÐÒÏŒÅÒÉÔØ ŒÓÅ ÕÓÌÏŒÉÑ ÔÅÏÒÅÍÙ 2. (œÓÅ ËÏÎÇÒÕÅÎ- ÃÉÁÌØÎÙÅ ÕÓÌÏŒÉÑ ÕÄÏŒÌÅÔŒÏÒÑÀÔÓÑ ÚÁ ÓÞÅÔ ŒÙÂÏÒÁ ÐÒÏÍÅÖÕÔÏÞÎÙÈ ÐÁÒÁÍÅÔÒÏŒ, Á ÏÓÎÏŒÎÏÅ ÕÓÌÏŒÉÅ 3 ÔÅÏÒÅÍÙ 2 ŒÙÐÏÌÎÅÎÏ ÚÁ ÓÞÅÔ ŒÙ- ÂÏÒÁ ff; fi; fl.)

óÌÅÄÏŒÁÔÅÌØÎÏ, Œ ÓÉÌÕ ÔÅÏÒÅÍÙ 2 ÕÒÁŒÎÅÎÉÅ (8) ÉÍÅÅÔ, ËÁË ÍÉÎÉ- ÍÕÍ, ÏÄÎÏ ÒÅÛÅÎÉÅ.

îÁÍ ÏÓÔÁÌÏÓØ ÔÏÌØËÏ ÐÒÏŒÅÒÉÔØ, ÞÔÏ u É v ÍÏÖÎÏ ŒÚÑÔØ ÎÅÏÔÒÉ- ÃÁÔÅÌØÎÙÍÉ. äÌÑ ÜÔÏÇÏ ÚÁÍÅÔÉÍ, ÞÔÏ Œ ÕÒÁŒÎÅÎÉÉ (8), ÏÞÅŒÉÄÎÏ, 6pz^2_1 ⩽ 11^{2fl} n_3 (Ô.Å. z^2_1 ⩽ n=6A).

ëÒÏÍÅ ÔÏÇÏ, ÐÒÏÓÔÏÅ p ÍÏÖÎÏ ŒÙÂÒÁÔØ ÔÁË, ÞÔÏ n=2 ¡ n − 2A^3 ¡ 4A^3. ïÔÓÀÄÁ ÓÌÅÄÕÅÔ, ÞÔÏ z^2_1 ⩽ A^2_1, É ÍÙ ÍÏÖÅÍ ŒÚÑÔØ z_1 ÔÁËÉÍ, ÞÔÏ 0 ⩽ z_1 ⩽ A.

œÓÐÏÍÉÎÁÑ, ÞÔÏ z_1 = A−u, ÉÍÅÅÍ 0 ⩽ u ⩽ A. ðÏÓËÏÌØËÕ u+v = 2A, ÔÏ É v ¿ 0.

10 å. ð. çïìõâåœá

§2. äÏËÁÚÁÔÅÌØÓÔŒÏ ÔÅÏÒÅÍÙ 2

ôÅÔÁ-ÒÑÄ ÔÅÒÎÁÒÎÏÊ ËŒÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ x^2 + y^2 + 6P z^2 ÑŒÌÑÅÔÓÑ ÍÏÄÕÌÑÒÎÏÊ ÆÏÒÍÏÊ ŒÅÓÁ 3/2, ÓÔÕÐÅÎÉ 24P É ÉÚŒÅÓÔÎÏÇÏ ËŒÁÄÒÁÔÉÞ- ÎÏÇÏ ÈÁÒÁËÔÅÒÁ Ø.

ðÕÓÔØ S^{(1)}_{3=2}(24P; Ø) { ÐÒÏÓÔÒÁÎÓÔŒÏ ÐÁÒÁÂÏÌÉÞÅÓËÉÈ ÆÏÒÍ ŒÅÓÁ 3/2, ÑŒÌÑÀÝÉÈÓÑ ÓÏÂÓÔŒÅÎÎÙÍÉ ÆÕÎËÃÉÑÍÉ ŒÓÅÈ ÏÐÅÒÁÔÏÒÏŒ çÅËËÅ T (p^2), ÇÄÅ p ∤ 6P , ËÏÔÏÒÙÅ ÐÒÉ ÐÏÄSSÅÍÅ ûÉÍÕÒÙ ÐÅÒÅÈÏÄÑÔ Œ ÐÁÒÁÂÏÌÉÞÅÓËÉÅ ÆÏÒÍÙ ŒÅÓÁ 2 É S^{(0)}_{3=2}(24P; Ø) { ÐÒÏÓÔÒÁÎÓÔŒÏ, ÐÏÒÏÖÄÅÎÎÏÅ `-ÒÑÄÁÍÉ Ó ÏÄÎÉÍ ËŒÁÄÒÁÔÏÍ (ËÏÔÏÒÏÅ ÐÒÉ ÐÏÄSSÅÍÅ ûÉÍÕÒÙ ÐÅÒÅÈÏÄÉÔ Œ ÒÑÄÁ üÊÚÅÎÛÔÅÊÎÁ). ðÒÏÓÔÒÁÎÓÔŒÁ S^{(1)}_{3=2} É S^{(0)}_{3=2} ÏÒÔÏÇÏÎÁÌØÎÙ ÐÏ ÍÅÔÒÉËÅ ðÅÔÅÒÓÏÎÁ.

ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ K ÒÁÚÍÅÒÎÏÓÔØ S^{(1)}_{3=2} É ÐÕÓÔØ ’_k (z), ÇÄÅ 1 ⩽ k ⩽ K, { ÏÒÔÏÎÏÒÍÉÒÏŒÁÎÎÙÊ ÂÁÚÉÓ S^{(1)}_{3=2}.

äÌÑ ÌÀÂÏÊ ÍÏÄÕÌÑÒÎÏÊ ÆÏÒÍÙ f(z) ŒÅÓÁ 3/2, ÈÁÒÁËÔÅÒÁ Ø É ÕÒÏŒÎÑ 24P ÏÂÏÚÎÁÞÉÍ ÞÅÒÅÚ ^f(n) ÓÏÏÔŒÅÔÓÔŒÕÀÝÉÊ ËÏÜÆÆÉÃÉÅÎÔ æÕÒØÅ,

f(z) = ∞∑ n=0 ^f(n) e(nz):

ðÕÓÔØ `(z) { ÔÅÔÁ-ÒÑÄ ËŒÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ x^2 + y^2 + 6P u^2, ÔÏÇÄÁ

`(z) = E(z) + a_1’_1(z) + · · · + a_k’_k(z) + ’(z);

ÇÄÅ E(z) { ÒÑÄ üÊÚÅÎÛÔÅÊÎÁ, ŒÈÏÄÑÝÉÊ Œ `(z), É ’(z) ÐÒÉÎÁÄÌÅ- ÖÉÔ S^{(0)}_{3=2}(24P; Ø).

ëÁË ÉÚŒÅÓÔÎÏ, ÅÓÌÉ n ÎÅ ÑŒÌÑÅÔÓÑ ÐÏÌÎÙÍ ËŒÁÄÒÁÔÏÍ É (n; 6P ) = 1, ÔÏ ^’(n) = 0. ëÒÏÍÅ ÔÏÇÏ, ^E(n) ¿ c_”n^{1=2−”}=P^{1=2}, ÇÄÅ c_” { ÐÏÓÔÏÑÎÎÁÑ, ÚÁŒÉÓÑÝÁÑ (ÎÅ ÜÆÆÅËÔÉŒÎÏ) ÏÔ ”.

éÚ ÒÅÚÕÌØÔÁÔÏŒ ûÉÍÕÒÙ Ï ÐÏÄSSÅÍÅ É äÅÌÉÎÑ Ï ÓÏÂÓÔŒÅÎÎÙÈ ÞÉ- ÓÌÁÈ ÏÐÅÒÁÔÏÒÏŒ çÅËËÅ T (m) ÄÌÑ ŒÅÓÁ 2 ÓÒÁÚÕ ÖÅ ÓÌÅÄÕÔ, ÞÔÏ ^’_i(n) = O ( | ^’_i(t)|m^{1=2+”} ) , ÇÄÅ ” ¿ 0 { ÐÒÏÉÚŒÏÌØÎÏ ÍÁÌÏ.

ôÁËÉÍ ÏÂÒÁÚÏÍ,

^`(n) = E(n) + a_1 ^’_1(n) + · · · + a_k ^’_k(n) =

= ^E(n) + O K∑ k=1 a^2_k m^{1=2+”} K∑ k=1 | ^’_k(t)|^2 :

çòáîéãá ðòåäóôáœéíïóôé âïìøûéè þéóåì 11

œ ÓÉÌÕ ÒÅÚÕÌØÔÁÔÁ ÒÁÂÏÔ [8, 9] k∑ k=1 | ^’_k (t)|^2 = O ( t^{1−1=14+”} ) : ðÕÓÔØ f(z) = a_1’_1(z) + · · · + a_k’_k(z);

ÔÏÇÄÁ f(z) ÏÒÔÏÇÏÎÁÌØÎÁ ’(z) É

‖`(z) − E(z)‖ = ‖f(z) + ’(z)‖ ⩾ ‖f(z)‖:

œ ÓÉÌÕ ÒÅÚÕÌØÔÁÔÁ ÔÅÏÒÅÍÙ 3, √ a^2_1 + · · · + a^2_k = ‖f(z)‖ = O ( P^{1=4+”} ) : ðÏÜÔÏÍÕ ^`(n) = ^E(n) + O(P^{1=4+”}m^{1=2+”}t^{1=2−1=28+”});

ÏÔËÕÄÁ ÓÌÅÄÕÅÔ ÕÔŒÅÒÖÄÅÎÉÅ ÔÅÏÒÅÍÙ.

§3. äÏËÁÚÁÔÅÌØÓÔŒÏ ÔÅÏÒÅÍÙ 3

œÙÂÅÒÅÍ ÆÕÎÄÁÍÅÎÔÁÌØÎÕÀ ÏÂÌÁÓÔØ ÄÌÑ ÇÒÕÐÐÙ `_0(24p) ÔÁË, ÞÔÏ ÏÎÁ ÉÍÅÅÔ ÐÁÒÁÂÏÌÉÞÅÓËÉÅ ŒÅÒÛÉÎÙ Œ ÔÏÞËÁÈ 1 pa ; ÇÄÅ a | 24; a ≠ 24; ∞ (9) É 1 a ; ÇÄÅ a | 24; 0: (10)

íÙ ÉÍÅÅÍ ‖f‖^2 = ∑ b ∫∫ D_b

|f(ø)|^2 dxdy √ y ; ÇÄÅ ø = x + iy, D_b { ÞÁÓÔØ ÆÕÎÄÁÍÅÎÔÁÌØÎÏÊ ÏÂÌÁÓÔÉ, ÉÍÅÀÝÅÊ ÐÁÒÁ- ÂÏÌÉÞÅÓËÕÀ ŒÅÒÛÉÎÕ b.

òÁÓÓÍÏÔÒÉÍ ÓÎÁÞÁÌÁ D_∞, ∫∫ D_∞

|f(ø)|^2 dxdy √ y ⩽ 1∫ 0 dx ∞∫ 1=2 | | | ∞∑ n=1 f_ne(nø) | | | 2 dxdy √ y =

12 å. ð. çïìõâåœá = ∞∫ 1=2 ∞∑ n=1 |f_n|^2 e^{−4ßny} dy √ y ; ÇÄÅ f(ø) = ∞∑ n=1 f_ne(nø):

íÙ ÉÍÅÅÍ f_n = `_n − E_n, ÇÄÅ

`_n = ∑ n=n^2_1 +n^2+6pn^2_3 1

É E_n ÑŒÌÑÅÔÓÑ ËÏÜÆÆÉÃÉÅÎÔÏÍ æÕÒØÅ ÓÏÏÔŒÅÔÓÔŒÕÀÝÅÇÏ ÒÑÄÁ üÊÚÅÎ- ÛÔÅÊÎÁ{úÉÇÅÌÑ.

ðÏÓËÏÌØËÕ n_3 ÐÒÉÎÉÍÁÅÔ O ( n^{1=2}=p^{1=2} ) ŒÏÚÍÏÖÎÙÈ ÚÎÁÞÅÎÉÊ É ÐÒÉ ÆÉËÓÉÒÏŒÁÎÎÏÍ n_3 ÓÕÍÍÁ n^2_1 + n^2 ÐÒÉÎÉÍÁÅÔ O(n^”) ŒÏÚÍÏÖÎÙÈ ÚÎÁÞÅ- ÎÉÊ, ÉÍÅÅÍ `_n = O ( n^{1=2+”}=p^{1=2} + n^” ) ; ÇÄÅ ” ¿ 0 { ÐÒÏÉÚŒÏÌØÎÏ.

ëÁË ÉÚŒÅÓÔÎÏ, ÚÎÁÞÅÎÉÅ E_n ÕÄÏŒÌÅÔŒÏÒÑÅÔ ÔÏÊ ÖÅ ÏÃÅÎËÅ. ôÁËÉÍ ÏÂÒÁÚÏÍ, ∫∫ D_∞

|f(ø)|^2 dxdy √ y = O (^∞∫ 1=2 ∞∑ n=1 (n1+” p + n^” ) e^{−4ßny} dy = O(p^”):

œÏ ŒÓÅÈ ÏÓÔÁÌØÎÙÈ ÔÏÞËÁÈ ŒÉÄÁ (9) ÍÙ ÉÍÅÅÍ ÔÕ ÖÅ ÏÃÅÎËÕ ∫∫ D_b

|f(ø)|^2 dxdy √ y = O(p^”):

îÉÖÅ ÍÙ ÐÒÏÄÅÍÏÎÓÔÒÉÒÕÅÍ ÜÔÏ ÎÁ ÐÒÉÍÅÒÅ ÔÏÞËÉ b = 1=p.

ðÕÓÔØ ÔÅÐÅÒØ b = 0. éÍÅÅÍ ∫∫ D_0

|f(ø)|^2 dxdy √ y = ∫∫ ff^{−1}(D_0 )

|f ∘ ff|^2 dxdy √ y ;

çòáîéãá ðòåäóôáœéíïóôé âïìøûéè þéóåì 13

ÇÄÅ ff { ÐÒÅÏÂÒÁÚÏŒÁÎÉÅ ŒÉÄÁ ff = ( 0 1 −24p 0 ) É f ∘ ff = Cf(ff(ø))(−24pø)^{−3=2}(24p)^{3=4}; |C| = 1:

ðÒÅÏÂÒÁÚÏŒÁÎÉÅ ff ÎÏÒÍÁÌÉÚÕÅÔ ÇÒÕÐÐÕ `_0(24p), ÐÏÓËÏÌØËÕ ÐÒÉ ÌÀÂÏÍ fi ÉÚ `_0(24p) ÍÙ ÉÍÅÅÍ

ff^{−1}fiff = 1 24p ( 0 −1 24p 0 ) ( a b 24pc d ) ( 0 1 −24p 0 ) = = ( d c 24pb a ) ∈ `_0(24p):

ôÁËÉÍ ÏÂÒÁÚÏÍ, f ∘ ff ÑŒÌÑÅÔÓÑ ÐÁÒÁÂÏÌÉÞÅÓËÏÊ ÆÏÒÍÏÊ ÄÌÑ ÇÒÕÐÐÙ `_0(24p).

ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ,

`(ff(ø)) = `^2_3(2ff(ø))`_3(12pff(ø)); ÇÄÅ `_3(ø) = ∞∑ n=−∞

e^{ßin2ø} :

ëÁË ÉÚŒÅÓÔÎÏ, `_3 ( − 1 ø ) = (iø)^{1=2}`_3(ø):

óÌÅÄÏŒÁÔÅÌØÎÏ, ` ( − 1 24pø ) = c_1

(pø)^{3=2} p^{1=2}

^`(ø);

ÇÄÅ ^`(ø) ÑŒÌÑÅÔÓÑ ÔÅÔÁ-ÒÑÄÏÍ ËŒÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ 6pn^2_1 + 6pn^2 + n^2_3. úÄÅÓØ É ÄÁÌÅÅ c_1; c_2; : : : { ÁÂÓÏÌÀÔÎÙÅ ÐÏÓÔÏÑÎÎÙÅ.

ôÁËÉÍ ÏÂÒÁÚÏÍ, ` ∘ ff = c_1p^{1=4} ^`(ø) É E ∘ ff = c_1p^{1=4} ^E(ø);

ÇÄÅ ^E(ø) ÑŒÌÑÅÔÓÑ ÒÑÄÏÍ üÊÚÅÎÛÔÅÊÇÁ{úÉÇÅÌÑ ËŒÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ 6pn^2_1 + 6pn^2 + n^2_3.

14 å. ð. çïìõâåœá

ðÏÜÔÏÍÕ ∫∫ D_0

|f(ø)|^2 dxdy √ y = O ( p^{1=2} ∫∫ ff^{−1}(D_0 )

|^`(ø) − ^E(ø)|^2 dxdy √ y ) :

ûÉÒÉÎÁ ÔÏÞËÉ O ÒÁŒÎÁ 24p (ÓÍ. [13]), ÐÏÜÔÏÍÕ ff^{−1}(D_0) ÓÏÓÔÏÉÔ ÉÚ 24p

ËÏÐÉÊ ÆÕÎÄÁÍÅÎÔÁÌØÎÏÊ ÏÂÌÁÓÔÉ ÐÏÌÎÏÊ ÍÏÄÕÌÑÒÎÏÊ ÇÒÕÐÐÙ, ÕÍÅÎØ-

ÛÅÎÎÏÊ Œ 24p ÒÁÚ. ðÏÓÌÅÄÎÅÅ ÕÔŒÅÒÖÄÅÎÉÅ ÓÐÒÁŒÅÄÌÉŒÏ, ÐÏÓËÏÌØËÕ

ff^{−1} = ( 1 0 0^1_{24p} ) ( 0 1 −1 0 ) : ôÁËÉÍ ÏÂÒÁÚÏÍ, ∫ ∫ D_0

|f(ø)|^2 dxdy √ y = O ( p^{1=2} 1∫ 0 dx ∞∫ 1=48p | | | | ∞∑ n=1 (^`_n − ^E_n)e(nø) | | | | 2 dy √ y ) :

ðÏÓÌÅÄÎÉÊ ÉÎÔÅÇÒÁÌ ÒÁŒÅÎ

O (^∞∫

1=48p ∞∑ n=1 |^`_n|^2e^{−4ßny} dy √ y ) + O (^∞∫

1=48p ∞∑ n=1 | ^E_n|^2e^{−4ßny} dy √ y ) :

ìÅÇËÏ ŒÉÄÅÔØ, ÞÔÏ ∞∑ n=1 |^`_n|^2 ∞∫ 1=48p

e^{−4ßny} dy √ y = O ( ∑ n⩽p log^2 p

|^`_n|^2 √ n ) + O(1):

ëÒÏÍÅ ÔÏÇÏ, ÐÒÉ n ¡ 6p, ÏÞÅŒÉÄÎÏ, ÅÓÌÉ n = n^2_3, ÔÏ ^`_n = 1, Œ ÐÒÏÔÉŒÎÏÍ

ÓÌÕÞÁÅ ^`_n = 0. ðÒÉ 6p ⩽ n ¡ p log^2 p ËÏÜÆÆÉÃÉÅÎÔ ^`_n = O(n^{1+”}=p) É ∑ 6p⩽n¡p log^2 p

|`_n|^2 √ n = O(p^”):

ôÁËÉÍ ÏÂÒÁÚÏÍ, ∑ n⩽p log^2 p

|`_n|^2 √ n = O(p^”):

çòáîéãá ðòåäóôáœéíïóôé âïìøûéè þéóåì 15

ðÏÓËÏÌØËÕ ^E_n = O(n^{1=2+”}=p) ÉÍÅÅÍ ∞∫ 1=48p ∞∑ n=1 | ^E_n|^2 e^{−4ßny} dy √ y = O(p^”):

ïËÏÎÞÁÔÅÌØÎÏ, ∫ ∫

D_0

|f(ø)|^2 dxdy √ y = O ( p^{1=2+”} ) :

äÌÑ ÏÓÔÁÌØÎÙÈ ÐÁÒÁÂÏÌÉÞÅÓËÉÈ ŒÅÒÛÉÎ b ÉÚ (10) ÏÃÅÎËÁ ÂÕÄÅÔ ÔÁËÏÊ ÖÅ, ËÁË É ÄÌÑ b = 0.

òÁÓÓÍÏÔÒÉÍ ÔÅÐÅÒØ ÔÏÞËÕ b = 1=p. òÁÓÓÍÏÔÒÉÍ ÐÒÅÏÂÒÁÚÏŒÁÎÉÅ ff = ( 24 1 24p¸ 24æ ) ÇÄÅ 24æ − p¸ = 1; (p; ¸) = 1; |ff| = 24:

ìÅÇËÏ ŒÉÄÅÔØ, ÞÔÏ ff^{−1} ÐÅÒÅŒÏÄÉÔ ÔÏÞËÕ 1=p¸, ËÏÔÏÒÁÑ ÜËŒÉŒÁÌÅÎÔÎÁ 1=p, Œ ∞. ðÒÅÏÂÒÁÚÏŒÁÎÉÅ ff ÎÏÒÍÁÌÉÚÕÅÔ ÇÒÕÐÐÕ `_0(24p).

ðÏŒÔÏÒÑÑ ÒÁÓÓÕÖÄÅÎÉÑ, ËÏÔÏÒÙÅ ÍÙ ÐÒÏŒÏÄÉÌÉ ÄÌÑ ÔÏÞËÉ b = 0, ÉÍÅÅÍ ∫∫ D_{1=p}

|f(ø)|^2 dxdy √ y = ∫ ∫ D_{1=p¸}

|f(ø)|^2 dxdy √ y = ∫∫ ff^{−1}(D_{1=p¸)}

|f ∘ ff|^2 dxdy √ y ;

ÇÄÅ f ∘ ff = Cf(ff(ø))(24p¸ø + 24æ)^{−3=2}(24)^{3=4}; |C| = 1:

œÙÞÉÓÌÉÍ `(ff(ø)) = `^2_3(2ff(ø))`_3(12pff(ø)). éÚ ÓŒÏÊÓÔŒ `_3 ÓÌÅÄÕÅÔ, ÞÔÏ `^2_3 (2ff(ø)) = `^2_3

( 24ø + 1

12æ¸ø + 12æ ) = c_2

12æ¸ø + 12æ 24ø + 1

`^2_3 ( − 12æ¸ø + 12æ 24ø + 1 ) =

c_2

12p¸ø + 12æ

24ø + 1

`^2_3 ( − 12æ + 12ø 24ø + 1 ) = c_2

12p¸ø + 12æ 24ø + 1

`^2_3

( 12ø

24ø + 1 ) = c_3 p¸ø + æ ø `^2_3 ( − 2 − 1 12ø ) = c_4(p¸ø + æ)`^2_3 (12ø): (11)

16 å. ð. çïìõâåœá

œÙÞÉÓÌÉÍ ÔÅÐÅÒØ `_3(12pff(ø)):

`_3(12pff(ø)) = `_3

( 24pø + p

2p¸ø + 2æ ) = c_5

(24p¸ø + 24æ)^{1=2} (24pø + p)^{1=2}

`^2_3 ( − 2p¸ø + 2æ 24pø + p ) : äÌÑ ÏÐÒÅÄÅÌÅÎÎÏÓÔÉ, ŒÏÚØÍÅÍ p ŒÉÄÁ p = 24k + 1. ôÏÇÄÁ ¸ = 24r − 1.

ðÒÅÏÂÒÁÚÕÅÍ ŒÙÒÁÖÅÎÉÅ, ÓÔÏÑÝÅÅ Œ ÐÏÓÌÅÄÎÉÈ ÓËÏÂËÁÈ, − 2p¸ø + 2æ 24pø + p = − 2p(24r − 1)ø + 2æ 24pø + p

= −2r −

−2k − 2pø 24pø + p : ôÁËÉÍ ÏÂÒÁÚÏÍ,

`_3(12pff(ø)) = c_6

(24p¸ø + 24æ)^{1=2}

(pø + k)^{1=2}

`_3 ( − 24pø + p 2pø + 2k ) = = c_6

(24p¸ø + 24æ)^{1=2}

(pø + k)^{1=2}

`_3 ( − 12 − p − 24k 2pø + 2k ) = = c_7(24p¸ø + 24æ)^{1=2}`_3(2pø): (12)

óÏÂÉÒÁÑ ŒÍÅÓÔÅ (11) É (12), ÉÍÅÅÍ ` ( 24ø + 1 24p¸ø + 24æ ) = c_8(24p¸ø + 24æ)^{3=2} ^`(ø);

ÇÄÅ ^`(ø) { ÔÅÔÁ-ÒÑÄ ËŒÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ 6x^2 + 6y^2 + pz^2.

äÅÊÓÔŒÕÑ ÔÁË ÖÅ, ËÁË É ÐÒÉ b = ∞, ÉÍÅÅÍ ÏÃÅÎËÕ ∫∫ D_{1=p}

|f(ø)|^2 dxdy √ y = O ( p^” ) :

œÙÂÅÒÅÍ ÔÅÐÅÒØ ÏÄÎÕ ÔÏÞËÕ ÉÚ (10). îÁÐÒÉÍÅÒ, b = 1=4. îÏÒÍÁÌÉ- ÚÁÔÏÒÏÍ Œ ÜÔÏÍ ÓÌÕÞÁÅ ÑŒÌÑÅÔÓÑ ÐÒÅÏÂÒÁÚÏŒÁÎÉÅ ff = ( 3p 1 12˘p 3˚p ) ; ÇÄÅ 3p˚ − 4˘ = 1; |ff| = 3p:

äÌÑ ÏÐÒÅÄÅÌÅÎÎÏÓÔÉ, ÍÙ ÓÎÁÞÁÌÁ ÒÁÓÓÍÏÔÒÉÍ ÓÌÕÞÁÊ

p = 1 + 8k; ˚ = 8r − 1: (13)

çòáîéãá ðòåäóôáœéíïóôé âïìøûéè þéóåì 17

ôÁËÉÍ ÏÂÒÁÚÏÍ,

f ∘ ff = Cf(ff(ø))(12˘pø + 3p˚)^{−3=2}(3p)^{3=4}; |C| = 1;

É ÍÙ ÉÍÅÅÍ ∫ ∫ D_{1=4}

|f(ø)|^2 dxdy √ y = ∫∫ ff^{−1}(D_{1=4})

|f ∘ ff|^2 dxdy √ y :

òÁÓÓÍÏÔÒÉÍ `(ff(ø)),

`(ff(ø)) = `^2_3(2ff(ø))`_3(12pff(ø)):

éÍÅÅÍ `(ff(ø)) = `^2_3 ( 2(3pø + 1) 12p˘ø + 3p˚ ) `_3 ( 4(3pø + 1) 4˘ø +˚ ) : (14)

äÌÑ ÐÅÒŒÏÇÏ ÍÎÏÖÉÔÅÌÑ ÐÏÓÌÅ ÏÞÅŒÉÄÎÙÈ ÐÒÅÏÂÒÁÚÏŒÁÎÉÊ ÐÏÌÕÞÁÅÍ

`^2_3 ( 2(3pø + 1) 12p˘ø + 3p˚ ) = c_9

12p˘ø + 3p˚

3pø + 1

`^2_3 ( − 12p˘ø + 3p˚ 2(3pø + 1) ) : ðÏÓËÏÌØËÕ − 12p˘ø + 3p˚ 2(3pø + 1) = − 2˘(2(3pø + 1)) + 3p˚ − 4˘ 2(3pø + 1)

= −2˘ − 1 2(3pø + 1) ; ÐÏÌÕÞÁÅÍ

`^2_3 ( 2(3pø + 1) 12p˘ø + 3p˚ ) = c_{10}(12˘pø + 3p˚)`^2_3(2(3pø + 1)) =

=c_{10}(12˘pø + 3p˚)`^2_3(6pø): (15)

ðÒÅÏÂÒÁÚÕÅÍ ÔÅÐÅÒØ ŒÔÏÒÏÊ ÍÎÏÖÉÔÅÌØ ÉÚ (14),

`_3 ( 12pø + 4 4˘ø +˚ ) = c_{11}p^{−1=2}

(12p˘ø + 3p˚)^{1=2} (12pø + 4)^{1=2}

`_3 ( − 4˘ø +˚ 12pø + 4 ) : ðÏÓËÏÌØËÕ 4˘ = 3p˚ − 1, ÉÍÅÅÍ Œ ÓÉÌÕ (13)

4˘ø +˚ 12pø + 4 = (3p˚ − 1)ø +˚ 12pø + 4 = 3p(8r − 1)ø − ø +˚ 12pø + 4

= 2r −

3pø + ø + 1 12pø + 4 :

18 å. ð. çïìõâåœá

ôÁËÉÍ ÏÂÒÁÚÏÍ,

`_3 ( 12pø + 4 4˘ø +˚ ) = c_{12}p^{−1=2}

(12p˘ø + 3p˚)^{1=2} (3pø + ø + 1)^{1=2}

`_3 ( − 12pø + 4 3pø + ø + 1 ) : ðÏÓËÏÌØËÕ 12pø + 4 3pø + ø + 1

= 4 − 4ø 3pø + ø + 1 ; ÐÏÌÕÞÁÅÍ

`_3 ( 12pø + 4 4˘ø +˚ ) = c_{13}p^{−1=2}

(12p˘ø + 3p˚)^{1=2} ø^{1=2}

`_3 ( − 3pø + ø + 1 4ø ) = = c_{13}p^{−1=2}

(12p˘ø + 3p˚)^{1=2} ø^{1=2}

`_3 ( − 1 − 1 4ø ) : ôÁË ËÁË

`_3 ( − 1 − 1 4ø ) = ∞∑ n=−∞

e^{−ßin2(−1− 14ø )} =

= `_3 ( − 1 ø ) −`_3 ( − 1 4ø ) +`_3 ( − 1 ø ) = 2`_3 ( − 1 ø ) −`_3 ( − 1 4ø ) ; ÉÍÅÅÍ

`_3 ( 12pø + 4 4˘ø +˚ ) = c_{14}p^{−1=2}(12p˘ø + 3p˚)^{1=2}`_3(ø)+

+c_{15}p^{−1=2}(12p˘ø + 3p˚)^{1=2}`_3(4ø)

ó ÕÞÅÔÏÍ ÒÁŒÅÎÓÔŒÁ (15) ÐÏÌÕÞÁÅÍ

`(ff(ø)) = c_{16}p^{−1=2}(12p˘ø + 3p˚)^{3=2}`^2_3(6pø)`_3(ø)+ +c_{17}p^{−1=2}(12p˘ø + 3p˚)^{3=2}`^2_3 (6pø)`_3(4ø):

ðÏÓÌÅÄÎÅÅ ÓÏÏÔÎÏÛÅÎÉÅ ÓÏŒÅÒÛÅÎÎÏ ÁÎÁÌÏÇÉÞÎÏ ÔÏÍÕ, ËÏÔÏÒÏÅ ÍÙ ÉÍÅÌÉ ÄÌÑ ÔÏÞËÉ b = 0. äÅÊÓÔŒÕÑ ÔÁË ÖÅ, ËÁË Œ ÜÔÏÍ ÓÌÕÞÁÅ, ÐÏÌÕÞÁÅÍ ÏÃÅÎËÕ ∫ ∫

D_{1=4}

|f(ø)|^2 dxdy √ y = O ( p^{1=2+”} ) :

çòáîéãá ðòåäóôáœéíïóôé âïìøûéè þéóåì 19

ðÕÓÔØ ÔÅÐÅÒØ ÐÏ-ÐÒÅÖÎÅÍÕ b = 1=4, ÎÏ ŒÍÅÓÔÏ ÕÓÌÏŒÉÊ (13) ÍÙ ÉÍÅÅÍ p = 8k + 3; ÔÏÇÄÁ ˚ = 8r + 1: (16)

ðÒÉ ŒÙÞÉÓÌÅÎÉÉ `^2_3(2ff(ø)) ÍÙ ÎÅ ÉÓÐÏÌØÚÏŒÁÌÉ ÕÓÌÏŒÉÅ (13), ÔÁË ÞÔÏ ÒÁŒÅÎÓÔŒÏ (15) ÏÓÔÁÅÔÓÑ Œ ÓÉÌÅ.

ðÒÉ ŒÙÞÉÓÌÅÎÉÉ `_3(12pff(ø)) ÉÍÅÅÍ ÐÏ ÁÎÁÌÏÇÉÉ Ó ÐÒÅÄÙÄÕÝÉÍ ÓÌÕ- ÞÁÅÍ

4˘ø +˚ 12pø + 4 = 3p(8r + 1)ø − ø +˚

12pø + 4

= 2r +

3pø − ø + 1 12pø + 4 : ôÁËÉÍ ÏÂÒÁÚÏÍ,

`_3 ( 12pø + 4 4˘ø +˚ ) = c_{18}p^{−1=2}

(12p˘ø + 3˚p)^{1=2} (3pø − ø + 1)^{1=2}

`_3 ( − 12pø + 4 3pø − ø + 1 ) : ðÏÓËÏÌØËÕ 12pø + 4 3pø − ø + 1

= 4 + 4ø 3pø − ø + 1 ; ÐÏÌÕÞÁÅÍ

`_3 ( 12pø + 4 4˘ø +˚ ) = c_{19}p^{−1=2}

(12p˘ø + 3˚p)^{1=2} ø^{1=2}

`_3 ( − 3pø − ø + 1 4ø ) = = c_{19}p^{−1=2}

(12p˘ø + 3˚p)^{1=2} ø^{1=2}

`_3 ( − 1 4ø ) : óÌÅÄÏŒÁÔÅÌØÎÏ, Œ ÜÔÏÍ ÓÌÕÞÁÅ ÍÙ ÉÍÅÅÍ

`_3 ( 12pø + 4 4˘ø +˚ ) = c_{20}p^{−1=2}(12p˘ø + 3p˚)^{1=2}`_3(4ø) É `(ff(ø)) = c_{21}p^{−1=2}(12p˘ø + 3p˚)^{3=2}`^2_3(6pø)`_3(4ø):

œ ÚÁËÌÀÞÅÎÉÅ ÐÒÉŒÅÄÅÍ ÎÏÒÍÁÌÉÚÕÀÝÉÅ ÐÒÅÏÂÒÁÚÏŒÁÎÉÑ ff ÄÌÑ ŒÓÅÈ ÏÓÔÁÌØÎÙÈ ÄŒÅÎÁÄÃÁÔÉ ÔÏÞÅË b.

òÁÚÌÏÖÅÎÉÑ Œ ÎÅÐÒÅÒÙŒÎÙÅ ÄÒÏÂÉ ÄÌÑ 2ff(ø) É 12pff(ø) ÐÒÏÉÚŒÏ- ÄÑÔÓÑ ÁÎÁÌÏÇÉÞÎÏ ÒÁÓÓÍÏÔÒÅÎÎÙÍ ÓÌÕÞÁÑÍ.

20 å. ð. çïìõâåœá

éÍÅÅÍ:

b = 1=2; ff = ( 12p 1 24p˚ 12p¸ ) ; |ff| = 24p(6p¸ − ˚) = 24p;

b = 1=8; ff = ( 3p 1 24p˘ 3p˚ ) ; |ff| = 3p(3p˚ − 8˘) = 3p;

b = 1=3; ff = ( 8p 1 24p¸ 8p˚ ) ; |ff| = 8p(8p˚ − 3¸) = 8p;

b = 1=6; ff = ( 4p 1 24p¸ 4p˚ ) ; |ff| = 8p(2p˚ − 3¸) = 8p;

b = 1=12; ff = ( 2p 1 24p¸ 2p˚ ) ; |ff| = 4p(p˚ − 6¸) = 4p;

b = 1=24; ff = ( p 1 24p¸ p˚ ) ; |ff| = p(p˚ − 24¸) = p;

b = 1=2p; ff = ( 12 1 24¸ 12˚ ) ; |ff| = 24(6p˚ − p¸) = 24;

b = 1=4p; ff = ( 6 1 24p¸ 6˚ ) ; |ff| = 12(3˚ − 2p¸) = 12;

b = 1=8p; ff = ( 3 1 24p¸ 3˚ ) ; |ff| = 3(3˚ − 8p¸) = 3;

b = 1=3p; ff = ( 8 1 24p¸ 8˚ ) ; |ff| = 8(8˚ − 3p¸) = 8;

b = 1=6p; ff = ( 4 1 24p¸ 4˚ ) ; |ff| = 8(2˚ − 3p¸) = 8;

b = 1=12p; ff = ( 2 1 24p˘ 2˚ ) ; |ff| = 4(˚ − 6p˘) = 4:

ìÉÔÅÒÁÔÕÒÁ

1. å. ð. çÏÌÕÂÅŒÁ, ï ÎÅÏÄÎÏÒÏÄÎÙÈ ÕÒÁŒÎÅÎÉÑÈ œÁÒÉÎÇÁ. | úÁÐ. ÎÁÕÞÎ. ÓÅÍÉÎ.

ðïíé 226 (1996), 65{68.

2. C. Hooley, On a new approach to various problems of Waring’s type. Recent progress in analytic number theory. Vol. I (Durham, 1979). London, 1981, 127{ 191.

3. Yu. V. Linnik, Additive problems involving squares, cubes, and almost primes. | Acta Arithm. 21 (1972), 413{422.

4. W. Duke, R. Schulze-Pillot, Representation of integers by positive ternary quadratic forms and equidistribution of lattive points on ellipsoids. | Invent. Math. 99 (1990), 49{57.

çòáîéãá ðòåäóôáœéíïóôé âïìøûéè þéóåì 21

5. V. Blomer, Uniform bounds for Fourier coe‹cients of theta-series with arithmetic applications. | Acta Arithm. 114(1) (2004), 1{21.

6. M. B. Barban, Yu. V. Linnik, N. G. Tschudakov, On prime numbers in an arithmetic progression with a prime-power di¸erence. | Acta Arithm. 9 (1964), 375{ 390.

7. P. X. Gallagher, Primes in progressions to prime-power modulus. | Invent. Math.

16 (1972), 191{201.

8. H. Iwaniec, Fourier coe‹cients of modular forms of half-integral weight. | Invent.

Math. 87 (1987), 385{401.

9. W. Duke, Hyperbolic distribution problems and half-integral weight Maass forms.

| Invent. Math. 99 (1990), 49{57.

10. å. ð. çÏÌÕÂÅŒÁ, ðÒÉÍÅÎÅÎÉÅ ÐÏÄSSÅÍÁ ûÉÍÕÒÙ Ë ÚÁÄÁÞÅ Ï ÐÒÅÄÓÔÁŒÌÅÎÉÉ ÂÏÌØÛÉÈ ÞÉÓÅÌ ÔÅÒÎÁÒÎÙÍÉ ËŒÁÄÒÁÔÉÞÎÙÍÉ ÆÏÒÍÁÍÉ. | úÁÐ. ÎÁÕÞÎ. ÓÅÍÉÎ. ìïíé 144 (1985), 27{37.

11. J. B. Conray, H. Iwaniec, The cubic moment of central values of automorphic L-functions. | Ann. of Math. 151 (2000), 1175{1216.

12. œ. á. âÙËÏŒÓËÉÊ, æÏÒÍÕÌÁ ÓÌÅÄÁ ÄÌÑ ÓËÁÌÑÒÎÏÇÏ ÐÒÏÉÚŒÅÄÅÎÉÑ ÒÑÄÖÏŒ çÅËËÅ É ÅÅ ÐÒÉÌÏÖÅÎÉÑ. | úÁÐ. ÎÁÕÞÎ. ÓÅÍÉÎ. ðïíé 226 (1996), 14{36.

13. H. Iwaniec, Topics in classical automorphic forms. AMS, Providence 1997.

Golubeva E. P. A bound for the representability of large numbers by ternary quadratic forms and nonhomogeneous Waring equations.

It is proved that equation n = x^2 + y^2 + 6pz^2 (p is a large ˛xed prime) is solvable if natural congruencial conditions are satis˛ed and nm^{12} ¿ p^{21}.

As a consequence the solvability of the equation n = x^2 + y^2 + u^3 + v^3 + z^4 + w^{16} + t^{4k+1} is proved for all su‹ciently large n.

ðÏÓÔÕÐÉÌÏ 9 ÓÅÎÔÑÂÒÑ 2008 Ç. çÏÓÕÄÁÒÓÔŒÅÎÎÙÊ ÕÎÉŒÅÒÓÉÔÅÔ ÔÅÌÅËÏÍÍÕÎÉËÁÃÉÊ ÉÍ. í. á. âÏÎÞ-âÒÕÅŒÉÞÁ E-mail: elena_−golubeva@mail.ru