Zapiski nauqnyh seminarov POMI Tom 348, 2007 g.

V. A. Solonnnikov, E. V. Frolova

O SPRAVEDLIVOSTI KVAZISTACIONARNOGO PRIBLIȷENI˚ DL˚ ZADAQI STEFANA

1. Postanovka zadaqi

V rabote rassmatrivaetsØ odnofaznaØ zadaqa Stefana s malym parametrom ε pri proizvodnoæ po vremeni v uravnenii. Pust~ Ω_t ⊂ R^n – neizvestnaØ oblast~ s graniceæ, sostoØweæ iz dvuh nepereseka¸wihsØ poverhnosteæ: svobodnoæ Γ_t i fiksirovannoæ S. PredpolagaetsØ, qto neizvestnaØ poverhnost~ Γ_t leßit vnutri oblasti ograniqennoæ poverhnost~¸ S. V naqal~nyæ moment vremeni poloßenie svobodnoæ granicy zadano: Γ|_{t=0} = Γ_0 = Γ, Ω_0 = Ω. OdnofaznaØ zadaqa Stefana sostoit v opredelenii semeæstva poverhnosteæ Γ_t, t > 0 i funkcii v(x, t), x ∈ Ω_t, t > 0, udovletvorØ¸wih sledu¸wim sootnoxeniØm: εv_t − Δv = 0, x ∈ Ω_t, t > 0, v|_S = b, v|_{t=0} = v_0,

v|_{Γt} = 0, ( Vn + c0^{∂v}_{∂n}^{)|}_{Γt} = 0,^{(1)} zdes~ V_n – skorost~ dvißeniØ svobodnoæ granicy v napravlenii normali ⃗n k Γ_t, vnutrenneæ po otnoxeni¸ k oblasti Ω_t, c_0 – poloßitel~naØ postoØnnaØ. Zadannye funkcii b i v_0 udovletvorØ¸t usloviØm

b ¿ b0 > 0, v0 ¿ 0,^{∂v0}_{∂n}^|_Γ ¿ δ0 > 0 (2)

i usloviØm soglasovaniØ nulevogo porØdka

v_0|_Γ = 0, v_0|_S = b(x, 0). (3)

Zadaqa (1) opisyvaet process plavleniØ vewestva s udel~noæ teploemkost~¸ ε, v(x, t) – temperatura plavØwegosØ vewestva.

Rabota vypolnena pri podderßke RFFI (grant 05-01-00941). 209

210 V. A. SOLONNNIKOV, E. V. FROLOVA

Pri fiksirovannom poloßitel~nom ε teoriØ klassiqeskoæ razreximosti odnofaznoæ zadaqi Stefana (1) postroena v [1–7]. Osnovnym rezul~tatom fftoæ teorii ØvlØetsØ odnoznaqnaØ razreximost~ zadaqi na nekotorom koneqnom intervale vremeni v prostranstvah Gœl~dera. My dokaßem, qto zadaqa (1) razrexima na nekotorom intervale vremeni, ne zavisØwem ot ε pri ε ∈ (0, ε_0), sravnivaØ ee rexenie s rexeniem zadaqi Hele–Show, kotoraØ opisyvaet process plavleniØ vewestva s nulevoæ udel~noæ teploemkost~¸ i ØvlØetsØ kvazistacionarnym priblißeniem dlØ zadaqi Stefana.

Pust~ Ω^0_t ⊂ R^n – neizvestnaØ oblast~, ∂Ω^0_t = Γ^0_t ∪ S, gde Γ^0_t – svobodnaØ poverhnost~, leßawaØ vnutri oblasti ograniqennoæ zamknutoæ poverhnost~¸ S. Zadaqa Hele–Show sostoit v opredelenii semeæstva poverhnosteæ Γ^0_t , t > 0 i funkcii w(x, t), x ∈ Ω^0_t , t > 0, udovletvorØ¸wih sledu¸wim sootnoxeniØm:

Δw = 0, x ∈ Ω^0_t , t > 0, w|_S = b, w|_Γ0_t = 0, ( V^0_n + c0^{∂w}_{∂n0}^{)|}_{Γ0t} = 0,^{(4)}

zdes~ V^0_n – skorost~ dvißeniØ svobodnoæ poverhnosti Γ^0_t v napravlenii normali ⃗n^0 k Γ^0_t , vnutrenneæ po otnoxeni¸ k oblasti Ω^0_t .

Predpoloßim, qto v naqal~nyæ moment vremeni oblast~ Ω^0_t |_{t=0} sovpadaet s Ω_t|_{t=0} = Ω, postoØnnaØ c_0 > 0 i zadannaØ poloßitel~- naØ funkciØ b (x, t) v zadaqe (4) te ße, qto v zadaqe (1).

Lokal~naØ po vremeni klassiqeskaØ razreximost~ zadaqi Hele–Show ustanovlena v [8–10]. DlØ togo, qtoby sravnit~ rexeniØ zadaq (1) i (4), primenim k nim odnu i tu ße shemu issledovaniØ, osnovannu¸ na modifikacii preobrazovaniØ Hanzawa, predloßennoæ v [7, 11] dlØ paraboliqeskih zadaq so svobodnoæ graniceæ.

Pust~ Γ ∈ C^{2+α}, N (ξ), ξ ∈ Γ – gladkoe ediniqnoe vektornoe pole, priqem ⃗N (ξ) · ⃗n(ξ) ¿ d > 0, ξ ∈ Γ. Kak pokazano v [11], mnoßestvo M = {ξ + N (ξ)λ, |λ| < λ_0, ξ ∈ Γ} soderßit nekotoru¸ okrestnost~ poverhnosti Γ. V fftoæ okrestnosti uravnenie x = ξ + N (ξ)λ opredelØet funkcii ξ(x) , λ(x)

O SPRAVEDLIVOSTI PRIBLIȷENI˚ 211 klassa C^{2+α}. Pri malyh znaqeniØh t ∈ [0, T ) svobodnye granicy Γ_t, Γ^0_t leßat v M i mogut byt~ zadany uravneniØmi λ = r(ξ, t), λ = ρ(ξ, t), a imenno Γ^0_t = {x ∈ R^n|x = ξ + N (ξ)r(ξ, t), ξ ∈ Γ}, Γ_t = {x ∈ R^n|x = ξ + N (ξ)ρ(ξ, t), ξ ∈ Γ}, gde r(ξ, t), ρ(ξ, t) – neizvestnye funkcii.

Prodolßim vektornoe pole N v oblast~ M po formule N (x) = N (ξ(x)), zatem v oblast~ Ω ∪ M s sohraneniem klassa. Qerez Φ oboznaqim prodolßenie funkcii r s Γ × [0, T ) v Ω × [0, T ) s sohraneniem klassa. DlØ uproweniØ dal~neæxih vyqisleniæ, predpoloßim takße qto Φ ØvlØetsØ rexeniem uravneniØ Laplasa v Ω i udovletvorØet odnorodnomu uslovi¸ Dirihle na poverhnosti S. Vvedem preobrazovanie koordinat, kotoroe perevodit oblast~ Ω^0_t , t > 0 v Ω; obratnoe preobrazovanie zadadim sledu- ¸wim obrazom: x = y + N (y)Φ(y, t) ≡ e_ϕ(y, t), y ∈ Ω, t > 0. (5) Matrica ˚kobi J_ϕ preobrazovaniØ (5) sostoit iz fflementov J_{Φ,km} = δ_{km} + N_k ∂Φ ∂y_m + ∂N_k ∂y_m Φ. Qerez J^{km}_Φ oboznaqim fflementy obratnoæ matricy J^{−1}_Φ . Imeet mesto sledu¸wee sootnoxenie meßdu normalØmi k Γ_t i Γ n(t) = J^{−T}_Φ n(0) |J^{−T}_Φ n(0)| , gde J^{−T} = (J^{−1})^T ,

n(t) – normal~ k Γ_t, n(0) ≡ n – normal~ k Γ. Vospol~zovavxis~ preobrazovaniem koordinat obratnym k (5), pereædem ot (4) k zadaqe v zadannoæ oblasti Ω dlØ dvuh neizvestnyh funkciæ W (y, t) = w(e_Φ(y, t), t) i Φ(y, t): L_{Φ,0}W = 0, y ∈ Ω, t > 0, W |_S = b, W |_Γ = 0, ( Φ_t + c_0B_Φ ∂W ∂n )| | Γ = 0, ΔΦ = 0, y ∈ Ω, t > 0, Φ|_S = 0, Φ|_{Γ,t=0} = 0,

(6)

212 V. A. SOLONNNIKOV, E. V. FROLOVA zdes~ vvedeny sledu¸wie oboznaqeniØ:

L_{Φ,0}W = L_{Φ,0}W − (N · J^{−T}_Φ ∇W )L_{Φ,0}Φ + ⃗m(Φ) · ∇W, (7)

L_{Φ,0}W = n∑ k,j=1 n∑ p=1 J^{kp}_Φ J^{jp}_Φ

∂^2W ∂y_k∂y_j ,

[ ⃗m(Φ)]_p = n∑ j,k,i,q=1 J^{ki}_Φ J^{pj}_Φ J^{qi}_Φ ( ∂N_j ∂y_q ∂Φ ∂y_k + ∂N_j ∂y_k ∂Φ ∂y_q + Φ ∂^2N_j ∂y_k∂y_q ) , B_Φ = (N · J^{−T}_Φ n)^{−1}(n · (J^{−1}_Φ J^{−T}_Φ )n).

Sformuliruem teoremu o razreximosti zadaqi (6), dokazannu¸ v [10].

Qerez ~C([0, T ); C^l(Ω)) oboznaqim prostranstvo funkciæ nepreryvnyh po (x, t) ∈ {(x, t)|x ∈ Ω, t ∈ [0, T )} i ime¸wih koneqnu¸ normu

sup_{t<T} |u(·, t)|^{(l)}_Ω , gde |u|^{(l)}_Ω – norma v prostranstve C^l(Ω).

Teorema 1 ([10]). Pust~ poverhnosti S, Γ ∈ C^{2+α}, α ∈ (0, 1),

zadannaØ poloßitel~naØ funkciØ b ØvlØetsØ fflementom prostranstva ~C([0, T ); C^{2+α}(S)). Suwestvuet edinstvennoe rexenie (W (y, t), Φ(y, t)) zadaqi (6), opredelennoe na Ω×[0, t^∗), s nekotorym t^∗ < T i oblada¸wee sledu¸wimi svoæstvami:

W ∈ ~C([0, t^∗); C^{2+α}(Ω)), Φ ∈ ~C([0, t^∗); C^{2+α}(Ω)), ∂Φ ∂t | | | |_Γ ∈

~C([0, t^∗); C^{1+α}(Γ)),

sup_{τ<t} |W (·, τ )|^{(2+α)}_Ω + sup_{τ<t} |Φ(·, τ )|^{(2+α)}_Ω

+ sup_{τ<t} |Φ_τ (·, τ )|^{(1+α)}_Γ 6 c sup_{τ<t} |b(·, τ )|^{(2+α)}_S , ∀t 6 t^∗. (8)

Oboznaqim qerez ρ^∗(y, t), y ∈ Ω, t > 0 prodolßenie neizvestnoæ funkcii ρ(ξ, t), opredelØ¸weæ svobodnu¸ granicu v zadaqe (1) v oblast~ Ω × [0, T ) s sohraneniem klassa i tak, qtoby ρ^∗|_S = 0 (v dal~neæxem, dlØ udobstva vyqisleniæ my takße podqinim ρ^∗ nekotoromu paraboliqeskomu uravneni¸). Vvedem preobrazovanie koordinat x = y + N (y)ρ^∗ (y, t) ≡ e_ρ∗ (y, t). (9)

O SPRAVEDLIVOSTI PRIBLIȷENI˚ 213 Pri preobrazovanii e^{−1}_ρ∗ , obratnom k (9), zadaqa (1) perehodit v sledu¸wu¸ zadaqu v zadannoæ oblasti Ω dlØ dvuh neizvestnyh funkciæ ρ^∗(y, t) i V(y, t) = v(e_ρ∗ (y, t), t): L_ρ∗_{,ε}V = 0, y ∈ Ω, t > 0, V|_S = b, V|_{t=0} = v_0,

V|_Γ = 0, ( ρ^∗_t + c_0B_ρ∗ ∂V ∂n )| | |_Γ = 0,

(10)

gde L_ρ∗_{,ε}V = L_ρ∗_{,ε}V − (N · J^{−T}_ρ∗ ∇V)L_ρ∗_{,ε}ρ^∗ − ⃗m(ρ^∗) · ∇V, L_ρ∗_{,ε}V = ε ∂V ∂t − L_ρ∗_{,0}V, L_ρ∗_{,0}, ⃗m(ρ^∗), S_ρ∗ te ße oboznaqeniØ, qto v (7), J_ρ∗ – matrica ˚kobi preobrazovaniØ (9).

Oqevidno, qto pri t = 0 rexenie zadaqi Hele–Show (4) w(x, 0) = w_0 ØvlØetsØ rexeniem zadaqi Dirihle

Δw_0 = 0, x ∈ Ω, w_0|_S = b(x, 0), w_0|_Γ = 0

i moßet ne sovpadat~ s zadannym naqal~nym usloviem v zadaqe Stefana (1). Vvedem vspomogatel~nu¸ funkci¸ V (x, t), kotoraØ snimaet neodnorodnost~ v naqal~nyæ moment vremeni. Pust~ V (x, t) ØvlØetsØ rexeniem sledu¸weæ zadaqi v oblasti Ω^0_t , t ∈ [0, t^∗) s dvißuweæsØ izvestnoæ graniceæ, toæ ße qto i v zadaqe Hele–Show (4)

εV_t − ΔV = 0, x ∈ Ω^0_t , t > 0, V |_S = 0, V |_Γ0_t = 0, V |_{t=0} = v_0 − w_0.

(11)

Pri preobrazovanii e^{−1}_Φ , obratnom k (5), (11) preobrazuetsØ k vidu L_{Φ,ε}V (y, t) = 0, y ∈ Ω, t > 0, V |_S = 0, V |_Γ = 0, V |_{t=0} = v_0 − w_0.

(12)

My dokaßem razreximost~ zadaqi (10) na nekotorom intervale vremeni, ne zavisØwem ot ε, pri ε ∈ (0, ε_0), sravnivaØ ee

214 V. A. SOLONNNIKOV, E. V. FROLOVA rexenie (V, ρ^∗) s rexeniem zadaqi v kvazistacionarnom priblißeniii (W, Φ). A imenno, budem iskat~ rexenie v vide V = W + V + U, ρ^∗ = Φ + σ, (13) gde U i σ – novye neizvestnye funkcii. Vsledstvie (6), (10), (12), (13) U i σ udovletvorØ¸t sledu¸wim sootnoxeniØm: L_{Φ+σ,ε}U = (L_{Φ,ε}−L_{Φ+σ,ε})(W + V)−εW_t +εΦ_t(N · J^{−T} ∇W ) v Ω, t > 0, U|_S = 0, U|_Γ = 0, U|_{t=0} = 0, (14)

σ_t + c_0B_{Φ+σ} ∂U ∂n = c_0(B_ϕ − B_{ϕ+σ} ) ∂(W + V ) ∂n − c_0B_Φ ∂V ∂n na Γ, σ|_S = 0, σ|_{t=0} = 0.

Tak kak ot prodolßeniØ ρ^∗ my poka potrebovali lix~ vypolneniØ odnorodnogo usloviØ Dirihle na poverhnosti S, moßem, dlØ uproweniØ dal~neæxih vyqisleniæ, dopolnit~ zadaqu (14) paraboliqeskim uravneniem dlØ neizvestnoæ funkcii σ: L_{Φ,ε}σ = 0. (15) DlØ togo, qtoby izbeßat~ usloviæ soglasovaniØ pervogo porØdka, dokaßem teoremy suwestvovaniØ rexeniæ zadaq (12), (14) v vesovyh prostranstvah Gœl~dera, dopuska¸wih osobennosti pri t = 0.

Norma v vesovyh prostranstvah Gœl~dera C^{2+α,1+α/2}_{1+}– (Q_T ), gde α ∈ (0, 1), ¶ ∈ (0, 1), Ω ⊂ R^n, Q_T = Ω×[0, T ), vvedennyh V. S. Belonosovym i T. I. ZelenØkom [18], opredelØetsØ sledu¸wim obra- zom |u|^{(2+α,1+α/2)} 1+–,QT = |u|^{(1+}–^{, 1+–2 )}QT + sup_{t<T} t^{1−–2} (sup_Ω |Dtu(x, t)| + sup_Ω |D^2xu(x, t)|)

+ sup_{t<T} t^{1+α−}

–_2 ([u]^{(2+α)} x,Q^′_t + [u] (1+α/2) t,Q^′_t ), Q ′ t = Ω × (t/2, t), |u|^{(1+}–^{, 1+}

–_{2 )} Q_T = |u|QT + |Dxu|QT + [u] (1+–)_{x,QT + [u]}(^{1+–}2 )_{t,QT ,}

[u]^{(2+α)}

x,Q_t = sup (x,τ ),(y,τ )∈Q_t |D^2_xu(x, τ ) − D^2_yu(y, τ )| |x − y|^α ,

[u]^{(1+α/2)}

t,Q_t = sup (x,τ_1),(x,τ_2)∈Q_t |D_τ u(x, τ_1) − D_τ u(x, τ_2)| |τ_1 − τ_2|^{α/2} ,

O SPRAVEDLIVOSTI PRIBLIȷENI˚ 215 |u|_{Qt} = sup_{(x,τ )∈Qt} |u(x, τ )|. Analogiqno, norma v prostranstve C^{1+α, 1+α2}– (S_T ), S_T = S × [0, T ), S = ∂Ω ili S = R^{n−1}, ravna

|u|^{(1+α, 1+α2 )}–_{,ST} = |u|^(–^,

–_{2 )}

S_T + sup t<T t^{1+α−} –_2 ([u]^{(1+α)} x,S×(t/2,t) +[u]^{( 1+α2 )}_{t,S×(t/2,t)}) + sup_{t<T} t^{1−}

–_2 sup_S |D_xu(x, t)|. Kak budet vidno niße, pri ocenkah v normah vesovyh prostranstv rexeniæ zadaq s mnoßitelem ε pri proizvodnoæ po vremeni v uravnenii, poØvlØ¸tsØ kofffficienty vida (^τ_ε )^γ , γ > 0. Qtoby izbeßat~ rosta fftih kofffficientov pri ε → 0 i poluqit~ ocenki, ravnomernye po parametru ε, my budem pol~zovat~- sØ ocenkoæ v vesovoæ norme pri t ∈ (0, ε) i ocenkoæ v obyqnoæ gœl~derovskoæ norme pri t ∈ (ε, T ).

Pust~ u ∈ C^{2+α,1+α/2}

1+– (DT ), D ⊂ R^n, DT = D × [0, T ). Vvedem

sledu¸wie oboznaqeniØ: X^ε[u, D](t) = X–[u, D](t), t ∈ (0, ε], X^ε[u, D](t) = X–[u, D](ε) + X_0[u, D, (ε, t)], t ∈ (ε, T ), gde X–[u, D](t) = sup_{τ<t} |u(·, τ )|C1+–(D) +ε^{1+}

–_2 [u]^{( 1+}

–_{2 )} t,D×(0,t) + sup τ<t ( τ ε )^{1−}

–_2 (sup_D |D^2u(x, τ )| + ε sup_D |u_τ (x, τ )|),

+ sup_{τ<t}( τ ε )^{1+α−}

–_2 ([D^2u(·, τ )]^{(α)}_D + ε[u_τ (·, τ )]^{(α)} +ε^{α/2}[D^2u]^{(α/2)}_{τ,D×(τ/2,τ )} + ε^{1+α/2}[u_τ ]^{(α/2)}_{τ,D×(τ/2,τ )}), X_0[u, D, (a, b)] = sup_{τ∈(a,b)} |u(·, τ )|_C2+α_{(D)} +ε sup_{τ∈(a,b)} |u_τ (·, τ )|_Cα_{(D)} + ε^{α/2}[D^2u]^{(α/2)}_{t,D×(a,b)} + ε^{1+α/2}[u_t]^{(α/2)}_{t,D×(a,b)}. Pri fiksirovannom ε > 0 norma X^ε[u, D](t) ffkvivalentna norme vesovogo prostranstva C^{2+α,1+α/2}_{1+}– (D_t) opredelennoæ vyxe.

216 V. A. SOLONNNIKOV, E. V. FROLOVA Pust~ f ∈ C^{α,α/2}–_{−1} (D_T ), oboznaqim K^ε[f, D](t) = K–[f, D](t), t ∈ (0, ε], K^ε[f, D](t) = K–[f, D](ε) + K_0[f, D, (ε, t)], t ∈ (ε, T ), gde K–[f, D](t) = sup_{τ<t}(^τ_ε )^{1−–2} sup_D |f(x, τ )|+

+ sup_{τ<t}( τ ε )^{1+α−}

–_2 ([f(·, τ )]^{(α)}_D + ε^{α/2}[f]^{(α/2)}_{D×(τ/2.τ )} ), K_0[f, D, (a, b)] = sup_{τ∈(a,b)} |f(·, τ )|_Cα_{(D)} + ε^{α/2} sup_{τ∈(a,b)}[f]^{(α/2)}_{τ,D×(a,τ )}. Pri fiksirovannom ε > 0 norma K^ε[f, D](t) ffkvivalentna norme vesovogo prostranstva C^{α,α/2}–_{−1} (D_t).

Pust~ φ ∈ C^{1+α, 1+α2}– (S × [0, t)), S = ∂D ili S = R^{n−1}, oboznaqim P^ε[φ, S](t) = P–[φ, S](t), t ∈ (0, ε], P^ε[φ, S](t) = P–[φ, S](ε) + P_0[φ, S, (ε, t)], t ∈ (ε, T ), gde P–[φ, S](t) = sup_{τ<t} |φ(·, τ )|C–(S)+ +ε–/2_{[φ]}(–/2)_{t,S×(0,t) + supτ<t(} τ_{ε )} 1−–2_{supS |∇φ(x, τ )|+}

+ sup_{τ<t}( τ ε )^{1+α−}

–_2 ([φ]^{(1+α)}_{S×(τ/2,τ )} + ε^{α/2}[φ]^{( 1+α2 )}_{τ,S×(τ/2,τ )}),

P_0[φ, S, (a, b)] = sup_{τ∈(a,b)} |φ|_C1+α_{(S)} + ε^{1+α2} [φ]^{( 1+α2 )}_{t,S×(a,b)}.

Pri fiksirovannom ε > 0 norma P^ε[φ, S](t) ffkvivalentna norme vesovogo prostranstva C^{1+α, 1+α2}– (S × [0, t)).

Otmetim, qto vyraßeniØ X–, K–, P–, X_0, K_0, P_0 voznika¸t pri peresqete gœl~derovskih norm, esli sdelat~ zamenu peremennoæ t → t/ε. Sformuliruem teoremu o razreximosti vspomogatel~noæ zadaqi (12).

O SPRAVEDLIVOSTI PRIBLIȷENI˚ 217

Teorema 2. Pust~ S, Γ ∈ C^{2+α}, α ∈ (0, 1). ZadannaØ poloßitel~-

naØ funkciØ b ∈ C^{2+α,1+α/2}

1+– (ST ), v0 ∈ C^{1+}–(Ω). (Φ, W ) – rexenie

zadaqi (6) sootvetstvu¸weæ zadaqe Hele–Show (sm. T.1), opredelennoe pri t ∈ [0, t^∗). Togda zadaqa (12) imeet edinstvennoe rexe- nie V ∈ C^{2+α,1+α/2} 1+– (Ω × [0, t^∗)) i dlØ fftogo rexeniØ imeet mesto

ocenka X^ε[V, Ω](t) 6 c|v_0 − w_0|_C1+–_{(Ω)}, t ∈ [0, t^∗). (16)

Osnovnym rezul~tatom dannoæ raboty ØvlØetsØ sledu¸waØ teorema.

Teorema 3. Pust~ S, Γ ∈ C^{3+α}, α ∈ (0, 1), v0 ∈ C^{1+}–(Ω), b ∈

C^{3+α, 3+α2} (S ×[0, t^∗)), b_t ∈ ~C([0, t^∗); C^{2+α}(S)), vypolneny usloviØ (2), (3). (Φ, W ) – rexenie zadaqi (6), V – rexenie zadaqi (12), opredelennye pri t ∈ [0, t^∗) (sm. T. 1 i T. 2).

Pri vseh ε ∈ (0, ε_0), ε_0 << 1, zadaqa (14), (15) imeet edinstvennoe rexenie (U, σ), opredelennoe na Ω × [0, t^0), t^0 6 t^∗, so sledu¸- wimi svoæstvami:

U ∈ C^{2+α,1+α/2}–_{+1} (Ω × [0, t^0)),

σ ∈ C^{2+α,1+α/2}–_{+1} (Ω × [0, t^0)), σ_t|_Γ ∈ C^{1+α, 1+α2}– (Γ × [0, t^0)),

X^ε[U, Ω](t) + X^ε[σ, Ω](t) + P^ε[σ_t, Γ](t) 6 c^(K^ε[εWt + εΦt(N · J^{−T} ∇W ), Ω](t) +P^ε[c_0B_Φ ∂V ∂n , Γ](t)

) 6 c(|v0|_C1+–_{(Ω)} + X^ε[b, S](t)), t 6 t^0.

(17)

Esli V_0 = v_0 − w_0 ∈ C^{3+α}(Ω), to (U, σ) imeet porØdok O(ε) pri ε → 0, a imenno, imeet mesto ocenka

ε sup_{τ<t} |U_τ (·, τ )|_Cα_{(Ω)} + sup_{τ<t} |U(·, τ )|_C2+α_{(Ω)}+

+ε sup_{τ<t} |σ_τ (·, τ )|_Cα_{(Ω)} + sup_{τ<t} |σ(·, τ )|_C2+α_{(Ω)} 6 cε, t < t_0, (18)

postoØnnaØ c ne zavisit ot ε.

�ta teorema vmeste s teoremami 1 i 2 garantiruet suwestvovanie rexeniØ zadaqi (10) V = U +W +V , ρ^∗ = Φ+σ pri t ∈ [0, t_0). VozvrawaØs~ k ishodnoæ zadaqe Stefana (1) s pomow~¸ preobrazovaniØ (5), poluqaem rexenie na nekotorom, ne zavisØwem ot ε

218 V. A. SOLONNNIKOV, E. V. FROLOVA promeßutke vremeni [0, t_0), pri uslovii, qto udel~naØ teploemkost~ ε dostatoqno mala: ε ∈ [0, ε_0). Priqem ffto rexenie otliqaetsØ ot summy rexeniØ zadaqi v kvazistacionarnom priblißenii s funkcieæ pograniqnogo sloØ V na veliqiny porØdka O(ε) pri ε → 0, qto podtverßdaet spravedlivost~ kvazistacionarnogo priblißeniØ (4) dlØ zadaqi Stefana (1).

Rabota sostoit iz pØti paragrafov, v kaßdom iz kotoryh svoØ numeraciØ. Pri ssylke na formulu iz drugogo paragrafa pered nomerom formuly ukazyvaetsØ nomer paragrafa.

2. Lineænye zadaqi Vydelim lineænu¸ qast~ v zadaqe (1.14), (1.15). DlØ fftogo vvedem variacii operatorov

δL_Φ = d dλ L_{Φ+λσ}|_{λ=0}, δB_Φ = d dλ B_{Φ+λσ} |_{λ=0}.

Uravnenie v zadaqe (1.14) moßem zapisat~ v vide L_{Φ,ε}U + δL_{Φ,ε}(W + V ) = −εW_t + εΦ_t(N · J^{−T} ∇W ) −(L_{Φ+σ,ε} − L_{Φ,ε})U − (L_{Φ+σ,ε} − L_{Φ,ε} − δL_{Φ,ε})(W + V ) a dinamiqeskoe kraevoe uslovie v vide

σ_t + c_0B_Φ ∂U ∂n + δB_Φ ∂(W + V ) ∂n = −c_0B_Φ ∂V ∂n − −c_0(B_{Φ+σ} − B_ϕ) ∂U ∂n − c_0(B_{Φ+σ} − B_Φ − δB_Φ) ∂(W + V ) ∂n . Vsledstvie formuly (1.7), imeem

δL_{Φ,ε}(W + V ) = δL_{Φ,ε}(W + V ) − (N · δJ^{−T}_Φ ∇(W + V ))L_{Φ,ε}Φ −(N · J^{−T}_Φ ∇(W + V )(L_{Φ,ε}σ + δL_{Φ,ε}Φ) − δ ⃗m(Φ) · ∇(W + V ). VyraßeniØ variaciæ dlØ operatorov analogiqnyh δL_{Φ,ε} = δL_{Φ,0}, δB_Φ, δ ⃗m(Φ) posqitany v [11]. V qastnosti, δL_{Φ,ε}(W + V ) = − n∑ k,j=1 δA^Φ_{k,j} ∂^2(W + V ) ∂y_k∂y_j , gde A^Φ = J^{−1}_Φ J^{−T}_Φ , δJ^{−1}_Φ = −J^{−1}_Φ (∇ ⊗ N σ)^T J^{−1}_Φ ,

O SPRAVEDLIVOSTI PRIBLIȷENI˚ 219

δB_Φ = −2A^Φn · ∇σ − (A^Φn · n) N · J^{−T}_Φ ∇σ N · J^{−T}_Φ n +q(N, Φ)σ ≡ −Q_n(N, Φ) ∂σ ∂n + Q^′(N, Φ) · ∇σ + q(N, Φ)σ, gde Q_n, Q^′, q – nepreryvnye funkcii N, Φ, Φ_{yj}, j = 1, . . . , n. Otmetim, qto v silu predpoloßeniØ N · n_0 ¿ d > 0, kofffficient Q_n(N, Φ) poloßitelen.

Poskol~ku imeet mesto uravnenie (1.15), v vyraßeniØ variaciæ vhodØt proizvodnye funkcii σ ne vyxe pervogo porØdka i zadaqa (1.14), (1.15) prinimaet vid: L_{Φ,ε}U + ⃗h · ∇σ + h_1σ = f_ε + F(U, σ), y ∈ Ω, t > 0, U|_S = 0 U|_Γ = 0, U|_{t=0} = 0, L_{Φ,ε}σ = 0, y ∈ Ω, t > 0, (1) σ|_S = 0, σ|_{t=0} = 0, σ_t − Q_n ∂(W + V ) ∂n ∂σ ∂n + Q^′ · ∇^′σ ∂(W + V ) ∂n + qσ +c_0B_Φ ∂U ∂n = −c_0B_Φ ∂V ∂n + G(U, σ) na Γ, t > 0, gde f_ε = −εW_t + εΦ_t(N · J^{−T}_Φ ∇W ), qerez F, G oboznaqeny nelineænye slagaemye F = −(L_{Φ+σ,ε} − L_{Φ,ε})U − (L_{Φ+σ,ε} − L_{Φ,ε} − δL_{Φ,ε})(W + V ), G = −c_0(B_{Φ+σ} − B_Φ) ∂U ∂n − c_0(B_{Φ+σ} − B_Φ − δB_Φ) ∂(W + V ) ∂n . (2)

DlØ dokazatel~stva razreximosti zadaqi (1), rassmotrim dve vspomogatel~nye lineænye zadaqi:

zadaqu s dinamiqeskim kraevym usloviem εu_t − n∑ k,j=1 a_{kj}(y, t) ∂^2u ∂y_k ∂y_j = 0, y ∈ Ω, t > 0, u|_S = 0, u|_{t=0} = 0, ( ∂u ∂t − ⃗g · ∇u + qu )| | |_Γ = φ; (3)

220 V. A. SOLONNNIKOV, E. V. FROLOVA

i zadaqu Dirihle eu_t − n∑ k,j=1 a_{kj}(y, t) ∂^2u ∂y_k ∂y_j − n∑ i=1 a_i(y, t) ∂u ∂y_i = f, y ∈ Ω, t > 0, u|_S = b, u|_Γ = ψ, u|_{t=0} = u_0. (4) My dokaßem ocenki rexeniæ fftih zadaq, ravnomernye otnositel~no parametra ε. Snaqala rassmotrim model~nye poluprostranstvennye zadaqi v R^n_+ = {x ∈ R^n|x_n > 0}, x = (x^′, x_n) ∈ R^n: εu_t − Δu = f, x ∈ R^n_+, t > 0, (u_t + a · ∇u)|_{xn=0} = φ, a ∈ R^n, a_n < 0, u|_{t=0} = 0 (5) i εu_t − Δu = f, x ∈ R^n_+, t > 0, u|_{xn=0} = ψ, u|_{t=0} = u_0. (6) Lemma 1. Esli

f ∈ C^{α,α/2}–_{−1} (R^n_{+,T} ), u_0 ∈ C^{1+}–(R^n_+), ψ ∈ C^{2+α,1+α/2}–_{+1} (R^{n−1}), α ∈ (0, 1), ¶ ∈ (0, 1) i vypolneny usloviØ soglasovaniØ nulevogo porØdka, to dlØ rexeniØ zadaqi (6) imeet mesto ocenka X–[u, R^n+](t) 6 c(|u0|C1+–(Rn+) + X– [ψ, R^{n−1}](t) +K–[f, R^n+](t)), t ∈ (0, T ). (7)

Esli f ∈ C^{α,α/2}(R^n_{+,T}), u_0 ∈ C^{2+α}(R^n_+), ψ ∈ C^{2+α,1+α/2}(R^{n−1}) i vypolneny usloviØ soglsovaniØ pervogo porØdka, to dlØ rexeniØ zadaqi (6) imeet mesto ocenka v prostranstvah Gœl~dera bez vesa:

X_0[u, R^n_+, (0, t)] 6 c(|u_0|_C2+α_(Rn_{+)} +X_0 [ψ, R^{n−1}, (0, t)] + K_0[f, R^n_+, (0, t)]), t ∈ (0, T ). (8) (sm. opredelenie norm v p. 1).

Dokazatel~stvo. Sdelaem preobrazovanie koordinat t^′ = t/ε,

(6) perehodit v u^ε_t′ − Δu^ε = f^ε, x ∈ R^n_+, t^′ ∈ (0, T /ε),

O SPRAVEDLIVOSTI PRIBLIȷENI˚ 221

u^ε|_t′_{=0} = u_0, u^ε|_{xn=0} = ψ^ε, (9)

gde u^ε(x, t^′) = u(x, εt^′), f^ε(x, t^′) = f(x, εt^′), ψ^ε(x^′, t^′) = ψ(x^′, εt^′).

Zadaqa (9) imeet edinstvennoe rexenie u^ε ∈ C^{2+α,1+α/2}–_{+1} (R^n_+ × [0, T )), kotoroe ocenivaetsØ sledu¸wim obrazom [16]: |u^ε|_C2+α,1+α/2 –+1^(R^n+,T^) 6 c(|f^ε|_Cα,α/2 –−1^(R^n+,T^) + +|u_0|_C1+–_(Rn_{+)} + |ψ^ε|_C2+α,1+α/2 –+1^(R^{n−1}T^)

). (10)

Pri obratnom preobrazovanii t = εt^′ ocenka (10) perehodit v (7). Neravenstvo (8) sleduet iz ocenki rexeniØ zadaqi Dirihle (9) v obyqnyh prostranstvah Gœl~dera.

Lemma 2 (sleduet iz rezul~tatov [15] i lemmy 1). Esli φ ∈

C^{1+α, 1+α2}– (R^{n−1}_T ), f ∈ C^{α,α/2}–_{−1} (R^n_{+,T}), α, σ ∈ (0, 1) i vypolneno uslovie soglasovaniØ φ(x^′, 0) = 0, to zadaqa (5) imeet edinstvennoe rexenie u ∈ C^{2+α,1+α/2}

1+– (R^n+,T ), dlØ kotorogo verna ocenka X– [u, R^n+](t) + P–[ut|xn=0 , R^{n−1}](t) 6 6 c(P–[φ, R^{n−1}](t) + K–[f, R^n_+](t)), t ∈ (0, T ). (11)

Esli φ ∈ C^{1+α, 1+α}2 (R^{n−1}_T ) i vypolneny usloviØ soglasovaniØ pervogo porØdka, to dlØ rexeniØ zadaqi (5) imeet mesto ocenka v prostranstvah Gœl~dera bez vesa:

X_0[u, R^n_+, (0, t)] + P_0[u_t|_{xn=0}, R^{n−1}, (0, t)] 6

6 c(P0[φ, R^{n−1}, (0, t)] + K0[f, R^n_+, (0, t)]), t ∈ (0, T ). (12)

Kak vidno iz (7), (11) (sm. opredelenie norm K–, P–, X– v p. 1), pri ocenkah v normah vesovyh prostranstv poØvlØ¸tsØ kofffficienty vida (^τ_ε )^γ , γ > 0, rastuwie pri ε → 0. Qtoby izbeßat~ rosta fftih kofffficientov, my primenim ocenku v vesovoæ norme pri t ∈ (0, ε) i ocenku v obyqnoæ Gœl~derovskoæ norme pri t ∈ [ε, T ]. Tak kak pri t ∈ [ε, T ] vse funkcii ØvlØ¸tsØ fflementami obyqnyh prostranstv Gœl~dera i pri t = ε vypolneny usloviØ soglasovaniØ pervogo porØdka, to vsledstvie (7), (8) rexenie zadaqi (6) podqinØetsØ ocenke

X^ε[u, R^n_+](t) 6 c(|u_0|_C1+–_(Rn_{+)}

+X^ε[ψ, R^{n−1}](t) + K^ε[f, R^n_+](t)), t ∈ (0, T ), (13)

222 V. A. SOLONNNIKOV, E. V. FROLOVA vsledstvie (11), (12), rexenie zadaqi (5) podqinØetsØ ocenke

X^ε[u, R^n_+](t) + P^ε[u_t|_{xn=0}, R^{n−1}](t) 6

6 c(P^ε[φ, R^{n−1}](t) + K^ε[f, R^n_+](t)). (14)

OsnovyvaØs~ na ocenkah (13), (14), s pomow~¸ metoda Xaudera, prihodim k sledu¸wim rezul~tatam dlØ lineænyh vspomogatel~nyh zadaq (3), (4).

Teorema 4. Pust~ S, Γ ∈ C^{2+α}, aij ∈ C^{α,α/2}(ΩT ), ⃗g, q ∈ C^{α,α/2}(ΓT ),

⃗g · ⃗n_0 ¿ δ_0 > 0. Pri vseh φ ∈ C^{1+α, 1+α2}– (Γ_T ) zadaqa (3) imeet edinstvennoe rexenie u ∈ C^{2+α,1+α/2}

1+– (ΩT ), dlØ kotorogo verna ocenka

X^ε[u, Ω](t) + P^ε[u_t|_Γ, Γ](t) 6 cP^ε[φ, Γ](t), t ∈ (0, T ). (15)

Teorema 5. Pust~ S, Γ ∈ C^{2+α}, aij, ai ∈ C^{α,α/2}(ΩT ). Pri vseh u0 ∈

C^{1+}–(Ω), b ∈ C^{2+α,1+α/2}–_{+1} (S_T ), ψ ∈ C^{2+α,1+α/2}–_{+1} (Γ_T ), f ∈ C^{α,α/2}–_{−1} (Ω_T ) zadaqa (4) imeet edinstvennoe rexenie u ∈ C^{2+α,1+α/2}–_{+1} (Ω_T ), dlØ kotorogo verna ocenka

X^ε[u, Ω](t) 6 c(|u_0|_C1+–_{(Ω)} + X^ε[b, S](t) +X^ε[ψ, Γ](t) + K^ε[f, Ω](t)), t ∈ (0, T ). (16)

Dokazatel~stvo teoremy 4. Razreximost~ zadaqi (3) pri fik-

sirovannom ε > 0 sleduet iz rezul~tatov raboty [13]. Dokaßem ocenku (15). Snaqala ocenim polunormu

A = sup_{τ<t} a_β ( τ ε )[D^2u]^{(α)}_Ω , t 6 T, (17)

gde a_β (^τ_ε ) = min(1, (^τ_ε )^β ), β =^{1+α−}–_2 .

Suwestvu¸t indeksy i, j i toqki x_0, y_0 ∈ Ω, t_0 ∈ (0, T ), takie, qto verno neravenstvo:

a_β( t_0 ε ) |u_{xixj} (x_0, t_0) − u_{yiyj} (y_0, t_0)| |x_0 − y_0|^α ¿ c^∗A, (18)

gde c^∗ zavisit ot qisla slagaemyh v polunorme A.

O SPRAVEDLIVOSTI PRIBLIȷENI˚ 223 Fiksiruem dostatoqno maloe poloßitel~noe qislo λ. Esli |x_0 − y_0 | ¿ λ/2, to (18) i interpolØcionnoe neravenstvo privodØt k ocenke

A 6^1_{c∗} aβ(^{t0}_ε )^{2 maxΩ |uxixj (x, t0)|}

(λ/2)^α 6

(ε_1A + C_{ε1} max_Ω |u|) 2 c^∗(^λ_2 )^α . Vybrav ε_1 tak, qtoby^{2ε1}_{c∗(λ/2)α} <^1_2 , imeem

A 6 2Cε_1 max_Ω |u|. (19)

Esli ße |x_0 − y_0| <^λ_2 , rassmotrim tri vozmoßnosti: 1) x_0 ili y_0 “blizki” k Γ; 2) x_0 ili y_0 “blizki” k S; 3) x_0 i y_0 ne priblißa¸tsØ k ∂Ω.

1) Esli dist{x_0, Γ} <^λ_2 ili dist{y_0, Γ} <^λ_2 , vyberem toqku z_0 ∈ Γ blißaæxu¸ k x_0 ili y_0.

Ne ograniqivaØ obwnosti, moßem sqitat~, qto toqka z_0 sovpadaet s naqalom koordinat, a normal~ k poverhnosti Γ v fftoæ toqke ⃗n(z_0) napravlena po osi z_n (fftogo moßno dobit~sØ, vypolnØØ ortogonal~noe preobrazovanie koordinat). Pust~ v okrestnosti naqala koordinat K_{2λ}(0) poverhnost~ Γ zadaetsØ uravneniem

x_n = F (x^′), x^′ = (x_1, . . . , x_{n−1}) ∈ K_{2λ}(0).

Togda, soglasno predpoloßeniØm teoremy,

F ∈ C^{2+α}(K_{2λ}(0)), F (0) = 0, ∇^′F (0) = (F_{x1} (0), . . . , F_{xn−1} (0)) = 0.

Sdelaem preobrazovanie koordinat, rasprØmlØ¸wee granicu

z^′ = x^′, z_n = x_n − F (x^′).

Uravnenie zadaqi (3) preobrazuetsØ k vidu εũ_t − n∑ i,j=1 ã_{ij}(z, t) ∂^2ũ ∂z_i∂z_j − n∑ i=1 ã_i(z, t) ∂ũ ∂z_i = 0, gde ã_{ij} (z, t) = n∑ p,k=1 ∂z_i ∂x_p a_{pk} ∂z_j ∂x_k ,

224 V. A. SOLONNNIKOV, E. V. FROLOVA qerez ũ oboznaqena funkciØ u v novyh koordinatah. Kraevoe uslovie na poverhnosti Γ perehodit v kraevoe uslovie takogo ße tipa. VypolnØØ pri neobhodimosti dopolnitel~nu¸ lineænu¸ zamenu peremennyh, dob~emsØ togo, qtoby ã_{ij}(0, t_0) = δ_{ij} .

Umnoßim uravnenie i kraevoe uslovie na gladku¸ sreza¸wu¸ funkci¸ ξ_λ(z)η_λ(t − t_0), gde ξ_λ(z) = 0 pri |z| > 2λ, ξ_λ(z) = 1 pri |z| < λ, |D^j ξ_λ| 6 c|λ|^{−j}; η_λ(t − t_0) = 0 pri |t − t_0| > 2λ^2, η_λ(t − t_0) = 1 pri |t − t_0| < λ^2, | |^{dkη}λ_{dtk} | | 6 c|λ|^{−2k}. Oboznaqim v = ũξ_λ(z)η_λ(t − t_0). FunkciØ v ØvlØetsØ rexeniem sledu¸weæ zadaqi v poluprostranstve εv_t − Δv = n∑ i,j=1 (ã_{ij}(z, t) − δ_{ij} )v_{zizj} (20)

− n∑ i,j=1 ã_{ij}(z, t) ( ∂ũ ∂z_i ∂ξ_λ(z) ∂z_j + ũ ∂^2ξ_λ(z) ∂z_i∂z_j ) η_λ(t − t_0)

+εũξ_λ(z) d dt η_λ(t − t_0) + n∑ i=1 ã_i(z, t) ∂ũ ∂z_i ξ_λ(z)η_λ(t − t_0) ≡ F (z, t), z_n > 0.

v_t + g̃(0, t_0) · ∇v = φ̂(z, t)ξ_λη_λ + ũξ_λ(z) d dt η_λ(t − t_0) +(g̃(0, t_0) − g̃(z, t)) · ∇v + g̃(z, t) · ∇ξ_λ(z)η_λ(t − t_0) −g̃v ≡ φ̃ξ_λη_λ + R(z, t) v|_{t=max{0,t0−2λ}2_} = 0. Primenim Lemmu 2. Esli max{0, t_0 − 2λ^2} < ε, vospol~zuemsØ vesovoæ ocenkoæ (11), imeem X–[v, R^n+](t) 6 c(P–[φ̃ξληλ + R(z, t), R^{n−1}](t) +K–[F (z, t), R^n+](t)). (21)

Esli ße t_0 − 2λ^2 > ε, vospol~zuemsØ ocenkoæ bez vesa (12), imeem

X_0[v, R^n_+, (0, t)] 6 c(P_0[φ̃ξ_λη_λ + R(z, t), R^{n−1}, (0, t)] +K_0[F (z, t), R^n_+, (0, t)]). (22) Funkcii R(z, t) i F (z, t) soderßat starxie proizvodnye funkcii v s kofffficientami, obrawa¸wimisØ v nol~ pri z = 0, t = t_0

O SPRAVEDLIVOSTI PRIBLIȷENI˚ 225 i mladxie proizvodnye ũ, umnoßennye na proizvodnye ot sreza¸wih funkciæ. Vse slagaemye, soderßawie proizvodnye ũ ne vyxe pervogo porØdka, ocenim s pomow~¸ interpolØcionnyh neravenstv. Slagaemye, soderßawie proizvodnye vtorogo porØdka, budut maly esli λ dostatoqno malen~koe. Deæstvitel~no, tak kak a_{ij} ∈ C^{α,α/2}, ⃗g ∈ C^{α,α/2}, moßno vybrat~ λ tak, qtoby n∑ i,j=1 |ã_{ij}(z, t) − δ_{ij} | < 1 2 , n∑ i=1 |g̃_i(0, t_0) − g̃_i(z, t)| < 1 2 . Togda iz (18), (21), (22) vytekaet ocenka

A 6 X^ε[v, R^n_+](t) 6 c(P^ε[φ, Γ](t) + max_Ω |u|), t 6 T. (23)

2) Esli dist{x_0, S} <^λ_2 ili dist{y_0, S} <^λ_2 , vyberem toqku z_0 ∈ S, blißaæxu¸ k x_0 ili y_0, ne ograniqivaØ obwnosti, budem sqitat~, qto z_0 sovpadaet s naqalom koordinat. Tak ße kak v p. 1 sdelaem preobrazovanie koordinat, rasprØmlØ¸wee granicu, umnoßim uravnenie i kraevoe uslovie na gladku¸ sreza¸- wu¸ funkci¸ ξ_λ(z)η_λ(t−t_0) i oboznaqim v = ũξ_λη_λ. Togda funkciØ v ØvlØetsØ rexeniem zadaqi Dirihle v poluprostranstve: εv_t − Δv = F (z, t), z_n > 0, t > 0, v|_{zn=0} = 0, v|_{t=0} = 0. PrimenØØ Lemmu 1 i ocenivaØ F s pomow~¸ interpolØcionnogo neravenstva, opØt~ prihodim k (23).

3. ˚sno, qto ocenka (23) verna i v fftom sluqae. Vsledstvie uravneniØ teploprovodnosti i (23), imeem:

ε sup_{τ<t} a_β( τ ε )[u_τ ]^{(α)} 6 A 6 c(P^ε[φ, Γ] + max_Ω |u|). (24)

DlØ ocenki slagaemyh

ε^{α/2} sup_{τ<t} a_β[D^2u]^{(α/2)}_{τ,Ω×(τ/2,τ )} + ε^{1+α/2} sup_{τ<t} a_β [D_τ u]^{(α/2)}_{τ,Ω×(τ/2,τ )}

primenim interpolØcionnoe neravenstvo

sup_Ω |D^2u| 6 c([D^2u]^{(α)}_Ω )^{1−α/2}([u]^{(α)}_Ω )^{α/2}

226 V. A. SOLONNNIKOV, E. V. FROLOVA k koneqnoæ raznosti Δ_t(h)u = u(x, t + h) − u(x, t) = h∫ 0 u_ξ(x, ξ)dξ, i, tak kak [Δ_t(h)u]^{(α)} 6 h∫ 0 [u_ξ]^{(α)}dξ 6 sup_{τ<t}[u_τ ]^{(α)}h,

imeem

|Δ_t(h)D^2u| 6 c([Δ_t(h)D^2u]^{(α)}_Ω )^{1−α/2}([Δ_t(h)u]^{(α)})^{α/2}

6 c([Δt(h)D^2u]^{(α)}_Ω )^{1−α/2}h^{α/2} sup_{τ<t}[uτ ]^{(α)})^{α/2}.

Vsledstvie qego, uqityvaØ takße uravnenie, poluqim ε^{α/2} sup_{τ<t} a_β[D^2u]^{(α/2)} + ε^{1+α/2} sup_{τ<t} a_β [u_τ ]^{(α/2)}

6 c(A + ε sup_{τ<t} aβ(^τ_ε )[uτ ]^{(α)}). (25)

Neravenstva (23)-(25) da¸t ocenku starxih slagaemyh v X^ε[u, Ω]. Ostal~nye ocenim po interpolØcionnym neravenstvam, ffto dast X^ε[u, Ω](t) 6 c(P^ε[φ, Γ](t) + max_Ω |u|). (26) Poskol~ku^{∂u}_{∂t} | |_Γ = φ + ⃗g · ∇u − qu, P^ε[u_t|_Γ, Γ](t) 6 c(X^ε[u, Ω](t) + P^ε[φ, Γ](t))

6 c(P^ε[φ, Γ](t) + max_Ω |u|). (27)

Po principu maksimuma, tak kak u|_S = 0, u|_{t=0} = 0, max_Ω |u| 6 max_Γ |u|.

Oqevidno, u(·, t)|_Γ =^t ∫ 0 ∂u(;ξ) ∂ξ | |_Γdξ i max_Γ |u| 6^t∫ 0 |u_ξ(·, ξ)|^(–^)_Γ dξ.

O SPRAVEDLIVOSTI PRIBLIȷENI˚ 227 Sledovatel~no, iz (27) vytekaet

P^ε[u_t, Γ](t) 6 c(P^ε[φ, Γ](t) + t∫ 0 |u_ξ(·, ξ)|^(–^)dξ)

6 c(P^ε[φ, Γ](t) + t∫ 0 P^ε[u_ξ|_Γ, Γ](ξ)dξ. (28)

Primeniv k (28) lemmu Granuolla, poluqim P^ε[u_t, Γ](t) 6 cP^ε[φ, Γ](t), qto vmeste s (27) i dokazyvaet ocenku (15).

Ocenka (16) teoremy 5 dokazyvaetsØ metodom Xaudera na osnovanii ocenok model~noæ poluprostranstvennoæ zadaqi Dirihle (sm. ocenki (7), (8) lemmy 1).

Otbrosiv nelineænye slagaemye v zadaqe (1), prihodim k sledu¸weæ lineænoæ sisteme: L_{Φ,ε}U + ⃗h · ∇σ + h_1σ = f, y ∈ Ω, t > 0, U|_S = 0, U|_Γ = 0, U|_{t=0} = 0, L_{Φ,ε}σ = 0, y ∈ Ω, t > 0, σ|_S = 0, σ|_{t=0} = 0, σ_t − Q_n ∂(W + V ) ∂n ∂σ ∂n + Q^′ · ∇^′σ ∂(W + V ) ∂n + qσ +c_0B_ϕ ∂U ∂n = ψ na Γ, t > 0.

(29)

Teorema 6. Pust~ S, Γ ∈ C^{3+α}, α ∈ (0, 1), v0 ∈ C^{1+}–(Ω), b ∈

C^{3+α, 3+α2} (S), b_t ∈ ~C([0, t^∗); C^{2+α}(S × [0, t))) i vypolnØ¸tsØ usloviØ (1.2), (1.3). (Φ, W ) – rexenie zadaqi v kvazistacionarnom priblißenii (1.6), V – rexenie vspomogatel~noæ zadaqi (1.12), opredelennye pri t ∈ [0, t^∗). Pri vseh f ∈ C^{α,α/2}–_{−1} (Ω × [0, t^∗)), ψ ∈ C^{1+α, 1+α2}– (Γ × [0, t^∗)). Sistema (29) imeet edinstvennoe rexenie (U, σ) so sledu¸wimi svoæstvami: U, σ ∈ C^{2+α,1+α/2}_{1+}– (Ω × [0, t^∗)), σ_t|_Γ ∈ C^{1+α, 1+α2}– (Γ × [0, t^∗)) i imeet mesto ocenka

X^ε[U, Ω](t) + X^ε[σ, Ω](t) + P^ε[σ_t|_Γ, Γ](t)

6 c1(K^ε[f, Ω](t) + P^ε[ψ, Γ](t)) ≡ cM(t), t ∈ (0, t^∗). (30)

228 V. A. SOLONNNIKOV, E. V. FROLOVA

Lemma 3. Pust~ vypolneny usloviØ teoremy 6, togda

1) kofffficienty operatorov L_{ϕ,ε}, B_Φ funkcii ⃗h, h_1, Q_n, Q^′, q, D^2_xΦ ∈ C^{α,α/2}(Ω × [0, t^∗)).

2) rexenie zadaqi (1.6) (W, Φ) imeet proizvodnu¸ po vremeni, priqem W_t, Φ_t(N · J^{−T} ∇W ) ∈ C^{α,α/2}(Ω × [0, t^∗)) .

Lemma 4. Pust~ vypolneny usloviØ teoremy 6, togda ∃ε0 > 0

takoe qto pri ∀ε ∈ (0, ε_0], t ∈ [0, t^∗)

∂(W_+ V ) ∂n | | |_Γ ¿ δ^∗ > 0. (31)

Dokazatel~stvo lemm 3 i 4 privedem v §5.

Dokazatel~stvo Teoremy 6. Vospol~zuemsØ metodom posledo-

vatel~nyh priblißeniæ, razbivaØ na kaßdom xage zadaqu (29) na dve. Snaqala naædem U^{(0)} kak rexenie zadaqi L_{Φ,ε}U^{(0)} = f, y ∈ Ω, t > 0, U^{(0)}|_S = 0, U^{(0)}|_Γ = 0, U^{(0)}|_{t=0} = 0.

(32)

Tak kak f ∈ C^{α,α/2}–_{−1} (Ω × [0, t^∗)), i vsledstvie lemmy 3 k zadaqe (32) primenima teorema 5, soglasno kotoroæ zadaqa (32) imeet edinstvennoe rexenie U^{(0)} ∈ C^{2+α,1+α/2}–_{+1} (Ω × [0, t^∗)), dlØ kotorogo verna ocenka X^ε[U^{(0)}, Ω](t) 6 cK^ε[f, Ω](t), t ∈ (0, t^∗). (33)

Zatem naædem σ^{(0)} kak rexenie zadaqi

L_{Φ,ε}σ^{(0)} = 0, y ∈ Ω, t > 0, σ^{(0)}|_S = 0, σ^{(0)}|_{t=0} = 0,

σ^{(0)}_t − Q_n ∂ ∂n (W + V )

∂σ^{(0)} ∂n + Q^′ · ∇^′σ^{(0)} ∂(W + V ) ∂n + qσ^{(0)}

= ψ − c_0B_Φ

∂u^{(0)} ∂n na Γ.

(34)

Po lemme 4, uqityvaØ qto, kak otmeqalos~ vyxe, kofffficient Q_n(N, Φ) poloßitelen, zakl¸qaem qto kofffficient Q_n^∂_{∂n} (W +V ) toße poloßitelen. Vospol~zovavxis~ takße lemmoæ 3, vidim, qto k zadaqe (34) primenima teorema 4. Po teoreme 4 zadaqa (34)

O SPRAVEDLIVOSTI PRIBLIȷENI˚ 229 imeet edinstvennoe rexenie σ^{(0)} ∈ C^{2+α,1+α/2}–_{+1} (Ω × [0, t^∗)), priqem σ^{(0)}_t |_Γ ∈ C^{1+α, 1+α2}– (Γ × [0, t^∗)) i imeet mesto ocenka

X^ε[σ^{(0)}, Ω](t) + P^ε[σ^{(0)}_t |_Γ, Γ](t) 6 c(P^ε[ψ, Γ](t) + P^ε

[ ∂U^{(0)} ∂n , Γ ] (t))

6 c(P^ε[ψ, Γ](t) + X^ε[U^{(0)}, Ω](t)) 6 cM(t). (35)

Zatem opredelim U^{(m+1)} , σ^{(m+1)}, m = 0, 1, 2, . . . kak rexeniØ zadaq L_{Φ,ε}U^{(m+1)} = f − ⃗h · ∇σ^{(m)} − h_1σ^{(m)}, y ∈ Ω, t > 0, U^{(m+1)} |_S = 0, U^{(m+1)}|_Γ = 0, U^{(m+1)}|_{t=0} = 0; (36) L_{Φ,ε}σ^{(m+1)} = 0, y ∈ Ω, t > 0, σ^{(m+1)} |_S = 0, σ^{(m+1)}|_{t=0} = 0, (37)

σ^{(m+1)} t − Q_n ∂ ∂n (W + V ) ∂σ^{(m+1)} ∂n +Q^′ · ∇^′σ^{(m+1)} ∂(W + V ) ∂n + qσ^{(m+1)} = ψ − c_0B_Φ

∂U^{(m+1)} ∂n na Γ.

Razreximost~ zadaq (36), (37) i ocenki v vesovyh prostranstvah Gœl~dera sledu¸t iz teorem 4, 5.

Rassmotrim raznosti

Z^{(m+1)} = U^{(m+1)} − U^{(m)} , η^{(m+1)} = σ^{(m+1)} − σ^{(m)} , oqevidno qto

U^{(m+1)} = U^{(0)} + m∑ j=0 Z^{(j+1)}, σ^{(m+1)} = σ^{(0)} + m∑ j=0 η^{(j+1)},

Z^{(j+1)} – rexenie zadaqi L_{Φ,ε}Z^{(j+1)} = −⃗h · ∇η^{(j)} − h_1η^{(j)}, y ∈ Ω, t > 0, Z^{(j+1)}|_S = 0, Z^{(j+1)}|_Γ = 0, Z^{(j+1)}|_{t=0} = 0, j = 1, 2, . . .

(38)

Z^{(1)} – rexenie zadaqi

L_{Φ,ε}Z^{(1)} = −⃗h · ∇σ^{(0)} − h_1σ^{(0)}, y ∈ Ω, t > 0, Z^{(1)}|_S = 0, Z^{(1)}|_Γ = 0, Z^{(1)}|_{t=0} = 0. (39)

230 V. A. SOLONNNIKOV, E. V. FROLOVA η^{(j+1)} – rexenie zadaqi

L_{Φ,ε}η^{(j+1)} = 0, y ∈ Ω, t > 0, η^{(j+1)}|_S = 0, η^{(j+1)}|_{t=0} = 0,

η^{(j+1)} t − Q_n ∂ ∂n (W + V ) ∂η^{(j+1)} ∂n + Q^′ · ∇^′η^{(j+1)} + qη^{(j+1)}

= −c_0B_Φ

∂Z^{(j+1)} ∂n na Γ, j = 0, 1, 2, 3 . . .

(40)

Oqevidno, qto vsledstvie lemm 3 i 4 k zadaqam (38), (39), (40) takße primenimy teoremy 4 i 5. Po teoreme 5, suwestvuet edinstvennoe rexenie zadaqi (39) Z^{(1)} ∈ C^{2+α,1+α/2}–_{+1} (Ω × [0, t^∗)), dlØ kotorogo verna ocenka

X^ε[Z^{(1)}, Ω](t) 6 cK^ε[⃗h · ∇σ^{(0)} + h_1σ^{(0)}, Ω](t)

6 cX^ε[σ^{(0)}, Ω](t) 6 cM(t), t ∈ (0, t^∗). (41)

Po teoreme 4, suwestvuet rexenie zadaqi (40) pri j = 0: η^{(1)} ∈ C^{2+α,1+α/2}–_{+1} (Ω × [0, t^∗)), dlØ nego verna ocenka

X^ε[η^{(1)}, Ω](t) + P^ε[η^{(1)}_t |_Γ, Γ](t)

6 cP^{ε[ ∂Z (1)}_{∂n} , Γ^](t) 6 cX^ε[Z^{(1)}, Ω](t) 6 cM(t), t ∈ (0, t^∗). (42)

Posledovatel~no primenØØ teoremy 5 i 4, naædem rexeniØ zadaq (38), (40) pri j = 1, 2, 3, . . . Z^{(j+1)} ∈ C^{2+α,1+α/2}_{1+}– (Ω × [0, t^∗)), η^{(j+1)} ∈ C^{2+α,1+α/2}

1+– (Ω × [0, t^∗)), udovletvorØ¸wie ocenkam

X^ε[Z^{(j+1)}, Ω](t) 6 cK^ε[⃗h · ∇η^{(j)} + h_1η^{(j)}, Ω](t), (43)

X^ε[η^{(j+1)}, Ω](t) + P^ε[η^{(j+1)}, Γ](t) 6 cP^ε [ ∂Z^{(j+1)} ∂n , Γ ] (t) 6 cX^ε[Z^{(j+1)}, Ω](t), t ∈ (0, t^∗). (44)

Vvedem oboznaqenie

Y_j (t) = X^ε[Z^{(j)}, Ω](t) + X^ε[η^{(j)}, Ω](t) + P^ε[η^{(j)}, Γ](t), j ∈ N.

O SPRAVEDLIVOSTI PRIBLIȷENI˚ 231 Sloßiv neravenstva (41) i (42), poluqim Y_1(t) 6 cM(t). (45) Pravu¸ qast~ v neravenstve (43) ocenim po interpolØcionnym neravenstvam sleduwim obrazom: K^ε[⃗h · ∇η^{(j)} + h_1η^{(j)}, Ω](t)

6 c(^⃗h, h1)^(δX^ε[η^{(j)}, Ω](t) + cδ max_{y∈Ω} τ∈(0,t) |η^{(j)}(y, τ )| ) . Togda iz (43), (44) sleduet

Y_{j+1}(t) 6 c(δY_j (t) + c_δ max_{y∈Ω} τ∈(0,t) |η^{(j)}(y, τ )|), t ∈ (0, t^∗). Po principu maksimuma max_{y∈Ω} τ∈(0,t) |η^{(j)}(y, τ )| = max_{y∈Γ} τ∈(0,t) |η^{(j)}(y, τ )| 6 t∫ 0 |η^{(j)}_ξ (·, ξ)|_Γdξ 6 t∫ 0 P^ε[η^{(j)}_ξ |_Γ, Γ](ξ)dξ 6 t∫ 0 Y_j (ξ)dξ. Sledovatel~no,

Y_{j+1}(t) 6 c(δY_j (t) + c_δ t∫ 0 Y_j(ξ)dξ). (46) SqitaØ δ dostatoqno malen~kim, prosummiruem neravenstva (45) i (46) pri j = 1, . . . m, poluqim m+1∑ j=1 Y_j (t) 6 c ( M(t) + δ m∑ j=2 Y_j (t) + c_δ t∫ 0 m∑ j=1 Y_j (ξ)dξ ) , otkuda pri dostatoqno malom δ vytekaet m+1∑ j=1 Y_j(t) 6 c ( M(t) + t∫ 0 m+1∑ j=1 Y_j(ξ)dξ ) .

232 V. A. SOLONNNIKOV, E. V. FROLOVA

Iz lemmy Gronuolla sleduet, qto summy^{m+1} ∑ j=1 Y_j(t) ravnomerno

ograniqeny sverhu qerez M(t). Sledovatel~no, rØd^{+∞} ∑ j=1 Y_j(t) sho-

ditsØ. PerehodØ k predelu pri m → +∞, naædem rexenie zadaqi (29) (U, σ) = lim_{m→+∞}(U^{(m)}, σ^{(m)}),

dlØ kotorogo imeet mesto ocenka (30). Poluqennoe rexenie edinstvenno, t.k. raznost~ dvuh rexeniæ (U, σ), ( ~U, ~σ) ØvlØetsØ rexeniem zadaqi (29) s f = 0, ψ = 0 i sledovatel~no, udovletvorØet ocenke (30) s M(t) ≡ 0. Otkuda U ≡ ~U, σ ≡ ~σ.

3. FunkciØ pograniqnogo sloØ Tak kak po Lemme 3 kofffficienty uravneniØ v zadaqe (1.12) prinadleßat prostranstvu C^{α,α/2}(Ω × [0, t^∗)), Teorema 2 sleduet iz Teoremy 5.

DlØ togo, qtoby pokazat~ qto rexenie zadaqi (1.14), (1.15) (U, σ) imeet porØdok O(ε), trebuetsØ dopolnitel~noe issledovanie funkcii “pograniqnogo sloØ” V . Snaqala dokaßem qto L_2- norma fftoæ funkcii ffksponencial~no ubyvaet po vremeni.

Lemma 5. Rexenie V zadaqi (1.12) udovletvorØet ocenke ‖V (·, t)‖_{L2(Ω)} 6 c‖V_0‖_{L2(Ω)}e^{−a tε} , a > 0. (1) Dokazatel~stvo. S pomow~¸ preobrazovaniØ koordinat (1.5)

vernemsØ ot (1.12) k zadaqe (1.11) v oblasti Ω^0_t s izvestnoæ dvißuweæsØ graniceæ. Domnoßim uravnenie na funkci¸ V i prointegriruem po Ω^0_t : ε ∫ Ω0t V V_tdx − n∑ j=1 ∫ Ω0t V_{xj xj} V dx = 0. Prointegriruem po qastØm, vospol~zovavxis~ odnorodnymi kraevymi usloviØmi na ∂Ω^0_t , imeem ε 2 d dt ‖V ‖^2_{L2(Ω}0_{t )} + ‖∇V ‖^2_{L2(Ω}0_{t )} = 0.

O SPRAVEDLIVOSTI PRIBLIȷENI˚ 233 Ewe raz vospol~zovavxis~ odnorodnost~¸ kraevyh usloviæ, prihodim k neravenstvu ε d dt ‖V ‖_{L2(Ω}0_{t )} 6 −c‖V ‖_{L2(Ω}0_{t )}. (2)

Tak kak V |_{t=0} = V_0, iz (2) sleduet ocenka

‖V (·, t)‖_{L2(Ω}0_{t )} 6 ce^{− atε} ‖V_0‖_{L2(Ω)},

s nekotorym a > 0. VypolnØØ preobrazovanie koordinat obratnoe k (1.5), prihodim k (1).

Lemma 6. Pust~ V0 ∈ C^{2+α}(Ω), togda

t_0∫

0 |V (·, τ )|_C2+α_{(Ω)}dτ 6 cε|V_0|_C2+α_{(Ω)}, t_0 6 t^∗, (3)

esli Γ, S ∈ C^{3+α}, V_0 ∈ C^{3+α}, to

t_0∫

0 |V (·, τ )|_C3+α_{(Γ)}dτ 6 cε|V_0|_C3+α_{(Ω)}, t_0 6 t^∗, (4)

s postoØnnymi, ne zavisØwimi ot ε.

Dokazatel~stvo. Primenim metod, predloßennyæ v [14] dlØ do-

kazatel~stva ocenok funkcii pograniqnogo sloØ v gidrodinami- ke. Predloßenie 1. DlØ rexeniØ zadaqi (1.12) imeet mesto ocenka

ε sup t−δ<τ<t |V_τ (·, τ )|_Cα_{(Ω)} + sup_{t−δ<τ<t} |V (·, τ )|_C2+α_{(Ω)} 6 cεδ^{−1}(1 + εδ^{−1})^β sup_{t−2δ<τ<t} ‖V (·, τ )‖L_2(Ω), (5)

gde t ∈ (ε, t_0), δ = t/4, β =^{2α+3}_4 .

Dokazatel~stvo. Fiksiruem t ∈ (ε, t0) i vvedem sreza¸wu¸

funkci¸ ω_λ(τ ), τ > 0, λ ∈ (0, δ] so sledu¸wimi svoæstvami:

ω_λ(τ ) – gladkaØ monotonnaØ funkciØ, ravnaØ nul¸ pri τ < t − 2δ +^λ_2 , ravnaØ edinice pri τ > t − 2δ + λ, dlØ kotoroæ spravedliva ocenka |ω^′_λ(τ )| 6^c_λ . FunkciØ u = V ω_λ(τ ) ØvlØetsØ rexeniem

234 V. A. SOLONNNIKOV, E. V. FROLOVA zadaqi L_{Φ,ε}u = εV ω^′_λ(t), y ∈ Ω, t > 0, u|_S = 0, u|_Γ = 0, u|_{t=0} = 0.

Soglasno ocenke rexeniØ zadaqi Dirihle, imeem

ε sup t−2δ+λ<τ<t |V_τ (·, τ )|_Cα_{(Ω)} + sup_{t−2δ+λ<τ<t} |V (·, τ )|_C2+α_{(Ω)} 6 ε sup_{τ<t} |uτ (·, τ )|Cα(Ω) + sup_{τ<t} |u(·, τ )|_C2+α_{(Ω)} 6 cελ^{−1} sup_{t−2δ+ λ2 <τ<t} |V (·, τ )|Cα(Ω). (6) Primenim interpolØcionnoe neravenstvo |V (·, τ )|_Cα_{(Ω)} 6 μ|V (·, τ )|_C2+α_{(Ω)} + cμ^{−β} ‖V (·, τ )‖_{L2(Ω)}, β =^{2α+3}_4 , kotoroe imeet mesto s proizvol~nym μ ∈ (0, 1).

Iz (6) vytekaet ocenka

ε sup t−2δ+λ<τ<t |V_τ (·, τ )|_Cα_{(Ω)} + sup_{t−2δ+λ<τ<t} |V (·, τ )|_C2+α_{(Ω)} 6 c1ελ^{−1}μ sup_{t−2δ+ λ2 <τ<t} |V (·, τ )|_C2+α_{(Ω)} +c_2ελ^{−1}μ^{−β} sup t−2δ+^λ_2 <τ<t ‖V (·, τ )‖_{L2(Ω)}. (7)

Poloßim μ =^{μ1}_{1+ελ−1} , μ_1 ∈ (0, 1) i umnoßim obe qasti neravenstva (7) na λ(1 + ελ^{−1})^{−β} .

Pust~ f(λ) = λ (1 + ελ^{−1})^β

(ε sup t−2δ+λ<τ<t |V_τ (·, τ )|_Cα + sup t−2δ+λ<τ<t |V (·, τ )|_C2+α ). Vsledstvie (7) prihodim k neravenstvu

f(λ) 6 c_1μ_12^{1+β}f( λ 2 ) + c_2εμ^{−β}_1 sup_{t−2δ<τ<t} ‖V (·, τ )‖_{L2(Ω)}. (8)

Voz~mem μ_1 takim malen~kim, qtoby c_1μ_12^{1+β} <^1_2 . Togda, poskol~ku f(0) = 0, iz (8) sleduet ocenka f(λ) 6 2c_2εμ^{−β}_1 sup_{t−2δ<τ<t} ‖V (·, τ )‖_{L2(Ω)}

O SPRAVEDLIVOSTI PRIBLIȷENI˚ 235 ili (qto to ße samoe)

ε sup t−2δ+λ<τ<t |V_τ (·, τ )|_Cα_{(Ω)} + sup_{t−2δ+λ<τ<t} |V (·, τ )|_C2+α_{(Ω)} 6 2c2εμ^{−β}_1^{(1 + ελ−1)β}_λ sup_{t−2δ<τ<t} ‖V (·, τ )‖L_2(Ω). (9) Poloßiv v (9) λ = δ, prihodim k (5). Neravenstvo (3) vyvoditsØ na osnovanii (5) i (1) sledu¸wim obrazom:

t_0∫

0 |V (·, τ )|_C2+α_{(Ω)}dτ = ε∫ 0 |V (·, τ )|_C2+α_{(Ω)}dτ + t_0∫

ε |V (·, τ )|_C2+α_{(Ω)}dτ 6 c^(ε|V0|_C2+α_{(Ω)} + ε‖V0‖L_2(Ω)

t_0∫

ε δ^{−1}(t)(1 + εδ^{−1}(t))^β e^{− atε} dt ) 6 cε|V0|_C2+α_{(Ω)}. Pereædem k dokazatel~stvu ocenki (4). Vvedem oboznaqenie V^i = ∂_iV , gde

∂_i = ∂ ∂x_i − N_i(x) n∑ k=1 N_k(x) ∂ ∂x_k , N_i ∈ C^{3+α}(Ω)

– prodolßenie komponent normali n_i s Γ ∪ S v Ω. Operator ∂_i moßno primenØt~ k funkciØm zadannym na granice, tak kak ∂_if|_{Γ∪S} zavisit tol~ko ot f|_{Γ∪S} . Primenim operator ∂_i k zadaqe (1.12) εV^i_t − L_{Φ,0}V^i = Q_i(V ), y ∈ Ω, t > 0, V^i|_S = 0, V^i|_Γ = 0, V^i|_{t=0} = V^i_0 , (10) zdes~ vvedeno oboznaqenie Q_i = −(∂_i(L_{Φ,0}V ) − L_{Φ,0}∂_iV ) – kommutator zavisØwiæ ot D^2_xV .

Pri dokazatel~stve Lemmy 3 (sm.§5) pokazano, qto Φ^i ∈ ~C([0, t∗); C 2+α). Sledovatel~no, primenØØ ocenku rexeniØ zadaqi Dirihle, imeem ε sup_{τ<t} |V^i_τ (·, τ )|_Cα_{(Ω)} + sup_{τ<t} |V^i(·, τ )|_C2+α_{(Ω)}

6 c(sup_{τ<t} |V (·, τ )|_C2+α_{(Ω)} + |V^i_0 |_C2+α_{(Ω)}). (11)

236 V. A. SOLONNNIKOV, E. V. FROLOVA

Iz (11) vytekaet sup_{τ<t} |V (·, τ )|_C3+α_{(Γ)} 6 c n∑ i=1 sup_{τ<t} |V^i(·, τ )|_C2+α_{(Ω)} 6 c|V_0|_C3+α_{(Ω)}. (12)

Pust~ ω_δ(τ ), τ > 0 ta ße sreza¸waØ funkciØ, qto i pri dokazatel~stve PredloßeniØ 1. Vvedem funkcii U^i = V^iω_δ, oni ØvlØ¸tsØ rexeniØmi zadaq

εU^i_t − L_{Φ,0}U^i = Q_i(ω_δ V ) + εU^iω^′_δ, y ∈ Ω, t > 0, U^i|_S = 0, U^i|_Γ = 0, U^i|_{t=0} = 0,

(13) i = 1, 2, . . ., n i k nim primenima ocenka rexeniØ zadaqi Dirihle:

ε sup t−δ<τ<t |V^i_τ (·, τ )|_Cα_{(Ω)} + sup_{t−δ<τ<t} |V^i(·, τ )|_C2+α_{(Ω)}

6 ε sup_{τ<t} |U^i_τ (·, τ )|Cα(Ω) + sup_{τ<t} |U^i(·, τ )|C2+α(Ω) (14) 6 c^( sup_{t− 32 δ<τ<t} |V (·, τ )|_C2+α_{(Ω)} + εδ^{−1} sup_{t− 32 δ<τ<t} |V (·, τ )|_C1+α_{(Ω)}^).

OcenivaØ pravu¸ qast~ (14) tak ße kak pri dokazatel~stve PredloßeniØ 1 i primenØØ (5), imeem sup t−δ<τ<t |V^i(·, τ )|_C2+α_{(Ω)} 6 cεδ^{−1}(1 + εδ^{−1})^{β1} sup_{t−2δ<τ<t} ‖V (·, τ )‖_{L2(Ω)}, β_1 > 0, i = 1, 2, . . ., n. (15) Iz (1), (12), (15) sleduet

t_0∫

0 |V (·, τ )|_C3+α_{(Γ)}dτ 6 c^( ε∫ 0 n∑ i=1 |V^i(·, τ )|_C2+α_{(Ω)}dτ +

t_0∫

ε n∑ i=1 |V^i(·, τ )|_C2+α_{(Ω)}dτ )

6 c(ε|V0|C3+α(Ω) + ε‖V0‖L_2(Ω) t_0∫

ε δ^{−1}(t)(1 + εδ^{−1}(t))^{β1} e^{− atε} dt) 6 cε|V0|_C3+α_{(Ω)}, qto i daet (4).

O SPRAVEDLIVOSTI PRIBLIȷENI˚ 237

4. Ocenka nelineænyh slagaemyh

i dokazatel~stvo Teoremy 3 Razreximost~ zadaqi (2.1) dokaßem s pomow~¸ metoda posledovatel~nyh priblißeniæ. Ocenim nelineænye slagaemye (2.2): F = −(L_{Φ+σ,ε} − L_{Φ,ε})U − (L_{Φ+σ,ε} − L_{Φ,ε} − δL_{Φ,ε})(W + V ) = (L_{Φ+σ,0} − L_{Φ,0})U + (L_{Φ+σ,0} − L_{Φ,0} − δL_{Φ,0})(W + V ) −(N · J^{−T}_{Φ+σ} − N · J^{−T}_Φ )(∇U + ∇W + ∇V )εσ_t i G = −c_0(B_{Φ+σ} − B_Φ) ∂U ∂n − c_0(B_{Φ+σ} − B_Φ − δB_Φ) ∂(W + V ) ∂n . DlØ fftogo vospol~zuemsØ temi ße soobraßeniØmi, qto i v [11] pri ocenke nelineænyh slagaemyh analogiqnoæ struktury v vesovyh gœl~derovskih normah. A imenno, primenim formuly

(L_{Φ+σ,0} − L_{Φ,0})U = 1∫ 0 d dλ L_{Φ+λσ,0}Udλ,

(L_{Φ+σ} − L_{Φ,0} − δL_{Φ,0})U = 1∫ 0 ( d dλ L_{Φ+λσ,0}U − d dμ L_{Φ+μσ,0}U|_{μ=0} ) dλ

= 1∫ 0 (1 − μ) d^2 dμ^2 L_{Φ+μσ,0}Udμ, analogiqnye formuly dlØ B_{Φ+σ} − B_Φ i B_{Φ+σ} − B_Φ − δB_Φ i pravilo vyqisleniØ proizvodnoæ^d_{dλ} (f(λσ, λ∇σ)). Prihodim k vyvodu, qto F ØvlØetsØ lineænoæ kombinacieæ slagaemyh, soderßawih mnoßiteli σ^2, σσ_{yj}, εσ_tσ_{yj} , σ_{yj} U_{yk} , σ_{yj} U_{ykyi} , σ_{yj} σ_{ykyi} , σ_{yj} σ_{yk} , i, k, j = 1, . . ., n, t.e. lineæny otnositel~no starxih proizvodnyh σ_t, σ_{yj yi} , U_{ykyi} i ime¸t mnoßitel~ ε pri proizvodnoæ po vremeni σ_t. Takim obrazom, dostatoqno ocenit~ proizvedenie dvuh funkciæ, odna iz kotoryh σ ili σ_{yj} . Ocenim, naprimer, σ_{yj} U_{ykyi} . Oqevidno,

K^ε[σ_{yj} U_{ykyi} , Ω](t) 6 sup_{τ<t} sup_Ω |σ_{yj} (·, τ )|K^ε[U_{ykyi} , Ω](t). (1)

238 V. A. SOLONNNIKOV, E. V. FROLOVA Primenim interpolØcionnoe neravenstvo

sup_Ω |σ_{yj} (·, τ )| 6 ε–_1 [σ_{yj} ]^(–^)_Ω + c 1 ε_1 sup_Ω |σ(·, τ )|

s ε_1 = √ τ i ocenku

sup_Ω |σ(·, τ )| 6 sup_Γ |σ(·, τ )| = sup_Γ τ∫ 0 σ_ξ(·, ξ)dξ 6 τ sup_Γ |σ_τ |, imeem:

sup_Ω |σ_{yj} (·, τ )| 6 τ –^{/2}[σ_{yj} ]^(–^)_Ω + cτ 1 √ τ sup_Γ |σ_τ |

6 τ –/2_{([σyj ]}(–)_{Ω + cτ}^{1−–}2_{supΓ |στ |). (2)}

Podstaviv (2) v (1), poluqim

K^ε[U_{ykyi} σ_{yj} , Ω](t) 6 t–^{/2} sup_{τ<t}([σ_{yj} ]^(–^)_Ω + cτ^{1−} –– sup_Γ |σ_τ |)K_ε[U_{yk,yi} , Ω](t)

6 t–/2^(_Xε_{[σ, Ω](t) + P} ε_{[σt, Γ](t)}^)_Xε_{[U, Ω](t). (3)}

Analogiqno oceniva¸tsØ i drugie proizvedeniØ. V itoge prihodim k ocenke

K^ε[F(U, σ), Ω](t) 6 c_2t–^{/2} ( X^ε[σ, Ω](t) +P^ε[σ_t, Γ](t) )( X^ε[σ, Ω](t) + X^ε[U, Ω](t) ) . (4) TakaØ ße ocenka imeet mesto i dlØ raznosti: K^ε[F(U, σ) − F(U^′, σ^′), Ω](t) 6 c3t–^{/2 (}X^ε[σ − σ^′, Ω](t) + P^ε[σt − σ^′_t, Γ](t)^) ( X^ε[σ − σ^′, Ω](t) + X^ε[U − U^′, Ω](t) ) . (5) Nelineænye slagaemye, vhodØwie v G ne soderßat starxih proizvodnyh ot neizvestnyh funkciæ i proizvodnoæ po vremeni.

Pri ih ocenke opØt~ vospol~zuemsØ temi ße soobraßeniØmi, qto i pri vyvode (3), imeem: P^ε[G(U, σ), Γ](t) 6 ct–^{/2 (}P^ε[σy_j , Γ](t) + P^ε[σt, Γ](t)^{)(}P^ε[σy_j , Γ](t) + P^ε[Uy_i , Γ](t)^) 6 c4t–^{/2 (}X^ε[σ, Ω](t) + P^ε[σt, Γ](t)^{)(}X^ε[σ, Ω](t) + X^ε[U, Ω](t)^), (6)

O SPRAVEDLIVOSTI PRIBLIȷENI˚ 239 P^ε[G(U, σ) − G(U^′, σ^′), Γ](t) 6 c5t–^{/2 (}X^ε[σ − σ^′, Ω](t) + P^ε[σt − σ^′_t, Γ](t)^) ( X^ε[σ − σ^′, Ω](t) + X^ε[U − U^′, Ω](t) ) . (7) Za nulevoe priblißenie voz~mem rexenie lineænoæ zadaqi (2.29) s f = f_ε = −εW_t + εΦ_t(N · J^{−T}_Φ ∇W ),

ψ = −c_0B_Φ ∂V ∂n . (8)

Po Lemme 3 f_ε ∈ C^{α,α/2}–_{−1} (Ω × [0, t^∗)) i po teoreme 6 suwestvuet edinstvennoe rexenie zadaqi (2.29) (U^{(0)}, σ^{(0)}) so sledu¸wimi svoæstvami:

U^{(0)}, σ^{(0)} ∈ C^{2+α,1+α/2}

1+– (Ω × [0, t^∗)),

σ^{(0)}_t |_Γ ∈ C^{1+α, 1+α2}– (Γ × [0, t^∗)) i X^ε[U^{(0)}, Ω](t) + X^ε[σ^{(0)}, Ω](t) + P^ε[σ^{(0)}_t |_Γ, Γ](t) (9) 6 c1^(K^ε[−εWt + εΦt(N · J^{−T}_Φ ∇W ), Ω](t) + P^ε[BΦ^{∂V}_{∂n} , Γ](t)^) ≡ c1M (t). PriblißeniØ (U^{(m+1)} , σ^{(m+1)}), m = 0, 1, 2, . . . posledovatel~no naædem kak rexeniØ zadaq L_{Φ,ε}U^{(m+1)} +⃗h · ∇σ^{(m+1)} + h_1σ^{(m+1)} ≡ f_ε + F(U^{(m)} , σ^{(m)}), y ∈ Ω, t > 0, U^{(m+1)} |_S = 0, U^{(m+1)}|_Γ = 0, U^{(m+1)}|_{t=0} = 0, L_{Φ,ε}σ^{(m+1)} = 0, y ∈ Ω, t > 0, (10) σ^{(m+1)} |_S = 0, σ^{(m+1)}|_{t=0} = 0,

σ^{(m+1)} t − Q_n ∂(W + V ) ∂n ∂σ^{(m+1)} ∂n + Q^′ · ∇^′σ^{(m+1)} ∂(W + V ) ∂n + qσ^{(m+1)}

+c_0B_Φ

∂U^{(m+1)} ∂n = ψ + G(U^{(m)}, σ^{(m)}) na Γ, t > 0, m = 0, 1, 2, . . .

primenØØ na kaßdom fftape teoremu 6.

240 V. A. SOLONNNIKOV, E. V. FROLOVA

Vvedem v rassmotrenie raznosti v^{(m+1)} = U^{(m+1)} − U^{(m)} , r^{(m+1)} = σ^{(m+1)} − σ^{(m)} , togda U^{(m+1)} = U^{(0)} +^m ∑ j=0 v^{(j+1)} ,

σ^{(m+1)} = σ^{(0)} + m∑ j=0 r^{(j+1)}, a (v^{(m+1)} , r^{(m+1)}), m = 0, 1, 2, . . .

– rexeniØ zadaq

L_{Φ,ε}v^{(m+1)} + ⃗h · ∇r^{(m+1)} + h_1r^{(m+1)} = F(U^{(m)}, σ^{(m)}) − F(U^{(m−1)}, σ^{(m−1)}), y ∈ Ω, t > 0,

v^{(m+1)} |_S = 0, v^{(m+1)} |_Γ = 0, v^{(m+1)} |_{t=0} = 0, L_{Φ,ε}r^{(m+1)} = 0, y ∈ Ω, t > 0, (11) r^{(m+1)} |_S = 0, r^{(m+1)}|_{t=0} = 0,

r^{(m+1)} t − Q_n ∂(W + V ) ∂n ∂r^{(m+1)} ∂n + Q^′ · ∇^′r^{(m+1)} ∂(W + V ) ∂n +qr^{(m+1)} + c_0B_Φ ∂v^{(m+1)} ∂n = G(U^{(m)}, σ^{(m)} ) − G(U^{(m−1)}, σ^{(m−1)}) na Γ,

zdes~ my polagaaem U^{(−1)} ≡ 0, σ^{(−1)} ≡ 0, a sledovatel~no i F(U^{(−1)}, σ^{(−1)}) ≡ 0, G(U^{(−1)}, σ^{(−1)}) ≡ 0.

Pokaßem, qto vse priblißeniØ opredeleny na nekotorom intervale [0, t_0), ne zavisØwem ot ε ∈ (0, ε_0] i posledovatel~nosti {U^{(m)}}, {σ^{(m)}} shodØtsØ. Po teoreme 6, pri m = 0 zadaqa (11) imeet edinstvennoe rexenie (v^{(1)}, r^{(1)}) so sledu¸wimi svoæstva- mi: v^{(1)}, r^{(1)} ∈ C^{2+α,1+α/2}

1+– (Ω × [0, t^∗)),

r^{(1)}_t |_Γ ∈ C^{1+α, 1+α2}– (Γ × [0, t^∗)), iz neravenstv (2.30), (4), (6), (9) vytekaet ocenka

X^ε[v^{(1)}, Ω](t) + X^ε[r^{(1)}, Ω](t) + P^ε[r^{(1)}_t |_Γ, Γ](t)

6 c1(K^ε[F(U^{(0)}, σ^{(0)}), Ω](t) + P^ε[G(U^{(0)}, σ^{(0)}), Γ](t))

6 c1c6t–^{/2}(X^ε[σ^{(0)}, Ω](t) + P^ε[σ^{(0)}_t |Γ, Γ](t)) (12)

·(X^ε[σ^{(0)}, Ω](t) + X^ε[U^{(0)}, Ω](t)) 6 c^3_1c_6t–^{/2}(M(t))^2, c_6 = max(c_2, c_4).

O SPRAVEDLIVOSTI PRIBLIȷENI˚ 241 Pust~ priblißeniØ (U^{(j)}, σ^{(j)}), j = 0, . . ., k opredeleny pri t ∈ [0, t_0), togda po teoreme 6 priblißenie (U^{(k+1)}, σ^{(k+1)}) takße opredeleno pri t ∈ [0, t_0) i iz (2.30), (5), (7) sleduet

X^ε[v^{(k+1)}, Ω](t) + X^ε[r^{(k+1)}, Ω](t) + P^ε[r^{(k+1)}_t |_Γ, Γ](t)

6 c1(K^ε[F(U^{(k)}, σ^{(k)}) − F(U^{(k−1)}, σ^{(k−1)}), Ω](t)

+P^ε[G(U^{(k)}σ^{(k)}) − G(U^{(k−1)}, σ^{(k−1)}), Γ](t)) (13)

6 c1c7t–^{/2} (X^ε[σ^{(k)} − σ^{(k−1)}, Ω](t) + P^ε[σ^{(k)}_t − σ^{(k−1)}_t , Γ](t))

(X^ε[σ^{(k)} − σ^{(k−1)}, Ω](t) + X^ε[U^{(k)} − U^{(k−1)}, Ω](t)) = c^3_1c_7t–^{/2}(X^ε[r^{(k)}, Ω](t) + X^ε[v^{(k)}, Ω](t)) ·(X^ε[r^{(k)}, Ω](t) + P^ε[r^{(k)}_t |_Γ, Γ](t)), c_7 = max(c_3, c_5).

Vvedem oboznaqenie

Y [U, σ](t) = X^ε[U, Ω](t) + X^ε[σ, Ω](t) + P^ε[σ_t|_Γ, Γ](t), togda ocenki (9), (12), (13) zapixutsØ v vide Y [U^{(0)}, σ^{(0)}](t) 6 c_1M(t), Y [v^{(1)}, r^{(1)}](t) 6 c^3_1c_6t–^{/2} (M(t))^2, (14) Y [v^{(k+1)}, r^{(k+1)}](t) 6 c^3_1c_7t–^{/2}[Y [v^{(k)}, r^{(k)}]]^2. (15) Vyberem t_0 takim malen~kim, qtoby t–^{/2}_0 M(t_0) 6 θ, priqem θ > 0 takovo, qto c^3_1c_6θ <^1_2 , c^3_1c_7θ <^1_2 . Togda, soglasno neravenstvu (14), Y [v^{(1)}, r^{(1)}](t) 6^1_2 M(t), zatem primenim (15) pri k = 1 Y [v^{(2)}, r^{(2)}](t) 6^1_2 ·^1_2 M(t) i t.d. posledovatel~no primenØØ neravenstvo (15) pri k = 2, 3, . . ., poluqim Y [v^{(k+1)}, r^{(k+1)}] 6 ( 1 2 )^{k+1}M(t), t < t_0,

sledovatel~no, rØd^{+∞} ∑ k=0 Y [v^{(k+1)}, r^{(k+1)}] shoditsØ pri t < t_0 i ego summa ograniqena M(t), t ∈ [0, t_0).

PerehodØ k predelu pri m → +∞, zakl¸qaem, qto (U, σ) = lim_{m→+∞}(U^{(m)} , σ^{(m)})

242 V. A. SOLONNNIKOV, E. V. FROLOVA ØvlØetsØ rexeniem zadaqi (2.1) (ili, qto to ße samoe, zadaqi (1.14), (1.15)) i imeet mesto ocenka Y [U, σ] 6 cM(t), t ∈ (0, t_0), sovpada¸waØ s (1.17).

Pereædem k dokazatel~stvu ocenki (1.18). Vvedem v rassmotrenie funkci¸ σ_1 L_{Φ,ε}σ_1 = 0, y ∈ Ω, t > 0, σ_1|_S = 0, σ_1|_{t=0} = 0, (16)

σ_1|_Γ = −c_0

t_0∫

0 B_Φ ∂V ∂n (y, τ )dτ. Po lemme 6 (neravenstvo (3.4)), imeem

ε sup_{τ<t0} |σ_{1τ} (·, τ )|_Cα_{(Ω)} + sup_{τ<t0} |σ_1(·, τ )|_C2+α_{(Ω)} 6 c t_0∫

0 | | | | ∂V ∂n | | | |_{C2+α(Γ)}dτ 6 c t_0∫

0 |V |_C3+α_{(Γ)}dτ 6 cε. (17)

DlØ σ_2 = σ − σ_1 i U prihodim k zadaqe L_{Φ,ε}σ_2 = 0, y ∈ Ω, t > 0, σ_2|_S = 0, σ_2|_{t=0} = 0, (18) ∂ ∂t σ_2 − Q_n ∂ ∂n (W + V ) ∂σ_2 ∂n + Q^′ · ∇^′σ_2 ∂(W + V ) ∂n_0 + qσ_2

+c_0B_Φ ∂U ∂n = −Q_n ∂ ∂n (W + V ) ∂σ_1 ∂n − Q^′ · ∇^′σ_1 ∂(W + V ) ∂n − qσ_1 +G(U, σ_1 + σ_2) na Γ,

L_{Φ,ε}U + ⃗h · ∇σ_2 + h_1σ_2 = ε(−W_t + Φ_t(N · J^{−T}_Φ ∇W )) −⃗h · ∇σ_1 − h_1σ_1 + F(U, σ_1 + σ_2), y ∈ Ω, t > 0,

U|_S = 0, U|_Γ = 0, U|_{t=0} = 0.

O SPRAVEDLIVOSTI PRIBLIȷENI˚ 243 Rexenie zadaqi (18) ocenivaetsØ sledu¸wim obrazom:

R(t) ≡ ε sup_{τ<t} |σ_{2τ} (·, τ )|_Cα_{(Ω)} + sup_{τ<t} |σ_2(·, τ )|_C2+α_{(Ω)}

+ε sup_{τ<t} |U_τ (·, τ )|_Cα_{(Ω)} + sup_{τ<t} |U(·, τ )|_C2+α_{(Ω)} 6 c^(ε(sup_{τ<t} |Wτ (·, τ )|Cα(Ω) + sup_{τ<t} |Φτ (·, τ )|Cα(Ω)) +(sup_{τ<t} |σ_1(·, τ )|_C1+α_{(Ω)} + sup_{τ<t} |σ_1(·, τ )|_C1+α_{(Γ)})(1 + R(t)) ) . (19)

Ob¨edinØØ (17) i (19), poluqim pri dostatoqno malen~kih ε ∈ (0, ε_0)

ε sup_{τ<t} |σ_τ (·, τ )|_Cα_{(Ω)} + sup_{τ<t} |σ(·, τ )|_C2+α_{(Ω)}

+ε sup_{τ<t} |U_τ (·, τ )|_Cα_{(Ω)} + sup_{τ<t} |U(·, τ )|_C2+α_{(Ω)} 6 cε, (20)

s postoØnnoæ c = c(W, Φ, V_0), ne zavisØweæ ot ε, qto i daet (1.18).

§5. Dokazatel~stvo Lemm 3 i 4

Dokazatel~stvo Lemmy 3. Tak kak my predpolagaem, qto Γ, S ∈

C^{3+α}, b ∈ C̃([0, T ), C^{3+α}), rexenie zadaqi (1.6) obladaet b&ol~xeæ gladkost~¸ po prostranstvennym peremennym, qem ustanovleno v [10]. Deæstvitel~no, pust~ ⃗N ∈ C^{3+α}(Ω) – prodolßenie ⃗n s Γ∪S vnutr~ oblasti Ω, poloßim

∂_i = ∂ ∂x_i − N_i(x) n∑ j=1 N_j(x) ∂ ∂x_j . Esli x ∈ Γ ∪ S, to ∂_i – tangencial~nye komponenty gradienta i operator ∂_i moßno primenØt~ k funkciØm, zadannym na granice. Primenim operator ∂_i ko vsem uravneniØm zadaqi (1.6), imeem

L_{Φ,0}W^i − (N · J^{−T}_Φ ∇W )(L_{Φ,0} − Δ)Φ^i = I_i[W, Φ], x ∈ Ω, t > 0,

W^i|_S = b^i, W^i|_Γ = 0,

Φ^i_t + c_0B_Φ ∂W^i ∂n + c_0(B_Φ)_{xi} ∂W ∂n | | | |_Γ = R^i[W, Φ], (1)

ΔΦ^i = Q_i[Φ], x ∈ Ω, t > 0, Φ^i|_S = 0,

244 V. A. SOLONNNIKOV, E. V. FROLOVA gde W^i = ∂_iW , Φ^i = ∂_iΦ, b^i = ∂_ib,

I_i[W, Φ] = ∂_i(L_{Φ,0}W ) − L_{Φ,0}∂_iW + (N · J^{−T} ∇W )(L_{Φ,0} − Δ)∂_iΦ,

R_i[W, Φ] = ∂_i ( c_0B_Φ ∂W ∂n ) − c_0B_Φ ∂W^i ∂n − c_0(B_Φ)_{xi} ∂W ∂n Q_i = ∂_i(ΔΦ) − Δ∂_iΦ.

Tak kak ∂_i(uv) = u∂_iv + ∂_iuv, ∂_iW_{xk} = ∂ ∂x_k ∂_iW + N (x) n∑ j=1 ∂ ∂x_k (N_j (x)) ∂ ∂x_i W

+ ∂ ∂x_i N (x) n∑ j=1 N_j (x) ∂ ∂x_i W, kommutator I_i[W, Φ] zavisit ot proizvodnyh funkciæ W, Φ po prostranstvennym peremennym ne vyxe vtorogo porØdka, Q_i[Φ] zavisit ot proizvodnyh funkcii Φ ne vyxe vtorogo porØdka, R_i[W, Φ] zavisit ot proizvodnyh funkcii Φ ne vyxe pervogo porØdka i^{∂W}_{∂n} .

V kofffficientah operatora L_{Φ,0} −Δ prisutstvu¸t mnoßiteli Φ_{xi} , i = 1, . . ., n, pofftomu (L_{Φ,0} − Δ)Φ^i moßno ocenit~ ispol~zuØ interpolØcionnoe neravenstvo analogiqno nelineænym slagaemym.

PrimenØØ k zadaqe (1) ocenku rexeniØ lineænoæ sistemy tipa (1), dokazannu¸ v [10], nahodim

sup_{τ<t} |W^i(·, τ )|^{(2+α)}_Ω + sup_{τ<t} |Φ^i(·, τ )|^{(2+α)}_Ω

+ sup_{τ<t} |Φ^i_τ (·, τ )|^{(1+α)}_Γ 6 c(sup_{τ<t} |I_i[W (·, τ ), Φ(·, τ )]|^{(α)}_Ω

+ sup_{τ<t} |(L_{Φ,0} − Δ)Φ^i(·, τ )|^{(α)}_Ω + sup_{τ<t} |b^i(·, τ )|^{(2+α)}_S (2)

+ sup_{τ<t} |Q_i[Φ(·, τ )]|^{(α)}_Ω + sup_{τ<t} |R_i[W (·, τ )Φ(·, τ )]|^{(1+α)}_Γ )

6 c1(sup_{τ<t} |b^i(·, τ )|^{(2+α)}_S + sup_{τ<t} |W (·, τ )|^{(2+α)}_Ω + sup_{τ<t} |Φ(·, τ )|^{(2+α)}_Ω

+ sup_{τ<t} |Φ(·, τ )|_Γ|^{(2+α)}_Γ + sup_{τ<t} |W (·, τ )|_Γ|^{(2+α)}_Γ

O SPRAVEDLIVOSTI PRIBLIȷENI˚ 245 +t^γ sup_{τ<t} |Φ^i(·, τ )|^{(2+α)}_Ω (sup_{τ<t} |Φ(·, τ )|^{(2+α)}_Ω + sup_{τ<t} max_Γ |Φ_τ (·, τ )|),

gde γ =^{1+α}_{2+α} ∈ (0, 1).

Tak kak v [10] t^∗ vybiralos~ dostatoqno malen~kim pri ocenke nelineænyh slagaemyh, v qastnosti, moßno sqitat~ qto

c_1t^γ ( sup_{τ<t} |Φ(·, τ )|^{(2+α)}_Ω + sup_{τ<t} max_Γ |Φ_τ (·, τ )| ) < 1 2 . Togda iz neravenstv (2) i (1.8) vytekaet ocenka

sup_{τ<t} |W^i(·, τ )|^{(2+α)}_Ω + sup_{τ<t} |Φ^i(·, τ )|^{(2+α)}_Ω

+ sup_{τ<t} |Φ^i_τ (·, τ )|^{(1+α)}_Γ 6 c sup_{τ<t} |b(·, τ )|^{(3+α)}_S , ∀t < t^∗. (3)

Iz (3), v qastnosti, sleduet qto Φ_t|_Γ ∈ C^{2+α}_x (Γ). Poskol~ku Φ ØvlØetsØ rexeniem uravneniØ Laplasa v Ω i Φ|_S = 0, Φ sohranØet taku¸ ße gladkost~ i vnutri oblasti: Φ_t ∈ C^{2+α}_x (Ω), ots¸da vytekaet pervoe utverßdenie Lemmy 3. Pokaßem, qto esli b ∈ C^{3+α, 3+α}2 (S), to W, D_xW , D^2_xW ∈ C^{α/2}_t (Ω). FunkciØ W ØvlØetsØ rexeniem zadaqi L_{Φ,0}W = 0, x ∈ Ω, t > 0, W |s = b, W |_Γ = 0. (4)

Kofffficienty operatora L_{Φ,0} zavisØt ot Φ i ee proizvodnyh po prostranstvennym peremennym ne vyxe vtorogo porØdka, t.k. Φ_t ∈ C^{2+α}_x (Ω), to

L_{Φ,0}W = n∑ i,j=1 a_{ij}(x, t)W_{xixj} + n∑ i=1 a_i(x, t)W_{xi} , gde a_{ij} i a_i takovy, qto ∂ ∂t (a_{ij}), ∂ ∂t (a_i) ∈ C^α_x (Ω).

KoneqnaØ raznost~ Δ_t(h)W = W (x, t + h) − W (x, t) ØvlØetsØ re-

246 V. A. SOLONNNIKOV, E. V. FROLOVA

xeniem zadaqi

L_{Φ,0}Δ_t(h)W = − n∑ i,j=1 Δ_t(h)a_{ij}W_{xixj} (x, t + h)

− n∑ i=1 Δ_t(h)a_iW_{xi} (x, t + h), x ∈ Ω, t > 0, Δ_t(h)W |_S = Δ_t(h)b, Δ_t(h)W |_Γ = 0.

PrimenØØ ocenku rexeniØ zadaqi Dirihle i princip maksi-

muma, imeem

max_{x∈Ω} | | | | Δ_t(h)W h^{α/2} | | | | + n∑ i=1 max_{x∈Ω} | | | | Δ_t(h)W_{xi} h^{α/2} | | | | + n∑ i,j=1 max_{x∈Ω} | | | | Δ_t(h)W_{xixj} h^{α/2} | | | | 6^|^{Δt(h)W}_{hα/2}^|^{(2+α)} 6 c^{(|}^{Δt(h)b}_{hα/2}^|^{(2+α)}_S (5) + n∑ i,j=1 | | | | Δ_t(h)a_{ij} h^{α/2} W_{xixj} | | | | (α) Ω + n∑ i=1 | | | | Δ_t(h)a_i h^{α/2} W_{xi} | | | | (α) Ω )

= c (| | t+h∫ t b_ξ(·, ξ)dξ h^{α/2} | | |^{(2+α)} S + n∑ i,j=1 | | | 1 h^{α/2} t+h∫ t a_{ij}(x, ξ)dξW_{xixj} | | |^{(α)} Ω

+ n∑ i=1 | | | | 1 h^{α/2} t+h∫ t a_i(x, ξ)dξW_{xi} | | | | (α) Ω ) 6 c^[|bt(·, t)|^{(2+α)}_S + n∑ i,j=1 (| | | ∂ ∂t a_{ij}(·, t) | | | | (α) Ω max_Ω |W_{xixj} | + max_Ω | | | | ∂ ∂t a_{ij} | | | ||W^{xixj} |^{(α)}Ω )

+ n∑ i=1 (| | | ∂ ∂t a_i(·, t) | | | | (α) Ω max_Ω |W_{xi} | + max_Ω | | | | ∂ ∂t a_i | | | ||W^xi |^{(α)}Ω )] 6 c(|bt(·, t)|^{(2+α)}_S + |Φt(·, t)|^{(2+α)}_Ω · |W (·, t)|^{(2+α)}_Ω ).

VzØv sup_{t<t∗} i perehodØ k predelu pri h → 0 v levoæ qasti nera-

venstva (5), poluqaem ocenku dlØ [W ]^{(α/2)}_t , [W_{xi} ]^{(α/2)}_t , [W_{xixj} ]^{(α/2)}_t , t < t^∗.

O SPRAVEDLIVOSTI PRIBLIȷENI˚ 247 Tak kak Φ_t, oqevidno, ØvlØetsØ rexeniem zadaqi

ΔΦ_t = 0, x ∈ Ω, t > 0, Φ_t|_S = 0, (6)

Φ_t|_Γ = −c_0B_Φ ∂W ∂n , v kotoroæ pravaØ qast~ kraevogo usloviØ i ee proizvodnye po prostranstvennym peremennym, po dokazannomu vyxe, udovletvorØ¸t uslovi¸ Gœl~dera po peremennoæ t, to Φ_t ∈ C^{α/2}_t (Ω), Φ_{xit} ∈ C^{α/2}_t (Ω).

Nakonec, pokaßem qto W_t udovletvorØet uslovi¸ Gœl~dera po x i po t. Prodifferenciruem zadaqu (4) po peremennoæ t:

L_{Φ,0}W_t = N · J^{−T}_Φ ∇W (L_{Φ,0} − Δ)Φ_t − ∂ ∂t (L_{Φ,0})W + ∂ ∂t (N · J^{−T}_Φ )∇W (L_{Φ,0} − Δ)Φ + N · J^{−T}_Φ ∇W ∂ ∂t (L_{Φ,0})Φ (7) − ∂ ∂t ( ⃗m(Φ))∇W, x ∈ Ω, t > 0, W_t|_S = b_t, W_t|_Γ = 0.

Zapixem uravnenie zadaqi (7) v vide n∑ i,j=1 a_{ij}(x, t) ∂^2W_t ∂x_i∂x_j + n∑ i=1 a_i(x, t) ∂W_t ∂x_i = F_1 + F_2,

gde F_1 = N ·J^{−T}_Φ ∇W (L_{Φ,0}−Δ)Φ_t, F_2 = F_2(D_xΦ_t, D^2_xW, D^2_xΦ, DW, DΦ) soderßit ostal~nye slagaemye pravoæ qasti uravneniØ. Po dokazannomu vyxe F_1, F_2 ∈ ~C([0, t^∗), C^α(Ω)) i po uslovi¸ b_t ∈ ~C([0, t^∗); C^{2+α}(S)). Sledovatel~no, zadaqa (7) imeet edinstvennoe rexenie W_t ∈ ~C([0, t^∗); C^{2+α}(Ω)), dlØ kotorogo verna ocenka

sup_{τ<t} |W_t(·, τ )|^{(2+α)}_Ω 6 c(sup_{τ<t} |F_1(·, τ )|^{(α)}_Ω

+ sup_{τ<t} |F_2(·, τ )|^{(α)}_Ω + sup_{τ<t} |b_τ (·, τ )|^{(2+α)}_S ) (8)

6 c(sup_{τ<t} |bτ (·, τ )|^{(2+α)}_S + sup_{τ<t} |Φτ (·, τ )|^{(2+α)}_Ω + sup_{τ<t} |W (·, τ )|^{(2+α)}_Ω ).

248 V. A. SOLONNNIKOV, E. V. FROLOVA Vsledstvie (1), koneqnye raznosti Δ_t(h)W^i, Δ_t(h)Φ^i udovletvorØ¸t sootnoxeniØm

L_{Φ,0}Δ_t(h)W^i − (N · J^{−T}_Φ ∇W )(L_{Φ,0} − Δ)Δ_t(h)Φ^i = − n∑ i,j=1 Δ_t(h)a_{ij}W^i_{xi xj} (x, t + h) − n∑ i=1 Δ_t(h)a_iW^i_{xi} (x, t + h)

+Δ_t(h)[N · J^{−T}_Φ ∇W (L_{Φ,0} − Δ)]Φ^i + Δ_t(h)I_i[W, Φ], x ∈ Ω, t > 0, Δ_t(h)W^i|_S = Δ_t(h)b^i, Δ_t(h)W^i|_Γ = 0,

Δ_t(h)Φ^i_t + c_0B_Φ ∂Δ_t(h)W^i ∂n + c_0Δ_t(h) ∂ ∂x_i (B_Φ) ∂W ∂n | | | |_Γ

= −c_0Δ_t(h)B_Φ ∂W^i(x, t + h) ∂n − c_0 ∂ ∂x_i (B_Φ ) ∂Δ_t(h)W ∂n +Δ_t(h)R_i[W, Φ], na Γ, (9) Δ(Δ_t(h)Φ^i) = Δ_t(h)Q_i[Φ], x ∈ Ω, t > 0, Δ_t(h)Φ^i|_S = 0.

DlØ rexeniØ zadaqi (9) imeet mesto ocenka analogiqnaØ (2). Tak kak po dokazannomu vyxe W_t ∈ C^{2+α}_x , Φ_t ∈ C^{2+α}_x , v Ω, to vse slagaemye, vhodØwie v I_i[W, Φ], R_i[W, Φ], B_Φ, N · J^{−T} ∇W (L_{Φ,0} − Δ) ime¸t proizvodnu¸ po vremeni i mogut byt~ oceneny tak ße kak v (5). PrimenØØ te ße soobraßeniØ, qto i pri vyvode ocenki (5), prihodim k ocenke dlØ [W^i_{xkxj} ]^{(α/2)}_t , t < t^∗, a znaqit vtorye proizvodnye pravoæ qasti kraevogo usloviØ v zadaqe (6): (B_Φ^{∂W}_{∂n} |_Γ)_{xkxj} udovletvorØ¸t uslovi¸ Gœl~dera po t i sledovatel~no, Φ_{txkxj} ∈ C^{α/2}_t (Ω).

Zameqanie. Tak kak nas interesuet ocenka rexeniØ zadaqi (9)

vblizi poverhnosti Γ, moßem domnoßit~ W^i, Φ^i na gladku¸ sreza¸wu¸ funkci¸ ravnu¸ edinice v nekotoroæ okrestnosti poverhnosti Γ i nul¸ vblizi poverhnosti S. �to dast vozmoßnost~ izbeßat~ dopolnitel~nyh trebovaniæ gladkosti funkcii b, vhodØweæ v kraevoe uslovie na poverhnosti S.

Pereædem v (7) k koneqnym raznostØm, imeem

O SPRAVEDLIVOSTI PRIBLIȷENI˚ 249

L_{Φ,0}Δ_t(h)W_t = − n∑ i,j=1 Δ_t(h)a_{ij}W_{txixj} (x, t + h)

− n∑ i=1 Δ_t(h)a_iW_{txi} (x, t + h) + Δ_t(h)F_1 + Δ_t(h)F_2,

Δ_t(h)W_t|_S = Δ_t(h)b_t, Δ_t(h)W_t|_Γ = 0.

(10)

Tak kak a_{11} =^n ∑ p=1 J^{1p}_Φ J^{1p}_Φ ¿ â_{11} > 0, to k zadaqe (10) primenim

princip maksimuma (sm. [19, Teorema 1.2]), soglasno kotoromu

max_Ω | | | Δ_t(h)W_t h^{α/2} | | | 6 c^( max_Ω^|^{Δt(h)F1}_{hα/2}^| + max_Ω^|^{Δt(h)F2}_{hα/2}^| + max_S | | | | Δ_t(h)b_t h^{α/2} | | | | + n∑ i,j=1 max_Ω | | | | Δ_t(h)a_{ij} h^{α/2} | | | | max_Ω |W^{txixj} |+ (11)

+ n∑ i=1 max_Ω | | | | Δ_t(h)a_i h^{α/2} | | | | max_Ω |W^{txi} | ) , t 6 t^∗. Vsledstvie (11), perehodØ k predelu pri h → 0, imeem

[W_t]^{(α/2)}_t 6 c (_n∑ i,j=1 ([Φ_{txixj} ]^{(α/2)}_t + [Φ_{xixj} ]^{(α/2)}_t + [W_{xixj} ]^{(α/2)}_t )

+ n∑ i=1 ([Φ_{txi} ]^{(α/2)}_t + [Φ_{xi} ]^{(α/2)}_t + [W_{xi} ]^{(α/2)}_t ) + [b_t]^{(α/2)}_t ) , qto zaverxaet dokazatel~stvo Lemmy 3.

Dokazatel~stvo Lemmy 4. Poloßim u = W + V , togda u ØvlØ-

etsØ rexeniem zadaqi L_{Φ,ε}u = εW_t, y ∈ Ω, t > 0, u|_S = b, u|_Γ = 0, (12)

u|_{t=0} = v_0.

Razob~em zadaqu (12) na dve:

L_{Φ,ε}u^{(1)} = 0, y ∈ Ω, t > 0,

u^{(1)}|_S = b, u^{(1)}|_Γ = 0, u^{(1)}|_{t=0} = v_0,

(13)

250 V. A. SOLONNNIKOV, E. V. FROLOVA L_{Φ,ε}u^{(2)} = εW_t, y ∈ Ω, t > 0, u^{(2)}|_S = 0, u^{(2)}|_Γ = 0, u^{(2)}|_{t=0} = 0.

(14)

I. Ocenim^{∂u(1)}_{∂n} | | | |_Γ v proizvol~no vybrannoæ toqke granicy y_0 ∈ Γ. Ne ograniqivaØ obwnosti, moßem sqitat~, qto toqka y_0 sovpadaet s naqalom koordinat, a normal~ n(y_0) napravlena po osi y_n (fftogo moßno dobit~sØ, vypolniv pri neobhodimosti ortogonal~noe preobrazovanie koordinat). Pust~ v okrestnosti naqala koordinat poverhnost~ Γ zadaetsØ uravneniem

y_n = F (y^′), y^′ = (y_1, . . ., y_{n−1}) ∈ K_λ(0), F ∈ C^{2+α}(K̄_λ(0)), F (0) = 0, ∇^′F (0) = 0, λ > 0.

Sdelaem preobrazovanie koordinat rasprØmlØ¸wee granicu z^′ = y^′, z_n = y_n − F (y^′) (15) i zamenu peremennoæ τ = t/ε. Uravnenie v zadaqe (13) preobrazuetsØ k vidu ũ^{(1)}_τ − (N · J^{−T}_{Φ̃} ∇ũ^{(1)})~Φ_τ − ~Le_{Φ,0}ũ^{(1)} = 0,

zdes~ qerez ~Le_{Φ,0} oboznaqen ravnomerno fflliptiqeskiæ operator, v kotoryæ perehodit L_{Φ,0} pri preobrazovanii (15), ũ^{(1)}, ~Φ – funkcii u^{(1)} i Φ v novyh peremennyh (z, τ ).

Predpoloßim, qto τ 6 τ_0. Tak kak b(x, t) > 0 pri t > 0 i v_0(x) > 0 vnutri Ω, v V silu neravenstva Garnaka [20, 21]

ũ^{(1)}(z, τ ) ¿ ¶ > 0 esli z_n ¿ δ. Postroim bar~er

w^{(1)}(z, τ ) = exp ( − β(|z − z_0|^2 + (τ_1 − τ )) ) − exp(−β(2δ)^2), z_0 = (0, . . . , 0, 2δ).

Rassmotrim mnoßestvo Q = {(z, τ ) | ||z − z_0|^2 + (τ_1 − τ ) < (2δ)^2, 0 < τ < τ_1, |z − z_0| > δ} ←

ParaboliqeskaØ granica Q sostoit iz mnoßestva {|z − z_0 |^2 + τ_1 − τ = 4δ^2}, na kotorom w^{(1)} = 0, {|z − z_0| = δ} i, vozmoßno,{|z −

O SPRAVEDLIVOSTI PRIBLIȷENI˚ 251 z_0|^2 + τ_1 < 4δ^2, |z − z_0| > δ}, na kotoryh ũ^{(1)} ¿ ¶w^{(1)}. Vyborom dostatoqno bol~xogo β dob~emsØ togo, qtoby

w^{(1)}_τ − (N · J^{−T}_{Φ̃} ∇w^{(1)})~Φ_τ − ~L_{Φ̃,0}w^{(1)} 6 0.

v Q. Togda po principu maksimuma [12], tak kak ũ^{(1)} ¿ ¶w^{(1)} na granice, imeem ũ^{(1)} ¿ ¶w^{(1)} v Q, pofftomu

∂ũ^{(1)}(0, τ_1) ∂z_n ¿^¶

∂w^{(1)}(0, τ_1) ∂z_n = 4¶βδe^{−4βδ2} ¿ δ_0 > 0. VozvrawaØs~ k peremennym t = τ ε, y, v silu proizvol~nosti y_0, prihodim k vyvodu, qto

∂u^{(1)} ∂n | | |_Γ ¿ δ^1 > 0, t 6 ετ^0. (16)

II. Ocenim rexenie zadaqi (14). Vyberem proizvol~nu¸ toqku granicy y_0 ∈ Γ i vospol~zuemsØ preobrazovaniem koordinat y → z, kotoroe perevodit Ω v ~Ω, leßawu¸ v poluploskosti z_n > 0, toqka y_0 stanovitsØ naqalom koordinat. Postroim bar~er

w^{(2)}(z, t) = w^{(2)}(z) = εα(1 − e^{−zn} ).

Pust~ Q_1 = ~Ω × R_+, oqevidno, qto |ũ^{(2)}| 6 w^{(2)} na ∂^′Q_1 = ∂ ~Ω × R_+ ∪ {z ∈ ~Ω, t = 0}. Vyborom dostatoqno bol~xogo α dob~emsØ togo, qtoby L_{Φ,ε}w^{(2)} ¿ εW_t, togda po principu maksimuma w^{(2)} ¿ |ũ^{(2)}| v Q_1 i | | | ∂ũ^{(2)} ∂n | | | 6 c2ε‖Wt‖∞, vyborom dostatoqno malogo ε_0 dob~emsØ togo, qtoby pri ε ∈ (0, ε_0) c_2ε‖W_t‖_∞ 6 1 2 δ_1 . (17)

Takim obrazom, iz (16), (17) poluqim ∂ ∂n (W + V )|_Γ ¿ 1 2 δ_1, t 6 ετ_0, ε ∈ (0, ε_0). (18)

III. Poluqim ocenku pri t > ετ_0. Tak kak W – rexenie zadaqi v kvazistacionarnom priblißenii, ocenka^{∂W}_{∂n} |_Γ ¿ δ_2 > 0 imeet mesto pri vseh t < t^∗ v silu neravenstva Garnaka [22] i lemmy

252 V. A. SOLONNNIKOV, E. V. FROLOVA o normal~noæ proizvodnoæ [23]. Krome togo, iz poluqennyh v §3 ocenok funkcii pograniqnogo sloØ (3.1), (3.5), v qastnosti, sleduet, qto pri t ¿ ετ_0 sup t−δ<τ<t | | | ∂V ∂n | | |_Γ | 6 cεδ^{−1}(1 + εδ^{−1})^βe^{− at}ε ‖V0‖L_2(Ω) 6 c^4_{τ0}^(1 +^4_{τ0}^{)β}e^{−aτ0} ‖V0‖L_2(Ω). (19)

Voz~mem τ_0 v p. I takim bol~xim, qtoby pravaØ qast~ v neravenstve (19) ne prevoshodila^1_2 δ_2. Togda ∂ ∂n (W + V ) | |_Γ ¿ 1 2 δ_2. (20)

Vsledstvie (18), (19) pri ε ∈ (0, ε_0] prihodim k (2.31).

Avtory blagodarØt A. I. Nazarova za konsul~tacii pri dokazatel~stve Lemmy 4.

Literatura

1. L. A. Caffarelly, Some aspects of the one-phase Stefan problem. — Indiana Univ.

Math. J. 27 (1978), 73–77.

2. D. Kinderlehrer, L. Nirenberg, The smoothness of the free boundary in the one-

phase Stefan problem. — Comm. Pure Appl. Math. 31 (1978), 257–282.

3. A. M. Meærmanov, O klassiqeskoæ razreximosti zadaqi Stefana. — Dokl. AN SSSR 249, No6 (1979), 1309–1312.

4. E. I. Hanzawa, Classical solution of the Stefan p[roblem. — Tohoku Math. J. 33

(1981), 297–335.

5. A. M. Meærmanov, Zadaqa Stefana. Nauka, Novosibirsk (1986), 239 s. 6. E. V. Radkeviq, A. S. Melikulov, Kraevye zadaqi so svobodnoæ graniceæ.

— FAN, Taxkent (1988).

7. V. A. Solonnikov, Lectures on evolution free boundary problems: classical solutions.

— Lect. Notes Math., Springer 1812 (2003), 123–175.

8. J. Escher and G. Somonet, Classical solutions of multidimentional Hele-Show mod-

els. — SIAM J. Math. Anal. 28 (1997), No. 5, 1028–1047.

9. Yi. Fahuai, Classical solutions of quasi-stationary Stefan problem. — Chin. Ann.

Math. 17 (1996), No. 2, 175–186.

10. E. V. Frolova, Kvazistacionarnoe priblißenie dlØ zadaqa Stefana. — Probl. mat. analiza 31 (2005), 167–179.

11. G. I . Bißanova, V. A. Solonnikov, O zadaqah so svobodnymi granicami dlØ paraboliqeskih uravneniæ vtorogo porØdka. — Algebra i analiz 12,

No. 6 (2000), 98–139.

12. G. M. Lieberman, Second order parabolic differential equations. World Scientific

Publ. (1996).

O SPRAVEDLIVOSTI PRIBLIȷENI˚ 253

13. G. I . Bißanova, V. A. Solonnikov, O razreximosti naqal~no-kraevoæ zadaqi dlØ paraboliqeskogo uravneniØ vtorogo porØdka s proizvodnoæ po vremeni v graniqnom uslovii v vesovom gœl~derovskom prostranstve funkciæ. — Algebra i analiz 5, No. 1 (1993), 109–142.

14. V. A. Solonnikov, On the justification of the quasistationary approximation in the

problem of motion of a viscous capillary drop. — Interfaces and Free Boundaries 1 (1999), 125–173.

15. V. A. Solonnikov, E. V. Frolova, Vesovye ocenki rexeniØ lineænoæ zadaqi, svØzannoæ s odnofaznoæ zadaqeæ Stefana, v sluqae stremleniØ k nul¸ udel~noæ teploemkosti. — Zap. nauqn. semin. POMI 336 (2006), 239– 263.

16. V. A. Solonnikov, A. G. HaqatrØn, Ocenki rexeniæ paraboliqeskih naqal~no-kraevyh zadaq v vesovyh gœl~derovskih normah. — Tr. MIAN SSSR 147 (1980), 147–155.

17. G. I . Bißanova, Issledovanie razreximosti v vesovom gœl~derovskom prostranstve funkciæ mnogomernyh dvuhfaznyh zadaq Stefana i nestacionarnoæ fil~tracii Florina dlØ paraboliqeskih uravneniæ vtorogo porØdka. — Zap. nauqn. semin. LOMI 213 (1994), 14–47.

18. V. S. Belonosov, T. I. ZelenØk, Nelokal~nye problemy v teorii kvazilineænyh paraboliqeskih uravneniæ. NGU, Novosibirsk (1975).

19. O. A. LadyßenskaØ, N. N. Ural~ceva, Lineænye i kvazilineænye uravneniØ fflliptiqeskogo tipa. Nauka, M. (1973), 576 s.

20. A. V. Ivanov, Issledovanie svoæstv obobwennyh rexeniæ kvazilineænyh paraboliqeskih uravneniæ vtorogo porØdka. Kand. dissertaciØ, LGU, 1966.

21. N. V. Krylov, M. V. Safonov, Nekotoroe svoæstvo rexeniæ paraboliqeskih uravneniæ s izmerimymi kofffficientami. — Izv. AN SSSR 44 (1980), 161–175.

22. D. Gilbarg, N. S. Trudinger, Elliptic Partial Differential Equations of Second Or-

der. Springer–Verlag (1977), 401 s.

23. E. M. Laidis, UravneniØ vtorogo porØdka fflliptiqeskogo i paraboliqeskogo tipov. Nauka, M. (1971), 287 s.

On the justification of the quasistationary approximation for the Stefan problem.

We prove the unique solvability of the one-phase Stefan problem with a small multiplier ε at the time derivative in the equation on a certain time interval independent of ε for ε ∈ (0, ε_0). We compare the solution to the Stefan problem with the solution to the Hele-Show problem which describes the process of melting materials with zero specific heat ε and can be considered as a quasistationary approximation for the Stefan problem. We show that the difference of the solutions has order O(ε) + O(e^{− ctε} ). This provides justification of the quasistationary approximation.

Postupilo 13 noØbrØ 2007 g.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN