Zapiski nauqnyh seminarov POMI Tom 348, 2007 g.

V. A. Solonnikov

ON THE STABILITY OF UNIFORMLY ROTATING VISCOUS INCOMPRESSIBLE SELF-GRAVITATING LIQUID

Abstract. The paper is devoted to justification of the principle of minimum of potential energy in the problem of stability of uniformly rotating viscous incompressible self-gravitating liquid. The capillary forces on the free boundary of the liquid are not taken into account. It is proved that the regime of rigid rotation is stable, if the second variation of the energy functional is positive. The proof is based on the analysis of the evolution free boundary problem for the perturbations of the velocity and the pressure of rotating liquid.

1. Introduction The paper is concerned with the problem of evolution of an isolated mass of a viscous incompressible self-gravitating liquid. It is necessary to find a bounded domain Ω_t ⊂ R^3, as well as the vector field v(x, t) = (v_1, v_2, v_3) (the velocity of the liquid) and the function p(x, t) (pressure), x ∈ Ω_t, satisfying the following relations: v_t + (v · ∇)v − ν∇^2v + ∇p = κ∇U (x, t), ∇ · v = 0, x ∈ Ω_t, t > 0, T (v, p)n = 0, V_n = v · n, x ∈ Γ_t ≡ ∂Ω_t, v(x, 0) = v_0(x), x ∈ Ω_0.

Here ν, κ = const > 0, U (x, t) = ∫ Ω_t dz |x − z| is the Newtonian potential depending on an unknown domain Ω_t, T (v, p) = −pI + νS(v) is the stress tensor, S(v) = (_{∂vj} ∂x_k + ∂v_k ∂v_j ) j,k=1,2,3 is the doubled rate-of-strain tensor, n is an exterior normal to Γ_t, V_n is 165

166 V. A. SOLONNIKOV

the velocity of evolution of Γ_t in the normal direction. The density of a liquid is assumed to be equal to one. The domain Ω_0 is given.

In contrast to the papers [1–3], we do not take into account the surface tension on the free boundary.

By introducing a new pressure p − κU instead of p we can write the above problem in the form v_t + (v · ∇)v − ν∇^2v + ∇p = 0, ∇ · v = 0, x ∈ Ω_t, t > 0, T (v, p)n = κU (x, t)n, V_n = v · n, x ∈ Γ_t ≡ ∂Ω_t, (1.1) v(x, 0) = v_0(x), x ∈ Ω_0.

We study the problem of stability of a special solution of (1.1) corresponding to a rigid rotation of the liquid around a fixed axis (x_3-axis). In this case the velocity and the pressure are given by

V (x) = ω(e_3 × x) = ω(−x_2, x_1, 0), P (x) = ω^2 2 |x^′|^2 + p_0, (1.2)

where x^′ = (x_1, x_2, 0), p_0 = const, e_3 is a unit vector directed along the x_3-axis and ω is the angular velocity of rotation. When we plug these functions into the boundary conditions, we obtain the equation that determines the domain F filled with the rotating liquid; it is referred to as equilibrium figure. The equation reads

ω^2 2 |x^′|^2 + κU + p_0 = 0, x ∈ G = ∂F, (1.3)

where U(x) = ∫ F dz |x − z| . Equilibrium figures of uniformly rotating self-gravitating liquid were studied by many great mathematicians, beginning with I. Newton (see for instance [4,5]). By analogy with classical mechanics the following criterion of stability was generally accepted: the figure F is stable, if the second variation of the energy functional, i.e., the quadratic form

δ^2R[ρ] = ∫ G b(x)ρ^2(x)dS + ω^2 ∫ F |z^′|^2dz ( ∫ G |y^′|^2ρ(y)dS )_2

−κ ∫ G ∫ G ρ(y)ρ(z) |y − z| dS_ydS_z (1.4)

ON THE STABILITY OF UNIFORMLY ROTATING 167

where b(x) = −ω^2x^′ · N (x) − κ ∂U(x) ∂N ≥ b_0 > 0 (1.5)

and N (x) is an exterior normal to G is positive definite for arbitrary function ρ(x) given on G and satisfying the conditions ∫ G ρ(x)dS = 0, ∫ G ρ(x)x_idS = 0, i = 1, 2, 3. (1.6) But this criterion was never proved rigorously, and it is the aim of the present paper to fill this gap. In the case when the surface tension is taken into account this has been done earlier in [1–3].

Let us describe briefly our main result. We assume that the equilibrium figure defined by (1.3) is a given bounded domain with a smooth boundary, axially symmetric with respect to the x_3-axis, whose barycenter is located at the origin. Hence, the relations ∫ F x_idx = 0, ∫ F x_3x_j dx = 0, i = 1, 2, 3, j = 1, 2

hold. Further we assume that the form (1.4) is positive definite, i.e.,

c_1‖ρ‖^2_{L2(G)} ≤ δ^2R[ρ] ≤ c_2‖ρ‖^2_{L2(G)} (1.7)

for arbitrary ρ satisfying (1.6) (it follows that the function b(x) should be strictly positive). At the initial moment of time t = 0 we prescribe a small perturbation of V , v_0(x), given in a domain Ω_0 sufficiently close to F, so that the boundary Γ_0 of Ω_0 can be defined by the equation

x = y + N (y)ρ_0 (y), y ∈ G, (1.8)

where N is an exterior normal to G and ρ_0 is a small function. Moreover, we assume that |Ω_0| = |F| ≡ mesF, ∫ Ω0 x_idx = 0, (1.9) ∫ Ω0 v_0(x)dx = ∫ F V (x)dx = 0, ∫ Ω0 v_0(x) · η_i(x)dx = ∫ F V (x) · η_i(x)dx = ω ∫ F η_3(x) · η_i(x)dx, (1.10)

168 V. A. SOLONNIKOV

where η_i(x) = e_i × x, e_i = (δ_{ij} )_{j=1,2,3}, i = 1, 2, 3, and that the compatibility conditions ∇ · v_0 = 0, S(v_0)n_0 − n_0(n_0 · S(v_0)n_0)|_{Γ0} = 0 (1.11) hold; by n_0 we mean the exterior normal to Γ_0. Finally, we assume that the smallness condition

‖v_0 − V ‖_W l+1_{2 (Ω0)} + ‖ρ_0‖_W l+3/2_{2 (G)} ≤ ϵ, l ∈ (1, 3/2) (1.12) is satisfied (here W^l_2 are Sobolev–Slobodetskii spaces defined below). Under these assumptions we prove that problem (1.1) is solvable in the infinite time interval t ≥ 0, the surface Γ_t is representable in the form (1.8), i.e., x = z + N (z)ρ(z, t), z ∈ G (1.13) and ‖v(·, t) − V ‖_W l_{2(Ω0)} + ‖ρ(·, t)‖_W l_{2(G)} → 0 as t → ∞, which means stability of the solution (1.2) of problem (1.1) (see Theorem 2.1).

The proof is based on the analysis of the free boundary problem for perturbations v_r(x, t) = v(x, t) − V (x), p_r(x, t) = p(x, t) − P (x) written in the coordinate system rotating around the x_3-axis with angular velocity ω. It has the form (see [3]) w_t + (w · ∇)w + 2ω(e_3 × w) − ν∇^2w + ∇s = 0, ∇ · w(y, t) = 0, y ∈ Ω^′_t, t > 0, T (w, s)n^′ = ( ω^2 2 |y^′|^2 + κU^′(y, t) + p_0)n^′, (1.14) V^′_n = w · n^′, y ∈ Γ^′_t, w(y, 0) = v_0(y) − V (y) ≡ w_0(y), y ∈ Ω_0, where w(y, t) = Z^{−1}(ωt)v_r (Z(ωt)y, t), s(y, t) = p_r(Z(ωt)y, t), Z(θ) = cos θ − sin θ 0 sin θ cos θ 0 0 0 1 ,

ON THE STABILITY OF UNIFORMLY ROTATING 169

Ω^′_t = Z^{−1}(ωt)Ω_t, Γ^′_t = ∂Ω^′_t, n^′ is the exterior normal to Γ^′_t, and

U^′ = ∫ Ω^′_t |y − z|^{−1}dz.

Conditions (1.10) are transformed into ∫ Ω0 w_0(x)dx = 0, ∫ Ω0 w_0(x) · η_i(x)dx + ω ∫ Ω0 η_3(x) · η_i(x)dx = ω ∫ F η_3(x) · η_i(x)dx,

and it is easily verified (see [3]) that they are satisfied for arbitrary t ≥ 0: ∫ Ω^′_t w(x, t)dx = 0, ∫ Ω^′_t x_idx = 0, ∫ Ω^′_t w(x, t) · η_i(x)dx + ω ∫ Ω^′_t η_3(x) · η_i(x)dx = ω ∫ F η_3(x) · η_i(x)dx, (1.15)

i = 1, 2, 3.

If Γ_t is given by (1.13), then conditions (1.9) can be expressed in terms of ρ(z, t): ∫ G φ(y, ρ)dS = 0, ∫ G ψ_i(y, ρ)dS = 0, i = 1, 2, 3, (1.16)

where φ(y, ρ) = ρ − ρ^2 2 H(y) + ρ^3 3 K(y), ψ_i(y, ρ) = φ(y, ρ)y_i + N_i(y) ( ρ2 2 − ρ^3 3 H(y) + ρ^4 4 K(y) ) , H and K are the doubled mean curvature and the Gaussian curvature of G, respectively. The kinematic boundary condition V_n = w · n is equivalent to ρ_t(z, t) = w(x, t) · n(x) N (z) · n(x) , x = z + N (z)ρ(z, t).

170 V. A. SOLONNIKOV

The rest of this section is devoted to the transformation of the free boundary problem (1.14) that is written as a nonlinear problem in a fixed domain. For this purpose we use the Lagrangian coordinates ξ ∈ Ω_0 related to the Eulerian coordinates x ∈ Ω_t by

x = ξ + t∫ 0 u(ξ, τ )dτ ≡ X(ξ, t), (1.17) where u(ξ, t) = w(X(ξ, t), t). Omitting primes, we can write (1.14) in an equivalent form u_t + 2ω(e_3 × u) − ν∇^2_uu + ∇_uq = 0, ∇_u · u = 0, ξ ∈ Ω_0, t > 0, T_u(u, q)n = M (ξ, t)n, ξ ∈ Γ_0, (1.18) u(ξ, 0) = w_0(ξ), ξ ∈ Ω_0, where q(ξ, t) = s(X(ξ, t), t)), n = n(X), ∇_u is the transformed gradient with respect to x, T_u is the transformed stress tensor, i.e., ∇_u = A∇, T_u(u, q) = −qI + νS_u, S_u(u) = (∇_uu) + (∇_uu)^T , ∇ = (_∂ ∂ξ1 ,^∂_{∂ξ2} ,^∂_{∂ξ3} ) ≡ ∇_ξ, A = (A)_{ij} , A_{ij} is a co-factor of the element a_{ij} = δ_{ij} + t∫ 0 ∂u_i(ξ,τ) ∂ξ_j dτ of the Jacobi matrix of the transformation (1.17)

( the determinant of this matrix equals one); n = n(X), finally, M (ξ, t) = κU (X(ξ, t)) + ω^2 2 |X^′|^2 + p_0. (1.19) The normal n_0(ξ) to Γ_0 is related to n(X(ξ, t)) by n(X) = A(ξ, t)n_0(ξ) |A(ξ, t)n_0(ξ)| . (1.20) Let Π and Π_0 be projections on the tangential planes to Γ_t and Γ_0, respectively, i.e., Πf (x) = f (x) − n(f · n), x ∈ Γ_t,

ON THE STABILITY OF UNIFORMLY ROTATING 171

Π_0f (ξ) = f (ξ) − n_0(f · n_0), ξ ∈ Γ_0.

Then T_u(u, q)n = νΠS_u(u)n + n(n · T_u(u, q)n), and it is easily verified that in the case n(X) · n_0(ξ) > 0 the equation T_u(u, q)n = M n is equivalent to the system Π_0ΠS_u(u)n = 0, −q + νn · S_u(u)n = M. Hence (1.18) can be written in the form u_t + 2ω(e_3 × u) − ν∇^2u + ∇q = l_1(u, q),

∇ · u = l_2(u), ξ ∈ Ω_0, t > 0,

Π_0S(u)n_0 = l_3(u), −q + νn_0 · S(u)n_0 = l_4(u) + M, ξ ∈ Γ_0, (1.21) u(ξ, 0) = w_0(ξ), ξ ∈ Ω_0, where l_1(u, q) = ν(∇^2_uu − ∇^2u) + ∇q − ∇_uq, l_2(u) = (∇ − ∇_u) · u, l_3(u) = Π_0(Π_0S(u)n_0 − ΠS_u(u)n), l_4(u) = ν(n_0 · S(u)n_0 − n · S_u(u)n).

Due to the Piola identity ∇ · A^T = ( ∑_3 j=1 ∂ ∂x_j Aij ) i=1,2,3 = 0 where A^T means the transposed matrix A we have l_2(u) = ∇ · L(u), L(u) = (I − A^T )u. The function ρ in (1.13) can be written as a function of ξ ∈ Ω_0: ρ(z, t) = R(X(ξ, t)), (1.22) where R(x) = ±dist (x, G), the sign “−” corresponds to the case x ∈ F and the sign ” + ” to the case

x ∈ R^3 \ F. The function R(x) is smooth in a certain neighborhood of G, and ∇R(x) = N (x),

172 V. A. SOLONNIKOV

where x = x − R(x)∇R(x) is the closest to x point of G. Hence R_t(X(ξ, t)) = ∇_X R(X) · X_t = N (X) · u(ξ, t). (1.23) By virtue of (1.3), we have M = κ(U (X) − U(X)) + ω^2 2 (|X^′|^2 − |X^′|^2)

= κ(U (x) − U(z)) + ω^2 2 (|x^′|^2 − |z^′|^2),

where z = X(ξ, t), x = X(ξ, t) = z + N (z)ρ(z, t). Let us compute the first variation of M with respect to ρ. We extend N (z) and ρ(z, t) from G into F and consider the mapping

x = z + N^∗(z)ρ^∗(z, t) ≡ e_ρ(z) : F → Ω_t,

where N^∗ and ρ^∗ are extensions of N and ρ, respectively. We assume that N^∗(x) = N (x) in the d-neighborhood of G and that it is a sufficiently smooth function in R^3. The restrictions on ρ^∗ will be formulated below; at the moment we require only the smallness of the C^1-norm of ρ^∗ which guarantees the invertibility of the mapping e_ρ. We denote by L(z, ρ) the Jacobi matrix of the transformation e_ρ and we set L(z, ρ) = det L, ^L = LL^{−1} = (^L_{km})_{k,m=1,2,3}. We have

|x^′|^2 − |z^′|^2 = 2z^′ · N (z)ρ(z, t) + |N^′(z)|^2ρ^2(z, t), U (x, t) − U(z) = ∫ F L(ζ, ρ)dζ |e_ρ(z) − e_ρ(ζ)| − ∫ F dζ |z − ζ|

= 1∫ 0 ∂U_s(z, t) ∂s ds = ∂U_s(z, t) ∂s | |_{s=0} + 1∫ 0 (1 − s) ∂^2U_s(z, t) ∂s^2 ds, where U_s = ∫ F L_s(ζ)dζ |e_{sρ}(z) − e_{sρ}(ζ)| L_s(z) = L(z, sρ). After differentiation of U_s and partial integration we arrive at ∂U_s ∂s = ∫ F 3∑ i,j=1 ∂N^∗_i (ζ)ρ^∗(ζ, t) ∂ζ_j ^L_{ji}(ζ, sρ) dζ |e_{sρ}(z) − e_{sρ}(ζ)|

ON THE STABILITY OF UNIFORMLY ROTATING 173 − ∫ F L_s(ζ) e_{sρ}(z) − e_{sρ}(ζ) |e_{sρ}(z) − e_{sρ}(ζ)|^3 · (N (z)ρ(z, t) − N^∗(ζ)ρ^∗(ζ, t))dζ

= − ∫ F L_s(ζ) e_{sρ}(z) − e_{sρ}(ζ) |e_{sρ}(z) − e_{sρ}(ζ)|^3 dζ · N (z)ρ(z, t)

+ ∫ G ρ(ζ, t)Λ(ζ, sρ) dS |e_{sρ}(z) − e_{sρ}(ζ)| , (1.24)

where Λ(z, ρ) =

∑_3 i,j=1 Ni(z)Nj (z)^Lji(z, ρ) = 1 − ρH + ρ 2K (see [6]).

Hence ∂U_s ∂s | | |_{s=0} = ∂U(z) ∂N ρ(z, t) + ∫ G ρ(ζ, t)dS_ζ |z − ζ| . We also compute the second derivative of U_s:

∂^2U_s ∂s^2 = − ∫ F ∂L_s(ζ) ∂s e_{sρ}(z) − e_{sρ}(ζ) |e_{sρ}(z) − e_{sρ}(ζ)|^3 dζ · N (z)ρ(z, t)

− ∫ F L_s(ζ) ∂ ∂s e_{sρ}(z) − e_{sρ}(ζ) |e_{sρ}(z) − e_{sρ}(ζ)|^3 dζ · N (z)ρ(z, t)

+ ∫ G ρ(ζ, t) ∂Λ(ζ, sρ) ∂s dS |e_{sρ}(z) − e_{sρ}(ζ)| + ∫ G ρ(ζ, t)Λ(ζ, sρ) ∂ ∂s 1 |e_{sρ}(z) − e_{sρ}(ζ)| dS. From these calculations it follows that M = −B_0(z)ρ(z, t) + ω^2 2 |N^′(z)|^2ρ^2(z, t) + – 1∫ 0 (1 − s)

∂^2U_s ∂s^2 ds, (1.25) where B_0(z)ρ(z, t) = b(z)ρ(z, t) − κ ∫ G ρ(ζ, t)dS |z − ζ| ,

z = X and b(z) is defined in (1.5). This expression is the first variation of M that was sought for. The last two terms in (1.25) represent a nonlinear remainder (with respect to ρ).

174 V. A. SOLONNIKOV

Setting z = X(ξ, t), ρ(X, t) = r(ξ, t) in the formula for B_0ρ, we obtain (due to Proposition 4.2 below) B_0ρ = b(X)r(ξ, t) − κ ∫ Γ0 r(η, t)Ψ(η, t)dS |X(ξ, t) − X(η, t)| , (1.26)

Ψ(η, t) = |A(η, t)n_0(η)| | ^L^T (X, r)N (X)| . Hence, B_0ρ|_{z=X(ξ,t)} is a nonlinear function of (r, u), and we represent it in the form B_0(z)ρ = B^′_0(ξ)r + B_1(r, u),

where B^′_0(ξ)r = b(ξ)r(ξ, t) − κ ∫ Γ0 r(η, t)dS |ξ − η| , (1.27)

B_1(r, u) = (b(X) − b(ξ))r(ξ, t) − κ ∫ Γ0 r(η, t)(Ψ(η, t) − 1)dS |X(ξ, t) − X(η, t)|

−κ ∫ Γ0 r(η, t)dS 1∫ 0 d ds 1 |X_s(ξ, t) − X_s(η, t)| ds, (1.28)

X_s(ξ, t) = ξ + s t∫ 0 u(ξ, τ )dτ . Since X_s = X_s − N (X_s)R(X_s) = X_s − R(X_s)∇R(X_s) ≡ Φ(X_s),

we have d ds 1 |X_s(ξ, t) − X_s(η, t)|

= − X(ξ, t) − X(η, t) |X_s(ξ, t) − X_s(η, t)|^3 · ( ∇_{Xs} Φ(X_s(ξ, t)) t∫ 0 u(ξ, τ )dτ

−∇_{Xs} Φ(X_s(η, t)) t∫ 0 u(η, τ )dτ ) ,

ON THE STABILITY OF UNIFORMLY ROTATING 175

so the last integral in (1.28) equals 1∫ 0 ds ∫ Γ0 r(η, t) X(ξ, t) − X(η, t) |X_s(ξ, t) − X_s(η, t)|^3 · (a(ξ, t) − a(η, t))dS_η ,

a = ∇_{Xs} Φ(X_s) t∫ 0 udτ. We see that B_1(r, u) is the sum of nonlinear (at least quadratic) terms with respect to r, u.

Thus, u, q, r(ξ, t) = R(X) can be considered as a solution to the prob- lem u_t + 2ω(e_3 × u) − ν∇^2u + ∇q = l_1(u, q),

∇ · u = l_2(u), ξ ∈ Ω_0, t > 0,

Π_0S(u)n_0 = l_3(u), −q + νn_0 · S(u)n_0 + B^′_0r = l_4(u) + l_5(u, r), (1.29) r_t(ξ, t) = N (ξ) · u + l_6(u), ξ ∈ Γ_0, u(ξ, 0) = w_0(ξ), ξ ∈ Ω_0, r(ξ, 0) = ρ_0(ξ), ξ ∈ Γ_0.

The functions l_5 and l_6 are given by

l_5(u, R) = ω^2 2 N^{′2} (X)r^2(ξ, t) + κ 1∫ 0 (1 − s) d^2U_s ds^2 ds + B_1(r, u),

l_6(u) = (N (X) − N (ξ)) · u(ξ, t). We can make one more change of variables in (1.29) by means of the transformation inverse to e_{ρ0} (y) and write this problem in the coordinates y ∈ F. Then, omitting all the nonlinear terms with respect to u, q, r we arrive at the linearized problem v_t + 2ω(e_3 × v) − ν∇^2v + ∇p = 0 ∇ · v(y, t) = 0, y ∈ F, t > 0, T (v, p)N + N B_0(y)ρ = 0 ρ_t − v · N = 0, y ∈ G,

176 V. A. SOLONNIKOV v(y, 0) = v_0(y), y ∈ F, ρ(y, 0) = ρ_0(y), y ∈ G where B_0(y)ρ = b(y)ρ(y, t) − κ ∫ G ρ(z, t)dS |y − z| . It is often considered in the space of functions satisfying the orthogonality conditions obtained by linearization of (1.10) and (1.16): ∫ G ρ(y, t)dS = 0, ∫ G ρ(y, t)y_idS = 0, ∫ F v(y, t)dy = 0, ∫ F v(y, t) · η_i(y)dy + ω ∫ G ρ(y, t)η_3(y) · η_i(y)dS = 0, i = 1, 2, 3.

These conditions hold for arbitrary t > 0, if they are satisfied at the initial moment t = 0 for v = v_0, ρ = ρ_0. 2. Main result We consider problem (1.29) in weighted anisotropic Sobolev–Slobodetskii spaces (see [7]). By W^l_2(Ω) where l > 0 and Ω is a domain in R^n, we mean the space with the norm

‖u‖^2_W l_{2(Ω)} = ∑ 0≤|j|≤l ‖D^j u‖^2_{L2(Ω)} ≡ ∑ 0≤|j|≤l ∫ Ω |D^j u(x)|^2dx

if l = [l], i.e., l is an integral number, and

‖u‖^2_W l_{2(Ω)} = ‖u‖^2_{W [l]2 (Ω)} + ∑ |j|=[l] ∫ Ω ∫ Ω |D^ju(x) − D^j u(y)|^2 dxdy |x − y|^{n+2λ} if l = [l] + λ, λ ∈ (0, 1). As usual, D^j u denotes a partial derivative ∂^{|j|}u ∂^j1 x1...∂^{jn} x_n where j = (j1, j2, . . . , jn) and |j| = j1 + · · · + jn. The space

W^{l,l/2}_2 (Q_T ), Q_T = Ω × (0, T ) can be defined as L_2((0, T ), W^l_2(Ω)) ∩ W^{l/2}_2 ((0, T ), L_2(Ω))

ON THE STABILITY OF UNIFORMLY ROTATING 177

and supplied with the norm

‖u‖^2_{W l,l/22 (QT )} = T∫ 0 ‖u(·, t)‖^2_W l_{2(Ω)}dt + ∫ Ω ‖u(x, ·)‖^2_{W l/22 (0,T )}dx. (2.1)

There exist many other equivalent norms in W^{l,l/2}_2 (Q_T ); some of them will be used below. Sobolev spaces of functions given on smooth surfaces, in particular, on G and on G ×(0, T ), are introduced in a standard way, with the help of local maps and partition of unity. We also find it convenient to introduce the spaces

W^{l,0}_2 (Q_T ) = L_2((0, T ), W^l_2(Ω)), W^{0,l/2}_2 (Q_T ) = W^{l/2}_2 ((0, T ), L_2(Ω));

the squares of norms in these spaces coincide, respectively, with the first and the second term in (2.1). Finally, following Y.Hataya [8], we introduce weighted spaces ~W^{l,l/2}_2 (Q_T ), l > 1, T ≤ ∞, as the sets of functions u ∈ W^{l,l/2}_2 (Q_T ) such that tu ∈ W^{l−1,(l−1)/2}_2 (Q_T ), and we define the norm in ~W^{l,l/2}_2 (Q_T ) by ‖u‖^2f_{W l,l/22 (QT )} = ‖u‖^2_{W l,l/22 (QT )} + ‖tu‖^2_{W l−1,(l−1)/22 (QT )}. In the same way spaces ~W^{l,l/2}_2 (G_T ) are introduced.

By the interpolation inequalities, ‖(1 + t)^γ u‖_W l−γ,(l−γ)/2 2 (Q_T ) ≤ c‖u‖fW^{l,l/}22 (Q_T ) for arbitrary γ ∈ [0, 1].

Our main result is the following.

Theorem 2.1. Let w_0 ∈ W^{l+1}_2 (Ω_0) with l ∈ (1, 3/2) and let the surface Γ_0 be given by (1.8) with ρ_0 ∈ W^{l+3/2}_2 (G). Assume also that w_0 satisfies compatibility conditions (1.11) and that

‖w_0‖_W l+1_{2 (Ω0)} + ‖ρ_0‖_W l+3/2_{2 (G)} ≤ ϵ, (2.2)

where ϵ is a sufficiently small positive number. Moreover, let condition (1.7) be satisfied. Then problem (1.14)–(1.18)–(1.29) has a unique solu- tion u ∈ ~W^{l+2,l/2+1} 2 (Q_∞), ∇q ∈ ~W^{l,l/2}_2 (Q_∞), r ∈ ~W^{l+1/2,0}_2 (G_∞), where Q_∞ = Ω_0 × R_+, G_∞ = Γ_0 × R_+ such that p|_{G∞} ∈ ~W^{l+1/2,l/2+1/4}_2 (G_∞), r ∈ W^{l+1}_2 (Γ_0), ∀t > 0. The surface Γ_t is representable in the form (1.13),

178 V. A. SOLONNIKOV

where ρ is related to r = R(X) by (1.22). The solution satisfies the inequality

‖u‖fW^{l+2,l/2+1}_2 (Q_∞)^{+ ‖∇q‖}fW^{l,l/2}_2 (Q_∞)^{+ ‖q‖}fW^{l+1/2,l/2+1/4}_2 (G_∞) +‖r‖f_W l+1/2,0 2 (G_∞) + supt>0 ‖r(·, t)‖W^l+12 (G) + sup_{t>0} ‖tr(·, t)‖_W l_{2(G)} ≤ c ( ‖w_0‖_W l+1_{2 (F)} + ‖ρ_0‖_W l+1_{2 (G)} ) . (2.3) The proof of this theorem is based, in particular, on the estimates of solutions of the linear problem v_t + 2ω(e_3 × v) − ν∇^2v + ∇p = f (ξ, t), ∇ · v(ξ, t) = f(ξ, t), ξ ∈ Ω_0, t > 0, (2.4) T (v, p)n_0 + n_0B^′_0(ξ)r = d(ξ, t), r_t − N (ξ) · v(ξ, t) = g(ξ, t), ξ ∈ Γ_0, v(ξ, 0) = v_0(ξ), ξ ∈ Ω_0, r(ξ, 0) = r_0(ξ), ξ ∈ Γ_0, where B^′_0(ξ)r is defined in (1.27).

Theorem 2.2. Let l ∈ (1, 3/2), Q_T = Ω_0 × (0, T ), G_T = Γ_0 × (0, T ), and let the data of problem (2.4) possess the following regularity properties: f ∈ W^{l,l/2}_2 (Q_T ), f ∈ W^{1+l,0}_2 (Q_T ), f = ∇ · F , F ∈ W^{0,1+l/2} 2 (Q_T ) v_0 ∈ W^{1+l}_2 (F), d ∈ W^{l+1/2,l/2+1/4} 2 (G_T ), g ∈ W^{l+3/2,l/2+3/4} 2 (G_T ).

Assume also that the compatibility conditions

∇ · v_0 = f(ξ, 0), ξ ∈ Ω_0, νΠ_0S(v)n_0 = Π_0d(ξ, 0), ξ ∈ Γ_0 are satisfied. Then problem (2.4) has a unique solution v ∈ W^{2+l,1+l/2} 2 (Q_T ), ∇p ∈ W^{l,l/2}_2 (Q_T ), r ∈ W^{l+1/2,0}_2 (G_T ) such that p|_{GT} ∈ W^{l+1/2,l/2+1/4}

2 (G_T ), r(·, t) ∈ W^{l+1}_2 (G) for arbitrary t ∈ (0, T ), and Y (T ) ≡ ‖v‖_W 2+l,1+l/2 2 (Q_T ) + ‖∇p‖W^{l,l/}22 (Q_T ) + ‖p‖W^l+1^/2^{,l/}2+1^/4

2 (G_T )

ON THE STABILITY OF UNIFORMLY ROTATING 179 +‖r‖_W l+1/2,0 2 (G_T ) + supt<T ‖r(·, t)‖W^l+12 (Γ0)

≤ c ( N (T ) + (^T∫ 0 (‖v‖^2_{L2(Ω0)} + ‖r‖^2_{W −1/22 (Γ0)})dt )_{1/2}) , (2.5)

where

N (T ) = ‖f ‖_W l,l/2_{2 (QT )} + ‖f‖_W l+1,0_{2 (QT )} + ‖F ‖_W 0,1+l/2_{2 (QT )} +‖v_0‖_W 1+l_{2 (Ω0)} + ‖d‖_W l+1/2,l/2+1/4

2 (G_T ) + ‖g‖W^l+3^/2^{,l/}2+3^/4

2 (G_T ).

Moreover, if f ∈ ~W^{l,l/2}_2 (Q_T ), d ∈ ~W^{l+1/2,l/2+1/4} 2 (G_T ), g ∈ ~W^{l+3/2,l/2+3/4} 2 (G_T ), f ∈ ~W^{1+l,0}_2 (Q_T ), F ∈ ~W^{0,1+l/2}_2 (Q_T ) (this means that f ∈ W^{1+l,0}_2 (Q_T ), tf ∈ W^{l,0}_2 (Q_T )), F ∈ W^{0,1+l/2}_2 (Q_T ), tF ∈ W^{0,(l+1)/2} 2 (Q_T )), then ~Y (T ) ≡ ‖v‖f_{W 2+l,1+l/2} 2 (Q_T ) + ‖∇p‖fW^{l,l/}22 (Q_T ) + ‖p‖fW^l+1^/2^{,l/}2+1^/4

2 (G_T ) +‖r‖f_W l+1/2,0 2 (G_T ) + supt<T ‖r(·, t)‖W^l+12 (G) + supt<T t‖r(·, t)‖W^l2(G)

≤ c ( ~N (T ) + (^T∫ 0 (1 + t^2)(‖v‖^2_{L2(F)} + ‖r‖^2_{W −1/22 (G)})dt )_{1/2}) , (2.6)

where ~N (T ) = ‖f ‖f_{W l,l/22 (QT )} + ‖f‖f_{W l+1,02 (QT )} + ‖F ‖f_{W 0,1+l/22 (QT )} +‖v_0‖_W 1+l_{2 (G)} + ‖d‖f_W l+1/2,l/2+1/4

2 (G_T ) + ‖g‖fW^l+3^/2^{,l/}2+3^/4

2 (G_T ).

The constants in (2.5), (2.6) are independent of T .

Inequalities (2.5) and (2.6) hold also without the norms of v and r in the right-hand side, but with the constants dependent on T .

The norm ‖r‖_W −1/2_{2 (G)} is defined in a standard way:

‖r‖_W −1/2_{2 (G)} = sup

φ∈W 1^/22 (G)

| | | ∫ G r(x)φ(x)dx | | | ‖φ‖_W 1/2_{2 (G)} .

180 V. A. SOLONNIKOV

Similar problem in the domain F, namely, v_t + 2ω(e_3 × v) − ν∇^2v + ∇p = f (x, t), ∇ · v = f(x, t) x ∈ F, T (v, p)N + N B_0(x)ρ(x, t) = d(x, t), (2.7) r_t − N (x) · v(x, t) = g(ξ, t), x ∈ G, v(x, 0) = v_0(x), x ∈ F, r(x, 0) = r_0(x), x ∈ G, is studied in [9] for l ∈ (3/2, 5/2). It is shown that this problem is uniquely solvable and the solution satisfies estimates (2.5), (2.6) in the domain F. The case l ∈ (1, 3/2) is considered in the same way.

The proof of Theorem 2.2 consists in the reduction of problem (2.4) to the problem (2.7) by means of the transformation e_{ρ0} : F → Ω_0. This is possible because for small ρ^∗_0 satisfying the inequality ‖ρ^∗_0‖_W l+2_{2 (F)} ≤ ‖ρ_0‖_W l+3/2_{2 (G)} ≤ ϵ (2.8) with a small ϵ > 0 this transformation is invertible and the norms ‖u‖_W l_{12 (Ω0)} and ‖^u‖_W l_{12 (F)} where ^u(y) = u(e_{ρ0} (y)) are equivalent to each other, i.e., c_1‖u‖_W l_{12 (Ω0)} ≤ ‖^u‖_W l_{12 (F)} ≤ c_2‖u‖_W l_{12 (Ω0)} (2.9) for all l_1 ∈ [0, 2 + l]. This inequality that can be established by a direct computation follows also from Proposition 4.3 below.

In the coordinates y ∈ F, problem (2.4) takes the form v_t + 2ω(e_3 × v) − ν∇^2v + ∇p = m_1(v, p) + ^f(y, t), ∇ · v(y, t) = m_2(v) + ^f(y, t), y ∈ F, t > 0, νΠ_GS(v)N = m_3(v) + Π_G Π_0 ^d(y, t), −p + νN · S(v)N + B_0(y)r = m_4(v, r) + ^d · ^n_0, (2.10) r_t − N (y) · v(y, t) = ^g(y, t), y ∈ G, v(y, 0) = v_0(y), y ∈ F, r(y, 0) = r_0(y), y ∈ G, where Π_G a = a − N (a · N ) and m_1(v, p) = ν( ^∇^2 − ∇^2)v(y, t) + (∇ − ^∇)p(y, t),

ON THE STABILITY OF UNIFORMLY ROTATING 181

m_2(v) = (∇ − L_0 ^∇) · v,

m_3(v) = νΠ_G(Π_G S(v)N − Π_0 ^S(v)^n_0), (2.11) m_4(v, r) = ν(N · S(v)N − ^n_0 · ^S(v)^n_0) +κ ∫ G r(z, t) |y − z| (| ^L^T_0 (z, ρ_0)N (z)|^{−1} − 1)dS. By L_0 = det L_0 we mean the Jacobian of the transformation e_{ρ0} , L_0 is its Jacobian matrix, ^L_0 = L_0L^{−1}_0 , ^∇ = L^{−T}_0 ∇ is the transformed gradient with respect to ξ, ∇ = (_∂ ∂y1 ,^∂_{∂y2} ,^∂_{∂y3} ) , ^S(v) = ^∇v + ( ^∇v)^T is the transformed rate-of-strain tensor. The normals N and n_0 are related to each other by

n_0(e_{ρ0} (y)) = ^LT_0 N (y) | ^L^T_0 N (y)| . We note that m_2(v) is representable in the divergence form: (∇ − L_0 ^∇) · v = (∇ − ^L^T_0 ∇) · v = ∇ · (I − ^L^T_0 )v ≡ ∇ · M , where M = (I − ^L_0)v. We have conserved the original notations for the transformed functions v, p, r.

The expressions (2.11) are linear functions of their arguments and under condition (2.8) they satisfy the inequality

‖m_1‖f_W l,l/2_{2 (QT )} + ‖m_2‖f_W l+1,0_{2 (QT} + ‖M ‖f_W 0,1+l/2_{2 (QT )} +‖m_3(v)‖f_W 1+l/2,1/2+l/4 2 (G_T ) + ‖m4(v, r)‖fW 1+^{l/}2^,1^/2+^{l/}4

2 (G_T ) ≤ cϵ ~Y_T (v, p, r) that can be obtained using Proposition 4.1 below. With this estimate, the solvability of the problem (2.10) and inequality (2.6) can be easily deduced by standard methods from the results of the paper [9], provided ϵ is sufficiently small.

A general scheme of the proof of Theorem 2.1 is the following: using (2.6), we obtain a uniform with respect to T estimate of the solution given in the time interval (0, T ) with arbitrary T > 0 and satisfying a certain smallness condition that can be guaranteed by the choice of sufficiently small initial data. Then we prove a local in time theorem on the solvability of problem (1.18) and extend the solution step by step to the infinite time interval. Estimate (2.3) guarantees a power-like decay of (u, q, r) as t → ∞ which means stability of the zero solution of problem (1.14).

182 V. A. SOLONNIKOV

In this section, we discuss a uniform estimate of the solution defined in an arbitrarily large time interval t ∈ (0, T ). To obtain it, we need to estimate the nonlinear terms in (1.29) and the weak norms of the solution (L_2-norm of u and W^{−1/2}_2 -norm of r).

Proposition 2.1. Let (u, q, r) be a solution of (1.29) with a finite norm ~Y (T ), T ≥ 1, defined in (2.6) and let

~Y (T ) ≤ δ_1 (2.12)

with a certain small δ_1 > 0. Moreover, let ρ_0 ∈ W^{l+3/2}_2 (G) be extended in F so that (2.8) holds. Then

‖l_1‖f_W l,l/2_{2 (QT )} + ‖l_2‖f_W 1+l,0_{2 (QT )} + ‖L‖f_W 0,l+1/2_{2 (QT )} +‖l_3‖f_W l+1/2,l/2+1/4 2 (G_T ) + ‖l4‖fW^l+1^/2^{,l/}2+1^/4

2 (G_T ) +‖l_5‖f_W l+1/2,l/2+1/4 2 (G_T ) + ‖l6‖fW^l+3^/2^{,l/}2+3^/4

2 (G_T ) (2.13) ≤ c ( ‖u‖^2f_{W 2+l,1+l/2} 2 (Q_T ) + ‖∇q‖ 2fW^{l,l/2}_2 (Q_T )^{+ ‖r‖2}fW^{l+1/2,l/2+1/4}

2 (G_T ) )

with the constant c independent of T ≥ 1.

The proof of (2.13) includes estimates of the volume and surface potentials and is rather technical. It will be presented in a separate article.

The norms ‖u‖_{L2(F)} and ‖r‖_W −1/2_{2 (G)} are estimated due to the following propositions, the first of which is proved in [10].

Proposition 2.2. Assume that the solution w, s of problem (1.14), (1.15) is defined for t ∈ (0, T ), is square integrable together with the derivatives that enter in (1.14), and Γ_t is representable in the form (1.13) with ρ(z, t) satisfying

sup_{t<T} |ρ(·, t)|_C1_{(G)} ≤ δ_2 ≪ 1. (2.14)

Then there exist two positive functions, E(t) and E_1(t) such that dE(t) dt + E_1(t) = 0, (2.15)

c_1 ( ‖w(·, t)‖^2_{L2(Ωt)} + ‖ρ(·, t)‖^2_{L2(G)} ) ≤ E(t) ≤ c_2 ( ‖w(·, t)‖^2_{L2(Ωt)} + ‖ρ(·, t)‖^2_{L2(G)} ) , (2.16)

ON THE STABILITY OF UNIFORMLY ROTATING 183 and E_1(t) ≥ c_3 ( ‖S(w(·, t))‖^2_{L2(Ωt)} + ‖ρ(·, t)‖^2_{W −1/22 (G)} )

≥ c_4 ( ‖w(·, t)‖^2_W 1_{2 (Ωt)} + ‖ρ(·, t)‖^2_{W −1/22 (G)} ) (2.17)

with the constants independent of T .

Proposition 2.3. If the solution of (1.29) is defined in the time interval t ∈ (0, T ) and satisfies (2.12), then ‖r(·, t)‖_W −1/2_{2 (Γ0)} ≤ c‖ρ(·, t)‖_W −1/2_{2 (G)} ≤ c‖r(·, t)‖_W −1/2_{2 (Γ0)}. (2.18) We also have ‖w‖_{L2(Ωt)} = ‖u‖_{L2(Ω0)};

hence (2.15)–(2.17) imply

‖u(·, t)‖^2_{L2(Ω0)}+‖r(·, t)‖^2_{L2(Γ0)}+ t∫ 0 ( ‖u(·, τ )‖^2_{L2(Ω0)}+‖r(·, τ )‖^2_{W −1/22 (Γ0)} ) dτ

≤ c ( ‖w_0‖^2_{L2(Ω0)} + ‖ρ_0(·, t)‖^2_{L2(G)} ) . (2.19)

Theorem 2.2 and Propositions 2.1–2.3 allow us to obtain the following uniform estimate of the solution of problem (1.29).

Theorem 2.3. Assume that the solution of (1.29) is defined for t ∈ (0, T ) and satisfies (2.12). Then

~Y (T ) ≤ cN_0, (2.20)

where N_0 = ‖w_0‖_W l+1_{2 (F)} + ‖ρ_0‖_W l+1_{2 (G)}.

Proof. Making use of (2.5), (2.13), (2.19) we obtain

Y (T ) ≤ c( ~Y^2(T ) + N_0) ≤ c ( δ_1 ~Y (T ) + N_0 ) . Now, we multiply (2.15) by 1 + t^2 which leads to

d(1 + t^2)E(t) dt + (1 + t^2)E_1(t) = 2tE(t),

184 V. A. SOLONNIKOV

and, as a consequence, to

(1 + t^2)E(t) + t∫ 0 (1 + τ^2)E_1(τ )dτ = E(0) + 2 t∫ 0 τ E(τ )dτ

≤ E(0) + 2 t ∫ 0 τ^2E(τ )dτ t ∫ 0 E(τ )dτ ≤ E(0) + c √ ~Y (T ) √ Y (T ). By (2.6), we have

~Y (T ) ≤ c(δ_1 ~Y (T ) + N_0) + c √ ~Y (T ) √ Y (T ), which implies ~Y (T ) ≤ c_1 √ δ_1 ~Y (T ) + c_2N_0, and if √ δ_1 ≤ 1 2c_1 , then ~Y (T ) ≤ 2c_2N_0. � 3. On the solvability of problem (1.18) We pass to the proof of the solvability of problem (1.18), at first in a finite time interval t ∈ (0, 1). We assume that ρ_0 is extended in F so that (2.8) holds, and we consider problem (1.18). We write the function M (1.19) in the form M = κ(U (X) − U(ξ)) + ω^2 2 (|X^′|^2 − |ξ^′|^2) = M_1(u) + M_2(ρ_0), (3.1)

where M_1 = κ(U (X) − U_0(ξ)) + ω^2 2 (|X^′|^2 − |ξ^′|^2), (3.2)

M_2 = κ(U_0(ξ) − U(ξ)) + ω^2 2 (|ξ^′|^2 − |ξ^′|^2),

U_0(ξ) = ∫ Ω0 dη |ξ − η| ,

ON THE STABILITY OF UNIFORMLY ROTATING 185

and we represent the difference of the volume potentials in (3.2) as

U (X) − U_0(ξ) = ∫ Ω0 dη |X(ξ, t) − X(η, t)| − ∫ Ω0 dη |ξ − η| = 1∫ 0 ∂U_s ∂s ds

= ∂U_s ∂s | | |_{s=0} + 1∫ 0 (1 − s)

∂^2U_s ∂s^2 ds

where U_s(ξ, t) = ∫ Ω0 D_s(η, t)dη |X_s(ξ, t) − X_s(η, t)| ,

X_s(ξ, t) = ξ + s t∫ 0 u(ξ, τ )dτ , D_s is the Jacobian of the transformation X_s

(we note that D_s = 1 for s = 1 and s = 0). Let A_s be the co-factor matrix related to the transformation X_s. By calculation similar to (1.24) it is easily shown that ∂U_s ∂s = − ∫ Ω0 D_s(η, t) X_s(ξ, t) − X_s(η, t) |X_s(ξ, t) − X_s(η, t)|^3 dη · t∫ 0 u(ξ, τ )dτ

+ ∫ Γ0 n_0(η) · A_s(η) t∫ 0 u(η, τ )dτ dS |X_s(ξ, t) − X_s(η, t)| ;

hence ∂U_s ∂s | | |_{s=0} = − ∫ Ω0 ξ − η |ξ − η|^3 dη · t∫ 0 u(ξ, τ )dτ + ∫ Γ0 n_0(η) · t∫ 0 u(η, τ )dτ dS |ξ − η|

= − ∫ Γ0 n_0(η) |ξ − η| dS · t∫ 0 u(ξ, τ )dτ + ∫ Γ0 n_0(η) · t∫ 0 u(η, τ )dτ dS |ξ − η| .

Thus, M = λ_1(u) + λ_2(u) + M_2(ρ_0),

186 V. A. SOLONNIKOV

where

λ_1(u) = κ ∂U_s ∂s | | |_{s=0} + ω^2ξ^′ · t∫ 0 u(ξ, τ )dτ is a linear part (the first variation) of M with respect to u and

λ_2(u) = κ 1∫ 0 (1 − s)

∂^2U_s ∂s^2 ds + ω^2 2 | | | t∫ 0 u^′dτ | | |^2, u^′ = (u1, u2, 0),

is the sum of higher order terms. The second derivative of U_s is given by

∂^2U_s ∂s^2 = − ∫ Ω0 ∂D_s(η, t) ∂s X_s(ξ, t) − X_s(η, t) |X_s(ξ, t) − X_s(η, t)|^3 dη · t∫ 0 u(ξ, τ )dτ

− ∫ Ω0 D_s(η, t) ∂ ∂s X_s(ξ, t) − X_s(η, t) |X_s(ξ, t) − X_s(η, t)|^3 dη · t∫ 0 u(ξ, τ )dτ

+ ∫ Γ0 n_0(η) · ∂A_s(η) ∂s t∫ 0 u(η, τ )dτ dS |X_s(ξ, t) − X_s(η, t)|

+ ∫ Γ0 n_0(η) · A_s(η) t∫ 0 u(η, τ )dτ ∂ ∂s 1 |X_s(ξ, t) − X_s(η, t)| dS. Problem (1.18) can be written in the form u_t + 2ω(e_3 × u) − ν∇^2u + ∇q = l_1(u, q), ∇ · u(ξ, t) = l_2(u), ξ ∈ Ω_0, t > 0, Π_0S(u)n_0 = l_3(u), (3.3) −q + νn_0 · S(u)n_0 − λ_1(u) = l_4(u) + λ_2(u) + M_2(ρ_0), u(ξ, 0) = w_0(ξ), ξ ∈ Ω_0.

We should also consider the problem of extension of the solution of (1.18) given in the time interval [0, T ] into a larger interval [0, T + 1]. We represent the function M in a different way, namely, M = κ(U (X(ξ, t)) − U(X(ξ, T ))) + ω^2 2 (|X^′(ξ, t)|^2 − |X^′(ξ, T )|^2) = M_3(u) + M_4(ρ_1),

ON THE STABILITY OF UNIFORMLY ROTATING 187

where ρ_1(z) = ρ(z, T ),

M_3 = κ(U (X(ξ, t)) − U_1(X(ξ, T ))) + ω^2 2 (|X^′(ξ, t)|^2 − |X^′(ξ, T )|^2),

M_4 = κ(U_1(X(ξ, T )) − U(X(ξ, T ))) + ω^2 2 (|X^′(ξ, T )|^2 − |X^′(ξ, T )|^2), U_1(σ) = ∫ Ω_T dμ |σ − μ| .

If the norm ‖u‖f_W 2+l,1+l/2_{2 (QT )} is small, then the transformation X(ξ, T ) = σ establishes one-to one correspondence between Ω_0 and Ω_T , and

X(ξ, t) = X(ξ, T ) + t∫ T u(ξ, τ )dτ = σ + t∫ T u_1(σ, τ )dτ ≡ Y (σ, t),

where t > T and u_1(X(ξ, T ), t) = u(ξ, t). Since the Jacobian of this transformation equals one, we have U (X(ξ, t)) − U_1(X(ξ, T )) = ∫ Ω_T dμ |Y (σ, t) − Y (μ, t)| − ∫ Ω_T dμ |σ − μ|

= 1∫ 0 ∂V_s ∂s ds = ∂V_s ∂s | | |_{s=0} + 1∫ 0 (1 − s)

∂^2V_s ∂s^2 ds where V_s(ξ, t) = ∫ Ω_T D^′_s(μ, t)dμ |Y_s(σ, t) − Y_s(μ, t)| ,

Y_s(σ, t) = σ + s t∫ T u_1(σ, τ )dτ , D^′_s is the Jacobian of the transformation

Y_s. By calculation similar to (1.24), we show that ∂V_s ∂s = − ∫ Ω_T D^′_s(μ, t) Y_s(σ, t) − Y_s(μ, t) |Y_s(σ, t) − Y_s(μ, t)|^3 dμ · t∫ T u_1(σ, τ )dτ

188 V. A. SOLONNIKOV + ∫ Γ_T

n_1(μ) · A^′_s(μ) t∫ T u_1(μ, τ )dτ dS_μ |Y_s(σ, t) − Y_s(μ, t)| ,

∂^2V_s ∂s^2 = − ∫ Ω_T ∂D^′_s(μ, t) ∂s Y_s(σ, t) − Y_s(μ, t) |Y_s(σ, t) − Y_s(μ, t)|^3 dμ · t∫ T u_1(σ, τ )dτ

− ∫ Ω_T D^′_s(μ, t) ∂ ∂s Y_s(σ, t) − Y_s(μ, t) |Y_s(σ, t) − Y_s(μ, t)|^3 dμ · t∫ T u_1(σ, τ )dτ

+ ∫ Γ_T

n_1(μ) · ∂A^′_s(μ) ∂s t∫ 0 u(μ, τ )dτ dS_μ |Y_s(σ, t) − Y_s(μ, t)|

+ ∫ Γ_T

n_1(μ) · A^′_s(μ) t∫ 0 u(μ, τ )dτ ∂ ∂s 1 |Y_s(σ, t) − Y_s(μ, t)| dS_μ,

∂V_s ∂s | | |_{s=0} = − ∫ Ω_T

n_1(μ) |σ − μ| dμ · t∫ T u_1(σ, τ )dτ

+ ∫ Γ_T

n_1(μ) · t∫ T u_1(μ, τ )dτ dS_μ |σ − μ| (n_1 is the normal to Γ_T , A^′_s is the co-factor matrix related to the transformation x = Y_s(σ, t)) and arrive at

M = λ_3(u) + λ_4(u) + M_4(ρ_1)

with

λ_3(u) = ( κ ∂V_s ∂s | | |_{s=0} + ω^2σ^′ · t∫ T u_1(σ, τ )dτ )| |_{σ=X(ξ,T )}, and λ_4(u) = ( κ 1∫ 0 (1 − s)

∂^2V_s ∂s^2 ds + ω^2 2 | | | t∫ T u^′_1dτ | | |^2 )| |_{σ=X(ξ,T )}.

ON THE STABILITY OF UNIFORMLY ROTATING 189

The expression λ_3(u) can be also written in the form

λ_3(u) = −κ ∫ Ω0 X(ξ, T ) − X(η, T ) |X(ξ, T ) − X(η, T )|^3 dη · t∫ T u(ξ, t)dτ

+κ ∫ Γ0 A(η, T )n_0(η) |A(η, T )n_0(η)| · t∫ T u(η, τ )dτ |A(η, T )n_0(η)|dS |X(ξ, T ) − X(η, T )|

+ω^2X^′(ξ, T ) · t∫ T u(ξ, τ )dτ. Thus, we should find in the interval t ∈ (T, T + 1) the solution of problem (1.18) with a modified boundary condition

−q + νn_0 · S(u)n_0 − λ_3(u) = l_4(u) + λ_4(u) + M_4(ρ_1) and with an obvious initial condition u|_{t=T} = u(ξ, T ).

We introduce the functions u_0 and q_0 that coincide with u and q for t < T and are defined by u_0(ξ, t) = −3u(ξ, 2T − t) + 4u(ξ, 3T /2 − t/2), q_0(ξ, t) = −3q(ξ, 2T − t) + 4q(ξ, 3T /2 − t/2) (3.4) for t > T (this extension guarantees preservation of class) and we set v = u − u_0, p = q − q_0.

It is easily verified that the problem can be written in the form v_t + 2ω(e_3 × v) − ν∇^2v + ∇p = l_1(u_0 + v, q_0 + p) − l_1(u_0, q_0) + f (ξ, t), ∇ · v = l_2(u_0 + v) − l_2(u_0) + f(ξ, t), ξ ∈ Ω_0, t > T, Π_0S(v)n_0 = l_3(u_0 + v) − l_3(u_0) + d(ξ, t), (3.5) −p + νn_0 · S(v)n_0 − λ_3(v) = l_4(u_0 + v) − l_4(u_0) +λ_4(u_0 + v) − λ_4(u_0) + d(ξ, t) + M_4(ρ_1), x ∈ Γ_0, v(ξ, T ) = 0, ξ ∈ Ω_0, where f = l_1(u_0, q_0) − l^{(0)}_1 (u_0, q_0) + u^∗_t ,

190 V. A. SOLONNIKOV

f(ξ, t) = l_2(u_0) − l^{(0)}_2 (u_0) = ∇ · F (ξ, t),

F (ξ, t) = L(u_0) − L^{(0)}(u_0), d(ξ, t) = l_3(u_0) − l^{(0)}_3 (u_0), d(ξ, t) = (l_4(u_0) − l^{(0)}_4 (u_0)) + λ_3(u_0) + λ_4(u_0), l^{(0)}_1 are extensions of l_i(u), t < T , made according to the rule (3.4), u^∗_t = (u_t)^0 −(u^0)_t = −6u_t(ξ, 2T −t)+6u_t(ξ, 3T /2−t/2), t ∈ (T, T +1); u^∗_t = 0 for t ≤ T .

Our objective is to prove the following theorems on the solvability of problems (3.3) and (3.5).

Theorem 3.1. Under the assumptions of Theorem 2.1, there exists such ϵ_1 > 0, that if w_0 and ρ_0 satisfy ‖w_0‖_W l+1_{2 (Ω0)} + ‖ρ_0‖_W l+3/2_{2 (G)} ≤ ϵ_1, problem (3.3) has a unique solution u ∈ W^{2+l,1+l/2}_2 (Q_1), ∇q ∈ W^{l,l/2}_2 (Q_1), and ‖u‖_W 2+l,1+l/2 2 (Q1) + ‖∇q‖W^{l,l/}22 (Q1) + ‖q‖W^l+1^,(^l+1)^/22 (G1) ≤ c ( ‖w_0‖_W l+1_{2 (Ω0)} + ‖ρ_0‖_W l+1/2_{2 (G)} ) . (3.6)

Theorem 3.2. Assume that the solution of problem (1.18) is given for t ∈ (0, T ). There exists such ϵ_1 > 0 that if ~Y (T ) ≤ ϵ_1, problem (3.5) is uniquely solvable in the interval (T, T + 1), and ‖v‖_W 2+l,1+l/2 2 (Q_{T,T} +1) + ‖∇p‖W^{l,l/}22 (Q_{T,T} +1) + ‖p‖W^l+1^/2^{,l/}2+1^/42 (Q_{T,T} +1) +T ( ‖v‖_W 1+l,1/2+l/2 2 (Q_{T,T} +1) + ‖∇p‖W^{l−}1^{,l/}2^−1^/2

2 (Q_{T,T} +1) +‖p‖_W l−1/2,l/2−1/4 2 (G_{T,T} +1) )

≤ c ( ‖u‖fW^{2+l,1+l/2}_{2 (QT )}^{+ ‖∇q‖}fW^{l,l/2}_{2 (QT )}

ON THE STABILITY OF UNIFORMLY ROTATING 191 +‖ρ(·, T )‖_W l+1/2_{2 (G)} + T ‖ρ(·, T )‖_W l−1/2_{2 (G)} ) ≤ c ~Y (T ), (3.7) where Q_{T,T +1} = Ω_0 × (T, T + 1) and G_{T,T +1} = Γ_0 × (T, T + 1).

In the proof we use coercive estimates and the corresponding existence theorems for the second (Neumann) problem for the evolution Stokes equations v_t − ν∇^2v + ∇p = f (x, t), ∇ · v = f(x, t) x ∈ Ω_0, T (v, p)n_0 = d(x, t), x ∈ Γ_0, (3.8) v(x, 0) = v_0(x), x ∈ Ω_0.

Theorem 3.3. Assume that Γ_0 is given by Eq. (1.8) with a small ρ_0 ∈ W^{l+3/2} 2 (G), l ∈ (1, 3/2), and that the data of problem (3.8) possess the following regularity properties: f ∈ W^{l,l/2}_2 (Q_T ), f ∈ W^{1+l,0}_2 (Q_T ), f = ∇ · F , F ∈ W^{0,1+l/2}_2 (Q_T ), v_0 ∈ W^{1+l}_2 (Ω_0), d ∈ W^{l+1/2,l/2+1/4}_2 (G_T ); moreover, let the compatibility conditions ∇ · v_0 = f(x, 0), x ∈ Ω_0, (3.9) Π_0S(v)n_0 = Π_0d(x, 0), x ∈ Γ_0, (3.10) be satisfied. Then problem (3.8) has a unique solution v ∈ W^{2+l,1+l/2}_2 (Q_T ), ∇p ∈ W^{l,l/2}_2 (Q_T ) with p|_{GT} ∈ W^{l+1/2,l/2+1/4} 2 (G_T ), and the solution satisfies the inequalities ‖v‖_W 2+l,1+l/2 2 (Q_T ) + ‖∇p‖W^{l,l/}22 (Q_T ) + ‖p‖W^l+1^/2^{,l/}2+1^/4

2 (G_T ) ≤ c(T ) ( ‖f ‖_W l,l/2_{2 (QT )} + ‖f‖_W l+1,0_{2 (QT )} + ‖F ‖_W 0,1+l/2_{2 (QT )}

+‖v_0‖_W 1+l_{2 (Ω0)} + ‖d‖_W l+1/2,l/2+1/4

2 (G_T ) ) , (3.11) and ‖v‖_W 1+l,1/2+l/2 2 (Q_T ) + ‖∇p‖W^{l−}1^,(^{l−}1)^/2

2 (Q_T ) + ‖p‖W^{l−}1^/2^{,l/}2^−1^/4

2 (G_T ) ≤ c(T ) ( ‖f ‖_W l−1,(l−1)/2 2 (Q_T ) + ‖f‖W^{l,}02 (QT ) + ‖F ‖W 0^,(1^/2+^{l/}22 (Q_T )

+‖v_0‖_W 1_{2 (Ω0)} + ‖d‖_W l−1/2,l/2−1/4

2 (G_T ) ) . (3.12) Estimate (3.12) is used in the proof of Theorem 3.2.

192 V. A. SOLONNIKOV

Theorem 3.3 is established in [9] for the Neumann problem in the domain F which makes it possible to prove it also for the domain Ω_0, as it has been done above for problem (2.4). In fact, it holds for l ∈ [0, 5/2) and for arbitrary bounded domain whose boundary belongs to W^{l1+3/2} with l_1 ≥ l, l_1 > 1/2.

Condition (3.10) is not required, if l < 1/2, and it takes a modified integral form, if l = 1/2, see in this connection [11, 12] (but this case has no applications in the present paper). In the case l ≥ 5/2, additional compatibility conditions are necessary. Condition (3.9) is meaningful for all l ∈ [0, 5/2), because

f = ∇ · F ∈ W^{l+1,0}_2 (Q_T ), F ∈ W^{0.1+l/2}_2 (Q_T )

implies f ∈ W^{0,(l+1)/2}

2 (Q_T ) and consequently the existence of the limit of f(ξ, t) as t → 0.

The functions l_1, l_2, l_3, and l_4 satisfy inequalities similar to (2.13): if ‖u‖_W 2+l,1+l/2 2 (Q1) ≤ δ1 ≪ 1, (3.13)

then ‖l_1(u, q)‖_W l,l/2_{2 (Q1)} ≤ c ( ‖u‖^2_{W 2+l,1+l/2} 2 (Q1) + ‖∇q‖ 2 W^{l,l/}2 2 (Q1) ) , ‖l_2(u)‖_W l+1_{2 (Q1)} + ‖L(u)‖_W 0,1+l/2_{2 (Q1)} + ‖l_3(u)‖_W l+1/2,l/2+1/4_{2 (G1)} +‖l_4(u)‖_W l+1/2,l/2+1/4 2 (G1) + ‖λ2(u)‖W^l+1^/2^{,l/}2+1^/4

2 (G1) ≤ c‖u‖^2_{W l+1/2,l/2+1/4} 2 (G1). (3.14)

Moreover, if u, u^′ satisfy (3.13), then

‖l_1(u, q) − l_1(u^′, q^′)‖_W l,l/2_{2 (Q1)} ≤ cδ_1 ( ‖u − u^′‖_W 2+l,1+l/2 2 (Q1) + ‖∇q − ∇q ′‖_W l,l/2_{2 (QT )} ) , ‖l_2(u) − l_2(u^′)‖_W l+1,0_{2 (QT )} + ‖L(u) − L(u^′)‖_W 0,1+l/2_{2 (Q1)}

+‖l_3(u) − l_3(u^′)‖_W l+1/2,l/2+1/4

2 (G1) + ‖l4(u) − l4(u ′)‖_W l+1/2,l/2+1/4 2 (G1)

+‖λ_2(u) − λ_2(u^′)‖_W l+1/2,l/2+1/4

2 (G1) ≤ cδ_1‖u − u^′‖_W l+1/2,l/2+1/4 2 (G1); (3.15)

ON THE STABILITY OF UNIFORMLY ROTATING 193

finally, ‖M_2(ρ_0)‖_W l+1/2_{2 (Γ0)} ≤ c‖ρ_0‖_W l+1/2_{2 (G)} (3.16) if ρ_0 is sufficiently small (notice that M_2(ρ_0) is independent of t).

Similar estimates hold for the nonlinear terms in (3.5): if

‖u‖fW^{2+l,1+l/2}_2 (Q_T )^{+ ‖v‖}W^{2+l,1+l/2}_2 (Q_{T,T +1}) +T ‖v‖_W 1+l,(1+l)/2 2 (Q_{T,T} +1) ≤ δ1 ≪ 1, (3.17)

then ‖l_1(u_0 + v, q_0 + p) − l_1(u_0, q_0)‖_W l,l/2_{2 (QT,T +1)} +T ( ‖l_1(u_0 + v, q_0 + p) − l_1(u_0, q_0)‖_W l−1,(l−1)/2_{2 (QT,T +1)} )

≤ cδ_1 ( ‖v‖fW^{2+l,1+l/2}_2 (Q_{T,T +1})^{+ ‖∇p‖}fW^{l,l/2}_2 (Q_{T,T +1})^{),} ‖l_2(u_0 + v) − l_2(u_0)‖_W l+1,0_{2 (QT,T +1)} +‖L(u_0 + v) − L(u_0)‖_W 0,1+l/2_{2 (QT,T +1)} +‖l_3(u_0 + v) − l_3(u_0)‖_W l+1/2,l/2+1/4

2 (G_{T,T} +1)

+‖l_4(u_0 + v) − l_4(u_0)‖_W l+1/2,l/2+1/4

2 (G_{T,T} +1)

+‖λ_2(u_0 + v) − λ_2(u_0)‖_W l+1/2,l/2+1/4

2 (G_{T,T} +1) +T ( ‖l_2(u_0 + v) − l_2(u_0)‖_W l,0_{2 (QT,T +1)} +‖L(u_0 + v) − L(u_0)‖_W 0,1/2+l/2_{2 (QT,T +1)} +‖l_3(u_0 + v) − l_3(u_0)‖_W l−1/2,l/2−1/4

2 (G_{T,T} +1)

+‖l_4(u_0 + v) − l_4(u_0)‖_W l−1/2,l/2−1/4

2 (G_{T,T} +1)

+‖λ_2(u_0 + v) − λ_2(u_0)‖_W l−1/2,l/2−1/4

2 (G_{T,T} +1) )

≤ cδ_1 ( ‖v‖_W 2+l,1+l/2 2 (Q_{T,T} +1) + T ‖v‖W 1+^{l,}(^l+1)^/2

2 (Q_{T,T} +1) ) . (3.18) The proof of all these inequalities, as well as of (2.13), will be given in a separate paper. In addition, we have ‖f ‖_W l,l/2_{2 (QT,T +1)} + T ‖f ‖_W l−1,(l−1)/2_{2 (QT,T +1)}

194 V. A. SOLONNIKOV +‖f‖_W l+1,0_{2 (QT,T +1)} + T ‖f‖_W l,0_{2 (QT,T +1)} +‖F ‖_W 0,1+l/2_{2 (QT,T +1)} +T ‖F ‖_W 0,l/2+1/2_{2 (QT,T +1)} +‖d‖_W l+1/2,l/2+1/4_{2 (GT,T +1)} +T ‖d‖_W l−1/2,l/2−1/4 2 (G_{T,T} +1) + ‖l4(u0) − l (0) 4 (u_0)‖_W l+1/2,l/2+1/4

2 (G_{T,T} +1)

+T ‖l_4(u_0) − l^{(0)}_4 (u_0)‖_W l−1/2,l/2−1/4

2 (G_{T,T} +1) ≤ c ( ‖u‖fW^{2+l,1+l/2}_{2 (QT )}^{+ ‖∇q‖}fW^{l,l/2}_{2 (QT )}^{),} ‖λ_3(u_0)‖_W l+1/2,l/2+1/4

2 (G_{T,T} +1) + T ‖λ3(u0)‖W^{l−}1^/2^{,l/}2^−1^/4

2 (G_{T,T} +1)

+‖λ_4(u_0)‖_W l+1/2,l/2+1/4

2 (G_{T,T} +1) + T ‖λ4(u0)‖W^{l−}1^/2^{,l/}2^−1^/4

2 (G_{T,T} +1) ≤ c‖u‖f_W 2+l,1+l/2 2 (Q_T ),

‖M_4(ρ_1)‖_W l+1/2_{2 (Γ0)} + T ‖M_4(ρ_1)‖_W l−1/2_{2 (Γ0)} ≤ c ( ‖ρ_1‖_W l+1/2_{2 (ΓT )} + T ‖ρ_1‖_W l−1/2_{2 (ΓT )} ) ≤ c ~Y (T ). (3.19) The solvability of problems (3.3) and (3.5) can be established by the method of successive approximations, according to the following scheme (in the case of problem (3.3)):

u_{m+1t} + 2ω(e_3 × u_{m+1}) − ν∇^2u_{m+1} + ∇q_{m+1} = l_1(u_m, q_m), ∇ · u_{m+1} = l_2(u_m), ξ ∈ Ω_0, t > 0, Π_0S(u_{m+1} )n_0 = l_3(u_m), (3.20) −q_{m+1} + νn_0 · S(u_{m+1} )n_0 − λ_1(u_{m+1}) = l_4(u_m) + λ_2(u_m) + M_2(ρ_0), u_{m+1}(ξ, 0) = w_0(ξ), ξ ∈ Ω_0, m = 1, . . .,, u_0 = 0, q_0 = 0.

Problem (3.3) differs from (3.8) by the presence of linear terms 2ω(e_3 × u) and −λ_1(u) in the equation and in the boundary condition. They are of a lower order, in particular, λ_1(u) can be estimated by the interpolation inequality ‖λ_1(u)‖_W l+1/2,l/2+1/4 2 (G1) ≤ ϵ2‖u‖W^l+2^{,l/}2+12 (Q1) + c(ϵ2)‖u‖L2(Q1),

ON THE STABILITY OF UNIFORMLY ROTATING 195

with arbitrarily small ϵ_2 > 0. Therefore estimate (3.11) is still applicable. The necessary compatibility conditions are satisfied, hence problems (3.20) are solvable for all m = 0, 1, . . .. Let X_m = ‖u_m‖_W 2+l,1+l/2 2 (Q1) + ‖∇qm‖W^{l,l/}22 (Q1) + ‖qm‖W^l+1^,(^l+1)^/22 (G1).

If X_m ≤ δ_1, then, by (3.11), (3.14), (3.16), X_{m+1} ≤ c_1δ_1X_m + c_2N_1, where N_1 = ‖w_0‖_W l+1_{2 (Ω0} + ‖ρ_0‖_W l+1/2_{2 (Γ0)}.

It is easily seen that

X_m ≤ c_2N_1(1 − c_1δ_1)^{−1} (3.21)

implies X_{m+1} ≤ c_2N_1(1 − c_1δ_1)^{−1}, and if we assume that c_2N_1(1 − c_1δ_1)^{−1} ≤ δ_1, then X_{m+1} ≤ δ_1, so (3.21) holds for all m. We omit an elementary proof of convergence of the sequence (u_m, q_m). It is clear that the limiting function is a solution of (3.3) and it satisfies inequality (3.6).

Theorem 3.2 is proved by similar (slightly more complicated) arguments. We again use the method of successive approximations:

v_{m+1t} + 2ω(e_3 × v_{m+1}) − ν∇^2v_{m+1} + ∇p_{m+1}

= l_1(u_0 + v_m, q_0 + p_m) − l_1(u_0, q_0) + f (ξ, t),

∇ · v_{m+1} = l_2(u_0 + v_m) − l_2(u_0) + f(ξ, t), ξ ∈ Ω_0, t > T,

Π_0S(v_{m+1})n_0 = l_3(u_0 + v_m) − l_3(u_0) + d(ξ, t),

−p_{m+1} + νn_0 · S(v_{m+1})n_0 − λ_1(v_{m+1}) = l_4(u_0 + v_m) − l_4(u_0)

+λ_4(u_0 + v_m) − λ_4(u_0) + d(ξ, t) + M_2(ρ_1), x ∈ Γ_0,

v_{m+1}(ξ, T ) = 0, ξ ∈ Ω_0,

m = 0, 1, . . ., v_0 = 0. It is easily seen that the compatibility conditions are satisfied. We assume that

X_m = ( ‖v_m‖_W 2+l,1+l/2 2 (Q_{T,T} +1) + ‖∇pm‖W^{l,l/}22 (Q_{T,T} +1) +‖p_m‖_W l+1/2,l/2+1/4 2 (Q_{T,T} +1) ) + T ( ‖v_m‖_W 1+l,(1+l)/2 2 (Q_{T,T} +1) +‖∇p_m‖_W l−1,(l−1)/2 2 (Q_{T,T} +1) + ‖pm‖W^{l−}1^/2^{,l/}2^−1^/4

2 (Q_{T,T} +1) ) ≤ δ_1 2

196 V. A. SOLONNIKOV

and we apply inequalities (3.11), (3.12). Then we add the first estimate obtained in this way to the second multiplied by T . We also use inequalities (3.18) and (3.19), and obtain

X_{m+1} ≤ c_1δ_1X_m + c_2 ~Y (T ). If X_m ≤ c_2(1 − c_1δ_1)^{−1} ~Y (T ), (3.22)

then the same inequality holds for X_{m+1}, and if c_2(1 − c_1δ_1)^{−1} ~Y (T ) ≤ δ_1/2, then condition (3.17) holds for v = v_{m+1}, which allows us to make the next step in the estimate. Hence, (3.22) holds for all m > 0, which makes it possible to pass to the limit with respect to m and obtain at the end estimate (3.7) for the solution of problem (3.5).

Theorems 2.4, 3.1, and 3.2 make it possible to construct the solution of (1.29) in an infinite time interval. By Theorem 3.1, the solution u, q of (1.18) exists for t ∈ [0, 1] and satisfies (3.6). By (1.23), the function

r(ξ, t) = R(X) = R(ξ) + t∫ 0 N (X) · u(ξ, τ )dτ satisfies the inequality

‖r(·, t)‖_W l+1_{2 (Γ0)} ≤ ‖R(·)‖_W l+1_{2 (Γ0)}

+c t∫ 0 ( ‖u‖_W l+1_{2 (Γ0)} + sup_{Γ0} |u(ξ, τ )|‖N (X)‖_W l+1_{2 (Γ0)} ) dτ

≤ c ( ‖w_0‖_W l+1_{2 (Ω0)} + ‖ρ_0‖_W l+1_{2 (G)} ) , t ≤ 1. If the parameter ϵ in (2.2) is sufficiently small, then the assumptions of Theorems 2.3 and 3.2 (with T = 1) are satisfied, inequality (2.20) holds and the solution can be extended in the interval t ∈ [1, 2]. Assume that it is defined for t ∈ [0, T ] and that (2.20) holds. Then, by virtue of (3.7),

‖u‖fW^{2+l,1+l/2}_2 (Q_{T +1})^{+ ‖∇q‖}fW^{l,l/2}_2 (Q_{T +1})^{+ ‖q‖}fW^{l+1/2,l/2+1/4}_2 (G_{T +1}) ≤ ‖u_0‖f_W 2+l,1+l/2 2 (Q_T +1) + ‖∇q0‖fW^{l,l/}22 (Q_T +1) + ‖q0‖fW^l+1^/2^{,l/}2+1^/42 (G_T +1) +‖v‖f_W 2+l,1+l/2 2 (Q_T +1) + ‖∇p‖fW^{l,l/}22 (Q_T +1) + ‖p‖fW^l+1^/2^{,l/}2+1^/4

2 (G_T +1)

ON THE STABILITY OF UNIFORMLY ROTATING 197 ≤ c ( ‖u‖fW^{2+l,1+l/2}_2 (Q_T )^{+ ‖∇q‖}fW^{l,l/2}_2 (Q_T )^{+ ‖q‖}fW^{l+1/2,l/2+1/4}_2 (G_T ) +‖ρ(·, T )‖_W l+1/2_{2 (G)} + T ‖ρ(·, T )‖_W l−1/2_{2 (G)} ) . (3.23)

Proposition 4.5 proved below implies ‖ρ(·, T )‖_W l+1/2_{2 (G)} + T ‖ρ(·, T )‖_W l−1/2_{2 (G)} ≤ c ( ‖r(·, T )‖_W l+1/2_{2 (Γ0)} + T ‖r(·, T )‖_W l−1/2_{2 (Γ0)} ) ; (3.24)

hence the right-hand side in (3.23) does not exceed c ~Y (T ). The function r(ξ, t) = r(ξ, T ) +^t ∫ T N (X) · u(ξ, τ )dτ , t ∈ (T, T + 1) is estimated as

above by c ~Y (T ). It follows that the solution u, q, r of (1.29) is defined for t ∈ [0, T + 1] and satisfies in this time interval inequality (2.20), may be with another greater constant c_1 than c_0 = 2c_2 in (2.20). But if we impose on ϵ one more last restriction c_1ϵ ≤ δ_1, then, according to Theorem 2.3, (2.20) holds with the constant c_0. So we can extend the solution step by step to the infinite time interval and obtain estimate (2.3) for T = ∞. This completes the proof of Theorem 2.1.

4. Some auxiliary propositions

This section is devoted to justification of some results presented in Sec. 2 without proof. We start with the estimates of the W^l_2(Ω)-norm of the product of two functions. For this purpose we need to introduce the Besov spaces B^l_{p,q} (Ω), l > 0. If Ω = R^n, then one of the equivalent norms in B^l_{p,q} (R^n) is

‖u‖_Bl_{p,q(}Rn_) = ‖u‖_{Lp(}Rn_) + ( ∫ |z|<1 ‖Δ^m(z)u(x)‖^q_{Lp(}R_{n)} dz |z|^{n+ql} )_{1/q} , (4.1)

where

Δ^m(z)u(x) = m∑ j=0 (−1)^{m−j} C^m_j u(x + jz) is a finite difference of the function u(x) of order m > l (all the norms of this type with different m > l are equivalent to each other, see [13]). Similar norm can be introduced in the space B^l_{p,q} (R^n_+), R^n_+ = {x_n > 0}, with the integration over the half-ball {|z| < 1, z_n > 0}. For functions u

198 V. A. SOLONNIKOV

given in a domain of the Euclidean space or on a smooth manifold these spaces are introduced in a standard way, with the help of partition of unity and local maps [14]. The space B^l_{2,2}(Ω) coincides with W^l_2(Ω). We deal with the case q = 2.

We recall the imbedding theorems for the Besov spaces [15]: every function from B^l_{p,q} (Ω) belongs to B^{l1}_{p1,q1} (Ω), where l_1 = l−n/p+n/p_1 > 0, p_1 ≥ p, q_1 ≥ q, and ‖u‖_Bl_{1p1,q1(Ω)} ≤ c‖u‖_Bl_{p,q(Ω)}. (4.2) If l−n/p+n/p_1 ≥ 0, p_1 ≥ q, p_1 ≥ p, and u ∈ B^l_{p,q}(Ω), then u ∈ L_{p1} (Ω), and ‖u‖_{Lp1(Ω)} ≤ c‖u‖_Bl_{p,q(Ω)}. (4.3) Proposition 4.1. Let Ω be a domain in R^n or a smooth n-dimensional manifold and let p_i, q_i, i = 1, 2, be numbers satisfying the conditions 2 < p_i, q_i ≤ ∞ and 1/p_i + 1/q_i = 1/2. Arbitrary functions u ∈ B^l_{p1,2}(Ω) ∩ L_{q2} (Ω), v ∈ B^l_{p2,2}(Ω) ∩ L_{q1} (Ω) satisfy the inequality ‖uv‖_W l_{2(Ω)} ≤ c ( ‖v‖_{Lq1(Ω)}‖u‖_Bl_{p1,2(Ω)} + ‖u‖_{Lq2(Ω)}‖v‖_Bl_{p2 ,2(Ω)} ) . (4.4)

Proof. We prove (4.4) in the case Ω = R^n, since it can be extended to the cases indicated in the statement of the proposition in a standard way. By induction it is easy to prove the identity

Δ^m(z)(z)u(x)v(x) = m∑ j=0 C^j_mΔ^j(z)u(x)Δ^{m−j} (z)v(x + (m − j)z). If m > 2l, then in every term of this sum one of the numbers j or m − j is greater than l, so, applying the Hölder inequality, we obtain ||Δ^m(z)uv||_{L2(}Rn_) ≤ c ( ‖v‖_{Lq1 (}Rn_)‖Δ^k(z)u(·)‖_{Lp1 (}Rn_) + ‖u‖_{Lq2(}Rn_)‖Δ^k(z)v(·)‖_{Lp2 (}Rn_) ) , ∫ |z|<1 ‖Δ^m(z)uv‖^2_{L2(}Rn_) dz |z|^{n+2l}

≤ c ( ‖v‖^2_{Lq1 (}Rn_) ∫ |z|<1 ‖Δ^k(z)u(·)‖^2_{Lp1 (}Rn_) dz |z|^{n+2l}

ON THE STABILITY OF UNIFORMLY ROTATING 199

+‖u‖^2_{Lq2 (}Rn_) ∫ |z|<1 ‖Δ^k(z)v(·)‖_{Lp2 (}Rn_) dz |z|^{n+2l} )

with k > l. In addition, we have ‖uv‖_{L2(}Rn_) ≤ 1 2 ( ‖v‖_{Lq1 (}Rn_)‖u‖_{Lp1 (}Rn_) + ‖u‖_{Lq2(}Rn_)‖v‖_{Lp2 (}Rn_) ) . From these inequalities (4.4) follows.

Corollary. If u, v ∈ W^l_2(Ω) with l > n/2, then ‖uv‖_W l_{2(Ω)} ≤ c ( sup_Ω |v(x)|‖u‖_W l_{2(Ω)} + sup_Ω |u(x)|‖v‖_W l_{2(Ω)} )

≤ c‖u‖_W l_{2(Ω)}‖v‖_W l_{2(Ω)}. (4.5)

Moreover, ‖uv‖_W l_{2(Ω)} ≤ c‖u‖_W l_{2(Ω)} ( sup_Ω |v(x)| + ‖v‖_Bl_{q,2(Ω)} )

≤ c‖u‖_W l_{2(Ω)} ( sup_Ω |v(x)| + ‖v‖_W n/2_{2 (Ω)} ) , n/q = l < n 2 , (4.6)

if u ∈ W^l_2(Ω), v ∈ W^{n/2}_2 (Ω) ∩ L_∞(Ω), and

‖uv‖_W^n_{22 (Ω)} ≤ c‖u‖_W^n_{22 (Ω)}‖v‖_W n/2+ϵ_{2 (Ω)}, ϵ > 0, (4.7)

if u ∈ W^{n2}_2 (Ω), v ∈ W^{n/2+ϵ}_2 (Ω)

To obtain (4.5), one should take q_1 = q_2 = ∞ in the above proof and use the theorem of imbedding of W^l_2(Ω) into C(Ω). Inequalities (4.6) and (4.7) are obtained by taking q_1 = ∞, n/p_1 = n/2 − l if l < n/2, and q_1 = ∞, p_1 ≫ 1 if l = n/2.

Proposition 4.2. Let x = T (y) be a continuously differentiable invertible mapping of the domain Ω ⊂ R^n with a compact boundary S on Ω^′ ⊂ R^n with ∂Ω^′ = S^′, and let L be the Jacobi matrix of the transformation T , L = det L > 0, ^L = LL^{−1} = (^L_{km})_{k,m=1,... ,n}. Arbitrary function f(y) given in Ω satisfies the relation ∫ S f(y)| ^L^T N (y)|dS_y = ∫ S^′ f(T^{−1}(x))dS_x, (4.8)

200 V. A. SOLONNIKOV

where N is the exterior normal to S.

Proof (see for instance [6]). Let w^′(x) be a vector field in Ω^′ such that f(T^{−1}(x)) = w^′ · n, where n is the exterior normal to S^′; it is related to N by

n(T (y)) = ^L^T N (y) | ^L^T N (y)| . Let w(y) = w^′(T (y)). We have ∫ S^′ f(T^{−1}x)dS_x = ∫ Ω^′ ∇_x · w^′dx = n∑ k,m=1 ∫ Ω ∂w_k ∂y_m ∂y_m ∂x_k Ldy

= n∑ k,m=1 ∫ S w_kN_m ^L_{mk}dS_y = ∫ S w(y) · n(T (y))| ^L^T N |dS_y

= ∫ S f(y)| ^L^T N (y)|dS_y ,

(we have used the identity ∑_n m=1 ∂ ∂y_m ^L_{mk} = 0). �

In particular, the transformations x = e_ρ(z), ξ = e_{ρ0} (y) with small ρ, ρ_0 ∈ C^1(F), as well as x = X(ξ, t) with a small u ∈ ~W^{l+2,l/2+1}(Q_T ) are invertible mappings of F on Ω_t, F on Ω_0 and Ω_0 on Ω_t respectively; the last statement follows from the estimate T∫ 0 ‖u(·, t)‖_W s_{2 (Ω0)}dt

≤ (^T∫ 0 (1 + t)^{2γ} ‖u(·, t)‖^2_W s_{2 (Ω0)}dt

)_{1/2}(^T∫ 0 (1 + t)^{−2γ} dt )_{1/2}

≤ c‖u‖f_W 2+l,l+l/2 2 (Q_T ),

where s = l + 3/2 − ϵ^′, γ = 1/2 + ϵ^′ > 1/2. Hence we have ∫ Γ_t

f_1(e^{−1}_ρ (x))dS_x = ∫ G f_1(z)| ^L^T (z; ρ)N (z)|dS_z ,

ON THE STABILITY OF UNIFORMLY ROTATING 201 ∫ Γ_t

f_2(X^{−1}(x))dS_x = ∫ Γ0 f_2(ξ)|A(ξ, t)n_0(ξ)|dS_ξ, ∫ Γ0 f_3(e^{−1}_{ρ0} (ξ))dS_ξ = ∫ G f_3(y)| ^L^T (y; ρ_0)N (y)|dS_y . Proposition 4.3. Let x = T (y) : Ω → Ω^′ be an invertible transformation of the class W^s_2 (Ω) with s > n/2 + 1. Then the norms ‖f‖_W l_{2(Ω)} and ‖f^′‖_W l_{2(Ω}′_) where f^′(T (y)) = f(y) are equivalent to each other for all l ∈ [0, s]. Moreover, if l > 1/2, and ϕ^′(T (y)) = ϕ(y), y ∈ S = ∂Ω, then the norms ‖ϕ‖_W l−1/2_{2 (S)} and ‖ϕ^′‖_W l−1/2_{2 (S′)}, where S^′ = ∂Ω^′ are also equivalent.

Proof. Let us estimate the norm of f. From ∫ Ω |f(y)|^2|L(y)|dy = ∫ Ω^′

|f^′(x)|^2dx (4.9)

it follows that the L_2-norms of f and f^′ are equivalent to each other. Moreover, for arbitrary λ ∈ (0, 1), we have ∫ Ω^′ ∫ Ω^′

|f^′(x) − f^′(x^′)|^2 |x − x^′|^{n+2λ} dxdx^′ = ∫ Ω ∫ Ω |f(y) − f(y^′)|^2 |T (y) − T (y^′)|^{n+2λ} |L(y)L(y^′)|dydy^′

≥ c ∫ Ω ∫ Ω |f(y) − f(y^′ )|^2 |y − y^′|^{n+2λ} dydy^′, (4.10) since the Jacobi matrix of the transformation T is nondegenerate and c_1|y − y^′| ≤ |T (y) − T (y^′)| ≤ c_2|y − y^′|. From (4.9) and (4.10), we obtain necessary estimate of the norm of f in the case l < 1. The inverse estimate of f^′ by f is proved in the same way.

Let l ≥ 1. We make use of the inequality

‖f‖_W l_{2(Ω)} ≤ ‖f‖_{L2(Ω)} + ‖∇f‖_W l−1_{2 (Ω)},

and estimate the norm of ∇f using the identity ∂f ∂y_j = n∑ k=1 f_k(y) ∂x_k ∂y_j ,

202 V. A. SOLONNIKOV

where f_k(y) =^{∂f}_{∂xk} | | |_{x=T (y)}. We apply (4.5), (4.7) and obtain

‖∇f‖_W l−1_{2 (Ω)} ≤ c n∑ k=1 ‖f_k‖_W l−1_{2 (Ω)}‖∇x_k‖_W s_{2 (Ω)} ≤ c n∑ k=1 ‖f_k‖_W l−1_{2 (Ω)}.

If l < 2, then the right-hand side does not exceed ‖f^′‖_W l_{2(Ω}′_). In the case l ≥ 2, we repeat the above arguments applying them to f_k. We have ‖f_k‖_W l−1_{2 (Ω)} ≤ ‖f_k‖_{L2(Ω)} + ‖∇_yf_k‖_W l−2_{2 (Ω)}, ∂f_k ∂y_j = n∑ m=1 f_{km}(y) ∂x_m ∂y_j , from which we conclude, as above, that

‖f_k‖_W l−1_{2 (Ω)} ≤ ‖f_k‖_{L2(Ω)} + c n∑ m=1 ‖f_{km}‖_W l−2_{2 (Ω)},

f_{km} = f^′_{xkxm} |_{x=T (y)}. Collecting estimates we obtain

‖f‖_W l_{2(Ω)} ≤ c(‖f^′‖_W 2_{2 (Ω}′_) + n∑ k,m=1 ‖f_{km}‖_W l−2_{2 (Ω)}),

and when we continue in this way, we arrive at

‖f‖_W l_{2 (Ω)} ≤ c(‖f^′‖_W [l]_{2 (Ω′)} + n∑ k1...k[_l]=1 ‖f_{k1...k[l]} ‖_W l−[l]_{2 (Ω)}) ≤ c‖f^′‖_W l_{2(Ω}′_),

where f_{k1...k[l]} = f_{xk1 ...xk[l]} |_{x=T (y)}. The inverse estimate ‖f^′‖_W l_{2(Ω}′_) ≤ c‖f‖_W l_{2(Ω)} is established in the same way. The first statement of the proposition is proved.

Let f be extension of ϕ into Ω such that ‖f‖_W l_{2(Ω)} ≤ c‖ϕ‖_W l−1/2_{2 (S)} and f^′(T (y)) = f(y). It is clear that f^′|_S′ = ϕ^′. By virtue of the trace theorem for the Sobolev spaces and of the first statement of the present proposition, we have

‖ϕ^′‖_W l−1/2_{2 (S′)} ≤ c‖f^′‖_W l_{2(Ω}′_) ≤ c‖f‖_W l_{2(Ω)} ≤ c‖ϕ‖_W l−1/2_{2 (S)}.

ON THE STABILITY OF UNIFORMLY ROTATING 203

The inverse estimate ‖ϕ‖_W l−1/2_{2 (S)} ≤ c‖ϕ^′‖_W l−1/2_{2 (S′ )} is obtained in the same way. The proposition is proved.

This propositions will be applied to the mappings x = e_ρ(z), ξ = e_{ρ0} (y), x = X(ξ, t).

Proposition 4.4. Let b(ξ) be the function of class W^r_2 (Ω) ∩ W^{3/2}_2 (Ω) defined in the domain Ω ⊂ R^3 and let f(b), b = (b_1, . . . , b_M ), be a smooth function uniformly bounded together with its derivatives with respect to b_k when b = b(ξ), ξ ∈ Ω. Then ‖f(b(·)‖_W r_{2 (Ω)} ≤ ‖f‖_{L2(Ω)} + c‖b‖_W r_{2 (Ω)} (4.11) if r < 1, and ‖∇_ξf(b)‖_W r−1_{2 (Ω)} ≤ c‖∇b‖_W r−1_{2 (Ω)} (4.12) if r ≥ 1. The constant in (4.12) depends on ‖b‖_W r−1_{2 (Ω)} and ‖b‖_W 3/2_{2 (Ω)}. Proof. Since |f(b(ξ)) − f(b(η))| ≤ c|b(ξ) − b(η)|, (4.13) inequality (4.11) is evident. In the case r = 1 + ρ, ρ ∈ [0, 1], we use the equation ∇f(b(ξ)) = M∑ j=1 f_{bj} ∇b_j(ξ). By (4.6), ‖∇f‖_W^ρ_{2 (Ω)} ≤ c M∑ j=1 ‖∇b_j‖_W^ρ_{2 (Ω)} ( ‖f_{bj} ‖_{L∞(Ω)} + ‖f_{bj} ‖_B^ρ_{q,2(Ω)} ) , where 3/q = ρ. By virtue of (4.13), ‖f_{bj} ‖_B^ρ_{q,2(Ω)} ≤ c ( ‖f_{bj} ‖_{Lq(Ω)} + ‖b‖_B^ρ_{q,2(Ω)} )

≤ c ( ‖f_{bj} ‖_{Lq(Ω)} + ‖b‖_W 3/2_{2 (Ω)} ) ; hence ‖∇f‖_W^ρ_{2 (Ω)} ≤ c‖∇b‖_W^ρ_{2 (Ω)}.

204 V. A. SOLONNIKOV

In the case r − 1 = k + ρ > 3/2, k > 0, we have, by (4.5), ‖∇f‖_W r−1_{2 (Ω)} ≤ c M∑ j=1 ‖f_{bj} ‖_W r−1_{2 (Ω)}‖∇b_j‖_W r−1_{2 (Ω)} and ‖f_{bj} ‖_W r−1_{2 (Ω)} ≤ ‖f_{bj} ‖_{L2(Ω)} + ‖∇f_{bj} ‖_W r−2_{2 (Ω)}.

Hence the estimate of ‖∇f‖_W k+ρ_{2 (Ω)} is reduced to the estimate of ‖∇f_{bj} ‖_W k−1+ρ_{2 (Ω)}. Repeating this argument we arrive at the case k = 0 if 1 + ρ > 3/2, i.e., ρ > 1/2. This case has been considered above. If 1 + ρ ≤ 3/2, then

‖∇f‖_W 1+ρ_{2 (Ω)} ≤ c M∑ j=1 ‖f_{bj} ‖_W 3/2+ϵ_{2 (Ω)}‖∇b_j‖_W 1+ρ_{2 (Ω)}

with arbitrarily small ϵ > 0. Using the inequality

‖f_{bj} ‖_W 3/2+ϵ_{2 (Ω)} ≤ ‖f_{bj} ‖_{L2(Ω)} + ‖∇f_{bj} ‖_W 1/2+ϵ_{2 (Ω)},

we arrive again at the case considered above. At any case we obtain (4.12), and the proposition is proved.

If f(b)| ≤ c|b|, then ‖f‖_{L2(Ω)} ≤ c‖b‖_{L2(Ω)}. Together with (4.12), this yields ‖f‖_W r_{2 (Ω)} ≤ c‖b‖_W r_{2 (Ω)}. (4.14)

Similar inequalities hold in the two-dimensional case, but then we should require that b ∈ W^r_2 (Ω) ∩ W^1_2 (Ω).

Now, we estimate the norms of the functions r(ξ, t) = R(X(ξ, t)), ξ ∈ Γ_0, and ρ(z, t), z ∈ G, introduced above (we recall that R(x) = ±dist (x, G)).

Proposition 4.5. Let ρ_0 ∈ W^{l+3/2}_2 (G) and u ∈ ~W^{2+l,1+l/2}_2 (Q_T ) with l ∈ (1, 3/2). The functions r(ξ, t) and ρ(z, t) satisfy the inequalities

‖r(·, t)‖_W l_{12 (Γ0)} ≤ c ( ‖ρ_0‖_W l_{12 (G)} + t∫ 0 ‖u(·, τ )‖_W l_{12 (Ω0)}dτ ) , (4.15)

‖ρ(·, t)‖_W l_{12 (G)} ≤ ‖r(·, t)‖_W l_{12 (Γ0)}

ON THE STABILITY OF UNIFORMLY ROTATING 205 ≤ c ( ‖ρ_0‖_W l_{12 (G)} + t∫ 0 ‖u‖_W l_{12 (G)}dτ ) (4.16)

with l_1 ∈ [0, l + 1) provided the norms of ρ_0 and u are small. Proof. The estimate (4.15) follows from the equation

r(ξ, t) = R(X(ξ, t)) = R(ξ) + (R(X) − R(ξ)) = R(ξ) + 1∫ 0 d ds R(X_s)ds

= R(ξ) + 1∫ 0 ∇_{Xs} R(X_s)ds · t∫ 0 u(ξ, τ )dτ, (4.17)

where X_s(ξ, t) = ξ + s t∫ 0 u(ξ, τ )dτ . By virtue of Proposition 4.3,

‖R(ξ)‖_W l_{12 (Γ0)} ≤ c‖ρ_0‖_W l_{12 (G)}. (4.18)

Indeed, let us take an arbitrary function f ∈ W^{l1}_2 (G) and let f^∗ be its extension in F such that

‖f^∗‖_W l_1+1/2_{2 (F)} ≤ c‖f‖_W l_{12 (G)}.

According to Proposition 4.3, the function g(ξ) = f^∗(e^{−1}_{ρ0} (ξ)) belongs to W^{l1+1/2}

2 (Ω_0) and

‖g‖_W l_{12 (Γ0)} ≤ c‖g‖_W l_1+1/2_{2 (Ω0)} ≤ c‖f^∗‖_W l_1+1/2_{2 (F)} ≤ c‖f‖_W l_{12 (G)}.

This inequality applied to f = ρ_0(y) yields (4.18).

Due to (4.5)–(4.7) (for functions given on two-dimensional manifold Γ_0), ‖R(X) − R(ξ)‖_W l_{12 (Γ0)}

≤ c 1∫ 0 ( ‖∇_{Xs} R(X_s)‖_W l_{22 (Γ0)} + sup_{Γ0} |∇_{Xs} R(X_s)| ) ds t∫ 0 ‖u‖_W l_{12 (Γ0)}dτ

with l_2 = l_1 if l_1 > 1, l_2 = 1 + ϵ if l_1 = 1, l_2 = 1 if l_1 < 1. The function R(x) is smooth in the neighborhood of G, so, by Proposition 4.4, the

206 V. A. SOLONNIKOV

norms of ∇_{Xs} R(X_s) are bounded because

‖X_s‖_W l_{22 (Γ0)} ≤ c ( 1 + t∫ 0 ‖u‖_W l_{22 (Γ0)}dτ ) ≤ c‖u‖f_W 2+l,1+l/2 2 (Q_T ) ≤ c.

It follows that

‖R(X) − R(ξ)‖_W l_{12 (Γ0)} ≤ c t∫ 0 ‖u‖_W l_{12 (Γ0)}dτ. Together with (4.18), this inequality proves (4.15). To prove (4.16), we introduce the extension r^∗ ∈ W^{l1+1/2}_2 (Ω_0) of r(ξ, t) into Ω_0 such that ‖r^∗‖_W l_1+1/2_{2 (Ω0)} ≤ c‖r‖_W l_{12 (Γ0)}, and define R(x, t), x ∈ Ω_t, by R(X, t) = r^∗(ξ, t) (hence, R(e_ρ(z), t) = ρ(z, t) for z ∈ G). By Proposition 4.3,

‖R‖_W l_1+1/2_{2 (Ωt)} ≤ c‖r^∗‖_W l_1+1/2_{2 (Ω0)} ≤ c‖r‖_W l_{12 (Γ0)}. Now, we introduce the mapping z = x − N^∗(x)R(x, t) = z(x), where N^∗ is a smooth extension of the vector field N given on G into

R^3. For ρ0 and u sufficiently small, z(x) is an invertible mapping of Ωt

on F of class W^{l+3/2−ϵ}

2 (Ω_t), ϵ > 0. Applying again Proposition 4.3, we obtain ‖ρ‖_W l_{12 (G)} ≤ c‖ρ_1‖_W l_1+1/2_{2 (F)} ≤ c‖R‖_W l_1+1/2_{2 (Ωt)} ≤ c‖r^∗‖_W l_1+1/2_{2 (Ω0)} ≤ c‖r‖_W l_{12 (Γ0)} with ρ_1 defined by ρ_1(z(x), t) = R(x, t). So the proposition is proved. Proposition 4.6. Under the assumptions of Proposition 4.5, ‖r(·, t)‖_W −1/2_{2 (Γ0)} ≤ c‖ρ(·, t)‖_W −1/2_{2 (G)}, ∀t ∈ (0, T ). Proof. By virtue of Proposition 4.2,

‖r‖_W −1/2_{2 (Γ0)} = sup

φ∈W 1^/22 (Γ0)

‖φ‖^{−1}_{W 1/22 (Γ0)} | | ∫ Γ0 r(ξ, t)φ(ξ)dS_ξ | |

ON THE STABILITY OF UNIFORMLY ROTATING 207

= sup

φ∈W 1^/22 (G) ‖φ‖^{−1}_{W 1/22 (G)} | | | ∫ G ρ(z, t)φΦ(z, t)dS_z | | |, (4.19) where Φ = | ^L^T (z; ρ)N (z)| |A(ξ, t)n_0(ξ)| , and z, ξ are related to each other by e_ρ(z) = x = X(ξ, t). Under our assumptions, Φ(z, t) is bounded and as a function of z belongs to W^λ_2 (G) with λ > 1 uniformly with respect to T . The same is true for the functions | ^L^T (z, ρ)N (z)|, |A(ξ, t)n_0(ξ)|^{−1}. Let ψ^′(e^{−1}_ρ (X), t) = φ(ξ, t) |A(ξ, t)n_0| , ψ(z, t) = φΦ(z, t) = ψ^′(z, t)| ^L^T N |. By Propositions 4.1 and 4.3,

‖ψ‖_W 1/2_{2 (G)} ≤ c‖ψ^′‖_W 1/2_{2 (G)}‖ ^L^T N ‖_W λ_{2 (G)} ≤ c‖ψ^′‖_W 1/2_{2 (G)}

≤ c‖ψ^′(e^{−1}_ρ , t)‖_W 1/2_{2 (Γt)} ≤ c‖ψ^′(e^{−1}_ρ (X), t)‖_W 1/2_{2 (Γ0)} ≤ c‖φ‖_W 1/2_{2 (G)};

hence the right-hand side of (4.19) does not exceed sup ψ∈W 1^/22 (G) ‖ψ‖^{−1}_{W 1/22 (G)} | | | ∫ G ρ(z, t)ψ(z)dS_z | | | = c‖ρ‖_W −1/2_{2 (G)}. The proposition is proved.

Propositions 4.3 and 4.6 justify, in particular, inequalities (2.9), (2.18), and (3.24), and they will be used in the proof of the e stimates of nonlinear terms in (1.29). Equation (1.26) follows from Proposition 4.2.

References

1. M. Padula, V. A. Solonnikov, Existence of nonsteady flows of an incompressible viscous drop of fluid in a frame rotating with finite angular velocity. — Elliptic and Parabolic Problems, Proc. of IV European Conference, World Sci. (2002), pp. 180-203.

2. V. A. Solonnikov, On the stability of axisymmetric equilibrium figures of rotating viscous incompressible liquid. — Algebra Anal. 16 (2004), No. 2, 120–153.

3. V. A. Solonnikov, On the stability of nonsymmetric equilibrium figures of rotating viscous incompressible liquid. — Interfaces and free boundaries 6 (2004), 461–492.

208 V. A. SOLONNIKOV

4. P. Appell, Traité de mécanique rationelle. T.4, Fasc.1. Figures d’ équilibre d’une masse liquide homogǹe en rotation. Gautier-Villars, Paris, 1932.

5. A. M. Lyapunov, On the stability of ellipsoidal equilibrium forms of rotating fluid. Collected works, vol 3, Moscow (1959).

6. V. A. Solonnikov, A generalized energy estimate in a problem with a free boundary for a viscous incompressible fluid. — Zap. Nauchn. Semin. POMI 282 (2001), 216–243.

7. L. N. Slobodetskii, Generalized S.L.Sobolev spaces and their application to the boundary value problems for partial differential equations. — Uchen. Zap. of Leningr. Herzen Ped. Inst. 197 (1958), 54–112.

8. Y. Hataya, Decaying solutions of the Navier–Stokes flow without surface tension.

— (submitted to J. Math. Kyoto Univ).

9. V. A. Solonnikov, On the linear problem related to the stability of uniformly rotating self-gravitating liquid. — J. Math. Sci. 144, No. 6 (2007), p. 4671.

10. V. A. Solonnikov, On the problem of evolution of self-gravitating isolated liquid mass not subjected to capillary forces. — J. Math. Sci 122, No. 3 (2004), 3310– 3330.

11. O. A. Ladyzhenskaya, V. A. Solonnikov, N. N. Uraltseva, Linear and quasilinear equations of parabolic type. “Nauka” Moscow (1967).

12. V. A. Solonnikov, Lp-estimates of solutions of initial-boundary value problem for generalized Stokes equations in a bounded domain. — PMA 21 (2000), 211–263.

13. K. K. Golovkin, On equivalent norms in fractional spaces. — Trudy MIAN 66 (1962), 364–383.

14. O. V. Besov, V. P. Il’in, S. M. Nikol’skii, Integral representations of functions and imbedding theorems. Nauka, Moscow, 1975.

15. O. V. Besov, Investigation of a class of functional spaces in connection with imbedding and extension theorems. — Trudy MIAN SSSR 60 (1961), 42–81.

Postupilo 5 oktØbrØ 2007 g.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN