Zapiski nauqnyh seminarov POMI Tom 348, 2007 g.

Ewa Zadrzyńska, Wojciech M. Zaja̧czkowski

THE CAUCHY–DIRICHLET PROBLEM FOR THE HEAT EQUATION IN BESOV SPACES

Abstract. In the paper, we study the solvability in anisotropic spaces B^{σ2,σ}_{p,q} (Ω^T ), σ ∈ R+, p, q ∈ (1, ∞), of the heat equation ut − Δu = f in ΩT ≡ (0, T ) × Ω with the boundary and initial conditions: u = g on ST , u|_{t=0} = u_0 in Ω, where S is the boundary of a bounded domain Ω ⊂ R^n. We prove the existence of a unique solution u ∈ B σ 2 +1,σ+2 p,q (ΩT ) of the above problem assuming that S ∈ Cσ+2, f ∈ B σ 2 ,σ p,q (ΩT ), g ∈ B σ 2 +1−^1_{2p} ,σ+2−^1_p p,q (ST ), u0 ∈ B σ+2−^2_p

p,q (Ω) and imposing some additional conditions on the data.

The existence is proved by the regularizer technique. For this purpose we need the local in space solvability near the boundary and near an interior point of Ω. To show the local in space existence we use the definition of Besov spaces by the dyadic decomposition of a partition of unity. This makes possible to get an appropriate estimate in a new and promising way without applying either the potential technique or the resolvent estimates or the interpolation.

1. Introduction We consider the following initial-boundary value problem for the heat equation:

u_t − Δu = f in Ω^T = (0, T ) × Ω, u = g on S^T = (0, T ) × S, (1.1) u|_{t=0} = u_0 in Ω,

where Ω ⊂ R^n is a bounded domain with the boundary S and 0 < T < ∞.

The aim of the paper is to examine the solvability of problem (1.1) in anisotropic Besov spaces B^{σ2 ,σ}_{p,q} (Ω^T ), σ ∈ R_+, p, q ∈ (1, ∞) (see Sec. 2).

We have to underline that we consider simple problem (1.1) to present in a clear way a general idea of the proof. In reality the methods presented

The research partially supported by MNiSW grant No. 1PO3A 021 30 and EC FP6 Marie Curie Tok Program SPADE2.

40

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 41

in this paper can be easily extended to more general linear parabolic equations or systems with different boundary conditions as well as to the nonstationary Stokes system. Such generalizations need much more calculations because then the solvability of ordinary differential equations in the half-space x_n > 0 (see (3.2)) is more complicated.

The main idea of the paper lies in estimating solution (1.4) of the ordinary differential equation (3.2) directly in Besov spaces defined by the Paley–Littlewood decomposition (see Theorem 3.1 and [23, Definition 2.3.1]). The proof bases on delicate scaling arguments connected with the decomposition and estimates of compositions of the Fourier and inverse Fourier transforms. In fact, the above way of the proof relies on a modification and adaptation to the anisotropic case some ideas of Triebel (see [23, Sec. 2.3.6]). In the proof, the technical Lemma 2.2 is used to estimate solution (3.3). To the other considerations, as the existence in a bounded domain and an extension of initial data which are more typical, we need different definitions of Besov spaces (see Definitions 2.3, 2.4, 2.6, and 2.7).

Before the formulation of the main result we have to impose some compatibility conditions on the data.

Let u_0 ∈ B^{σ+2− 2p}_{p,q} (Ω) and let ~u_0 ∈ B^{σ2 +1,σ+2}_{p,q} (Ω^T ) be an extension of u_0 on (0, T ) × Ω such that ~u_0|_{t=0} = u_0 (see [17]).

Next, extend g ∈ B^{σ2 +1− 12p ,σ+2− 1p} p,q (S^T ) on Ω^T to a function ~g ∈ B^{σ2 +1,σ+2} p,q (Ω^T ) such that ~g|_S = g (see [17]). Then, introduce the functions

f_0 = f − (~u_{0t} − Δ~u_0), g_0 = ~g − ~u_0.

Assumption 1.1.

We assume that T∫ 0 ‖∂^{m1}_t f_0‖^q_{Lp((0,t)×Ω)} t^{1+qλ1} dt < ∞ and T∫ 0 ‖∂^{m2}_t g_0|_S ‖^q_{Lp((0,t)×S)} t^{1+qλ2} dt < ∞, where m_1 = { [_σ 2 ] if^σ_2 is noninteger, σ 2 − 1 if^σ_2 ∈ N,

m_2 = { [_σ 2 + 1 −^1_{2p} ] if^σ_2 + 1 −^1_{2p} is noninteger, σ 2 −^1_{2p} if^σ_2 + 1 −^1_{2p} ∈ N,

42 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI

λ_1 = {_σ 2 − [_σ 2 ] if^σ_2 is noninteger, 1 if^σ_2 ∈ N,

λ_2 = {_σ 2 + 1 −^1_{2p} − [_σ 2 + 1 −^1_{2p} ] if^σ_2 + 1 −^1_{2p} is noninteger,

1 if^σ_2 + 1 −^1_{2p} ∈ N.

Assumption 1.2.

We assume the following compatibility conditions:

D^α_x ∂^i_t f_0|_{t=0} = 0 for |α| + 2i ≤ l_1,

D^α_x ∂^i_tg_0|_{t=0,S} = 0 for |α| + 2i ≤ l_2, (1.2)

where

l_1 = σ −^2_p − 1 if σ −^2_p ∈ N, [ σ −^2_p ] if σ −^2_p > 0 and σ −^2_p ∉ N,

l_2 = σ + 1 −^3_p if σ + 2 −^3_p ∈ N, [ σ + 2 −^3_p ] if σ + 2 −^3_p > 0 and σ + 2 −^3_p ∉ N,

and [l] denotes the integer part of l.

The main result of the paper is the following.

Theorem 1.1. Let σ ∈ R_+, p, q ∈ (1, ∞), 0 < T < ∞, Ω ⊂ R^n be a bounded domain. Assume that f ∈ B^{σ2 ,σ}_{p,q} (Ω^T ), g ∈ B^{σ2 +1− 12p ,σ+2− 1p} p,q (S^T ), u_0 ∈ B^{σ+2− 2p} p,q (Ω), S ∈ C^{2+σ}. Let Assumption 1.1 hold. Moreover, let in the case of σ >^2_p Assumption 1.2 be satisfied, and if^3_p −2 < σ ≤^2_p let only condition (1.2) hold. Then there exists a unique solution of problem (1.1) with the properties: u ∈ B^{σ2 +1,σ+2}_{p,q} (Ω^T ) and ∫_T 0 ‖∂^{m3}_t (u−~u_0)‖^q_{Lp(Ωt)} t^{1+qλ3} dt < ∞, where λ_3 = λ_1,

m_3 = { [_σ 2 + 1 ] if^σ_2 is noninteger, σ 2 if^σ_2 ∈ N ∪ {0}.

Moreover,

‖u‖_B^σ_2 +1,σ+2

p,q (Ω^T ) + (^T∫ 0 ‖∂^{m3}_t (~u − ~u_0)‖^q_{Lp((0,t)×Ω)} t^{1+qλ3} dt ) 1_q

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 43 ≤ c [ ‖f‖_B^σ_2 ,σ_{p,q (ΩT )} + ‖g‖_B σ_{2 +1−} 1_{2p ,σ+2−} 1_p p,q (S^T ) +‖u_0‖_{Bσ+2−} 2_{pp,q (Ω)} + (^T∫ 0 ‖∂^{m1}_t f_0‖^q_{Lp((0,t)×Ω)} t^{1+qλ1} dt ) 1_q

+ (^T∫ 0 ‖∂^{m2}_t g_0|_S ‖^q_{Lp((0,t)×S)} t^{1+qλ2} dt ) 1_q ] . (1.3)

The proof of Theorem 1.1 is divided into several steps. First, we consider problem (1.1) with f = 0, u_0 = 0 in the half-space R^n_+ = {x ∈ R^n :

x_n > 0}. Assuming that g ∈ B^{σ2 − 12p ,σ− 1p}_{p,q,γ} (R_+ ×R^{n−1}) (see Definition 2.5), we obtain a solution u ∈ B^{σ2 ,σ}_{p,q,γ} (R_+ × R^n_+) of the problem (see Theorem 3.1). To prove this result we apply a mixed type definition of the space B^{σ2 ,σ}_{p,q} (R× R^n_+) (see Definition 2.4), basing both on a dyadic partition of unity with respect to x^′ and t, x^′ = (x_1, . . . , x_{n−1}) (see [23, Definition 2.3.2]) and finite differences with respect to x_n. Thus, Definition 2.4 is an association of the old concept of Besov spaces proposed by O. V. Besov (see [6, Sec. 18]) with a newer one formulated in Triebel [23, Sec. 2.3.1]. In view of the equivalence result (see Lemma 2.1) such a norm is equivalent to the ordinary Besov space norm (see [6, Sec. 18]).

To solve the problem in the half-space we apply the Fourier transform with respect to x^′ = (x_1, . . . , x_{n−1}) and the Laplace transform with respect to t. As a result we get the Cauchy problem for ordinary differential equation (3.2) with an unknown function ^u = F_2u, where F_2 is the Fourier–Laplace transform. Solving problem (3.2) we obtain

^u(ξ_0, ξ^′, x_n) = ^g(ξ_0, ξ^′)e^{−τxn} , (1.4)

where τ^2 = γ + iξ_0 + ξ^{′ 2}, ξ^′ = (ξ_1, . . . , ξ_{n−1}), γ > 0.

Contrary to other authors (see, for example, [19, 20, 24, 25]) we do not apply the technique of potentials. It means that we estimate the norm of u ∈ B^{σ2 ,σ}p,q,γ (R_+ × R^n_+) by the norm of g ∈ B^{σ2 − 12p ,σ− 1p}p,q,γ (R_+ × R^{n−1}) directly, without transforming (1.4) to the form u(t, x) = F^{−1}_2 (^ge^{−τxn} ). Similarly, we show the existence in the space B^{σ2 ,σ}_{p,q,γ} (R_+ × R^n) of a solution to the Cauchy problem with f ≢ 0 and u_0 = 0 (see Lemma 3.8).

44 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI

Then Theorem 3.1 and Lemma 3.8 are used to prove the existence of a unique solution u ∈ B^{σ2 ,σ}_{p,q,γ} (R_+ × R^n_+) of problem (1.1) with nonvanishing f and g in the half-space.

Theorem 3.1 implies the existence of a unique solution u ∈ B^{σ2 ,σ}_{p,q} ((0, T )

×R^n_+) with u^′ ∈ B^{σ2 ,σ}p,q ((−∞, T ) × R^n_+) of problem (1.1) with u0 = 0

under the assumptions that σ > 2, f ∈ B^{σ2 −1,σ−2}_{p,q} ((0, T ) × R^n_+) with f^′ ∈ B^{σ2 −1,σ−2} p,q ((−∞, T ) × R^n_+) and g ∈ B^{σ2 − 12p ,σ− 1p}_{p,q} ((0, T ) × R^{n−1}) with g^′ ∈ B^{σ2 − 12p ,σ− 1p} p,q ((−∞, T ) × R^{n−1}), where v^′ = { v for t ∈ (0, T ) 0 for t < 0 , v ∈ {u, f, g} (see Corollary 3.7).

Similarly, as a consequence of Lemma 3.8 we get the existence result for the Cauchy problem with u_0 = 0 in (0, T ) × R^n (see Corollary 3.9).

Finally, Theorem 1.1 is proved by using a partition of unity, Corollaries 3.7 and 3.9 and the technique of a regularizer (see [15, 20]).

The method used to prove Theorem 1.1 can be also applied to other initial-boundary problems for linear parabolic equations and systems, including the linear system which arises in the study of the compressible Navier–Stokes equations (see [7]). The advantage of this method is that it is direct and does not require any construction and estimations of potentials. Only a slight modification of the proof of Theorem 1.1 sufficies to show an analogous result for the Neumann boundary condition.

Let us note that Lemma 2.4 does not guarantee the existence of an extension ~u_0 of u_0 for which Assumption 1.1 is fulfilled. However, in view of Lemma 2.6 in the case of q ≥ p and under some additional assumptions on σ, p and q we can estimate the integrals from Assumption 1.1 by the norms of f, g, and u_0. In the case of q < p we can show that the integrals are finite if we assume that u_0 ∈ B^{σ+ 2εp +2− 2p} (Ω), where ε > 0 is sufficiently small. Therefore, as a corollary from Theorem 1.1 and Lemmas 2.4 and 2.6, we can formulate the following theorem.

Theorem 1.2. Let σ ∈ R_+, p, q ∈ (1, ∞), 0 < T < ∞, Ω ⊂ R^n be a

bounded domain. Assume that f ∈ B^{σ2 ,σ}_{p,q} (Ω^T ), g ∈ B^{σ2 +1− 12p ,σ+2− 2p} p,q (S^T ), u_0 ∈ B^{σ+2− 2p} p,q (Ω), S ∈ C^{2+σ}.

1^∘ Let q ≥ p,^σ_2 ≠^1_p + [_σ 2 ] ,^σ_2 − [_σ 2 ] >^1_p −^1_q ,^σ_2 ≠^3_{2p} −1+ [_σ 2 + 1 −^1_{2p} ] ,

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 45 σ 2 >^3_{2p} −1−^1_q + [_σ 2 + 1 −^1_{2p} ] . Let in the case of σ >^2_p Assumption 1.2 be satisfied and if^3_p − 2 < σ ≤^2_p let only condition (1.2) hold. Then there exists a unique solution u ∈ B^{σ2 +1,σ+2}p,q (Ω^T ) of problem (1.1) and

‖u‖_B^σ_2 +1,σ+2

p,q (Ω^T )

≤ c(‖f‖_B^σ_2 ,σ_{p,q (ΩT )} + ‖g‖_B σ_{2 +1−} 1_{2p ,σ+2−} 1_p p,q (S^T ) + ‖u_0‖_{Bσ+2−} 2_{pp,q (Ω)}).

2^∘ Let q < p and ε > 0 be so small that^σ_2 − [_σ 2 ] < 1 −^ε_p and^σ_2 + 1 − 1 2p − [_σ 2 + 1 −^1_{2p} ] < 1−^ε_p . Let^σ_2 ≠ [_σ 2 ] +^1_q −^ε_p ,^σ_2 ≠ [_σ 2 + 1 −^1_{2p} ] + 1 2p − 1 +^1_q −^ε_p . Moreover, assume that u_0 ∈ B^{σ+ 2εp +2− 2p}_{p,q} (Ω), f ∈ B^{σ2 + εp ,σ+ 2εp} p,q (Ω^T ), g ∈ B^{σ2 + εp +1− 12p ,σ+ 2εp +2− 2p} p,q (S^T ) and in the case of σ 2 +^ε_p >^1_p assume the conditions of Assumption 1.2 with l_1 and l_2 replaced by

l^′_1 = σ +^{2ε}_p −^2_p − 1 if σ +^{2ε}_p −^2_p ∈ N, [ σ +^{2ε}_p −^2_p ] if σ +^{2ε}_p −^2_p > 0 and

σ +^{2ε}_p −^2_p ∉ N and

l^′_2 = σ +^{2ε}_p + 1 −^3_p if σ +^{2ε}_p + 2 −^3_p ∈ N, [ σ +^{2ε}_p + 2 −^3_p ] if σ +^{2ε}_p + 2 −^3_p > 0

and σ +^{2ε}_p + 2 −^3_p ∉ N, respectively.

If^3_{2p} − 1 <^σ_2 +^ε_p ≤^1_p we assume only condition (1.2) with l_2 replaced by l^′_2. Then there exists a unique solution u ∈ B^{σ2 +1,σ+2}_{p,q} (Ω^T ) with T∫ 0 ‖∂^{m3}_t u‖^q_{Lp(Ωt)} t^{1+qλ}3 dt < ∞ of problem (1.1) and

‖u‖_B^σ_2 +1,σ+2

p,q (Ω^T ) + (^T∫ 0 ∂^{m3}_t u‖^q_{Lp(Ωt)} t^{1+qλ3} dt )_{1/q} ≤ c [ ‖f‖_B σ_{2 +} ε_{p ,σ+} 2ε_p

p,q (Ω^T )

+ ‖g‖_B σ_{2 +1+} ε_{p −} 1_{2p ,σ+2+} 2ε_{p −} 1_p p,q (S^T ) + ‖u_0‖_{Bσ+2+} 2ε_{p −} 2_p p,q (Ω) ] ,

46 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI

where m_3 and λ_3 are defined in Theorem 1.1.

Now let us recall some existence results for linear parabolic or nonstationary Stokes equations. Most of them have been proved by using either the technique of potentials or the resolvent estimates or the interpolation.

Solonnikov [20] considered initial-boundary value problems for general linear parabolic systems with variable coefficients. He examined the solvability of these problems in anisotropic Hölder and Sobolev spaces W^{σ,2σ}_p ((0, T ) × Ω) with σ ∈ N ∪ {0}, using estimates of potentials. In particular, from the regularity theory developed in [20] it follows that under the assumptions: σ ∈ N ∪ {0}, S ∈ C^{2σ+2}, f ∈ W^{σ,2σ}_p (Ω^T ), g ∈ B^{σ+1− 12p ,2σ+2− 1p} p (S^T ), u_0 ∈ B^{2σ+2− 2p}_p (Ω) the solution u of problem (1.1) is such that u ∈ W^{σ+1,2σ+2} p (Ω^T ) and ‖u‖_W σ+1,2σ+2 p (Ω^T ) ≤ c(‖f‖_W σ,2σ_{p (ΩT )} + ‖g‖_{Bσ+1−} 1_{2p ,σ+2−} 1_p p (S^T )

+ ‖u_0‖_{B2σ+2−} 2_p

p (Ω) ), where B^{2σ+2− 2p} p (Ω) = B^{2σ+2− 2p}_{p,p} (Ω).

By using the potential technique Solonnikov obtained in [19] estimates for solutions u of problem (1.1) in Besov spaces B^{σ2 ,σ}_p (Ω^T ), σ > 2, which imply the existence result in the special case of q = p.

The methods presented in [1, 21] give the existence in spaces H^{s/2,s},

s ∈ R+. Using the existence of solutions in W^{k,2k}_p , k ∈ N, p ∈ (1, ∞)

(see [20]) and applying the interpolation (see [22]), the existence both in H^{s/2,s}_p (Bessel potential spaces), and in B^{s/2,s}_p (Besov spaces), s ∈ R_+, can be proved. The existence of solutions to the Stokes system in Besov and Sobolev–Slobodetskii spaces is proved in [2]. The above interpolation technique is applied only in R^n_+ and for solutions with vanishing initial data. Then the existence of solutions in a bounded domain follows from the regularizer technique. The existence result for the case of nonvanishing initial data is determined by an appropriate extension of the initial data.

Now we shall describe some results for pseudo-differential operators. Grubb and Solonnikov considered in [11] the problem

∂_tu + P_Ωu + Gu = f for (x, t) ∈ Q = Ω × I, (1.5)

T u = ϕ for (x, t) ∈ S = Γ × I, (1.6)

u|_{t=0} = u_0 for x ∈ Ω, (1.7)

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 47

where Ω is a smooth bounded open set in R^n with boundary Γ, and I = (a, b), b ≤ +∞. In (1.5), P is a pseudo-differential operator on R^n of order d ∈ Zhaving the transmission property at Γ (see [10]), and P_Ω is its restriction to Ω; G is a singular Green operator of order and class ≤ d. The operators act in C^∞ vector bundle E over Ω. T = {T_0, . . . , T_{d−1}} is a normal system of trace operators T_j of orders j < d and the system {∂_t + P_Ω + G, T } is parabolic (see [11, Sec. 4). Thus, the pseudodifferential formulation contains the usual parabolic operator problems as well as the initialboundary value problems for the Stokes system.

Under the assumptions that r ∈ R_+, f ∈ H^{r, rd} (Q, E), ϕ_j ∈ H^{r+d−j−1/2,(r+d−j−1/2)/d}(S, F_j) for j ∈ {0, . . ., d − 1}, u_0 ∈ H^{r+d/2}(Ω, E) and under some compatibility conditions on the data Grubb and Solonnikov prove the existence of a unique solution of problem (1.5)–(1.7) such that u ∈ H^{r+d, rd +1}(Q, E). Moreover, F_j, F_j denote vector bundles over Γ and S, respectively. Here Q = Ω × (0, b), b < ∞, and E denotes the lifting of E to Q; H^{r,s}(Q, E) are Sobolev–Slobodetskii spaces.

The proof of the existence theorem relies on considering first the problem (1.5)–(1.7) with ϕ = 0 and u_0 = 0. The solvability of this problem is proved in two steps. First, the following problem with a parameter λ ∈ C is considered (P_Ω + G − λ)u = f in Ω, (1.8)

T u = 0 on Γ. (1.9)

Denote by A the operator defined by Au = (P_Ω + G)u, D(A) = {u ∈ H^d(Ω, E): T u = 0}.

Let R_λ = (A − λ)^{−1} be the resolvent. Then for each r ∈ R_+, for f ∈ H^r(Ω, E) and for any δ > 0 the estimate is satisfied ‖R_λf‖_Hr+d_{(Ω,E)} + ⟨λ⟩^{rd +1}‖R_λf‖_{L2 (Ω,E)} ≤ C_r(‖f‖_Hr_{(Ω,E)} + ⟨λ⟩^{rd} ‖f‖_{L2(Ω,E)}) (1.10) in W = { λ : Re λ ≤ a_0 − δ} ∪ {λ : |λ| ≥ r_1 + δ and arg λ ∈ [ π 2 − ε_1 + δ, 3 2 π + ε_1 − δ ]} (1.11)

48 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI

for some ε_1 > 0, r_1 > 0, where ⟨λ⟩ = (1 + |λ|^2)^{1/2}); a_0 > −∞ is a real lower bound of the spectrum of A.

The second step of the proof relies on using the Laplace transform method described by Lions, Magenes [16], Agranovič, Višik [1], and Solonnikov [21]. This method is applied to the case of Q = Ω × (0, ∞) and a_0 > 0.

The Laplace transform is applied to Eq. (1.5) with the condition T u = 0 on S, where u and f are extended by zero on R_−.

Then, the following equation is found

(A + s)^u(s) = ^f (s), (1.12)

where s = γ + iξ_0, and ^u, ^f are the Laplace transforms of u, f.

Then A + s has an inverse (A + s)^{−1} = R_{−s}: L^2(Ω, E) → D(A) for all s with Re s ≥ 0 satisfying (1.11) (s = −λ).

Thus, ^u(s) = (A + s)^{−1} ^f(s), is holomorphic in {Re s > 0} and by (1.10) satisfies

sup_γ ∫ R^{(⟨s⟩2(m+1)‖^u(s)‖2L2(Ω,E) + ‖^u(s)‖2H(m+1)d (Ω,E))dξ0} ≤ C sup_γ ∫ R^{(⟨s⟩2m‖ ^f (s)‖2L2(Ω,E) + ‖ ^f (s)‖2Hmd (Ω,E))dξ0} ≃ ‖f‖^2_Hmd,m_{(0) (Q,E)} (1.13)

(H^{r,p}_{(0)} (Q, E) is a subspace of H^{r,p}(Ω × (−∞, b), E), b ≤ +∞ consisting of the functions supported in {t ≥ 0}).

Let ǔ be the inverse Laplace transform of ^u. Then it is supported in {t ≥ 0} and its restriction u to R_+ lies in H^{(m+1)d,m+1}_{(0)} (Q, E) with the norm estimated by the right-hand side of (1.13).

This shows the solvability of (1.5)–(1.7) with ϕ = 0, u_0 = 0, for r = md, m ∈ N. By interpolation between the values m = 0, 1, 2, . . . the continuity of the solution operator P for the problem (1.5)–(1.7) with u_0 = 0 is obtained, i.e., P : {f, ϕ} ∈ H^{r,r/d}_{(0)} (Q, E) × ∏ 0≤j<d H^{r+d−j− 12 ,}(^{r+d−j− 12} )^{/d} (0) (S, F_j) → u ∈ H^{r+d, rd +1}_{(0)} (Q, E)

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 49

for all r ∈ R_+. This implies the main solvability result of [11].

The paper [14] concerns different boundary-value problems including Dirichlet, Neumann and intermediate problems for the Navier–Stokes equations in the Sobolev–Slobodetskii spaces H^{r+2, r2 +1}(Q), for r+2 ≥^n_2 , r ≥ 0. First, Grubb and Solonnikov consider appropriate initial-boundary value problems for the Stokes equations. Each of these problems is reduced to the parabolic pseudo-differential initial-boundary value problem (1.5)–(1.7). Therefore, the solvability of these problems in the spaces H^{r+2, r2 +1}(Q), r ≥ 0 follows.

The paper [13] of Grubb extends the results of paper [11] concerning the problem (1.5)–(1.7) to the solvability of this problem in Besselpotential H^{r, rd}p and Besov B^{r, rd}p spaces. The other extension of the results is such that the problem (1.5)–(1.7) is considered on a manifold which need not be compact. The class of admissible manifolds contains unbounded manifods, including exterior domains in R^n and R^n_+ (see also [12]).

First, Grubb examines in [13] the parameter-dependent elliptic pseudodifferential problems as in [11] in the case of L_2-theory (using also the results of [12]). This leads (as in [11]) to the problem (1.8)–(1.9) and the problem (P_Ω + G)u − λu = 0 in Ω, (1.14)

T u = ϕ on Γ. (1.15)

For the resolvents R_λ and K_λ corresponding to (1.8)–(1.9) and (1.14)– (1.15), respectively, estimates analogous to (1.11) both in Bessel-potential and Besov spaces hold. Then the author uses the Laplace transform to obtain the solvability of (1.5)–(1.7) in Bessel-potential H^{r, rd}_p and Besov B^{r, ra}_p spaces. Namely, the solution of the problem (1.5)–(1.7) with ϕ = 0 u_0 = 0 and f beeing a rapidly decreasing smooth function is as follows u = Rf, where R = L^{−1}R_{−s}L, where L is the Laplace transform.

Similarly, the solution of problem (1.14)–(1.15) with f = 0, u_0 = 0 and ϕ beeing a rapidly decreasing smooth function is as follows u = Kϕ, where K = L^{−1}K_{−s}L.

The operator B = (R, K) is a pseudo-differential operator, the mapping properties of which proved in [12] (see Theorem 3.1 and see also

50 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI

Theorem 4.1 in [12]) imply the solvability of (1.5)–(1.7) with u_0 = 0 in Bessel-potential and Besov spaces.

There are some results concerning the solvability of parabolic differential equations and systems in Besov spaces via semigroups. The most general results are obtained by Amann [3, 4, 5]. In [3], it is considered the system

u_t + Au = f in Ω^T ,

Bu = 0 on S^T , (1.16) u|_{t=0} = u_0 in Ω,

where A = ∑ |α|≤m a_α(x)D^α and m = 2.

In [5], the Cauchy problem (1.16) with operator A such that m ∈ N, m even, is considered. It is shown the estimate ‖(λ + A)^{−1}‖_{L(B}s_{p,q,B}s_{p,q)} ≤ k |λ| , Re λ ≥ w > 0, where L(X, Y ) is the space of all continuous linear maps from X into Y , so – A generates an analytic semigroup.

In [3], the existence of semigroup in H^s_p is shown, where H^s_p is the standard space of Bessel potentials (see [22]), while in [4] the existence of solutions to evolution equations via semigroup theory in general Banach spaces is examined.

In [8, 9], some existence and uniqueness results in Besov spaces for parabolic equations arising from the compressible Navier–Stokes equations are formulated.

The paper [26] is devoted to the existence of solutions to the Cauchy problem for abstract parabolic equations of higher order in time in Besov spaces.

In [24, 25], the autor uses Besov and Lizorkin–Triebel spaces to show the existence of solutions to initial-boundary value problem for the heat equation in W^{2,1}_{p,q} (Ω × (0, T )).

2. Notation and preliminaries

Let R^n be n-dimensional real Euclidean space. Let x = (x1, . . . , xn) ∈ R^n. Throughout the paper we use the following notation: x^′ =

(x_1, . . . , x_{n−1}), x = (x_0, x^′) = (x_0, x_1, . . . , x_{n−1}).

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 51

For a derivative with respect to x^′ we use the notation: ∂^{k′}_x′ = ∂^{k1}_{x1} . . . ∂^{kn−1}_{xn−1} , where k^′ = k_1 + · · · + k_{n−1}, k_1, . . . , k_{n−1} ∈ N ∪ {0}.

By c we denote the generic constants.

Definition 2.1. Let a = (a_0, a_1, . . . , a_{n−1}) and let |x|_a = (_{n−1} ∑ i=0 |x_i|^{2a}i )_{1/2} . In the case of parabolic equations, we have a = (2, 1, . . ., 1) ≡ a ∈ R^n. Then, for x ∈ R^n, we introduce the anisotropic distance from zero: |x|_a = ( |x_0| + n−1∑ i=1 |x_i|^2 )^1_2 . Let S = S(R^n) be the Schwartz space of all complex-valued rapidly decreasing infinitely differentiable functions on R^n.

Definition 2.2. By Φ_a(R^n), we denote the collection of all systems φ = {φ_k(x)}^∞_{k=1} ⊂ S(R^n) with the properties:

1^∘ supp φ_0 ⊂ {x: |x|_a 6 2};

2^∘ supp φ_k ⊂ {x: 2^{k−1} 6 |x|_a 6 2^{k+1}}, k = 1, 2, . . .;

3^∘ for every multi-index α = (α_0, α_1, . . ., α_{n−1}) there exists a positive number c_α such that 2^k(^{2α0+∑n−1i=1 αi})|D^αφ_k(x)| 6 c_α for all k ∈ N ∪ {0} and all x ∈ R^n;

4^∘_∞ ∑ k=0 φ(x) = 1 for all x ∈ R^n.

Now, we shall define anisotropic Besov spaces B^{σ2 ,σ}_{p,q} (R × R^{n−1}), and B^{σ2 ,σ}_{p,q} (R× R^n_+).

Definition 2.3. (see [23]). Let p, q ∈ [1, ∞], σ ∈ R_+. The anisotropic Besov space B^{σ2 ,σ}_{p,q} (R × R^{n−1}) (n > 1) is called the space of functions u = u(t, x^′) with the finite norm

‖u‖_B^σ_2 ,σ_{p,q (}R_×R_{n−1)} = ∞∑ k=0 ∫ R×Rn−1^{|2σk(F −1φkF u)(t, x′)|pdtdx′} q p 1 q ,

52 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI

where (F^{−1}φ_kF u)(t, x^′) = (F^{−1}(φ_kF u))(t, x^′),

(F u)(ξ_0, ξ^′) = ∫ R×Rn−1^{e−i(tξ0+x′·ξ′)u(t, x′)dtdx′ =} ∫ R^n e^{−ix·ξ}u(x)dx,

x = (t, x^′) ≡ (x_0, x^′), x · ξ = n−1∑ i=0 x_iξ_i. Let R^n_+ = {x ∈ R^n: xn > 0}.

Definition 2.4. (Besov spaces defined on R × R^n_+). Let p, q ∈ [1, ∞],

σ ∈ R+. The anisotropic Besov space B^{σ2 ,σ}p,q (R× R^n_+) is called the space

of functions u = u(t, x) with the finite norm

‖u‖_B^σ_2 ,σ_{p,q (}R_×R_{n+)} = ‖u‖_{Lp(}R_×Rn_{+)} + [_∞∑ k=0 ( ∑ j6[σ] ∫ R×Rn+ | | |2^{(σ−j)k} ( F^{−1}_{t,x}′ φ_kF_{t,x}′ ∂^j_{xn} u ) (t, x) | | |^p dtdx ) q_p ] 1_q +

[_∞∑ k=0 ( ∫ R dt ∫ R+ dxn ∫ R dz ∫ R^{n−1} dx^′ | |F^{−1}_{t,x}′ φkF_{t,x}′ ( ∂^{[σ]}_{xn} u(x, xn +z)−∂^{[σ]}_{xn} u(x, xn) )| |^p |z|^{1+p(σ−[σ])} )q_p ] 1_q , where (F^{−1}_{t,x}′ φ_kF_{t,x}′ ∂^j_{xn} u)(t, x) = (F^{−1}_{t,x}′ (φ_kF_{t,x}′ ∂^j_{xn} u))(t, x), (F_{t,x}′ u)(ξ, x_n) = ∫ R×Rn−1^{e−i(tξ0+x′·ξ′ )u(t, x)dtdx′}_{= ∫} R×Rn−1^{e−ix·ξu(x, xn)dx.} Let u = u(t, x^′) or u = u(t, x) be a function vanishing for t < 0.

Introduce the function

u_γ = { e^{−γt}u for t > 0 0 for t < 0.

Then, we define spaces B^{σ2 ,σ}_{p,q,γ} (R_+ × Q) (where Q = R^{n−1} or Q = R^n_+) of functions u = u(t, x^′), x^′ ∈ R^{n−1} or u = u(t, x), x ∈ R^n_+.

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 53

Definition 2.5. We say that u ∈ B^{σ2 ,σ}_{p,q,γ} (R_+ × Q) if u_γ ∈ B^{σ2 ,σ}_{p,q} (R× Q). Then ‖u‖_B^σ_2 ,σ_{p,q,γ(}R_{+×Q)} = ‖u_γ ‖_B^σ_2 ,σ_{p,q (}R_{×Q)}.

Let us note that

F^{−1}(φ_kF u_γ) = e^{−γt}F^{−1}_1 (φ_kF_1u),

F^{−1}_{t,x}′ (φ_kF_{t,x}′ u_γ ) = e^{−γt}F^{−1}_2 (φ_kF_2u)

for a function u vanishing for t < 0, sufficiently regular and rapidly decreasing, where F_1 and F_2 are the Fourier–Laplace transforms such that (F_1u)(s, ξ^′) = ∫ R+^{e−stdt} ∫ Rn−1^{e−ix′·ξ′ u(t, x′)dx′} and (F_2u)(s, ξ^′, x_n) = ∫ R+^{e−stdt} ∫ Rn−1^{e−ix′·ξ′ u(t, x)dx′,} s = γ + iξ_0, Re s = γ > 0.

Therefore, the norm ‖u‖_B^σ_2 ,σ_{p,q,γ(}R_{+×Q)} can be expressed as follows ‖u‖_B^σ_2 ,σ_{p,q,γ(}R_{+×}R_{n−1)}

= ∞∑ k=0 ∫ R+×Rn−1^{|e−γt2σk(F −11 φkF1u)(t, x′)|p dtdx′} q p 1 q

= ∞∑ k=0 ∫ R×Rn−1^{|e−γt2σkF −11 (φkF1u)(t, x′)|p dtdx′} q p 1 q

if Q = R^{n−1} or

‖u‖_B^σ_2 ,σ_{p,q,γ(}R_{+×}R_{n+)} = ‖u_γ ‖_{Lp(}R_{+×}Rn_{+)}

+ ∞∑ k=0 ∑ j6[σ] ∫ R×Rn+ | | |e^{−γt}2^{(σ−j)k}(F^{−1}_2 φkF2∂^j_{xn} u)(t, x) | | |^p dtdx q p 1 q +

54 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI [_∞∑ k=0 (∫ R dt ∫ R+ dxn ∫ R dz ∫ R^{n−1} dx^′ | |e^{−γt}F^{−1}_2 φ_kF2(∂^{[σ]}x_n u(x, xn +z)−∂x_n u(x, xn)) | |^p |z|^{1+p(σ−[σ])} )q_p ] 1_q

≡ ‖u_γ ‖_{Lp(}R_{+×}Rn_{+)} + ‖u‖_{1,B}^σ_2 ,σ_{p,q,γ(}R_{+×}R_{n+)} + ‖u‖_{2,B}^σ_2 ,σ_{p,q,γ(}R_{+×}R_{n+)} if Q = R^n_+.

We have to underline that the above norms are well defined because applying the Paley–Wiener theorem (see [1, 18]) the inverse Laplace transform with respect to t vanishes for t < 0.

We also need more general definitions of Besov spaces on open sets. Let Ω ⊂ R^n be an open set and let Ω^T = (0, T ) × Ω, T > 0. First, we shall define the isotropic Besov space B^σ_{p,q} (Ω), σ ∈ R_+, 1 6 p 6 ∞,

1 6 q 6 ∞. Let Δ^m_i (h)u(x) = m∑ j=0 (−1)^{m−j} c_{jm}u(x + jhe_i) and Δ^m_i (h, Ω)u(x) = { Δ^m_i (h)u(x) if [x, x + hme_i] ⊂ Ω, 0 otherwise, where x = (x_1, . . ., x_n), m ∈ N, c_{jm} = (_m j ) , e_i is the unit vector directed along the axis x_i.

Definition 2.6. (see [6, 17]). The Besov space B^σ_{p,q} (Ω) is called the space of functions u = u(x) with the finite norm

‖u‖_Bσ_{p,q(Ω)} = ‖u‖_{Lp(Ω)} + n∑ i=1 h_0∫

0 ‖Δ^m_i (h, Ω)∂^k_{xi} u‖^q_{Lp(Ω)} h^{1+q(σ−k)} dh 1/q , where h_0 > 0, m > σ − k, k ∈ N ∪ {0}, σ ∈ R_+, σ > k.

Now, let

Δ^{m0}_t (h)u(t) =

m_0∑

j=0 (−1)^{m0 −j} c_{jmo} u(t + jh) and Δ^{m0}_i (h, (τ, T ))u(t) = { Δ^{m0}_i (h)u(t) if [t, t + m_0h] ⊂ (τ, T ), 0 otherwise, where m_0 ∈ N, c_{jm0} is defined above.

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 55

Definition 2.7. (see [6, 17]). The Besov space B^{σ2 σ}_{p,q} ((τ, T ) × Ω) (−∞ < τ < T < ∞) is called the space of functions u = u(t, x) with the finite norm ‖u‖_B^σ_2 ,σ_{p,q ((τ,T )×Ω)} = ‖u‖_{Lp((τ,T )×Ω)}

+ n∑ i=1 h_0∫

0 ‖Δ^m_i (h, Ω)∂^k_{xi} u‖^q_{Lp((τ,T )×Ω)} h^{1+q(σ−k)} dh 1/q

+ h_0∫

0 ‖Δ^{m0}_t (h, (τ, T ))∂^{k0}_t u‖^q_{Lp((τ,T )×Ω)} h^{1+q(σ/2−k0)} dh 1/q , where h_0 > 0, m > σ − k, m_0 >^σ_2 − k_0, k, k_0 ∈ N ∪ {0}, σ ∈ R_+, σ > k, σ 2 > k_0.

The Besov space B^{σ2 ,σ}_{p,q} ((τ, T )×S), where S is a boundary of a bounded domain Ω ⊂ R^n is defined in a standard way by using local coordinates and a partition of unity.

To obtain the results of Section 3 we use the fact that a system φ = {φ_j(x)}^∞_{j=0} ∈ Φ_a(R^n) possesses properties of systems belonging to a collection A_{aL}(R^n).

Lemma 2.1. (see [23, Sec. 2.5]). The definitions of Besov spaces from Definitions 2.5 and 2.7 (Ω = R^n_+) are equivalent.

Definition 2.8 (see [23, Sec. 2.3.6]). Let L > 0 be a given natural number. By A_{aL}(R^n), we denote a collection of systems φ = {φ_j(x)}^∞_{j=0} ⊂

S(R^n) of functions with compact supports such that C(φ) = sup_{x∈Rn} |x|^L_a ∑ |α|≤L |D^α_x φ_0(x)| + sup x∈Rn\{0} j=1,2,... (|x|^L_a + |x|^{−L}_a ) ∑ |α|≤L |D^α_x φ_j (2^{2j}x_0, 2^jx^′)| < ∞,

where D^α_x = ∂^{α0}_{x0} ∂^{α1}_{x1} · · · ∂^{αn−1}_{xn−1} , ∑_{n−1} i=0 α_i = |α|. In the proofs of Lemmas 3.1–3.2 concerning the solvability of problem (3.1) (see Sec. 3), we will use the following lemma.

Lemma 2.2. Let

e_0 = e^{−τxn} , τ^2 = s + ξ^{′ 2}, s = γ + iξ_0,

56 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI

ξ^′ = (ξ_1, · · · ξ_{n−1}) ∈ R^{n−1}, ξ_0 ∈ R, Re s = γ > 0.

Then_∞ ∫ 0 |∂^j_{xn} ∂^k_{ξ0} ∂^{k′}_ξ′ e_0|^pdx_n ≤ c|τ |^{pj−p(2k+k′)−1}, (2.1)

∞∫ 0 ∞∫ 0 |∂^j_{xn} ∂^k_{ξ0} ∂^{k′}_ξ′ e_0(x_n + z) − ∂^j_{xn} ∂^k_{ξ0} ∂^{k′}_ξ′ e_0(x_n)|^p z^{1+p}– dx_ndz ≤ c|τ |^{p(j+}–^{)−p(2k+k′−1}, (2.2) where p ∈ (1, ∞), j ∈ N ∪ {0}, k ∈ N ∪ {0}, k^′ ∈ N ∪ {0}, ∂^{k′}_ξ′ = ∂^{k1}_{ξ1} · · · ∂^{kn−1}_{ξn−1} , k^′ = k_1 + · · · + k_{n−1}, – ∈ (0, 1); c > 0 does not depend on τ . Proof. Let k = k^′ = j = 0. Then ∞∫ 0 |e_0(x_n)|^pdx_n = ∞∫ 0 e^{−pRe τxn} dx_n = 1 pRe τ ≤ √ 2 p |τ |^{−1}, (2.3)

where we have used that arg τ ∈ ( −^π_4 ,^π_4 ) , so |τ | < √ 2Re τ .

Let k = k^′ = 0, j ∈ N. Then

∂^j_{xn} e_0 = (−1)^jτ^j e^{−τxn}

and_∞ ∫ 0 |∂^j_{xn} e_0|^pdx_n ≤ c|τ |^{pj−1}.

Let now k, k^′ ∈ N, j ∈ N ∪ {0}. Then ∂^j_{xn} ∂^k_{ξ0} ∂^{k′}_ξ′ e_0 = ∂^k_{ξ0} ∂^{k′}_ξ′ ∂^j_{xn} e_0 has the form

∂^j_{xn} ∂^k_{ξ0} ∂^{k′}_ξ′ e_0 = k+k^′−1 ∑ l=0 e^{−τxn} (a_{0l}τ^{j−(l+1)} + a_{1l}x_nτ^{j−l} + · · ·

+a_{l+1,l} x^{l+1}_n τ^j) ∑ q1+···+qs=l+1 m1 q1+···+ms qs=k m′1 q1+···+m′s qs=k′ (∂^{m1}_{ξ0} ∂^{m′1}_ξ′ τ )^{q1} . . . (∂^{ms}_{ξ0} ∂^{m′s}_ξ′ τ )^q_s, (2.4)

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 57

where a_{0l}, a_{1l}, . . . , a_{l+1,l} are real constants depending on k + k^′, ∂^{k′}_ξ′ = ∂^{k1}_{ξ1} . . . ∂^{kn−1}_{ξn−1} ; m_i, m^′_i, and q_i (i = 1, . . . , s) are nonnegative integer numbers, and for k + k^′ > j the term a_{0l}τ^{j−(l+1)} vanishes.

Since |∂^r_{ξ0} ∂^{r′}_ξ′ τ | ≤^c_{|τ|2r+r}′_{−1} for r, r^′ ∈ N, we obtain ∞∫ 0 |∂^j_{xn} ∂^k_{ξ0} ∂^{k′}_ξ′ e_0|^pdx_n ≤ c k+k^′−1 ∑ l=0 ( |τ |^{pj−(l+1)p} ∞∫ 0 e^{−pRe τxn} dx_n

+ |τ |^{pj−lp} ∞∫ 0 x^p_ne^{−pRe τxn} dx_n + · · ·

+ |τ |^{pj} ∞∫ 0 x^{p(l+1)}e^{−pRe τxn} dx_n · |τ |^{p(l+1)−p(2k+k′)} ) . Using estimate (2.3) and ∞∫ 0 x^{pr}_n e^{−pRe τxn} dx_n ≤ c sup_{0<xn<∞}(x^{pr}_n e^{− p2 Re τxn} ) ∞∫ 0 e^{− p2 Re τxn} dx_n ≤ c |τ |^{rp+1} for r ∈ N,

we get ∞∫ 0 |∂^j_{xn} ∂^k_{ξ0} ∂^{k′}_ξ′ e_0|^pdx_n ≤ c k+k^′−1 ∑ l=0 (|τ |^{pj−(l+1)p}|τ |^{−1} + |τ |^{pj−lp}|τ |^{−p−1} + · · · + |τ |^{pj}|τ |^{−p(l+1)−1})|τ |^{p(l+1)−p(2k+k′)} = c|τ |^{pj−1−p(2k+k′)}. Hence estimate (2.1) follows.

It remains to derive (2.2). For k = k^′ = 0, j ∈ N ∪ {0} we have ∞∫ 0 ∞∫ 0 |∂^j_{xn} e_0(x_n + z) − ∂^j_{xn} e_0(x_n)|^p dx_ndz z^{1+p}–

≤ c ∞∫ 0 ∞∫ 0 |τ |^{pj}|e^{−τ(xn +z)} − e^{−τxn} |^p dx_ndz z^{1+}–^p

58 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI ≤ c ∞∫ 0 |τ |^{pj}e^{−Re τpxn} dx_n ∞∫ 0 |e^{−τz} − 1|^p z^{1+}–^p dz ≤ c|τ |^{p(j+}–^{)−1}. Using (2.4) we get for k, k^′ ∈ N, j ∈ N ∪ {0} ∞∫ 0 ∞∫ 0 ∂^j_{xn} ∂^k_{ξ0} ∂^{k′}_ξ′ e_0(x_n + z) − ∂^j_{xn} ∂^k_{ξ0} ∂^{k′}_ξ′ e_0(x_n)|^p z^{1+p}– dx_ndz

≤ ∞∫ 0 ∞∫ 0 |I_1|^p z^{1+p}– dx_ndz + ∞∫ 0 ∞∫ 0 |I_2|^p z^{1+p}– dx_ndz_n, where

I_1 = k+k^′−1 ∑ l=0 |e^{−τ(xn+z)}{[a_{0l}τ^{j−(l+1)} + a_{1l}(x_n + z)τ^{j−l} + · · · + a_{l+1,l}(x_n + z)^{l+1}τ^j ] − [a_{0l}τ^{j−(l+1)} + a_{1l}x_nτ^{j−l} + · · · + a_{l+1,l}x^{l+1}_n τ^j ]}||τ |^{p(l+1)−p(2k+k′)}, I_2 = k+k^′−1 ∑ l=0 |(e^{−τ(xn+z)} − e^{−τxn} )(a_{0l}τ^{j−(l+1)} + a_{1l}x_nτ^{j−l} + · · · + a_{l+1,l}x^{l+1}_n τ^j]||τ |^{p(l+1)−p(2k+k′)}. We have ∞∫ 0 ∞∫ 0 |I_1|^p z^{1+p}– dx_ndz ≤ c k+k^′−1 ∑ l=0 ∞∫ 0 ∞∫ 0 e^{−pRe τ(xn +z)} z^{1+p}– (z^p|τ |^{p(j−l)}

+ · · · + |(x_n + z)^{l+1} − x^{l+1}_n |^p|τ |^{pj})|τ |^{p(l+1)−p(2k+k′)}dx_ndz. Using that ∞∫ 0 z^{pr} e^{−pRe τz} z^{1+p}– dx ≤ c|τ |^p–^{−pr}, r = 1, . . ., l + 1 we get ∞∫ 0 ∞∫ 0 |I_1|^p z^{1+p}– dx_ndz ≤ c|τ |^{pj+p−p(2k+k′)} ∞∫ 0 e^{−pRe τxn} dx_n · ∞∫ 0 e^{−pRe τz} z^{1+p}– z^pdx

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 59 + · · · + c|τ |^{pj−p(2k+k′)} · k+k^′−1 ∑ l=0 (^∞∫ 0 e^{−pRe τxn} x^{pl}_n dx_n ∞∫ 0 e^{−pRe τz} z^{1+p}– z^pdz

+ ∞∫ 0 e^{−pRe τxn} x^{p(l−1)}_n dx_n ∞∫ 0 e^{−pRe τz} z^{1+p}– z^{2p}dx + · · · +

+ ∞∫ 0 e^{−pRe τxn} dx_n ∞∫ 0 e^{−pRe τz} z^{1+p}– z^{p(l+1)}dz ) |τ |^{p(l+1)}

≤ c|τ |^{pj+p−p(2k+k′)−1+p}–^{−p} + c|τ |^{pj−p(2k+k′)} · k+k^′−1 ∑ l=0 (|τ |^{−lp−1}|τ |^{p(}–^{−1)} +|τ |^{−p(l−1)−1}|τ |^{p(}–^{−2)} + · · · + |τ |^{−1}|τ |^{p[}–^{−(l+1)]}]|τ |^{p(l+1)} ≤ ≤ c|τ |^{p(j+}–^{)−p(2k+k′)−1}. Next, we have ∞∫ 0 ∞∫ 0 |I_2|^p z^{1+p}– dx_ndx ≤ c|τ |^{pj−1−p(2k+k′)}

× ∞∫ 0 |e^{−τz} − 1|^p z^{1+p}– dz ≤ c|τ |^{p(j+}–^{)−p(2k+k′)−1}. Taking into account the above estimates we obtain (2.2).

This completes the proof of the lemma. � To prove Lemma 3.6 we use the extension lemma.

Lemma 2.3 (see [6, Chap. 4, Sec. 18]). Let f ∈ B^{σ2 ,σ}_{p,q} (R× R^n_+), σ ∈ R_+, p, q ∈ (1, ∞), R^n_+ = {x ∈ R^n : x = (x1, . . . , xn), xn > 0}. Then there exists an extension of f onto R× R^n denoted by f^′ such that f^′|R_×Rn_+ = f and ‖f^′‖_B^σ_2 ,σ_{p,q (}R_×R_{n)} ≤ c‖f‖_B^σ_2 ,σ_{p,q (}R_×R_{n+)}, where c does not depend on f.

Moreover, we use the following trace lemma.

60 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI

Lemma 2.4 (see [17]). Let u ∈ B^{σ/2,σ}_{p,q} (Ω^T ), σ ∈ R_+, σ >^2_p , p, q ∈ (1, ∞). Then u|_{t=0} = φ ∈ B^{σ−2/p}_{p,q} (Ω) and ‖φ‖_Bσ−2/p_{p,q (Ω)} ≤ c‖u‖_Bσ/2,σ_{p,q (ΩT )}. Let φ^{(k)} ∈ B^{σ− 2p −2k} p,q (Ω), where k = 0, 1, . . ., l, l = σ 2 −^1_p − 1 if^σ_2 −^1_p ∈ N, [_σ 2 −^1_p ] if^σ_2 −^1_p ∉ N.

Then there exists a function u ∈ B^{σ/2,σ}p,q (Ω^T ) such that ∂^k_t u | |_{t=0} = φ^{(k)}, k = 0, 1, . . ., l and ‖u‖_Bσ/2,σ_{p,q (ΩT )} ≤ c l∑ k=0 ‖φ^{(k)}‖_{Bσ−} 2_{p −2k} p,q (Ω) . In order to prove Theorem 1.1 we also need the following lemma.

Lemma 2.5. Let σ ∈ R_+, p, q ∈ (1, ∞), f ∈ B^{σ2 ,σ}_{p,q} (Ω^T ), and let f^′ = { f for t ∈ (0, T ) 0 for t < 0.

Then f^′ ∈ B^{σ2 ,σ}_{p,q} ((−∞, T ) × Ω) if and only if the following conditions are satisfied: T∫ 0 ‖∂^m_t f‖^q_{Lp (Ωt)} t^{1+qλ} dt < ∞, (1^∘) where m = { [σ/2] if σ/2 is noninteger, σ 2 − 1 if^σ_2 ∈ N,

λ = { σ/2 − [σ/2] if σ/2 is noninteger, 1 if^σ_2 ∈ N;

∂^l_tf|_{t=0} = 0, (2^∘) where l = { [σ/2] − 1 if^σ_2 is noninteger and [_σ 2 ] ≥ 1, σ 2 − 2 if^σ_2 − 2 ∈ N ∪ {0}.

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 61

Moreover, for f^′ ∈ B^{σ2 ,σ}_{p,q} ((−∞, T ) × Ω) the estimate holds

c_1 [ ‖f‖_B^σ_2 ,σ_{p,q (ΩT )} + (^T∫ 0 ‖∂^m_t f‖^q_{Lp(Ωt)} t^{1+qλ} dt ) 1_q ] ≤ ‖f^′‖_B^σ_2 ,σ_{p,q ((−∞,T )×Ω)}

≤ c_2 [ ‖f‖_B^σ_2 ,σ_{p,q (ΩT )} + (^T∫ 0 ‖∂^m_t f‖^q_{Lp (Ωt)} t^{1+qλ} dt ) 1_q ] , (2.5)

where c_1, c_2 > 0. Proof. We have ‖f^′‖_B^σ_2 ,σ_{p,q ((−∞,T )×Ω)} = ‖f^′‖_{Lp((−∞,T )×Ω)}

+ n∑ i=1 (^h0∫ 0 ‖Δ^m_i (h, Ω)∂^k_i f^′‖^q_{Lp((−∞,T )×Ω)} h^{1+q(σ−k)} dh )_{1/q}

+ (^h0∫ 0 ‖Δ^{m0}_t (h, (−∞, T ))∂^{k0}_t f^′‖^q_{Lp((−∞,T )×Ω)} h^{1+q(σ/2−k0)} dh )_{1/q}

= ‖f‖_{Lp(Ω}T_) + n∑ i=1 (^h0∫ 0 ‖Δ^m_i (h, Ω)∂^k_i f‖^q_{Lp(ΩT )} h^{1+q(σ−k)} dh )_{1/q} (2.6)

+ (^h0∫ 0 ‖Δ^{m0}_t (h, (−∞, T ))∂^{k0}_t f^′‖^q_{Lp((−∞,T )×Ω)} h^{1+q(σ/2−k0)} dh )_{1/q} ≡ I_1 + I_2 + I_3,

where h_0 > 0, m > σ − k, k < σ, m_0 >^σ_2 − k_0, k_0 <^σ_2 .

Assume that conditions 1^∘ − 2^∘ hold. It remains to consider I_3. To do this we first assume that^σ_2 is noninteger. Let us choose k_0 = [_σ 2 ] , m_0 = 1. Then

I_3 = (^h0∫ 0 ‖Δ_t(h, (−∞, T ))∂^{[σ/2]}_t f^′‖^q_{Lp((−∞,T )×Ω)} h^{1+q(σ/2−[σ/2])} dh )_{1/q} . By the compatibility conditions we have

∂^{[σ/2]}_t f^′(t) = { ∂^{[σ/2]}_t f(t) for t ∈ (0, T ), 0 for t < 0.

62 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI

Therefore,

I_3 = [^h0∫ 0 dh h^{1+q(σ/2−[σ/2])} ( ∫ Ω

T −h∫

−∞ |∂^{[σ/2]}_t f^′(t + h) − ∂^{[σ/2]}_t f^′(t)|^pdtdx )^q_p ] 1_q

= [^h0∫ 0 dh h^{1+q(σ/2−[σ/2])} ( ∫ Ω

T −h∫

−h |∂^{[σ/2]}_t f^′(t + h) − ∂^{[σ/2]}_t f^′(t)|^pdxdt )^q_p ] 1_q

≤ c [^h0∫ 0 dh h^{1+q(σ/2−[σ/2])} ( ∫ Ω

T −h∫

0 |∂^{[σ/2]}_t f(t + h) − ∂^{[σ/2]}_t f(t)|^pdtdx ) q_p ] 1_q

+c [^h0∫ 0 dh h^{1+q(σ/2−[σ/2])} ( ∫ Ω 0∫ −h |∂^{[σ/2]}_t f^′(t + h)|^pdtdx )^q_p ] 1_q . (2.7)

Hence, (2.6) and (2.7) imply ‖f^′‖_B^σ_2 ,σ_{p,q ((−∞,T )×Ω)} ≤ c‖f‖_B^σ_2 ,σ_{p,q ((0,T )×Ω)}

+c [^h0∫ 0 dh h^{1+q(σ/2−[σ/2])} (^h∫ 0 ‖∂^{[σ/2]}_t f(t)‖^p_{Lp (Ω)}dt )^q_p ] 1_q

≤ c [ ‖f‖_B^σ_2 ,σ_{p,q (ΩT )} + (^T∫ 0 ‖∂^{[σ/2]}_t f‖^q_{Lp(Ωt)} t^{1+q(σ/2−[σ/2])} dt ) 1_q ]

, (2.8)

if we take h_0 < T .

Now, let^σ_2 be integer. Then we choose k_0 =^σ_2 − 1, m_0 = 2 and we have

I_3 = (^h0∫ 0 ‖Δ^2_t (h, (−∞, T ))∂^{σ2 −1}_t f^′‖^q_{Lp((−∞,T )×Ω)} h^{1+q} dh ) 1_q

= [^h0∫ 0 dh h^{1+q} ( ∫ Ω

T −2h∫

−∞ |∂^{σ2 −1}_t f^′(t+2h)−2∂^{σ2 −1}_t f^′(t+h)+∂^{σ2 −1}_t f^′(t)|^pdtdx

)^q_p ] 1_q

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 63 = [^h0∫ 0 dh h^{1+q} ( ∫ Ω

T −2h∫

−2h |∂^{σ2 −1}_t f^′(t+2h)−2∂^{σ2 −1}_t f^′(t+h)+∂^{σ2 −1}_t f^′(t)|^pdtdx

)^q_p ] 1_q

≤ c [^h0∫ 0 dh h^{1+q} ( ∫ Ω

T −2h∫

0 |∂^{σ2 −1}_t f(t+2h)−2∂^{σ2 −1}_t f(t+h)+∂^{σ2 −1}_t f(t)|^pdtdx )^q_p ] 1_q

+c [^h0∫ 0 dh h^{1+q} ( ∫ Ω −h∫ −2h |∂^{σ2 −1}_t f^′(t + 2h)|^pdtdx ) q_p ] 1_q

+c [^h0∫ 0 dh h^{1+q} ( ∫ Ω 0∫ −h |∂^{σ2 −1}_t f^′(t + 2h) − 2∂^{σ2 −1}_t f^′(t + h)|^pdtdx

)^q_p ] 1_q

≡ J_1 + J_2 + J_3, (2.9)

where

J_2 ≤ c [^h0∫ 0 dh h^{1+q} ( ∫ Ω h∫ 0 |∂^{σ2 −1}_s f(s)|^pdsdx )^q_p ] 1_q , (2.10)

J_3 = c [^h0∫ 0 dh h^{1+q} ( ∫ Ω h∫ 0 |∂^{σ2 −1}_s f(s + h) − 2∂^{σ2 −1}_s f(s)|^pdsdx )^q_p ] 1_q

≤ c [^h0∫ 0 dh h^{1+q} ( ∫ Ω h∫ 0 |∂^{σ2 −1}_s f(s + h)|^pdsdx ) q_p ] 1_q

+c [^h0∫ 0 dh h^{1+q} ( ∫ Ω h∫ 0 |∂^{σ2 −1}_s f(s)|^pdsdx )^q_p ] 1_q

≤ c [^{2h}0∫ 0 dh h^{1+q} ( ∫ Ω h∫ 0 |∂^{σ2 −1}_s f(s)|^pds )^q_p ] 1_q . (2.11)

64 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI

Hence (2.6) and (2.9)–(2.11) yield ‖f^′‖_B^σ_2 ,σ_{p,q ((−∞,T )×Ω)}

≤ c‖f‖_B^σ_2 ,σ_{p,q (ΩT )} + c [^T∫ 0 dh h^{1+q} (^h∫ 0 ‖∂^{σ2 −1}_s f(s)‖^p_{Lp (Ω)}dx ) q_p ] 1_q (2.12)

if we assume h_0 <^T_2 .

This way we proved that f^′ ∈ B^{σ2 ,σ}p,q ((−∞, T ) × Ω). Now, assume that f^′ ∈ B^{σ2 ,σ}_{p,q} ((−∞, T ) × Ω). Let k_0 = [_σ 2 ] , m_0 = 1.

We have

I_3 = [^h0∫ 0 dh h^{1+q(σ/2−[σ/2])} ( ∫ Ω 0∫ −h |∂^{[σ/2]}_t f^′(t + h)|^pdtdx

+ ∫ Ω

T −h∫

0 |∂^{[σ/2]}_t f(t + h) − ∂^{[σ/2]}_t f(t)|^pdtdx )^q_p ] 1_q . Therefore,

I_3 ≥ [^h0∫ 0 dh h^{1+q(σ/2−[σ/2])} (^h∫ 0 ‖∂^{[σ/2]}_s f(s)‖^p_{Lp (Ω)}ds ) q_p ] 1_q

and I_3 ≥ [^h0∫ 0 dh h^{1+q(σ/2−[σ/2])} ( ∫ Ω

T −h∫

0 |∂^{[σ/2]}_t f(t + h) − ∂^{[σ/2]}_t f(t)|^pdtdx )^q_p ] 1_q ,

if we choose h_0 < T .

By the above estimates and (2.6), we get ‖f^′‖_B^σ_2 ,σ_{p,q ((−∞,T )×Ω)}

≥ c‖f‖_B^σ_2 ,σ_{p,q (ΩT )} + c (^h0∫ 0 ‖∂^{[σ/2]}_t f‖^q_{Lp (Ωt)} t^{1+q(σ/2−[σ/2])} dt ) 1_q , (2.13)

where h_0 < T .

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 65

Since (^T∫ h_0 ‖∂^{[σ/2]}_t f‖^q_{Lp (Ωt)} t^{1+q(σ/2−[σ/2])} dt ) 1_q ≤ c(T )‖∂^{[σ/2]}_t f‖_Lp_{(Ω}T_) ≤ c(T )‖f‖_B^σ_2 ,σ_{p,q (ΩT )} ≤ c(T )‖f^′‖_B^σ_2 ,σ_{p,q ((−∞,T )×Ω)}, inequality (2.13) holds also with h_0 = T .

Now, consider the case of^σ_2 integer and choose k_0 =^σ_2 − 1, m_0 = 2. then

I_3 = [^h0∫ 0 dh h^{1+q} ( ∫ Ω

T −2h∫

0 |∂^{σ2 −1}_t f(t + 2h) − 2∂^{σ2 −1}_t f(t + h)

+∂^{σ2 −1}_t f(t)|^pdtdx + ∫ Ω 0∫ −h |∂^{σ2 −1}_t f^′(t + 2h) − 2∂^{σ2 −1}_t f^′(t + h)|^pdtdx

+ ∫ Ω −h∫ −2h |∂^{σ2 −1}_t f^′(t+2h)|^pdtdx )^q_p ] 1_q ≥ [^h0∫ 0 dh h^{1+q} (^h∫ 0 ‖∂^{σ2 −1}_s f(s)‖^p_{Lp (Ω)}ds )^q_p ] 1_q

and I_3 ≥ [^h0∫ 0 dh h^{1+q} ( ∫ Ω

T −2h∫

0 |∂^{σ2 −1}_t f(t+2h)−2∂^{σ2 −1}_t f(t+h)+∂^{σ2 −1}_t f(t)|^pdtdx )^q_p ] 1_q ,

if we choose h_0 <^T_2 .

The above inequalities, equality (2.6) and the same argument as in the case of^σ_2 noninteger yield ‖f^′‖_B^σ_2 ,σ_{p,q ((−∞,T )×Ω)}

≥ c‖f‖_B^σ_2 ,σ_{p,q (ΩT )} + c (^T∫ 0 ‖∂^{σ2 −1}_t f‖^q_{Lp (Ωt)} t^{1+q} dt ) 1_q . (2.14)

Estimates (2.13)–(2.14) imply condition 1^∘, while conditions 2^∘ is the immediate consequence of the assumption that f^′ ∈ B^{σ2 ,σ}p,q ((−∞, T ) × Ω).

By estimates (2.8), (2.12), (2.13), and (2.14) inequality (2.5) follows.

66 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI

This completes the proof. � Remark 2.1. The result similar to Lemma 2.5 can be proved for a function g ∈ B^{σ2 ,σ}_{p,q} (S^T ) extended by zero on t < 0.

Finally, we prove the lemma which in some cases quarantees together with Lemma 2.4 the possibility of constructing such an extension ~u_0 of u_0 that Assumption 1.1 holds.

Lemma 2.6. Let 1 < p, q < ∞, σ ∈ R_+, m = { [_σ 2 ] if^σ_2 is noninteger, σ 2 − 1 if^σ_2 ∈ N, λ = {_{σ2} − [_σ 2 ] if^σ_2 is noninteger, 1 if^σ_2 ∈ N.

1^∘ Let q ≥ p,^σ_2 ≠^1_p + [_σ 2 ] ,^σ_2 > [_σ 2 ] +^1_p −^1_q , f ∈ B^{σ2 ,σ}_{p,q} (Ω^T ). Moreover, in the case of^σ_2 >^1_p assume the conditions:

∂^i_t f|_{t=0} = 0 for 2i ≤ m^′,

where

m^′ = σ −^2_p − 1 if σ −^2_p ∈ N, [ σ −^2_p ] if σ −^2_p > 0 and σ −^2_p ∉ N.

Then_T ∫ 0 ‖∂^m_t f‖^q_{Lp (Ωt)} t^{1+qλ} dt ≤ c‖f‖_B^σ_2 ,σ_{p,q (ΩT )}.

2^∘ Let q < p and let ε > 0 be so small that^σ_2 − [_σ 2 ] < 1 −^ε_p . Let σ 2 ≠ [_σ 2 ] +^1_q −^ε_p and f ∈ B^{σ2 + εp ,σ+ 2εp} p,q (Ω^T ). Moreover, in the case of^σ_2 + ε >^1_p assume the conditions:

∂^i_t f|_{t=0} = 0 for 2i ≤ m^{′′},

where m^{′′} = σ + 2ε −^2_p − 1 if σ + 2ε −^2_p ∈ N, [ σ + 2ε −^2_p ] if σ + 2ε −^2_p > 0 and σ + 2ε −^2_p ∉ N.

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 67

Then_T ∫ 0 ‖∂^m_t f‖^q_{Lp (Ωt)} t^{1+qλ} dt ≤ c‖f‖^q_{B σ2 + εp ,σ+ 2εp} p,q (Ω^T ) .

Proof.

1^∘ Applying the Hardy inequality we have T∫ 0 ‖∂^m_t f‖^q_{Lp(Ωt)} t^{1+qλ} dt = T∫ 0 dt (^t∫ 0 ‖∂^m_t′ f(t^′)‖^p_{Lp(Ω)}dt^′ )^q_p t^{−1−λq}

≤ c T∫ 0 dt(t‖∂^m_t f(t)‖^p_{Lp (Ω)})^{qp} t^{−1−λq} = c T∫ 0 ‖∂^m_t f‖^q_{Lp (Ω)} t^{1− qp +λq} dt. (2.15)

Let ~f be an extension of f on (0, ∞) × Ω such that ‖ ~f ‖_B^σ_2 ,σ_{p,q ((0,∞)×Ω)} ≤ c‖f‖_B^σ_2 ,σ_{p,q (ΩT )}. (2.16) Denote g(t) = ∂^m_t ~f (t). By the assumptions and Lemma 2.5,

g(0) = 0 for σ 2 > [ σ 2 ] + 1 p . Hence Lemma 2 of [19] implies ∞∫ 0 |g(t)|^q t^{ql} dt ≤ c‖g‖_Bl,2l_{p,q ((0,∞)×Ω)}, (2.17)

where l =^1_q −^1_p + λ. Inequalities (2.15)–(2.17) yield T∫ 0 ‖∂^m_t f‖^q_{Lp(Ωt)} t^{1+qλ} dt ≤ c(‖∂^m_t ~f ‖^q_{Lp((0,∞)×Ω)}

+ ∞∫ 0 dt ∞∫ 0 dt^′ | ‖∂^m_t ~f(t)‖_{Lp (Ω)} − ‖∂^m_t′ ~f (t^′)‖_{Lp(Ω)}|^q |t − t^′|^{1+}(^{1q − 1p +λ})^q ≤ c‖∂^m_t ~f ‖^q_{Bλ,2λp,q ((0,∞)×Ω)} ≤ c‖f‖^q_B σ_{2 ,σp,q (ΩT )}.

68 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI

This ends the proof in this case. 2^∘ We have T∫ 0 ‖∂^m_t f‖^q_{Lp (Ωt)} t^{1+qλ} dt = T∫ 0 dt 1 t^{μ1} 1 t^{μ1+λq} (^t∫ 0 ‖∂^m_t f(t^′)‖^p_{Lp(Ω)}dt^′ ) q_p

≤ (^T∫ 0 t^{−μ1 pp−q} dt ) p−q_p (^T∫ 0 dtt^{−(μ2+λq) pq} t∫ 0 ‖∂^m_t′ f(t^′)‖^p_{Lp(Ω)}dt^′ ) q_p ,

where μ_1 + μ_2 = 1. Let ~f be an extension of f on (0, ∞) × Ω such that

‖ ~f ‖_B σ_{2 +} ε_{p ,σ+} 2ε_p p,q ((0,∞)×Ω) ≤ c‖f‖_B σ_{2 +} ε_{p ,σ+} 2ε_p p,q (Ω^T )

. (2.19)

Let μ_1^p_{p−q} < 1, so μ_1 <^{p−q}_q and μ_2 >^q_p . Then by the Hardy inequality, (2.17) with l = λ +^ε_p and (2.19), we get T∫ 0 ‖∂^m_t f‖^q_{Lp(Ωt)} t^{1+qλ} dt ≤ c (^T∫ 0 dtt^{−1−ε− λp} t∫ 0 ‖∂^m_t′ f(t^′)‖^p_{Lp(Ω)}dt^′ )^q_p

≤ c (^T∫ 0 dt‖∂^m_t f(t)‖^p_{Lp (Ω)}t^{−ε− λp} )^q_p ≤ c(‖∂^m_t ~f ‖^q_{Lp((0,∞)×Ω)}

+ ∞∫ 0 dt ∞∫ 0 dt^′ | ‖∂^m_t ~f (t)_{Lp(Ω)} − ‖∂^m_t′ ~f (t^′)‖_{Lp(Ω)}|^q |t − t^′|^{1+q}(^{λ+ εp} ) ≤ c‖∂^m_t ~f ‖^q_{Bλ+ εp ,2λ+ 2εp} p,q ((0,∞)×Ω) ≤ c‖f‖^q_{B σ2 + εp ,σ+ 2εp} p,q (Ω^T ) . This ends the proof. � Now, we introduce a partition of unity which will be used in Sec. 4 to define a regularizer and then to prove the existence theorem in the case of a bounded domain (see Theorem 4.1).

Let us define two families of open sets {w^{(k)}} and {Ω^{(k)}}, k ∈ M ∪ N , such that w^{(k)} ⊂ Ω^{(k)} ⊂ Ω, ⋃ k w^{(k)} = ⋃ k Ω^{(k)} = Ω, Ω^{(k)} ∩ S = ϕ for k ∈ M and Ω^{(k)} ∩ S ≠ ϕ for k ∈ N . We assume that at most N_0 of Ω^{(k)} have nonempty intersection and sup_k diam Ω^{(k)} ≤ 2λ,

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 69

sup_k diam w^{(k)} ≤ λ for some λ > 0. Let ζ^{(k)}(x) be a smooth function with the properties: 0 ≤ ζ^{(k)}(x) ≤ 1 for x ∈ Ω, ζ^{(k)}(x) = 1 for x ∈ w^{(k)}, ζ^{(k)}(x) = 0 for x ∈ Ω \ Ω^{(k)} and |D^α_x ζ^{(k)}(x)| ≤^c_{λ|α|} , α = (α_1, . . . , α_n). Then 1 ≤ ∑ k∈M∪N (ζ^{(k)}(x))^2 ≤ N_0. Introducing the function

η^{(k)}(x) =^{ζ(k)(x)} ∑ l∈M∪N (ζ^{(l)}(x))^2 , we have that η

(k)(x) = 0 for x ∈ Ω \ Ω^{(k)}, ∑ k∈M∪N η^{(k)}(x)ζ^{(k)}(x) = 1 and |D^α_x η^{(k)}(x)| ≤^c_{λ|α|} .

Considering problems invariant with respect to translations and rotations we can associate with each Ω^{(k)}, k ∈ N a local coordinates system y = (y_1, . . ., y_n) with the center at ξ^{(k)} ∈ S^{(k)} = S ∩ Ω^{(k)} such that w^{(k)} and Ω^{(k)} are described in coordinates y by the inequalities |y_i| < λ, i = 1, . . . , n − 1, 0 < y_n − F (y^′) < λ and |y_i| < 2λ, i = 1, . . . , n − 1, 0 < y_n − F (y^′) < 2λ, respectively, where y^′ = (y_1, . . . , y_{n−1}).

Then S^{(k)} = {y : y_n = F (y^′), |y_i| < 2λ, i = 1, . . . , n − 1}. We straighten the boundary S^{(k)} by introducing the new coordinates z_i = y_i, i = 1, . . ., n − 1, z_n = y_n − F (y^′). Let us denote the above transformation by Φ_k, i.e., z = Φ_k(y).

Then we denote ^S^{(k)} = Φ_k(S^{(k)}), ^Ω^{(k)} = Φ_k(Ω^{(k)}), ^w^{(k)} = Φ_k(w^{(k)}). The sets ^w^{(k)} and ^Ω^{(k)} are described by the inequalities: |z_i| < λ, i = 1, . . ., n − 1, 0 < z_n < λ and |z_i| < 2λ, i = 1, . . . , n − 1, 0 < z_n < 2λ, respectively.

Let y = Y_k(x) be the transformation from the coordinates x to the local coordinates y, which is the composition of a translation and a rotation. Then, we set ^u^{(k)}(t, z) = u(t, Y^{−1}_k ∘ Φ^{−1}_k (z)).

70 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI

3. Problem (1.1) in the half-space R^n_+ First, we consider the problem

u_t − Δu = 0 in R_+ × R^n_+, u|_{xn=0} = g on R_+ × R^{n−1}, (3.1) u|_{t=0} = 0 in R^n_+, where R^n_+ = {x ∈ R^n : x = (x_1, . . . , x_n), x_n > 0}.

Applying the Fourier–Laplace transform F_2 to (3.1) yields τ^2^u − ∂^2^u ∂x^2_n = 0, ^u|_{xn=0} = ^g, (3.2)

where ^u = F_2u, τ^2 = s + ξ^{′2}, s = γ + iξ_0, γ > 0,

ξ^′ = (ξ_1, . . . , ξ_{n−1}), arg τ ∈ ( − π 4 , π 4 ) . Solving (3.2) and looking for solutions vanishing for x_n → ∞ we obtain ^u = ^ge^{−τxn} ≡ ^ge_0. (3.3) Theorem 3.1. Assume that p, q ∈ (1, ∞), σ ∈ R_+, σ >^1_p , g ∈ B^{σ2 − 12p ,σ− 1p} p,q,γ (R+ × R n−1). Then there exists a unique solution to problem (3.1) such that u ∈ B^{σ2 ,σ}_{p,q,γ} (R_+ × R^n_+) and ‖u‖_B^σ_2 ,σ_{p,q,γ(}R_{+×}R_{n+)} ≤ c‖g‖_B σ_{2 −} 1_{2p ,σ−} 1_p p,q,γ (R+×R n−1) . (3.4)

The existence and uniqueness of a solution of (3.1) follows from formula (3.3), and estimate (3.4).

On the other hand, estimate (3.4) results from Lemmas 3.2–3.5 which we present below.

Lemma 3.2. Let the assumptions of Theorem 3.1 be satisfied. Then ‖u‖_{1,B}^σ_2 ,σ_{p,q,γ(}R_{+×}R_{n+)} ≤ c‖g‖_B σ_{2 −} 1_{2p ,σ−} 1_{pp,q,γ (}R_{+×}R_{n−1)}, (3.5)

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 71

where ‖u‖_{1,B}^σ_2 ,σ_{p,q,γ(}R_{+×}R_{n+)} ≡ ≡ [_∞∑ k=0 ( ∑ j≤[σ] ∫ R×Rn+^{|e−γt2(σ−j)kF −12 φkF2∂jxn u|pdtdx} )^q_p ] 1_q ,

(F^{−1}_2 φ_kF_2∂^j_{xn} u)(t, x) = (F^{−1}_2 (φ_kF_2∂^j_{xn} u))(t, x).

Proof. Using (3.3), we have ‖u‖_{1,B}^σ_2 ,σ_{p,q,γ(}R_{+×}R_{n+)} = (_∞∑ k=0 ( ∑ j≤[σ] ∫ R×Rn+^{|e−γt2(σ−j)kF −12 φk∂jxn (^ge0)|pdtdx} ) q_p ] 1_q

= [_∞∑ k=0 ( ∑ j≤[σ] ∫ R×Rn+^{|e−γt2(σ−j)kF −12 φk∂jxn e0F2g|pdtdx} )^q_p ] 1_q

≤ c (_∞∑ k=0 ∑ j≤[σ] I^q_{1kj} )_{1/q} , where I_{1kj} ≡ ( ∫ R×Rn+^{|e−γt2(σ−j)kF −12 φk∂jxn e0F2g|pdtdx} )_{1/p} ,

F^{−1}_2 φ_k∂^j_{xn} e_0F_2g = F^{−1}_2 (φ_k∂^j_{xn} e_0F_2g).

Let us introduce the family of functions {ψ_j(ξ)}, ξ = (ξ_0, ξ^′), ξ^′ = (ξ_1, . . . , ξ_{n−1}) such that supp ψ_0 ⊂ {ξ : |ξ|_a ≤ 4}, supp ψ_j ⊂ {ξ : 2^{j−2} ≤ |ξ|_a ≤ 2^{j+2}} and ψ_j (ξ) = 1 for ξ ∈ supp φ_j.

Then

I_{1kj} = ( ∫ R×Rn+ | | | | ∞∑ l=0 2^{(σ−j)k}e^{−γt}F^{−1}_2 ψ_l∂^j_{xn} e_0φ_kφ_lF_2g | | | | p dtdx ) 1_p

= ( ∫ R^n ×R+ | |^∞ ∑ l=0 2(σ−j)ke−γx^0 (F −12 ψl∂jx_n e0F2F −12 φkF2F −12 φlF2g)(x, xn) | |^p ) dxdxn,

72 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI

where x = (t, x^′) ≡ (x_0, x^′), x^′ = (x_1, . . . , x_{n−1}) ∈ R^{n−1}.

Continuing,

I_{1kj} = ( ∫ Rn×R+ | | | ∞∑ l=0 2^{(σ−j)k}e^{−γx0} (F^{−1}_2 ψ_l∂^j_{xn} e_0F_2F^{−1}_2 φ_k

∗ F^{−1}_2 φ_lF_2g)(x, x_n) | | | | p dxdx_n ) 1_p = ( ∫ Rn×R+ | | | | ∞∑ l=0 2^{(σ−j)k}e^{−γx0}

× ∫ Rn^{dy(F −12 ψl∂jxn e0F2F −12 φk)(y, xn)(F −12 φlF2g)(x−y)} | | | p dxdx_n )1_p . Let us recall the formula

(F^{−1}_2 ψ_l∂^j_{xn} e_0F_2F^{−1}_2 φ_k)(y, x_n)

= F^{−1}_2 (F_2F^{−1}_2 ψ_l∂^j_{xn} e_0F_2F^{−1}_2 φ_k)(y, x_n) (3.6)

= (F^{−1}_2 ψ_l∂^j_{xn} e_0 ∗ F^{−1}_2 φ_k)(y, x_n).

Moreover, by the change of variables ζ_i = 2^{−l}z_i, i = 1, . . . , n − 1, and ζ_0 = 2^{−2l}z_0, we have

[F^{−1}_2 (f_1(2^{2l}·, 2^l·)) ∗ F^{−1}_2 (f_2(2^{2l}·, 2^l·))](y)

= 2^{−2(n+1)l} ∫ Rn^{(F −12 f1)(2−l ~z)(F −12 f2)(2−l ~y − 2−l ~z)d~z} = 2^{−(n+1)l} ∫ Rn^{(F −12 f1)(ζ)(F −12 f2)(2−l ~y − ζ)dζ} = 2^{−(n+1)l}(F^{−1}_2 f_1 ∗ F^{−1}_2 f_2)(2^{−l} ~y), (3.7)

where f_1 = ψ_l∂^j_{xn} e_0, f_2 = φ_k, ~y = (2^{−l}y_0, y^′), y^′ = (y_1, . . . , y_{n−1}), ~z = (2^{−l}z_0, z^′), z^′ = (z_1, . . . , z_{n−1}), ζ = (ζ_0, ζ_1, . . . , ζ_{n−1}). Moreover, we used in (3.7) the notation

h(ξ_0, ξ^′) = ~h(γ + iξ_0, ξ^′), h ∈ {f_1, f_2}

and the relation

F^{−1}_2 ~h(γ + i2^{2l}ξ_0, 2^1ξ^′))(y_0, y^′) = 2^{−(n+1)l}(F^{−1}_2 ~h(γ + iξ_0, ξ^′))(2^{−l} ~y).

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 73

Using (3.6), the expression of I_{1kj} takes the form

I_{1kj} = [ ∫ Rn×R+ | | | | ∞∑ l=0 2^{(σ−j)k}e^{−γx0} 2^{−(n+1)l} ∫ Rn^{dw(F −12 ψl∂jxn e0} ∗F^{−1}_2 φ_k)(2^{−l} ~w, x_n) · (F^{−1}_2 φ_lF_2g)(x − 2^{−l} ~w) | | |^pdxdx_n ]_{1/p} , where we used the change of variables y_i = 2^{−l}w_i, i = 1, . . ., n − 1,

y_0 = 2^{−2l}w_0 and the notation ~w = (2^{−l}w_0, w^′), w^′ = (w_1, . . . , w_{n−1}),

w = (w_0, w^′).

In view of (3.7) we obtain

I_{1kj} = { ∫ Rn×R+^{|dxdxn} | | | | ∞∑ l=0 2^{(σ−j)k}e^{−γx0} ∫ Rn^{dw[(F −12 ψl∂jxn e0)(22l·, 2l·)} ∗(F^{−1}_2 φ_k)(2^{2l}·, 2^l·)](w, x_n)(F^{−1}_2 φ_lF_2g)(x − w) | | | | p}_{1/p}

= { ∫ Rn^{dxn} ∫ Rn | | | | ∞∑ l=0 2^{(σ−j)k} ∫ Rn^{dwe−γw0 [(F −12 ψl∂jxn e0)(22l·, 2l·)} ∗(F^{−1}_2 φ_k)(2^{2l}·, 2^l·)](w, x_n)e^{−γ(x0−w0 )}(F^{−1}_2 φ_lF_2g)(x − w) | | | | p}_{1/p} . Applying the Minkowski inequality with respect to x yields I_{1kj} ≤ [ ∫ R+^{dxn} | | | | ∞∑ l=0 2^{(σ−j)k} ∫ Rn^{dwe−γw0 [(F −12 ψl∂jxn e0)(22l·, 2l·)∗} ∗ (F^{−1}_2 φ_k)(2^{2l}·, 2^l·)](w, x_n) × ( ∫ Rn^{dx|e−γ(x0−w0)(F −12 φlF2g)(x − w)|p} )_{1/p}| | | p]_{1/p} ≡ I^1_{1kj}. Applying the change of variables z = x − w in the integral with respect

to x implies

I_{1kj} = { ∫ R+^{dxn} | | | | ∞∑ l=0 2^{(σ−j)k} ∫ Rn^{dwe−γw0 [(F −12 ψl∂jxn e0)(22l·, 2l·)∗}

74 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI

∗(F^{−1}_2 φ_k)(2^{2l}·, 2^l·)](w, x_n) ( ∫ Rn^{dz|e−γz0 (F −11 φlF1g)(z)|p} )_{1/p}| | | p}_{1/p} , where z = (z_0, z^′), and we used the fact that F_2g = F_1g.

Using the Hölder inequality in the integral with respect to w and

replacing w by y and z by x we obtain

I^1_{1kj} ≤ { ∫ R+^{dxn} | | | | ∞∑ l=0 2^{(σ−j)k} ( ∫ Rn^{dy 1(1 + |y|a)d} )_{1/2}

× ( ∫ Rn^{dy|e−γy0 [(F −12 ψl∂jxn e0)(22l·, 2l·) ∗ (F −12 φk)(22l·, 2l·)](y, xn)} ×(1 + |y|_a)^{d2} | | | | 2)_{1/2}| | | p}_{1/p}( ∫ Rn^{dx|e−γx0 (F −11 φlF1g)(x)|p} )_{1/p} ≡ I^2_{1kj}. Assuming that d > n we get

I^2_{1kj} ≤ c_1 { ∫ R+^{dxn} | | | | ∞∑ l=0 2^{(σ−j)k} ( ∫ Rn^{dy|e−γy0 [(F −12 ψl∂jxn e0)(22l·, 2l·)} ∗(F^{−1}_2 φ_k)(2^{2l}·, 2^l·)](y, x_n)(1 + |y|_a)^{d2} |^2 )_{1/2}| | | p}_{1/p}

× ( ∫ Rn^{dx|e−γx0 (F −11 φlF1g)(x)|p} )_{1/p} ≡ I^3_{1kj}. By the Parseval identity, we have

I^3_{1kj} = c_1 { ∫ R+^{dxn} | | | | ∞∑ l=0 2^{(σ−j)(k−l)} · 2^{(σ−j)l}‖(ψ_l∂^j_{xn} e_0)(2^{2l}·, 2^l·, x_n)

×φ_k(2^{2l}·, 2^l·)‖_W d_{2 ,d2 (}R_{n)}|^p }_{1/p}( ∫ Rn^{dx|e−γx0 (F −12 φlF2g)(x)|p} )_{1/p}

≤ c_1 ∞∑ l=0 2^{(σ−j)(k−l)}2^{(σ−j)l}

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 75 × ( ∫ R+^{dxn‖(ψl∂jxn e0)(22l·, 2l·, xn)φk(22l·, 2l·)‖pW d2 ,d2 (}R^{n)} )_{1/p}

× ( ∫ Rn^{dx|e−γx0 (F −11 φlF1g)(x)|p} )_{1/p} ≡ I^4_{1kj}.

In view of Lemma 3.3 (see below), we have

I^4_{1kj} ≤

c_1 ∞∑ l=0 2^{(σ−j+d+n+1−L)|l−k|}2^{(σ−1/p)l}‖e^{−γx0} F^{−1}_2 φ_lF_2g‖_{Lp(}Rn_). (3.8)

Hence, by the Hölder inequality, ‖u‖_{1,B}^σ_2 ,σ_{p,q,γ(}R_{+×}R_{n+)} ≤ c {_∞∑ k=0 | ∞∑ l=0 2^{(δ−L)|l−k|}2^{(σ−1/p)l}‖e^{−γt}F^{−1}_2 φ_lF_2g‖_{Lp(}Rn_)|^q }_{1/q}

≤ c (_∞∑ k=0 ∞∑ l=0 2^{(δ+ε−L)|l−k|q}2(^{σ− 1p} )^{lq} ‖e^{−γt}F^{−1}_1 φ_lF_1g‖^q_{Lp(}R_{n)} )_{1/q} ,

where δ = σ + d + n + 1, t = x_0, and ε > 0 is arbitrary small.

Therefore, assuming that L > δ+ε w obtain (3.5). This ends the proof.

�

To prove (3.8) we used Lemma 3.3. Let d be an even number such that d > n. Then I ≡ ( ∫ R+^{dxn‖(ψl∂jxn e0)(22l·, 2l·, xn)φk(22l·, 2l·)‖pW d2 ,d2 (}R^×R^{n−1)} ) 1_p

≤ c2^l(^{j− 1p} )2^{(d+n+1−L)|l−k|}, (3.9) where for l = 0 the constant c depends on γ; L > 0 can be assumed sufficiently large.

76 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI

Proof. To estimate I we express it explicitly as I = ( ∫ R+^{dxn} ∑ ∑_{3i=1} s^′_i+2s_i≤d ‖(∂^{s′1}_ξ′ ∂^{s1}_{ξ0} ψ_l)(2^{2l}·, 2^l·)

× (∂^j_{xn} ∂^{s′2}_ξ′ ∂^{s2}_{ξ0} e_0)(2^{2l}·, 2^l·, x_n)(∂^{s′3}_ξ′ ∂^{s3}_{ξ0} φ_k)(2^{2l}·, 2^l·)‖^p_{L2(}R_{n)} )_{1/p} . By the Minkowski inequality, we have I ≤ ∑ ∑_{3i=1} s^′_i+2s_i≤d ‖ ‖ ‖(∂^{s′1}_ξ′ ∂^{s1}_{ξ0} ψl)(2^{2l}·, 2^l·) × ‖ ‖ ‖∂^j_{xn} ∂^{s′2}_ξ′ ∂^{s2}_{ξ0} e0 ‖ ‖ ‖_{Lp(}R_{+)}(2^{2l}·, 2^l·)∂^{s′3}_ξ′ ∂^{s3}_{ξ0} φl(2^{2l}·, 2^l·) ‖ ‖ ‖_{L2(}R_{n)} ≡ I1.

Since supp ψ_l(2^{2l}·, 2^l·) ⊂ {ξ : |ξ|_a ≤ 4} for l = 0, supp ψ_l(2^{2l}·, 2^l·) ⊂ {ξ : 1 4 ≤ |ξ|_a ≤ 4} for l ≠ 0 and

|∂^{s′1}_{ξ′} ∂^{s1}_{ξ0} ψ_l(2^{2l}·, 2^l·)| ≤ c for ξ ∈ A, (3.10)

where A = {ξ : |ξ|_a ≤ 4} for l = 0 or A = { ξ :^1_4 ≤ |ξ|_a ≤ 4 } for l ≠ 0, we have I_1 ≤ c ∑ 3∑ i=1 s^′_i+2s_i≤d ‖ ‖∂^j_{xn} ∂^{s′2}_ξ′ ∂^{s2}_{ξ0} e_0‖_{Lp(}R_{+)}(2^{2l}·, 2^l·)∂^{s′3}_ξ′ ∂^{s3}_{ξ0} φ_k(2^{2l}·, 2^l·) ‖ L_2(A).

By Lemma 2.2,

‖∂^j_{xn} ∂^{s′2}_{ξ′} ∂^{s2}_{ξ0} e_0‖_{Lp(}R_{+)}(2^{2l}·, 2^l·) ≤ c2^{l(s′2+2s2)} |τ |^{s′2+2s2} · |τ |^{j− 1p} , where now τ^2 = γ + 2^{2l}ξ^{′2} + 2^{2l}ξ_0i.

Hence,

‖∂^j_{xn} ∂^{s′2}_ξ′ ∂^{s2}_{ξ0} e_0‖_{Lp(}R_{+)}(2^{2l}·, 2^l·) ≤ c2^l(^{j− 1p} ) for ξ ∈ A if l ≠ 0.

For l = 0 we estimate^1_{|τ|s}′_{2+2s2} by a constant depending on γ. Thus,

‖∂^j_{xn} ∂^{s′2}_{ξ′} ∂^{s2}_{ξ0} e_0‖_{Lp(}R_{+)}(2^{2l}·, 2^l·) ≤ c(γ) for ξ ∈ A if l = 0. Finally, we estimate

‖∂^{s′3}_ξ′ ∂^{s3}_{ξ0} φ_k(2^{2l}·, 2^l·)‖_{L2(A)} = ‖∂^{s′3}_ξ′ ∂^{s3}_{ξ0} φ_k(2^{2k} · 2^{2(l−k)}·, 2^k · 2^{(l−k)}·)‖_{L2(A)}

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 77 ≤ c2(^{d+ n+12} )^{|l−k|}‖∂^{s′3}_y′ ∂^{s3}_{y0} φ_k(2^{2k}·, 2^k·)‖_{L2(B)} ≤ c2^{(d+n+1−L)|l−k|}, (3.11) where B = {y : 2^{l−k−2} ≤ |y|_a ≤ 2^{l−k+2}} for l ≠ 0, B = {y : |y|_a ≤ 2^{l−k+2}} for l = 0, L > 0 is a chosen number and where we have used that {φ_k} ∈ A_{aL}(R^n) (see Definition 2.8) and the change of variables y_0 = 2^{2(l−k)}ξ_0, y^′ = 2^{(l−k)}ξ^′.

In view of the above estimates, (3.9) holds. � In order to obtain (3.4) it remains to estimate ‖u‖_{2,B}^σ_2 ,σ_{p,q,γ(}R_{+×}R_{n+)} ≡ ≡ [_∞∑ k=0 ( ∫ R ∫ R×Rn+^{|e} −γx_0 (F −1 2 φ_kF_2U )(x, x_n, z)|^p |z|^{1+p(σ−[σ])} dxdx_ndz )^q_p ] 1_q ,

where U (x, x_n, z) = ∂^{[σ]}_{xn} u(x, x_n + z) − ∂^{[σ]}_{xn} u(x, x_n).

Lemma 3.4. Let the assumptions of Theorem 3.1 be satisfied. Then ‖u‖_{2,B}^σ_2 ,σ_{p,q,γ(}R_{+×}R_{n+)} ≤ c‖g‖_B σ_{2 −} 1_{2p ,σ−} 1_{pp,q,γ (}R_{+×}R_{n−1)}. (3.12)

Proof. Since F_2U = ^g∂^{[σ]}_{xn} E, where E(ξ, x_n, z) = e^{−τ(xn +z)} − e^{−τxn} , we have ‖u‖_{2,B}^σ_2 ,σ_{p,q,γ(}R_{+×}R_{n+)} = [_∞∑ k=0 ( ∫ R ∫ R×Rn+^{|e} −γx_0 F −1 2 φ_k∂^{[σ]}_{xn} EF_2g|^p |z|^{1+p(σ−[σ])} dxdx_ndz )^q_p ]_{1/q}

≤ c (_∞∑ k=0 J^q_k )_{1/q} , where J_k ≡ ( ∫ R ∫ R×Rn+^{|e} −γx_0 F −1 2 φ_k∂^{[σ]}_{xn} EF_2g|^p |z|^{1+p(σ−[σ])} dxdx_ndz )_{1/p} .

78 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI

Using the same family of functions {ψ_l(ξ)} as in the proof of Lemma 3.2, we get

J_k = ( ∫ R ∫ R×R^n_+ | | | ∞∑ l=0 e^{−γx0} (F^{−1}_2 ψ_l∂^{[σ]}_{xn} EF_2F^{−1}_2 φ_kF_2F^{−1}_2 φ_lF_2g)(x, xn, z) |z|^{1/p+(σ−[σ])} | | | p

· dxdxndz )_{1/p}

= ( ∫ R ∫ R^n ×R+ | | | ∞∑ l=0 e^{−γx0} (F^{−1}_2 ψ_l∂^{[σ]}_{xn} EF_2F^{−1}_2 φ_k ∗ F^{−1}_2 φ_lF_2g)(x, xn, z) |z|^{1/p+(σ−[σ])} | | | p

· dxdxndz )_{1/p}

= ( ∫ R ∫ R^n ×R+ | | | ∞∑ l=0 e^{−γx0} ∫ R^n dy (F −12 ψl∂[σ]x_n EF2F −12 φk)(y, xn)(F −12 φlF2g)(x − y) |z|^{1/p+(σ−[σ])} | | | p

· dxdxndz )_{1/p} . Now, using formula (3.6) from Lemma 3.2 with ∂^j_{xn} e_0 replaced by ∂^{[σ]}_{xn} E, we obtain

J_k = ∫ R ∫ R^n ×R+ | | | ∞∑ l=0 e^{−γx0} 2^{−(n+1)l} ∫ R^n dw (F −12 ψl∂[σ]E ∗ F −12 φk)(2−l ~w, xn, z) |z|^{1/p+σ−[σ]} ×(F^{−1}_2 φ_lF_2g)(x − 2^{−l} ~w) | |^p dxdxndz ]_{1/p} , where we used the change of variables y_i = 2^{−l}w_i, i = 1, . . . , n − 1, y_0 = 2^{−2l}w_0 and the notation ~w = (2^{−l}w_0, w^′), w^′ = (w_1, . . . , w_{n−1}), w = (w_0, w^′).

In view of formula (3.7) from Lemma 3.2, we have

J_k = [ ∫ R+ dxn ∫ R^n dx ∫ R dz |z|^{1+p(σ−[σ])} | |^∞ ∑ l=0 ∫ R^n

dwe^{−γw0} [(F^{−1}_2 ψ_l∂^{[σ]}_{xn} E)(2^{2l}·, 2^l·)

∗(F^{−1}_2 φ_k)(2^{2l}·, 2^l·)](w, x_n, z)e^{−γ(x0 −w0)}(F^{−1}_2 φ_lF_2g)(x − w) | | | p]_{1/p}

≤ { ∫ R+^{dxn} ∫ R^{dz|z|1+p(σ−[σ]} | | | | ∞∑ l=0 ∫ Rn^{dwe−γw0 [(F −12 ψl∂[σ]xn E)(22l·, 2l·)}

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 79

∗(F^{−1}_2 φ_k)(2^{2l}·, 2^l·)](w, xm, z) ( ∫ R^n dx|e^{−γ(x0 −w0)}(F^{−1}_2 φ_lF_2g)(x−w)|^p )_{1/p}| |^p }_{1/p} ≡ J^1_k ,

where we also used the Minkowski inequality.

Applying the change of variables ζ = x−w in the integral with respect to x yields

J^1_k = { ∫ R+ dxn ∫ R dz |z|^{1+p(σ−[σ])} | |^∞ ∑ l=0 ∫ R^n

dwe^{−γw0} [(F^{−1}_2 ψ_l∂^{[σ]}_{xn} E)(2^{2l}·, 2^l·)

∗(F^{−1}_2 φ_k)(2^{2l}·, 2^l·)](w, xn, z) ( ∫ R^n dζ|e^{−γζ0} (F^{−1}_2 φ_lF_2g)(ζ)|^p )_{1/p}| |^p }_{1/p} , where ζ = (ζ_0, ζ^′).

Using the Hölder inequality in the integral with respect to w and replacing w by y and ζ by x, we obtain

J^1_k ≤ { ∫ R+^{dxn} ∫ R^{dz|z|1+p(σ−[σ])} | | | ∞∑ l=0 ( ∫ Rn^{dy 1(1 + |y|a)d} )_{1/2}

× ( ∫ Rn^{dy|e−γy0 [(F −12 ψl∂[σ]xn E)(22l·, 2l·) ∗ (F −12 φk)(22l·, 2l·)](y, xn, z)} ×(1 + |y|_a)^{d2} | | | | 2)_{1/2}| | | p}_{1/p} ‖e^{−γx0} F^{−1}_1 φ_lF_1g‖_{Lp(}Rn_).

Assuming that d > n and applying the Parseval identity we get

J^2_k ≤ c ( ∫ R+^{dxn} ∫ R^{dz|z|1+p(σ−[σ]) |} ∞∑ l=0 ‖(ψ_l∂^{[σ]}_{xn} E)(2^{2l}·, 2^l·, x_n, z)

×φ_k(2^{2l}·, 2^l·)‖_W d_{2 ,d2 (}R_{n)}|^p )_{1/p} ‖e^{−γx0} F^{−1}_1 φ_lF_1g‖_{Lp(}Rn_).

Using Lemma 3.5 below, we obtain J_k ≤ c ∞∑ l=0 2^l(^{σ− 1p} )2^{(d+n+1−L1)|l−k|}‖e^{−γx0} F^{−1}_1 φ_lF_1g‖_{Lp(}Rn_). (3.13)

80 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI

Hence, ‖u‖_{2,B}^σ_2 ,σ_{p,q,γ(}R_{+×}R_{n+)} ≤ c [_∞∑ k=0 (_∞∑ l=0 2^l(^{σ− 1p} )2(^{d+ n+12 −L1})^{|l−k|}

× ‖e^{−γx0} F^{−1}_1 φ_lF_1g‖_{Lp(}Rn_) )_q ]_{1/q} ≤ c (_∞∑ k=0 ∞∑ l=0 2^l(^{σ− 1p} )^q2^{(ε+d+n+1−L1)|l−k|q}‖e^{−γx0} F^{−1}_1 φ_lF_1g‖^q_{Lp(}R_{n)} )_{1/q} , where ε > 0 is arbitrary small.

Let L_1 > ε + d + n + 1. Then we get (3.12). �

To prove (3.13) we need

Lemma 3.5. Let d be an even number such that d > n. Then J ≡ ( ∫ R+ dxn ∫ R dz |z|^{1+p(σ−[σ])} ‖(ψ_l∂^{[σ]}_{xn} E)(2^{2l}·, 2^l·, xn, z)φ_k(2^{2l}·, 2^l·)‖^p W d 2 ,d 2 (R×R^{n−1} ) )_{1/p}

≤ c2^l(^{σ− 1p} )2^{(d+n+1−L1)|l−k|}, (3.14)

where for l = 0 the constant c depend on γ; L_1 can be assumed sufficiently large.

Proof. Estimate (3.14) can be obtained in the same way as estimate (3.9) from Lemma 3.3. Namely, using the Minkowski inequality, we have J = ( ∫ R+ dxn ∫ R dz |z|^{1+p(σ−[σ])} ∑ 3∑ i=1 s^′_i+2s_i≤d ‖(∂^{s′1}_{ξ′} ∂^{s1}_{ξ0} ψ_l)(2^{2l}·, 2^l·)

(∂ s^′_2 ξ^′ ∂ s_2 ξ_0 ∂ [σ] x_n E)(2

2l·, 2^l·, xn, z)(∂^{s′3}_{ξ′} ∂^{s3}_{ξ0} φ_k)(2^{2l}·, 2^l·)‖^p_{L2(}R_{n )} )_{1/p} ≤

∑ 3∑ i=1 s^′_i+2s_i≤d

‖ ‖ ‖ ‖ (∂ s^′_1 ξ^′ ∂ s_1 ξ_0 ψl)(2 2l·, 2^l·) ‖ ‖ ‖ ∂^{s′2}_{ξ′} ∂^{s2}_{ξ0} ∂^{[σ]}_{xn} E |z|^{1/p+(σ−[σ])} ‖ ‖ ‖ L_p (R_+ ×R) (22l·, 2l·)

×∂^{s′3}_{ξ′} ∂^{s3}_{ξ0} φ_k(2^{2l}·, 2^l·) ‖ ‖ L_2(R^n ) .

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 81

In virtue of Lemma 2.2 ‖ ‖ ‖ ‖ ‖ ∂^{s′2}_ξ′ ∂^{s2}_{ξ0} ∂^{[σ]}_{xn} E |z|^{1/p+σ−[σ]} ‖ ‖ ‖ ‖ ‖_{Lp (}R_{+×}R_) (2^{2l}·, 2^l·) ≤ c2^{l(s′2 +2s2)}|τ |^{σ−s′2−2s2− 1p} . Hence ‖ ‖ ‖ ‖ ‖ ∂^{s′2}_ξ′ ∂^{s2}_{ξ0} ∂^{[σ]}_{xn} E |z|^{1/p+σ−[σ]} ‖ ‖ ‖ ‖ ‖_{Lp(}R_{+×}R_)

(2^{2l}·, 2^l·) ≤ c2^l(^{σ− 1p} ) for ξ ∈ A if l ≠ 0 and ‖ ‖ ‖ ‖ ‖ ‖ ∂^{s′2}_ξ′ ∂^{s2}_{ξ0} ∂^{[σ]}_{xn} E |z|^{1/p+σ−[σ]} ‖ ‖ ‖ ‖ ‖ ‖_{Lp(}R_{+×}R_)

(2^{2l}·, 2^l·) ≤ c(γ) for ξ ∈ A if l = 0,

where A is defined in Lemma 3.3.

Taking into account the above estimates and estimates (3.10) and (3.11) with L replaced by L_1, from Lemma 3.3 we get (3.14). �

Now, consider the following problem in the half-space R^n_+

u_t − Δu = f in R_+ × R^n_+,

u|_{xn=0} = g on R_+ × R^{n−1}, (3.15)

u|_{t=0} = 0 in R^n_+.

Lemma 3.6. Let f ∈ B^{σ2 −1,σ−2}p,q,γ (R_+×R^n_+), g ∈ B^{σ2 − 12p ,σ− 1p}p,q,γ (R_+×R^{n−1}), 2 < σ ∈ R, p, q ∈ (1, ∞). Then there exists a unique solution to problem (3.15) such that u ∈ B^{σ2 ,σ}_{p,q,γ} (R_+ × R^n_+) and ‖u‖_B^σ_2 ,σ_{p,q,γ(}R_{+×}R_{n+)} ≤ c ( ‖f‖_B^σ_2 −1,σ−2 p,q,γ (R+×R n +) + ‖g‖_B σ_{2 −} 1_{2p ,σ−} 1_p p,q,γ (R+×R n−1) ) , (3.16)

where c > 0 is a constant independent of u.

Proof. Since f ∈ B^{σ2 −1,σ−2}_{p,q,γ} (R_+ × R^n_+), we extend f by zero to the function f^′ defined in R × R^n_+. Next, using Lemma 2.3 we extend f_γ = e^{−γt}f^′ onto R× R^n to a function ~f_γ such that ‖ ~f_γ ‖_B^σ_2 −1,σ−2 p,q (R×R^n) ≤ c‖f_γ ‖_B^σ_2 −1,σ−2 p,q (R×R^n_+) = ‖f‖B^{σ2 −1,σ−2} p,q,γ (R+×R n +). (3.17)

82 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI

Let ~f = ~f_γ e^{γt}. Then (3.17) implies ‖ ~f ‖_B^σ_2 −1,σ−2 p,q,γ (R+×R n) ≤ c‖f‖_B^σ_2 −1,σ−2 p,q,γ (R+×R n +). (3.18)

Let us consider the problem ~u_t − Δ~u = ~f in R_+ × R^n, ~u|_{t=0} = 0 in R^n.

Lemma 3.8 below and (3.18) yield the estimate ‖~u‖_B^σ_2 ,σ_{p,q,γ(}R_{+×}R_{n)} ≤ c‖f‖_B^σ_2 −1,σ−2_{p,q,γ (}R_{+×}R_{n)}. (3.19) Next, note that v = u − ~u is a solution of the problem v_t − Δv = 0 in R× R^n_+, v|_{xn=0} = g − u^′|_{xn=0} on R× R^{n−1}, (3.20) v|_{t=0} = 0 in R^n_+. Let ~u_γ = { ~u for t ≥ 0 0 for t < 0.

Using the traces theorems (see [17, Chap. 6, Sec. 1 (isotropic case), Chap. 7, Sec. 1 (anisotropic case)), estimate (3.19), and the fact that (~u|_{xn=0})_γ = ~u_γ |_{xn=0}, we have ‖~u|_{xn=0}‖_B σ_{2 −} 1_{2p ,σ−} 1_p p,q,γ (R+×R n−1) = ‖~u_γ |_{xn=0}‖_B σ_{2 −} 1_{2p ,σ−} 1_p p,q (R×R^{n−1}) ≤ c‖~u_γ ‖_B^σ_2 ,σ_{p,q (}R_×R_{n)} ≤ c‖f‖_B^σ_2 −1,σ−2_{p,q,γ (}R_{+×}R_{n)}. (3.21) Theorem 3.1 applied to problem (3.20) together with (3.21) and Lemma 3.4 with (3.19) give the existence of a unique solution to problem (3.15) and estimate (3.16).

This completes the proof. � An immediate consequence of Lemma 3.6 is the corollary.

Corollary 3.7. Let f ∈ B^{σ2 −1,σ−2}_{p,q} ((0, T )×R^n_+), g ∈ B^{σ2 − 12p ,σ− 1p}_{p,q} ((0, T )×

R^{n−1}), 2 < σ ∈ R, p, q ∈ (1, ∞), 0 < T < ∞. Assume also that f^′ ∈ B^{σ2 −1,σ−2} p,q ((−∞, T ) × R^n_+), g^′ ∈ B^{σ2 − 12p ,σ− 1p}p,q ((−∞, T ) × R^{n−1}), where h^′ = { h for t ∈ (0, T ), 0 for t < 0, h ∈ {f, g}.

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 83

Then there exists a unique solution u ∈ B^{σ2 ,σ}_{p,q} ((0, T ) × R^n_+) to problem u_t − Δu = f in (0, T ) × R^n_+, u|_{xn=0} = g on (0, T ) × R^{n−1}, (3.22) u|_{t=0} = 0 in R^n_+.

Moreover, u^′ ∈ B^{σ2 ,σ}_{p,q} ((−∞, T ) × R^n_+) (where u^′ = { u for t ∈ (0, T ) 0 for t < 0 ) and the estimate holds ‖u^′‖_B^σ_2 ,σ_{p,q ((−∞,T )×}R_{n+)} ≤ c(T )(‖f^′‖_B^σ_2 −1,σ−2_{p,q ((−∞,T )×}R_{n+)} + ‖g^′‖_B σ_{2 −} 1_{2p ,σ−} 1_p p,q ((−∞,T )×R^{n−1}) ), (3.23)

where c = c(T ) is an increasing function of T .

Proof. First, we extend f and g by zero onto (−∞, T ) to functions f^′ and g^′. Next, using the extension theorem we extend f^′_γ = e^{−γt}f^′ and g^′_γ = e^{−γt}g^′ to functions ~f_γ and ~g_γ such that ‖ ~f_γ ‖_B^σ_2 −1,σ−2 p,q (R×R^n_+) ≤ c‖f ′ γ ‖_B^σ_2 −1,σ−2 p,q ((−∞,T )×R^n_+) ≤ c‖f^′‖_B^σ_2 −1,σ−2 p,q ((−∞,T )×R^n_+) and ‖~g_γ‖_B σ_{2 −} 1_{2p ,σ−} 1_p p,q (R×R^{n−1}) ≤ c‖g^′_γ ‖_B σ_{2 −} 1_{2p ,σ−} 1_p p,q ((−∞,T )×R^{n−1}) ≤ c‖g^′‖_B^σ_2 −1,σ−2 p,q ((−∞,T )×R^{n−1}). Let ~u ∈ B^{σ2 ,σ}_{p,q,γ} (R_+ × R^n_+) be a solution to problem (3.15) with f = e^{γt} ~f_γ |R_+ and g = e^{γt}~g_γ |R_+.

Then the function u = ~u|_{(0,T )} ∈ B^{σ2 ,σ}_{p,q} ((0, T ) × R^n_+) satisfies problem (3.22). Moreover, u^′ ∈ B^{σ2 ,σ}_{p,q} ((−∞, T ) × R^n_+) and u^′ satisfies estimate (3.23). � Now, we examine the Cauchy problem u_t − Δu = f in R_+ × R^n, u|_{t=0} = 0 in R^n. (3.24) We prove

84 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI

Lemma 3.8. Let f ∈ B^{σ2 −1,σ−2}_{p,q,γ} (R_+ × R^n), 2 < σ ∈ R, p, q ∈ (1, ∞). Then there exists a unique solution of problem (3.24) such that u ∈ B^{σ2 ,σ}_{p,q,γ} (R_+ × R^n) and

‖u‖_B^σ_2 ,σ_{p,q,γ(}R_{+×}R_{n)} ≤ c‖f‖_B^σ_2 −1,σ−2_{p,q,γ (}R_{+×}R_{n)}. (3.25)

Proof. The proof is similar to the proof of Theorem 3.1.

Applying to problem (3.24) the Fourier–Laplace transform

(F_1u)(s, ξ) = ∫ R+^{e−stdt} ∫ Rn^{e−ix·ξu(t, x)dx,} we obtain F_1u =

F_1f s + ξ^2

, (3.26)

where s = γ + iξ_0 and ξ = (ξ_1, . . . , ξ_n).

Using (3.26) we consider ‖u‖_B^σ_2 ,σ_{p,q,γ(}R_{+×}R_{n)} ≡ ≡ [_∞∑ k=0 ( ∫ R×Rn^{|e−γt2σkF −11 φkF1u|pdtdx} )_{q/p}]_{1/q}

= [_∞∑ k=0 ( ∫ R×Rn^{|e−γt2σkF −11 φk 1s + ξ2 F1f|pdtdx} )_{q/p}]_{1/q} ≡ I_2,

where {φ_k}^∞_{k=1} ∈ Φ_a(R^{n+1}) (see Definition 2.2).

As in the proof of Lemma 3.2, we introduce a family of functions {ψ_j(ξ_0, ξ)} with the properties: supp ψ_0 ⊂ {(ξ_0, ξ) : |(ξ_0, ξ)|_a ≤ 4}, supp ψ_j ⊂ {(ξ_0, ξ) : 2^{j−2}) ≤ |(ξ_0, ξ)|_a ≤ 2^{j+2}} and ψ_j(ξ_0, ξ) = 1 for (ξ_0, ξ) ∈ supp φ_j, |(ξ_0, ξ)|_a = (|ξ_0| + ∑_n i=1 |ξ_i|^2)^{1/2}. Then

I_2 ≤ c (_∞∑ k=0 I^q_{2k} )_{1/q} , where

I_{2k} = ( ∫ R×Rn ∞∑ l=0 2^{σk}e^{−γt}F^{−1}_1 ψ_l 1 s + ξ^2 φ_kφ_lF_1f|^pdtdx )_{1/p} .

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 85

Repeating the considerations from the proof of Lemma 3.2 we get I_{2k} ≤ c ∞∑ l=0 2σ(k−l)2σl ‖ ‖ψ_l(2^{2l}·, 2^l·) 1 γ + i2^{2l}ξ_0 + (2^lξ)^2 φ_k(2^{2l}·, 2^l·) ‖ ‖ W d 2 ,d 2 (R×R^n )

· ‖e^{−γx0} F^{−1}_1 φ_lF_1f ‖_{Lp(}R_×R n_),

where d > n + 1.

Let us note that | | |∂^{r1}_ξ ∂^{r2}_{ξ0} ( 1 τ^2 )| | ≤ c 2^{l(r1 +2r2 )} |τ |^{r1+2r2 +2} , where τ = γ + i2^{2l}ξ_0 + (2^lξ)^2, r_1 + 2r_2 ≤ d.

Therefore, for l ≠ 0 | | | |∂^{r1}ξ ∂^{r2}ξ0 ( 1 τ^2 )| | | ≤ c2^{−2l} for (ξ^0, ξ) ∈ A,

where A = {(ξ_0, ξ) :^1_4 ≤ |(ξ_0, ξ)|_a ≤ 4}, and for l = 0 | | | |∂^{r1}ξ ∂^{r2}ξ0 ( 1 τ^2 )| | | ≤ c(γ) for (ξ^0, ξ) ∈ A, where A = {(ξ_0, ξ) : |(ξ_0, ξ)|_a ≤ 4}.

The derivatives of ψ_l and φ_k can be estimated exactly in the same way as in Lemma 3.3. Hence, we get I_{2k} ≤ c ∞∑ l=0 2^{(σ+d+n+2−L)|l−k|}2^{(σ−2)l}‖e^{−γx0} F^{−1}_1 φ_lF_1f‖_{Lp(}R_×Rn_) and using the Hölder inequality we have

I_2 ≤ c {_∞∑ k=0 | ∞∑ l=0 2^{(δ−L)|l−k|}‖e^{−γx0} F^{−1}_1 φ_lF_1f‖_{Lp (}R_×Rn_)|^q }_{1/q}

≤ c (_∞∑ k=0 ∞∑ l=0 2^{(δ+ε−L)|l−k|q}2^{(σ−2)lq}‖e^{−γt}F^{−1}_1 φ_lF_1f‖^q_{Lp (}R_×R_{n)} )_{1/q} , where δ = σ + d + n + 2, t = x_0, ε > 0 is arbitrary small.

Assuming that L > δ + ε we obtain ‖u‖_B^σ_2 ,σ_{p,q,γ(}R_{+×}R_{n+)} ≤ c‖f‖_B^σ_2 −1,σ−1_{p,q,γ (}R_{+×}R_{n)}. This yields estimate (3.25) and ends the proof. �

As a consequence of Lemma 3.8 we formulate

86 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI

Corollary 3.9. Let f ∈ B^{σ2 −1,σ−1}_{p,q} ((0, T )×R^n), 2 < σ ∈ R, p, q ∈ (1, ∞), 0 < T < ∞. Assume also that f^′ ∈ B^{σ2 −1,σ−2}_{p,q} ((−∞, T ) × R^n), where

f^′ = { f for t ∈ (0, T ), 0 for t < 0.

Then there exists a unique solution u ∈ B^{σ2 ,σ}_{p,q} ((0, T ) × R^n) of problem

u_t − Δu = f in (0, T ) × R^n, u|_{t=0} = 0 in R^n.

Moreover u^′ ∈ B^{σ2 ,σ}_{p,q} ((−∞, T ) × R^n) and ‖u^′‖_B^σ_2 ,σ_{p,q ((−∞,T )×}R_{n)} ≤ c(T )‖f^′‖_B^σ_2 −1,σ−2_{p,q ((−∞,T )×}R_{n)}, where c = c(T ) is an increasing function of T .

4. Problem (1.1) with homogeneous initial condition in a bounded domain Let us consider the problem

L(∂_t, ∂_x)u ≡ u_t − Δu = f in Ω^T , Bu ≡ u = g on S^T , (4.1) u|_{t=0} = 0 in Ω, where Ω ⊂ R^n is a bounded domain with a boundary S, 0 < T < ∞.

Our aim is to prove the following theorem.

Theorem 4.1. Let σ ∈ R_+, p, q ∈ (1, ∞), S ∈ C^{σ+2}, f ∈ B^{σ2 ,σ}p,q (Ω^T ), g ∈ B^{σ2 +1− 12p ,σ+2− 1p} p,q (S^T ). Let Assumption 1.1 with f_0 and g_0|_S replaced by f and g hold. Moreover, assume that in the case of σ >^2_p the functions f and ~g ∈ B^{σ2 +1,σ+2} p,q (Ω^T ) which is an extension of g on Ω^T , satisfy Assumption 1.2. In the case of^2_p ≤ σ <^3_p − 2, assume only that ~g satisfies conditions (1.2). Then there exists a unique solution of problem (4.1) with the properties:

u ∈ B^{σ2 +1,σ+2} p,q (Ω^T ) and T∫ 0 ‖∂^{m3}_t u‖^q t^{1+qλ3} dt < ∞,

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 87

where λ_3 = λ_1,

m_3 = { [_{σ2} + 1 ] if^σ_2 is noninteger, σ 2 if^σ_2 ∈ N ∪ {0}.

Moreover,

‖u‖_B^σ_2 +1,σ+2

p,q (Ω^T ) + (^T∫ 0 ‖∂^{m3}_t u‖^q t^{1+qλ3} dt ) 1_q

≤ c [ ‖f‖_B^σ_2 ,σ_{p,q (ΩT )} + ‖g‖_B σ_{2 +1−} 1_{2p ,σ+2−} 1_p p,q (S^T ) (4.2)

+ (^T∫ 0 ‖∂^{m1}_t f‖^q_{Lp ((0,t)×Ω)} t^{1+qλ1} dt ) 1_q + (^t∫ 0 ‖∂^{m2}_t g‖^q_{Lp((0,t)×S)} t^{1+qλ2} dt ) 1_q ] . In order to prove Theorem 4.1 we need the results from Sec. 3 and some additional auxiliary lemmas which will be formulated below.

We will use now the family of open sets {Ω^{(k)}}, k ∈ M ∪ N , which is the covering of Ω introduced in Sec. 2.

We associate with this covering two families of functions {ζ^{(k)}(x)}, {η^{(k)}(x)}, and k ∈ M ∪ N such that {ζ^k(x)η^k(x)} is a partition of unity (see Sec. 2).

Let f^{(k)}(t, x) = ζ^{(k)}(x)f(t, x). By R^{(k)}, k ∈ M, we denote the operator such that u^{(k)}(t, x) = R^{(k)}f^{(k)}(t, x), where u^{(k)}(t, x) is a solution to the Cauchy problem

L(∂_t, ∂_x)u^{(k)}(t, x) = f^{(k)}(t, x) in (0, T ) × R^n, u^{(k)}|_{t=0} = 0 in R^n. (4.3) For k ∈ N , we denote by R^{(k)} the operator such that ^u^{(k)}(t, z) = R^{(k)}( ^f^{(k)}(t, z), ^g^{(k)}(t, z^′)), z^′ = (z_1, . . . , z_{n−1}), where ^u^{(k)}(t, z) is a solution to the initial boundary value problem

L(∂_t, ∂_z)^u^{(k)}(t, z) = ^f^{(k)}(t, z) in (0, T ) × R^n_+, B^u^{(k)}(t, z) = ^g^{(k)}(t, z^′) on (0, T ) × {z ∈ R^n : z_n = 0},(4.4) ^u^{(k)}|_{t=0} = 0 in R^n_+.

88 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI

Then, we define an operator R (called the regularizer) by the formula (see [15, 19]) Rb = ∑ k∈M∪N η^{(k)}(x)u^{(k)}(t, x), where b = (f, g),

u^{(k)}(t, x) = { R^{(k)}f^{(k)}(t, x) for k ∈ M, Z_kR^{(k)}(Z^{−1}_k f^{(k)}(t, x), Z^{−1}_k g^{(k)}(t, x)) for k ∈ N and Z_k is the operator such that Z_k^v(t, z) = v(t, x).

Corollaries 3.9 and 3.7, together with Lemma 2.5 and Remark 2.1, yield the existence of solutions to problems (4.3) and (4.4) such that u^{(k)′} ∈ B^{σ2 +1,σ+2} p,q ((−∞, T ) × R^n) and ^u^{(k)′} ∈ B^{σ2 +1,σ+2}_{p,q} ((−∞, T ) × R^n_+), respectively. Moreover, the estimates hold

‖u^{(k)′} ‖_B^σ_2 +1,σ+2 p,q ((−∞,T )×R^n) ≤ c(T )‖f^{(k)′} ‖_B^σ_2 ,σ_{p,q ((−∞,T )×}R_{n)}, k ∈ M, (4.5) ‖^u^{(k)′} ‖_B^σ_2 +1,σ+2 p,q ((−∞,T )×R^n_+) ≤ c(T ) ( ‖ ^f^{(k)′} ‖_B^σ_2 ,σ_{p,q ((−∞,T )×}R_{n+)} + ‖^g^{(k)′} ‖_B σ_{2 +1−} 1_{2p ,σ+2−} 1_p p,q ((−∞,T )×R^{n−1}) ), k ∈ N , (4.6)

where v^′ = { v for t ∈ (0, T ), 0 for t < 0 , v ∈ {u^{(k)}, ^u^{(k)}, f^{(k)}, ^f^{(k)}}. Introduce the notation: H^σ_{p,q} = {(f, g) ∈ B^{σ2 ,σ}p,q (Ω^T ) × B^{σ2 +1− 12p ,σ+2− 1p} p,q (S^T ) : (f^′, g^′) ∈ B^{σ2 ,σ}_{p,q} ((−∞, T ) × Ω) × B^{σ/2+1− 12p ,σ+2− 1p} p,q ((−∞, T ) × S)}, V^σ_{p,q} = {u ∈ B^{σ2 +1,σ+2} p,q (Ω^T ) : u^′ ∈ B^{σ2 +1,σ+2}_{p,q} ((−∞, T ) × Ω}, where v^′ = { v for t ∈ (0, T ) 0 for t < 0 , v ∈ {f, g, u}. Moreover ‖(f, g)‖_Hσ_{p,q} = ‖(f^′, g^′)‖_B σ_{2 ,σp,q ((−∞,T )×Ω)×B} σ_{2 +1−} 1_{2p ,σ+2−} 1_p p,q ((−∞,T )×S) and ‖u‖_V σ_{p,q} = ‖u^′‖_B^σ_2 +1,σ+2_{p,q ((−∞,T )×Ω)}. Then, inequalities (4.5)–(4.6) imply

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 89

Lemma 4.2. Let σ ∈ R_+, p, q ∈ (1, ∞), S ∈ C^{σ+2}, b ∈ H^σ_{p,q}. Then the regularizer R : H^σ_{p,q} → V^σ_{p,q} is a bounded linear operator such that ‖Rb‖_V σ_{p,q} ≤ c‖b‖_Hσ_{p,q} , where c > 0 does not depend on b.

Now, let us express problem (4.1) in the form Au = b, A = (L, B). We prove Lemma 4.3. Let σ ∈ R_+, p, q ∈ (1, ∞), S ∈ C^{σ+2}, b ∈ H^σ_{p,q}. Then ARb = b + Sb, where S is a bounded operator in H^σ_{p,q} with a small norm for small λ = sup_k diam Ω^{(k)} and small T . More precisely, the estimate holds ‖Sb‖_Hσ_{p,q} ≤ c ( ε^{δ1} + c_1 ( 1 ε , 1 λ ) T^{δ2} + c_2(‖F ‖_Cσ+2 )λ^{δ3} ) ‖b‖_Hσ_{p,q} , (4.7) where ε ∈ (0, 1), c_1 is an increasing positive function of its arguments; c_2 is a polynomial of the second order and δ_i > 0, i = 1, 2, 3. Proof. We have ARb = ( ∑ k∈M∪N (L(∂_t, ∂_x)η^{(k)}u^{(k)} − η^{(k)}L(∂_t, ∂_x)u^{(k)}) + ∑ k∈N η^{(k)}Z_k(L(∂_t, ∂_z) − ∇F ∂_{zn} ) − L(∂_t, ∂_z))Z^{−1}_k u^{(k)}(t, x) (4.8) + ∑ k∈M η^{(k)}L(∂_t, ∂_x)u^{(k)}(t, x) + ∑ k∈N η^{(k)}Z_kL(∂_t, ∂_z)Z^{−1}_k u^{(k)}(t, x), ∑ k∈N η^{(k)}Z_kBZ^{−1}_k u^{(k)}(t, x)) ≡ (S_1b + f, S_2b + g),

where

S_1b = ∑ k∈M∪N (L(∂_t, ∂_x)η^{(k)}u^{(k)} − η^{(k)}L(∂_t, ∂_x)u^{(k)}) + ∑ k∈N η^{(k)}Z_k(L(∂_t, ∂_z) − ∇F ∂_{zn} ) − L(∂_t, ∂_z))Z^{−1}_k u^{(k)}(t, x), S_2b = 0.

90 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI

Hence, ARb = b + Sb, where Sb = (S_1b, S_2b) = (S_1b, 0).

In order to estimate ‖Sb‖_Hσ_{p,q} , we first consider ‖ ‖ ‖ ‖ ∑ k∈M∪N (L(∂_t, ∂_x)η^{(k)}u^{(k)′} − η^{(k)}L(∂_t, ∂_x)u^{(k)′} ‖ ‖ ‖ ‖_B σ_{2 ,σp,q ((−∞,T )×Ω(k))}

= ‖ ‖ ‖ ∑ k∈M∪N (2∇η^{(k)} · ∇u^{(k)′} + Δη^{(k)}u^{(k)′} ‖ ‖ ‖_B σ_{2 ,σp,q ((−∞,T )×Ω(k) )} ≤ c ∑ k∈M∪N (‖∇η(k) · ∇u(k)^′ ‖ B σ 2 ,σ p,q ((−∞,T )×Ω^{(k)} ) + ‖Δη(k)u(k)^′ ‖ B σ 2 ,σ p,q ((−∞,T )×Ω^{(k)} ) ≤ c ∑ k∈M∪N ( c ( 1 λ ) ‖∇u^{(k)′} ‖_B σ_{2 ,σp,q ((−∞,T )×Ω(k) )}+c ( 1 λ ) ‖u^{(k)′} ‖_B σ_{2 ,σp,q ((−∞,T )×Ω(k) )} ) . First, we estimate ‖∇u^{(k)′} ‖_B^σ_2 ,σ_{p,q ((−∞,T )×Ω(k))} = ‖∇u^{(k)}‖_{Lp((0,T )×Ω}(k)_)

+ n∑ i=1 (^h0∫ 0 ‖Δ^m_i (h, Ω^{(k)})∇u^{(k)}‖^q_{Lp((0,T )×Ω(k))} h^{1+qσ} dh )_{1/q}

+ (^h0∫ 0 ‖Δ^{m0}_t (h, (−∞, T ))∇u^{(k)′}‖^q_{Lp((0,T )×Ω(k))} h^{1+q σ2} dh )_{1/q} ≡ K_1 + K_2 + K_3,

where we assume that m > σ, m_0 >^σ_2 + 1 and mh_0 ≤ λ, m_0h_0 < T , λ = sup_k diamΩ^{(k)}.

We obtain

K_2 ≤ ε^{1−}–^1 n∑ i=1 h_0∫

0

(∫_T 0 ‖Δ^m_i (h, Ω^{(k)})u^{(k)}‖^p_{W 2p (Ω(k))}dt )_{q/p} h^{1+qσ} dh 1/q

+cε^−–^1 n∑ i=1 h_0∫

0

( ∫_T 0 ‖ ‖ ‖ ∫_t 0 Δ^m_i (h, Ω^{(k)})u^{(k)}_τ dτ ‖ ‖ ‖^p_{Lp(Ω(k))} dt )_{q/p}

h^{1+qσ} dh 1/q

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 91

≤ cε^{1−}–^1 ‖u^{(k)}‖_B^σ_2 +1,σ+2_{p,q ((0,T )×Ω(k))}

+cε^−–^1 T n∑ i=1 h_0∫

0

(∫_T 0 ‖Δ^m_i (h, Ω^{(k)})u^{(k)}_t dt‖^p_{Lp(Ω(k) )}dt )_{q/p} h^{1+qσ} dh 1/q

≤ (cε^{1−}–^1 + cε^−–^1 T )‖u^{(k)′} ‖_B^σ_2 +1,σ+2_{p,q ((−∞,T )×Ω(k) )},

where [x, x + mhe_i] ⊂ Ω^{(k)} for i = 1, . . . , n, 0 < –_1 < 1 and we used the fact that u^{(k)}|_{t=0} = 0.

Next, we have

K_3 ≤ h^{1/2}_0

h_0∫

0 ‖Δ^{m0}_t (h, (−∞, T ))∇u^{(k)′} ‖^q_{Lp((−∞,T )×Ω(k)} ) h^{1+q}(^{σ2 + 12} ) dh 1/q

≤ cT^{1/2}‖u^{(k)′} ‖_B^σ_2 +1,σ+2_{p,q ((−∞,T )×Ω(k))}. Finally,

K_1 ≤ ε^{1−}–^2 (^T∫ 0 ‖u^{(k)}‖^p_{W 2p (Ω(k))}dt )_{1/p} + cε^−–^2 (^T∫ 0 ‖u^{(k)}‖^p_{Lp(Ω(k) )}dt )_{1/p}

≤ cε^{1−}–^2 (^T∫ 0 ‖u^{(k)}‖^p_{B2+σp,q (Ω(k) )}dt )_{1/p} + cε−–^2 (^T∫ 0 ‖ ‖ t∫ 0 u^{(k)}_τ (τ )dτ ‖ ‖^p L_p(Ω^{(k)} ) dt )_{1/p}

≤ cε^{1−}–^2 ‖u^{(k)}‖_B^σ_2 +1,σ+2_{p,q ((0,T )×Ω(k))} + cε^−–^2 T (^T∫ 0 ‖u^{(k)}_t (t)‖^p_{Lp(Ω(k))} dt )_{1/p}

≤ c(ε^{1−}–^2 + T ε^−–^2 )‖u^{(k)′} ‖_B^σ_2 +1,σ+2_{p,q ((−∞,T )×Ω(k) )},

where 0 < –_2 < 1 and we have used imbedding lemmas, interpolation inequalities and u^{(k)}|_{t=0} = 0.

By the above estimates, we get ‖∇u^{(k)′}‖_B^σ_2 ,σ_{p,q ((−∞,T )×Ω(k) )} ≤ c(ε^{1−}– + T^{1/2} + T ε^−–)‖u^{(k)}‖_B^σ_2 +1,σ+2_{p,q ((0,T )×Ω(k))}, 0 < – < 1.

92 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI

Similarly, we estimate ‖u^{(k)′} ‖_B^σ_2 ,σ_{p,q ((−∞,T )×Ω(k))}.

The second term on the r.h.s. of (4.8) is estimated by c ∑ k∈N [‖∇F ∂^2_z ^u^{(k)′} |_{z=Φk(y(x))}‖_B^σ_2 ,σ_{p,q ((−∞,T )×Ω(k))} +‖∇F ∇F ∂^2_z ^u^{(k)′} |_{z=Φk(y(x))}‖_B^σ_2 ,σ_{p,q ((−∞,T )×Ω(k))} +‖∇^2F ∂_z ^u^{(k)′} |_{z=Φk(y(x))}‖_B^σ_2 ,σ_{p,q ((−∞,T )×Ω(k))} +‖∇F ∇^2F ∂_z ^u^{(k)′} |_{z=Φk(y(x))}‖_B^σ_2 ,σ_{p,q ((−∞,T )×Ω(k))}] ≤ cλ^a sup_k c(‖F ‖_Cσ+2_{(Ω}(k)_)) ∑ k∈N ‖u^{(k)′} ‖_B^σ_2 +1,σ+2 p,q ((−∞,T )×Ω^{(k)}), where a > 0, and c is a polynomial of degree 2. In the above norms the summation over indices of ∇_i∇_jF , ∇_iF , ∂_{zi} ^u, ∂_{zizj} ^u is assumed.

By the above estimates and inequalities (4.5)–(4.6), estimate (4.7) and the assertion of the lemma follows. � Next, we prove Lemma 4.4. Let σ ∈ R_+, p, q ∈ (1, ∞), S ∈ C^{σ+2}, v ∈ V^σ_{p,q} . Then RAv = v + W v, where W is a bounded operator in V^σ_{p,q} with a small norm for λ and T small. More precisely ‖W v‖_V σ_{p,q} ≤ c(ε^{δ1} + c_3 ( 1 ε , 1 λ ) T^{δ2} + c_4(‖F ‖_Cσ+2 )λ^{δ3} )‖v‖_V σ_{p,q} , (4.9)

where ε ∈ (0, 1), c_3 is an increasing positive function; c_4 is a polynomial of the second degree and δ_i > 0, i = 1, 2, 3. Proof. We have RAv = ∑ k∈M η^{(k)}R^{(k)}ζ^{(k)}L(∂_t, ∂_x)v + ∑ k∈N η^{(k)}Z_kR^{(k)}[Z^{−1}_k ζ^{(k)}L(∂_t, ∂_x)v, Z^{−1}_k ζ^{(k)}Bv|_s] = ∑ k∈M η^{(k)}R^{(k)}(ζ^{(k)}L(∂_t, ∂_x) − L(∂_t, ∂_x)ζ^{(k)})v

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 93 + ∑ k∈M η^{(k)}R^{(k)}L(∂_t, ∂_x)ζ^{(k)}v+

+ ∑ k∈N η^{(k)}Z_kR^{(k)}[Z^{−1}_k (ζ^{(k)}L(∂_t, ∂_x) − L(∂_t, ∂_x)ζ^{(k)})v, 0]

+ ∑ k∈N η^{(k)}Z_kR^{(k)}[(Z^{−1}_k L(∂_t, ∂_x) − L(∂_t, ∂_x)Z^{−1}_k )ζ^{(k)}v,

(Z^{−1}_k B − BZ^{−1}_k )ζ^{(k)}v|_S ] + ∑ k∈N η^{(k)}Z_kR^{(k)}[L(∂_t, ∂_x)Z^{−1}_k ζ^{(k)}v, BZ^{−1}_k ζ^{(k)}v|_S ]. (4.10)

The uniqueness of solutions of problems (4.3) and (4.4) yields that R^{(k)}L(∂_t, ∂_x)ζ^{(k)}v = ζ^{(k)}v, k ∈ M and Z_kR^{(k)}[L(∂_t, ∂_x)Z^{−1}_k ζ^{(k)}v, BZ^{−1}_k ζ^{(k)}v|_S ] = ζ^{(k)}v, k ∈ N .

Therefore, the sum of the second and fifth terms on the right-hand side of (4.10) equals ∑ k∈M η^{(k)}ζ^{(k)}v + ∑ k∈N η^{(k)}ζ^{(k)}v = v.

Hence RAv = v + W v, where W v is the sum of the first, third and fourth terms on the right-hand side of (4.10).

The first and third terms on the r.h.s. of (4.10) are estimated as follows ‖ ∑ k∈M η^{(k)}R^{(k)}(ζ^{(k)}L(∂_t, ∂_x) − L(∂_t, ∂_x)ζ^{(k)})v^′‖_B^σ_2 +1,σ+2_{p,q ((−∞,T )×Ω)}

+‖ ∑ k∈N η^{(k)}Z_kR^{(k)}[Z^{−1}_k (ζ^{(k)}L(∂t, ∂x) − L(∂t, ∂x)ζ^{(k)})v^′, 0]‖_B σ_{2 +1,σ+2p,q ((−∞,T )×Ω)} ≤ c ∑ k∈M∪N (‖∇ζ^{(k)} · ∇v^′‖_B^σ_2 ,σ_{p,q ((−∞,T )×Ω)} + ‖Δζ^{(k)}v^′‖_B^σ_2 ,σ_{p,q ((−∞,T )×Ω)}).

94 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI

The sum on the r.h.s. of the above inequality can be estimated exactly in the same way as the sum ∑ k∈M∪N (‖∇η^{(k)}·∇u^{(k)′}‖_B^σ_2 ,σ_{p,q ((∞,T )×Ω(k))}+‖Δη^{(k)}u^{(k)′} ‖_B^σ_2 ,σ_{p,q ((−∞,T )×Ω(k))}) in the proof of Lemma 4.3.

Finally, the fourth term on the r.h.s. of (4.10) is bounded by c ∑ k∈N (‖∇_zF ∇^2_zF ∂_zv^{(k)′} |_{z=Φk(y(x))}‖_B^σ_2 ,σ_{p,q ((−∞,T )×Ω(k))}

+‖(∇_zF (1 − ∇_zF )∂^2_z v^{(k)′} |_{z=Φk(y(x))}‖_B^σ_2 ,σ_{p,q ((−∞,T )×Ω(k))})

≤ cλ^{^a} sup_k ^c(‖F_k‖_cσ+2_{(Ω}(k)_)) ∑ k∈N ‖v^{(k)′} ‖_B^σ_2 +1,σ+2 p,q ((−∞,T )×Ω^{(k)}), where ^a > 0, and ^c is a polynomial of degree 2.

Taking into account the above considerations we obtain (4.9) and the assertion of the lemma follows. �

Lemmas 4.2–4.4 imply the proof of Theorem 4.1.

The proof of Theorem 4.1. In view of Lemmas 4.3–4.4, there exist the right and left inverse operators to A which are bounded operators equal to R(I + S)^{−1} and (I + W )^{−1}R, respectively. Therefore,

R(I + S)^{−1} = (I + W )^{−1}R = A^{−1}

and the assertion of Theorem 4.1 holds for T > 0 sufficiently small.

In the case of arbitrary 0 < T < ∞ we divide the interval (0, T ) on a finite number of subintervals (0, t),

(_1 2 t,^3_2 t ) , . . . , (N t, T ) with sufficiently small t > 0. Then in the standard way (see [15]) we extend the solution step by step from (0, t) onto (0, T ).

This completes the proof. �

5. Problem (1.1) with nonhomogeneous initial condition in a bounded domain

In this final section, we present the proofs of Theorems 1.1 and 1.2. Let u_0 ∈ B^{σ+2− 2p}p,q (Ω). By Lemma 2.4, there exists a function ~u_0 ∈ B^{σ2 +1,σ+2} p,q (Ω^T ) such that ~u_0|_{t=0} = u_0,

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 95 ∂^k_t ~u_0 | |_{t=0} = ∂^{k−1}_t f | |_{t=0} + Δ(∂^{k−1}_t ~u_0 | |_{t=0}), k = 1, 2, . . ., m, 2m 6 l_1, where l_1 is defined in Assumption 1.2 and

‖~u_0‖_B^σ_2 +1,σ+2 p,q (Ω^T ) ≤ c(‖u 0‖_{Bσ+2−} 2_p p,q (Ω) + ‖f‖_B^σ_2 ,σ_{p,q (ΩT )}). (5.1)

Let v = u − ~u_0. Then v is a solution of the problem

v_t − Δv = f − (~u_{0t} − Δ~u_0) ≡ f_0, v|_S = g − ~u_0|_S ≡ g_0, v|_{t=0} = 0,

and by (5.1), we have

‖f_0‖_B^σ_2 ,σ_{p,q (ΩT )} ≤ c(‖f‖_B^σ_2 ,σ_{p,q (ΩT )} + ‖~u_0‖_B^σ_2 +1,σ+2_{p,q (ΩT )})

≤ c(‖f‖_B^σ_2 ,σ_{p,q (ΩT )} + ‖u_0‖_{Bσ+2−} 2_{pp,q (Ω)}), (5.2)

‖g_0‖_B σ_{2 +1−} 1_{2p ,σ+2−} 1_p p,q (S^T ) ≤ c(‖g‖_B σ_{2 +1−} 1_{2p ,σ+2−} 1_p p,q (S^T ) +‖~u_0‖_B^σ_2 +1,σ+2 p,q (Ω^T )) ≤ c(‖g‖B^{σ2 +1− 12p ,σ+2− 1p} p,q (S^T ) +‖u_0‖_{Bσ+2−} 2_{pp,q (Ω)}). (5.3)

Hence, by Theorem 4.1, there exists a unique solution v ∈ B^{σ2 +1,σ+2}_{p,q} (Ω^T ) and this implies the existence of a solution to problem (1.1) Estimate (1.2) follows from estimates (5.2)–(5.3) and estimate (4.2) for v. The uniqueness of a solution follows from estimate (1.2).

This completes the proof of Theorem 1.1.

Theorem 1.2 is the immediate consequence of Theorem 1.1 and Lemmas 2.4 and 2.6.

References

1. M. S. Agranovich,M. I. Vishik, Elliptic problems with parameter and parabolic problems of general type. — Usp. Mat. Nauk 19, 3 (117) (1964), 53–161.

2. W. Alame, On the existence of solutions for the nonstationary Stokles system with slip boundary conditions in general Sobolev–Slobodetskii and Besov spaces, regularity and other aspects of the Navier–Stokes equations. — Banach Center Publ. 70 (2005), 21–49.

3. H. Amann, Dynamic theory of quasilinear parabolic equations. II. Reaction-diffu-sion systems. — Diff. Int. Eqs. 3 (1) (1990), 13–75.

4. H. Amann, Linear and Quasilinear Parabolic Problems, Vol. I, Birkhäuser Verlag, 1995.

96 EWA ZADRZYŃSKA, WOJCIECH M. ZAJA̧CZKOWSKI

5. H. Amann, Elliptic operators with infinite-dimensional state spaces, J. Evol. Equ.

1 (2001), 143–188.

6. O. V. Besov, V. P. Il’in, S. M. Nikolskij, Integral representation of functions and theorems of imbedding. Nauka, Moscow, 1975.

7. M. Burnat, W. M. Zaja̧czkowski, On local motion of a compressible barotropic viscous fluid with the boundary slip condition. — Topol. Meth. Nonlinear Anal. 10 (1997), 195–223.

8. R. Danchin, Global existence in critical spaces for flows of compressible viscous and heat-conductive gases. — Archive for Rational Mechanics and Analysis 160 (2001), 1–39.

9. R. Danchin, On the uniqueness in critical spaces for compressible Navier–Stokes equations. No. DEA 12 (2005), 111–128.

10. G. Grubb, Functional calculus of pseudodifferential boundary problems. — Progress Math. 65, Birkhauser, 1996.

11. G. Grubb, V. A. Solonnikov, Solution of parabolic pseudo-differential initial-bo-undary value problems. — J. Diff. Eqs 87 (1990), 256–304.

12. G. Grubb, N. J. Kokholm, A global calculus of parameter-dependednt pseudodifferential boundary problems in Lp Sobolev spaces. — Acta Math. 171 (1993), 165–229.

13. G. Grubb, Parameter-elliptic and parabolic pseudodifferential boundary problems in global Lp Sobolev spaces. — Mathematische Zeitschrift 218 (1995), 43–90.

14. G. Grubb, V. A. Solonnikov, Boundary value problems for the nonstationary Navier-Stokes equations treated by pseudo-differential methods. — Math. Scand. 69 (1991), 217–290.

15 O. A. Ladyzhenskaya, V. A. Solonnikov, N. N. Uraltseva, Linear and quasilinear equations of parabolic type. Nauka, Moscow, 1967.

16 J. L. Lions, E. Magenes, Nonhomogeneous boundary value problems and applications. Vol. 1 and 2, Springer Verlag, 1972.

17. S. M. Nikolskij, Approximation of functions with many variables and theorems of imbedding. Nauka, Moscow, 1977.

18. R. Paley, N. Wiener, Fourier transforms in the complex domain. New York, 1934. 19. V. A. Solonnikov, A priori estimates for linear parabolic equations of the second order. — Trudy Steklov Mat. Inst. 70 (1964), 133–212.

20. V. A. Solonnikov, On boundary value problems for linear parabolic systems of differential equations of general type. — Trudy Steklov Mat. Inst. 83, 1965, ??– ??. 21. V. A. Solonnikov, An initial-boundary value problem for Stokes system that arises in the study of free boundary problem. — Trudy Steklov Mat. Inst. 188 (1990), 150–188.

22. H. Triebel, Interpolation theory, function spaces, differential operators. North Holland, Amsterdam, 1978.

23. H. Triebel, Theory of function spaces. Akad. Verlagsgesellschaft, Leipzig, 1983. 24. P. Weidemaier, Maximal regularity for parabolic equations with inhomogeneous boundary conditions in Sobolev spaces with mixed Lp-norm. — Electr. Res. Announcements of the AMS 8 (2002), 47–51.

25. P. Weidemaier, Existence results in Lp − Lq spaces for second order parabolic equations with inhomogeneous Dirichlet boundary conditions. — Progress in PDE

THE CAUCHY––DIRICHLET PROBLEM IN BESOV SPACES 97

Pitman Research Notes 384 (1998), 189–200.

26. Y. Yamamoto, Solutions in Besov spaces of a class of abstract parabolic equations of higher order in time. — J. Math. Kyoto Univ. 38, 2 (1998), 201–227.

Postupilo 12 oktØbrØ 2007 g.

Faculty of Mathematics and Information Sciences, Warsaw University of Technology, Warsaw, Poland E-mail: : emzad@impan.gov.pl

Institute of Mathematics, Polish Academy of Sciences, Warsaw, Poland E-mail: : wz@impan.gov.pl