Zapiski nauqnyh seminarov POMI Tom 347, 2007 g.

P. A. Valineviq, S. �. Derkaqœv, D. KarahanØn, R. Kirxner

FAKTORIZACI˚ R-MATRICY V SLUQAE KVANTOVO` ALGEBRY Uq (sℓ3)

1. Vvedenie

Osnovnym ob¨ektom v teorii integriruemyh sistem [2, 3] ØvlØetsØ R-matrica. R-matrica – ffto lineænyæ operator, kotoryæ zavisit ot spektral~nogo parametra u i deæstvuet v tenzornom proizvedenii dvuh prostranstv V_1 ⊗ V_2. Operator R ØvlØetsØ rexeniem uravneniØ ˚nga–Bakstera [1, 3, 4, 6]

R_{12}(u − v)R_{13}(u)R_{23}(v) = R_{23}(v)R_{13}(u)R_{12}(u − v). (1.1)

Vse operatory deæstvu¸t v obwem tenzornom proizvedenii V_1 ⊗

V2 ⊗ V3. Indeksy ik pokazyva¸t, qto operator Rik deæstvuet ne-

trivial~no v tenzornom proizvedenii V_i ⊗ V_k, a na ostavxu¸sØ qast~ tenzornogo proizvedeniØ V_1 ⊗ V_2 ⊗ V_3 prodolßaetsØ kak ediniqnyæ operator. Esli tret~e prostranstvo V_3 sootvetstvuet fundamental~nomu predstavleni¸ algebry simmetri, uravnenie (1.1) svoditsØ k bolee prostomu RLL-uravneni¸ (L(u) – matrica Laksa)

R_{12}(u − v) L_1(u) L_2(v) = L_2(v) L_1(u) R_{12}(u − v),

kotoroe budet ispol~zovat~sØ kak opredelØ¸wee sootnoxenie dlØ universal~noæ R-matricy [7]. My rassmatrivaem sℓ(3)- invariantnye rexeniØ uravneniØ ˚nga–Bakstera i, kak estestvennoe obobwenie, rexeniØ uravneniØ ˚nga–Bakstera s deformirovannoæ algebroæ simmetrii U_q (sℓ_3. V fftom sluqae matrica

P. Valineviq blagodaren fondu nekommerqeskih programm “DinastiØ” i Meßdunarodnomu centru fundamental~noæ fiziki v Moskve za finansovu¸ podderßku. Rabota byla vypolnena pri podderßke granta RFFI 06- 01-00186a, DAAD Leonhard-Euler-Stipendienprogramm 2006 (P.V.), RFFI 05- 01-00922, NSh-5403.2006.1, DFG 436 Rus 17/4/07 (S.D.), DFG 436 Arm 17/1/07 (D.K.) i NTZ of Leipzig University. 88

FAKTORIZACI˚ R–MATRICY 89 Laksa L(u) zavisit ot treh parametrov: dvuh parametrov predstavleniØ m_1, m_2 i spektral~nogo parametra u. My budem ispol~zovat~ drugu¸ parametrizaci¸ matricy Laksa L(u_1, u_2, u_3), gde parametry u_1, u_2 i u_3 opredeleny niße (2.5). Posle vydeleniØ operatora perestanovki P_{12} iz R-matricy R_{12} = P_{12}Ř_{12} opredelØ¸wee sootnoxenie dlØ operatora Ř_{12} perepisyvaetsØ v vide

Ř_{12} · L_1(u_1, u_2, u_3)L_2(v_1, v_2, v_3) = L_1(v_1, v_2, v_3)L_2(u_1, u_2, u_3) · Ř_{12}.

�to uravnenie dopuskaet estestvennu¸ interpretaci¸ [8, 10]: operator Ř_{12} perestavlØet nabor parametrov u_1, u_2, u_3 pervoæ matricy Laksa s naborom parametrov v_1, v_2, v_3 vhodØwih vo vtoru¸ matricu i sootvetstvuet special~noæ perestanovke s iz gruppy perestanovok S_6 xesti parametrov ( s u_1, u_2, u_3, v_1, v_2, v_3) → (v_1, v_2, v_3, u_1, u_2, u_3).

Proizvol~naØ perestanovka iz gruppy S_6 stroitsØ iz pØti fflementarnyh perestanovok s_i, perestavlØ¸wih dva blißaæxih fflementa v nabore u = (u_1, u_2, u_3, v_1, v_2, v_3): s_1u = (u_2, u_1, u_3, v_1, v_2, v_3) i t.d. V qastnosti s = s_3s_2s_4s_3s_1s_2s_5s_4s_3, pofftomu estestvenno popytat~sØ naæti realizaci¸ operatorov S_i(u), predstavlØ¸wih fflementarnye perestanovki ( s_1

u_1, u_2, u_3,

s_4

v_1, v_2, v_3); S_1 L_1(u_1, u_2, u_3) = L_1(u_2, u_1, u_3)S_1,

S_4 L_2(v_1, v_2, v_3) = L_2(v_2, v_1, v_3)S_4,

(u_1,

s_2

u_2, u_3, v_1,

s_5

v_2, v_3 ); S_2 L_1(u_1, u_2, u_3) = L_1(u_1, u_3, u_2)S_2,

S_5 L_2(v_1, v_2, v_3) = L_2(v_1, v_3, v_2)S_5,

(u_1, u_2,

s_3

u_3, v_1, v_2, v_3); S_3 L_1(u_1, u_2, u_3) L_2(v_1, v_2, v_3) =

L_1(u_1, u_2, v_1) L_2(u_3, v_2, v_3)S_3.

�ti uravneniØ prowe, qem ishodnoe uravnenie dlØ R-operatora i dopuska¸t zamknutoe rexenie. Sam R-operator stroitsØ kak “sostavnoæ ob¨ekt” iz operatorov S_i [8, 9]

Ř_{12}(u − v) = S_3(s_2s_4s_3s_1s_2s_5s_4s_3u)S_2(s_4s_3s_1s_2s_5s_4s_3u)·

90 P.VALINEVIQ, S.�.DERKAQ´V, D.KARAHAN˚N, R.KIRXNER

·S_4(s_3s_1s_2s_5s_4s_3u)S_3(s_1s_2s_5s_4s_3u)S_1(s_2s_5s_4s_3u)·

·S_2(s_5s_4s_3u)S_5(s_4s_3u)S_4(s_3u)S_3(u),

gde my Øvnym obrazom ukazali, kak menØ¸tsØ argumenty operatorov S_i(u) v sootvetstvii s uße proizvedennymi perestanovka- mi. Plan stat~i sledu¸wiæ. V pervoæ qasti raboty rassmotren primer sl(3)-invariantnogo rexeniØ uravneniØ ˚nga–Bakstera [8, 9]. Vo vtoroæ qasti rassmatrivaetsØ rexenie uravneniØ ˚nga–Bakstera s algebroæ simmetrii U_q (sℓ_3) [5, 6]. Vse formuly pervoæ qasti dopuska¸t estestvennoe obobwenie na sluqaæ deformirovannoæ algebry U_q (sℓ_3). V priloßenii sobrany standartnye formuly, otnosØwiesØ k q-ffksponente i predstavleni¸ generatorov algebry U_q(sℓ_3) raznostnymi operatorami.

2. sℓ(3)-invariantnaØ R-matrica

Rassmotrim sℓ(3)-invariantnye rexeniØ uravneniØ ˚nga– Bakstera. V fftom sluqae prostranstva V_1 i V_2 ØvlØ¸tsØ prostranstvami dvuh predstavleniæ algebry sℓ(3). Operator R_{12}(u) kommutiruet s generatorami algebry sℓ(3) deæstvu¸wimi v tenzornom proizvedenii V_1 ⊗ V_2.

Suwestvuet dva ffkvivalentnyh standartnyh bazisa generatorov algebry sℓ(3). �lementami bazisa Kartana–VeælØ ØvlØ¸tsØ generatory E_{ik}, i, k = 1, 2, 3, udovletvorØ¸wie kommutacionnym sootnoxeniØm [E_{ik}, E_{jp}] = δ_{jk}E_{ip} − δ_{ip}E_{jk}

i dopolnitel~nomu uslovi¸ E_{11} + E_{22} + E_{33} = 0. Bazis Xevalle soderßit minimal~nyæ nabor generatorov, sostoØwiæ iz dvuh sℓ(2)-troek e_1, f_1, h_1 i e_2, f_2, h_2 s kommutacionnymi sootnoxeniØ- mi [e_1, f_1] = h_1, [e_2, f_2] = h_2

[h_1, f_1] = −2f_1, [h_1, e_1] = 2e_1, [h_1, f_2] = −f_2, [h_1, e_2] = e_2

[h_2, f_2] = −2f_2, [h_2, e_2] = 2e_2, [h_2, f_1] = −f_1, [h_2, e_1] = e_1

i udovletvorØ¸wih ograniqeniØm v vide kvadratiqnyh

[e_1, f_2] = 0, [e_2, f_1] = 0

FAKTORIZACI˚ R–MATRICY 91 i kubiqnyh sootnoxeniæ Serra

[e_1, [e_1, e_2]] = e^2_1e_2 − 2e_2e_2e_1 + e_2e^2_1 = 0,

[e_2, [e_2, e_1]] = e^2e_1 − 2e_1e_2e_1 + e_1e^2 = 0,

[f_1, [f_1, f_2]] = f^2_1 f_2 − 2f_2f_2f_1 + f_2f^2_1 = 0,

[f_2, [f_2, f_1]] = f^2_2 f_1 − 2f_1f_2f_1 + f_1f^2_2 = 0.

�lementy dvuh bazisov svØzany drug s drugom sledu¸wim obra- zom E_{11} =

2h_1 3 + h_2 3 ; E_{22} = h_2 3 − h_1 3 ; E_{33} = − h_1 3 − 2h_2 3 E_{12} = e_1, E_{23} = e_2, E_{21} = f_1, E_{32} = f_2, E_{13} = [e_1, e_2], E_{31} = [f_2, f_1].

Esli v kaqestve prostranstva V_2 v tenzornom proizvedenii

V1 ⊗ V2 , gde deæstvuet operator R12(u), vzØt~ C^3 - prostranstvo

fundamental~nogo predstavleniØ algebry sℓ(3), to R-operator moßno realizovat~ v vide matricy tret~ego porØdka, matriqnye fflementy kotoroæ budut operatorami, deæstvu¸wimi v prostranstve V_1. �ta matrica sovpadaet s matriceæ Laksa L(u) i eœ vid horoxo izvesten [3, 4]. Matrica Laksa, deæstvu¸waØ v tenzornom proizvedenii V_1 ⊗ C^3 , imeet vid

L(u) = u + E_{11} E_{21} E_{31}

E_{12} u + E_{22} E_{32} E_{13} E_{23} u + E_{33} =

= u +^{2h1}_3 +^{h2}_3 f_1 [f_2, f_1]

e_1 u +^{h2}_3 −^{h1}_3 f_2 [e_1, e_2] e_2 u −^{h1}_3 −^{2h2}_3 , (2.1)

gde generatory algebry Li sℓ(3) realizu¸t predstavlenie v prostranstve V_1. My budem ispol~zovat~ predstavlenie V_{m1,m2} algebry sℓ(3) v prostranstve polinomov, zavisØwih ot trœh kompleksnyh peremennyh C [x, y, z]. Predstavlenie V_{m1,m2} soderßit vektor mladxego vesa e_0 = 1, kotoryæ opredelØetsØ sootnoxeni- Ømi:

f_1 · e_0 = 0; f_2 · e_0 = 0 h_1 · e_0 = m_1 e_0; h_2 · e_0 = m_2 e_0.

92 P.VALINEVIQ, S.�.DERKAQ´V, D.KARAHAN˚N, R.KIRXNER Na qisla m_1 i m_2, parametrizu¸wie predstavlenie, ne nakladyvaetsØ nikakih ograniqeniæ: m_k ∈ C , tak qto v sluqae obwego poloßeniØ predstavlenie V_{m1,m2} neprivodimo i beskoneqnomerno. Generatory algebry sℓ(3) v dannom predstavlenii ØvlØ- ¸tsØ differencial~nymi operatorami pervogo porØdka: bazis Kartana–VeælØ

E_{21} = −∂_x, E_{32} = −∂_z − x∂_y, E_{31} = −∂_y , (2.2a) E_{12} = x^2∂_x + x(y∂_y − z∂_z) + y∂_z + m_1x, E_{23} = z^2∂_z − y∂_x + m_2z (2.2b) E_{13} = y(y∂_y + z∂_z + x∂_x) − xz^2∂_z + (m_1 + m_2)y − m_2xz,

E_{11} = x∂_x + y∂_y +

2m_1 + m_2 3 (2.2c)

E_{22} = −x∂_x + z∂_z + m_2 − m_1 3 , E_{33} = −y∂_y − z∂_z − m_1 + 2m_2 3 ; (2.2d) bazis Xevalle f_1 = −∂_x, f_2 = −∂_z − x∂_y, (2.3a) e_1 = x^2∂_x + x(y∂_y − z∂_z) + y∂_z + m_1x, e_2 = z^2∂_z − y∂_x + m_2z, (2.3b) h_1 = 2x∂_x + y∂_y − z∂_z + m_1, h_2 = 2z∂_z + y∂_y − x∂_x + m_2. (2.3c) Posle podstanovki fftih vyraßeniæ dlØ generatorov v obwu¸ formulu poluqaem matricu Laksa L(u) = u+^{2m1}_3 +^{m2}_3 +x∂_x +y∂_y �∂_x �∂_y

y∂_z +x(x∂_x +y∂_y �z∂_z +m_1 ) u�^{m1}_3 +^{m2}_3 �x∂_x +z∂_z �∂_z �x∂_y

y(x∂_x +y∂_y +z∂_z +m_1 +m_2 ) �xz(z∂z +m2 ) z(z∂z +m2 )�y∂x u�^{m1}_3 �^{2m2}_3 �y∂y �z∂z . PoluqivxaØsØ matrica predstavima v vide proizvedeniØ treugol~nyh matric

L(u) = 1 0 0 x 1 0 y z 1 u_3 −∂_x − z∂_y −∂_y 0 u_2 −∂_z 0 0 u_1

1 0 0 x 1 0 y z 1 �1 . (2.4)

FAKTORIZACI˚ R–MATRICY 93 Spektral~nyæ parametr u i parametry predstavleniØ m_1, m_2 sobira¸tsØ v kombinacii u_1, u_2, u_3

u_3 = u − 2 +

2m_1 3 + m_2 3 , u_2 = u − 1 − m_1 3 + m_2 3 , u_1 = u − m_1 3 − 2m_2 3 , (2.5) ot kotoryh zavisØt tol~ko diagonal~nye fflementy central~- noæ matricy. FaktorizovannaØ forma operatora Laksa oqen~ uprowaet nahoßdenie fflementarnyh operatorov perestanovki.

DlØ nedeformirovannogo sluqaØ my privodim tol~ko rezul~- tat [8, 9]: rexeniem uravneniæ S_1 L_1(u_1, u_2, u_3) = L_1(u_2, u_1, u_3)S_1,

S_2 L_1(u_1, u_2, u_3) = L_1(u_1, u_3, u_2)S_2 ØvlØ¸tsØ operatory S_1 = ∂^{u1}�^{u2}_{z1} , S_2 = (∂_{x1} + z_1∂_{y1} )^{u2}�^{u3} .

Operatory S_4, S_5 poluqa¸tsØ iz S_1, S_2 oqevidnoæ zamenoæ x_1, y_1, z_1 → x_2, y_2, z_2 i u_1, u_2, u_3 → v_1, v_2, v_3

S_4 = ∂^{v1}�^{v2}_{z2} , S_5 = (∂_{x2} + z_2∂_{y2} )^{v2}�^{v3} Operator S_3 opredelØetsØ uravneniem

S_3 L_1(u_1, u_2, u_3) L_2(v_1, v_2, v_3) = L_1(u_1, u_2, v_1) L_2(u_3, v_2, v_3)S_3 i ØvlØetsØ operatorom umnoßeniØ na funkci¸ S_3 = (y_1 − y_2 − z_2(x_1 − x_2))^{u3}�^{v1} .

3. Uq (sℓ3)-invariantnaØ R-matrica V bazise Xevalle algebra U_q (sℓ_3) opredelØetsØ zadaniem fflementov bazisa e_1, f_1, h_1 i e_2, f_2, h_2 i sootnoxeniæ meßdu nimi q^{h1} f_1 = q�^2f_1q^{h1} ; q^{h1} f_2 = qf_2q^{h1} ; q^{h2} f_1 = qf_1q^{h2} ; q^{h2} f_2 = q�^2f_2q^{h2}

q^{h1} e_1 = q^2e_1q^{h1} ; q^{h1} e_2 = q�^1e_2q^{h1} ; q^{h2} e_1 = q�^1e_1q^{h2} ; q^{h2} e_2 = q^2e_2q^{h2} ; (3.1) [e_1, f_1] = [h_1]_q, [e_2, f_2] = [h_2]_q, [e_1, f_2] = 0, [e_2, f_1] = 0,

94 P.VALINEVIQ, S.�.DERKAQ´V, D.KARAHAN˚N, R.KIRXNER i dopolnitel~nyh sootnoxeniæ Serra e_1f_2 = f_2e_1, e^2_1e_2 − (q + q�^1)e_1e_2e_1 + e_2e^2_1 = 0, e^2e_1 − (q + q�^1)e_2e_1e_2 + e_1e^2 = 0

e_2f_1 = f_1e_2, f^2_1 f_2 − (q + q�^1)f_1f_2f_1 + f_2f^2_1 = 0, f^2_2 f_1 − (q + q�^1)f_2f_1f_2 + f_1f^2_2 = 0.

�kvivalentnaØ formulirovka v bazise Kartana–VeælØ zadaetsØ pri pomowi nabora generatorov E_{ik}, udovletvorØ¸wih sootnoxeniØm

[E_{kk}, E_{ij}] = δ_{ik}E_{ij} − δ_{jk}E_{ij}, [E_{ik}, E_{kj}] = [E_{ii} − E_{jj}]_q, [E_{12}, E_{32}] = 0, [E_{21}, E_{23}] = 0, [E_{12}, E_{31}] = −q^{E11} �^{E22} E_{32}, [E_{23}, E_{31}] = E_{21}q^{E33} �^{E22} , E_{12}E_{23} = qE_{23}E_{12} + E_{13}, [E_{13}, E_{32}] = −q^{E22} �^{E33} E_{12}, [E_{13}, E_{21}] = E_{23}q^{E11} �^{E22} , E_{32}E_{21} = q�^1E_{21}E_{32} + E_{31}, E_{21}E_{31} = q�^1E_{31}E_{21}, E_{32}E_{31} = qE_{31}E_{32} E_{12}E_{13} = q�^1E_{13}E_{12}, E_{23}E_{13} = qE_{13}E_{23}. (3.2) �lementy dvuh bazisov svØzany drug s drugom sledu¸wim obrazom

E_{11} =

2h_1 3 + h_2 3 ; E_{22} = h_2 3 − h_1 3 ; E_{33} = − h_1 3 − 2h_2 3 E_{12} = e_1, E_{23} = e_2, E_{21} = f_1, E_{32} = f_2, E_{13} = e_1e_2 − q�^1e_2e_1, E_{31} = f_2f_1 − qf_1f_2 SootnoxeniØ v posledneæ stroke (3.2) ffkvivalentny sootnoxeniØm Serra. Matrica Laksa stroitsØ po pravilu [11] L(u) = [u + E_{11}]_q E_{21}q^{u+E11} E_{31}q^{u+E11}

q�u�E11_{E12 [u + E22]q E32q}u+E22 q�u�E11_{E13 q}�u�E22_{E23 [u + E33]q}

= (3.3)

[^{u+} 2h1 3 +^{h2}_3 ]_q f_1q^{u+ 2h13 + h23} (qf_2f_1 �f_1f_2)q^{u+ 2h13 + h23}

q�u�^{2h1}_3 �^{h2}_{3 e1 [u}� h1_{3 +} h2_{3 ]q f2q}u�^{h1}_3 +^{h2}_3 q�u�^{2h1}_3 �^{h2}_{3 (q}�1_{e1e2}�_{e2e1) q}�u+^{h1}_3 �^{h2}_{3 e2 [u}� h1_3 � 2h2_{3 ]q}

. (3.4)

FAKTORIZACI˚ R–MATRICY 95 Kak i v sluqae algebry sℓ(3) my budem ispol~zovat~ predstavlenie V_{m1,m2} algebry U_q (sℓ_3) v prostranstve polinomov, zavisØwih ot trœh kompleksnyh peremennyh C [x, y, z]. Predstavlenie soderßit vektor mladxego vesa e_0 = 1

f_1 · e_0 = 0; f_2 · e_0 = 0; h_1 · e_0 = m_1 e_0; h_2 · e_0 = m_2 e_0

i v sluqae obwego poloßeniØ (m_k ∈ C ) neprivodimo i beskoneqnomerno. Generatory algebry U_q (sℓ_3) v dannom predstavlenii zada¸tsØ raznostnymi operatorami. Metod vyvoda vyraßeniæ dlØ generatorov kratko opisan v Priloßenii, a zdes~ privodim tol~ko rezul~tat: bazis Xevalle

f_1 = − 1 (q�2_{− 1)x}^{(q}�^{2Nx − 1) ≡ −Dx,} f_2 = −q^{Nx} �^{Ny} D_z − xq^{Nx} D_y, (3.5a)

e_1 = yD_z q^{Nz} �^{m1} + x q − q�^1 (q^{2Nx+Ny} �^{Nz +m1} − q�^{Ny +Nz} �^{m1} ), (3.5b)

e_2 = − z q − q�^1 ( q�m2_{− q}2Nz +m2^)_{− yq}Ny +2Nz +m2_{Dx, (3.5c)} h_1 = 2N_x + N_y − N_z + m_1, h_2 = −N_x + N_y + 2N_z + m_2, (3.5d) bazis Kartana–VeælØ

E_{21} = −D_x, E_{32} = −q^{Nx} �^{Ny} D_z − xq^{Nx} D_y , E_{31} = −q�^{Nx} D_y, (3.6a)

E_{12} = yD_z q^{Nz} �^{m1} + x q − q�^1 ( q^{2Nx+Ny} �^{Nz +m1} −q�^{Ny +Nz} �^{m1} ) , (3.6b)

E_{23} = − z q − q�^1 ( q�m2_{− q}2Nz +m2^)_{− yq}Ny +2Nz +m2_{Dx, (3.6c)} E_{13} = − y q − q�^1 ( q�Nz �m1 �m2_{− q}2Nx +2Ny +Nz +m1 +m2^)_, E_{11} = N_x + N_y +

2m_1 + m_2 3 , (3.6d)

E_{22} = −N_x + N_z + m_2 − m_1 3 , E_{33} = −N_y − N_z − m_1 + 2m_2 3 . (3.6e)

96 P.VALINEVIQ, S.�.DERKAQ´V, D.KARAHAN˚N, R.KIRXNER V predele q → 1 vse vyraßeniØ dlØ generatorov oqevidnym obrazom perehodØt v sootvetstvu¸wie vyraßeniØ dlØ nedeformirovannyh generatorov algebry sℓ(3). Posle podstanovki vyraßeniæ dlØ generatorov v obwu¸ formulu poluqaem matricu Laksa (dal~xe vezde [ ]_q zamenØetsØ na [ ])

L(u) =

[u+^{2m1}_3 +^{m2}_3 +N_x +N_y ] �q^{u+} 2m1 3 + m2 3 +1 1 x [N_x]q^{Ny} �q^{u+} 2m1 3 + m2 3 +1 1

y [N_y ]

q�u�^{2m1}_3 �^{m2}_3 � (_y z [N_z ]q�^{Nx} �^{Ny} �^{m1} +x[N_x+N_y� N_z+m_1 ]q�^{Ny} �^1 ) [u�^{m1}_3 +^{m2}_3 �Nx+Nz ]

�q^{u+1}�^{m1}3^{+ m2}3 �

(_1

z [N_z ] + xy [Ny ]qNz )� q�Ny q�u�1^(_{y[Nx+Ny+Nz+} m_1+m_2]�xz[N_z+m_2]�

q^{Nx +m1} �^1 )� q�^{2m1}_3 �^{m2}_3 q m1 3 �^{m2}_3^(_{z[Nz+m2]q}N_x �1 �^y_x [Nx ]q^{Ny+Nz+m}2^)q�^{u [u}�^{m13} �^{2m23} �^{Ny} �^{Nz ]}

Kak i v nedeformirovannom sluqae, matrica Laksa moßet byt~ rasfaktorizovana v proizvedenie treugol~nyh matric: L(u) = M DN M = 1 0 0 xq^{u2}�^{u3}�^2�^{Ny+Nz} 1 0

yq�u3 �u1�3+Nz_{zq}u1�u2�2_1 ,

N = 1 0 0

xq�2_{1 0} yq�2u3 �4�Nx_{zq}Nx +Ny �2_1 �1 ; (3.7)

D = q�Nx +Ny_{[u3]} �( 1_{x [Nx ]+} z_{y [Ny ]q}Nx �2 )_qNy +3+u_3 �_qu_3+3 1_{y [Ny ]}

0 q^{Nx} �^{Nz} �^1 [u_2] �q^{u2+2 1}_z [N_z ]q�^{Ny}

0 0 q�^{Ny +Nz} [u_1]

, (3.8)

gde my ispol~zuem te ße parametry u_3,u_2 i u_1, kak i v sluqae nedeformirovannoæ algebry (2.5).

Esli sdelat~ zamenu peremennyh x → xq^{u3} , y → yq^{u3} , qto ravnosil~no preobrazovani¸ matricy Laksa

L(u_1, u_2, u_3) = q�^{u3(Nx +Ny )} · ℓ(u_1, u_2, u_3) · q^{u3(Nx +Ny )}

to faktorizovannoe predstavlenie dlØ matricy Laksa ℓ(u_1, u_2, u_3) moßno preobrazovat~ k vidu ℓ(u_1, u_2, u_3)=M(u_1, u_2)D(u_2)N(u_3),

FAKTORIZACI˚ R–MATRICY 97 gde M(u_1, u_2) =

1 0 0 xq^{u2}�^2�^{Ny +Nz} 1 0

yq�u1�3+Nz_{zq}u1�u2�2_{[u1]} ,

N(u_3) =

[u_3] 0 0 −xq^{u3}�^2 1 0 −yq�u3 �4�Nx_{+ xzq}u3�3+Nx +Ny_{−zq}Nx +Ny �2_1 D(u_2) = (3.9)

q�Nx +Ny_−^( 1_{x [Nx] +} z_{y [Ny]q}Nx �2^)_qNy +3_{−q}3 1_{y [Ny]}

0 q^{Nx} �^{Nz} �^1[u_2] −^1_z [N_z]q^{u2+2}�^{Ny} 0 0 q�^{Ny +Nz} . Dannoe predstavlenie udobno tem, qto matrica M(u_1, u_2) ne zavisit ot parametra u_3, tak qto harakternye svoæstva naibolee “sloßnogo” operatora S_3 ne izmenØ¸tsØ po sravneni¸ so sluqaem algebry sℓ(3). Ishodnye RLL-uravneniØ dlØ operatora Ř_{12} preobrazu¸tsØ v uravneniØ

R ℓ_1(u_1, u_2, u_3)ℓ_2(v_1, v_2, v_3) = ℓ_1(v_1, v_2, v_3)ℓ_2(u_1, u_2, u_3) R

dlØ preobrazovannogo R-operatora

R = q^{v3(Nx1 +Ny1 )+u3(Nx2 +Ny2 )}Ř_{12}q�^{u3(Nx1 +Ny1 )}�^{v3(Nx2 +Ny2 )}.

Dal~xe my stroim operatory S_i dlØ preobrazovannoæ matricy Laksa ℓ(u_1, u_2, u_3), a perehod k ishodnomu operatoru Ř_{12} ne predstavlØet truda.

3.1. Operatory S1 i S2

Dannyæ paragraf posvØwen postroeni¸ operatorov S_1 i S_2. Rassmotrim snaqala sluqaæ, kogda predstavlenie algebry koneqnomerno, t.e. m_{1,2} – celye otricatel~nye qisla.

Po “principu sootvetstviØ” deformirovannye sootnoxeniØ dolßny perehodit~ v nedeformirovannye pri q → 1. Pofftomu estestvenno predpoloßit~, qto operatory S_1 i S_2 ime¸t vid

S_1 = D^{u1} �^{u2}_1 , S_2 = D^{u2}�^{u3}_2 ,

D_1 = 1 z [N_z]q^γ , D_2 = 1 x [N_x]q^α + z y [N_z]q^β,

98 P.VALINEVIQ, S.�.DERKAQ´V, D.KARAHAN˚N, R.KIRXNER a kommutacionnye sootnoxeniØ s matriqnymi fflementami operatora Laksa ØvlØ¸tsØ estestvennymi obobweniØmi formul dlØ sluqaØ algebry sℓ(3) [9]

D_2ℓ_{ik}(m_1, m_2) = ℓ_{ik}(m_1 + 2, m_2 − 1)D_2 + δ^2_i δ^1_k[m_1]q^τ , (3.1.1)

D_1ℓ_{ik}(m_1, m_2) = ℓ_{ik}(m_1 − 1, m_2 + 2)D_1 + δ^3_i δ^2_k[m_2]q^σ, (3.1.2) gde greqeskie bukvy oboznaqa¸t nekotoru¸ lineænu¸ kombinaci¸ N_x, N_y i N_z. Legko videt~, qto diagonal~nye fflementy Laksa udovletvorØ¸t fftomu sootnoxeni¸. PodstavlØØ vyraßeniØ dlØ verhnetreugol~nyh fflementov operatora Laksa, sootvetstvu¸wih ponißa¸wim operatoram, poluqim pravila kommutacii α, β, γ s peremennymi x, y i z, iz kotoryh odnoznaqnym obrazom nahodim γ = −N_z , α = N_z, β = N_x + N_z. Okonqatel~no poluqaem

D_2 = ( 1 x [N_x]q�^{Nx} + z y [N_y] ) q^{Nx +Nz} ; D_1 = 1 z [N_z]q�^{Nz} . (3.1.3)

SootnoxeniØ kommutacii s fflementami ℓ_{21} i ℓ_{32}

D^k_2 ℓ_{32}(m_1, m_2) = ℓ_{32}(m_1 + 2k, m_2 − k)D^k_2 , D^k_1 ℓ_{21}(m_1, m_2) = ℓ_{21}(m_1 − k, m_2 + 2k)D^k_1 , (3.1.4)

D^k_2 ℓ_{21}(m_1, m_2) =

ℓ_{21}(m_1 + 2k, m_2 − k)D^k_2 + [k][m_1 + k − 1]D^k�^1_2 q�^3, (3.1.5)

D^k_1 ℓ_{32}(m_1, m_2) = ℓ_{32}(m_1 − k, m_2 + 2k)D^k_1 + + [k][m_2 + k − 1]D^k�^1_1 q�^u�^{2+ m13} �^{m23 +Nx} �^{Nz} . (3.1.6)

Iz fftih sootnoxeniæ sleduet qto operatory D^1�^{m1}_2 i D^1�^{m2}_1 ØvlØ¸tsØ iskomymi operatorami. V sluqae, esli m_i ne ØvlØ¸tsØ celymi otricatel~nymi qislami, ffti vyraßeniØ ponima¸tsØ v smysle analitiqeskogo prodolßeniØ sledu¸wim obrazom

S_1 = z^{u2}�^{u1} e_q2 ( q^{2(u1}�^{u2)}�^{2Nz} ) e�1_{q2}^(_q�2Nz^)_{(3.1.7)}

FAKTORIZACI˚ R–MATRICY 99

S_2 = ( z y q^{Nx+Ny +Nz} )_{u2}�_{u3}

e_q2 ( q^{2(u2}�^{u3)}V ) e�1_{q2 (V) ;}

V = q�^{2Ny} − qy zx (1 − q�^{2Nx} )q�^{Ny} . (3.1.8)

3.2. Operator S3

Pereqislim osnovnye fftapy vyvoda Øvnoæ formuly dlØ operatora S_3 v sluqae algebry sℓ(3) i ih estestvennoe obobwenie na sluqaæ deformirovannoæ algebry U_q (sℓ_3). Faktorizovannoe predstavlenie dlØ matricy Laksa moßno preobrazovat~ k vidu L(u_1, u_2, u_3) = M(u_1) D(u_2) N(u_3), gde

M(u_1) =

1 0 0 x 1 0 y z u_1 , D(u_2) = 1 −∂_x − z∂_y −∂_y 0 u_2 −∂_z 0 0 1 ,

N(u_3) = u_3 0 0 −x 1 0 −y + xz −z 1 . Operator S_3 perestavlØet tol~ko parametry u_3 i v_1 v proizvedenii matric Laksa

S_3 M_1(u_1)D_1(u_2)N_1(u_3)M_2(v_1)D_2(v_2)N_2(v_3) =

= M_1(u_1)D_1(u_2)N_1(v_1)M_2(u_3)D_2(v_2)N_2(v_3) S_3.

Pri uslovii, qto operator S_3 kommutiruet s kraænimi matricami M_1(u_1) i N_2(v_3), uravnenie suwestvenno uprowaetsØ

S_3 D_1(u_2)N_1(u_3)M_2(v_1)D_2(v_2) = D_1(u_2)N_1(v_1)M_2(u_3)D_2(v_2) S_3.

Tehniqeski bolee udobnym okazyvaetsØ ffkvivalentnoe uravne- nie D�1_{1 (u2)S3D1(u2) N1(u3)M2(v1) = N1(v1)M2(u3) D2(v2)S3D}�1_{2 (v2),}

privodØwee k dvum usloviØm: [∂_{z1} , S_3] = 0, [∂_{x2} + z_2∂_{y2} , S_3] = 0 i sisteme uravneniæ

S_3 [∂_{x1} + z_1∂_{y1} , S_3] [∂_{y1} , S_3] 0 S_3 0 0 0 S_3 u_3 0 0 −x_{12} 1 0 −y_{12} + z_1x_{12} −z_{12} v_1 =

100P.VALINEVIQ, S.�.DERKAQ´V, D.KARAHAN˚N, R.KIRXNER = v_1 0 0 −x_{12} 1 0 −y_{12} + z_1x_{12} −z_{12} u_3

S_3 0 −[∂_{y2} , S_3] 0 S_3 −[∂_{z2} , S_3] 0 0 S_3 Kommutativnost~ s kraænimi matricami M_1(u_1) i N_2(v_3) oznaqaet, qto S_3 kommutiruet s peremennymi x_1, y_1, z_1 i x_2, y_2, z_2, t.e. ØvlØetsØ operatorom umnoßeniØ na funkci¸. Vid fftoæ funkcii odnoznaqno fiksiruetsØ ostavximisØ uravneniØmi: S_3 = (y_1 − y_2 − z_2(x_1 − x_2))^{u3}�^{v1} .

V sluqae deformirovannoæ algebry faktorizovannoe predstavlenie dlØ matricy Laksa moßno preobrazovat~ k vidu ℓ(u_1, u_2, u_3) = M(u_1, u_2) D(u_2) N(u_3) (3.9). Operator S_3 perestavlØet tol~ko parametry u_3 i v_1 v proizvedenii matric Laksa S_3 M_1(u_1, u_2)D_1(u_2)N_1(u_3)M_2(v_1, v_2)D_2(v_2)N_2(v_3) =

= M_1(u_1, u_2)D_1(u_2)N_1(v_1)M_2(u_3, v_2)D_2(v_2)N_2(v_3) S_3. Pri uslovii, qto operator S_3 kommutiruet s kraænimi matricami M_1(u_1, u_2) i N_2(v_3), uravnenie suwestvenno uprowaetsØ S_3 D_1(u_2)N_1(u_3)M_2(v_1, v_2)D_2(v_2) = D_1(u_2)N_1(v_1)M_2(u_3, v_2)D_2(v_2) S_3 Tehniqeski bolee udobnym okazyvaetsØ ffkvivalentnoe uravne- nie D�1_{1 (u2)S3D1(u2) N1(u3)M2(v1, v2) =}

= N_1(v_1)M_2(u_3, v_2) D_2(v_2)S_3D�^1_2 (v_2), privodØwee k dvum usloviØm S_3q^{Nz1} = q^{Nz1} S_3; 1 y_2 ( q�Ny_{2 S3q}Ny_{2 − q}Ny_{2 S3q}�Ny_2^)_= = q^2 x_2z_2 ( S_3 − q�^{2Nx2} S_3q^{2Nx2} ) q^{Ny2} (3.2.1)

i sisteme uravneniæ q y_1 q^{Nx1} ( q^{Ny1} S_3q�^{Ny1} − q�^{Ny1} S_3q^{Ny1} ) = = 1 y_2 ( q�Ny_{2 S3q}Ny_{2 − q}Ny_{2 S3q}�Ny_2^)_q�Nz_{2 (3.2.2)}

FAKTORIZACI˚ R–MATRICY 101 ( x_1q^{v1}�^{v2}�^2 − x_2q^{Nz2} �^{Ny2} ) 1 y_1 ( S_3 − q^{2Ny2} S_3q�^{2Ny2} ) q�Nz_{2 =} = q^2 z_2 ( q�Nz_{2 S3q}Nz_{2 − q}Nz_{2 S3q}�Nz_2^)_{(3.2.3)} 1 x_1 ( q^{Nx1} S_3q�^{Nx1} − q�^{Nx1} S_3q^{Nx1} ) + + 1 y_1 q^{v1}�^{v2+Nx1} ( q^{Ny1} S_3q�^{Ny1} − q�^{Ny1} S_3q^{Ny1} ) z_2 = 0 (3.2.4)

q^{Nx1 +Nx2} �^{Nz2} S_3 = S_3q^{Nx1 +Nx2} �^{Nz2} ;

q^{Nx1 +Ny1 +Nx2 +Ny2} S_3 = q^{u3}�^{v1} S_3q^{Nx1 +Ny1 +Nx2 +Ny2} (3.2.5)

q�Nx_{1 S3q}Nx_1^(_{x1q}u3_{− x2q}Nz_2 �Ny_2 +v2^)_= = ( x_1q^{v1} − x_2q^{Nz2} �^{Ny2 +v2} ) q�Nx_2 +Ny_{2 S3q}Nx_2 �Ny_{2 (3.2.6)}

q�Ny_{1 S3q}Ny_1^(_{y1q}�u3�Nx_{1 − y2q}Nz_2 �v1+1^)_= = ( y_1q�^{v1}�^{Nx1} − y_2q^{Nz2} �^{u3+1} ) q�Nx_2 +Ny_{2 S3q}Nx_2 �Ny_{2 (3.2.7)}

Pri uslovii [S_3, q^{Nz}1 ] = 0 kommutativnost~ s kraænimi matricami oznaqaet, qto S_3 kommutiruet s x_1q�^{Ny}1 , y_1, z_1 i x_2 , y_2q�^{Nx}2 , z_2q^{Nx2 +Ny2} . FunkciØ obwego vida

S_3 = S_3 ( x_1, y_1q�^{Nx1} ; x_2q^{Nz2} �^{Ny2} , y_2q^{Nz2} , z_2 ) obladaet nußnymi svoæstvami kommutativnosti i sovmestna s sistemoæ ostavxihsØ uravneniæ. Rexenie sistemy imeet vid

S_3 = ( y_1q�^{Nx1}

)_{u3}�_{v1} e_q2 ( q^{u3}�^{v1+1} · U ) e_q2 (q^{v1}�^{u3+1} · U) ;

U = y_2 y_1 q^{Nx1 +Nz2 +1} + z_2x_1 y_1 q^{Nx1 +u3}�^{v2} − z_2x_2 y_1 q^{Nx1} �^{Ny2 +Nz2} Takim obrazom, nami poluqeny zamknutye vyraßeniØ dlØ vseh operatorov S_i. Dal~xe iz fftih fflementarnyh stroitel~nyh blokov po formule (1.2) konstruiruetsØ universal~naØ R-matrica.

102P.VALINEVIQ, S.�.DERKAQ´V, D.KARAHAN˚N, R.KIRXNER

Priloßenie

4.1. FunkciØ eq(x)

V fftom priloßenii my sobrali vse neobhodimye formuly, otnosØwiesØ k funkcii e_q(x) [13]. Opredelenie standartnyh qproizvedeniæ

(x; q)1 =

+1_∏ k=0 (1 − q^k · x);

(x; q)_n = n�1_∏ k=0 (1 − q^k · x) =

(x; q)1 (xq^n; q)1 ; q ∈ C , |q| < 1 Opredelenie funkcii e_q(x) e_q (x) ≡ 1 (x; q)1

; e_q(qx) = (1 − x) · e_q(x).

Pri pomowi q-binomial~noæ formuly

1_∑ n=0 (a; q)_n (q; q)_n · z^n = (az; q)1 (z; q)1 ; |z| < 1 vyvodØtsØ sledu¸wie razloßeniØ v stepennye rØdy

e_q(x) =

+1_∑ k=0 x^n (q; q)_n ; e�1_{q (x) =}^+1^∑ k=0 (−1)^nq^{n(n}

�1)_2 x^n (q; q)_n . �ti formuly pokazyva¸t, qto moßno edinstvennym obrazom opredelit~ prodolßenie funkcii e_q(x) e_q�1 (x) = e�^1_q (qx) tak qto rekurrentnoe sootnoxenie e_q(qx) = (1 − x) · e_q(x) sohranØetsØ v oblasti |q| ≠ 1 .

Formuly s nekommutiru¸wimi operatorami uv = q · vu e_q (v) · e_q(u) = e_q(u + v) e_q(u) · e_q(v) = e_q (u + v − vu) = e_q(v) · e_q(−vu) · e_q(u) = = e_q(v − vu) · e_q(u) = e_q(v) · e_q (u − vu)

FAKTORIZACI˚ R–MATRICY 103

4.2. RealizaciØ generatorov Uq (sℓ3)

V dannom priloßenii my stroim realizaci¸ generatorov U_q (sℓ_3) v vide differencial~nyh operatorov, deæstvu¸wih na prostranstve polinomov, zavisØwih ot trœh kompleksnyh peremennyh C [x, y, z] [12]. Proill¸striruem ego osnovnu¸ ide¸ na primere algebry U_q(sℓ_2).

Algebra U_q (sℓ_2) poroßdaetsØ tremØ fflementami e, f, h i sootnoxeniØmi

[e, f] = [2h]_q; q^he = qeq^h; q^hf = q�^1fq^h. (4.1)

Pust~ |μ⟩ vektor starxego vesa: e|μ⟩ = 0, h|μ⟩ = m|μ⟩; rassmotrim vektor e_q�2 (−z(1 − q�^2)f)|μ⟩, gde z – kompleksnaØ peremennaØ. Predstavim deæstvie operatora A ∈ U_q (sℓ_2) na fftot vektor kak deæstvie na tot ße vektor nekotorogo differencial~nogo operatora a_z

A · e_q�2 (−z(1 − q�^2)f)|μ⟩ = a_z e_q�2 (−z(1 − q�^2)f)|μ⟩.

Esli podeæstvovat~ na fftot vektor posledovatel~no dvumØ fflementami algebry A i B, to poluqim

A · B · e_q�2 (−(1 − q�^2)zf)|μ⟩ = A · b_ze_q�2 (−(1 − q�^2)zf)|μ⟩ =

b_zA · e_q�2 (−(1 − q�^2)zf)|μ⟩ = b_za_ze_q�2 (−(1 − q�^2)zf)|μ⟩, (4.2)

t.e. fflement algebry AB predstavlØetsØ operatorom b_za_z, i, takim obrazom, poluqaetsØ obratnyæ porØdok somnoßiteleæ. Naprimer, operatory e_z, f_z i h_z, sootvetstvu¸wie generatoram e, f i h algebry U_q (sℓ_2) budut udovletvorØt~

[e_z, f_z] = −[2h_z]_q; q^{hz} e_z = q�^1e_z q^{hz} ; q^{hz} f_z = qf_z q^{hz} (4.3)

vmesto sootnoxeniæ (4.1). Odin iz vozmoßnyh vyhodov takoæ: budem rassmatrivat~ fflementy e, f, h, udovletvorØ¸wie “invertirovannym” sootnoxeniØm (4.3) vmesto (4.1). Togda sootvetstvu¸wie im operatory e_z, f_z, h_z budut udovletvorØt~ trebuemym sootnoxeniØm (4.1).

Teper~ pereædem neposredstvenno k vyqisleni¸ operatorov e_z, f_z, h_z. Kak bylo skazano vyxe, pust~ e, f, h udovletvorØ¸t (4.3), togda

q^he_q�2 (−(1 − q�^2)zf)|μ⟩ =

1_∑ n=0 (1 − q�^2)^n(−z)^n ∏_n k=1(1 − q�^{2k}) q^hf^n|μ⟩ =

104P.VALINEVIQ, S.�.DERKAQ´V, D.KARAHAN˚N, R.KIRXNER = 1_∑ n=0 (1 − q�^2)^n(−z)^n ∏_n k=1(1 − q�^{2k}) q^nq^hf^n|μ⟩ = = e_q�2 (−(1 − q�^2)qzf)q^h |μ⟩ = q^{Nz +m}e_q�2 (−(1 − q�^2)zf)|μ⟩,

gde vvedeno oboznaqenie N_z ≡ z∂_z , a takße bylo ispol~zovano q^hf^n = q^nf^nq^h. Sledovatel~no q^{hz} = q^{Nz +m}. DlØ vyqisleniØ e_z ponadobitsØ formula dlØ kommutatora e i f^n: ef^n − f^ne = − 1 q − q�^1 ( (q^2f)^n�^1q^{2h} − q�^{2h} ) 1 − q�^{2n} 1 − q�^2

. (4.4)

Ispol~zuØ eœ, poluqaem:

e e_q�2 (−(1 − q�^2)zf)|μ⟩ =

1_∑ n=0 (1 − q�^2)^n(−z)^n ∏_n k=1(1 − q�^{2k}) ef^n|μ⟩ = e_q�2 (−(1 − q�^2)zf)e|μ⟩+ + z q − q�^1 ( e_q�2 (−(1 − q�^2)q^2zf)q^{2h} − e_q�2 (−(1 − q�^2)zf)q�^{2h} ) |μ⟩ = = z q − q�^1 ( q^{2Nz +2m} − q�^{2m} ) e_q�2 (−(1 − q�^2)zf)|μ⟩. (4.5)

Takim obrazom, e_z =^z_q�_q�_1 ( q^{2Nz +2m} − q�^{2m} ) i, analogiqno, f_z = −^1_{(q}�_2 �_{1)z} (q�^{2Nz} − 1).

Matrica Laksa dlØ U_q (sℓ_2) L(u) = ( [u + h]_q q^ufq^h q�u_q�h_{e [u − h]q} ) , (4.6)

moßet byt~ predstavlena v faktorizovannom vide, shoßem s (3.7)–(3.8): L(u) = ( 1 0 zq^{u1} 1 ) ( q�Nz �1_{[u2]q −} 1_{z [Nz]q} 0 q^{Nz} [u_1]_q ) ( 1 0 −zq^{u2} 0 ) . (4.7)

DlØ postroeniØ realizacii algebry U_q (sℓ_3) nußny tri peremennye x, y, z (stol~ko ße, skol~ko v sluqae nedeformirovannoæ algebry). Vektor predstavleniØ, na kotoryæ budem deæstvovat~ generatorami, vybiraetsØ v vide

e_q�2 (−(1 − q�^2)xf_1)e_q�2 (−(1 − q�^2)yf_{13})e_q�2 (−(1 − q�^2)zf_2)|μ⟩, (4.8)

FAKTORIZACI˚ R–MATRICY 105 gde |μ⟩ – snova starxiæ vektor: e_i|μ⟩ = 0, h_i|μ⟩ = m_i|μ⟩, i = 1, 2. SleduØ opisannoæ vyxe procedure, poluqaem generatory v vide (3.6). PorØdok ffksponent v (4.8) moßet vybirat~sØ proizvol~- nym obrazom, takße kak i mnoßiteli i znaki v ih argumentah; nax vybor opredelØetsØ trebovaniem, qtoby v predele q → 1 vyraßeniØ (3.6) perehodili v nedeformirovannye (2.2)–(2.3).

Literatura

1. L. I. TahtadßØn, L. D. Faddeev, Kvantovyæ metod obratnoæ zadaqi i

XYZ-model~ Geæzenberga. — Uspehi mat. nauk 34, No. 5 (1979), 13–63.

2. L. D. Faddeev, How algebraic Bethe anstz works for integrable model. Les-

Houches Lectures (1995), hep-th/9605187.

3. P. P. Kulish, E. K. Sklyanin, On the solutions of the Yang–Baxter equation.

— Zap. Nauchn. Semin. LOMI 95 (1980), 129. Quantum spectral transform

method. Recent developments. — Lect. Notes in Physics 151 (1982), 61.

4. M. Jimbo, Introduction to the Yang–Baxter equation. — Int. J. Mod. Phys A 4, (1983), 3759. Yang–Baxter equation in integrable systems. — M. Jimbo (ed.),

Adv. Ser. Math. Phys. 10, World Scientific (Singapore) (1990).

5. M. Jimbo, A q-analogue of U (gl(n + 1)), Hecke Algebra and the Yang–Baxter

equation. — Lett. Math. Phys. 11, (1986), 247–252.

6. V. G. Drinfeld, Hopf algebras and Yang–Baxter equation. — Soviet Math. Dokl.

32 (1985), 254.

V. G. Drinfeld, Quantum Groups. — in Proc. Int. Congress Math., Berkeley (1986), AMS, Providence RI (1987), p. 798.

7. P. P. Kulish, N. Yu. Reshetikhin, E. K. Sklyanin, Yang–Baxter equation and

representation theory. — Lett. Math. Phys. 5 (1981), 393–403.

8. S. Derkachov, A. Manashov, R-matrix and baxter Q-operators for the noncompact

SL(N,C) invariant spin chain. — SIGMA 2:084 (2006), nlin.si/0612003.

9. S. Derkachov, A. Manashov, Baxter operators for the quantum sl(3) invariant

spin chain. — J. Phys. A 39 (2006), 13171, nlin.si/0604018.

10. S. Derkachov, D. Karakhanyan, R. Kirschner, Yang–Baxter R-operators and pa-

rameter permutations. — Nucl. Phys. B785 (2007), 263–285 hep-th/0703076.

11. A. Klimyk, K. Schmudgen, Quantum groups and their representations. — Text

and Monographs in Physics, Springer (1997).

12. L. C. Biedenharn, M. A. Lohe, Quantum Group Symmetry and q-Tensor Alge-

bras. World Scientific, (1995).

L. C. Biedenharn, M. A. Lohe, — Comm Math. Phys. 146 (1992), 483–504.

13. L. D. Faddeev, R. M. Kashaev, Quantum Dilogarithm. — Mod. Phys. Lett. A 9 (1994), 427.

A. N. Kirillov, Dilogarithm identities. — Progr. Theor. Phys. Suppl. 118 (1995),

61–142, hep-th/9408113.

A. Yu. Volkov, Noncommutative Hypergeometry. — math.QA/0312084.

Valinevich P. A., Derkachov S. E., Karakhanyan D., Kirschner R. Factorization of the R-matrix for the algebra U_q (sℓ_3).

106P.VALINEVIQ, S.�.DERKAQ´V, D.KARAHAN˚N, R.KIRXNER The Yang–Baxter operator is obtained in terms a product of operators permuting representation parameters in the Lax operators.

The construction relies on a factorization of the Lax operator in triangular matrices.

Postupilo 12 noØbrØ 2007 g. S.-Peterburgskiæ gosudarstvennyæ universitet

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN

Yerevan Physics Institute, Yerevan, Armenia

Institut für Theoretische Physik, Universität Leipzig, Leipzig, Germany