Zapiski nauqnyh seminarov POMI Tom 346, 2007 g.

M. N. ˚kovlev METOD KONEQNYH �LEMENTOV DL˚ SINGUL˚RNYH KRAEVYH ZADAQ

DlØ metoda koneqnyh fflementov, ispol~zu¸wego kusoqnolineænye approksimacii, poluqena ocenka pogrexnosti pri otyskanii minimuma funkcionala J(u) = b∫ a [u^′(t)]^2dt + b∫ a q(t)u^2(t)dt − 2 b∫ a f(t)u(t)dt

v prostranstve^∘W^1_2(a, b) v sledu¸wih predpoloßeniØh: f(t) ∈ L(a, b), q(t) = q_1(t) + q_2(t) + q_3(t) + q_4(t) + q_5(t), 0 6 q1(t)(t − a)(b − t) ∈ L(a, b), 0 6 q2(t)(t − a)^2(b − t)^2 ∈ C[a, b],

0 ¿ q3(t), b∫ a q_3(t)(t − a)(b − t)dt = d_1 > −∞, 0 ¿ q4(t)(t − a)^2(b − t)^2 ¿ d2 > −∞, q_5(t) ∈ C[a, b], |q_5(t)| 6 d_3, c = 1 + d_1 b − a + 4d_2 (b − a)^2 − d_3 (b − a)^2 π^2 > 0, q(t) √ (t − a) (b − t) ∈ L(a, b). Pust~ −∞ < a < b < +∞, N – natural~noe qislo, N > 1, h =^{b−a}_N . Rassmotrim kusoqno-lineænu¸ interpolØci¸ u_N (t) funkcii u(t) ∈ C[a, b]. Poloßim Δ(t) ≡ u(t) − u_N (t), a 6 t 6 b. 149

150 M. N. ˚KOVLEV

Lemma 1. 1. Pri u(t) ∈ W^2_2 [a, b] verny ocenki b∫ a Δ^2(t)dt 6 h^4 π^4 b∫ a [u^{′′}(t)]^2dt, (1) b∫ a [Δ^′(t)]^2dt 6 h^2 π^2 b∫ a [u^{′′}]^2 dt. (2)

2. Pri u(t) ∈ W^2_1 [a, b] verny ocenki b∫ a Δ^2(t)dt 6 h^3 16 (^b∫ a |u^{′′}(t)|dt )_2 , (3) b∫ a |Δ^′(t)]^2dt 6 h 4 (^b∫ a |u^{′′}(t)|dt )_2 . (4)

Dokazatel~stvo. Rassmotrim otrezok [a + (k − 1)h, a + kh], 1 6 k 6 N . Togda Δ(a + (k − 1)h) = Δ(a + kh) = 0 i potomu

Δ(t) = a+kh∫

a+(k−1)h g(t, s)u^{′′}(s)ds, a + (k − 1)h 6 t 6 a + kh, (5)

gde g(t, s) – funkciØ Grina operatora^{d2}_{dt2} s nulevymi graniqnymi usloviØmi na otrezke [a + (k − 1)h, a + kh]. Norma integral~nogo operatora s simmetriqnym Ødrom v prostranstve L^2[a + (k − 1)h, a + kh] ravna modul¸ ego naibol~xego po modul¸ sobstvennogo znaqeniØ^{h2}_{π2} , otkuda poluqaem ocenku (1).

Dalee a+kh∫

a+(k−1)h [Δ^′(t)]^2dt = − a+kh∫

a+(k−1)h u^{′′}(t)Δ(t)dt 6 h^2 π^2 a+kh∫

a+(k−1)h [u^{′′}(t)]^2dt. Dalee, ispol~zuØ (5), imeem |Δ(t)| 6 h 4 a+kh∫

a+(k−1)h |u^{′′}(t)|dt, (6)

METOD KONEQNYH �LEMENTOV 151

otkuda a+kh∫

a+(k−1)h Δ^2(t)dt 6 h^3 16 (^{a+kh}∫ a+(k−1)h |u^{′′}(t)|dt )_2 . (7)

SummiruØ poluqennye neravenstva poluqim (3). Dalee, iz a+kh∫

a+(k−1)h [Δ^′(t)]^2dt = − a+kh∫

a+(k−1)h u^{′′}(t)Δ(t)dt 6 h 4 (^{a+kh}∫ a+(k−1)h |u^{′′}(t)|dt )_2 ,

summiruØ poluqennye neravenstva i uqityvaØ, qto pri a_k ¿ 0 ∑ k a^2_k 6 ( ∑ k a_k )_2 , poluqaem (4).

Lemma 2. Pust~ funkciØ u(t) ∈^∘W^1_2[a, b]. Togda b∫ a [u(t)]^2dt (t − a)^2(b − t)^2 6 4 (b − a)^2 b∫ a [u^′(t)]^2dt.

Dokazatel~stvo. Pust~ a < v <^{b+a}_2 < w < b. Togda imeem w∫ v ( u^′(s) +

(s −^{a+b}_2 )u(s) (s − a)(b − s) )_2 ds ¿ 0. PrimenØØ integrirovaniØ po qastØm, poluqim w∫ v [u^′(s)]^2ds +

(w −^{a+b}_2 )[u(w)]^2 (w − a)(b − w) − (v −^{a+b}_2 )[u(v)]^2 (v − a)(b − v) ¿^{(b − a)2}_4 w∫ v [u(t)]^2dt (t − a)^2(b − t)^2 .

152 M. N. ˚KOVLEV

Ots¸da, ispol~zuØ lemmy 1 i 2 iz [1], poluqim b∫ a [u^′(s)]^2ds +

(w −^{a+b}_2 ) (w − a) b∫ w [u^′(s)]^2ds −

(v −^{a+b}_2 ) (b − v) v∫ a [u^′(s)]^2ds

¿^{(b − a)2}_4 w∫ v [u(s)]^2ds (s − a)^2(b − s)^2 . (∗) Ots¸da sleduet suwestvovanie nesobstvennogo integrala b∫ a [u(s)]^2ds (s − a)^2(b − s)^2 . PerehodØ k predelu pri v → a i w → b v neravenstve (∗), poluqim neravenstvo b∫ a [u(s)]^2ds (s − a)^2(b − s)^2 6 4 (b − a)^2 b∫ a [u^′(s)]^2ds.

Teorema 1. Pust~ vypolneny sledu¸wie usloviØ:

q(t) = q_1(t) + q_2(t) + q_3(t) + q_4(t) + q_5(t), (8) 0 6 q1(t)(t − a)(b − t) ∈ L(a, b), 0 6 q2(t)(t − a)^2(b − t)^2 ∈ C[a, b],

0 ¿ q3(t), b∫ a q_3(t)(t − a)(b − t)dt = d_1 > −∞, 0 ¿ q4(t)(t − a)^2(b − t)^2 ¿ d2 > −∞,

q_5(t) ∈ C[a, b], |q_5(t)| 6 d_3 < +∞ (9) i pust~ pri a 6 t 6 b f(t) √ (t − a)(b − t) ∈ L(a, b), c ≡ 1 + d_1 b − a + 4d_2 (b − a)^2 − d_3(b − a)^2 π^2

> 0. (10)

METOD KONEQNYH �LEMENTOV 153 Togda (1) v prostranstve funkciæ^∘W^1_2(a, b) suwestvuet odna i tol~ko odna funkciØ u_0(t), na kotoroæ kvadratiqnyæ funkcional J(u) ≡ b∫ a [u^′(t)]^2dt + b∫ a q(t)u^2(t)dt − 2 b∫ a f(t)u(t)dt (11)

dostigaet minimuma v^∘W^1_2(a, b); (2) dlØ vseh v(t) ∈^∘W^1_2(a, b) uravnenie a∫ b u^′(t)v^′(t)dt + b∫ a q(t)u(t)v(t)dt − b∫ a f(t)v(t)dt = 0 (12)

otnositel~no u(t) ∈^∘W^1_2(a, b) imeet odno i tol~ko odno rexenie, i fftim rexeniem ØvlØetsØ funkciØ u_0(t), na kotoroæ funkcional J(u) dostigaet minimuma v^∘W^1_2(a, b); (3) verna ocenka b∫ a [u^′_0(t)]^2dt 6 1 c^2(b − a) (^b∫ a |f(t)| √ (t − a)(b − t) dt )_2 ; (13)

(4) esli f(t) ¿ 0 pri a 6 t 6 b, to u_0(t) ¿ 0 pri a 6 t 6 b. (5) esli f(t) ∈ L^2(a, b), q^2(t)(t − a)(b − t) ∈ L(a, b), to u_0(t) ∈ W^2_2 (a, b) i verna ocenka b∫ a [u^{′′}_0(t)]^2dt 6 D ≡ 2 b∫ a [f(t)]^2dt + 2 c^2(b − a)^2

× b∫ a q^2(t)(t − a)(b − t)dt (^b∫ a |f(t)| √ (t − a)(b − t) dt )_2 ; (14)

(6) esli f(t) ∈ L(a, b), q(t) √ (t − a)(b − t) ∈ L(a, b),

154 M. N. ˚KOVLEV

to u_0(t) ∈ W^2_1 (a, b) i verna ocenka b∫ a |u^{′′}_0(t)|dt 6 L ≡ b∫ a |f(t)| dt

+ 1 c(b − a) b∫ a |q(t)| √ (t − a)(b − t) dt b∫ a |f(t)| √ (t − a)(b − t) dt; (15)

(7) esli q(t) ∈ C(a, b), f(t) ∈ C(a, b), to u_0(t) ØvlØetsØ edinstvennym rexeniem kraevoæ zadaqi −u^{′′}(t) + q(t)u(t) = f(t), a < t < b, u(a) = u(b) = 0.

Dokazatel~stvo. UtverßdeniØ (1)–(4) dokazany v rabotah [1]

i [2]. Dokaßem utverßdenie (5). Iz sootnoxeniØ (12) vidno, qto funkciØ u^′_0(t) imeet obobxennu¸ v smysle S. L. Soboleva proizvodnu¸ [u^′_0(t)]^′ i ffta proizvodnaØ ravna funkcii −f(t) + q(t)u_0(t) = u^{′′}_0 (t). V silu sdelannyh predpoloßenic, uqityvaØ ocenku (13) i lemmu 3 iz [1], poluqaem ocenku (14). Utverßdenie (6) dokazyvaetsØ analogiqno.

Dokaßem (7). Poskol~ku iz prinadleßnosti u_0(t) k prostran-

stvu^∘W^1_2(a, b) sleduet, qto u_0(t) ∈ C[a, b], to iz usloviæ q(t) ∈ C(a, b) i f(t) ∈ C(a, b) sleduet, qto q(t)u_0(t) − f(t) ∈ C(a, b). Po lemme 5 iz [3], iz togo, qto u_0(t) imeet obobwennu¸ proizvodnu¸ u^′_0(t), kotoraØ, v svo¸ oqered~, imeet obobwennu¸ proizvodnu¸ [u^′_0(t)]^′ = q(t)u_0(t) − f(t) ∈ C(a, b), zakl¸qaem, qto u_0(t) ∈ C^{(2)}(a, b) i [u^′_0(t)]^′ = u^{′′}_0 (t) – vtoraØ proizvodnaØ funkcii u_0(t) v obyqnom smysle. Pofftomu −u^{′′}_0 (t) + q(t)u_0(t) = f(t), a < t < b, u_0(a) = u_0(b) = 0.

Pust~ u_1(t) – drugoe rexenie i pust~ z(t) = u_0(t) − u_1(t). Togda z^{′′}(t)z(t) = q(t)z^2(t).

METOD KONEQNYH �LEMENTOV 155

Ispol~zuØ lemmu 3 iz [1], lemmu 2 nastoØweæ raboty i izvestnoe neravenstvo_b ∫ a z^2(t)dt 6

(b − a)^2 π^2 b∫ a [z^′(t)]^2dt,

poluqim b∫ a [z^′(t)]^2dt + ( d_1 b − a + 4d_2 (b − a)^2 − d_3(b − a)^2

π^2 )^b∫ a [z^′(t)]^2dt 6 0,

otkuda sleduet, qto

|z(t)|^2 6 (t − a)(b − t) (b − a) b∫ a [z^′(t)]^2dt 6 0,

t.e. z(t) ≡ 0. Teorema dokazana.

Pust~

u_N (t) = N−1∑ k=1 c^{(N)}_k φ^{(N)}_k (t) (16)

– funkciØ, poluqennaØ metodom Ritca pri minimizacii funkcionala J(u). Zdes~

φ^{(N)}_k (t) = t − (k − 1)h h , t ∈ [(k − 1)h, kh], (k + 1)h − t h , t ∈ [kh, (k + 1)h], 0, t /∈ [(k − 1)h, (k + 1)h] (k = 1, . . . , N − 1); (17)

φ^{(N)}_0 (t) = a + h − t h , t ∈ [a, h], 0, t /∈ [a, h]; (18)

φ^{(N)}_N (t) = t − b + h h , t ∈ [b − h, b], 0, t /∈ [b − h, b]. (19)

156 M. N. ˚KOVLEV

Togda J(u_N ) 6 J(u_N ), a poskol~ku J(u_N ) = b∫ a [u^′_0(t) − u^′_N (t)]^2 dt

+ b∫ a q(t)[u_0(t) − u_N (t)]^2dt − b∫ a [u^′_0]^2dt − b∫ a q(t)u^2_0(t)dt,

J(u_N ) = b∫ a [u^′_0(t) − u^′_N (t)]^2 dt

+ b∫ a q(t)[u_0(t) − u_N (t)]^2dt − b∫ a [u^′_0(t)]^2dt − b∫ a q(t)u^2_0(t)dt, to my imeem b∫ a [u^′_0(t) − u^′_N (t)]^2 dt + b∫ a q(t)[u_0(t) − u_N (t)]^2dt 6 b∫ a [u^′_0(t) − u^′_N (t)]^2 dt + b∫ a q(t)[u_0(t) − u_N (t)]^2 dt

6^[1 +^1_{b − a} b∫ a |q(t)|(b − t)(t − a) dt ]^b∫ a [u^′_0(t) − u^′_N (t)]^2 dt.

Pofftomu libo pri u_0(t) ∈ W^2_2 (a, b) b∫ a [u^′_0(t) − u^′_N (t)]^2 dt + b∫ a q(t)[u_0(t) − u_N (t)]^2 dt

6^{h2}_{π2}^(1 +^1_{b − a} b∫ a |q(t)|(t − a)(b − t) dt )^b∫ a [u^{′′}_0(t)]^2dt

6^{h2}_{π2}^(1 +^1_{b − a} b∫ a |q(t)|(t − a)(b − t) dt ) D,

METOD KONEQNYH �LEMENTOV 157

libo pri u_0(t) ∈ W^2_1 (a, b) b∫ a [u^′_0(t) − u^′_N (t)]^2 dt + b∫ a q(t)[u_0(t) − u_N (t)]^2 dt

6^h_4 L^{2(}1 +^1_{b − a} b∫ a |q(t)|(t − a)(b − t) dt ) . Pust~ z(t) – edinstvennaØ funkciØ iz^∘W^1_2(a, b), na kotoroæ funkcional b∫ a [z^′(t)]^2 dt + b∫ a q(t)z^2(t) dt − 2 b∫ a z(t)[u_0(t) − u_N (t)] dt (20)

dostigaet minimuma v prostranstve^∘W^1_2(a, b). Togda b∫ a [u_0(t) − u_N (t)]^2 dt = b∫ a [z^′(t) − z^′_N (t)][u^′_0(t) − u^′_N (t)] dt

+ b∫ a q(t)[z(t) − z_N (t)][u_0(t) − u_N (t)]dt. (21)

Pri f(t) ∈ L^2(a, b), q^2(t)(t − a)(b − t) ∈ L(a, b) poluqim b∫ a [u_0(t) − u_N (t)]^2dt 6 h^2 π^2 ( 1 + 1 b − a b∫ a |q(t)|(t − a)(b − t) dt ) D^{1/2}

× ( 2 + b − a 3c^2 b∫ a q^2(t)(t − a)(b − t) dt )_{1/2}(^b∫ a [u_0(t) − u_N (t)]^2 dt )_{1/2}

≡ h^2M (^b∫ a [u_0(t) − u_N (t)]^2 dt )_{1/2} . Ots¸da_b ∫ a [u_0(t) − u_N (t)]^2 dt 6 h^4M^2. (22)

158 M. N. ˚KOVLEV Pri f(t) ∈ L(a, b), q^2(t)(t − a)(b − t) ∈ L(a, b) b∫ a [u_0(t) − u_N (t)]^2dt 6 h^{3/2} 2π ( 1 + 1 b − a b∫ a |q(t)|(t − a)(b − t) dt ) L

× ( 2 + b − a 3c^2 b∫ a q^2(t)(t − a)(b − t) dt )_{1/2}(^b∫ a [u_0(t) − u_N (t)]^2 dt )_{1/2}

≡ (^b∫ a [u_0(t) − u_N (t)]^2 dt )_{1/2} h^{3/2}Q. Takim obrazom, dokazana sledu¸waØ teorema.

Teorema 2. (1) Esli f(t) ∈ L^2(a, b), q^2(t)(t−a)(b−t) ∈ L(a, b), c > 0, to b∫ a [u^′_0(t) − u^′_N (t)]^2 dt + b∫ a q(t)[u_0(t) − u_N (t)]^2 dt

6^{h2}_{π2}^(1 +^1_{b − a} b∫ a |q(t)|(t − a)(b − t) dt ) D i_b ∫ a [u_0(t) − u_N (t)]^2 dt 6 h^4M^2.

(2) Esli f(t) ∈ L(a, b), q(t) √ (t − a)(b − t) ∈ L(a, b), c > 0, to b∫ a [u^′_0(t) − u^′_N (t)]^2 dt + b∫ a q(t)[u_0(t) − u_N (t)]^2 dt

6^h_4 L^{2(}1 +^1_{b − a} b∫ a |q(t)|(b − t)(t − a) dt ) . (3) Esli f(t) ∈ L(a, b), q^2(t − a)(b − t) ∈ L(a, b), c > 0, to b∫ a [u_0(t) − u_N (t)]^2 dt 6 h^3Q^2.

METOD KONEQNYH �LEMENTOV 159

Literatura

1. M. N. ˚kovlev, Razreximost~ singulØrnyh kraevyh zadaq dlØ obyknovennyh differencial~nyh uravneniæ porØdka 2m. — Zap. nauqn. semin. PO- MI 309 (2004), 174–188.

2. M. N. ˚kovlev, Suwestvovanie neotricatel~nyh rexeniæ singulØrnyh kraevyh zadaq dlØ obyknovennyh differencial~nyh uravneniæ vtorogo porØdka. — Zap. nauqn. semin. POMI 323 (2005), 215–222.

3. M. N. ˚kovlev, PervaØ kraevaØ zadaqa dlØ singulØrnogo nelineænogo obyknovennogo differencial~nogo uravneniØ qetvertogo porØdka. — Zap. nauqn. semin. POMI 334 (2006), 233–245.

Yakovlev M. N. A finite element method for solving singular boundaryvalue problems.

It is proved that under certain assumptions on the functions q(t) and

f(t), there is one and only one function u_0(t) ∈^∘W^1_2(a, b) at which the functional b∫ a [u^′(t)]^2dt + b∫ a q(t)u^2(t)dt − 2 b∫ a f(t)u(t)dt attains its minimum. An error bound for the finite element method for computing the function u_0(t) in terms of q(t), f(t), and the meshsize h is presented.

Postupilo 31 maØ 2007 g.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN