Zapiski nauqnyh seminarov POMI Tom 346, 2007 g.

L. ı. Kolotilina OCENKI OPREDELITELE` I OBRATNYH DL˚ NEKOTORYH H-MATRIC

§1. Vvedenie V fftoæ rabote glavnym obrazom rassmatrivaetsØ klass matric A = (a_{ij}) ∈ C^{n×n} , n > 2, kotorye mogut byt~ predstavleny v bloqnom vide A = [ A_{11} A_{12} A_{21} A_{22} ] , (1.1)

gde A_{11} ∈ C^{n1 ×n1} , 1 6 n_1 6 n, A_{22} ∈ C^{n2 ×n2} , n_2 = n − n_1, i udovletvorØ¸t usloviØm p_k(A) > 0, k = 1, . . ., n, (1.2) i p_i(A) p_j (A) > r̄_i(A) r̄_j(A), dlØ vseh 1 6 i 6 n_1 i n_1 + 1 6 j 6 n. (1.3) Zdes~ i niße ispol~zu¸tsØ sledu¸wie oboznaqeniØ:

r̄(A) = (r̄_i(A)) = [ r̄^{(1)}(A) r̄^{(2)}(A) ] , r̄^{(1)}(A) = |A_{12}| e^{(2)}, r̄^{(2)}(A) = |A_{21}| e^{(1)}, gde e^{(i)} = [1, . . ., 1]^T ∈ R^{ni}, i = 1, 2, – ffto ediniqnye vektory;

p(A) = (p_i(A)) = [ p^{(1)}(A) p^{(2)}(A) ] , p_i(A) = |a_{ii}| − r^′_i(A_{11}), 1 6 i 6 n_1, p_j(A) = |a_{jj}| − r^′_{j−n1}(A_{22}), n_1 + 1 6 j 6 n;

i dlØ matricy B = (b_{ij} ) ∈ C^{m×m} , m > 1, qerez

r^′_k(B) = m∑ i=1_{i6} =k |b_{ki}|, k = 1, . . . , m,

81

82 L. ı. KOLOTILINA

oboznaqa¸tsØ ee useqennye absol¸tnye stroqnye summy.

Zametim, qto v sluqae n_1 = n, t.e. pri A = A_{11}, usloviØ (1.2) svodØtsØ k usloviØm diagonal~nogo preobladaniØ v A, a usloviØ (1.3) isqeza¸t.

Zametim takße, qto dlØ netrivial~nogo bloqnogo razbieniØ, t.e. pri n_2 = n − n_1 > 0, usloviØ (1.2) dopuska¸t oslablenie neskol~kimi sposobami, sm. [1]. V qastnosti, v predpoloßenii, qto vypolneny usloviØ (1.3), usloviØ (1.2) ravnosil~ny kaßdoæ iz sledu¸wih grupp usloviæ:

(a) p_i(A) > 0, i = 1, . . . , n_1; (b) p_j(A) > 0, j = n_1 + 1, . . ., n;

(c) p_k(A) > 0 dlØ nekotorogo k, 1 6 k 6 n; (d) mnoßestvo J(A) = {i : |a_{ii}| > r^′_i(A), 1 6 i 6 n} nepusto, t.e. u matricy A imeetsØ hotØ by odna stroka so strogim diagonal~nym preobladaniem.

Rassmatrivaemyæ klass matric byl vveden v rabote [4] i rassmatrivalsØ, naprimer, v rabotah [3] i [1]. SleduØ stat~e [1], my budem nazyvat~ fftot klass klassom matric s psevdobloqnym diagonal~nym preobladaniem (pbdd) i oboznaqat~ ego qerez P BDD(n_1, n_2). Klass vseh pbdd-matric porØdka n budet oboznaqat~sØ qerez P BDD_n.

Zametim, qto opredelenie klassa P BDD(n_1, n_2) dopuskaet sledu¸wu¸ estestvennu¸ interpretaci¸. Vvedem v rassmotrenie matricy A_{ij} = [ p_i(A) −r̄_i(A) −r̄_j(A) p_j(A) ] , 1 6 i 6 n1, n1 + 1 6 j 6 n. (1.4)

Togda usloviØ (1.2) budut oznaqat~, qto matricy A_{ij} , 1 6 i 6 n_1, n_1+1 6 j 6 n, ime¸t poloßitel~nye diagonal~nye fflementy, a usloviØ (1.3) mogut byt~ zapisany v terminah opredeliteleæ v vide det A_{ij} > 0, 1 6 i 6 n_1, n_1 + 1 6 j 6 n.

Takim obrazom, A ∈ P BDD(n_1, n_2) togda i tol~ko togda, kogda vse matricy A_{ij}, 1 6 i 6 n_1, n_1 + 1 6 j 6 n, ØvlØ¸tsØ nevyroßdennymi M -matricami, qto daet nam ewe odnu harakterizaci¸ rassmatrivaemogo klassa matric.

OCENKI OPREDELITELE` I OBRATNYH 83

Kak izvestno (sm., naprimer, raboty [4, 3, 1]), pbdd-matricy obrazu¸t podklass klassa nevyroßdennyh H-matric. V terminah matric (1.4), fftot rezul~tat moßno sformulirovat~ v vide sledu¸weæ krasivoæ teoremy.

Teorema 1.1. Pust~ A =^{[ A11 A12}_{A21 A22}^] ∈ C^{n×n} , n > 2. Esli vse

matricy (1.4) ØvlØ¸tsØ nevyroßdennymi M -matricami, to A ØvlØetsØ nevyroßdennoæ H-matriceæ.

Sleduet takße zametit~, qto dlØ fiksirovannogo n > 2 i proizvol~nogo n_1, 1 6 n_1 6 n, l¸baØ matrica so strogim diagonal~nym preobladaniem (sdd-matrica) porØdka n prinadleßit klassu P BDD(n_1, n − n_1), qto nemedlenno vytekaet iz sledu¸wego prostogo rezul~tata.

Lemma 1.1. Pust~ A = (aij) ∈ C^{n×n} , n > 2, i pust~ dlØ nekotoro-

go i ∈ ⟨n⟩ spravedlivo neravenstvo r^′_i(A) < |a_{ii}|. (1.5) Togda dlØ l¸bogo bloqnogo razbieniØ A = [ A_{11} A_{12} A_{21} A_{22} ] , A_{11} ∈ C^{n1 ×n1} , 1 6 n_1 < n,

matricy A my imeem p_i(A) > 0 i

r̄_i(A) p_i(A) = r̄_i(A) |a_{ii}| − r^′_i(D_A) 6 r^′_i(A) |a_{ii}| , (1.6)

gde qerez D_A = Diag (A_{11}, A_{22}) oboznaqena bloqno diagonal~naØ qast~ A.

Dokazatel~stvo. Neravenstvo (1.6), kotoroe moßno zapisat~ v

vide r̄_i(A)|a_{ii}| 6 r^′_i(A)[|a_{ii}| − r^′_i(A) + r̄_i(A)], ravnosil~no sootnoxeni¸ r̄_i(A)[|a_{ii}| − r^′_i(A)] 6 r^′_i(A)[|a_{ii}| − r^′_i(A)], kotoroe, oqevidno, spravedlivo pri uslovii, qto |a_{ii}| > r^′_i(A).

�

84 L. ı. KOLOTILINA

Matricy so strogim diagonal~nym preobladaniem oblada- ¸t rØdom interesnyh svoæstv. V qastnosti, ih opredeliteli i obratnye dopuska¸t ocenki v terminah teh ße samyh 2n veliqin |a_{ii}| i r^′_i(A), i = 1, . . ., n, v terminah kotoryh opredelØetsØ samo ponØtie diagonal~nogo preobladaniØ. Toqnee govorØ, dlØ sdd-matricy A spravedlivy neravenstva n∏ i=1 [|a_{ii}| − r^′_i(A)] 6 | det(A)| 6 n∏ i=1 [|a_{ii}| + r^′_i(A)] (1.7) i ‖A^{−1}‖_∞ 6 1 min 16i6n^{{|aii| − r′i(A)}} . (1.8)

NißnØØ ocenka v (1.7) prinadleßit Ostrovskomu [10], a pravaØ ocenka, naskol~ko nam izvestno, byla predloßena v rabote [13]. Qto ße kasaetsØ ocenki (1.8), to, hotØ ee moßno prosledit~, po kraæneæ mere, vplot~ do raboty Al~berga i Nil~sona [2], v literature ona qasto pripisyvaetsØ Varahu [14].

Kak horoxo izvestno, esli A – nevyroßdennaØ H-matrica, to suwestvuet diagonal~naØ matrica D = diag (d_1, . . . , d_n) s poloßitel~nymi diagonal~nymi fflementami takaØ, qto matrica AD imeet strogoe diagonal~noe preobladanie po strokam (sm., naprimer, [5, s. 124]). Sledovatel~no, dlØ proizvol~noæ nevyroßdennoæ H-matricy A spravedlivy ocenki n∏ i=1 |aii| − n∑ j=1_{j6} =i |a_{ij}| d_j d_i 6 | det(A)| 6^{n∏}_{i=1} |aii| + n∑ j=1_{j6} =i |a_{ij}| d_j d_i (1.9) i ‖A^{−1}‖_∞ 6 max 16i6n^{di} min 16i6n^{{|aii|di −} n∑ j=1_{j6} =i |a_{ij}|d_j} , (1.10)

kotorye sledu¸t iz ocenok (1.7) i (1.8) sootvetstvenno. Zametim, qto ocenka (1.10) ØvlØetsØ trivial~nym sledstviem iz bolee obwego rezul~tata Vargi [15].

Odnako, diagonal~naØ matrica D izvestna daleko ne vsegda, tak qto ocenkami (1.9) i (1.10) ne vsegda moßno vospol~zovat~sØ.

OCENKI OPREDELITELE` I OBRATNYH 85

Pofftomu estestvenno rassmotret~ vozmoßnost~ poluqeniØ vyqislimyh ocenok dlØ opredelitelØ i normy obratnoæ dlØ konkretnyh podklassov klassa nevyroßdennyh H-matric.

DannaØ rabota posvØwena vyvodu ocenok dlØ opredelitelØ i ‖A^{−1}‖_∞ dlØ klassa pbdd-matric. V §2 poluqeny dvustoronnie ocenki dlØ | det A| i privedeny sledstviØ iz nih dlØ nekotoryh podklassov klassa P BDD(n_1, n_2). Qto ße kasaetsØ verhneæ ocenki dlØ ‖A^{−1}‖_∞, to ona byla ustanovlena v rabote [8]. V §3 dannoæ stat~i my napominaem fftot rezul~tat i daem ego bolee estestvennoe i korotkoe dokazatel~stvo. Takße my privodim interpretaci¸ rassmatrivaemoæ ocenki v terminah norm matric, obratnyh k matricam (1.4) (sm. teoremu 3.2). Nakonec, v §4 my rassmatrivaem obobweniØ teorem 1.1 i 3.2 na sluqaæ bloqnyh k × k matric dlØ k > 2.

§2. Ocenki dlØ | det A|

V fftom paragrafe my vyvodim dvustoronnie ocenki dlØ modulØ opredelitelØ matricy s psevdobloqnym diagonal~nym preobladaniem. Takße my privodim nekotorye sledstviØ iz fftih ocenok dlØ matric, udovletvorØ¸wih usloviØm Ostrovskogo– Brauffra vida r^′_i(A) r^′_j(A) < |a_{ii}| |a_{jj}|, i ≠ j, i, j = 1, . . ., n, i dlØ matric so strogim diagonal~nym preobladaniem.

V dal~neæxem my budem ispol~zovat~ sledu¸wie oboznaqeniØ:

α_1 = max 16i6n1 r̄_i(A) p_i(A) , α_2 = max n1+16j6n r̄_j (A) p_j (A)

. (2.1)

Sperva my dokaßem lemmu o bloqnyh 2 × 2 matricah, diagonal~nye bloki kotoryh ime¸t strogoe diagonal~noe preobladanie.

V fftoæ rabote dlØ matricy B ∈ C^{m×m} , m > 1, qerez M(B) my oboznaqaem ee matricu sravneniØ. Takße my ispol~zuem oboznaqeniØ

r(B) = (r_k(B)), r_k(B) = m∑ j=1 |b_{kj}|, k = 1, . . ., m.

86 L. ı. KOLOTILINA

Lemma 2.1. Pust~ matrica A = (aij) ∈ C^{n×n} , n > 2, predstavle-

na v vide A = [ A_{11} A_{12} A_{21} A_{22} ] , gde A_{ii} ∈ C^{ni ×ni} , 1 6 n_i < n, i = 1, 2. (2.2) Predpoloßim, qto p^{(i)}(A) = M(A_{ii})e^{(i)} > 0, i = 1, 2, (2.3) t.e. oba diagonal~nyh bloka A_{11} i A_{22} ØvlØ¸tsØ sdd-matricami. Togda p^{(2)}(A) − α_1r̄^{(2)}(A) 6 M(A_{22} − A_{21}A^{−1}_{11} A_{12})e^{(2)}, (2.4) |A_{22} − A_{21}A^{−1}_{11} A_{12}|e^{(1)} 6 r(A_{22}) + α_1r̄^{(2)}(A), (2.5) Δ^{−1}_2 |A_{21}A^{−1}_{11} A_{12}A^{−1}_{22} |Δ_2e^{(2)} 6 α_1Δ^{−1}_2 r̄^{(2)}(A), (2.6) gde konstanty α_i, i = 1, 2, opredeleny v (2.1), a diagonal~nye matricy Δ_i, i = 1, 2, zada¸tsØ sootnoxeniØmi Δ_ie^{(i)} = p^{(i)}(A) = M(A_{ii})e^{(i)}, i = 1, 2. (2.7)

Dokazatel~stvo. Kak horoxo izvestno, sdd-matricy A11 i A22

ØvlØ¸tsØ nevyroßdennymi H-matricami, i, po teoreme Ostrovskogo (sm. [11] ili, napr., [5, s. 131]), my imeem |A^{−1}_{ii} | 6 M(A_{ii})^{−1}, i = 1, 2. (2.8) Iz sootnoxeniæ (2.7) oqevidno sleduet, qto

M(Aii)^{−1}Δie^{(i)} = e^{(i)}, i = 1, 2; (2.9)

iz (2.1) s uqetom (2.7) my poluqaem Δ^{−1}_i r̄^{(i)}(A) 6 α_ie^{(i)}, i = 1, 2, (2.10) a s pomow~¸ (2.8), (2.9), i (2.10) my vyvodim, qto

|A^{−1}_{11} ||A_{12}|e^{(2)} 6 M(A_{11})^{−1}|A_{12}|e^{(2)}

= M(A11)^{−1}Δ1 · Δ^{−1}_1 r̄^{(1)}(A) 6 α1e^{(1)}. (2.11)

Vvidu (2.11), my imeem

|A_{21}A^{−1}_{11} A_{12}|e^{(2)}

6 |A21|M(A11)^{−1}|A12|e^{(2)} 6 α1|A21|e^{(1)} = α1r̄^{(2)}(A), (2.12)

OCENKI OPREDELITELE` I OBRATNYH 87

otkuda legko sledu¸t ocenki (2.4) i (2.5).

S pomow~¸ (2.8), (2.9), i (2.12) my poluqaem

Δ^{−1}_2 |A_{21}A^{−1}_{11} A_{12}A^{−1}_{22} |Δ_2e^{(2)} 6 Δ^{−1}_2 |A_{21}A^{−1}_{11} A_{12}|[M(A_{22})^{−1}Δ_2e^{(2)}]

6 Δ^{−1}_2 |A21A^{−1}_{11} A12|e^{(2)} 6 α1Δ^{−1}_2 r̄^{(2)}(A). (2.13)

Tem samym ocenka (2.6) ustanovlena, qto i zaverxaet dokazatel~stvo. �

Zameqanie 2.1. DlØ matricy A ∈ P BDD(n1, n2), v silu (1.3),

my imeem

p_i(A) p_j (A) > r̄_i(A) r̄_j(A), 1 6 i 6 n_1, n_1 + 1 6 j 6 n,

otkuda, vvidu (1.2), sleduet, qto p_j (A) > r̄_i(A) p_i(A) r̄_j(A), 1 6 i 6 n_1, n_1 + 1 6 j 6 n,

tak qto, v silu (2.1),

M(A22)e^{(2)} = p^{(2)}(A) > α1r̄^{(2)}(A).

Poslednee sootnoxenie i neravenstvo (2.12) pokazyva¸t, qto dopolnenie po Xuru S_2(M(A)) = M(A_{22}) − |A_{21}|M(A_{11})^{−1}|A_{12}| matricy M(A) otnositel~no podmatricy M(A_{11}) ØvlØetsØ M - matriceæ so strogim diagonal~nym preobladaniem. Poskol~ku p^{(1)}(A) = M(A_{11})e^{(1)} > 0, matrica M(A_{11}) takße ØvlØetsØ M - matriceæ so strogim diagonal~nym preobladaniem. Sledovatel~no (sm., napr., [5, s. 128]), matrica M(A) – nevyroßdennaØ M -matrica, a A – nevyroßdennaØ H-matrica. Tem samym my imeem al~ternativnoe dokazatel~stvo togo fakta, qto klass P BDD_n ØvlØetsØ podklassom klassa nevyroßdennyh H-matric ili, drugimi slovami, al~ternativnoe dokazatel~stvo teoremy 1.1.

Bazovym rezul~tatom dlØ opredeliteleæ matric iz klassa P BDD(n_1, n_2) ØvlØetsØ sledu¸waØ teorema.

Teorema 2.1. Pust~ A = (aij ) ∈ P BDD(n1, n2), gde ni > 0, i =

1, 2, i n = n_1 + n_2. Togda opredelitel~ matricy A udovletvorØet

88 L. ı. KOLOTILINA sledu¸wim dvustoronnim ocenkam:

| det A_{11}| | det A_{22}| n∏ j=n1+1 [ 1 − α_1 r̄_j(A) p_j(A) ]

            6 | det A|

6 | det A11| | det A22|^{n∏}_{j=n1+1}^[1 + α1^{r̄j(A)}_{pj (A)}^] , (2.14)

| det A_{11}| | det A_{22}| n1∏ i=1 [ 1 − α_2 r̄_i(A) p_i(A) ]

        6 | det A|

6 | det A11| | det A22|^{n1∏}_{i=1}^[1 + α2^{r̄i(A)}_{pi(A)}^] , (2.15)

| det A_{11}| n∏ j=n1+1 [p_j (A) − α_1r̄_j(A)]

6 | det A| 6 | det A11|^{n∏}_{j=n1+1} [rj(DA) + α1r̄j(A)] , (2.16)

| det A_{22}| n1∏ i=1 [p_i(A) − α_2r̄_i(A)]

6 | det A| 6 | det A22|^{n1∏}_{i=1} [ri(DA) + α2r̄i(A)] , (2.17)

gde qerez D_A = Diag (A_{11}, A_{22}) oboznaqena bloqno diagonal~naØ qast~ A.

Dokazatel~stvo. Kak horoxo izvestno, spravedlivy ravenstva

det A = det A_{11} det(A_{22} − A_{21}A^{−1}_{11} A_{12}) = det A_{11} det A_{22} det(I − A_{21}A^{−1}_{11} A_{12}A^{−1}_{22} ), vvidu kotoryh ocenki (2.14) nemedlenno vyteka¸t iz sootnoxeniØ (2.6) v lemme 2.1 i iz ocenok (1.7).

Ocenki (2.15) poluqa¸tsØ primeneniem ocenok (2.14) k matrice ^A = [ A_{22} A_{21} A_{12} A_{11} ] , poluqennoæ iz A simmetriqnoæ perestanovkoæ blokov.

OCENKI OPREDELITELE` I OBRATNYH 89

Ocenki (2.16) sledu¸t iz (1.7) i ocenok (2.4) i (2.5), togda kak ocenki (2.17) poluqa¸tsØ primeneniem (2.16) k matrice ^A.

�

Zameqanie 2.2. Oqevidno, esli A ∈ P BDD(n1, n2), to l¸-

baØ matrica P^T AP , poluqennaØ iz nee simmetriqnoæ perestanovkoæ strok i stolbcov takoæ, qto perestanovka associirovannaØ s matriceæ P deæstvuet na indeksnyh podmnoßestvah {1, . . ., n_1} i {n_1 + 1, . . . , n} nezavisimo, takße prinadleßit klassu P BDD(n_1, n_2), i ocenki teoremy 2.1 dlØ matric A i P^T AP sovpada¸t. Odnako, esli A ∈ P BDD_n, to moßet sluqit~sØ, qto matrica P^T AP popadaet v klassy P BDD(n^{(k)}_1 , n^{(k)}_2 ) dlØ neskol~- kih raswepleniæ n = n^{(k)}_1 + n^{(k)}_2 , i, sledovatel~no, ocenki (2.14)– (2.17) moßno uluqxit~, esli pereæti k minimumu i maksimumu po vsem simmetriqnym perestanovkam i po vsem sootvetstvu¸- wim bloqnym razbieniØm.

Zameqanie 2.3. Iz privedennyh vyxe dokazatel~stv lemmy 2.1

i teoremy 2.1 Øsno, qto verhnie ocenki v (2.14)–(2.15) spravedlivy dlØ proizvol~noæ bloqnoæ 2 × 2 matricy, diagonal~nye bloki kotoroæ ime¸t strogoe diagonal~noe preobladanie, togda kak verhnØØ ocenka v (2.16) (v (2.17)) spravedliva pri uslovii, qto vektor p^{(1)}(A) (ili p^{(2)}(A)) poloßitelen.

Zametim, qto v predpoloßeniØh teoremy 2.1 vmesto znaqeniæ | det A_{ii}|, i = 1, 2, v ocenki (2.14)–(2.17) moßno podstavit~ ih ocenki, poluqennye primeneniem proizvol~nyh ocenok, spravedlivyh dlØ sdd-matric. V qastnosti, ocenivaØ | det A_{ii}|, i = 1, 2, v (2.16) i (2.17) s pomow~¸ ocenok (1.7), my nemedlenno poluqaem sledu¸wie dvustoronnie ocenki dlØ opredelitelØ pbddmatricy v terminah veliqin p_i(A), r_i(D_A), i r̄_i(A), i = 1, . . . , n.

Sledstvie 2.1. V usloviØh teoremy 2.1 spravedlivy ocenki n1∏ i=1 p_i(A) n∏ j=n1+1 [p_j(A) − α_1r̄_j(A)] 6 | det A|

6^{n1∏}_{i=1} ri(DA)^{n∏}_{j=n1+1}[rj(DA) + α1r̄j(A)] (2.18)

90 L. ı. KOLOTILINA i n∏ j=n1+1 p_j(A) n1∏ i=1 [p_i(A) − α_2r̄_i(A)] 6 | det A|

6^{n∏}_{j=n1+1} rj(DA)^{n1∏}_{i=1}[ri(DA) + α2r̄i(A)]. (2.19)

Kak legko videt~, dlØ sdd-matricy A, dlØ kotoroæ my imeem α_i < 1, i = 1, 2 (sm. lemmu 1.1), ocenki (2.18) i (2.19) uluqxa¸t leßawie v ih osnove ocenki (1.7) (qto ob¨ØsnØetsØ ispol~zovaniem bolee detal~noæ informacii o matrice) i, krome togo, obobwa¸t poslednie na bolee xirokiæ klass matric P BDD(n_1, n_2).

Zametim teper~, qto ocenki teoremy 2.1 legko mogut byt~ uluqxeny, esli vmesto ocenok (1.7) vospol~zovat~sØ utoqnennymi ocenkami dlØ opredelitelØ sdd-matricy, kotorye my napominaem v sledu¸weæ lemme.

Lemma 2.2 [9, 13]. Pust~ matrica A = (aij) ∈ C^{n×n} , n > 1, imeet

strogoe diagonal~nye preobladanie. Togda n∏ i=1 [|a_{ii}| − l_i(A)] 6 | det A| 6 n∏ i=1 [|a_{ii}| + l_i(A)] (2.20)

i_n ∏ i=1 [|a_{ii}| − u_i(A)] 6 | det A| 6 n∏ i=1 [|a_{ii}| + u_i(A)], (2.21)

gde veliqiny l_i(A) i u_i(A), associirovannye so strogo nißneæ i strogo verhneæ qastØmi matricy A, opredeleny sledu¸wim obrazom:

l_1(A) = 0; l_k(A) = ∑ 16j<k^{|akj|, k = 2, . . ., n;} u_k(A) = ∑ k+16j6n^{|akj|, k = 1, . . ., n − 1; un(A) = 0.} Zametim, qto ocenki (2.20) i (2.21) v deæstvitel~nosti vyteka¸t odna iz drugoæ. V fftom legko ubedit~sØ, esli odnovremenno rassmotret~ matricy A i P^T AP , gde P = (p_{ij}), p_{ij} = { 1, esli i + j = n + 1,

0 v ostal~nyh sluqaØh,

OCENKI OPREDELITELE` I OBRATNYH 91

t.e. P – matrica s edinicami na vtoroæ glavnoæ diagonali.

Teorema 2.2. V usloviØh teoremy 2.1 spravedlivy sledu¸wie

ocenki:

| det A_{11}| n∏ j=n1+1 [|a_{jj}| − l_j (D_A) − α_1r̄_j (A)] 6 | det A| 6 | det A11|^{n∏}_{j=n1+1} [|ajj| + lj (DA) + α1r̄j(A)] , (2.22) | det A_{22}| n1∏ i=1 [|a_{ii}| − u_i(D_A) − α_2r̄_i(A)] 6 | det A| 6 | det A22|^{n1∏}_{i=1} [|aii| + ui(DA) + α2r̄i(A)] . (2.23) Dokazatel~stvo. Ocenki (2.22) i (2.23) ustanavliva¸tsØ ana-

logiqno ocenkam (2.16) i (2.17), no pri ocenivanii opredeliteleæ dopolneniæ po Xuru S_2(A) i S_1(A) sleduet sootvetstvenno ispol~zovat~ ocenki (2.20) i (2.21) vmesto ocenok (1.7). �

Stoit otmetit~, qto esli A ∈ P BDD(n_1, n_2), to oba ee diagonal~nyh bloka A_{ii}, i = 1, 2, ime¸t strogoe diagonal~noe preobladanie i, sledovatel~no, prinadleßat klassam P BDD_{ni} , i = 1, 2, dlØ vseh vozmoßnyh bloqnyh 2 × 2 razbieniæ. Sledovatel~no, ocenki (2.22) i (2.23) mogut ispol~zovat~sØ rekurrentno.

OcenivaØ znaqeniØ | det A_{ii}|, i = 1, 2, v (2.22) i (2.23) sootvetstvenno s pomow~¸ ocenok (2.20) i (2.21) iz lemmy 2.2, my nemedlenno prihodim k sledu¸wemu rezul~tatu.

Sledstvie 2.2. Pust~ A = (aij) ∈ P BDD(n1, n2), gde ni > 1, i =

1, 2, i n = n_1 + n_2. Togda n1∏ i=1 [|a_{ii}| − l_i(D_A)] n∏ j=n1+1 [|a_{jj}| − l_j (D_A) − α_1r̄_j (A)] 6 | det A| 6^{n1∏}_{i=1} [|aii| + li(DA)]^{n∏}_{j=n1+1} [|ajj| + lj (DA) + α1r̄j(A)] , (2.24)

92 L. ı. KOLOTILINA n∏ j=n1+1 [|a_{jj}| − u_j(D_A)] n1∏ i=1 [|a_{ii}| − u_i(D_A) − α_2r̄_i(A)] 6 | det A| 6^{n∏}_{j=n1+1} [|ajj| + uj(DA)]^{n1∏}_{i=1} [|aii| + ui(DA) + α2r̄i(A)] . (2.25) Zametim, qto dlØ sdd-matricy A, dlØ kotoroæ α_i < 1, i = 1, 2, ocenki (2.24) i (2.25), oqevidno, uluqxa¸t sootvetstvenno ocenki Odera (2.20) i ocenki Praæsa (2.21). Krome togo, poskol~ku sdd-matrica A porØdka n prinadleßit klassu P BDD(n_1, n_2) dlØ vseh poloßitel~nyh n_1 i n_2 takih, qto n_1 + n_2 = n, to dlØ matricy A so strogim diagonal~nym preobladaniem ocenki (2.24) i (2.25) moßno usilit~, perehodØ k maksimumu i minimumu po vsem netrivial~nym raswepleniØm n = n_1 + n_2, a takße po vsem simmetriqnym perestanovkam P^T AP ishodnoæ matricy.

Sledu¸waØ lemma pokazyvaet, qto matricy, udovletvorØ¸- wie strogim usloviØm Ostrovskogo–Brauffra, r^′_i(A) r^′_j (A) < |a_{ii}| |a_{jj}|, i ≠ j, i, j = 1, . . ., n, (2.26) perestanovoqno podobny pbdd-matricam.

Lemma 2.3. Pust~ matrica A ∈ C^{n×n} , n > 2, udovletvorØet uslo-

viØm (2.26). Esli^{r0i(A)}_{|aii|} < 1, i = 2, . . . , n, to A ∈ P BDD(1, n − 1), a esli^{r0i(A)}_{|aii|} < 1, i = 1, . . . , n − 1, to A ∈ P BDD(n − 1, 1). Dokazatel~stvo. Predpoloßim, qto^{r0i (A)}_{|aii|} < 1, i = 2, . . . n. ˚sno,

qto pri n_1 = 1 i n_2 = n − 1 my imeem r̄_1(A) p_1(A) = r^′_1(A) |a_{11}| . (2.27)

Poskol~ku^{r0i(A)}_{|aii|} < 1 dlØ vseh i > 1, to, po lemme 1.1,

r̄_i(A) p_i(A) 6 r^′_i(A) |a_{ii}| , i > 1. (2.28) Teper~ iz (2.26)–(2.28) sleduet, qto r̄_1(A) p_1(A) r̄_i(A) p_i(A) 6 r^′_1(A) |a_{11}| r^′_i(A) |a_{ii}| < 1, i = 2, . . ., n.

OCENKI OPREDELITELE` I OBRATNYH 93

Vtoroe utverßdenie dokazyvaetsØ analogiqno. � Vvidu lemmy 2.3, my moßem primenit~ ocenki (2.23) s n_1 = 1 k l¸boæ matrice A, udovletvorØ¸weæ usloviØm (2.26), takoæ qto

r^0_i (A) |a_{ii}| < 1, i = 2, . . . , n. Takim obrazom my poluqaem ocenki

| det A_{22}| [|a_{11}| − α_2u_1(A)]

6 | det A| 6 | det A22| [|a11| + α2u1(A)], (2.29) gde α_2 = max_26_j6_n r̄_j(A) p_j(A) = max 26j6n |a_{j1}| |a_{jj}| − ∑ k¿2, k≠j^{|ajk|} . Zametim, qto dlØ 2 × 2 matricy A ocenki (2.29) toqny.

PrinimaØ vo vnimanie to fakt, qto v rassmatrivaemom sluqae blok A_{22}, tak ße kak i vse ego glavnye podmatricy, imeet strogoe diagonal~noe preobladanie, i primenØØ ocenki (2.29) rekurrentno, my prihodim k sledu¸wemu rezul~tatu.

Sledstvie 2.3. Pust~ matrica A = (aij) ∈ C^{n×n} , n > 2, udovle-

tvorØet usloviØm Ostrovskogo–Brauffra (2.26) i pust~ r^′_i(A) < |a_{ii}|, i = 2, . . . , n. (2.30) Togda n−1∏ i=1 |aii| − max i+16j6n |a_{ji}| |a_{jj}| − ∑ k¿i+1, k≠j^{|ajk|} u_i(A) 6 | det A|

6^{n−1∏}_{i=1} |aii| + max i+16j6n |a_{ji}| |a_{jj}| − ∑ k¿i+1, k≠j^{|ajk|} u_i(A) . (2.31) Shodnym obrazom iz ocenok (2.22) s n_2 = 1 my poluqaem sledu¸wiæ analog (2.31).

Sledstvie 2.4. Pust~ matrica A = (aij) ∈ C^{n×n} , n > 2, udovle-

tvorØet usloviØm Ostrovskogo–Brauffra (2.26) i pust~ r^′_i(A) < |a_{ii}|, i = 1, . . . , n − 1. (2.32)

94 L. ı. KOLOTILINA Togda n∏ i=2 |aii| − max 16j6i−1 |a_{ji}| |a_{jj}| − ∑ 16k6i−1, k≠j^{|ajk|} l_i(A) 6 | det A|

6^{n∏}_{i=2} |aii| + max 16j6i−1 |a_{ji}| |a_{jj}| − ∑ 16k6i−1, k≠j^{|ajk|} l_i(A) . (2.33) Oqevidno, ocenki (2.31) i (2.33) spravedlivy dlØ l¸boæ sddmatricy A i dlØ takih matric sootvetstvenno uluqxa¸t ocenki Praæsa i Odera.

Ocenki (2.31) vpervye byli opublikovany v rabote [17], v kotoroæ oni byli ustanovleny dlØ sdd-matric. Zatem ffti ße ocenki dlØ sluqaØ sdd-matric poØvilis~ kak teorema 1 v rabote [6] (zametim, qto v formulirovke fftoæ teoremy imeetsØ opeqatka). Al~ternativnye ocenki dlØ opredeliteleæ matric, udovletvorØ¸wih usloviØm Ostrovskogo–Brauffra (2.26), i matric so strogim diagonal~nym preobladaniem, uluqxa¸wie ocenki Praæsa, byli predloßeny v stat~e [7].

Zameqanie 2.4. Zametim, qto esli A – M -matrica so stro-

gim diagonal~nym preobladaniem, to, po teoreme Gerxgorina, Re λ_i(A) > 0, tak qto vse vewestvennye sobstvennye znaqeniØ A poloßitel~ny. Poskol~ku nevewestvennye sobstvennye znaqeniØ vewestvennoæ matricy vstreqa¸tsØ tol~ko kompleksno soprØßennymi parami, a znaqit ih proizvedenie poloßitel~no, to my zakl¸qaem, qto M -matrica so strogim diagonal~nym preobladaniem imeet poloßitel~nyæ opredelitel~. To ße verno i dlØ l¸boæ vewestvennoæ H-matricy s poloßitel~nymi diagonal~nymi fflementami. Sledovatel~no, dlØ takih H-matric vse ocenki, spravedlivye v obwem sluqae dlØ | det A|, spravedlivy i dlØ det A.

§3. VerhnØØ ocenka dlØ ‖A^{−1}‖∞

V fftom paragrafe my rassmatrivaem verhn¸¸ ocenku dlØ beskoneqnoæ normy matricy, obratnoæ k pbdd-matrice. Sledu¸wiæ rezul~tat byl ustanovlen v rabote [8].

OCENKI OPREDELITELE` I OBRATNYH 95

Teorema 3.1. Pust~ A =^{[ A11 A12}_{A21 A22}^] ∈ P BDD(n1, n2), ni > 1, i =

1, 2. Togda

‖A^{−1}‖_∞ 6 max_16_i6_{n1}

n1+16^j6^n

max {p_i(A) + r̄_j(A), p_j(A) + r̄_i(A)} p_i(A)p_j (A) − r̄_i(A)r̄_j(A)

. (3.1)

Koneqno, poskol~ku l¸baØ sdd-matrica A ∈ C^{n×n} prinadleßit klassu P BDD(n_1, n_2) pri vseh n_i > 1, i = 1, 2, takih qto n_1 +n_2 = n, ocenka (3.1), v qastnosti, spravedliva dlØ matric so strogim diagonal~nym preobladaniem. Odnako, dokazatel~stvo teoremy 3.1, predstavlennoe v rabote [8], rassmatrivaet sluqai matric s diagonal~nym preobladaniem i matric bez diagonal~nogo preobladaniØ po otdel~nosti, qto ne vpolne estestvenno. Niße my privodim modificirovannoe dokazatel~stvo verhneæ ocenki (3.1), kotoroe baziruetsØ na idee masxtabirovaniØ stolbcov matricy, ispol~zovannoæ v [8], no ne zavisit ot togo, imeet li matrica A diagonal~noe preobladanie ili ße net.

Dokazatel~stvo teoremy 3.1. Poskol~ku A ∈ P BDD(n1, n2)

ØvlØetsØ nevyroßdennoæ H-matriceæ i poskol~ku, v silu teoremy Ostrovskogo, dlØ l¸boæ nevyroßdennoæ H-matricy A my imeem |A^{−1}| 6 M(A)^{−1},

to, oqevidno, dostatoqno ustanovit~ ocenku (3.1) dlØ sluqaØ M - matricy A.

Itak, pust~ A – M -matrica. Poloßim

B_γ = AD_γ , gde D_γ = [ γI_{n1} 0 0 I_{n2} ] , γ > 0. Togda A^{−1} = D_γ B^{−1}_γ i, sledovatel~no, ‖A^{−1}‖_∞ 6 max{1, γ}‖B^{−1}_γ ‖_∞. (3.2) Bolee togo, esli B_γ est~ sdd-matrica, to, vvidu (1.8), my imeem

‖A^{−1}‖_∞ 6 max_16_k6_n max{1, γ} (B_γ e)_k

. (3.3)

Zametim, qto

(B_γ e)_i = γp_i(A) − r̄_i(A), i = 1, . . . n_1;

(B_γ e)_j = p_j (A) − γr̄_j (A), j = n_1 + 1, . . .n.

(3.4)

96 L. ı. KOLOTILINA

Ravenstva (B_{γij} )_i = (B_{γij} )_j , 1 6 i 6 n_1, n_1 + 1 6 j 6 n, ravnosil~ny sootnoxeniØm γ_{ij} = p_j(A) + r̄_i(A) p_i(A) + r̄_j(A)

, 1 6 i 6 n1, n1 + 1 6 j 6 n, (3.5)

a usloviØ

p_i(A)p_j (A) > r̄_i(A)r̄_j (A), 1 6 i 6 n_1, n_1 + 1 6 j 6 n, obespeqiva¸t, qto γ_{ij} > r̄_i(A) p_i(A) i 1 γ_{ij} > r̄_j (A) p_j (A)

, 1 6 i 6 n1, n1 + 1 6 j 6 n. (3.6)

V qastnosti, iz (3.6) vytekaet, qto vse veliqiny γ_{ij} poloßitel~- ny. Pust~ teper~ γ_i = min n1<j6n γ_{ij} = γ_{iji} , i = 1, . . ., n_1, (3.7) i pust~ γ_0 = max

16i6n1^{γi = γi0 . (3.8)} Togda, v silu sootnoxeniæ (3.6) i (3.7)–(3.8), my imeem 1 γ_i > 1 γ_{ij} > r̄_j(A) p_j(A) dlØ vseh i i j,

otkuda sleduet, qto 1 γ_0 > r̄_j(A) p_j(A) , j = n_1 + 1, . . . , n. (3.9)

Analogiqno, γ_0 > γ_i > r̄_i(A) p_i(A) , i = 1, . . ., n_1. (3.10) SootnoxeniØ (3.9) i (3.10), s uqetom (3.4), pokazyva¸t, qto B_{γ0} ØvlØetsØ sdd-matriceæ. Sledovatel~no, ‖A^{−1}‖_∞ moßet byt~ ograniqeny sverhu s pomow~¸ ocenki (3.3) s γ = γ_0. DlØ togo, qtoby vospol~zovat~sØ ocenkoæ (3.3), ispol~zuØ (3.8), (3.7) i (3.5), my vyvodim γ_0 (B_{γ0} e)_i = γ_0 γ_0p_i(A) − r̄_i(A) 6 γ_i γ_ip_i(A) − r̄_i(A)

OCENKI OPREDELITELE` I OBRATNYH 97 = γ_{iji} γ_{iji} p_i(A) − r̄_i(A) = p_{ji} (A) + r̄_i(A) p_i(A)p_{ji} (A) − r̄_i(A)r̄_{ji} (A) , i = 1, . . . , n_1, otkuda sleduet, qto max 16i6n1 γ_0 (B_{γ0} e)_i 6 max 16i6n_1

n1+16^j6^n

p_j(A) + r̄_i(A) p_i(A)p_j (A) − r̄_i(A)r̄_j (A)

. (3.11)

Analogiqno, my imeem (B_{γ0} e)_i = γ_0p_i(A) − r̄_i(A) > γ_ip_i(A) − r̄_i(A)

= γ_{iji} p_i(A) − r̄_i(A) = p_i(A)p_{ji} (A) − r̄_i(A)r̄_{ji} (A) p_i(A) + r̄_{ji} (A) , tak qto max 16i6n1 1 (B_{γ0} e)_i 6 max 16i6n_1

n1+16^j6^n

p_i(A) + r̄_j(A) p_i(A)p_j (A) − r̄_i(A)r̄_j (A)

. (3.12)

DlØ j > n_1 + 1, s pomow~¸ (3.7), (3.8) i (3.5) my vyvodim γ_0 (B_{γ0} e)_j = γ_0 p_j(A) − γ_0r̄_j (A) = γ_{i0} p_j (A) − γ_{i0}r̄_j (A) 6^{γi0j} p_j (A) − γ_{i0j}r̄_j(A) = p_j(A) + r̄_{i0} (A) p_{i0} (A)p_j (A) − r̄_{i0}(A)r̄_j (A) , j = n_1 + 1, . . ., n, otkuda sleduet, qto max n1+16j6n γ_0 (B_{γ0} e)_j 6 max 16i6n_1

n1+16^j6^n

p_j(A) + r̄_i(A) p_i(A)p_j(A) − r̄_i(A)r̄_j (A)

; (3.13)

analogiqno, my poluqaem

(B_{γ0} e)_j = p_j (A) − γ_0r̄_j(A) = p_j(A) − γ_{i0}r̄_j(A) > p_j(A) − γ_{i0j}r̄_j(A) = p_{i0} (A)p_j (A) − r̄_{i0} (A)r̄_j(A) p_{i0} (A) + r̄_j(A) i, sledovatel~no, max n1+16j6n 1 (B_{γ0} e)_j 6 max 16i6n_1

n1+16^j6^n

p_i(A) + r̄_j(A) p_i(A)p_j(A) − r̄_i(A)r̄_j (A)

. (3.14)

DlØ zaverxeniØ dokazatel~stva ostaetsØ vospol~zovat~sØ ocenkoæ (3.3) s uqetom sootnoxeniæ (3.11)–(3.14). �

98 L. ı. KOLOTILINA

Zametim, qto pri n = 2 ocenka (3.1) obrawaetsØ v ravenstvo, a v tom sluqae, kogda α_1 = α_2 = 0, t.e. A = Diag (A_{11}, A_{22}) est~ bloqno diagonal~naØ sdd-matrica, ocenka (3.1) svoditsØ k ocenke Al~berga–Nil~sona–Varaha (1.8).

Teper~ my predstavim interpretaci¸ teoremy 3.1 v terminah 2 × 2 matric A_{ij}, opredelennyh v (1.4). Poskol~ku

(A_{ij})^{−1} = 1 p_i(A)p_j (A) − r̄_i(A)r̄_j (A) [ p_j (A) r̄_i(A) r̄_j (A) p_i(A) ] , 1 6 i 6 n1, n1 + 1 6 j 6 n,

my imeem

‖(A_{ij})^{−1}‖_∞ = max {p_i(A) + r̄_j(A), p_j (A) + r̄_i(A)} p_i(A)p_j(A) − r̄_i(A)r̄_j (A) , 1 6 i 6 n1, n1 + 1 6 j 6 n.

Znaqit, ocenku (3.1) moßno zapisat~ v vide

‖A^{−1}‖_∞ 6 max_16_i6_{n1} n1^{<j}6^n ‖(A_{ij})^{−1}‖_∞. (3.15)

PrinimaØ vo vnimanie tot fakt, qto A ∈ P BDD(n_1, n_2) togda i tol~ko togda, kogda vse matricy A_{ij} ØvlØ¸tsØ nevyroßdennymi M -matricami, my prihodim k sledu¸weæ pereformulirovke teoremy 3.1.

Teorema 3.2. Pust~ A =^{[ A11 A12}_{A21 A22}^] ∈ C^{n×n} , n > 2. Esli

vse matricy (1.4) ØvlØ¸tsØ nevyroßdennymi M -matricami, to beskoneqnaØ norma obratnoæ matricy A^{−1} udovletvorØet ocenke (3.15).

V zakl¸qenie fftogo paragrafa my pokaßem, qto dlØ matric so strogim diagonal~nym preobladanie, kak moßno bylo oßidat~, ocenka (3.1) (ili (3.15)) po kraæneæ mere ne huße, qem klassiqeskaØ ocenka (1.8). Deæstvitel~no, pust~

ξ = min_16_k6_n{|a_{kk}| − r^′_k(A)}.

Togda my imeem p_k(A) − r̄_k(A) = |a_{kk}| − r^′_k(A) > ξ, k = 1, . . . , n,

OCENKI OPREDELITELE` I OBRATNYH 99

i, sledovatel~no, r̄_k(A) 6 p_k(A) − ξ, k = 1, . . ., n. (3.16) Ispol~zuØ (3.16), my vyvodim

p_i(A) + r̄_j(A) p_i(A)p_j (A) − r̄_i(A)r̄_j(A) 6 p_i(A) + p_j (A) − ξ p_i(A)p_j(A) − (p_i(A) − ξ)(p_j(A) − ξ) = p_i(A) + p_j(A) − ξ ξ(p_i(A) + p_j(A) − ξ) = 1 ξ . Analogiqno, p_j (A) + r̄_i(A) p_i(A)p_j (A) − r̄_i(A)r̄_j(A) 6 1 ξ . Takim obrazom, max 16i6n_1

n1+16^j6^n

max {p_i(A) + r̄_j(A), p_j (A) + r̄_i(A)} p_i(A)p_j (A) − r̄_i(A)r̄_j (A) 6 1 ξ = 1 min 16k6n^{{|akk| − r′k(A)}} . (3.17)

Kak legko videt~ iz predyduwih rassußdeniæ, ocenki (3.1) i (1.8) sovpada¸t togda i tol~ko togda, kogda

‖(A_{ij} )^{−1}‖_∞ = 1 ξ dlØ nekotoryh i i j. (3.18)

Sleduet otmetit~, qto iz sootnoxeniØ (3.18), voobwe govorØ, ne sleduet, qto matrica A imeet tak nazyvaemoe ravnomernoe strogoe diagonal~noe preobladanie, t.e. |a_{kk}| − r^′_k(A) = ξ > 0 dlØ vseh k = 1, . . ., n. �tot utverßdenie moßno proill¸strirovat~ sledu¸wim prostym primerom. Pust~

A = 2 | 0 −1 − − − − 0 | 2 −1 −1 | 0 3 , n1 = 1, n2 = 2.

Togda ξ = min_16_k6_3{|a_{kk}| − r^′_k(A)} = 1, a poskol~ku

(A_{12})^{−1} = 1 2 [ 1 1 0 2 ] i (A_{13})^{−1} = 1 5 [ 3 1 1 2 ] ,

100 L. ı. KOLOTILINA

to ocenka (3.15) daet

‖A^{−1}‖_∞ 6 max{‖(A_{12})^{−1}‖_∞, ‖(A_{13})^{−1}‖_∞} = max { 1, 4 5 } = 1,

qto sovpadaet so znaqeniem ocenki (1.8). Odnako, matrica A pri fftom ne imeet ravnomernogo diagonal~nogo preobladaniØ.

Takim obrazom, utverßdenie iz raboty [8], qto ocenka (3.1) “vsegda men~xe, qem ocenka Varaha, za iskl¸qeniem togo sluqaØ, kogda A imeet ravnomernoe strogoe diagonal~noe preobladanie” ØvlØetsØ oxiboqnym.

§4. ObobweniØ na sluqaæ bloqnyh k × k matric

Niße my privodim (bez dokazatel~stva) obobwenie teoremy 1.1 na sluqaæ bloqnyh k × k matric.

DlØ zadannoæ v bloqnom vide matricy

A = A_{11} A_{12} . . . A_{1k} A_{21} A_{22} . . . A_{2k} . . . . . . . . . . . . A_{k1} A_{k2} . . . A_{kk} ∈ C^{n×n} , n > 2, 2 6 k 6 n, (4.1)

vvedem v rassmotrenie associirovannye k × k matricy

A^{(i1,i2,...,ik)} = (M(A11)e^{(1)})i1 −(|A12|e^{(2)})i1 . . . −(|A1k|e^{(k)})i1

−(|A_{21}|e^{(1)})_{i2} (M(A_{22})e^{(2)})_{i2} . . . −(|A_{2k}|e^{(k)})_{i2} . . . . . . . . . . . . −(|A_{k1}|e^{(1)})_{ik} −(|A_{k2}|e^{(2)})_{ik} . . . (M(A_{kk})e^{(k)})_{ik} ,

i_j = 1, . . . , n_j, j = 1, . . ., k, (4.2) gde A_{jj} ∈ C^{nj ×nj} , j = 1, . . .k. Teorema 4.1. Pust~ A = (Aij) ∈ C^{n×n} , n > 2, – bloqnaØ matrica

vida (4.1). Esli vse matricy v (4.2) ØvlØ¸tsØ nevyroßdennymi M -matricami, to A ØvlØetsØ nevyroßdennoæ H-matriceæ.

Zametim, qto nabor {A^{(i1,i2,...,ik)}}, sostoØwiæ iz n_1 ×n_2 ×· · ·×n_k matric, igraet rol~ nabora matric sravneniØ, associirovannyh s rassmatrivaemym bloqnym razbieniem matricy A (dlØ sluqaØ beskoneqnoæ normy).

V zakl¸qenie my vydvigaem sledu¸wu¸ gipotezu, kasa¸wu- ¸sØ obobweniØ teoremy 3.2 na sluqaæ bloqnyh k × k matric.

OCENKI OPREDELITELE` I OBRATNYH 101

Gipoteza. V usloviØh teoremy 4.1 verna ocenka ‖A^{−1}‖_∞ 6 max_{i1,...,ik} ‖(A^{(i1,...,ik)})^{−1}‖_∞. (4.3) Literatura

1. L. ı. Kolotilina, Psevdobloqnye usloviØ diagonal~nogo preobladaniØ.

— Zap. nauqn. semin. POMI 323 (2005), 94–131.

2. J. H. Ahlberg, E. N. Nilson, Convergence properties of the spline fit. — J. SIAM 11 (1963), 95–104.

3. L. Cvetković, V. Kostić, R. S. Varga, A new Geršgorin-type eigenvalue inclusion set. — Electr. Trans. Numer. Anal. 18 (2004), 73–80.

4. Y. M. Gao, X. H. Wang, Criteria for generalized diagonally dominant and Mmatrices. — Linear Algebra Appl. 268 (1992), 257–268.

5. R. A. Horn, C. R. Johnson, Topics in Matrix Analysis. Cambridge University

Press (1991).

6. Ting-Zhu Huang, Xing-Ping Liu, Estimations for certain determinants. — Comp.

Math. Appl. 50 (2005), 1677–1684.

7. Jianzhou Liu, Fuzhen Zhang, Disc separation of the Schur complement of diagonally dominant matrices. — SIAM J. Matrix Anal. Appl. 27 (2005), 665–674.

8. N. Morača, Upper bounds for the infinity norm of the inverse of SDD and S-SDD matrices. — J. Comput. Appl. Math. 206 (2007), 666–678.

9. R. Oeder, Problem E 949. — Amer. Math. Monthly 58 (1951), 37. 10. A. M. Ostrowski, Sur la détermination des bornes inférieures pour une classe des déterminants. — Bull. Sci. Math. (2) 61 (1937), 19–32.

11. A. M. Ostrowski, Über die Determinanten mit überwiegender Hauptdiagonale. —

Comment. Math. Helv. 10 (1937), 69–96.

12. A. M. Ostrowski, Note on bounds for determinants with dominant principal diagonal. — Proc. Amer. Math. Soc. 3 (1952), 26–30.

13. B. Price, Bounds for determinants with dominant principal diagonal. — Proc.

Amer. Math. Soc. 2 (1951), 497–502.

14. J. M. Varah, A lower bound for the smallest singular value of a matrix. — Linear

Algebra Appl. 11(1975), 3–5.

15. R. S. Varga, On diagonal dominance arguments for bounding kA�^1k1. — Linear

Algebra Appl. 14 (1976), 211–217.

16. R. S. Varga, Geršgorin and His Circles. Springer Series Comput. Math. 36,

Springer, 2004.

17. Xue-Rong Yong, Two properties of diagonally dominant matrices. — Numer.

Linear Algebra Appl. 3 (1996), 173–177.

Kolotilina L. Yu. Bounds for the determinants and inverses of certain H-matrices.

The paper studies a subclass, referred to as P BDD(n_1, n_2), of the class of nonsingular H-matrices. A new characterization of matrices in P BDD(n_1, n_2) is suggested. Two-sided bounds for the determinants

102 L. ı. KOLOTILINA of matrices in the class P BDD(n_1, n_2) are derived, and their applications to strictly diagonally dominant matrices and to matrices with the Ostrowski–Brauer diagonal dominance are presented. An upper bound for the infinity norms of the inverses of matrices in P BDD(n_1, n_2) is considered. Extensions to the case of block k × k matrices, k > 2, are addressed.

Postupilo 4 oktØbrØ 2007 g.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN E-mail: liko@pdmi.ras.ru