Zapiski nauqnyh seminarov POMI Tom 341, 2007 g.

V. V. Petrov OB OCENKE OSTATOQNOGO QLENA V CENTRAL^NO` PREDEL^NO` TEOREME 1. Pust~ G – mnoßestvo funkciæ g(x), opredelennyh dlØ vseh

deæstvitel~nyh x i udovletvorØ¸wih sledu¸wim usloviØm: (a) g(x) – neotricatel~naØ, qetnaØ, neubyva¸waØ v oblasti x > 0 funkciØ, takaØ, qto g(x) ≠ 0 pri x ≠ 0; (b) funkciØ x/g(x) ne ubyvaet v oblasti x > 0.

V [4] (sm. takße [5, s. 187]) soderßitsØ sledu¸wiæ rezul~tat:

Teorema 1. Pust~ X1, . . . , Xn – nezavisimye sluqaænye veliqi-

ny s matematiqeskimi oßidaniØmi, ravnymi nul¸, i pust~ EX^2_j g(X_j ) < ∞ dlØ nekotoroæ funkcii g(x) ∈ G i j = 1, . . . , n. Poloßim

S_n = n∑ j=1 X_j, B_n = E(S^2_n), Z_n = B^{−1/2}_n S_n, F_n(x) = P (Z_n < x).

Togda |F_n(x) − Φ(x)| 6 A^n ∑ j=1 EX^2_j g(Xj) B_n(1 + |x|)^2g(B^{1/2}_n (1 + |x|)) (1) dlØ l¸bogo x. Zdes~ Φ(x) – standartnaØ normal~naØ funkciØ raspredeleniØ, A – nekotoraØ absol¸tnaØ poloßitel~naØ postoØnnaØ.

Oqevidno, |x|^δ ∈ G, esli 0 < δ 6 1. PolagaØ v neravenstve (1) g(x) = |x|^δ, 0 < δ 6 1, poluqim |F_n(x) − Φ(x)| 6 AL_n (1 + |x|)^{2+δ} dlØ l¸bogo x, gde L_n = B^{−1−δ/2} n n∑ j=1 E|X_j|^{2+δ}.

142

OB OCENKE OSTATOQNOGO QLENA 143

�to neravenstvo prinadleßit A. BikØlisu [1]; ranee ono bylo poluqeno S. V. Nagaevym dlØ sluqaØ odinakovyh raspredeleniæ i δ = 1. Ih rezul~taty predstavlØ¸t soboæ neravnomernye usileniØ neravenstv �sseena i Berri–�sseena sootvetstvenno (sm., naprimer, [5, gl. 5]).

Dokazatel~stvo teoremy 1, privedennoe v [4], opiralos~ na neravenstvo |F_n(x) − Φ(x)| 6 A { B^{−1}_n (1 + |x|)^{−2} n∑ j=1 ∫ |u|>(1+|x|)B1=2n u^2dV_j(u)+

+B^{−3/2}_n (1 + |x|)^{−3} n∑ j=1 ∫ |u|6(1+|x|)B^{1=2}n |u|^3dV_j(u) } (2) dlØ l¸bogo x i l¸bogo nabora nezavisimyh sluqaænyh veliqin X_1, . . . , X_n s funkciØmi raspredeleniØ V_1(x), . . . , V_n(x), matematiqeskimi oßidaniØmi, ravnymi nul¸,i koneqnymi dispersiØmi. Zdes~ i v dal~neæxem my oboznaqaem bukvoæ A absol¸tnu¸ poloßitel~nu¸ postoØnnu¸ (ne obØzatel~no odnu i tu ße v razliqnyh formulah).

Neravenstvo (2) soderßitsØ v rabote A. BikØlisa [1] narØdu s ffkvivalentnoæ formoæ fftogo neravenstva. Ssylki na fftot rezul~tat moßno naæti v [3–5]. Odnako on ostalsØ nezameqennym Qffnem i Xao [2], osnovnoæ rezul~tat kotoryh ffkvivalenten neravenstvu (2), pri fftom v [2] soderßatsØ ssylki na rabotu A. BikØlisa [1] vmeste s oxiboqnym utverßdeniem, qto ee rezul~taty ime¸t menee obwiæ harakter i poluqeny pri uslovii koneqnosti absol¸tnyh momentov tret~ego porØdka.

Obobwenie neravenstva (2) bez predpoloßeniæ o suwestvovanii kakih-libo momentov u rassmatrivaemyh sluqaænyh veliqin poluqeno v [3, teorema 2]. S pomow~¸ neravenstva (2) v [3] dokazan takße sledu¸wiæ rezul~tat.

Teorema 2. Pust~ X1, X2, . . . – posledovatel~nost~ nezavisimyh

odinakovo raspredelennyh sluqaænyh veliqin s matematiqeskim oßidaniem, ravnym nul¸, i poloßitel~noæ dispersieæ σ^2. Pust~ E|X_1|^{2+δ} < ∞ dlØ nekotorogo poloßitel~nogo δ. Esli δ < 1, to | | | |P ( σ^{−1}n^{−1/2} n∑ j=1 X_j < x ) − Φ(x) | | | | 6^{ψ(n1/2(1 + |x|))}

n^{δ/2}(1 + |x|)^{2+δ} (3)

144 V. V. PETROV dlØ l¸byh n i x, gde ψ(u) – ograniqennaØ funkciØ, takaØ, qto lim_{u→∞} ψ(u) = 0.

Zametim, qto v teoreme 2 nel~zØ zamenit~ uslovie δ < 1 usloviem δ 6 1. Deæstvitel~no, dlØ simmetriqnoæ shemy Bernulli imeet mesto ravenstvo

P (S_n = 0) = 2(2πn)^{−1/2}(1 + o(1)) (n → ∞)

(sm., naprimer, [5, s. 150]), tak qto (3) ne imeet mesta pri δ = 1 i l¸boæ funkcii ψ(u) s ukazannymi v teoreme 2 svoæstvami.

Cel~¸ nastoØweæ zametki ØvlØetsØ obobwenie teoremy 2 dlØ sluqaØ, kogda uslovie E|X_1|^{2+δ} < ∞ zamenØetsØ bolee obwim usloviem EX^2_1 g(X_1) < ∞, gde funkciØ g prinadleßit nekotoromu podmnoßestvu mnoßestva G (soderßawemu funkcii g(x) = |x|^δ pri 0 < δ < 1, no ne soderßawemu funkci¸ g(x) = |x|).

2. Pust~ G0 – mnoßestvo funkciæ g(x) ∈ G, udovletvorØ¸wih

dopolnitel~nomu uslovi¸ (v) lim_{x→∞} g(x^2)/(xg(x)) = 0.

Oqevidno, funkciØ g(x) = |x|^δ prinadleßit mnoßestvu G_0, esli 0 < δ < 1, i ne prinadleßit G_0, esli δ = 1. Drugim primerom funkcii klassa G_0 moßet slußit~ funkciØ g(x) = exp{(log(e + |x|))^p}, gde 0 < p < 1.

Teorema 3. Pust~ X1, X2, . . . – posledovatel~nost~ nezavisimyh

odinakovo raspredelennyh sluqaænyh veliqin s matematiqeskim oßidaniem, ravnym nul¸,i poloßitel~noæ dispersieæ σ^2. Pust~ EX^2_1 g(X_1) < ∞ dlØ nekotoroæ funkcii g ∈ G_0. Togda | | | |P ( σ^{−1}n^{−1/2} n∑ j=1 X_j < x ) − Φ(x) | | | | 6^{ψ(n1/2(1 + |x|))}

(1 + |x|)^2g(σn^{1/2}(1 + |x|))

dlØ l¸byh n i x, gde ψ(u) – ograniqennaØ funkciØ, udovletvorØ¸waØ uslovi¸ lim_{u→∞} ψ(u) = 0.

Iz teoremy 3 sleduet teorema 2.

Dokazatel~stvo teoremy 3. PrimenØØ neravenstvo (2) k n per-

vym sluqaænym veliqinam iz rassmatrivaemoæ posledovatel~- nosti, my poluqim | | | |P (σ^{−1}n^{−1/2} n∑ j=1 X_j < x) − Φ(x) | | | | 6 A(T1 + T2),

OB OCENKE OSTATOQNOGO QLENA 145 gde T_1 = σ^{−2}(1 + |x|)^{−2} ∫ |u|>σn1=2(1+|x|) u^2dV (u),

T_2 = σ^{−3}n^{−1/2}(1 + |x|)^{−3} ∫ |u|6σn^{1=2}(1+|x|) |u|^3dV (u), i V (x) est~ funkciØ raspredeleniØ sluqaænoæ veliqiny X_1. DlØ ocenki T_1 i T_2 ispol~zuem uslovie EX^2_1 g(X_1) < ∞ i svoæstva funkcii g ∈ G_0. My imeem

T_1 6 σ^{−2}(1 + |x|)^{−2} ( g(σn^{1/2}(1 + |x|)) )_{−1} ∫ |u|>σn1=2(1+|x|) u^2g(u) dV (u) =

(1 + |x|)^{−2} ( g(σn^{1/2}(1 + |x|)) )_{−1} ψ_1(n^{1/2}(1 + |x|)),

priqem lim_{u→∞} ψ_1(u) = 0. Dalee, T_2 = T^{(1)}_2 + T^{(2)}_2 , gde

T^{(1)}_2 = σ^{−3}n^{−1/2}(1 + |x|)^{−3} ∫ D1 |u|^3dV (u),

T^{(2)}_2 = σ^{−3}n^{−1/2}(1 + |x|)^{−3} ∫ D2 |u|^3dV (u),

D_1 = { u : |u| 6 (σn^{1/2}(1 + |x|))^{1/2} } , D_2 = { u : (σn^{1/2}(1 + |x|))^{1/2} < |u| 6 σn^{1/2}(1 + |x|) } . Spravedliva ocenka

T^{(2)}_2 6 σ^{−3}n^{−1/2}(1 + |x|)^{−3}σn^{1/2}(1 + |x|)(g(σn^{1/2}(1 + |x|)))^{−1}× × ∫ |u|> (σn1=2(1+|x|))1=2

u^2g(u) dV (u) = (1+|x|)^{−2}(g(σn^{1/2}(1+|x|)))^{−1}ψ_2(n^{1/2}(1+|x|)),

gde funkciØ ψ_2(u) udovletvorØet uslovi¸ lim_{u→∞} ψ_2(u) = 0.

DlØ zaverxeniØ dokazatel~stva teoremy dostatoqno poluqit~ analogiqnu¸ ocenku dlØ T^{(1)}_2 . Poloßim σn^{1/2}(1 + |x|) = y^2. Togda T^{(1)}_2 6 nCy^{−5}/g(y), gde C = EX^2_1 g(X_1). V silu usloviØ g(x) ∈

146 V. V. PETROV

G_0 imeem lim_{y→∞} g(y^2)/(yg(y)) = 0, pofftomu lim_{y→∞} y^4 g(y^2)n^{−1}T^{(1)}_2 = 0.

Ots¸da sleduet trebuemaØ ocenka.

Avtor blagodaren A. I. Martikaænenu, zametivxemu, qto predloßennoe dokazatel~stvo teoremy 3 pozvolØet ukazat~ Øvnoe predstavlenie funkcii ψ(u).

Literatura

1. A. BikØlis, Ocenki ostatoqnogo qlena v central~noæ predel~noæ teoreme. — Litovskiæ matem. sbornik 6, No. 3 (1966), 323–346.

2. L. H. Y. Chen, Q. M. Shao, A nonuniform Berry{Esseen bound via Stein’s method.

— Probab. Theory Relat. Fields 120 (2001), 236–254.

3. L. V. Osipov, V. V. Petrov, Ob ocenke ostatoqnogo qlena v central~noæ predel~noæ teoreme. — TeoriØ veroØtn. i ee primen. 12, No. 2 (1967), 322–329.

4. V. V. Petrov, Odna predel~naØ teorema dlØ summ nezavisimyh neodinakovo raspredelennyh sluqaænyh veliqin. — Zap. nauqn. semin. LOMI 85 (1979),188–192.

5. V. V. Petrov, Limit theorems of probability theory. Oxford University Press, New

York (1995).

Petrov V. V. On estimation of the remainder in the central limit theorem.

A nonuniform estimate of the remainder in the central limit theorem is obtained for a sequence of independent identically distributed random variables. This estimate is a generalization of an earlier result of L.V.Osipov and the author.

Postupilo 11 noØbrØ 2005 g. Sankt-Peterburgskiæ gosudarstvennyæ universitet