Zapiski nauqnyh seminarov POMI Tom 338, 2006 g.

A. S. Sivackiæ

O SVO`STVE D(2) I OBWEM POLE RASWEPLENI` DVUH BIKVATERNIONNYH ALGEBR

Pust~ F – pole harakteristiki ≠ 2. Budem govorit~, qto F obladaet svoæstvom D(2), esli dlØ l¸bogo kvadratiqnogo rasxireniØ L/F i l¸byh dvuh dvumernyh kvadratiqnyh form q_1, q_2 nad F suwestvovanie obwego znaqeniØ form q_{1L}, q_{2L} vleqet suwestvovanie obwego znaqeniØ form q_{1L}, q_{2L}, prinadleßego pol¸ F . Primery poleæ nulevoæ harakteristiki, ne oblada¸wih dannym svoæstvom, privodØtsØ v [5]. Pozdnee v [1], osnovyvaØs~ na suwestvovanii takih poleæ, bylo pokazano, qto sledu¸wie voprosy v obwem sluqae ime¸t otricatel~nyæ otvet:

1) Pust~ (a_1, b_1) i (a_2, b_2) – kvaternionnye algebry nad polem K.

Predpoloßim, qto c ∈ K^∗ takovo, qto (a_1, b_1) ⊗ (a_2, b_2)_{K(}^√_{c)} ne ØvlØetsØ algebroæ s deleniem. Verno li, qto togda suwestvuet d ∈ K^∗ takoe, qto

(a_1, b_1)_{K(}^√_{c,}^√_{d)} = (a_2, b_2)_{K(}^√_{c,}^√_{d)} = 0?

2) Pust~ φ est~ 8-mernaØ forma iz I^2(K), algebra Klifforda kotoroæ imeet indeks 4. Verno li, qto φ ØvlØetsØ prØmoæ summoæ dvuh form, podobnyh 2-kratnym formam Pfistera?

3) Pust~ φ est~ 14-mernaØ forma iz I^3(K). Verno li, qto φ podobna raznosti qistyh qasteæ dvuh 3-kratnyh form Pfiste- ra? S pomow~¸ soverxenno drugoæ i oqen~ sloßnoæ tehniki otricatel~nye otvety na ffti voprosy vo vseh harakteristikah byli dany takße v [3].

Rabota vypolnena pri finansovoæ podderßke sovmestnogo proekta Korolevskogo obwestva Velikobritanii “Kvadratiqnye formy i central~nye prostye algebry v kontekste rasxireniæ poleæ”. 242

O SVO`STVE D(2) 243

Vyxeukazannye voprosy obuslavliva¸t nax interes k svoæstvu D(2). Naskol~ko my znaem, primery poleæ poloßitel~noæ harakteristiki, ne oblada¸wih svoæstvom D(2), ne byli ranee izvestny. V fftoæ stat~e, nezavisimo ot harakteristiki polØ, my stroim prostye kontrprimery k svoæstvu D(2) takie, qto 2- kogomologiqeskaØ razmernost~ cd_2 F polØ F ravna 2. Ispol~zuØ ffti primery, my pokazyvaem, qto sledu¸wiæ vopros v obwem sluqae imeet otricatel~nyæ otvet.

Pust~ D_1 i D_2 – dve bikvaternionnye algebry nad polem K takie, qto ind(D_1 + D_2 ) = 2. Suwestvuet li obwee pole raswepleniØ algebr D_1 i D_2 vida K( √ a, √ b), gde a, b ∈ K^∗?

Naxi oboznaqeniØ standartny. V posledu¸wem vse polØ ime- ¸t harakteristiku, ne ravnu¸ 2. Pod formoæ my vsegda ponimaem kvadratiqnu¸ formu nad polem. Neskol~ko zloupotreblØØ oboznaqeniØmi, my qasto budem otoßdestvlØt~ formu nad F s sootvetstvu¸wim klassom v gruppe Vitta W (F ). Qerez φ_{an} my oboznaqaem anizotropnu¸ qast~ formy φ. Esli L/F – rasxirenie poleæ, i φ – forma nad F , to D_L(φ) est~ mnoßestvo nenulevyh znaqeniæ formy φ_L, i G_L(φ) est~ gruppa kofffficientov podobiØ φ_L, to est~ G_L(φ) = {a ∈ L^∗ : φ ≃ aφ}. Pod nkratnoæ formoæ Pfistera ⟨⟨a_1, . . . , a_n⟩⟩ my podrazumevaem formu ⟨1, −a_1⟩ ⊗ . . . ⊗ ⟨1, −a_n⟩. Qerez (a, b) my oboznaqaem kvaternionnu¸ algebru s obrazu¸wimi 1, i, j, ij i sootnoxeniØmi i^2 = a, j^2 = b, ij = −ji. Esli k – pole, t – peremennaØ i p ∈ k[t] – neprivodimyæ mnogoqlen so starxim kofffficientom 1, to ∂_p : W (k(t)) → W (k[t]/p) oboznaqaet “vtoroe otobraßenie vyqeta” – gomomorfizm grupp, opredelØemyæ po sledu¸wemu pravilu: dlØ svobodnogo ot kvadratov mnogoqlena f ∈ k[t] ∂_p(⟨f⟩) = 0, esli p ne delit f, ⟨ f p ⟩ , esli p delit f . Tenzornoe proizvedenie central~nyh prostyh K-algebr vsegda rassmatrivaetsØ nad polem K.

ObratimsØ k konstrukcii primerov, o kotoryh xla req~ vyxe. Pust~ k – pole, a, d_1, d_2 ∈ k^∗ takie, qto d^2_1 − 4a, d^2 − 4a, (d^2_1 − 4a)(d^2 − 4a) /∈ k^{∗2}, x – peremennaØ, F = k(x), L = F ( √ x^2 − 4a).

Poloßim q_1 ≃ (x − d_1)⟨⟨d^2_1 − 4a⟩⟩ ∈ W (F ),

244 A. S. SIVACKI` q_2 ≃ (x − d_2)⟨⟨d^2 − 4a⟩⟩ ∈ W (F ). Predloßenie 1. Pole F ne obladaet svoæstvom D(2), i formy

q_1, q_2 vmeste s kvadratiqnym rasxireniem L/F da¸t sootvetstvu¸wiæ kontrprimer.

Dokazatel~stvo. Legko proverit~, qto

q_1((x − d_1 − √ x^2 − 4a)(x − d_1)^{−1}, (x − d_1)^{−1}) =

q_2((x − d_2 − √ x^2 − 4a)(x − d_2)^{−1}, (x − d_2)^{−1}) = 2(x − √ x^2 − 4a) ∈ L. �to pokazyvaet, qto D_L(q_1) ∩ D_L(q_2) ≠ ∅.

Teper~ dokaßem, qto D_L(q_1) ∩ D_L(q_2) ∩ F = ∅. Budem sledovat~ idee, soderßaweæsØ v rabote [6]. Pust~ y_1, y_2 – peremennye, ^k – kakoe-nibud~ maksimal~noe rasxirenie neqetnoæ stepeni polØ k(y_1, y_2). Tak kak d^2_1 − 4a i d^2 − 4a ØvlØ¸tsØ razliqnymi neediniqnymi fflementami v k^∗/k^{∗2}, legko videt~, qto (d^2_1 − 4a, y_1) ⊗b_k (d^2 − 4a, y_2) est~ algebra s deleniem. Poloßim φ = ⟨⟨d^2_1 − 4a, y_1⟩⟩ − ⟨⟨d^2 − 4a, y_2⟩⟩. V qastnosti, φ ≠ 0 nad l¸bym kvadratiqnym rasxireniem ^k. Poloßim takße y = √ x^2 − 4a, x − y = 2t. Togda x + y =^{2a}_t , otkuda x = t +^a_t . Takim obrazom, my imeem L = F ( √ x^2 − 4a) = k(t), F = k(t +^a_t ). Predpoloßim, qto u ∈ Db_{k(t)}(q_1) ∩ Db_{k(t)}(q_2) ∩ ^k(x). Oqevidno, moßno predpolagat~, qto u = u(x) ∈ ^k[x] i u svoboden ot kvadratov. Togda

(x − d_1)u ∈ Db_{k(t)}(⟨⟨d^2_1 − 4a⟩⟩) = Gb_{k(t)}(⟨⟨d^2_1 − 4a⟩⟩) = Gb_{k(t)}(q_1),

(x − d_2)u ∈ Db_{k(t)}(⟨⟨d^2 − 4a⟩⟩) = Gb_{k(t)}(⟨⟨d^2 − 4a⟩⟩) = Gb_{k(t)}(q_2).

Sledovatel~no, my imeem

(q_1⟨⟨y_1⟩⟩ − q_2⟨⟨y_2⟩⟩)b_{k(t)} =

((x − d_1)uq_1⟨⟨y_1⟩⟩ − (x − d_2)uq_2⟨⟨y_2 ⟩⟩)b_{k(t)} =

u(⟨⟨d^2_1 − 4a, y_1⟩⟩ − ⟨⟨d^2 − 4a, y_2⟩⟩)b_{k(t)} = uφb_{k(t)}. (1)

Analogiqno, tak kak 4t = 2(x − √ x^2 − 4a) ∈ D_L(q_1) ∩ D_L(q_2), poluqaem (q_1⟨⟨y_1⟩⟩ − q_2⟨⟨y_2⟩⟩)b_{k(t)} = tφb_{k(t)}. (2)

O SVO`STVE D(2) 245

Ob¨edinØØ vmeste (1) i (2), my zakl¸qaem, qto

uφb_{k(t)} = tφb_{k(t)}. (3)

ZamenØØ x na t +^a_t v levoæ qasti (3) i sravnivaØ vyqety v mnogoqlene t v obeih qastØh fftogo ravenstva, my vidim, qto stepen~ mnogoqlena u(x) otnositel~no peremennoæ x neqetna. Tak kak pole ^k ne imeet rasxireniæ neqetnoæ stepeni, to suwestvuet c ∈ ^k takoe, qto x − c delit u. Zametim, qto x − c =^{p(t)}_t , gde p(t) = t^2 − ct + a. SravnivaØ vyqety v mnogoqlene p(t) v obeih qastØh ravenstva (3) my prihodim k protivoreqi¸, tak kak ∂_p(tφ) = 0, i ∂_p(uφ) = φb_{k(}^√_{c2−4a)} ≠ 0. Predloßenie dokazano.

Sledstvie 2. Pust~ k – pole, b1, b2 ∈ k^∗. Sledu¸wie usloviØ rav-

nosil~ny:

1) fflementy 1, b_1, b_2 ∈ k^∗/k^{∗2} poparno razliqny; 2) pole k(x) ne obladaet svoæstvom D(2), i suwestvu¸t a ∈ k^∗, s_1, s_2 ∈ k(x)^∗ takie, qto rasxirenie k(x, √ x^2 − 4a)/k(x) i formy s_1⟨⟨b_1⟩⟩ i s_2⟨⟨b_2⟩⟩ da¸t sootvetstvu¸wiæ kontrprimer.

Dokazatel~stvo. 1)⇒2). Po predloßeni¸ 1 dostatoqno naæti

a, d_1, d_2 ∈ k^∗ takie, qto b_1 = d^2_1 − 4a, b_2 = d^2 − 4a. Naprimer, moßno poloßit~ d_1 =^{b1−b2+1}_2 , d_2 =^{b2−b1+1}_2 , a =^1_4 (d^2_1 − b_1).

2)⇒1). Esli b_1 ØvlØetsØ kvadratom, to D_L(⟨⟨b_1⟩⟩) = L^∗ dlØ l¸- bogo rasxireniØ L/k(x), i, znaqit, pri l¸byh s_1, s_2 ∈ k(x)^∗ formy s_1⟨⟨b_1⟩⟩ i s_2⟨⟨b_2⟩⟩ ne da¸t kontrprimera k svoæstvu D(2). Predpoloßim, qto b_1b_2 est~ kvadrat, to est~ b_1 ≡ b_2 (mod k^{∗2}). Pust~ L/k(x) – proizvol~noe rasxirenie, i c ∈ D_L(s_1⟨⟨b_1⟩⟩)∩D_L(s_2⟨⟨b_2⟩⟩). Togda ⟨⟨b_1, cs_1⟩⟩ = ⟨⟨b_1, cs_2⟩⟩ = 0, otkuda ⟨⟨b_1, s_1s_2⟩⟩ = 0, i, sledovatel~no, s_1 ∈ D_L(s_1⟨⟨b_1⟩⟩) ∩ D_L(s_2⟨⟨b_2⟩⟩) ∩ k(x). Zameqanie. Esli pole k0 ØvlØetsØ algebraiqeski zamknutym,

i k est~ pole racional~nyh funkciæ nad k_0, to cd_2(k) = 1 i cd_2(k(x)) = 2. Po sledstvi¸ 2 pole k(x) ne obladaet svoæstvom D(2). S drugoæ storony, esli I^2(K) = 0, to pole K, naoborot, obladaet svoæstvom D(2), tak kak 1 ØvlØetsØ znaqeniem l¸boæ dvumernoæ formy nad K.

246 A. S. SIVACKI`

V rabote [1] bylo ustanovleno, qto esli pole F ne obladaet svoæstvom D(2), to pole F_1 = F ((t)) ne obladaet svoæstvom CS. Napomnim, qto svoæstvo CS dlØ polØ F_1 oznaqaet, qto dlØ l¸byh kvaternionnyh algebr Q_1, Q_2 nad F_1 i c ∈ F^∗_1 takogo, qto (Q_1 ⊗ Q_2)_{F1(}^√_{c)} ne ØvlØetsØ algebroæ s deleniem, suwestvuet d ∈ F^∗_1 takoæ, qto Q_{1F1(}^√_{c,}^√_{d)} = 0, Q_{2F1(}^√_{c,}^√_{d)} = 0. OkazyvaetsØ (sm. [1]), qto esli dvumernye formy s_1⟨⟨b_1⟩⟩, s_2⟨⟨b_2⟩⟩ i kvadratiqnoe rasxirenie F ( √ c)/F da¸t kontrprimer k svoæstvu D(2) dlØ polØ F , to kvaternionnye algebry Q_1 ≃ (b_1, s_1t) i Q_2 ≃ (b_2, s_2t) da¸t kontrprimer k svoæstvu CS dlØ polØ F ((t)).

Pust~ teper~ F – proizvol~noe pole, dlØ kotorogo svoæstvo CS ne vypolnØetsØ, priqem kvaternionnye algebry Q_1, Q_2 i kvadratiqnoe rasxirenie F ( √ c)/F da¸t kontrprimer. V qastnosti, (Q_1 ⊗Q_2)_{F (}^√_{c)} ne ØvlØetsØ algebroæ s deleniem, iz qego vytekaet, qto Q_1 ⊗ Q_2 ≃ (c, d) ⊗ (e, f) dlØ nekotoryh d, e, f ∈ F^∗. Zametim, qto (e, f) ≠ 0, tak kak v protivnom sluqae Q_1 i Q_2 imeli by obwee kvadratiqnoe podpole. Rassmotrim bikvaternionnye algebry D_1 ≃ Q_1 ⊗ (c, u) i D_2 ≃ Q_2 ⊗ (c, du) nad polem F ((u)).

Predloßenie 3. 1) ind(D1 ⊗ D2) = 2.

2) Algebry D_1 i D_2 ne ime¸t obwego bikvadratiqnogo polØ raswepleniØ. Drugimi slovami, dlØ l¸byh p, q ∈ F ((u))^∗ libo D_{1F ((u))(}^√_{p,}^√_{q)} ≠ 0, libo D_{2F ((u))(}^√_{p,}^√_{q)} ≠ 0.

Dokazatel~stvo.

1) D_1 + D_2 = Q_1 + Q_2 + (c, u) + (c, du) = Q_1 + Q_2 + (c, d) = (e, f), qto dokazyvaet pervu¸ qast~ predloßeniØ.

2) Predpoloßim protivnoe, to est~, qto D_{1F ((u))(}^√_{p,}^√_{q)} = 0,

D_{2F ((u))(}^√_{p,}^√_{q)} = 0. Tak kak F ((u))^∗/F ((u))^{∗2} = F^∗/F^{∗2} ⊕Z/2Z, moßno predpolagat~, qto p ∈ F^∗. Esli q ∈ F^∗, to legko videt~, qto F ( √ c) ⊂ F ( √ p, √ q), to est~ F ( √ p, √ q) = F ( √ c, √ c^′) dlØ nekotorogo c^′ ∈ F^∗. Sledovatel~no,

Q_{1F (}^√_{c,}^√_{c0)} = Q_{2F (}^√_{c,}^√_{c0)} = 0,

qto nevozmoßno, tak kak algebry Q_1, Q_2 vmeste s rasxireniem F ( √ c)/F da¸t kontrprimer k svoæstvu CS. Sledovatel~no, moßno predpolagat~, qto q = au, priqem a ∈ F^∗. Togda, oqevidno,

(Q_1 + (c, a))_{F ((u))(}^√_{p,}^√_{au)} = (Q_1 + (c, u))_{F ((u))(}^√_{p,}^√_{q)} = 0,

(Q_2 + (c, ad))_{F ((u))(}^√_{p,}^√_{au)} = (Q_2 + (c, du))_{F ((u))(}^√_{p,}^√_{q)} = 0.

O SVO`STVE D(2) 247

Sledovatel~no,

(Q_1 + (c, a))_{F (}^√_{p)} = 0, (Q_2 + (c, ad))_{F (}^√_{p)} = 0,

iz qego sleduet, qto

Q_{1F (}^√_{c,}^√_{p)} = Q_{2F (}^√_{c,}^√_{p)} = 0.

Poslednee ravenstvo protivoreqit predpoloßeni¸ o tom, qto algebry Q_1, Q_2 i rasxirenie F ( √ c)/F da¸t kontrprimer k svoæstvu D(2). Predloßenie dokazano.

Zameqanie. DlØ togo, qtoby dat~ konkretnyæ primer bikva-

ternionnyh algebr D_1 i D_2, udovletvorØ¸wih usloviØm predloßeniØ 3, my naqnem s dvumernyh form q_1 ≃ (x − d_1)⟨⟨d^2_1 − 4a⟩⟩ i q_2 ≃ (x − d_2)⟨⟨d^2 − 4a⟩⟩ nad polem k(x) iz predloßeniØ 1. Togda Q_1 ≃ (d^2_1 − 4a, (x − d_1)t), Q_2 ≃ (d^2 − 4a, (x − d_2)t). Sledu¸wee ravenstvo legko proverit~, sravnivaØ vyqety v obeih ego qastØh:

Q_1 + Q_2 = (x^2 − 4a, −(x − d_1)(x − d_2)((d_1 + d_2)x − 4a − d_1d_2))+

((d^2_1 − 4a)(d^2 − 4a), ((d_1 + d_2)x − 4a − d_1d_2)(d_1 + d_2)^{−1}t).

PrimenØØ konstrukci¸ algebr D_1, D_2, ishodØ iz algebr Q_1, Q_2, my poluqaem nad polem k(x)((t))((u))

D_1 ≃ (d^2_1 − 4a, (x − d_1)t) ⊗ (x^2 − 4a, u),

D_2 ≃ (d^2 − 4a, (x − d_2)t)

⊗ (x^2 − 4a, −(x − d_1)(x − d_2)((d_1 + d_2)x − 4a − d_1d_2)u).

Zametim, qto esli cd_2k = 1 i K = k(x)((t))((u)), to cd_2 K = 4, tak qto moßno postroit~ kontrprimer s polem K, kogomologiqeskaØ razmernost~ kotorogo ravna 4. S drugoæ storony, dlØ polØ, 2-kogomologiqeskaØ razmernost~ kotorogo ravna 2, takoæ kontrprimer postroit~ nel~zØ. Bolee toqno imeet mesto sledu¸wee

Predloßenie 4. Pust~ K – pole takoe, qto I^3 (K) = 0. Pust~,

dalee, D_1, D_2 – bikvaternionnye algebry takie, qto ind(D_1 +D_2 ) = 2. Togda suwestvu¸t p, q ∈ K^∗ takie, qto

D_{1K(}^√_{p,}^√_{q)} = D_{2K(}^√_{p,}^√_{q)} = 0.

248 A. S. SIVACKI`

Dokazatel~stvo. My imeem I^3(K(^√a)) = 0 dlØ l¸bogo a ∈ K^∗

(sm. [2, lemma 14.2]). Pust~ φ_1, φ_2 – formy Alberta, sootvetstvu¸wie algebram D_1, D_2. Togda iz [4, §2, teorema 14.4] vytekaet, qto (φ_1 − φ_2)_{K(}^√_{b)} ∈ I^3(K( √ b)) = 0 dlØ l¸bogo b ∈ K^∗ takogo, qto (D_1 +D_2)_{K(}^√_{b)} = 0. Sledovatel~no, φ_1 ⊥ −φ_2 ≃ ⟨⟨b⟩⟩ ⊗ ψ, gde dim ψ = 6. Pust~ ψ_1 ∈ I^2 (K) takaØ forma, qto ψ = ψ_1 + τ , gde dim τ = 2. Togda my imeem φ_1 − φ_2 = ⟨⟨b⟩⟩ ⊗ ψ_1 + ⟨⟨b⟩⟩ ⊗ τ = ⟨⟨b⟩⟩τ, tak kak ⟨⟨b⟩⟩ ⊗ ψ_1 ∈ I^3(K) = 0. Znaqit, dim(φ_1 ⊥ −φ_2)_{an} 6 4. �to oznaqaet, qto φ_1 i φ_2 ime¸t obwu¸ 4-mernu¸ podformu, skaßem, φ_1 ≃ ⟨a, b, c, d, e_1, −abcde_1⟩, φ_2 ≃ ⟨a, b, c, d, e_2, −abcde_2⟩. Togda, oqevidno, φ_{1K(}^√_{−ab,}^√_{−cd)} = φ_{2K(}^√_{−ab,}^√_{−cd)} = 0, qto ravnosil~no tomu, qto D_{1K(}^√_{−ab,}^√_{−cd)} = D_{2K(}^√_{−ab,}^√_{−cd)} = 0, tak qto moßno poloßit~ p = −ab, q = −cd. Predloßenie dokaza- no. Sledu¸waØ teorema [7] ØvlØetsØ glavnoæ motivirovkoæ nastoØweæ stat~i, i dlØ polnoty kartiny my privodim ee dokazatel~stvo.

Teorema 5. Pust~ D1 i D2 – bikvaternionnye algebry nad polem

k takie, qto ind(D_1 +D_2) = 2. Togda suwestvuet rasxirenie poleæ l/k stepeni 4 takoe, qto D_{1l} = D_{2l} = 0.

Dokazatel~stvo. Pust~ D1 +D2 = Q = (a, b). Togda po soobraße-

niØm razmernosti D_1 ⊗ Q ≃ M_2(D_2). V qastnosti, Q → M_2(D_2 ). Ots¸da sleduet, qto suwestvu¸t takie I, J ∈ M_2(D_2), qto I^2 = ( a 0 0 a ) , J^2 = ( b 0 0 b ) , i IJ = −JI. Pust~ I = ( α β γ δ ) . My moßem predpolagat~, qto α^2 ≠ a, i

D_2 ØvlØetsØ algebroæ s deleniem (v protivnom sluqae teorema okazyvaetsØ sovsem prostoæ, i my ostavlØem ee qitatel¸).

O SVO`STVE D(2) 249

Lemma 6. Suwestvuet matrica S ∈ GL2(D2) takaØ, qto SIS^{−1} = ( 0 1 a 0 ) . Dokazatel~stvo. Tak kak α^2 ≠ a i I^2 = ( a 0 0 a ) , my imeem β ≠ 0.

Togda dlØ l¸bogo x ∈ D_2 ( 1 0 x 1 ) I ( 1 0 x 1 )_{−1} = ( 1 0 x 1 ) ( α β γ δ ) ( 1 0 −x 1 ) = ( α − βx ∗ ∗ ∗ ) . Sledovatel~no, polagaØ x = β^{−1}α, my moßem sqitat~, qto α = 0.

Dalee, tak kak ( α β γ δ )_2 = ( a 0 0 a ) , my poluqaem βγ = a, βδ =

0. Tak kak D_2 ØvlØetsØ algebroæ s deleniem, to δ = 0, to est~ ( α β γ δ ) = ( 0 aγ^{−1} γ 0 ) . Poloßim C = ( 1 0 0 aγ^{−1} ) . Togda

C ( α β γ δ ) C^{−1} = ( 0 1 a 0 ) . Lemma dokazana.

Vvidu posledneæ lemmy, soprØgaØ pri pomowi podhodØweæ matricy, my moßem sqitat~, qto I = ( 0 1 a 0 ) . Pust~ J = ( x y z t ) . Tak kak ( 0 1 a 0 ) ( x y z t ) = − ( x y z t ) ( 0 1 a 0 ) ,

my poluqaem z = −ay, t = −x. Sledovatel~no, ( x y −ay −x )_2 = ( b 0 0 b ) , qto oznaqaet x^2 − ay^2 = b i xy = yx. Ots¸da vytekaet,

qto podalgebra l_1 = k[x, y] ØvlØetsØ podpolem algebry D_2. Bolee togo, Q_{l1} = 0. Esli l – maksimal~noe podpole D_2, soderßawee l_1, to Q_l = (D_2)_l = 0, otkuda sleduet (D_1)_l = 0, qto i dokazyvaet teoremu 5.

250 A. S. SIVACKI`

Literatura

1. D. W. Hoffmann, J.-P. Tignol, On 14-dimensional quadratic forms in I3, 8-dimensional forms in I2, and the common value property. — Doc. Math. (1998), 189–214.

2. O. T. Izhboldin, Fields of u-invariant 9. — Ann. Math. 154 (2001), 529–587. 3. O. T. Izhboldin, N. A. Karpenko, Some new examples in the theory of quadratic forms. — Math. Z. 234 (2000), 647–695.

4. W. Scharlau, Quadratic and Hermitian forms. Springer, Berlin et al., 1985. 5. D. B. Shapiro, J.-P. Tignol, A. R. Wardsworth, Witt rings and Brauer groups under multiquadratic extensions, II. — J. Algebra 78 (1982), 58–90.

6. A. S. Sivatski, Nonexcellence of the function field of the product of two conics.

— K-theory 34 (2005), 209–218.

7. L. J. Risman, Zero divisors in tensor products of division algebras. — Proc. Amer.

Math. Soc. 51 (1975), 35–36.

Sivatski A. S. On property D(2) and common splitting field of two biquaternion algebras.

Let F be a field of characteristic ≠ 2. We say that F has property D(2) if for any quadratic extension L/F and any two binary quadratic forms over F having a common nonzero value over L this value can be chosen in F . There exist examples of fields of characteristic 0 which do not satisfy property D(2). However, as far as we know, such examples of positive characteristic have not been constructed.

In this note we show that if k is a field of characteristic ≠ 2 such that |k^∗/k^{∗2}| ¿ 4, then for the field k(x) property D(2) does not hold. Using this we construct two biquaternion algebras over a field K = k(x)((t))((u)) such that their sum is a quaternion algebra, but they do not have a common biquadratic (i.e. a field of the kind K( √ a, √ b), where a, b ∈ K^∗) splitting field.

Postupilo 9 noØbrØ 2006 g. S.-Peterburgskiæ fflektrotehniqeskiæ universitet E-mail: sivatsky@AS3476.spb.edu