Zapiski nauqnyh seminarov POMI Tom 338, 2006 g.

N. A. Vavilov, A. ı. Luzgarev, I. M. Pevzner

GRUPPA XEVALLE TIPA E6 V 27-MERNOM PREDSTAVLENII

NastoØwaØ rabota, ØvlØ¸waØsØ prodolßeniem [163, 164], posvØwena detal~nomu komp~¸ternomu izuqeni¸ deæstviØ gruppy Xevalle G(E_6, R) na minimal~nom module V (ϖ_1). �ta rabota nosit tehniqeskiæ harakter i opiraetsØ glavnym obrazom na • realizaci¸ 27-mernogo modulØ kak vnutrennego modulØ Xevalle v unipotentnom radikale paraboliqeskoæ podgruppy tipa

P_7 v gruppe Xevalle G(E_7, R),

• obxirnye komp~¸ternye vyqisleniØ, provedennye s ispol~- zovaniem sistemy Mathematica.

My uqityvaem rezul~taty, svØzannye s iskl¸qitel~noæ 27- mernoæ æordanovoæ algebroæ, no predpoqitaem neposredstvenno imi ne pol~zovat~sØ, a peredokazyvat~ vse prØmymi metodami.

Naximi osnovnymi celØmi zdes~ ØvlØ¸tsØ Øvnyæ vybor i tabulØciØ znakov strukturnyh konstant fftogo deæstviØ, soglasovannyh s vyborom poloßitel~nogo bazisa Xevalle v rabote [163], postroenie polilineænyh invariantov i uravneniæ na fflementy matric iz gruppy Xevalle G(E_6, R) v fftom predstavlenii, a takße ØvnaØ tabulØciØ kornevyh fflementov v fftom predstavlenii. DlØ udobstva ispol~zovaniØ poluqa¸wiesØ tablicy vosproizvodØtsØ v treh sledu¸wih numeraciØh:

• estestvennaØ numeraciØ, • numeraciØ, svØzannaØ s ograniqeniem na A_5, • numeraciØ, svØzannaØ s ograniqeniem na D_5.

IssledovaniØ, sostavivxie osnovu nastoØweæ raboty, vypolneny v ramkah proektov RFFI 01–01–00924 (SPbGU) i 03–01–00349 (POMI RAN) i INTAS 03-51-3251 i byli podderßany grantami Minvuza ‘GeometriØ kornevyh podgrupp’ PD02–1.1–371 i ‘Nadgruppy poluprostyh grupp’ E02–1.0– 61. Pervyæ avtor priznatelen takße za podderßku programmy Minvuza “Razvitie nauqnyh xkol Sankt-Peterburga v oblasti teoretiqeskoæ i prikladnoæ matematiki” na zakl¸qitel~nom fftape raboty nad nastoØweæ stat~eæ. 5

6 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

NastoØwaØ rabota ØvlØetsØ obwim naqal~nym fragmentom neskol~kih planiruemyh stateæ, posvØwennyh

• K-teorii iskl¸qitel~nyh grupp, • izuqeni¸ nadgrupp gruppy G(E_6, R) v polnoæ lineænoæ gruppe GL(27, R),

• opisani¸ nekotoryh klassov podgrupp v G(E_6, R), • stroeni¸ unipotentnyh radikalov paraboliqeskih podgrupp,

• geometrii kornevyh podgrupp, • zadaqam poroßdeniØ.

§1. Strukturnye konstanty

Vse naxi oboznaqeniØ, otnosØwiesØ k kornØm, vesam, algebram Li, algebraiqeskim gruppam i predstavleniØm, soverxenno standartny i sledu¸t [2, 3, 4, 21, 23], sm. takße [158, 130], gde moßno naæti mnogo dal~neæxih ssylok. My ne napominaem opredelenie grupp Xevalle i osnovnyh podgrupp v nih, sm., naprimer, [1, 2, 5, 21, 25–30, 123, 145, 146, 158, 160, 162, 164]. V nastoØwem paragrafe my lix~ zafiksiruem osnovnye ispol~zuemye v dal~neæxem oboznaqeniØ.

Preßde vsego, pust~ Φ – privedennaØ neprivodimaØ sistema korneæ ranga l, Π = {α_1, . . . , α_l} – fundamental~naØ sistema v Φ, Φ+ i Φ^− – sootvetstvu¸wie mnoßestva poloßitel~nyh i otricatel~nyh korneæ. �lementy Π nazyva¸tsØ prostymi kornØmi, i my vsegda ispol~zuem dlØ nih tu ße numeraci¸, qto v [3]. Tak kak osnovnaØ qast~ raboty posvØwena sisteme Φ = E_6 i otqasti sisteme Φ = E_7, to nas budet interesovat~ glavnym obrazom sluqaæ, kogda vse korni Φ ime¸t odinakovu¸ dlinu – takie sistemy budut nazyvat~sØ sistemami s prostymi svØzØmi =simply-laced, v protivopoloßnost~ sistemam s kratnymi svØzØmi =multiplylaced. Kak obyqno, W = W (Φ) oboznaqaet gruppu VeælØ sistemy Φ; w_α – otraßenie otnositel~no kornØ α ∈ Φ i s_i = w_{αi} , 1 6 i 6 l, – fundamental~nye otraßeniØ.

Postroenie grupp Xevalle osnovano na vybore bazisa Xevalle v prostoæ kompleksnoæ algebre Li L tipa Φ. Napomnim, qto vybor podalgebry Kartana H v L opredelØet kornevoe razloßenie L = H ⨁ ∑ L_α, gde L_α – odnomernye kornevye podpro-

stranstva, invariantnye po otnoxeni¸ k H. DlØ kaßdogo kornØ

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 7

α ∈ Φ^+ vyberem kakoæ-to nenulevoæ kornevoæ vektor e_α ∈ L_α i

otoßdestvim koren~ α s lineænym funkcionalom h na H, dlØ kotorogo [h, e_α] = α(h)e_α. Ograniqenie formy Killinga algebry Li L na H nevyroßdeno i, tem samym, ustanavlivaet kanoniqeskiæ izomorfizm H ∼= H^∗, tak qto my moßem daße sqitat~, qto α ∈ H. Vproqem, obyqno udobnee rassmatrivat~ kokorni h_α = 2α/(α, α). Takim obrazom, l¸boæ vybor nenulevyh

e_α ∈ L_α, α ∈ Φ^+, odnoznaqno opredelØet e_{−α} ∈ L_{−α}, α ∈ Φ^+

takie, qto [e_α, e_{−α}] = h_α. Mnoßestvo {e_α, α ∈ Φ; h_α, α ∈ Π} ØvlØetsØ bazisom algebry Li L, nazyvaemym bazisom VeælØ. Pri fftom [h_α, e_β] = A_{αβ}e_β , gde A_{αβ} = 2(α, β)/(α, α) ∈ Z– qisla Kartana. Strukturnye konstanty N_{αβ} opredelØ¸tsØ ravenstvom

[e_α, e_β] = N_{αβ}e_α+_β . Bazis VeælØ moßno normirovat~ tak, qtoby

vse strukturnye konstanty N_{αβ} byli celymi, v fftom sluqae on nazyvaetsØ bazisom Xevalle, a mnoßestvo {e_α, α ∈ Φ} – sistemoæ Xevalle.

DlØ sistem s prostymi svØzØmi vsegda N_{αβ} = 0, ±1, tak qto nam nußno tol~ko zafiksirovat~ znaki strukturnyh konstant. My zafiksiruem poloßitel~nyæ bazis Xevalle, kotoryæ opredelØetsØ tem svoæstvom, qto N_{αβ} > 0 dlØ vseh ffkstraspecial~nyh par, sm. [155, 46, 86, 163]. DlØ sistem s prostymi svØzØmi ffto uslovie oznaqaet v toqnosti, qto N_{αi,β} = +1 kaßdyæ raz, kak α_i+β ∈ Φ obladaet tem svoæstvom, qto esli α_j +γ = α_i+β dlØ kakogo-to fundamental~nogo kornØ α_j i kakogo-to poloßitel~nogo kornØ γ, to j > i.

Znaki strukturnyh konstant v poloßitel~nom bazise Xevalle zatabulirovany v [163] i dlØ udobstva sverki s dal~neæximi vyqisleniØmi my vosproizvodim ottuda tablicu 3, soderßawu¸ strukturnye konstanty algebry Li tipa E_6 dlØ poloßitel~noæ poloviny sistemy Xevalle e_α, α ∈ Φ^+. Ostal~nye tri qetverti polnoæ tablicy strukturnyh konstant legko vosstanovit~ pri pomowi sootnoxeniæ. Pri fftom dlØ kontrolØ vyqisleniØ v [163], provodilis~ dvumØ principial~no razliqnymi sposoba- mi: • pri pomowi induktivnogo algoritma Titsa [155], sm. takße [46],

• pri pomowi kocikla FrenkelØ–Kaca [75], sm. takße [76, 104, 142].

VyqisleniØ pri pomowi algoritma Titsa provodilis~ i ranee

8 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

[45, 86], no obyqno dlØ drugogo porØdka korneæ. S drugoæ storony, oqevidnyæ vybor formy i znakov v algoritme FrenkelØ– Kaca ne vedet k poloßitel~nomu bazisu Xevalle. V [163] sohranena forma Kartana, no modificirovany znaki, inymi slovami, tam sqitaetsØ, qto ε(α) = −1 dlØ nekotoryh poloßitel~nyh korneæ. S drugoæ storony, v [50, 54] opisano postroenie tablicy strukturnyh konstant v poloßitel~nom bazise Xevalle, v kotorom znaki vseh poloßitel~nyh korneæ ravny +1, no modificirovana bilineænaØ forma, kotoraØ bol~xe ne zadaetsØ qislami Kartana.

Pust~ teper~ G = G(Φ, R) est~ odnosvØznaØ gruppa Xevalle tipa Φ nad kol~com R. Vybor bazisa Xevalle zadaet, v qastnosti, raswepimyæ maksimal~nyæ tor T = T (Φ, R) v gruppe Xevalle G i parametrizaci¸ kornevyh unipotentnyh podgrupp X_α,

α ∈ Φ, otnositel~no tora T . Fiksiruem fftu parametrizaci¸,

pust~ x_α(ξ) – fflementarnyæ kornevoæ unipotent, otveqa¸wiæ

α ∈ Φ, ξ ∈ R. Pri fftom

X_α = { x_α(ξ) | ξ ∈ R } . DlØ dvuh fflementov x, y gruppy G qerez [x, y] oboznaqaetsØ ih levonormirovannyæ kommutator xyx^{−1}y^{−1}. KommutacionnaØ formula Xevalle utverßdaet, qto

[x_α(ξ), x_β(η)] = ∏ x_{iα+jβ}(N_{αβij} ξ^iη^j) dlØ l¸byh α, β ∈ Φ takih, qto α + β ≠ 0, i ξ, η ∈ R. Proizvedenie v pravoæ qasti formuly beretsØ po vsem kornØm vida

iα + jβ ∈ Φ, i, j ∈ N, v nekotorom fiksirovannom porØdke. Pri

fftom strukturnye konstanty gruppy Xevalle N_{αβij} ne zavisØt ot ξ i η. ˚sno, qto N_{αβ11} = N_{αβ} sut~ v toqnosti strukturnye konstanty algebry Li L v sootvetstvu¸wem bazise Xevalle. DlØ sistemy s prostymi svØzØmi edinstvennaØ poloßitel~naØ lineænaØ kombinaciØ korneæ α i β, kotoraØ moßet byt~ kornem, ffto ih summa α + β. Takim obrazom v fftom sluqae kommutacionnaØ formula Xevalle prinimaet vid [x_α(ξ), x_β(η)] = e v sluqae, esli α + β ne ØvlØetsØ kornem, i vid

[x_α(ξ), x_β(η)] = x_α+_β(N_{αβ}ξη),

esli α + β ØvlØetsØ kornem. Takim obrazom, v fftom sluqae postroennye v [163] tablicy strukturnyh konstant odnovremenno

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 9

ØvlØ¸tsØ tablicami strukturnyh konstant grupp Xevalle tipov E_6, E_7 i E_8. Qto kasaetsØ drugih sistem korneæ, sm. formuly v [46], a takße tablicy i dal~neæxie ssylki v [164].

§2. Moduli VeælØ

Obyqno my rassmatrivaem gruppu Xevalle G = G(Φ, R) vmeste s deæstviem na module VeælØ V = V (ω) dlØ nekotorogo dominantnogo vesa ω. V nastoØweæ rabote my rassmatrivaem tol~ko sluqaæ, kogda starxiæ ves ω modulØ V fundamental~- nyæ, ω = ϖ_r . Odnako, vo mnogih voprosah strukturnoæ teorii udobnee provodit~ vyqisleniØ v predstavleniØh, ne ØvlØ¸wihsØ fundamental~nymi, ili daße v privodimyh predstavleniØh, esli pri fftom poluqa¸tsØ bolee prostye uravneniØ.

Pust~, kak i vyxe, Φ – privedennaØ neprivodimaØ sistema korneæ ranga l. Oboznaqim qerez Q(Φ) ee rexetku korneæ, a qerez P (Φ) – ee rexetku vesov. Napomnim, qto P (Φ) sostoit iz celoqislennyh lineænyh kombinaciæ fundamental~nyh vesov

ϖ_1, . . . , ϖ_l, kotorye obrazu¸t dvoæstvennyæ bazis po otnoxeni¸

k bazisu α^∨_1 , . . . , α^∨_l , gde α^∨ = 2α/(α, α). Kak obyqno, P_{++}(Φ) oboznaqaet konus dominantnyh celyh vesov, ØvlØ¸wihsØ neotricatel~nymi celoqislennymi lineænymi kombinaciØmi fundamental~nyh vesov ϖ_1, . . . , ϖ_l.

Fiksiruem dominantnyæ ves ω ∈ P_{++}(Φ) i pust~ V = V (ω) – modul~ VeælØ gruppy G so starxim vesom ω. Sootvetstvu¸wee predstavlenie G −→ GL(V ) budet oboznaqat~sØ qerez π = π(ω). Qerez Λ = Λ(ω) oboznaqaetsØ nabor vesov modulØ V = V (ω) s uqetom kratnosti. DlØ oboznaqeniØ mnoßestva vesov, rassmatrivaemyh bez kratnosti, my obyqno budem pisat~ Λ(ω). V nastoØweæ rabote nas budut interesovat~ glavnym obrazom tol~ko mikrovesovye moduli, sm. [4, 123, 126, 130, 158, 162] i soderßawiesØ tam ssylki. DlØ mikrovesovogo predstavleniØ vse vesa ffkstremal~ny i, znaqit, ime¸t kratnost~ 1, tak qto v fftom sluqae Λ = Λ(ω) sovpadaet s Veælevskoæ orbitoæ starxego vesa,

Λ = W ω.

V dal~neæxem my fiksiruem dopustimyæ bazis v^λ, λ ∈ Λ, modulØ V . Napomnim, qto bazis nazyvaetsØ dopustimym, esli vypolnØ¸tsØ dva sledu¸wih usloviØ.

• Kaßdyæ vektor v^λ deæstvitel~no ØvlØetsØ vektorom vesa λ, esli rassmatrivat~ λ kak ves bez kratnosti.

10 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

• Deæstvie kornevyh unipotentov x_α(ξ), α ∈ Φ, ξ ∈ R v bazise v^λ, λ ∈ Λ(ω), zadaetsØ matricami, fflementy kotoryh sut~ polinomy ot ξ s celymi kofffficientami.

Lemma Macumoto, sm. [123, 146], utverßdaet, qto dlØ mikrovesovyh predstavleniæ moßno tak normirovat~ dopustimyæ bazis, qtoby x_α(ξ)v^λ = v^λ + c_{λα}ξv^{λ+α}, gde vse strukturnye konstanty deæstviØ c_{λα} ravny ±1. V deæstvitel~nosti, v dal~neæxem my vsegda vybiraem kristalliqeskiæ bazis, v kotorom vse strukturnye konstanty cλα ravny +1 dlØ prostyh i otricatel~nyh prostyh korneæ, t.e. c_{λα} = +1, esli α ∈ ±Π. Suwestvovanie takogo bazisa vytekaet iz obwih rezul~tatov Dß. L¸stiga i M. Kaxivara, fflementarnye dokazatel~stva privedeny v [162] i [6].

My myslim vektor a ∈ V , a = ∑ v^λa_λ, kak stolbec koordinat a = (a_λ), λ ∈ Λ. Pri fftom fflement b kontragradientnogo modulØ V^∗ estestvenno predstavlØt~ sebe kak stroku b = (b_λ), λ ∈ Λ. Ra-

zumeetsØ, po otnoxeni¸ k vesam Λ^∗ kontragradientnogo modulØ

V^∗ kartina obratnaØ: fflementy V^∗ predstavlØ¸tsØ stolbcami b = (b_λ), λ ∈ Λ^∗, a fflementy V – strokami a = (a_λ), λ ∈ Λ^∗. Po-

fftomu my ewe raz obrawaem vnimanie na to, qto my indeksiruem kak stolbcy, tak i stroki vesami modulØ V – indeksy λ, μ, ν i t.d. prinadleßat Λ. Inymi slovami, nam udobno numerovat~ koordinaty vektora iz V^∗ vesami modulØ V i zapisyvat~ ih kak stroki – v to vremØ kak obyqno oni numeru¸tsØ vesami samogo modulØ V^∗ i zapisyva¸tsØ kak stolbcy.

Odin iz principial~nyh tehniqeskih momentov sostoit v tom, qto fflementy fftih strok ØvlØ¸tsØ ne lineæno uporØdoqennymi, a lix~ qastiqno uporØdoqennymi, v sootvetstvii s porØdkom na Λ, zadavaemym vyborom sistemy prostyh korneæ Π. A imenno, my polagaem, qto λ > μ, esli λ − μ = ∑ m_iα_i, gde m_i > 0. Pri

opisannoæ vyxe interpretacii fflementov modulØ V fflementy gruppy Xevalle estestvenno myslit~ kak matricy g = (g_{λμ}),

λ, μ ∈ Λ, po otnoxeni¸ k bazisu v^λ. Kak obyqno, stolbcami fftoæ

matricy ØvlØ¸tsØ stolbcy koordinat vektorov gv^μ, μ ∈ Λ, po otnoxeni¸ k bazisu v^λ, λ ∈ Λ. My budem qasto pol~zovat~sØ sledu¸wim oboznaqeniem: μ-æ stolbec matricy g budet oboznaqat~sØ qerez g_{∗μ}, a λ-Ø stroka – qerez g_{λ∗}.

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 11

§3. Vnutrennie moduli Xevalle

Kak obyqno, my oboznaqaem qerez U = U (Φ, R) podgruppu, poroßdennu¸ vsemi kornevymi podgruppami X_α, otveqa¸wimi poloßitel~nym kornØm α ∈ Φ^+, a qerez B = T U – standartnu¸ borelevsku¸ podgruppu. DlØ l¸bogo mnoßestva J ⊆ Π prostyh korneæ my oboznaqaem qerez Φ_J podsistemu v Φ, poroßdennu¸ J, qerez P_J > B – sootvetstvu¸wu¸ standartnu¸ paraboliqesku¸ podgruppu v G, qerez L_J – ee faktor Levi, ØvlØ¸wiæsØ reduktivnoæ gruppoæ tipa Φ_J , a qerez

U_J = ⟨X_α, α ∈ Φ^+ \ Φ_J ⟩

– ee unipotentnyæ radikal. V sluqae, kogda R = K ØvlØetsØ polem, L_J = T ⟨X_α, α ∈ Φ_J ⟩. Pri fftom P_J ØvlØetsØ poluprØmym proizvedeniem P_J = L_J i U_J , gde L_J deæstvuet na normal~nom delitele U_J soprØßeniem.

My rassmatrivaem takße protivopoloßnu¸ paraboliqesku¸ podgruppu P^−_J s toæ ße podgruppoæ Levi L_J i protivopoloßnym unipotentnym radikalom

U^−_J = ⟨X_{−α}, α ∈ Φ^+ \ Φ_J ⟩.

V deæstvitel~nosti my budem interesovat~sØ preimuwestvenno sluqaem maksimal~nyh paraboliqeskih podgrupp. Fiksiruem r, 1 6 r 6 l, i poloßim J = J_r = Π \ {α_r}. Sootvetstvu¸waØ maksimal~naØ paraboliqeskaØ podgruppa, ee podgruppa Levi i unipotentnyæ radikal budut oboznaqat~sØ qerez P_r, L_r , U_r , sootvetstvenno. Poloßim Σ_r = Φ^+ \ Φ_J i oboznaqim qerez Σ_r (h) mnoßestvo korneæ α ∈ Σ_r , ime¸wih α_r-uroven~ h. Inymi slova- mi, Σ_r(h) = {α = ∑ m_iα_i, m_r = h}. ˚sno, qto Σ_r (h) = ∅ pri h > h_r, gde qerez h_r oboznaqen kofffficient, s kotorym α_r vhodit v razloßenie maksimal~nogo kornØ. Ob¨edinenie vseh Σ_r(h), h > k, budet oboznaqat~sØ qerez ~Σ_r (k), pri fftom ~Σ_r (1) = Σ_r. Poloßim U_r(h) = ∏ X_α, gde proizvede-

nie beretsØ po vsem kornØm α ∈ ~Σ_r(h) v proizvol~nom porØdke. Iz kommutacionnoæ formuly Xevalle vytekaet, qto U_r (h) podgruppa v U_r , priqem U_r (1) = U_r . Na samom dele U_r (h) poqti vsegda sovpadaet s h-m qlenom nißnego central~nogo rØda gruppy

12 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

U_r , no my opredelili U_r (h) kak proizvedenie vseh kornevyh pod-

grupp, otveqa¸wih kornØm urovnØ > h, imenno dlØ togo, qtoby izbeßat~ obsußdeniØ malen~kih iskl¸qeniæ.

Struktura posledovatel~nyh faktorov U_r (h)/U_r(h + 1) kak L_rmoduleæ horoxo izvestna, sm., naprimer, [36, 132]. A imenno, dlØ l¸byh r, 1 6 r 6 l, i h, h 6 h_r , faktor-gruppa

U_r (h)/U_r (h + 1) ∼= ⊕X_α, α ∈ Σ_r(h)

ØvlØetsØ L_r -modulem VeælØ so starxim vesom ω, gde ω – fflement Σ_r(h) naibol~xeæ vysoty. PoØsnim, qto zdes~ req~ idet o prØmoæ summe abelevyh grupp, v to vremØ kak v opredelenii

U_r (h) figurirovalo proizvedenie podgrupp fiksirovannoæ grup-

py. Sformulirovannoe vyxe utverßdenie predstavlØet soboæ trivial~nyæ qastnyæ sluqaæ rezul~tatov raboty [36], s zamenoæ neprivodimyh moduleæ na moduli VeælØ, qtoby izbeßat~ upominaniØ ob oqen~ plohih prostyh qislah.

V deæstvitel~nosti qawe nas interesuet ne sama podgruppa Levi L_r , a ee kommutant^1 G_r = [L_r, L_r]. Esli r fiksirovano, to my pixem prosto Σ, Σ(h) vmesto Σ_r , Σ_r(h) i t.d. Takim obrazom,

Φ = Δ ∪ Σ ∪ (−Σ). Samym bol~xim i, kak pravilo, naibolee in-

teresnym ØvlØetsØ faktor Σ/Σ(2). Osobenno vaßny sledu¸wie dva sluqaØ:

• unipotentnyæ radikal U_r abelev, U_r (2) = 1, • unipotentnyæ radikal U_r ffkstra-specialen, U_r (2) = X_δ, gde δ – maksimal~nyæ koren~ Φ.

Primerom abeleva sluqaØ ØvlØetsØ 27-mernyæ modul~ dlØ E6, kotoryæ realizuetsØ kak U_7 v gruppe tipa E_7, a primerom ffkstra-special~nogo sluqaØ ØvlØetsØ 56-mernyæ modul~ dlØ E_7, kotoryæ realizuetsØ kak U_8/U_8(2) v gruppe tipa E_8. V deæstvitel~nosti osnovnaØ qast~ vyqisleniæ v nastoØweæ rabote provodilas~ – ili dublirovalas~! – imenno v takoæ realizacii gruppy Xevalle tipa G(E_6, R), i my detal~no obsudim ee v §5.

§4. Sistemy korneæ tipa El

V nastoØweæ rabote, kak i v rabote [163], my ispol~zuem

1Kak vsegda, govorØ o normalizatorah, kommutantah, central~nyh rØdah i pr. podgrupp v G my imeem v vidu kommutant Lr v smysle teorii algebraiqeskih grupp, a ne kommutant ee gruppy toqek!

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 13

giperboliqesku¸ realizaci¸ sistem korneæ tipa E_l v (l + 1)- mernom prostranstve Minkovskogo [16], 240 = 2

(_8 2 ) + 2 (_8 3 ) + 2 (_8 2 ) + 2 (_8 1 ) . �ta realizaciØ znaqitel~no udobnee dlØ vyqisleniæ, qem obyqnye realizacii v ffvklidovom prostranstve.

• RealizaciØ E_l kak fflementov minimal~noæ normy v kol~ce celyh oktav Kffli, 240 = 2

(_8 1 ) + 24 · 7 + 24 · 7, gde 7 = 22 + 2 + 1 est~

koliqestvo prØmyh – i dopolneniæ k nim – na ploskosti Fano, kotoru¸ ispol~zovali Kokseter i Freædental~.

• IzlagaemaØ v bol~xinstve standartnyh uqebnikov po gruppam i algebram Li realizaciØ Kartana, 240 = 4

(_8 2 ) + 27.

Delo v tom, qto v giperboliqeskoæ realizacii vse kofffficienty korneæ po otnoxeni¸ k ortonormirovannomu bazisu ØvlØ¸tsØ celymi. V to ße vremØ my sohranØem obyqnu¸ numeraci¸ prostyh korneæ iz [3]. Tak kak vse vyqisleniØ nastoØweæ stat~i samym suwestvennym obrazom zavisØt ot fftoæ realizacii sistem korneæ tipa E_6 i E_7, to seæqas my sovsem korotko ee napomnim, v [91] ili [163] moßno naæti mnogo dal~neæxih detaleæ. RazumeetsØ, v deæstvitel~nosti ffta realizaciØ ffkvivalentna obyqnoæ realizacii E_8 v terminah kompaktnyh oktav O, izomorfizm ustanavlivaetsØ posredstvom SL(2, O) ∼= Spin(9, 1, R), sm. [37]. Poskol~ku v nastoØweæ stat~e nas interesu¸t vyqisleniØ, a ne differencial~naØ geometriØ ili geometriØ qisel, my ne budem razvivat~ fftu temu.

Rassmotrim vewestvennoe vektornoe prostranstvo U = R^{l,1} razmernosti l + 1 s nevyroßdennym simmetriqeskim skalØrnym proizvedeniem ( , ) : U × U → R signatury (l, 1). Zafiksiruem v nem ortonormirovannyæ bazis e_0, e_1, . . . , e_l takoæ, qto

(e0, e0) = −1 i (e_i, e_i) = 1 dlØ vseh 1 6 i 6 l. V pervu¸ oqered~

nas budet interesovat~ sluqaæ l = 8. Oboznaqim qerez L 6 R^{8,1} rexetku, sostoØwu¸ iz vseh vektorov v ∈ R^{8,1}, vse koordinaty kotoryh λ, μ_1, . . . , μ_8 v razloßenii po bazisu e_0, e_1, . . . , e_8 celye,

v = λe_0 + μ_1e_1 + . . . + μ_8e_8, λ, μ_1, . . . , μ_8 ∈ Z.

Oboznaqim teper~ qerez Φ mnoßestvo vseh vektorov v ∈ L, koordinaty kotoryh udovletvorØ¸t sledu¸weæ sisteme uravneniæ: {_3

λ − (μ_1 + . . . + μ_8) = 0, −λ^2 + μ^2_1 + . . . + μ^2_8 = 2.

14 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

Vse rexeniØ fftoæ sistemy uravneniæ, udovletvorØ¸wie neravenstvam

0 6 λ 6 3, μ1 > . . . > μ8,

pereqisleny v sledu¸weæ tablice.

λ μ_1 μ_2 μ_3 μ_4 μ_5 μ_6 μ_7 μ_8 0 1 0 0 0 0 0 0 �1 1 1 1 1 0 0 0 0 0 2 1 1 1 1 1 1 0 0 3 2 1 1 1 1 1 1 1

Legko proverit~, qto vse ostal~nye celoqislennye rexeniØ poluqa¸tsØ iz fftih pri pomowi sledu¸wih dvuh tipov preobrazovaniæ.

• Proizvol~naØ perestanovka μ_1, . . . , μ_8. • OdnovremennaØ smena znaka vseh koordinat.

Takim obrazom, s toqnost~¸ do znaka kaßdyæ fflement Φ imeet sledu¸wu¸ formu: β_{ij} = e_i − e_j, i > j, γ_{ijh} = e_0 + e_i + e_j + e_h, η_{ij} = 2e_0 + e_1 + . . . + ^e_i + . . . + ^e_j + . . . + e_8, ζ_i = 3e_0 + e_1 + . . . + 2e_i + . . . + e_8,

gde indeksy i, j, h = 1, . . . , 8 poparno razliqny, a xlØpka ^ nad indeksom oznaqaet, qto fftot indeks sleduet propustit~.

Legko proverit~, qto ograniqenie skalØrnogo proizvedeniØ na giperploskost~ V ortogonal~nu¸ k vektoru 3e_0 + e_1 + . . . + e_8, poloßitel~no opredeleno i qto Φ predstavlØet soboæ sistemu korneæ tipa E_8 v V , sm. [16], [163]. Zafiksiruem v Φ sledu¸wu¸ sistemu poloßitel~nyh korneæ Π = {α_1, . . . , α_8}:

α_1 = e_2 − e_1, α_2 = e_0 + e_1 + e_2 + e_3, α_3 = e_3 − e_2, α_4 = e_4 − e_3,

α_5 = e_5 − e_4, α_6 = e_6 − e_5, α_7 = e_7 − e_6, α_8 = e_8 − e_7.

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 15

NumeraciØ fftih korneæ sleduet [3] i privedena na sledu¸weæ diagramme:

Pereqislennye vyxe korni β_i, γ_{ijh}, η_{ij} i ζ_i predstavlØ¸t soboæ mnoßestvo Φ^+ poloßitel~nyh korneæ otnositel~no fundamental~noæ sistemy korneæ Π.

Qtoby poluqit~ ots¸da sistemu korneæ tipa E_7, dostatoqno vzØt~ te korni iz E_8, dlØ kotoryh μ_8 = 0 – ili, qto to ße samoe, dlØ kotoryh α_8 ne poØvlØetsØ v ih razloßenii po fundamental~nym kornØm. Toqno tak ße, dlØ togo, qtoby poluqit~ sistemu korneæ tipa E_6 dostatoqno vzØt~ te korni iz E_8, dlØ kotoryh μ_7 = μ_8 = 0 – ili, qto to ße samoe, dlØ kotoryh kak α_7, tak i α_8 ne poØvlØ¸tsØ v ih razloßenii po fundamental~nym kornØm.

V dal~neæxem my ispol~zuem dlØ korneæ sistemu oboznaqeniæ, izvestnu¸ kak zapis~ Dynkina = Dynkin notation, inymi slovami, diagrammy Dynkina s koordinatnymi metkami. Pri fftom koren~ α ∈ Φ^+, dlØ kotorogo

α = pα_1 + qα_2 + rα_3 + sα_4 + tα_5 + uα_6 + vα_7 + wα_8

dlØ nekotoryh p, q, r, s, t, u, v, w ∈ N_0, oboznaqaetsØ qerez α = prstuvw q . Takim ße obrazom, estestvenno, opisyva¸tsØ i korni sistem E7 i E_6. Summa kofffficientov

ht(α) = p + q + r + s + t + u + v + w

nazyvaetsØ vysotoæ kornØ α. V kaßdoæ sisteme korneæ otnositel~no fiksirovannogo porØdka imeetsØ edinstvennyæ koren~ maksimal~noæ vysoty, nazyvaemyæ maksimal~nym ili starxim kornem. V zapisi Dynkina maksimal~nye korni sistem E_6 i E_7

16 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

ime¸t vid

2e0 + e1 + . . . + e6 = (2, 1, 1, 1, 1, 1, 1) = 12321 2 , 2e0 + e2 + . . . + e7 = (2, 0, 1, 1, 1, 1, 1, 1) = 2343212 .

Vysoty fftih korneæ ravny 11 = 12 − 1 i 17 = 18 − 1, sootvetstvenno. DlØ ffkonomii mesta v tablicah vmesto zapisi Dynkina my budem ispol~zovat~ stroqnu¸ zapis~ Dynkina = string Dynkin notation, v kotoroæ koren~ α zapisyvaetsØ strokoæ kofffficientov pqrstuvw. V fftoæ zapisi maksimal~nye korni sistem E6 i E_7 ime¸t vid 122321 i 2234321, sootvetstvenno.

DlØ korneæ vse kofffficienty v razloßenii po prostym kornØm ime¸t odinakovyæ znak, no esli nußno oboznaqit~ celoqislennu¸ lineænu¸ kombinaci¸ prostyh korneæ s raznymi znakami, to minusy v forme Dynkina prinØto stavit~ ne pered kofffficentami, a nad nimi. Naprimer, α_1 − α_2 v forme Dynkina zapisyvaetsØ kak^{10000}_1 .

V dal~neæxem my vsegda uporØdoqivaem poloßitel~nye korni v sootvetstvii s porØdkom, nazyvaemym po-angliæski height lexicographic. �tot porØdok regulØrnyæ, v tom smysle, qto korni men~xeæ vysoty vsegda predxestvu¸t kornØm bol~xeæ vysoty, i leksikografiqeskiæ na kornØh dannoæ vysoty. My pixem α ≺ β, esli α predxestvuet β otnositel~no fftogo porØdka. Po opredeleni¸ ffto znaqit, qto libo ht(α) < ht(β), libo ht(α) = ht(β) i celoe qislo, predstavlennoe stroqnoæ formoæ Dynkina kornØ α, bol~xe, qem celoe qislo, predstavlennoe stroqnoæ formoæ Dynkina kornØ β.

V rabote [163] priveden kod, kotoryæ poroßdaet tablicy korneæ sistem E_l v giperboliqeskom bazise i v bazise prostyh korneæ. My ne budem vosproizvodit~ fftot kod, kotoryæ prosto perevodit privedennoe vyxe opredelenie na Øzyk Mathematica, a ograniqimsØ otvetom, tem bolee, qto v [163] poloßitel~nye korni pereqisleny tol~ko v zapisi Dynkina, no ne v giperboliqeskoæ zapisi. V deæstvitel~nosti, vyqisleniØ proizvodilis~ kak raz v giperboliqeskoæ forme, tak qto osnovnym ob¨ektom ØvlØetsØ sledu¸wiæ spisok positiveE6:

{{0,-1,1,0,0,0,0},{1,1,1,1,0,0,0},{0,0,-1,1,0,0,0}, {0,0,0,-1,1,0,0},{0,0,0,0,-1,1,0},{0,0,0,0,0,-1,1},

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 17 {0,-1,0,1,0,0,0},{1,1,1,0,1,0,0},{0,0,-1,0,1,0,0}, {0,0,0,-1,0,1,0},{0,0,0,0,-1,0,1},{0,-1,0,0,1,0,0}, {1,1,0,1,1,0,0},{1,1,1,0,0,1,0},{0,0,-1,0,0,1,0}, {0,0,0,-1,0,0,1},{1,0,1,1,1,0,0},{0,-1,0,0,0,1,0}, {1,1,0,1,0,1,0},{1,1,1,0,0,0,1},{0,0,-1,0,0,0,1}, {1,0,1,1,0,1,0},{0,-1,0,0,0,0,1},{1,1,0,0,1,1,0}, {1,1,0,1,0,0,1},{1,0,1,0,1,1,0},{1,0,1,1,0,0,1}, {1,1,0,0,1,0,1},{1,0,0,1,1,1,0},{1,0,1,0,1,0,1}, {1,1,0,0,0,1,1},{1,0,0,1,1,0,1},{1,0,1,0,0,1,1}, {1,0,0,1,0,1,1},{1,0,0,0,1,1,1},{2,1,1,1,1,1,1}}

Posle togo, kak fftot spisok odnaßdy vyqislen, uße ne imeet znaqeniØ, otkuda on vzØlsØ. Naqal~nyæ fragment fftogo spiska dliny xest~

{{0,-1,1,0,0,0,0},{1,1,1,1,0,0,0},{0,0,-1,1,0,0,0}, {0,0,0,-1,1,0,0},{0,0,0,0,-1,1,0},{0,0,0,0,0,-1,1}}

vybiralsØ v kaqestve sistemy prostyh korneæ rootbaseE6, posle qego dlØ vseh ostal~nyh korneæ rexaetsØ sistema lineænyh uravneniæ, vyraßa¸waØ ih qerez rootbaseE6, qto daet stroqnu¸ formu Dynkina. My ne privodim analogiqnye spiski positiveE7 i rootbaseE7, kotorye poroßda¸tsØ soverxenno analogiqno, no dlØ udobstva pol~zovaniØ posledu¸wimi tablicami v tablicah 1 i 2 vosproizvodØtsØ spiski poloßitel~nyh korneæ sistem E_6 i E_7 otnositel~no height lexicographic order.

§5. Vesa E6 Po opredeleni¸ bazis fundamental~nyh vesov weightbaseE6 dvoæstvenen k bazisu prostyh korneæ rootbaseE6. Edinstvennyæ n¸ans, kotoryæ neobhodimo pri fftom uqityvat~, sostoit v tom, qto v giperboliqeskoæ realizacii korni E_6 ßivut v semimernom, a ne v xestimernom prostranstve. Qtoby ubrat~ lixn¸¸ razmernost~ pri postroenii vesov neobhodimo proverØt~ ewe ortogonal~nost~ – v smysle ffvklidova skalØrnogo proizvedeniØ! – poluqa¸wihsØ vektorov sledu¸wemu vektoru

testvectorE6={3,-1,-1,-1,-1,-1,-1};

Takim obrazom fundamental~nye vesa ϖ_1, . . . , ϖ_6 ØvlØ¸tsØ rexeniØmi sledu¸wih sistem lineænyh uravneniæ:

omegaE6[i ]:=LinearSolve[
              Append[rootbasebisE6,testvectorE6],

18 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

Table[If[j==i,1,0],{j,1,7}]] /; 1<=i<=6

Spisok rootbasebisE6 otliqaetsØ ot spiska rootbaseE6 rovno v odnoæ pozicii, a imenno, ego vtoroæ fflement imeet vid

{-1,1,1,1,0,0,0}. �to sdelano dlØ togo, qtoby rexenie by-

lo ortogonal~no α_2 v smysle giperboliqeskogo skalØrnogo proizvedeniØ. Tak kak ostal~nye α_i ne soderßat e_0, dlØ nih bezrazliqno, beretsØ li ffvklidovo ili giperboliqeskoe skalØrnoe proizvedenie, pofftomu ih menØt~ ne nußno. RazumeetsØ, s takim ße uspehom my mogli domnoßit~ matricu Ap-

pend[rootbasebisE6,testvectorbisE6], gde
  testvectorbisE6={3,1,1,1,1,1,1};

sprava na matricu Grama DiagonalMatrix[{-1,1,1,1,1,1,1}]. Teper~ vyqislenie

weightbaseE6=Table[omegaE6[i],{i,6}]

vozvrawaet koordinaty fundamental~nyh vesov v ortonormirovannom bazise prostranstva R^{6,1}:

{{1,-1/3,2/3,2/3,2/3,2/3,2/3},{2,1,1,1,1,1,1}, {2,1/3,1/3,4/3,4/3,4/3,4/3},{3,1,1,1,2,2,2}, {2,2/3,2/3,2/3,2/3,5/3,5/3},{1,1/3,1/3,1/3,1/3,1/3,4/3}}

Dominantnyæ (celyæ) ves – ffto v toqnosti lineænaØ kombinaciØ fundamental~nyh vesov s neotricatel~nymi celymi kofffficientami ili, qto to ße samoe, ves, skalØrnye proizvedeniØ kotorogo so vsemi prostymi kornØmi neotricatel~nye celye. Sledu¸waØ funkciØ ØvlØetsØ testom dominantnosti:

dominantE6Q[u ]:=And@@Table[Block[

{xxx=hip[u,rootbaseE6[[i]]},

xxx>=0&&IntegerQ[xxx]],{i,6}]]

Qerez hip zdes~ oboznaqeno giperboliqeskoe skalØrnoe proizvedenie v R^{l,1}, kotoroe vvoditsØ sledu¸wim obrazom:

hip[u ,v ]:=-u[[1]]*v[[1]]+Sum[u[[i]]*v[[i]],

{i,2,Length[u]}] /; Length[u]==Length[v]

hip[u ]:=hip[u,u]

Sledu¸wiæ primitivnyæ kod slußil nam, qtoby porodit~ mnoßestvo vesov Λ(ω) predstavleniØ so starxim vesom ω. Qtoby izbeßat~ beskoneqnogo vyqisleniØ, nußno, koneqno, proverØt~ dominantnost~ ω:

weightsE6[u ]:=Block[{i,j,list={u},len=hip[u],we},

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 19

       For[j=1,j<=Length[list],j++,
For[i=1,i<=6,i++,we=list[[j]]-rootbaseE6[[i]];
If[hip[we]<=len&&!MemberQ[list,we],
list=Append[list,we]]]];
           Return[list]] /; dominantE6Q[u]

�tot tekst qudoviwno neffffektiven, tak kak, naprimer, uße poroßdenie pri pomowi nego 27 vesov predstavleniØ V (ω_1) zanimaet okolo 0.02 sekundy. VeroØtno, v dannom sluqae daße prostaØ rekursiØ byla by luqxe. Odnako, poskol~ku razmernost~ vseh rassmatrivaemyh nami predstavleniæ ne prevoshodit 248, my ne pytalis~ optimizirovat~ kod.

§6. 27-mernyæ modul~ dlØ E_6

Teper~ vyqislenie

minimalE6=weightsE6[omegaE6[1]]

vozvrawaet spisok iz 27 vesov minimal~nogo modulØ. �ti vesa privedeny v tablice 3, vmeste s ih vyraßeniØmi v forme Dynkina v bazise iz prostyh korneæ i v bazise fundamental~nyh vesov, sootvetstvenno. �ti vyraßeniØ poluqeny kak rexeniØ sistem lineænyh uravneniæ:

rootformE6[u ]:=LinearSolve[Transpose[rootbaseE6],u]
weightformE6[u ]:=LinearSolve[Transpose[weightbaseE6],u]

Obratite vnimanie, qto v otliqie ot poloßitel~nyh korneæ vesa modulØ V (ϖ_1) raspoloßeny v fftoæ tablice ne v porØdke raspoloßeniØ vesov, a v porØdke ih ubyvaniØ, naqinaØ so starxego vesa ϖ_1, ime¸wego vysotu 8, do mladxego vesa −ϖ_6, ime¸wego vysotu −8.

Odnako, v deæstvitel~nosti qasto udobnee ispol~zovat~ dlØ vyqisleniæ realizaci¸ V (ϖ_1) kak vnutrennego modulØ Xevalle v gruppe G(E_7, R). A imenno, rassmotrim standartnu¸ paraboliqesku¸ podgruppu P_7 6 G(E_7, R). Kommutant G_7 = [L_7, L_7] ee podgruppy Levi ØvlØetsØ odnosvØznoæ gruppoæ Xevalle tipa E6, priqem deæstvie G_7 soprØßeniem na abelevom unipotentnom radikale U_7 prevrawaet U_7 v G(E_6, R) modul~ V (ϖ_1). Kak sleduet iz teoremy 1 raboty [162], sistema x_α(1), α ∈ Σ = Σ_7, otveqa¸waØ poloßitel~nomu bazisu Xevalle, ØvlØetsØ kristalliqeskim bazisom modulØ V (ϖ_1). Pofftomu my moßem proqitat~ konstanty deæstviØ, vybrav iz tablicy strukturnyh konstant

20 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

dlØ algebry Li tipa E_7 stroki, otveqa¸wie kornØm iz E_6, i stolbcy, otveqa¸wie kornØm iz Σ.

Kommentariæ. DlØ vosstanovleniØ istoriqeskoæ perspektivy zametim, qto v deæstvitel~nosti hod sobytiæ byl prØmo protivopoloßen. Vnaqale Evgeniæ Plotkin, pol~zuØs~ tablicami PolØ Gilki i Gari Zeætca iz [86] i dopolnitel~nymi neopublikovannymi tablicami, kotorye oni nam prislali, qastiqno vruqnu¸, qastiqno pri pomowi komp~¸tera narisoval tablicy konstant deæstviØ kak dlØ fftogo, tak i dlØ nekotoryh drugih predstavleniæ, kotorymi my pol~zovalis~ pri proverke sovpadeniØ znakov v pervoæ versii razloßeniØ unipotentov. Posle fftogo pervyæ avtor ewe raz vyqislil ffti tablicy na komp~¸- tere, obratil vnimanie na svoæstva poloßitel~nosti i zametil, kak na osnove fftih svoæstv proqest~ vse strukturnye konstanty neposredstvenno po vesovoæ diagramme, na osnove qego okazalos~ vozmoßnym dat~ apriornye dokazatel~stva razloßeniØ unipotentov v mikrovesovyh predstavleniØh. Posle fftogo Rodßer Karter istolkoval ffti svoæstva kak sledstviØ poloßitel~nosti kristalliqeskogo bazisa, i imenno v takom vide ffto izloßeno v [162].

Vyberem sredi poloßitel~nyh korneæ E_7 te, kotorye prinadleßat E_6, i te, kotorye prinadleßat Σ:

positiveE6insideE7=Select[positiveE7,
                           Last[rootformE7[#]]==0&]
                    minimalE6insideE7=Select[positiveE7,
                           Last[rootformE7[#]]==1&]

Vproqem, korni E_6 vnutri E_7 v tom ße porØdke poluqa¸tsØ i prosto dorisovyvaniem 0 k kornØm E_6 v obyqnom porØdke:

positiveE6insideE7=Map[Append[#,0]&,positiveE6]

Vesa modulØ V (ϖ_1) kak korni E_7 pereqisleny v porØdke vozrastaniØ vysoty v tablice 4. Vidno, qto pol~zovat~sØ fftoæ tabliceæ gorazdo udobnee, qem predyduweæ, tak kak teper~ vse kofffficenty v razloßenii vesov kak po prostym kornØm E7, tak i po sootvetstvu¸wemu giperboliqeskomu bazisu ØvlØ¸tsØ neotricatel~nymi celymi qislami.

Faktiqeski my provodili vyqisleniØ imenno v takoæ realizacii. V qastnosti, teper~ dlØ postroeniØ tablicy konstant

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 21

deæstviØ ostaetsØ lix~ vybrat~ iz postroennoæ v [163] tablicy strukturnyh konstant dlØ E_7 stroki s nomerami, sootvetstvu¸wimi poziciØm fflementov positiveE6insideE7, i stolbcy s nomerami, sootvetstvu¸wimi poziciØm fflementov minimalE6insideE7, v spiske positiveE7. Rezul~tat voproizveden v tablice 6.

Iz qistogo l¸bopytstva my povtorili vyqisleniØ iz [163], nußnye dlØ postroeniØ fftoæ tablicy. Pri fftom my poluqili oqerednoe blestØwee podtverßdenie mysli Knuta, qto komp~¸- tery stanovØtsØ vse luqxe i luqxe, v to vremØ kak vse ostal~- noe stanovitsØ vse huße i huße. Na samom dele, daße pri pomowi rekurrentnogo algoritma vyqislenie fftoæ tablicy zanimaet men~xe desØti sekund, t.e. men~xe, qem v 1990-e gody zanimalo vyqislenie odnoæ ee stroki!

Vvidu sledu¸wego oqevidnogo fakta (po povodu ego dokazatel~stva sm., naprimer, [162, lemma 4]) konstanty deæstviØ dlØ otricatel~nyh korneæ takße qita¸tsØ po fftoæ tablice.

Lemma. DlØ l¸bogo α ∈ Φ^+ i l¸bogo λ ∈ Λ imeet mesto raven-

stvo c_{λ+α,−α} = c_{λ,α}. V deæstvitel~nosti v praktiqeskih vyqisleniØh qasto udobnee pol~zovat~sØ ne tabliceæ konstant deæstviØ, a matriceæ znakov predstavleniØ V (ϖ1), stroki i stolbcy kotoroæ zanumerovany vesami fftogo predstavleniØ, a v pozicii (λ, μ) stoit kofffficient c_{λ,μ−λ}, s kotorym kornevoæ fflement x_{μ−λ}(1) pribavlØet v^μ k v^λ, libo 0, esli μ − λ ne ØvlØetsØ kornem. Matrica znakov predstavleniØ V (ϖ_1) dlØ numeracii vesov kak korneæ E_7 privedena v tablice 7.

§7. VesovaØ diagramma V (ϖ1)

Vaßnym instrumentom pri izuqenii i ispol~zovanii predstavleniæ iskl¸qitel~nyh grupp ØvlØ¸tsØ vesovye diagrammy. Vesovye diagrammy byli opredeleny Dynkinym v 1951 godu i ispol~zovalis~ ego uqenikami, v pervu¸ oqered~ Vinbergom, odnako nikogda ne poØvlØlis~ v ih opublikovannyh rabotah, kak skazal avtoram sam Evgeniæ Borisoviq, glavnym obrazom iz-za qisto tehniqeskih trudnosteæ vkl¸qeniØ kartinok v matematiqeskiæ tekst v dokomp~¸ternu¸ ffpohu! Oni vizualiziru¸t deæstvie fflementov iz gruppy na dannom module i, v izvestnom smy-

22 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

sle, slußat zamenoæ obyqnyh matriqnyh vyqisleniæ. V sluqae mikrovesovyh predstavleniæ oni sovpada¸t s kristalliqeskimi grafami Kaxivara. Podrobnoe obsußdenie vesovyh diagramm i mnoßestvo dal~neæxih ssylok moßno naæti v rabotah [158, 130, 162].

Pervonaqal~no vesovye diagrammy voznikli v teorii predstavleniæ kak qisto kombinatornyæ ob¨ekt, opisyva¸wiæ porØdok Br¸a na faktorah gruppy VeælØ – pervyæ vzglØd, sm. bibliografi¸ v [158, 130]. Vskore posle fftogo bylo osoznano, qto pri pomowi nih oqen~ udobno opisyvat~ deæstvie gruppy/algebry Li s toqnost~¸ do znakov – vtoroæ vzglØd, sm. [123, 146, 158, 130]. Nakonec, sravnitel~no nedavno vyØsnilos~, qto v deæstvitel~nosti vesovye diagrammy polnost~¸ opisyva¸t deæstvie, vkl¸qaØ znaki – tretiæ vzglØd.

VesovaØ diagramma predstavleniØ π ffto pomeqennyæ – ili, v terminologii Kaxivara, okraxennyæ – orientirovannyæ graf,

• verxiny kotorogo otveqa¸t vesam predstavleniØ π, obyqno s kratnostØmi,

• dve verxiny λ i μ soedinØ¸tsØ strelkoæ s metkoæ i = cveta i, napravlennoæ ot μ k λ, esli λ − μ = α_i ØvlØetsØ i-m prostym kornem.

Pri fftom strelki obyqno ne stavØtsØ, i poloßitel~nymi napravleniØmi sqita¸tsØ napravleniØ sprava nalevo i snizu vverh. RazumeetsØ, esli vesa λ i/ili μ kratnye, nußno ewe utoqnit~, qto imenno podrazumevaetsØ pod fftim ravenstvom. V obwem sluqae rexenie problemy kratnosteæ soverxenno netrivial~no i bylo poluqeno tol~ko v znamenityh rabotah L¸stiga i Kaxivara v kontekste teorii kvantovyh grupp. Vskore posle fftogo Littel~mann predloßil porazitel~no krasivyæ fflementarnyæ, no ves~ma hitroumnyæ podhod k postroeni¸ fftih grafov – model~ puteæ. Odnako, dlØ mikrovesovyh predstavleniæ kratnosti vseh vesov ravny 1, tak qto nikakih problem ne voznikaet.

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 23

VesovaØ diagramma qasto ispol~zuetsØ takße kak stenografiqeskaØ zapis~ sootvetstvu¸wego vesovogo grafa. Verxinami vesovogo grafa snova ØvlØ¸tsØ vse vesa predstavleniØ π, no teper~ rebra otveqa¸t vsem poloßitel~nym kornØm (a ne tol~ko prostym kornØm, kak v sluqae vesovoæ diagrammy). Inymi slovami, vesa λ i μ soedinØ¸tsØ strelkoæ s metkoæ α ∈ Φ^+, napravlennoæ iz μ v λ, esli λ − μ = α. Vesovye grafy qasto udovletvorØ¸t oqen~ sil~nym svoæstvam regulØrnosti i vstreqa¸tsØ v gromadnom koliqestve rabot po kombinatorike, koneqnym geometriØm i upakovke sfer, sm. [42] i soderßawiesØ tam ssylki. Vesovoæ graf tipa (E_6, ϖ_1) – ili ego dopolnenie! – nazyvaetsØ obyqno grafom Xlefli. On vpervye voznik v teorii algebraiqeskih poverhnosteæ. A imenno, rassmotrim poverhnost~, poluqa¸wu- ¸sØ iz kompleksnoæ proektivnoæ ploskosti P^2 razdutiem l toqek v obwem poloßenii. Graf Xlefli opisyvaet konfiguraci¸ 27 prØmyh, voznika¸wih na fftoæ poverhnosti pri l = 6.

Toqnee, pust~ P^3 = P^3(K) – trehmernoe proektivnoe prostranstvo nad C . My ispol~zuem vyraßenie kubiqeskaØ giperpoverh-

nost~ kak sokrawenie dlØ gladkoæ poverhnosti X ⊆ P3 stepeni

3. Pust~ (x_0, x_1, x_2, x_3) – odnorodnye koordinaty v P^3. Togda X ØvlØetsØ mnoßestvom rexeniæ kubiqeskogo uravneniØ ∑ a_{ijkl}x^i_0x^j_1x^k_2x^l_3 = 0, i + j + k + l = 3.

Poqti l¸boæ vybor 20 kofffficientov a_{ijkl} privodit k gladkoæ poverhnosti: dopustimye vybory obrazu¸t otkrytoe podmnoßestvo v P^{19}.

ZnamenitaØ klassiqeskaØ teorema algebraiqeskoæ geometrii utverßdaet, qto na kaßdoæ kubiqeskoæ giperpoverhnosti X imeetsØ 27 prØmyh, priqem konfiguraciØ fftih prØmyh ne zavisit

24 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

ot rassmatrivaemoæ poverhnosti. A imenno, esli Y i Z – dve takie prØmye na X, to libo Y ∩ Z = ∅, libo Y i Z transversal~no pereseka¸tsØ v edinstvennoæ toqke. V algebraiqeskoæ geometrii fftu kartinku prinØto izobraßat~ kak graf, verxiny kotorogo sootvetstvu¸t prØmym, priqem dve verxiny v tom i tol~ko tom sluqae soedinØ¸tsØ rebrom, kogda sootvetstvu¸xie prØmye pereseka¸tsØ.

Tol~ko qto upomØnutaØ teorema utverßdaet, qto poluqa¸wiæsØ graf ne zavisit ot vybora X. Pofftomu my moßem vybrat~ dlØ vyqisleniæ osobenno prostu¸ model~. SamaØ izvestnaØ kubiqeskaØ giperpoverhnost~, ffto, razumeeetsØ, kubiqeskaØ poverhnost~ Ferma, zadavaemaØ uravneniem

x^3_0 + x^3_1 + x^3_2 + x^3 = 0.

Pust~ η = e^{2πi/3} – pervoobraznyæ koren~ iz 1 stepeni 3. Togda 27 prØmyh moßno opisat~ sledu¸wim obrazom: [ 1 ij ] = {(x0, x1, x2, x3) ∈ P3 | x0 + η^ix1 = 0, x2 + η^j x3 = 0}, [ 2 ij ] = {(x0, x1, x2, x3) ∈ P3 | x0 + η^ix2 = 0, x1 + η^j x3 = 0}, [ 3 ij ] = {(x0, x1, x2, x3) ∈ P3 | x0 + η^ix3 = 0, x1 + η^j x2 = 0},

gde v kaßdom sluqae 0 6 i, j 6 2. Tot fakt, qto prØmye voznika¸t gruppami po 3, srazu vyzyvaet v pamØti konstrukci¸ FreædentalØ E_6. Estestvenno, ffto ne prosto sovpadenie. Rexiv neskol~- ko sistem algebraiqeskih uravneniæ, legko poluqit~ sledu¸wie pravila: • [ r ij ] peresekaet [ r kl ] , esli i tol~ko esli i = k ili j = l; • [ 1 ij ] peresekaet [ 2 kl ] , esli i tol~ko esli i−j ≡ k −l (mod 3); • [ 1 ij ] peresekaet [ 3 kl ] , esli i tol~ko esli i+j ≡ k −l (mod 3); • [ 2 ij ] peresekaet [ 3 kl ] , esli i tol~ko esli i+j ≡ k +l (mod 3).

Narisovav teper~ sootvetstvu¸wiæ graf, legko ubedit~sØ, qto ffto v toqnosti dopolnenie vesovogo grafa predstavleniØ

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 25

(E6, ϖ1). A imenno, v vesovom grafe kaßdyæ ves soedinen rov-

no s 16 drugimi vesami, v to vremØ kak v grafe, opisyva¸wem konfiguraci¸ 27 prØmyh, kaßdaØ prØmaØ peresekaetsØ rovno s 10 drugimi prØmymi.

Tol~ko qto opisannaØ konstrukciØ 27 prØmyh demonstrirovala simmetri¸ tipa 3 A_2. Moßno dat~ drugie opisaniØ, v kotoryh otqetlivo vidny drugie simmetrii. Naprimer, v kontekste razdutiØ xesti toqek p_1, . . . , p_6 ∈ P^2 horoxo vidna simmetriØ tipa A5. A imenno, v fftom sluqae 27 prØmyh moßno opisat~ sledu¸- wim obrazom, sm. [24, teorema 4.9]:

• 6 iskl¸qitel~nyh krivyh razdutiØ π : X −→ P^2; • sobstvennye proobrazy = strict transforms 15 prØmyh p_ip_j , i ≠ j; • sobstvennye proobrazy = strict transforms 6 konik, prohodØwih qerez p_1, . . . , ^p_i, . . . , p_6, 1 6 i 6 6.

V knige [18] ta ße konfiguraciØ opisana v terminah simmetrii tipa D_5.

§8. Ograniqenie na A_5 i D_5

Pri dokazatel~stve rezul~tatov o gruppah Xevalle nad kol~- cami obyqno proishodit libo indukciØ po razmernosti kol~ca – takie dokazatel~stva nazyva¸tsØ arifmetiqeskimi, – libo po rangu gruppy – takie dokazatel~stva nazyva¸tsØ geometriqeskimi, – libo i to i drugoe. DlØ gruppy tipa E_6 bol~xinstvo obyqnyh geometriqeskih dokazatel~stv osnovany na redukcii k gruppe tipa D_5 pri pomowi vyqisleniæ s fflementami, leßawimi v gruppe tipa A_5, libo k gruppe tipa A_5 pri pomowi vyqisleniæ s fflementami, leßawimi v gruppe tipa D_5. �ti gruppy s neobhodimost~¸ voznika¸t po toæ prostoæ priqine, qto pri redukcii k men~xemu rangu obyqno udalØetsØ odna iz kraænih verxin diagrammy Dynkina. Udalenie α_1 ili α_6 v sisteme E_6 daet D_5, a udalenie α_2 daet A_5. Tak qto ffto v toqnosti podgruppy Levi maksimal~nyh paraboliqeskih podgrupp P_1 i P_6 ili P_2, sootvetstvenno. Sluqaæ E_7 neskol~ko sloßnee v qastnosti i potomu, qto dlØ nego pri redukcii k men~xemu rangu estestvenno voznika¸t tri razliqnye podgruppy tipov E_6, D_6 i A_6.

Pofftomu dlØ mnogih vyqisleniæ neobhodimo horoxo ponimat~, kak 27-mernyæ E_6-modul~ ustroen s toqki zreniØ ograniqe-

26 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

niØ na podsistemy A_5 i D_5. Kak ograniqeniØ V (ϖ_1) na podgruppy fftih tipov raskladyva¸tsØ na neprivodimye komponenty, horoxo izvestno i legko posqitat~. Kak ob¨Øsneno v [130], dlØ fftogo dostatoqno prosto zaqerknut~ rebra s metkoæ 2 ili 1 v vesovoæ diagramme.

Takim obrazom,

V (E_6, ϖ_1) ↓ A_5 = V (A_5, ϖ_1) ⊕ V (A_5, ϖ_4) ⊕ V (A_5, ϖ_1),

V (E_6, ϖ_1) ↓ D_5 = V (D_5, 0) ⊕ V (D_5, ϖ_4) ⊕ V (D_5, ϖ_1).

Obratite vnimanie, qto numeraciØ prostyh korneæ i vesov v pravoæ qasti – ffto obyqnaØ numeraciØ v A_5 i D_5, sootvetstvenno, a vovse ne ih numeraciØ kak prostyh korneæ E_6. GovorØ poprostomu, pri ograniqenii na A_5 27-mernyæ modul~ V (ϖ_1) raskladyvaetsØ na dva estestvennyh 6-mernyh modulØ i 15-mernyæ modul~, ØvlØ¸wiæsØ qetvertoæ vnexneæ stepen~¸ estestvennogo. Pri ograniqenii na D_5 on toße raskladyvaetsØ na tri slagaemyh: odnomernyæ modul~, poluspinornyæ modul~ razmernosti 16 i 10-mernyæ estestvennyæ modul~.

Pri rassmotrenii V (ϖ_1) kak vnutrennego modulØ Xevalle v gruppe tipa E_7 ffti razloßeniØ srazu usmatriva¸tsØ sledu¸- wim obrazom. Tak kak iz vseh prostyh korneæ tol~ko α_2 imeet nenulevoæ kofffficient pri e_0, to A_5-komponenty razliqa¸tsØ po znaqeni¸ kofffficienta pri e_0, kotoryæ dlØ vesov V (ϖ_1) moßet prinimat~ znaqeniØ 0,1 i 2. Takim obrazom, dlØ poluqeniØ vesov v porØdke, soglasovannom s A_5-vetvleniem, dostatoqno vybrat~ iz spiska vesa s sootvetstvu¸wimi znaqeniØmi pervoæ komponenty i potom snova soedinit~ poluqivxiesØ spiski:

minimalE6branchA5=Apply[Join,Table[
              Select[minimalE6insideE7,First[#]==i&],

{i,0,2}]]

S drugoæ storony, D_5-komponenty udobno razliqat~ neposredstvenno po znaqeni¸ kofffficienta pri α_1, v razloßenii po bazisu prostyh korneæ, kotoryæ dlØ vesov V (ϖ_1) takße prinimaet tri znaqeniØ 0,1 i 2. Takim obrazom, prowe vsego primenit~ k vesu rootformE7, a potom prodelat~ bukval~no to ße samoe, qto v predyduwem sluqae:

minimalE6branchD5=Apply[Join,Table[
              Select[minimalE6insideE7,
                    First[rootformE7[#]]==i&], {i,0,2}]]

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 27

§9. Matrica znakov

Teper~ u nas vse gotovo dlØ togo, qtoby Øvno vyqislit~ tablicy znakov predstavleniØ V (ϖ_1) i kornevye fflementy. V rabote [163] my dvumØ sposobami vyqislØli strukturnye konstanty algebry Li tipa E_l: pri pomowi rekurrentnogo algoritma, mu[l,i,j], i pri pomowi kocikla FrenkelØ–Kaca, kac[l,i,j].

Poluqa¸waØsØ tablica strukturnyh konstant E_6 vosproizvedena kak tablica 5. A iz tablicy dlØ E_7 my vyberem nußnu¸ nam qast~:

minimalE6insideE7sign=Table[
          nu[7,positiveE6insideE7[[i]],
              minimalE6insideE7[[j]]], {i,1,36},{j,1,27}]]

OpredelennaØ v [163] funkciØ nu[7,x,y] kak raz i vyraßaet strukturnye konstanty dlØ E_7. Ee otliqie ot funkcii mu sostoit v tom, qto argumentami ØvlØ¸tsØ sami korni, a ne ih nomera. Na samom dele, my ne obrawalis~ k fflektronnoæ versii [163], a zanovo peresqitali vse nußnye nam znaki. Pri fftom my s udovletvoreniem otmetili rost proizvoditel~nosti komp~¸- terov po sravneni¸ s 1990-mi godami: daße po rekurrentnomu algoritmu vyqislenie vseh nußnyh nam strukturnyh konstant deæstviØ zanØlo men~xe 10 sekund. Poluqa¸waØsØ tablica vosproizvedena kak tablica 6.

Qasto udobnee pol~zovat~sØ tabliceæ znakov v drugom vide, ne kak tabliceæ strukturnyh konstant deæstviØ, a kak matriceæ znakov:

signtable=Table[
    nu[7,minimalE6insideE7[[j]]-minimalE6insideE7[[i]],
              minimalE6insideE7[[i]]], {i,1,27},{j,1,27}]]

V otliqie ot matricy strukturnyh konstant deæstviØ, stroki kotoroæ zanumerovany kornØmi, a stolbcy – vesami, v matrice znakov kak stroki, tak i stolbcy zanumerovany vesami modulØ

V (ϖ_1). V pozicii (λ, μ) stoit kofffficient, s kotorym kornevoæ

fflement e_α, gde α = μ − λ, pribavlØet nomer stolbca k nomeru stroki. Matrica znakov vosproizvedena v tablice 7, vse dal~- neæxie tablicy vyqislØlis~ na ee osnove.

Niße my vosproizvodim rezul~taty v treh numeraciØh vesov: estestvennoæ, svØzannoæ s ograniqeniem na A_5 i svØzannoæ s ograniqeniem na D_5. Tablica 8 pokazyvaet sootvetstvie fftih

28 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

numeraciæ. Pri fftom v soglasii s tradicieæ my numeruem vesa ne naqinaØ s mladxego, kak ffto prinØto v Computer Science, a naqinaØ so starxego, kak prinØto v algebre. �to znaqit, qto – krome nomerov strok i stolbcov! – vosproizvedennaØ v tablice 9 matrica znakov poluqaetsØ iz matricy v tablice 7 transponirovaniem otnositel~no poboqnoæ diagonali. Takim obrazom, za iskl¸qeniem tipografskih izyskov – vsevozmoßnyh \vrule,

\tablerule, etc. – tablica 9 predstavlØet soboæ tabliqnu¸ for-

mu sledu¸weæ matricy:

minimalE6insideE7signtable=
              Reverse[Transpose[Reverse[signtable]]]

Tablicy 12 i 15 poluqa¸tsØ iz nee pereuporØdoqivaniem vesov v sootvetstvii s A_5-numeracieæ i D_5-numeracieæ, sootvetstvenno. �to moßno sdelat~ mnogimi sposobami, naprimer, vyqisliv sootvetstvu¸wie perestanovki. Odnako, poskol~ku my rabotaem s kroxeqnymi spiskami, vyqislenie s kotorymi zanimaet doli sekundy, borot~sØ za ffffektivnost~ ne imeet smysla. Sledu¸waØ funkciØ vozvrawaet nomer fflementa y v spiske x

search[x ,y ]:=Nest[First,Position[x,y],2]

– napomnim, qto vnutrennØØ funkciØ Position vozvrawaet spisok poziciæ, oformlennyh v vide spiska, pofftomu nam nußno ubrat~ dve pary skobok. Teper~ pereæti ot estestvennoæ numeracii k A5-numeracii moßno, naprimer, tak:

minimalE6branchA5signtable=Table[
       minimalE6insideE7signtable
       [search[minimalE6insideE7,minimalE6branchA5[[i]]],
       search[minimalE6insideE7,minimalE6branchA5[[j]]]]],

{i,1,27},{j,1,27}]

DlØ D_5-numeracii delaetsØ rovno to ße samoe, no vesa, estestvenno, vybira¸tsØ iz spiska minimalE6branchD5.

My razbili poluqa¸wiesØ matricy na bloki v sootvetstvii s A_5-vetvleniem i D_5-vetvleniem, sootvetstvenno, qtoby byla luqxe vidna ih struktura.

Naprimer, v tablice 12 v severo-zapadnom i ¸go-vostoqnom uglah horoxo vidny dva estestvennyh 6-mernyh predstavleniØ gruppy SL(6, R), sootvetstvu¸weæ podsisteme ⟨α_1, α_3, α_4, α_5, α_6⟩, a v severo-vostoqnom i ¸go-zapadnom uglah – skleiva¸wee ih deæstvie gruppy SL(2, R), otveqa¸weæ starxemu korn¸ δ.

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 29

S drugoæ storony, v tablice 15 horoxo vidno, qto pri D_5- numeracii dlØ l¸bogo fflementa iz algebry Li L tipa E_6 poslednie 10 fflementov pervogo stolbca ravny 0 – imenno fftot fakt leßit v osnove provedennogo v [7], [8] Dokazatel~stva iz Knigi dlØ fftogo sluqaØ.

§10. �lementarnye kornevye fflementy

Teper~ u nas vse gotovo, qtoby vyqislit~ kornevye fflementy dlØ vseh treh pereqislennyh numeraciæ korneæ. Zadadim preßde vsego fflementy e_α:

rooteE6insideE7[h ]:=Table[
     If[minimalE6insideE7[[i]]-minimalE6insideE7[[j]]==
       positiveE6insideE7[[h]],
          minimalE6insideE7sign[[h,j]],0],

{i,1,27},{j,1,27}]

DlØ estestvennoæ numeracii poluqa¸wiesØ fflementy e_α privedeny v tablice 10. Podqerknem, qto zdes~ 1 6 h 6 36 est~ nomer poloßitel~nogo kornØ. Iz §7 my znaem, qto kornevoæ fflement e_{−α}, otveqa¸xiæ otricatel~nomu korn¸, raven e^t_α. Takim obra-

zom, ostal~nye 36 kornevyh fflementov ØvlØ¸tsØ prosto transponirovannymi k tem 36 fflementam, kotorye privedeny v tablice.

Matricy rooteE6branchA5[h ] i rooteE6branchD5[h ] zada¸tsØ analogiqno, no pri fftom v pravoæ qasti vmesto h ukazyvaetsØ, estestvenno, mesto vesa minimalE6branchA5[[h]] ili, sootvetstvenno, minimalE6branchD5[[h]] v spiske vesov minimalE6insideE7, vyqislennoe s ispol~zovaniem funkcii search.

Poluqa¸wiesØ rezul~taty privedeny v tablicah 13 i 16.

Teper~ my moßem legko zadat~ ostal~nye kornevye fflementy kak matricy. Naprimer, tak kak predstavlenie V (ϖ_1) mikrovesovoe, to v nem e^2_α = 0 i, znaqit, x_α(ξ) = e+ξe_α. Pofftomu kornevye fflementy zada¸tsØ sledu¸wim obrazom.

rootxE6insideE7[h ,x ]:=IdentityMatrix[27]+
          x*rooteE6insideE7[h]

Estestvenno, pri opredelenii fflementov

rootxE6branchA5[h ,x ] i rootxE6branchD5[h ,x ]

vmesto rooteE6insideE7[h] nußno pol~zovat~sØ

rooteE6branchA5[h ] i rooteE6branchD5[h ],

30 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

sootvetstvenno.

Kak obyqno, my polagaem w_α(ε) = x_α(ε)x_{−α}(−ε^{−1})x_α(ε), gde ε ∈

R^∗. Takim obrazom, my moßem teper~ zadat~ fflement w_α(ε) kak

matricu:

rootwE6insideE7[h ,x ]:=rootxE6insideE7[h,x].
          Transpose[rootxE6insideE7[h,-Power[x,-1]].
                           rootxE6insideE7[h,x]

Nakonec, poluprostoæ kornevoæ fflement h_α(ε) = w_α(ε)w_α(1)^{−1}, gde ε ∈ R^∗ moßno vyrazit~ qerez w_α(ε),

roothE6insideE7[h ,x ]:=rootwE6insideE7[h,x].
rootwE6insideE7[h,-1]

libo, pri ßelanii, neposredstvenno qerez fflementy x_α(ξ).

Vproqem, v teh vyqisleniØh, v kotoryh uqastvuet nebol~xoe koliqestvo kornevyh fflementov, my predpoqitaem hranit~ i ispol~zovat~ fflementy e_α i x_α(ξ) kak razreßennye matricy – inymi slovami, v formate SparseArray – i obrawat~sØ k matricam

27 × 27 tol~ko na samom poslednem fftape i tol~ko v teh sluqaØh,

kogda ffto deæstvitel~no nußno. My ne privodim sootvetstvu- ¸wie kody. ZnaØ tablicy korneæ, vesov i znakov, kaßdyæ, kto znakom s osnovami programmirovaniØ v Mathematica, legko napixet ih sam.

§11. InvariantnaØ kubiqeskaØ forma

Ewe odnim vaßneæxim instrumentom pri izuqenii gruppy Xevalle tipa E_6 v 27-mernom predstavlenii ØvlØetsØ invariantnaØ kubiqeskaØ forma Q, ee polnaØ polØrizaciØ F i ee 27 qastnyh proizvodnyh f_1, . . . , f_{27}, opisyva¸wie uravneniØ na orbitu vektora starxego vesa.

�tu formu vpervye postroil Leonard Dikson v 1905 godu, a samye fflementarnye ee konstrukcii predloßili v 1951–1952 godah Klod Xevalle i Gans Freædental~ [48, 49], [77–82]. Freædental~ rabotal nad polem harakteristiki 0, dlØ harakteristik

≠ 2, 3 fftu formu ispol~zovali Toni Springer, ȷak Tits, Dßor-

dß Seligman, Natan Dßekobson, Ferdinand Fel~dkamp, Ar~e Koffn, Br¸s Kupersteæn i drugie, sm., naprimer, [100, 101], [139– 141], [143, 144, 153, 154], [165–167], [68–71], [52] i soderßawiesØ tam ssylki. V [140] Toni Springer dal aksiomatiqeskoe opisanie formy Q. Estestvenno, ffto v toqnosti forma normy iskl¸-

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 31

qitel~noæ 27-mernoæ æordanovoæ algebry. Apriori harakteristiki 2 i 3 mogut sozdavat~ zdes~ problemy. V deæstvitel~- nosti, kak obnarußil, na qut~ drugom Øzyke, Maækl Axbaher [31–33], fftogo ne proishodit. Obyqnye dokazatel~stva identifikacii ispol~zu¸t trudnye geometriqeskie rezul~taty: klassifikaci¸ prostyh algebraiqeskih grupp ili prinadleßawu¸ Titsu lokal~nu¸ harakterizaci¸ bildingov.

• KonstrukciØ v terminah 3 A2. Zameqatel~naØ konstrukciØ FreædentalØ vskryvaet simmetri¸ po otnoxeni¸ k 3 A_2. Pust~

M (3, R) – polnoe matriqnoe kol~co stepeni 3 nad kommutativnym

kol~com R, a V = {(x, y, z) | x, y, z ∈ M (3, K)} – svobodnyæ M (3, R)-modul~ ranga 3, rassmatrivaemyæ kak svobodnyæ R-modul~ ranga 27. Opredelim na V kubiqesku¸ formu F sledu¸weæ formuloæ:

F ((x, y, z)) = det(x) + det(y) + det(z) − tr(xyz).

Togda G_{sc}(E_6, K) moßno otoßdestvit~ s gruppoæ Isom(F, K), sostoØweæ iz vseh preobrazovaniæ g ∈ GL(V ) ∼= GL(27, K), takih, qto F (g(x, y, z)) = F (x, y, z). Na sledu¸wem risunke my vidim 3 × 3-matricy na vesovoæ diagramme 27-mernogo predstavleniØ. �to ograniqenie π na podsistemu tipa 3 A_2, poroßdennu¸ α_0 i vsemi prostymi kornØmi, krome α_4: 3 A2 = ⟨α1, α3⟩ + ⟨α5, α6⟩ + ⟨α2, α0⟩. Pri fftom diagramma razrezaetsØ po rebram, pomeqennym 4, i vvodØtsØ dopolnitel~nye rebra s metkoæ 0, soedinØ¸wie verxiny, raznost~ kotoryh ravna α_0. Samyæ prostoæ sposob sdelat~ ffto sostoit v tom, qtoby rassmotret~ porØdok Br¸a na affinnoæ gruppe VeælØ W = W (Φ). Togda inducirovannyæ porØdok Br¸a na W (E_6)/W (D_5) moßno izobrazit~ v vide beskoneqnoæ polosy, sostoØweæ iz vesovyh diagramm tipa (E_6, ϖ_1), skleennyh rebrami s metkoæ 0. Posle fftogo nußno razrezat~ fftu beskoneqnu¸ kartinku po rebram s metkoæ 4 i vzØt~ tri sosednie svØznye

32 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

komponenty:

Na poluqa¸weæsØ kartinke otqetlivo vidny tri 3 × 3-matricy i deæstvie na nih treh kopiæ gruppy SL(3, K). KaßdaØ 9- mernaØ komponenta izomorfna tenzornomu proizvedeni¸ vektornogo predstavleniØ odnoæ kopii gruppy SL(3, K) i kovektornogo predstavleniØ drugoæ kopii SL(3, K). Pri fftom vse tri kopii

SL(3, K) cikliqeski perestavlØ¸tsØ, tak qto kaßdaØ iz nih odin

raz poØvlØetsØ v kaßdoæ roli, qto ØvlØetsØ zrimym vyraßeniem troæstvennosti.

• KonstrukciØ v terminah A5. Pervonaqal~naØ konstrukciØ Diksona obladala simmetrieæ tipa A_5. V 1951 godu smysl fftoæ konstrukcii ob¨Øsnil Xevalle [48]. Analogiqnye konstrukcii pozße dali Xul~t i Axbaher [31].

Rassmotrim ograniqenie π na podgruppu tipa A_5. �to ffkvivalentno sledu¸wemu razloßeni¸ V = U ⊕

⋀_2 (U^∗) ⊕ U , gde U –

estestvennoe 6-mernoe predstavlenie SL(6, R) = G(A_5, R). Dopolnitel~nu¸ simmetri¸ po otnoxeni¸ k A_1 = (A_5)^⊥ moßno opisat~ sledu¸wim obrazom. �ta kopiØ A_1 poroßdaetsØ α_0, i sootvetstvu¸waØ podgruppa G(A_1, K) ∼= SL(2, K) ostavlØet na meste

⋀_2

(U^∗), no pri fftom skleivaet dve kopii U . Poluqa¸weesØ 12-

mernoe predstavlenie ØvlØetsØ tenzornym proizvedeniem estestvennyh predstavleniæ SL(6, K) i SL(2, K).

V terminah opisannogo vyxe razloßeniØ vnexnee proizvedenie zadaet na V dve trilineænye formy. A imenno, proizvedenie dvuh vektorov i odnogo bivektora na dvoæstvennom prostranstve ØvlØetsØ skalØrom, kak i proizvedenie treh bivektorov. IskomaØ trilineænaØ forma na V poluqaetsØ kak summa fftih dvuh.

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 33

Podrobnoe opisanie formy F v fftoæ realizacii i Øvnu¸ tablicu znakov moßno naæti v [31].

• KonstrukciØ v terminah D4. V literature po algebraiqeskim gruppam qawe vsego ispol~zuetsØ konstrukciØ v terminah algebry Kffli–Diksona i iskl¸qitel~noæ 27-mernoæ æordanovoæ algebry, kotoraØ vskryvaet simmetri¸ po otnoxeni¸ k D_4 i svØz~ s F_4. �tu konstrukci¸ moßno opisat~ sledu¸wim obrazom. Pust~ char K ≠ 2, 3 i C – raswepimaØ algebra oktonionov nad polem K, otveqa¸waØ kvadratiqnoæ forme N . �to edinstvennaØ kompozicionnaØ algebra razmernosti 8 nad polem K s delitelØmi 0. Inymi slovami, N (xy) = N (x)N (y) dlØ vseh x, y ∈ C. V [70, 37, 144] moßno naæti matriqnu¸ realizaci¸ fftoæ algebry i mnogo dal~neæxih ssylok. Oboznaqim qerez x → x^∗ kanoniqesku¸ invol¸ci¸ na C, a qerez T (x) = x + x^∗ – sled. Vyberem teper~ nenulevye skalØry γ_1, γ_2, γ_3 ∈ K^∗ i opredelim invol¸ci¸ kol~ca M (3, C):

a → g^{−1}(a^∗)^tg, g = diag(γ_1, γ_2, γ_3).

Pust~ J – mnoßestvo ffrmitovyh matric po otnoxeni¸ k fftoæ invol¸cii Inymi slovami, J sostoit iz vseh matric vida a = α_1 x_3 γ^{−1}_1 γ_3x^∗_2

γ^{−1}_2 γ_1x^∗_3 α_2 x_1

x_2 γ^{−1}_3 γ_2x^∗_1 α_3 , gde α_1, α_2, α_3 ∈ K, x_1, x_2, x_3 ∈ C. Togda J zamknuto otnositel~no umnoßeniØ ab =^1_2 (a·b+b·a), gde a·b obyqnoe matriqnoe umnoßenie v M (3, C). Otnositel~no fftogo umnoßeniØ J stanovitsØ æordanovoæ algebroæ, sm. [70, 144]. Na sledu¸weæ kartinke vidno, kak tri skalØrnyh i tri oktonionnyh komponenty raspolaga¸tsØ v 27-mernom predstavlenii V .

34 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

Teper~ obyqnaØ formula dlØ opredelitelØ

det(a) = α1α2α3 + T (x1x2x3)−

− α_1γ^{−1}_3 γ_2N (x_1) − α_2γ^{−1}_1 γ_3N (x_2) − α_3γ^{−1}_2 γ_1N (x_3)

opredelØet kubiqesku¸ formu na J. Odnako obyqno udobnee rassmatrivat~ ne samu formu det, a polØrizovat~ ee do trilineænoæ formy F na J takoæ, qto F (x, x, x) = det(x).

§12. InvariantnaØ kubiqeskaØ forma, CONTINUED

Ewe odna konstrukciØ formy, v kotoroæ oqevidna simmetriØ po otnoxeni¸ ko vseæ gruppe VeælØ W (E_6), i dokazatel~stvo, kotoroe ne ispol~zuet niqego, krome fflementarnoæ lineænoæ algebry, nameqeny v [158]. Bolee detal~no ffta konstrukciØ obsußdaetsØ v [162], sm. takße [6].

�ta konstrukciØ osnovana na tom izvestnom fakte, qto monomy kubiqeskoæ formy obrazu¸t odnu orbitu otnositel~no deæstviØ gruppy VeælØ W (E_6). Nazovem troæku vesov (λ, μ, ν) predstavleniØ V (ϖ_1) triadoæ, esli λ, μ, ν – poparno ortogonal~nye korni E_7 – ili, qto to ße samoe, esli ih poparnye raznosti

λ − μ, λ − ν, μ − ν ne ØvlØ¸tsØ kornØmi. V terminologii Axbahe-

ra [31] troæka vesov (λ, μ, ν) v tom i tol~ko tom sluqae ØvlØetsØ triadoæ, kogda sootvetstvu¸wie vesovye vektory v^λ, v^μ, v^ν poroßda¸t special~nu¸ ploskost~.

Oboznaqim qerez Θ mnoßestvo vseh triad, |Θ| = 27 · 10. Togda trilineænaØ forma F prinimaet sledu¸wie znaqeniØ:

F (v^λ, v^μ, v^ν ) = { ±1, esli (λ, μ, ν) ∈ Θ, 0, inaqe.

i nam ostaetsØ tol~ko utoqnit~ znaki.

My zafiksiruem znak tak, qtoby F (v^{λ0} , v^{μ0} , v^{ν0} ) = 1 dlØ sledu¸weæ vydelennoæ triady: (λ0, μ0, ν0) = ( 000001 0 , 012221 1 , 234321 2 ) . Togda dlØ l¸boæ drugoæ triady (λ, μ, ν) summa

λ + μ + ν = λ_0 + μ_0 + ν_0 = 2465433

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 35

ortogonal~na ko vsem fundamental~nym kornØm α_1, . . . , α_6. �to znaqit, qto dlØ kaßdogo fundamental~nogo otraßeniØ w_α ∈

W (E_6) imeet mesto sledu¸waØ al~ternativa: • libo w_α(λ, μ, ν) = (λ, μ, ν), • libo v toqnosti dva sredi vesov λ, μ, ν peredviga¸tsØ otraßeniem w_α, priqem v razliqnyh napravleniØh, skaßem, w_α(λ) = λ + α, w_α(μ) = μ − α, w_α(ν) = ν. Posmotrev na ffto s toqki zreniØ oznaqennogo bazisa ±v^λ, na kotorom deæstvuet rasxirennaØ gruppa Xevalle, my vidim, qto libo pod deæstviem w_α(1) troæka bazisnyh vektorov v^λ, v^μ, v^ν ne menØetsØ, libo ona perehodit v drugu¸ troæku i pri fftom proishodit odna smena znaka. Takim obrazom, my poluqaem sledu¸wiæ rezul~tat, sformulirovannyæ v §3 raboty [162] na qut~ drugom Øzyke.

Lemma. V invariantnoæ trilineænoæ forme F imeem

F (v^λ, v^μ, v^ν ) = sign(w),

gde w – samyæ korotkiæ fflement gruppy VeælØ W (E_6) takoæ, qto

w(λ_0, μ_0, ν_0) = (λ, μ, ν).

Pri praktiqeskom vyqislenii fftot algoritm prowe vsego realizovat~ ne glØdØ na vse fflementy gruppy VeælØ, a prosto dobavlØØ na kaßdom xage to, qto poluqaetsØ iz uße ime¸wihsØ triad pod deæstviem fundamental~nyh otraßeniæ, menØØ pri fftom znak.

Vnaqale zadadim vydelennu¸ troæku, vmeste so znakom:

distriple={Sort[Part[minimalE6insideE7,1,13,27]],1}

Teper~ my dolßny prodelat~ sledu¸wu¸ proceduru: proætis~ po vsem prostym kornØm i vsem perestanovkam triady (λ, μ, ν) i proverit~, poluqatsØ li pri fftom novye triady. Esli poluqatsØ, to primenit~ fftu proceduru k kaßdoæ iz nih. Naprimer, iz vydelennoæ trialy poluqa¸tsØ dve novye

w_{α1}(λ_0, μ_0, ν_0) = ( 000001 0 , 112221 1 , 134321 2 ) , w_{α6} (λ_0, μ_0, ν_0) = ( 000011 0 , 012211 1 , 234321 2 ) ,

36 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

priqem oni, estestvenno, voædut so znakom minus, i t.d.

Takim obrazom, porodit~ spisok triad, vmeste s sootvetstvu- ¸wimi znakami, moßno, naprimer, tak. Snova, poskol~ku fftot spisok poroßdaetsØ rovno odin raz, my soverxenno ne zabotimsØ ob ffffektivnosti.

triples=Block[{trip={distriple},newtriple},
    For[i=1,i<=Length[trip],Outer[
    If[MemberQ[minimalE6insideE7,trip[[i,#1[[1]]]]-#2]&&
        MemberQ[minimalE6insideE7,trip[[i,#1[[2]]]]+#2],
       newtriple=Join[Sort[
       {trip[[i,#1[[1]]]]-#2,trip[[i,#1[[2]]]]+#2,
       trip[[i,#1[[3]]]]}], {-trip[[i,4]]}];
       If[!MemberQ[trip,newtriple],
       AppendTo[trip,newtriple]]]&,
       Permutations[1,2,3],Most[rootbaseE7],1];i++],
                                         Return[trip]]

Tak kak my na kaßdom xage sortiruem triady, to ffta funkciØ vozvrawaet spisok Θ_0 iz 45 neuporØdoqennyh triad {λ, μ, ν}. Qtoby poluqit~ ots¸da spisok Θ vseh 270 triad, nußno prosto primenit~ k kaßdomu fflementu spiska Θ_0 vsevozmoßnye perestanovki pervyh treh ego qasteæ.

Spisok Θ_0 neuporØdoqennyh triad – ffto v toqnosti to, qto nam nußno, qtoby zadat~ kubiqesku¸ formu. Pri summirovanii po uporØdoqennym triadam voznikaet lixniæ kofffficient 6, kotorye sozdaet problemy v harakteristikah 2 i 3.

Tablica 11 kak raz i predstavlØet soboæ spisok triad, zapisannyh kak monomy kubiqeskoæ formy pri pomowi poiska sootvetstvu¸wih vesov v spiske vesov minimalE6insideE7 i – qestno posqitannye pri pomowi operatora D – proizvodnye fftoæ for- my. V tablicah 14 i 17 privedeny kubiqeskie formy i ih proizvodnye dlØ A_5-porØdka i D_5-porØdka. DlØ postroeniØ fftih tablic my, kak i v §9, prosto prevratili spisok neuporØdoqennyh triad v spisok monomov ne poiskom ih nomera v mini-

malE6insideE7, a poiskom ih nomerov v minimalE6branchA5 ili
minimalE6branchD5, sootvetstvenno.

Krome upomØnutyh v tekste, v bibliografii my privodim dal~neæxie raboty, v kotoryh proizvodØtsØ vyqisleniØ s iskl¸qitel~nymi gruppami Xevalle – v pervu¸ oqered~ s grup-

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 37

pami tipov E_6 i E_7 – v minimal~nyh predstavleniØh. V qastnosti, citiru¸tsØ te izvestnye nam stat~i, v kotoryh soderßatsØ Øvnye vyqisleniØ – v osobennosti, komp~¸ternye! – kakih-to strukturnyh konstant, kornevyh fflementov, invariantov, uravneniæ, orbit, etc. Krome togo, my citiruem nekotorye vaßneæxie raboty, v kotoryh ffti vyqisleniØ primenØ¸tsØ k zadaqam strukturnoæ teorii^2: opisani¸ podgrupp, razloßeniæ, klassov soprØßennosti, poroßdeniØ, K-teorii i t.d. Nax spisok ves~ma selektiven i zavedomo ne pretenduet na polnotu. Tak, my praktiqeski ne citiruem raboty, posvØwennye sobstvenno teorii predstavleniæ iskl¸qitel~nyh grupp, ih primeneniØm v algebraiqeskoæ geometrii i teorii qisel, svØzannym s nimi avtomorfnym funkciØm, kombinatornym geometriØm, kogomologiØm,

etc. – a takße raboty, opublikovannye v fiziqeskih ßurnalah.

2Pervyæ avtor naqal fftu rabotu – kak i rabotu [163] – v pervoæ polovine 1990-h godov, glavnym obrazom v Milane i Bilefel~de, qastiqno v Kffmbridße i Bar Ilane. ˚ iskrenne priznatelen mnogim svoim ital~Ønskim i nemeckim druz~Øm, v pervu¸ oqered~ Lino Di Martino i Toni Baku za neizmennu¸ podderßku v trudnoe vremØ. Imenno sovmestnye raboty s Di Martino i Evgeniem Plotkinym byli dlØ menØ osnovnym stimulom razrabotat~ Øvnye algoritmy vyqisleniæ v iskl¸qitel~nyh gruppah i zatabulirovat~ to, qto dlØ fftogo nußno. ˚ imel sqast~e obstoØtel~no obsußdat~ ffti voprosy so mnogimi luqximi specialistami po iskl¸- qitel~nym gruppam, v osobennosti s Maæklom Axbaherom, Gari Zeætcem, Rodßerom Karterom, Ar~e Koffnom, Br¸som Kupersteænom i Igorem Frenkelem. Mnogie momenty stali mne Øsny imenno v rezul~tate fftih besed. V poslednie gody novyæ stimul vernut~sØ k ffti voprosam i dovesti ih do konca byl dan rabotami moih uqenikov, v kotoryh poluqen zameqatel~nyæ progress v nekotoryh iz fftih napravleniæ: [7–9], [13, 15, 19, 127]. Vsem im Ø gluboko blagodaren. N.V.

38 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

Tablica 1. Poloßitel~nye korni E6

1^{10000}_0 = (0, �1, 1, 0, 0, 0, 0)^{00000}_1 = (1, 1, 1, 1, 0, 0, 0)

01000 0 = (0, 0, �1, 1, 0, 0, 0) 00100 0 = (0, 0, 0, �1, 1, 0, 0)

00010 0 = (0, 0, 0, 0, �1, 1, 0) 00001 0 = (0, 0, 0, 0, 0, �1, 1)

2^{11000}_0 = (0, �1, 0, 1, 0, 0, 0)^{00100}_1 = (1, 1, 1, 0, 1, 0, 0)

01100 0 = (0, 0, �1, 0, 1, 0, 0) 00110 0 = (1, 1, 0, 1, 1, 0, 0)

00011 0 = (0, 0, 0, 0, �1, 0, 1)

3^{11100}_0 = (0, �1, 0, 0, 1, 0, 0)^{01100}_1 = (1, 1, 0, 1, 1, 0, 0)

00110 1 = (1, 1, 1, 0, 0, 1, 0) 01110 0 = (0, 0, �1, 0, 0, 1, 0)

00111 0 = (0, 0, 0, �1, 0, 0, 1)

4^{11100}_1 = (1, 0, 1, 1, 1, 0, 0)^{11110}_0 = (0, �1, 0, 0, 0, 1, 0)

01110 1 = (1, 1, 0, 1, 0, 1, 0) 00111 1 = (1, 1, 1, 0, 0, 0, 1)

01111 0 = (0, 0, �1, 0, 0, 0, 1)

5^{11110}_1 = (1, 0, 1, 1, 0, 1, 0)^{11111}_0 = (0, �1, 0, 0, 0, 0, 1)

01210 1 = (1, 1, 0, 0, 1, 1, 0) 01111 1 = (1, 1, 0, 1, 0, 0, 1)

6^{11210}_1 = (1, 0, 1, 0, 1, 1, 0)^{11111}_1 = (1, 0, 1, 1, 0, 0, 1)

01211 1 = (1, 1, 0, 0, 1, 0, 1)

7^{12210}_1 = (1, 0, 0, 1, 1, 1, 0)^{11211}_1 = (1, 0, 1, 0, 1, 0, 1)

01221 1 = (1, 1, 0, 0, 0, 1, 1)

8^{12211}_1 = (1, 0, 0, 1, 1, 0, 1)^{11221}_1 = (1, 0, 1, 0, 0, 1, 1)

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 39

9^{12221}_1 = (1, 0, 0, 1, 0, 1, 1)

10^{12321}_1 = (1, 0, 0, 0, 1, 1, 1)

11^{12321}_2 = (2, 1, 1, 1, 1, 1, 1)

Tablica 2. Poloßitel~nye korni E7

1^{100000}_0 = (0, �1, 1, 0, 0, 0, 0, 0)^{000000}_1 = (1, 1, 1, 1, 0, 0, 0, 0)

010000 0 = (0, 0, �1, 1, 0, 0, 0, 0) 001000 0 = (0, 0, 0, �1, 1, 0, 0, 0)

000100 0 = (0, 0, 0, 0, �1, 1, 0, 0) 000010 0 = (0, 0, 0, 0, 0, �1, 1, 0)

000001 0 = (0, 0, 0, 0, 0, 0, �1, 1)

2^{110000}_0 = (0, �1, 0, 1, 0, 0, 0, 0)^{001000}_1 = (1, 1, 1, 0, 1, 0, 0, 0)

011000 0 = (0, 0, �1, 0, 1, 0, 0, 0) 001100 0 = (0, 0, 0, �1, 0, 1, 0, 0)

000110 0 = (0, 0, 0, 0, �1, 0, 1, 0) 000011 0 = (0, 0, 0, 0, 0, �1, 0, 1)

3^{111000}_0 = (0, �1, 0, 0, 1, 0, 0, 0)^{011000}_1 = (1, 1, 0, 1, 1, 0, 0, 0)

001100 1 = (1, 1, 1, 0, 0, 1, 0, 0) 011100 0 = (0, 0, �1, 0, 0, 1, 0, 0)

001110 0 = (0, 0, 0, �1, 0, 0, 1, 0) 000111 0 = (0, 0, 0, 0, �1, 0, 0, 1)

4^{111000}_1 = (1, 0, 1, 1, 1, 0, 0, 0)^{111100}_0 = (0, �1, 0, 0, 0, 1, 0, 0)

011100 1 = (1, 1, 0, 1, 0, 1, 0, 0) 001110 1 = (1, 1, 1, 0, 0, 0, 1, 0)

011110 0 = (0, 0, �1, 0, 0, 0, 1, 0) 001111 0 = (0, 0, 0, �1, 0, 0, 0, 1)

40 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

5^{111100}_1 = (1, 0, 1, 1, 0, 1, 0, 0)^{111110}_0 = (0, �1, 0, 0, 0, 0, 1, 0)

012100 1 = (1, 1, 0, 0, 1, 1, 0, 0) 011110 1 = (1, 1, 0, 1, 0, 0, 1, 0)

001111 1 = (1, 1, 1, 0, 0, 0, 0, 1) 011111 0 = (0, 0, �1, 0, 0, 0, 0, 1)

6^{112100}_1 = (1, 0, 1, 0, 1, 1, 0, 0)^{111110}_1 = (1, 0, 1, 1, 0, 0, 1, 0)

111111 0 = (0, �1, 0, 0, 0, 0, 0, 1) 012110 1 = (1, 1, 0, 0, 1, 0, 1, 0)

011111 1 = (1, 1, 0, 1, 0, 0, 0, 1)

7^{122100}_1 = (1, 0, 0, 1, 1, 1, 0, 0)^{112110}_1 = (1, 0, 1, 0, 1, 0, 1, 0)

111111 1 = (1, 0, 1, 1, 0, 0, 0, 1) 012210 1 = (1, 1, 0, 0, 0, 1, 1, 0)

012111 1 = (1, 1, 0, 0, 1, 0, 0, 1)

8^{122110}_1 = (1, 0, 0, 1, 1, 0, 1, 0)^{112210}_1 = (1, 0, 1, 0, 0, 1, 1, 0)

112111 1 = (1, 0, 1, 0, 1, 0, 0, 1) 012211 1 = (1, 1, 0, 0, 0, 1, 0, 1)

9^{122210}_1 = (1, 0, 0, 1, 0, 1, 1, 0)^{122111}_1 = (1, 0, 0, 1, 1, 0, 0, 1)

112211 1 = (1, 0, 1, 0, 0, 1, 0, 1) 012221 1 = (1, 1, 0, 0, 0, 0, 1, 1)

10^{123210}_1 = (1, 0, 0, 0, 1, 1, 1, 0)^{122211}_1 = (1, 0, 0, 1, 0, 1, 0, 1)

112221 1 = (1, 0, 1, 0, 0, 0, 1, 1)

11^{123210}_2 = (2, 1, 1, 1, 1, 1, 1, 0)^{123211}_1 = (1, 0, 0, 0, 1, 1, 0, 1)

122221 1 = (1, 0, 0, 1, 0, 0, 1, 1)

12^{123211}_2 = (2, 1, 1, 1, 1, 1, 0, 1)^{123221}_1 = (1, 0, 0, 0, 1, 0, 1, 1)

13^{123221}_2 = (2, 1, 1, 1, 1, 0, 1, 1)^{123321}_1 = (1, 0, 0, 0, 0, 1, 1, 1)

14^{123321}_2 = (2, 1, 1, 1, 0, 1, 1, 1)

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 41

15^{124321}_2 = (2, 1, 1, 0, 1, 1, 1, 1)

16^{134321}_2 = (2, 1, 0, 1, 1, 1, 1, 1)

17^{234321}_2 = (2, 0, 1, 1, 1, 1, 1, 1)

Tablica 3. Vesa V (ϖ1 )

8^1_3 ı_{45642} 3 ȷ_{= 10000} 0 = (1, �^1_3 ,^2_3 ,^2_3 ,^2_3 ,^2_3 ,^2_3 )

7^1_3 ı_{15642} 3 ȷ_{= 11000} 0 = (1,^2_3 , �^1_3 ,^2_3 ,^2_3 ,^2_3 ,^2_3 )

6^1_3 ı_{12642} 3 ȷ_{= 01100} 0 = (1,^2_3 ,^2_3 , �^1_3 ,^2_3 ,^2_3 ,^2_3 )

5^1_3 ı_{12342} 3 ȷ_{= 00110} 1 = (1,^2_3 ,^2_3 ,^2_3 , �^1_3 ,^2_3 ,^2_3 )

4^1_3 ı_{12342} 0 ȷ_{= 00010} 1 = (0, �^1_3 , �^1_3 , �^1_3 , �^1_3 ,^2_3 ,^2_3 )

1 3 ı_{12312} 3 ȷ_{= 00011} 1 = (1,^2_3 ,^2_3 ,^2_3 ,^2_3 , �^1_3 ,^2_3 )

3^1_3 ı_{12312} 0 ȷ_{= 00111} 1 = (0, �^1_3 , �^1_3 , �^1_3 ,^2_3 , �^1_3 ,^2_3 )

1 3 ı_{12311} 3 ȷ_{= 00001} 1 = (1,^2_3 ,^2_3 ,^2_3 ,^2_3 ,^2_3 , �^1_3 )

2^1_3 ı_{12012} 0 ȷ_{= 01101} 0 = (0, �^1_3 , �^1_3 ,^2_3 , �^1_3 , �^1_3 ,^2_3 )

1 3 ı_{12311} 0 ȷ_{= 00101} 1 = (0, �^1_3 , �^1_3 , �^1_3 ,^2_3 ,^2_3 , �^1_3 )

1^1_3 ı_{11012} 0 ȷ_{= 11001} 0 = (0, �^1_3 ,^2_3 , �^1_3 , �^1_3 , �^1_3 ,^2_3 )

1 3 ı_{12011} 0 ȷ_{= 01111} 0 = (0, �^1_3 , �^1_3 ,^2_3 , �^1_3 ,^2_3 , �^1_3 )

0^1_3 ı_{21012} 0 ȷ_{= 10001} 0 = (0,^2_3 , �^1_3 , �^1_3 , �^1_3 , �^1_3 ,^2_3 )

42 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER 1 3 ı_{11011} 0 ȷ_{= 11011} 0 = (0, �^1_3 ,^2_3 , �^1_3 , �^1_3 ,^2_3 , �^1_3 )

1 3 ı_{12021} 0 ȷ_{= 01010} 0 = (0, �^1_3 , �^1_3 ,^2_3 ,^2_3 , �^1_3 , �^1_3 )

�1^1_3^{ı21011}_0^ȷ =^{10011}_0 = (0,^2_3 , �^1_3 , �^1_3 , �^1_3 ,^2_3 , �^1_3 ) 1 3 ı_{11021} 0 ȷ_{= 11110} 0 = (0, �^1_3 ,^2_3 , �^1_3 ,^2_3 , �^1_3 , �^1_3 )

�2^1_3^{ı21021}_0^ȷ =^{10110}_0 = (0,^2_3 , �^1_3 , �^1_3 ,^2_3 , �^1_3 , �^1_3 ) 1 3 ı_{11321} 0 ȷ_{= 10100} 1 = (0, �^1_3 ,^2_3 ,^2_3 , �^1_3 , �^1_3 , �^1_3 )

�3^1_3^{ı21321}_0^ȷ =^{11100}_1 = (0,^2_3 , �^1_3 ,^2_3 , �^1_3 , �^1_3 , �^1_3 ) 1 3 ı_{11321} 3 ȷ_{= 10000} 1 = (�1, �^4_3 , �^1_3 , �^1_3 , �^1_3 , �^1_3 , �^1_3 )

�4^1_3^{ı21321}_3^ȷ =^{11000}_1 = (�1, �^1_3 , �^4_3 , �^1_3 , �^1_3 , �^1_3 , �^1_3 ) 1 3 ı_{24321} 0 ȷ_{= 01000} 1 = (0,^2_3 ,^2_3 , �^1_3 , �^1_3 , �^1_3 , �^1_3 )

�5^1_3^{ı24321}_3^ȷ =^{01100}_1 = (�1, �^1_3 , �^1_3 , �^4_3 , �^1_3 , �^1_3 , �^1_3 )

�6^1_3^{ı24621}_3^ȷ =^{00110}_0 = (�1, �^1_3 , �^1_3 , �^1_3 , �^4_3 , �^1_3 , �^1_3 )

�7^1_3^{ı24651}_3^ȷ =^{00011}_0 = (�1, �^1_3 , �^1_3 , �^1_3 , �^1_3 , �^4_3 , �^1_3 )

�8^1_3^{ı24654}_3^ȷ =^{00001}_0 = (�1, �^1_3 , �^1_3 , �^1_3 , �^1_3 , �^1_3 , �^4_3 )

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 43

Tablica 4. Vesa V (ϖ1) kak korni E7

1^{000001}_0 = (0, 0, 0, 0, 0, 0, �1, 1) 2^{000011}_0 = (0, 0, 0, 0, 0, �1, 0, 1) 3^{000111}_0 = (0, 0, 0, 0, �1, 0, 0, 1) 4^{001111}_0 = (0, 0, 0, �1, 0, 0, 0, 1) 5^{001111}_1 = (1, 1, 1, 0, 0, 0, 0, 1)^{011111}_0 = (0, 0, �1, 0, 0, 0, 0, 1) 6^{111111}_0 = (0, �1, 0, 0, 0, 0, 0, 1)^{011111}_1 = (1, 1, 0, 1, 0, 0, 0, 1) 7^{111111}_1 = (1, 0, 1, 1, 0, 0, 0, 1)^{012111}_1 = (1, 1, 0, 0, 1, 0, 0, 1) 8^{112111}_1 = (1, 0, 1, 0, 1, 0, 0, 1)^{012211}_1 = (1, 1, 0, 0, 0, 1, 0, 1) 9^{122111}_1 = (1, 0, 0, 1, 1, 0, 0, 1)^{112211}_1 = (1, 0, 1, 0, 0, 1, 0, 1)

012221 1 = (1, 1, 0, 0, 0, 0, 1, 1)

10^{122211}_1 = (1, 0, 0, 1, 0, 1, 0, 1)^{112221}_1 = (1, 0, 1, 0, 0, 0, 1, 1) 11^{123211}_1 = (1, 0, 0, 0, 1, 1, 0, 1)^{122221}_1 = (1, 0, 0, 1, 0, 0, 1, 1) 12^{123211}_2 = (2, 1, 1, 1, 1, 1, 0, 1)^{123221}_1 = (1, 0, 0, 0, 1, 0, 1, 1) 13^{123221}_2 = (2, 1, 1, 1, 1, 0, 1, 1)^{123321}_1 = (1, 0, 0, 0, 0, 1, 1, 1) 14^{123321}_2 = (2, 1, 1, 1, 0, 1, 1, 1) 15^{124321}_2 = (2, 1, 1, 0, 1, 1, 1, 1) 16^{134321}_2 = (2, 1, 0, 1, 1, 1, 1, 1) 17^{234321}_2 = (2, 0, 1, 1, 1, 1, 1, 1)

44 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

Tablica 5. Strukturnye konstanty G(E_6, R) 1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

1 0 1 0 0 0

0 1 0 1 0 0

0 0 1 1 0 0

0 0 0 1 1 0

0 0 0 0 1 1

1 0 1 1 0 0

0 1 1 1 0 0

0 1 0 1 1 0

0 0 1 1 1 0

0 0 0 1 1 1

1 1 1 1 0 0

1 0 1 1 1 0

0 1 1 1 1 0

0 1 0 1 1 1

0 0 1 1 1 1

1 1 1 1 1 0

1 0 1 1 1 1

0 1 1 2 1 0

0 1 1 1 1 1

1 1 1 2 1 0

1 1 1 1 1 1

0 1 1 2 1 1

1 1 2 2 1 0

1 1 1 2 1 1

0 1 1 2 2 1

1 1 2 2 1 1

1 1 1 2 2 1

1 1 2 2 2 1

1 1 2 3 2 1

1 2 2 3 2 1 100000 00+0 0 0 0 0 +0 0 0 +0 + 0 00 +0 +0 0 ++ 0 0 +00 +0 0 0 0 0 010000 000 +0 0 0 0 ++ 0 +0 0 + +0+0 0 +0 +0 0 0 0 0 00 0 0 0 0 + 0 001000 –00 +0 0 0 +0 + 0 0 0 +0 +00 0 + 0 0 0 0 0 +0 0 0+ 0 0 +0 0 0 000100 0–– 0 + 0 – 0 0 0 +0 0 0 0 0 00 +0 0 +0 0 + 0 +0 00 0 0 0 +0 0 000010 000 – 0 +0 – – 0 0 – – 0 0 0 –0 0 0 0 0 0 0 0 0 0 +0+ 0 +0 0 0 0 000001 000 0 – 0 0 0 0 – 0 0 0 – – 0 0– – 0 0 – 0 – 0 – 0 0 –0 0 0 0 0 0 0 101000 000 +0 0 0 +0 + 0 0 0 +0 +00 0 + 0 0 0 – 0 0 0 – 00 – 0 0 0 0 0 010100 00– 0 + 0 – 0 0 0 +0 0 0 – 0 0– 0 0 – 0 – 0 0 0 0 0 00 0 0 0 +0 0 001100 ––0 0 + 0 0 0 0 0 +0 0 – 0 0 00 0 – 0 +0 0 0 0 +0 00 0 0 – 0 0 0 000110 0–– 0 0 +– 0 0 0 0 0 – 0 0 0 –0 0 0 0 0 0 0 – 0 – 0 00 0 +0 0 0 0 000011 000 – 0 0 0 – – 0 0 – – 0 0 0 –0 0 0 0 0 0 – 0 – 0 0 –0 0 0 0 0 0 0 101100 0–0 0 + 0 0 0 0 0 +0 0 – 0 0 00 – – 0 0 0 0 – 0 0 0 00 +0 0 0 0 0 011100 –00 0 + 0 0 0 0 + +0 0 0 0 +0– 0 0 0 0 – 0 0 0 0 0 00 0 0 – 0 0 0 010110 00– 0 0 +– 0 +0 0 +0 0 0 0 00 0 0 +0 +0 0 0 0 0 00 0 +0 0 0 0 001110 ––0 0 0 +0 +0 0 0 0 0 0 0 0 –0 0 + 0 0 0 0 0 0 – 0 0– 0 0 0 0 0 0 000111 0–– 0 0 0 – 0 0 0 0 0 – 0 0 0 –0 +0 0 +0 0 0 0 0 0 –0 0 0 0 0 0 0 111100 000 0 + 0 0 0 0 + +0 0 0 + +00 0 0 +0 0 0 0 0 0 0 00 +0 0 0 0 0 101110 0–0 0 0 +0 +0 0 0 0 +0 0 0 00 0 + 0 0 0 0 + 0 0 +00 0 0 0 0 0 0 011110 –00 – 0 +0 0 0 0 0 +0 0 0 – 00 0 0 0 0 +0 0 0 0 0 0– 0 0 0 0 0 0 010111 00– 0 0 0 – 0 +0 0 +0 0 – 0 0– 0 0 0 0 0 0 0 0 0 0 –0 0 0 0 0 0 0 001111 ––0 0 0 0 0 +0 0 0 0 0 – 0 0 –0 0 0 0 +0 0 0 +0 0 00 0 0 0 0 0 0 111110 000 – 0 +0 0 – 0 0 0 0 0 0 – 00 0 0 – 0 0 0 0 0 0 +00 0 0 0 0 0 0 101111 0–0 0 0 0 0 +0 0 0 0 +– 0 0 00 – 0 0 0 0 – 0 0 0 0 00 0 0 0 0 0 0 011210 –00 0 0 ++0 0 0 +0 0 0 0 0 00 0 0 0 0 +0 0 0 +0 00 0 0 0 0 0 0 011111 –00 – 0 0 0 0 0 + 0 +0 0 0 0 0– 0 0 0 0 0 0 0 +0 0 00 0 0 0 0 0 0 111210 00– 0 0 +0 0 0 0 +0 0 0 0 0 00 0 0 – 0 0 0 – 0 0 0 00 0 0 0 0 0 0 111111 000 – 0 0 0 0 – + 0 0 0 0 + 0 00 0 0 0 0 0 – 0 0 0 0 00 0 0 0 0 0 0 011211 –00 0 – 0 +0 0 0 0 0 0 0 0 0 0– 0 0 0 – 0 0 0 0 0 0 00 0 0 0 0 0 0 112210 000 0 0 +0 0 0 0 +0 0 0 0 +00 0 + 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 111211 00– 0 – 0 0 0 0 0 0 0 0 0 + 0 00 +0 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 011221 –00 0 0 0 +0 0 0 0 – 0 0 0 0 –0 0 0 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 112211 000 0 – 0 0 0 0 – 0 0 0 – 0 0 00 0 0 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 111221 00– 0 0 0 0 0 +0 0 0 +0 0 0 00 0 0 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 112221 000 – 0 0 0 – 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 112321 0–0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 122321 000 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 45

Tablica 6. Strukturnye konstanty V (ϖ_1) 0 0 0 0 0 0 1

0 0 0 0 0 1 1

0 0 0 0 1 1 1

0 0 0 1 1 1 1

0 0 1 1 1 1 1

0 1 0 1 1 1 1

1 0 1 1 1 1 1

0 1 1 1 1 1 1

1 1 1 1 1 1 1

0 1 1 2 1 1 1

1 1 1 2 1 1 1

0 1 1 2 2 1 1

1 1 2 2 1 1 1

1 1 1 2 2 1 1

0 1 1 2 2 2 1

1 1 2 2 2 1 1

1 1 1 2 2 2 1

1 1 2 3 2 1 1

1 1 2 2 2 2 1

1 2 2 3 2 1 1

1 1 2 3 2 2 1

1 2 2 3 2 2 1

1 1 2 3 3 2 1

1 2 2 3 3 2 1

1 2 2 4 3 2 1

1 2 3 4 3 2 1

2 2 3 4 3 2 1 100000 0 0 0 0 0 + 0 + 0 + 0 + 0 0 + 0 0 0 0 0 0 0 0 0 0 + 0 010000 0 0 0 + 0 + + 0 0 0 0 0 0 0 0 0 0 + 0 0 + 0 + 0 0 0 0 001000 0 0 0 + + 0 0 0 0 0 + 0 0 + 0 0 + 0 0 0 0 0 0 0 + 0 0 000100 0 0 + 0 0 0 0 + + 0 0 0 0 0 0 + 0 0 + 0 0 0 0 + 0 0 0 000010 0 + 0 0 0 0 0 0 0 + + 0 + 0 0 0 0 0 0 0 + + 0 0 0 0 0 000001 + 0 0 0 0 0 0 0 0 0 0 + 0 + 0 + 0 + 0 + 0 0 0 0 0 0 0 101000 0 0 0 + + 0 0 0 0 � 0 � 0 0 � 0 0 0 0 0 0 0 0 0 + 0 0 010100 0 0 + 0 0 � � 0 0 0 0 0 0 0 0 + 0 0 + 0 0 0 � 0 0 0 0 001100 0 0 + 0 � 0 0 0 + 0 0 0 0 � 0 0 � 0 0 0 0 0 0 + 0 0 0 000110 0 + 0 0 0 0 0 � � 0 0 0 + 0 0 0 0 0 � 0 0 + 0 0 0 0 0 000011 + 0 0 0 0 0 0 0 0 � � 0 � 0 0 0 0 + 0 + 0 0 0 0 0 0 0 101100 0 0 + 0 � 0 0 � 0 0 0 + 0 0 + 0 0 0 0 0 0 0 0 + 0 0 0 011100 0 0 + + 0 0 � 0 0 0 0 0 0 � 0 0 � 0 0 0 0 0 � 0 0 0 0 010110 0 + 0 0 0 + + 0 0 0 0 0 + 0 0 0 0 0 � 0 � 0 0 0 0 0 0 001110 0 + 0 0 + 0 0 0 � 0 � 0 0 0 0 0 + 0 0 0 0 + 0 0 0 0 0 000111 + 0 0 0 0 0 0 + + 0 0 0 � 0 0 � 0 0 0 + 0 0 0 0 0 0 0 111100 0 0 + + 0 + 0 0 0 0 0 + 0 0 + 0 0 0 0 0 0 0 � 0 0 0 0 101110 0 + 0 0 + 0 0 + 0 + 0 0 0 0 � 0 0 0 0 0 0 + 0 0 0 0 0 011110 0 + 0 � 0 0 + 0 0 0 � 0 0 0 0 0 + 0 0 0 � 0 0 0 0 0 0 010111 + 0 0 0 0 � � 0 0 0 0 0 � 0 0 � 0 � 0 0 0 0 0 0 0 0 0 001111 + 0 0 0 � 0 0 0 + 0 + 0 0 + 0 0 0 0 0 + 0 0 0 0 0 0 0 111110 0 + 0 � 0 � 0 0 0 + 0 0 0 0 � 0 0 0 0 0 � 0 0 0 0 0 0 101111 + 0 0 0 � 0 0 � 0 � 0 � 0 0 0 0 0 0 0 + 0 0 0 0 0 0 0 011210 0 + + 0 0 0 + 0 + 0 0 0 0 0 0 0 + 0 + 0 0 0 0 0 0 0 0 011111 + 0 0 + 0 0 � 0 0 0 + 0 0 + 0 0 0 � 0 0 0 0 0 0 0 0 0 111210 0 + + 0 0 � 0 � 0 0 0 0 0 0 � 0 0 0 + 0 0 0 0 0 0 0 0 111111 + 0 0 + 0 + 0 0 0 � 0 � 0 0 0 0 0 � 0 0 0 0 0 0 0 0 0 011211 + 0 � 0 0 0 � 0 � 0 0 0 0 + 0 + 0 0 0 0 0 0 0 0 0 0 0 112210 0 + + + + 0 0 0 0 0 0 0 0 0 � 0 � 0 0 0 0 0 0 0 0 0 0 111211 + 0 � 0 0 + 0 + 0 0 0 � 0 0 0 + 0 0 0 0 0 0 0 0 0 0 0 011221 + + 0 0 0 0 � 0 � 0 � 0 � 0 0 0 0 0 0 0 0 0 0 0 0 0 0 112211 + 0 � � � 0 0 0 0 0 0 � 0 � 0 0 0 0 0 0 0 0 0 0 0 0 0 111221 + + 0 0 0 + 0 + 0 + 0 0 � 0 0 0 0 0 0 0 0 0 0 0 0 0 0 112221 + + 0 � � 0 0 0 0 + + 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 112321 + + + 0 � 0 0 � � 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 122321 + + + + 0 + + 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

46 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

Tablica 7. Matrica znakov V (ϖ_1) 0 0 0 0 0 0 1

0 0 0 0 0 1 1

0 0 0 0 1 1 1

0 0 0 1 1 1 1

0 0 1 1 1 1 1

0 1 0 1 1 1 1

1 0 1 1 1 1 1

0 1 1 1 1 1 1

1 1 1 1 1 1 1

0 1 1 2 1 1 1

1 1 1 2 1 1 1

0 1 1 2 2 1 1

1 1 2 2 1 1 1

1 1 1 2 2 1 1

0 1 1 2 2 2 1

1 1 2 2 2 1 1

1 1 1 2 2 2 1

1 1 2 3 2 1 1

1 1 2 2 2 2 1

1 2 2 3 2 1 1

1 1 2 3 2 2 1

1 2 2 3 2 2 1

1 1 2 3 3 2 1

1 2 2 3 3 2 1

1 2 2 4 3 2 1

1 2 3 4 3 2 1

2 2 3 4 3 2 1 0000001 0 + + + + + + + + + + + + + 0 + 0 + 0 + 0 0 0 0 0 0 0 0000011 + 0 + + + + + + + + + 0 + 0 + 0 + 0 + 0 + + 0 0 0 0 0 0000111 + + 0 + + + + + + 0 0 + 0 + � + � 0 � 0 0 0 + + 0 0 0 0001111 + + + 0 + + + 0 0 + + � 0 � + 0 + + 0 0 � 0 � 0 + 0 0 0011111 + + + + 0 0 0 + + � � + 0 + � 0 � 0 0 + 0 � 0 � � 0 0 0101111 + + + + 0 0 + + 0 � 0 + + 0 � � 0 � + 0 + 0 + 0 0 + 0 1011111 + + + + 0 + 0 0 + 0 � 0 � + 0 + � + � 0 � 0 � 0 0 0 + 0111111 + + + 0 + + 0 0 + + 0 � � 0 + + 0 0 � � 0 + 0 + 0 � 0 1111111 + + + 0 + 0 + + 0 0 + 0 + � 0 � + 0 + + 0 � 0 � 0 0 � 0112111 + + 0 + � � 0 + 0 0 + + � 0 � 0 0 + 0 + � � 0 0 + + 0 1112111 + + 0 + � 0 � 0 + + 0 0 + + 0 0 � � 0 � + + 0 0 � 0 + 0112211 + 0 + � + + 0 � 0 + 0 0 0 + + � 0 + 0 + 0 0 � � � � 0 1122111 + + 0 0 0 + � � + � + 0 0 0 0 + 0 + � + � � 0 0 0 � � 1112211 + 0 + � + 0 + 0 � 0 + + 0 0 0 + + � 0 � 0 0 + + + 0 � 0112221 0 + � + � � 0 + 0 � 0 + 0 0 0 0 + 0 � 0 + + � � � � 0 1122211 + 0 + 0 0 � + + � 0 0 � + + 0 0 0 + + + 0 0 � � 0 + + 1112221 0 + � + � 0 � 0 + 0 � 0 0 + + 0 0 0 + 0 � � + + + 0 � 1123211 + 0 0 + 0 � + 0 0 + � + + � 0 + 0 0 0 + + 0 + 0 � � � 1122221 0 + � 0 0 + � � + 0 0 0 � 0 � + + 0 0 0 + + � � 0 + + 1223211 + 0 0 0 + 0 0 � + + � + + � 0 + 0 + 0 0 0 + 0 + + + + 1123221 0 + 0 � 0 + � 0 0 � + 0 � 0 + 0 � + + 0 0 + + 0 � � � 1223221 0 + 0 0 � 0 0 + � � + 0 � 0 + 0 � 0 + + + 0 0 + + + + 1123321 0 0 + � 0 + � 0 0 0 0 � 0 + � � + + � 0 + 0 0 + � � � 1223321 0 0 + 0 � 0 0 + � 0 0 � 0 + � � + 0 � + 0 + + 0 + + + 1224321 0 0 0 + � 0 0 0 0 + � � 0 + � 0 + � 0 + � + � + 0 + + 1234321 0 0 0 0 0 + 0 � 0 + 0 � � 0 � + 0 � + + � + � + + 0 + 2234321 0 0 0 0 0 0 + 0 � 0 + 0 � � 0 + � � + + � + � + + + 0

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 47

Tablica 8. Numeracii vesov: estestvennaØ, A_5 i D_5 1^{234321}_2^{234321}_2^{234321}_2 2^{134321}_2^{134321}_2^{134321}_2 3^{124321}_2^{124321}_2^{124321}_2 4^{123321}_2^{123321}_2^{123321}_2 5^{123321}_1^{123221}_2^{123321}_1 6^{123221}_2^{123211}_2^{123221}_2 7^{123221}_1^{123321}_1^{123221}_1 8^{123211}_2^{123221}_1^{123211}_2 9^{122221}_1^{122221}_1^{122221}_1 10^{123211}_1^{123211}_1^{123211}_1 11^{112221}_1^{112221}_1^{112221}_1 12^{122211}_1^{122211}_1^{122211}_1 13^{012221}_1^{012221}_1^{112211}_1 14^{112211}_1^{112211}_1^{122111}_1 15^{122111}_1^{122111}_1^{112111}_1 16^{012211}_1^{012211}_1^{111111}_1 17^{112111}_1^{112111}_1^{111111}_0 18^{012111}_1^{012111}_1^{012221}_1 19^{111111}_1^{111111}_1^{012211}_1 20^{011111}_1^{011111}_1^{012111}_1 21^{111111}_0^{001111}_1^{011111}_1

48 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

22^{011111}_0^{111111}_0^{011111}_0 23^{001111}_1^{011111}_0^{001111}_1 24^{001111}_0^{001111}_0^{001111}_0 25^{000111}_0^{000111}_0^{000111}_0 26^{000011}_0^{000011}_0^{000011}_0 27^{000001}_0^{000001}_0^{000001}_0

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 49

Tablica 9. Matrica znakov: estestvennaØ numeraciØ vesov

1 2 3 4 5 6 7 8 9 1 0 1 1 1 2 1 3 1 4 1 5 1 6 1 7 1 8 1 9 2 0 2 1 2 2 2 3 2 4 2 5 2 6 2 7 1 0 + + + � + � + + � � + 0 � � 0 + 0 � 0 + 0 0 0 0 0 0 2 + 0 + + � + � + + � 0 + � 0 � � 0 + 0 � 0 + 0 0 0 0 0 3 + + 0 + � + � + 0 � + 0 � + 0 � � + 0 0 0 0 � + 0 0 0 4 + + + 0 + + 0 + � 0 + � � + 0 � 0 0 � + 0 0 � 0 + 0 0

5 � � � + 0 0 + 0 � + + � � + 0 � 0 0 0 0 � + 0 � + 0 0

6 + + + + 0 0 + + + 0 � 0 + 0 � 0 + � � + 0 0 � 0 0 + 0

7 � � � 0 + + 0 0 + + � 0 + 0 � 0 + � 0 0 � + 0 � 0 + 0

8 + + + + 0 + 0 0 0 + 0 + 0 � + + � + + � 0 0 + 0 0 0 + 9 + + 0 � � + + 0 0 0 + + � 0 � 0 0 0 + � � + 0 0 � + 0

10 � � � 0 + 0 + + 0 0 0 + 0 � + + � + 0 0 + � 0 + 0 0 + 11 � 0 + + + � � 0 + 0 0 0 + + 0 0 � 0 + 0 � 0 � + � + 0

12 + + 0 � � 0 0 + + + 0 0 0 + + � 0 0 � + + � 0 0 + 0 + 13 0 � � � � + + 0 � 0 + 0 0 0 0 + 0 � 0 + 0 � � + � + 0

14 � 0 + + + 0 0 � 0 � + + 0 0 0 + + 0 � 0 + 0 + � + 0 + 15 � � 0 0 0 � � + � + 0 + 0 0 0 0 + � + � � + 0 0 0 + +

16 0 � � � � 0 0 + 0 + 0 � + + 0 0 0 + 0 � 0 + + � + 0 + 17 + 0 � 0 0 + + � 0 � � 0 0 + + 0 0 + + 0 � 0 � + 0 + + 18 0 + + 0 0 � � + 0 + 0 0 � 0 � + + 0 0 + 0 � � + 0 + +

19 � 0 0 � 0 � 0 + + 0 + � 0 � + 0 + 0 0 + + 0 + 0 + + +

20 0 � 0 + 0 + 0 � � 0 0 + + 0 � � 0 + + 0 0 + + 0 + + + 21 + 0 0 0 � 0 � 0 � + � + 0 + � 0 � 0 + 0 0 + 0 + + + + 22 0 + 0 0 + 0 + 0 + � 0 � � 0 + + 0 � 0 + + 0 0 + + + + 23 0 0 � � 0 � 0 + 0 0 � 0 � + 0 + � � + + 0 0 0 + + + + 24 0 0 + 0 � 0 � 0 0 + + 0 + � 0 � + + 0 0 + + + 0 + + + 25 0 0 0 + + 0 0 0 � 0 � + � + 0 + 0 0 + + + + + + 0 + + 26 0 0 0 0 0 + + 0 + 0 + 0 + 0 + 0 + + + + + + + + + 0 + 27 0 0 0 0 0 0 0 + 0 + 0 + 0 + + + + + + + + + + + + + 0

50 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

Tablica 10. Kornevye fflementy: estestvennaØ numeraciØ vesov

e_{100000} = e_{1,2} + e_{11,13} + e_{14,16} + e_{17,18} + e_{19,20} + e_{21,22} e00000_1 = e_{4,5} + e_{6,7} + e_{8,10} + e_{19,21} + e_{20,22} + e_{23,24} e01000_0 = e_{2,3} + e_{9,11} + e_{12,14} + e_{15,17} + e_{20,23} + e_{22,24} e00100_0 = e_{3,4} + e_{7,9} + e_{10,12} + e_{17,19} + e_{18,20} + e_{24,25} e00010_0 = e_{4,6} + e_{5,7} + e_{12,15} + e_{14,17} + e_{16,18} + e_{25,26} e_{000010} = e_{6,8} + e_{7,10} + e_{9,12} + e_{11,14} + e_{13,16} + e_{26,27} e_{110000} = e_{1,3} − e_{9,13} − e_{12,16} − e_{15,18} + e_{19,23} + e_{21,24} e00100_1 = −e_{3,5} + e_{6,9} + e_{8,12} − e_{17,21} − e_{18,22} + e_{23,25} e01100_0 = e_{2,4} − e_{7,11} − e_{10,14} + e_{15,19} − e_{18,23} + e_{22,25} e00110_0 = e_{3,6} − e_{5,9} + e_{10,15} − e_{14,19} − e_{16,20} + e_{24,26} e00011_0 = e_{4,8} + e_{5,10} − e_{9,15} − e_{11,17} − e_{13,18} + e_{25,27} e_{111000} = e_{1,4} + e_{7,13} + e_{10,16} − e_{15,20} − e_{17,23} + e_{21,25} e_{011001} = −e_{2,5} − e_{6,11} − e_{8,14} − e_{15,21} + e_{18,24} + e_{20,25} e_{001101} = −e_{3,7} − e_{4,9} + e_{8,15} + e_{14,21} + e_{16,22} + e_{23,26} e01110_0 = e_{2,6} + e_{5,11} − e_{10,17} − e_{12,19} + e_{16,23} + e_{22,26} e00111_0 = e_{3,8} − e_{5,12} − e_{7,15} + e_{11,19} + e_{13,20} + e_{24,27} e11100_1 = −e_{1,5} + e_{6,13} + e_{8,16} + e_{15,22} + e_{17,24} + e_{19,25} e_{111100} = e_{1,6} − e_{5,13} + e_{10,18} + e_{12,20} + e_{14,23} + e_{21,26} e_{011101} = −e_{2,7} + e_{4,11} − e_{8,17} + e_{12,21} − e_{16,24} + e_{20,26} e_{001111} = −e_{3,10} − e_{4,12} − e_{6,15} − e_{11,21} − e_{13,22} + e_{23,27} e01111_0 = e_{2,8} + e_{5,14} + e_{7,17} + e_{9,19} − e_{13,23} + e_{22,27}

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 51 e11110_1 = −e_{1,7} − e_{4,13} + e_{8,18} − e_{12,22} − e_{14,24} + e_{19,26} e11111_0 = e_{1,8} − e_{5,16} − e_{7,18} − e_{9,20} − e_{11,23} + e_{21,27} e01210_1 = e_{2,9} + e_{3,11} + e_{8,19} + e_{10,21} + e_{16,25} + e_{18,26} e01111_1 = −e_{2,10} + e_{4,14} + e_{6,17} − e_{9,21} + e_{13,24} + e_{20,27} e_{112101} = e_{1,9} − e_{3,13} − e_{8,20} − e_{10,22} + e_{14,25} + e_{17,26} e_{111111} = −e_{1,10} − e_{4,16} − e_{6,18} + e_{9,22} + e_{11,24} + e_{19,27} e01211_1 = e_{2,12} + e_{3,14} − e_{6,19} − e_{7,21} − e_{13,25} + e_{18,27} e12210_1 = −e_{1,11} − e_{2,13} + e_{8,23} + e_{10,24} + e_{12,25} + e_{15,26} e11211_1 = e_{1,12} − e_{3,16} + e_{6,20} + e_{7,22} − e_{11,25} + e_{17,27} e01221_1 = −e_{2,15} − e_{3,17} − e_{4,19} − e_{5,21} + e_{13,26} + e_{16,27} e_{122111} = −e_{1,14} − e_{2,16} − e_{6,23} − e_{7,24} − e_{9,25} + e_{15,27} e_{112211} = −e_{1,15} + e_{3,18} + e_{4,20} + e_{5,22} + e_{11,26} + e_{14,27} e12221_1 = e_{1,17} + e_{2,18} − e_{4,23} − e_{5,24} + e_{9,26} + e_{12,27} e12321_1 = −e_{1,19} − e_{2,20} − e_{3,23} + e_{5,25} + e_{7,26} + e_{10,27} e12321_2 = e_{1,21} + e_{2,22} + e_{3,24} + e_{4,25} + e_{6,26} + e_{8,27}

Tablica 11. KubiqeskaØ forma: estestvennaØ numeraciØ vesov

Q(x) = x_1x_{13}x_{27} � x_1x_{16}x_{26} + x_1x_{18} x_{25} � x_1x_{20} x_{24} + x_1x_{22} x_{23}

� x2x11 x27 + x2x14 x26 � x2x17 x25 + x2x19 x24 � x2x21 x23

+ x_3x_9x_{27} � x_3x_{12}x_{26} + x_3x_{15}x_{25} � x_3x_{19}x_{22} + x_3x_{20} x_{21}

� x4x7x27 + x4x10x26 � x4x15x24 + x4x17x22 � x4x18 x21

+ x_5x_6x_{27} � x_5x_8x_{26} + x_5x_{15}x_{23} � x_5x_{17}x_{20} + x_5x_{18}x_{19}

� x6x10 x25 + x6x12 x24 � x6x14 x22 + x6x16 x21 + x7x8 x25 � x7x12 x23 + x7x14 x20 � x7x16 x19 � x8x9x24 + x8x11 x22 � x8x13 x21 + x9x10 x23 � x9x14 x18 + x9x16 x17 � x10 x11x20

+ x_{10}x_{13} x_{19} + x_{11} x_{12}x_{18} � x_{11}x_{15}x_{16} � x_{12}x_{13} x_{17} + x_{13}x_{14} x_{15}

52 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER f_1(x) = x_{13}x_{27} − x_{16}x_{26} + x_{18}x_{25} − x_{20}x_{24} + x_{22}x_{23} f_2(x) = −x_{11}x_{27} + x_{14}x_{26} − x_{17}x_{25} + x_{19}x_{24} − x_{21}x_{23} f_3(x) = x_9x_{27} − x_{12}x_{26} + x_{15}x_{25} − x_{19}x_{22} + x_{20}x_{21} f_4(x) = −x_7x_{27} + x_{10}x_{26} − x_{15}x_{24} + x_{17}x_{22} − x_{18}x_{21} f_5(x) = x_6x_{27} − x_8x_{26} + x_{15}x_{23} − x_{17}x_{20} + x_{18}x_{19} f_6(x) = x_5x_{27} − x_{10}x_{25} + x_{12}x_{24} − x_{14}x_{22} + x_{16}x_{21} f_7(x) = −x_4x_{27} + x_8x_{25} − x_{12}x_{23} + x_{14}x_{20} − x_{16}x_{19} f_8(x) = −x_5x_{26} + x_7x_{25} − x_9x_{24} + x_{11}x_{22} − x_{13}x_{21} f_9(x) = x_3x_{27} − x_8x_{24} + x_{10}x_{23} − x_{14}x_{18} + x_{16}x_{17} f_{10}(x) = x_4x_{26} − x_6x_{25} + x_9x_{23} − x_{11}x_{20} + x_{13}x_{19} f_{11}(x) = −x_2x_{27} + x_8x_{22} − x_{10}x_{20} + x_{12}x_{18} − x_{15}x_{16} f_{12}(x) = −x_3x_{26} + x_6x_{24} − x_7x_{23} + x_{11}x_{18} − x_{13}x_{17} f_{13}(x) = x_1x_{27} − x_8x_{21} + x_{10}x_{19} − x_{12}x_{17} + x_{14}x_{15} f_{14}(x) = x_2x_{26} − x_6x_{22} + x_7x_{20} − x_9x_{18} + x_{13}x_{15} f_{15}(x) = x_3x_{25} − x_4x_{24} + x_5x_{23} − x_{11}x_{16} + x_{13}x_{14} f_{16}(x) = −x_1x_{26} + x_6x_{21} − x_7x_{19} + x_9x_{17} − x_{11}x_{15} f_{17}(x) = −x_2x_{25} + x_4x_{22} − x_5x_{20} + x_9x_{16} − x_{12}x_{13} f_{18}(x) = x_1x_{25} − x_4x_{21} + x_5x_{19} − x_9x_{14} + x_{11}x_{12} f_{19}(x) = x_2x_{24} − x_3x_{22} + x_5x_{18} − x_7x_{16} + x_{10}x_{13} f_{20}(x) = −x_1x_{24} + x_3x_{21} − x_5x_{17} + x_7x_{14} − x_{10}x_{11} f_{21}(x) = −x_2x_{23} + x_3x_{20} − x_4x_{18} + x_6x_{16} − x_8x_{13} f_{22}(x) = x_1x_{23} − x_3x_{19} + x_4x_{17} − x_6x_{14} + x_8x_{11} f_{23}(x) = x_1x_{22} − x_2x_{21} + x_5x_{15} − x_7x_{12} + x_9x_{10} f_{24}(x) = −x_1x_{20} + x_2x_{19} − x_4x_{15} + x_6x_{12} − x_8x_9 f_{25}(x) = x_1x_{18} − x_2x_{17} + x_3x_{15} − x_6x_{10} + x_7x_8 f_{26}(x) = −x_1x_{16} + x_2x_{14} − x_3x_{12} + x_4x_{10} − x_5x_8 f_{27}(x) = x_1x_{13} − x_2x_{11} + x_3x_9 − x_4x_7 + x_5x_6

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 53

Tablica 12. Matrica znakov dlØ A_5-numeracii vesov

1 2 3 4 5 6 7 8 9 1 0 1 1 1 2 1 3 1 4 1 5 1 6 1 7 1 8 1 9 2 0 2 1 2 2 2 3 2 4 2 5 2 6 2 7 1 0 + + + + + − − + − − + 0 − − 0 + 0 − 0 0 + 0 0 0 0 0 2 + 0 + + + + − − + − 0 + − 0 − − 0 + 0 − 0 0 + 0 0 0 0 3 + + 0 + + + − − 0 − + 0 − + 0 − − + 0 0 − 0 0 + 0 0 0 4 + + + 0 + + + 0 − 0 + − − + 0 − 0 0 − + − 0 0 0 + 0 0 5 + + + + 0 + 0 + + 0 − 0 + 0 − 0 + − − + − 0 0 0 0 + 0 6 + + + + + 0 0 0 0 + 0 + 0 − + + − + + − + 0 0 0 0 0 + 7 − − − + 0 0 0 + − + + − − + 0 − 0 0 0 0 0 − + − + 0 0 8 − − − 0 + 0 + 0 + + − 0 + 0 − 0 + − 0 0 0 − + − 0 + 0 9 + + 0 − + 0 − + 0 0 + + − 0 − 0 0 0 + − 0 − + 0 − + 0 10 − − − 0 0 + + + 0 0 0 + 0 − + + − + 0 0 0 + − + 0 0 + 11 − 0 + + − 0 + − + 0 0 0 + + 0 0 − 0 + 0 − − 0 + − + 0 12 + + 0 − 0 + − 0 + + 0 0 0 + + − 0 0 − + 0 + − 0 + 0 + 13 0 − − − + 0 − + − 0 + 0 0 0 0 + 0 − 0 + − 0 − + − + 0 14 − 0 + + 0 − + 0 0 − + + 0 0 0 + + 0 − 0 + + 0 − + 0 + 15 − − 0 0 − + 0 − − + 0 + 0 0 0 0 + − + − 0 − + 0 0 + + 16 0 − − − 0 + − 0 0 + 0 − + + 0 0 0 + 0 − + 0 + − + 0 + 17 + 0 − 0 + − 0 + 0 − − 0 0 + + 0 0 + + 0 − − 0 + 0 + + 18 0 + + 0 − + 0 − 0 + 0 0 − 0 − + + 0 0 + − 0 − + 0 + + 19 − 0 0 − − + 0 0 + 0 + − 0 − + 0 + 0 0 + + + 0 0 + + + 20 0 − 0 + + − 0 0 − 0 0 + + 0 − − 0 + + 0 + 0 + 0 + + + 21 0 0 − − − + 0 0 0 0 − 0 − + 0 + − − + + 0 0 0 + + + + 22 + 0 0 0 0 0 − − − + − + 0 + − 0 − 0 + 0 0 0 + + + + + 23 0 + 0 0 0 0 + + + − 0 − − 0 + + 0 − 0 + 0 + 0 + + + + 24 0 0 + 0 0 0 − − 0 + + 0 + − 0 − + + 0 0 + + + 0 + + + 25 0 0 0 + 0 0 + 0 − 0 − + − + 0 + 0 0 + + + + + + 0 + + 26 0 0 0 0 + 0 0 + + 0 + 0 + 0 + 0 + + + + + + + + + 0 + 27 0 0 0 0 0 + 0 0 0 + 0 + 0 + + + + + + + + + + + + + 0

54 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

Tablica 13. Kornevye fflementy dlØ A_5-numeracii vesov

e_{100000} = e_{1,2} + e_{11,13} + e_{14,16} + e_{17,18} + e_{19,20} + e_{22,23} e00000_1 = e_{4,7} + e_{5,8} + e_{6,10} + e_{19,22} + e_{20,23} + e_{21,24} e01000_0 = e_{2,3} + e_{9,11} + e_{12,14} + e_{15,17} + e_{20,21} + e_{23,24} e00100_0 = e_{3,4} + e_{8,9} + e_{10,12} + e_{17,19} + e_{18,20} + e_{24,25} e00010_0 = e_{4,5} + e_{7,8} + e_{12,15} + e_{14,17} + e_{16,18} + e_{25,26} e_{000010} = e_{5,6} + e_{8,10} + e_{9,12} + e_{11,14} + e_{13,16} + e_{26,27} e_{110000} = e_{1,3} − e_{9,13} − e_{12,16} − e_{15,18} + e_{19,21} + e_{22,24} e00100_1 = −e_{3,7} + e_{5,9} + e_{6,12} − e_{17,22} − e_{18,23} + e_{21,25} e01100_0 = e_{2,4} − e_{8,11} − e_{10,14} + e_{15,19} − e_{18,21} + e_{23,25} e00110_0 = e_{3,5} − e_{7,9} + e_{10,15} − e_{14,19} − e_{16,20} + e_{24,26} e00011_0 = e_{4,6} + e_{7,10} − e_{9,15} − e_{11,17} − e_{13,18} + e_{25,27} e_{111000} = e_{1,4} + e_{8,13} + e_{10,16} − e_{15,20} − e_{17,21} + e_{22,25} e_{011001} = −e_{2,7} − e_{5,11} − e_{6,14} − e_{15,22} + e_{18,24} + e_{20,25} e_{001101} = −e_{3,8} − e_{4,9} + e_{6,15} + e_{14,22} + e_{16,23} + e_{21,26} e01110_0 = e_{2,5} + e_{7,11} − e_{10,17} − e_{12,19} + e_{16,21} + e_{23,26} e00111_0 = e_{3,6} − e_{7,12} − e_{8,15} + e_{11,19} + e_{13,20} + e_{24,27} e11100_1 = −e_{1,7} + e_{5,13} + e_{6,16} + e_{15,23} + e_{17,24} + e_{19,25} e_{111100} = e_{1,5} − e_{7,13} + e_{10,18} + e_{12,20} + e_{14,21} + e_{22,26} e_{011101} = −e_{2,8} + e_{4,11} − e_{6,17} + e_{12,22} − e_{16,24} + e_{20,26} e_{001111} = −e_{3,10} − e_{4,12} − e_{5,15} − e_{11,22} − e_{13,23} + e_{21,27} e01111_0 = e_{2,6} + e_{7,14} + e_{8,17} + e_{9,19} − e_{13,21} + e_{23,27}

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 55

e11110_1 = −e_{1,8} − e_{4,13} + e_{6,18} − e_{12,23} − e_{14,24} + e_{19,26} e11111_0 = e_{1,6} − e_{7,16} − e_{8,18} − e_{9,20} − e_{11,21} + e_{22,27} e_{012101} = e_{2,9} + e_{3,11} + e_{6,19} + e_{10,22} + e_{16,25} + e_{18,26} e_{011111} = −e_{2,10} + e_{4,14} + e_{5,17} − e_{9,22} + e_{13,24} + e_{20,27} e_{112101} = e_{1,9} − e_{3,13} − e_{6,20} − e_{10,23} + e_{14,25} + e_{17,26} e11111_1 = −e_{1,10} − e_{4,16} − e_{5,18} + e_{9,23} + e_{11,24} + e_{19,27} e01211_1 = e_{2,12} + e_{3,14} − e_{5,19} − e_{8,22} − e_{13,25} + e_{18,27} e12210_1 = −e_{1,11} − e_{2,13} + e_{6,21} + e_{10,24} + e_{12,25} + e_{15,26} e_{112111} = e_{1,12} − e_{3,16} + e_{5,20} + e_{8,23} − e_{11,25} + e_{17,27} e_{012211} = −e_{2,15} − e_{3,17} − e_{4,19} − e_{7,22} + e_{13,26} + e_{16,27} e_{122111} = −e_{1,14} − e_{2,16} − e_{5,21} − e_{8,24} − e_{9,25} + e_{15,27} e11221_1 = −e_{1,15} + e_{3,18} + e_{4,20} + e_{7,23} + e_{11,26} + e_{14,27} e12221_1 = e_{1,17} + e_{2,18} − e_{4,21} − e_{7,24} + e_{9,26} + e_{12,27} e12321_1 = −e_{1,19} − e_{2,20} − e_{3,21} + e_{7,25} + e_{8,26} + e_{10,27} e_{123212} = e_{1,22} + e_{2,23} + e_{3,24} + e_{4,25} + e_{5,26} + e_{6,27}

Tablica 14. KubiqeskaØ forma dlØ A5-numeracii vesov

Q(x) = x_1x_{13}x_{27} � x_1x_{16}x_{26} + x_1x_{18} x_{25} � x_1x_{20} x_{24} + x_1x_{21} x_{23}

� x2x11 x27 + x2x14 x26 � x2x17 x25 + x2x19 x24 � x2x21 x22

+ x_3x_9x_{27} � x_3x_{12}x_{26} + x_3x_{15}x_{25} � x_3x_{19}x_{23} + x_3x_{20} x_{22}

� x4x8x27 + x4x10x26 � x4x15x24 + x4x17x23 � x4x18 x22

+ x_5x_7x_{27} � x_5x_{10}x_{25} + x_5x_{12}x_{24} � x_5x_{14}x_{23} + x_5x_{16} x_{22}

� x6x7x26 + x6x8x25 � x6x9x24 + x6 x11x23 � x6x13x22

+ x_7x_{15} x_{21} � x_7x_{17} x_{20} + x_7x_{18} x_{19} � x_8x_{12} x_{21} + x_8x_{14} x_{20}

� x8x16 x19 + x9x10 x21 � x9x14 x18 + x9x16 x17 � x10 x11x20

+ x_{10}x_{13} x_{19} + x_{11} x_{12}x_{18} � x_{11}x_{15}x_{16} � x_{12}x_{13} x_{17} + x_{13}x_{14} x_{15}

56 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

f_1(x) = x_{13}x_{27} − x_{16}x_{26} + x_{18}x_{25} − x_{20}x_{24} + x_{21}x_{23} f_2(x) = −x_{11}x_{27} + x_{14}x_{26} − x_{17}x_{25} + x_{19}x_{24} − x_{21}x_{22} f_3(x) = x_9x_{27} − x_{12}x_{26} + x_{15}x_{25} − x_{19}x_{23} + x_{20}x_{22} f_4(x) = −x_8x_{27} + x_{10}x_{26} − x_{15}x_{24} + x_{17}x_{23} − x_{18}x_{22} f_5(x) = x_7x_{27} − x_{10}x_{25} + x_{12}x_{24} − x_{14}x_{23} + x_{16}x_{22} f_6(x) = −x_7x_{26} + x_8x_{25} − x_9x_{24} + x_{11}x_{23} − x_{13}x_{22} f_7(x) = x_5x_{27} − x_6x_{26} + x_{15}x_{21} − x_{17}x_{20} + x_{18}x_{19} f_8(x) = −x_4x_{27} + x_6x_{25} − x_{12}x_{21} + x_{14}x_{20} − x_{16}x_{19} f_9(x) = x_3x_{27} − x_6x_{24} + x_{10}x_{21} − x_{14}x_{18} + x_{16}x_{17} f_{10}(x) = x_4x_{26} − x_5x_{25} + x_9x_{21} − x_{11}x_{20} + x_{13}x_{19} f_{11}(x) = −x_2x_{27} + x_6x_{23} − x_{10}x_{20} + x_{12}x_{18} − x_{15}x_{16} f_{12}(x) = −x_3x_{26} + x_5x_{24} − x_8x_{21} + x_{11}x_{18} − x_{13}x_{17} f_{13}(x) = x_1x_{27} − x_6x_{22} + x_{10}x_{19} − x_{12}x_{17} + x_{14}x_{15} f_{14}(x) = x_2x_{26} − x_5x_{23} + x_8x_{20} − x_9x_{18} + x_{13}x_{15} f_{15}(x) = x_3x_{25} − x_4x_{24} + x_7x_{21} − x_{11}x_{16} + x_{13}x_{14} f_{16}(x) = −x_1x_{26} + x_5x_{22} − x_8x_{19} + x_9x_{17} − x_{11}x_{15} f_{17}(x) = −x_2x_{25} + x_4x_{23} − x_7x_{20} + x_9x_{16} − x_{12}x_{13} f_{18}(x) = x_1x_{25} − x_4x_{22} + x_7x_{19} − x_9x_{14} + x_{11}x_{12} f_{19}(x) = x_2x_{24} − x_3x_{23} + x_7x_{18} − x_8x_{16} + x_{10}x_{13} f_{20}(x) = −x_1x_{24} + x_3x_{22} − x_7x_{17} + x_8x_{14} − x_{10}x_{11} f_{21}(x) = x_1x_{23} − x_2x_{22} + x_7x_{15} − x_8x_{12} + x_9x_{10} f_{22}(x) = −x_2x_{21} + x_3x_{20} − x_4x_{18} + x_5x_{16} − x_6x_{13} f_{23}(x) = x_1x_{21} − x_3x_{19} + x_4x_{17} − x_5x_{14} + x_6x_{11} f_{24}(x) = −x_1x_{20} + x_2x_{19} − x_4x_{15} + x_5x_{12} − x_6x_9 f_{25}(x) = x_1x_{18} − x_2x_{17} + x_3x_{15} − x_5x_{10} + x_6x_8 f_{26}(x) = −x_1x_{16} + x_2x_{14} − x_3x_{12} + x_4x_{10} − x_6x_7 f_{27}(x) = x_1x_{13} − x_2x_{11} + x_3x_9 − x_4x_8 + x_5x_7

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 57

Tablica 15. Matrica znakov dlØ D_5-numeracii vesov

1 2 3 4 5 6 7 8 9 1 0 1 1 1 2 1 3 1 4 1 5 1 6 1 7 1 8 1 9 2 0 2 1 2 2 2 3 2 4 2 5 2 6 2 7 1 0 + + + − + − + + − − + − − + − + 0 0 0 0 0 0 0 0 0 0 2 + 0 + + − + − + + − 0 + 0 − 0 0 0 − − + − + 0 0 0 0 0 3 + + 0 + − + − + 0 − + 0 + 0 − 0 0 − − + 0 0 − + 0 0 0 4 + + + 0 + + 0 + − 0 + − + 0 0 − 0 − − 0 + 0 − 0 + 0 0 5 − − − + 0 0 + 0 − + + − + 0 0 0 − − − 0 0 + 0 − + 0 0 6 + + + + 0 0 + + + 0 − 0 0 − + − 0 + 0 − + 0 − 0 0 + 0 7 − − − 0 + + 0 0 + + − 0 0 − + 0 − + 0 − 0 + 0 − 0 + 0 8 + + + + 0 + 0 0 0 + 0 + − + − + 0 0 + + − 0 + 0 0 0 + 9 + + 0 − − + + 0 0 0 + + 0 − 0 + − − 0 0 − + 0 0 − + 0 10 − − − 0 + 0 + + 0 0 0 + − + − 0 + 0 + + 0 − 0 + 0 0 + 11 − 0 + + + − − 0 + 0 0 0 + 0 − + − + 0 0 0 0 − + − + 0 12 + + 0 − − 0 0 + + + 0 0 + + 0 − + 0 − 0 + − 0 0 + 0 + 13 − 0 + + + 0 0 − 0 − + + 0 0 + − + 0 + 0 0 0 + − + 0 + 14 − − 0 0 0 − − + − + 0 + 0 0 + + − 0 0 − − + 0 0 0 + + 15 + 0 − 0 0 + + − 0 − − 0 + + 0 + − 0 0 + 0 0 − + 0 + + 16 − 0 0 − 0 − 0 + + 0 + − − + + 0 + 0 0 0 + 0 + 0 + + + 17 + 0 0 0 − 0 − 0 − + − + + − − + 0 0 0 0 0 + 0 + + + + 18 0 − − − − + + 0 − 0 + 0 0 0 0 0 0 0 + − + − − + − + 0 19 0 − − − − 0 0 + 0 + 0 − + 0 0 0 0 + 0 + − + + − + 0 + 20 0 + + 0 0 − − + 0 + 0 0 0 − + 0 0 − + 0 + − − + 0 + + 21 0 − 0 + 0 + 0 − − 0 0 + 0 − 0 + 0 + − + 0 + + 0 + + + 22 0 + 0 0 + 0 + 0 + − 0 − 0 + 0 0 + − + − + 0 0 + + + + 23 0 0 − − 0 − 0 + 0 0 − 0 + 0 − + 0 − + − + 0 0 + + + + 24 0 0 + 0 − 0 − 0 0 + + 0 − 0 + 0 + + − + 0 + + 0 + + + 25 0 0 0 + + 0 0 0 − 0 − + + 0 0 + + − + 0 + + + + 0 + + 26 0 0 0 0 0 + + 0 + 0 + 0 0 + + + + + 0 + + + + + + 0 + 27 0 0 0 0 0 0 0 + 0 + 0 + + + + + + 0 + + + + + + + + 0

58 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

Tablica 16. Kornevye fflementy dlØ D_5-numeracii vesov

e_{100000} = e_{1,2} + e_{11,18} + e_{13,19} + e_{15,20} + e_{16,21} + e_{17,22} e00000_1 = e_{4,5} + e_{6,7} + e_{8,10} + e_{16,17} + e_{21,22} + e_{23,24} e01000_0 = e_{2,3} + e_{9,11} + e_{12,13} + e_{14,15} + e_{21,23} + e_{22,24} e00100_0 = e_{3,4} + e_{7,9} + e_{10,12} + e_{15,16} + e_{20,21} + e_{24,25} e00010_0 = e_{4,6} + e_{5,7} + e_{12,14} + e_{13,15} + e_{19,20} + e_{25,26} e_{000010} = e_{6,8} + e_{7,10} + e_{9,12} + e_{11,13} + e_{18,19} + e_{26,27} e_{110000} = e_{1,3} − e_{9,18} − e_{12,19} − e_{14,20} + e_{16,23} + e_{17,24} e00100_1 = −e_{3,5} + e_{6,9} + e_{8,12} − e_{15,17} − e_{20,22} + e_{23,25} e01100_0 = e_{2,4} − e_{7,11} − e_{10,13} + e_{14,16} − e_{20,23} + e_{22,25} e00110_0 = e_{3,6} − e_{5,9} + e_{10,14} − e_{13,16} − e_{19,21} + e_{24,26} e00011_0 = e_{4,8} + e_{5,10} − e_{9,14} − e_{11,15} − e_{18,20} + e_{25,27} e_{111000} = e_{1,4} + e_{7,18} + e_{10,19} − e_{14,21} − e_{15,23} + e_{17,25} e_{011001} = −e_{2,5} − e_{6,11} − e_{8,13} − e_{14,17} + e_{20,24} + e_{21,25} e_{001101} = −e_{3,7} − e_{4,9} + e_{8,14} + e_{13,17} + e_{19,22} + e_{23,26} e01110_0 = e_{2,6} + e_{5,11} − e_{10,15} − e_{12,16} + e_{19,23} + e_{22,26} e00111_0 = e_{3,8} − e_{5,12} − e_{7,14} + e_{11,16} + e_{18,21} + e_{24,27} e11100_1 = −e_{1,5} + e_{6,18} + e_{8,19} + e_{14,22} + e_{15,24} + e_{16,25} e_{111100} = e_{1,6} − e_{5,18} + e_{10,20} + e_{12,21} + e_{13,23} + e_{17,26} e_{011101} = −e_{2,7} + e_{4,11} − e_{8,15} + e_{12,17} − e_{19,24} + e_{21,26} e_{001111} = −e_{3,10} − e_{4,12} − e_{6,14} − e_{11,17} − e_{18,22} + e_{23,27} e01111_0 = e_{2,8} + e_{5,13} + e_{7,15} + e_{9,16} − e_{18,23} + e_{22,27}

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 59

e11110_1 = −e_{1,7} − e_{4,18} + e_{8,20} − e_{12,22} − e_{13,24} + e_{16,26} e11111_0 = e_{1,8} − e_{5,19} − e_{7,20} − e_{9,21} − e_{11,23} + e_{17,27} e_{012101} = e_{2,9} + e_{3,11} + e_{8,16} + e_{10,17} + e_{19,25} + e_{20,26} e_{011111} = −e_{2,10} + e_{4,13} + e_{6,15} − e_{9,17} + e_{18,24} + e_{21,27} e_{112101} = e_{1,9} − e_{3,18} − e_{8,21} − e_{10,22} + e_{13,25} + e_{15,26} e11111_1 = −e_{1,10} − e_{4,19} − e_{6,20} + e_{9,22} + e_{11,24} + e_{16,27} e01211_1 = e_{2,12} + e_{3,13} − e_{6,16} − e_{7,17} − e_{18,25} + e_{20,27} e12210_1 = −e_{1,11} − e_{2,18} + e_{8,23} + e_{10,24} + e_{12,25} + e_{14,26} e_{112111} = e_{1,12} − e_{3,19} + e_{6,21} + e_{7,22} − e_{11,25} + e_{15,27} e_{012211} = −e_{2,14} − e_{3,15} − e_{4,16} − e_{5,17} + e_{18,26} + e_{19,27} e_{122111} = −e_{1,13} − e_{2,19} − e_{6,23} − e_{7,24} − e_{9,25} + e_{14,27} e11221_1 = −e_{1,14} + e_{3,20} + e_{4,21} + e_{5,22} + e_{11,26} + e_{13,27} e12221_1 = e_{1,15} + e_{2,20} − e_{4,23} − e_{5,24} + e_{9,26} + e_{12,27} e12321_1 = −e_{1,16} − e_{2,21} − e_{3,23} + e_{5,25} + e_{7,26} + e_{10,27} e_{123212} = e_{1,17} + e_{2,22} + e_{3,24} + e_{4,25} + e_{6,26} + e_{8,27}

Tablica 17. KubiqeskaØ forma dlØ D5-numeracii vesov

Q(x) = x_1x_{18}x_{27} � x_1x_{19}x_{26} + x_1x_{20} x_{25} � x_1x_{21} x_{24} + x_1x_{22} x_{23}

� x2x11 x27 + x2x13 x26 � x2x15 x25 + x2x16 x24 � x2x17 x23

+ x_3x_9x_{27} � x_3x_{12}x_{26} + x_3x_{14}x_{25} � x_3x_{16}x_{22} + x_3x_{17} x_{21}

� x4x7x27 + x4x10x26 � x4x14x24 + x4x15x22 � x4x17 x20

+ x_5x_6x_{27} � x_5x_8x_{26} + x_5x_{14}x_{23} � x_5x_{15}x_{21} + x_5x_{16}x_{20}

� x6x10 x25 + x6x12 x24 � x6x13 x22 + x6x17 x19 + x7x8 x25 � x7x12 x23 + x7x13 x21 � x7x16 x19 � x8x9x24 + x8x11 x22 � x8x17 x18 + x9x10 x23 � x9x13 x20 + x9x15 x19 � x10 x11x21

+ x_{10}x_{16} x_{18} + x_{11} x_{12}x_{20} � x_{11}x_{14}x_{19} � x_{12}x_{15} x_{18} + x_{13}x_{14} x_{18}

60 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

f_1(x) = x_{18}x_{27} − x_{19}x_{26} + x_{20}x_{25} − x_{21}x_{24} + x_{22}x_{23} f_2(x) = −x_{11}x_{27} + x_{13}x_{26} − x_{15}x_{25} + x_{16}x_{24} − x_{17}x_{23} f_3(x) = x_9x_{27} − x_{12}x_{26} + x_{14}x_{25} − x_{16}x_{22} + x_{17}x_{21} f_4(x) = −x_7x_{27} + x_{10}x_{26} − x_{14}x_{24} + x_{15}x_{22} − x_{17}x_{20} f_5(x) = x_6x_{27} − x_8x_{26} + x_{14}x_{23} − x_{15}x_{21} + x_{16}x_{20} f_6(x) = x_5x_{27} − x_{10}x_{25} + x_{12}x_{24} − x_{13}x_{22} + x_{17}x_{19} f_7(x) = −x_4x_{27} + x_8x_{25} − x_{12}x_{23} + x_{13}x_{21} − x_{16}x_{19} f_8(x) = −x_5x_{26} + x_7x_{25} − x_9x_{24} + x_{11}x_{22} − x_{17}x_{18} f_9(x) = x_3x_{27} − x_8x_{24} + x_{10}x_{23} − x_{13}x_{20} + x_{15}x_{19} f_{10}(x) = x_4x_{26} − x_6x_{25} + x_9x_{23} − x_{11}x_{21} + x_{16}x_{18} f_{11}(x) = −x_2x_{27} + x_8x_{22} − x_{10}x_{21} + x_{12}x_{20} − x_{14}x_{19} f_{12}(x) = −x_3x_{26} + x_6x_{24} − x_7x_{23} + x_{11}x_{20} − x_{15}x_{18} f_{13}(x) = x_2x_{26} − x_6x_{22} + x_7x_{21} − x_9x_{20} + x_{14}x_{18} f_{14}(x) = x_3x_{25} − x_4x_{24} + x_5x_{23} − x_{11}x_{19} + x_{13}x_{18} f_{15}(x) = −x_2x_{25} + x_4x_{22} − x_5x_{21} + x_9x_{19} − x_{12}x_{18} f_{16}(x) = x_2x_{24} − x_3x_{22} + x_5x_{20} − x_7x_{19} + x_{10}x_{18} f_{17}(x) = −x_2x_{23} + x_3x_{21} − x_4x_{20} + x_6x_{19} − x_8x_{18} f_{18}(x) = x_1x_{27} − x_8x_{17} + x_{10}x_{16} − x_{12}x_{15} + x_{13}x_{14} f_{19}(x) = −x_1x_{26} + x_6x_{17} − x_7x_{16} + x_9x_{15} − x_{11}x_{14} f_{20}(x) = x_1x_{25} − x_4x_{17} + x_5x_{16} − x_9x_{13} + x_{11}x_{12} f_{21}(x) = −x_1x_{24} + x_3x_{17} − x_5x_{15} + x_7x_{13} − x_{10}x_{11} f_{22}(x) = x_1x_{23} − x_3x_{16} + x_4x_{15} − x_6x_{13} + x_8x_{11} f_{23}(x) = x_1x_{22} − x_2x_{17} + x_5x_{14} − x_7x_{12} + x_9x_{10} f_{24}(x) = −x_1x_{21} + x_2x_{16} − x_4x_{14} + x_6x_{12} − x_8x_9 f_{25}(x) = x_1x_{20} − x_2x_{15} + x_3x_{14} − x_6x_{10} + x_7x_8 f_{26}(x) = −x_1x_{19} + x_2x_{13} − x_3x_{12} + x_4x_{10} − x_5x_8 f_{27}(x) = x_1x_{18} − x_2x_{11} + x_3x_9 − x_4x_7 + x_5x_6

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 61

Literatura

1. �. Abe, Avtomorfizmy grupp Xevalle nad kommutativnymi kol~cami.

— Algebra i analiz 5, No. 2 (1993), 74–90.

2. A. Borel~, Svoæstva i lineænye predstavleniØ Xevalle. Seminar po algebraiqeskim gruppam. M. (1973), 9–59.

3. N. Burbaki, Gruppy i algebry Li, Glavy IV – VI, M. (1972). 4. N. Burbaki, Gruppy i algebry Li, Glavy VII, VIII, M. (1978). 5. N. A. Vavilov, Podgruppy grupp Xevalle, soderßawie maksimal~nyæ tor. — Tr. Leningr. Mat. Ob-va, 1 (1990), 64–109.

6. N. A. Vavilov, Kak uvidet~ znaki strukturnyh konstant? — Algebra i Analiz 19 (2007).

7. N. A. Vavilov, M. R. Gavriloviq, A_2 -dokazatel~stvo strukturnyh teorem dlØ grupp Xevalle tipov E_6 i E_7. — Algebra i Analiz 16, No. 4 (2004), 54–87.

8. N. A. Vavilov, M. R. Gavriloviq, S. I. Nikolenko, Stroenie grupp Xevalle: dokazatel~stvo iz knigi. — Zap. nauqn. sem. POMI 330 (2006), 36–76.

9. N. A. Vavilov, S. I. Nikolenko, A_2-dokazatel~stvo strukturnyh teorem dlØ grupp Xevalle tipov F_4 i^2E_6. — Algebra i Analiz (to appear).

10. N. A. Vavilov, E. B. Plotkin, A. V. Stepanov, VyqisleniØ v gruppah Xevalle nad kommutativnymi kol~cami. — Dokl. AN SSSR, 40, No. 1 (1990), 145–147.

11. N. A. Vavilov, V. G. Halin, Mathematica 5.* dlØ nematematika. Vyp. 1.

Pervoe znakomstvo. OC�iM SPb (2005), 1–180.

12. N. A. Vavilov, V. G. Halin Mathematica 5.* dlØ nematematika. Vyp. 2.

Osnovy sintaksisa. OC�iM, SPb (2005), 1–136.

13. V. G. Kazakeviq, A. K. Stavrova, Podgruppy, normalizuemye kommutantom podgruppy Levi. — Zap. nauqn. sem. POMI 319 (2004), 199–215.

14. A. S. Kondrat~ev, Podgruppy koneqnyh grupp Xevalle. — Uspehi mat.

nauk 41, No. 1 (1986), 57–96.

15. A. ı. Luzgarev, O nadgruppah E(E_6 , R) i E(E_7, R) v minimal~nyh predstavleniØh. — Zap. nauqn. sem. POMI 319 (2004), 216–243.

16. ı. I. Manin, Kubiqeskie formy: algebra, geometriØ, arifmetika. Nauka, M. (1972).

17. E. B. Plotkin, S¸r¨ektivnaØ stabilizaciØ K_1-funktora dlØ nekotoryh iskl¸qitel~nyh grupp Xevalle. — Zap. nauqn. sem. POMI 198 (1991), 65–88.

18. M. Rid, AlgebraiqeskaØ geometriØ dlØ vseh. Mir, M. (1989), 1–147. 19. N. S. Semenov, Odin argument v pol~zu gurvicevosti Gsc(E_6, q). — Zap.

nauqn. sem. POMI 305 (2003), 228–237.

20. T. A. Springer, Lineænye algebraiqeskie gruppy. Itogi nauki i tehn.

Ser. sovr. probl. mat. Fundam. napravl. VINITI 55 (1989), 5–136. 21. R. Steænberg, Lekcii o gruppah Xevalle. M. (1975). 22. Dß. Hamfri, Lineænye algebraiqeskie gruppy. Nauka, M. (1980). 23. Dß. Hamfri, Vvedenie v teori¸ algebr Li i ih predstavleniæ. MCNMO, M. (2003).

62 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

24. R. Hartshorn, AlgebraiqeskaØ geometriØ. Mir, M. (1981). 25. E. Abe, Chevalley groups over local rings. — Tôhoku Math. J. 21, No. 3 (1969),

474–494.

26. E. Abe, Whitehead groups of Chevalley groups over polynomial rings. — Commun.

Algebra 11, No. 12 (1983), 1271–1307.

27. E. Abe, Chevalley groups over commutative rings. — Proc. Conf. Radical Theory,

Sendai (1988), 1–23.

28. E. Abe, Normal subgroups of Chevalley groups over commutative rings. — Con-

temp. Math. 83 (1989), 1–17.

29. E. Abe, J. Hurley, Centers of Chevalley groups over commutative rings. — Comm.

Algebra 16, No. 1 (1988) 57–74.

30. E. Abe, K. Suzuki, On normal subgroups of Chevalley groups over commutative rings. — Tôhoku Math. J. 28, No. 1 (1976), 185–198.

31. M. Aschbacher, The 27-dimensional module for E_6. I – IV. – Invent. Math. 89,

No. 1 (1987), 159–195; J. London Math. Soc. 37 (1988), 275–293; Trans. Amer. Math. Soc. 321 (1990), 45–84; J. Algebra 131 No. 1 (1990), 23–39.

32. M. Aschbacher, Some multilinear forms with large isometry groups. — Geom.

dedic. 25, No. 1–3 (1988), 417–465.

33. M. Aschbacher, The geometry of trilinear forms. Finite Geometries, Buildings and

Related topics Oxford Univ. Press (1990), 75–84.

34. H. Azad, Structure constants of algebraic groups. — J. Algebra 75, No. 1 (1982),

209–222.

35. H. Azad, The Jacobi identity. — Punjab Univ. J. Math. 16 (1983), 9–29. 36. H. Azad, M. Barry, G. M. Seitz, On the structure of parabolic subgroups. — Comm.

Algebra 18, No. 2 (1990), 551–562.

37. J. C. Baez, The octonions. — Bull. Amer. Math. Soc. 39 (2002), 145–205. 38. J. Baez, Review of J. H. Conway, D. A. Smith, On quaternions and octonions:

their geometry, arithmetic and symmetry. — Bull. Amer. Math. Soc. 42, No. 2 (2005), 229–243.

39. R. Bix, Octonion planes over local rings. — Trans. Amer. Math. Soc. 261, No. 1

(1980), 417–438.

40. R. Bix, Isomorphism theorems for octonion planes over local rings. — Trans. Amer.

Math. Soc. 266, No. 2 (1981), 423–439.

41. A. Borel, Le plan projectif des octaves et les sphéres commes espaces homogénes.

— C. R. Acad. Sci. Paris 230 (1950), 1378–1380.

42. A. E. Brouwer, A. M. Cohen, A. Neumaier, Distance regular graphs. Springer–

Verlag, N.Y. et al. (1989).

43. R. B. Brown, A minimal representation for the Lie algebra E_7. — Ill. J. Math. 12,

No. 1 (1968), 190–200.

44. R. B. Brown, Groups of type E_7. — J. reine angew. Math. 236 (1969), 79–102. 45. N. Burgoyne, C. Williamson, Some computations involving simple Lie algebras.

Proc. 2nd Symp. Symbolic and algebraic manipulation. N.Y. Ass. Comp. Mach. (1971).

46. R. W. Carter, Simple groups of Lie type. Wiley, London et al. (1972). 47. R. W. Carter, Finite groups of Lie type: Conjugacy classes and complex characters.

London et al., Wiley (1985).

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 63

48. C. Chevalley, Sur le groupe exceptionnel (E_6). — C. R. Acad. Sci. Paris 232 (1951),

1991–1993.

49. C. Chevalley, R. D. Schafer, The exceptional simple Lie algebras F_4 and E_6 . —

Proc. Nat. Acad. Sci. USA 36 (1950), 137–141.

50. A. M. Cohen, Point-like spaces related to Buildings. Handbook of Incidence Ge-

ometry (1995), 647–737.

51. A. M. Cohen, B. N. Cooperstein, A characterization of some geometries of exceptional Lie type. — Geom. dedic. 15, No. 1 (1983), 73–105.

52. A. M. Cohen, B. N. Cooperstein, The 2-spaces of the standard E_6(q)-module. —

Geom. dedic. 25, No. 1–3 (1988), 467–480.

53. A. M. Cohen, R. H. Cushman, Gröbner bases and standard monomial theory. Com-

putational algebraic geometry, Progress in Mathematics 109, Birkhäuser (1993), 41–60.

54. A. M. Cohen, R. L. Griess, B. Lisser, The group L(2, 61) embeds in the Lie group of type E_8 . — Comm. Algebra 21, No. 6 (1993), 1889–1907.

55. A. M. Cohen, M. W. Liebeck, J. Saxl, G. M. Seitz, The local maximal subgroups of exceptional groups of Lie type, finite and algebraic. — Proc. London Math. Soc. 64, No. 1 (1992), 21–48.

56. A. M. Cohen, S. H. Murray, Algorithm for Lang’s theorem. arXiv:

math.GR/0506068v1, 03.06.2005, 1–29.

57. A. M. Cohen, S. H. Murray, D. E. Taylor, Computing in groups of Lie type. —

Math. Comput. 73 (2004), 1477–1498.

58. A. M. Cohen, D. B. Wales, Embeddings of the group L(2, 13) in groups of Lie type

E_6. — Israel J. Math. 82, No. 1–3 (1993), 45–86.

59. A. M. Cohen, D. B. Wales, Finite subgroups of F_4(C) and E_6(C). — Proc. London

Math. Soc. 94 (1997), 105–150.

60. B. N. Cooperstein, Subgroups of the group E_6(q) which are generated by root subgroups. — J. Algebra 46, No. 2 (1977), 355–388.

61. B. N. Cooperstein, The geometry of root subgroups in exceptional groups. I, II.

Geom. dedic. 8 (1979), 317–381; 15 (1983), 1–45.

62. B. N. Cooperstein, Subgroups of exceptional groups of Lie type generated by long root subgroups. I, II. — J. Algebra 70, No. 1 (1981), 270–282; 283–298.

63. B. N. Cooperstein, The fifty-six-dimensional module for E_7. I. A four form for E_7.

— J. Algebra 173, No. 2 (1995), 361–389.

64. E. Corrigan, T. J. Hollowood, The exceptional Jordan algebra and the superstring.

— Comm. Math. Physics 122 (1989), 393–410.

65. D. L. Costa, G. E. Keller, On the normal subgroups of G_2 groups. — Trans Amer.

Math. Soc., 351, No. 12 (1999), 5051–5088.

66. A. Elduque, A. V. Iltyakov, On polynomial invariants of exceptional simple algebraic groups. — Canad. J. Math. 51, No. 3 (1999), 506–522.

67. D. I. Deriziotis, A. P. Fakiolas, The maximal tori in finite Chevalley groups of types E_6, E_7 and E_8 , Comm. Algebra 19, No. 3 (1991), 889–903.

68. J. R. Faulkner, Orbits of the automorphism group of the exceptional Jordan algebra. — Trans. Amer. Math. Soc. 151, No. 2 (1970), 433–441.

69. J. R. Faulkner, Octonion planes defined by quadratic Jordan algebras. — Mem.

Amer. Math. Soc., No. 104 (1970), 1–71.

64 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

70. J. R. Faulkner, J. C. Ferrar, Exceptional Lie algebras and related algebraic and geometric structures. — Trans. Amer. Math. Soc. 9 (1977), 1–35.

71. J. C. Ferrar, Lie algebras of type E_6. I, II. — J. Algebra 13, No. 1 (1969), 57–72;

52, No. 1 (1978), 201–209.

72. P. Fleischmann, I. Janiszczak, The semisimple conjugacy classes of finite groups of Lie type E_6 and E_7. — Comm. Algebra 21, No. 1 (1993), 93–161.

73. P. Fleischmann, I. Janiszczak, The semisimple conjugacy classes and the generic class number of the finite simple groups of Lie type E_8. — Comm. Algebra. 22, No. 6 (1994), 2221–2303.

74. P. Fleischmann, I. Janiszczak, On the computation of conjugacy classes of Chevalley groups. — Appl. Algebra Comm. Comput. 7, No. 3 (1996), 221–234.

75. I. B. Frenkel, V. Kac, Basic representations of affine Lie algebras and dual resonance models. — Invent. Math. 62, No. 2 (1980), 23–66.

76. I. B. Frenkel, J. Lepowsky, A. Meurman, Vertex operator algebras and the Monster.

Academic Press, N.Y. et al. (1988).

77. H. Freudenthal, Oktaven, Ausnahmegruppen und Oktavengeometrie. — Notes

(1951); Geom. Dedic. 19 (1985), 7–63.

78. H. Freudenthal, Zur ebenen Oktavengeometrie. — Indag. Math. 15 (1953), 195–

200.

79. H. Freudenthal, Sur le groupe exceptionnel E_7. — Proc. Nederl. Akad. Wetensch.

Ser.A, 56 (1953), 81–89.

80. H. Freudenthal, Sur les invariantes caractéristiques des groupes semi-simples. —

Proc. Nederl. Akad. Wetensch. Ser.A 56 (1953), 81–89.

81. H. Freudenthal, Beziehungen der E_7 und E_8 zur Oktavenebene. I–XI. — Proc.

Nederl. Akad. Wetensch. Ser.A 57 (1954), 218–230, 363–368; 58 (1955), 151–157, 277–285; 62 (1959), 165–201, 447–474; 66 (1963), 457–487.

82. H. Freudenthal, Lie groups in the foundations of geometry. — Adv. Math. 1 (1961),

145–190.

83. R. S. Garibaldi, Structurable algebras and groups of type E_6 and E_7. — J. Algebra 236, No. 2 (2001), 651–691.

84. R. S. Garibaldi, Cohomological invariants: exceptional groups and Spin groups, with an appendix by D. W. Hoffmann. — Preprint Emory Univ. Atlanta (2006), 1–75.

85. R. S. Garibaldi, H. P. Peterson, Groups of outer type E_6 with trivial Tits algebras.

arXiv:math.GR/0511229v1 (09.10.2005), 1–29.

86. P. Gilkey, G. M. Seitz, Some representations of exceptional Lie algebras. — Geom.

dedic. 25, No.1–3 (1988), 407–416.

87. R. L. Griess, A Moufang loop, the exceptional Jordan algebra, and a cubic form in 27 variables. — J. Algebra 131, No. 1 (1990), 281–293.

88. M. Günaydin, Generalized conformal and superconformal group actions and Jordan algebras. — Mod. Phys. Lett. A 8 (1993), 1407–1416.

89. M. Günaydin, K. Koepsell, H. Nicolai, Conformal and quasiconformal realizations of exceptional Lie groups. — Comm. Math. Physics 221 (2001), 57–76.

90. R. M. Guralnik, M. W. Liebeck, D. Macpherson, and G. M. Seitz, Modules for algebraic groups with finitely many orbits on subspaces. — J. Algebra 196, No. 1 (1997), 211–250.

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 65

91. A. L. Harebov, N. A. Vavilov, On the lattice of subgroups of Chevalley groups containing a split maximal torus. — Comm. Algebra 24, No. 1 (1996), 109–133.

92. S. J. Haris, Some irreducible representations of exceptional algebraic groups. —

Amer. J. Math. 93, No. 1 (1971), 75–106.

93. R. Hazrat and N. A. Vavilov, K_1 of Chevalley groups are nilpotent. — J. Pure

Appl. Algebra 179 (2003), 99–116.

94. J.-Y. Hée, Groupes de Chevalley et groupes classiques. — Publ. Math. Univ. Paris VII 17 (1984), 1–54.

95. H. Hiller, Geometry of Coxeter groups. Boston and London, Pitman (1982). 96. R. Howe, Perspectives on invariant theory: Schur duality, multiplicity-free actions and beyond. — Israel Math. Conf. Proc. 8 (1995), 1–182.

97. R. B. Howlett, L. J. Rylands, and D. E. Taylor, Matrix generators for exceptional groups of Lie type. — J. Symb. Comput. 11 (2000), 1–17.

98. A. Iliev, L. Manivel, On the Chow ring of the Cayley plane. — Compositio Math.

141 (2005), 146–160.

99. A. V. Iltyakov, On rational invariants of the group E_6 . — Proc. Amer. Math. Soc.

124, No. 12 (1996), 3637–3640.

100. N. Jacobson, Some groups of transformations defined by Jordan algebras. II.

Groups of type F_4. — J. reine angew. Math. 204 (1960), 74–98.

101. N. Jacobson, Some groups of transformations defined by Jordan algebras. III.

Groups of type E_{6 I}. — J. reine angew. Math. 207 (1961), 61–85.

102. N. Jacobson, Structure and representations of Jordan algebras. Amer. Math. Soc.

Colloquium Public., Providence, R.I. (1968).

103. N. Jacobson, Exceptional Lie algebras. Marcel Dekker, N.Y. (1971). 104. V. Kac, Infinite dimensional Lie algebras. 2nd ed. Cambridge Univ. Press (1985). 105. P. B. Kleidman and R. A. Wilson, The maximal subgroups of E_6(2) and

Aut(E_6 (2)). — Proc. London Math. Soc. 60, No. 2 (1990), 266–294.

106. P. B. Kleidman and R. A. Wilson, J_3 < E_6(4) and M_{12} < E_6 (5). — J. London

Math. Soc. 42, No. 3 (1990), 555–561.

107. P. B. Kleidman and R. A. Wilson, Sporadic simple subgroups of finite exceptional groups of Lie type. — J. Algebra 157, No. 2 (1993), 316–330.

108. M. A. Knus, A. Merkurjev, M. Rost, and J.-P. Tignol, The book of Involutions.

AMS Coll. Publ. (1998),

109. J. M. Landsberg and L. Manivel, The projective geometry of Freudenthal’s magic square. — J. Algebra 239, No. 2 (2001), 477–512.

110. R. Lawther, Jordan block sizes of unipotent elements in exceptional algebraic groups. — Comm. Algebra 23, No. 11 (1995), 4125–4156.

111. R. Lawther and D. M. Testerman, A_1 subgroups of exceptional algebraic groups.

— Mem. Amer. Math Soc. 674 (1999), 1–131.

112. W. Lichtenstein, A system of quadrics describing the orbit of the highest weight vector. — Proc. Amer. Math. Soc. 84, No. 4 (1982), 605–608.

113. M. W. Liebeck, Subgroups of exceptional groups. Algebraic groups and their representations. (Cambridge – 1997). Kluwer Acad. Publ, Dordrecht (1998), 275–290.

114. M. W. Liebeck, J. Saxl, and G. M. Seitz, Subgroups of maximal rank in finite exceptional groups of Lie type. — Proc. London Math. Soc. 65, No. 2 (1992), 297–325.

66 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

115. M. W. Liebeck and G. M. Seitz, Maximal subgroups of exceptional groups of Lie type, finite and algebraic. — Geom. dedic. 36 (1990), 353–387.

116. M. W. Liebeck and G. M. Seitz, Reductive subgroups of exceptional algebraic groups. — Mem. Amer. Math. Soc. 580 (1996), 1–111.

117. M. W. Liebeck and G. M. Seitz, On the subgroup structure of exceptional groups

of Lie type. — Trans. Amer. Math. Soc. 350, No. 9 (1998), 3409–3482.

118. M. W. Liebeck and G. M. Seitz, On finite subgroups of exceptional algebraic groups.

— J. reine angew. Math. 515 (1999), 25–72.

119. M. W. Liebeck and G. M. Seitz, The maximal subgroups of positive dimension in exceptional algebraic groups. — Preprint Univ. Oregon (2005), 1–230.

120. G. Lusztig, Introduction to quantum groups. Boston et al., Birkhäuser (1993). 121. R. E. Maeder, Programming in Mathematica, 3rd ed. Addison-Wesley (1996). 122. J. G. M. Mars, Les nombres de Tamagawa de certains groupes exceptionnels. —

Bull. Soc. Math. France 94 (1966), 97–140.

123. H. Matsumoto, Sur les sous-groupes arithmétiques des groupes semi-simples déployés. — Ann. Sci. Ecole Norm. Sup., 4ème sér. No. 2 (1969), 1–62.

124. K. Mizuno, The conjugate classes of Chevalley groups of type E_6. — J. Fac. Sci.

Univ. Tokyo, 24, No. 3 (1977), 525–563.

125. K. Mizuno, The conjugate classes of unipotent elements of the Chevalley groups

E_7 and E_8. — Tokyo J. Math. 3, No. 2 (1980), 391–458.

126. Ch. Parker and G. E. Röhrle, Minuscule Representations. — Preprint Universität

Bielefeld, No. 72 (1993), 1–12.

127. V. Petrov, N. Semenov, and K. Zainoulline, Zero cycles on a twisted Cayley plane.

arXiv:math. AG/0508200v2 22.09.2005, 1–15.

128. E. B. Plotkin, Stability theorems for K-functors for Chevalley groups. — Proc.

Conf. Non-Associative Algebras and Related Topics (Hiroshima — 1990) London et al.: World Sci. (1991), 203–217.

129. E. B. Plotkin, On the stability of K_1 -functor for Chevalley groups of type E_7. —

J. Algebra 210 (1998), 67–85.

130. E. B. Plotkin, A. A. Semenov, and N. A. Vavilov, Visual basic representations: an atlas. — Int. J. Algebra and Computations 8, No. 1 (1998), 61–97.

131. R. Richardson, G. E. Röhrle, and R. Steinberg, Parabolic subgroups with abelian unipotent radical. — Invent. Math. 110, No. 3 (1992), 649–671.

132. G. E. Röhrle, On the structure of parabolic subgroups in algebraic groups. — J.

Algebra 157, No. 1 (1993), 80–115.

133. G. E. Röhrle, On extraspecial parabolic subgroups. — Contemp. Math. 153 (1993),

143–155.

134. L. J. Rylands and D. E. Taylor, Construction for octonion and exceptional Jordan algebras. — Preprint Univ. Sydney (2000), 1–11.

135. R. Scharlau, Buildings, Handbook of Incidence Geometries, Amsterdam, North

Holland (1995), 477–645.

136. G. M. Seitz, Maximal subgroups of exceptional algebraic groups. — Mem. Amer.

Math. Soc. 441 (1989), 1–197.

137. G. M. Seitz, Maximal subgroups of finite exceptional groups. Groups and geometries

(Siena–1996). Basel et al., Birkhäuser (1998), 155–161.

138. S. Splitthoff, Finite presentability of Steinberg groups and related Chevalley groups.

— Contemp. Math. 55, Part. II (1986), 635–687.

MINIMAL^NY` MODUL^ (E_6 , ϖ_1 ) 67

139. T. A. Springer, The projective octave plane. I, II. — Indag. Math. 22 (1962),

74–101.

140. T. A. Springer, Characterisation of a class of cubic forms. — Indag. Math. 24

(1962), 259–265.

141. T. A. Springer, On the geometric algebra of the projective octave plane. — Indag.

Math. 24 (1962), 451–468.

142. T. A. Springer, Linear algebraic groups. 2nd ed. Birkhäuser, Boston et al. (1981). 143. T. A. Springer and F. D. Veldkamp, On Hjelmslev–Moufang planes. — Math. Z.

107 (1968). 249–263.

144. T. A. Springer and F. D. Veldkamp, Octonions, Jordan algebras and exceptional groups. Springer, Berlin et al. (2000).

145. M. R. Stein, Generators, relations and coverings of Chevalley groups over commutative rings. — Amer. J. Math. 93, No. 4 (1971), 965–1004.

146. M. R. Stein, Stability theorems for K_1, K_2 and related functors modeled on Chevalley groups. — Japan J. Math. 4, No. 1 (1978), 77–108.

147. A. V. Stepanov and N. A. Vavilov, Decomposition of transvections: a Theme with variations. — K-theory 19 (2000), 109–153.

148. K. Suzuki, Normality of the elementary subgroups of twisted Chevalley groups over commutative rings. — J. Algebra 175, No. 3 (1995), 526–536.

149. G. Taddei, Normalité des groupes élémentaire dans les groupes de Chevalley sur un anneau. — Contemp. Math. 55, Part II (1986), 693–710.

150. D. M. Testerman, Irreducible subgroups of exceptional algebraic groups. — Mem.

Amer. Math. Soc. 390 (1988), 1–190.

151. D. M. Testerman, A construction of certain maximal subgroups of the algebraic groups E_6 and F_4. — Comm. Algebra 17, No. 4 (1989), 1003–1016.

152. F. G. Timmesfeld, Moufang planes and the groups E^K_6 and SL_2 (K), K a Cayley division algebra. — Forum Math. 6, No. 2 (1994), 209–231.

153. J. Tits, Le plan projective des octaves et les groupes de Lie exceptionnels. — Acad.

Roy. Belg. Bull. Cl. Sci. 39 (1953), 309–329.

154. J. Tits, Le plan projective des octaves et les groupes exceptionnels E_6 et E_7 . —

Acad. Roy. Belg. Bull. Cl. Sci. 40 (1954), 29–40.

155. J. Tits, Sur les constantes de structure et le théorème d’existence des algèbres de Lie semi-simples. — Publ. Math. Inst. Hautes Et. Sci., No. 31 (1966), 21–58.

156. J. Tits, Algèbres alternatives, algèbres de Jordan et algèbres de Lie exceptionnelles.

I. Construction. — Indag. Math., No. 28 (1966), 223–237.

157. L. N. Vaserstein, On normal subgroups of Chevalley groups over commutative rings. — Tôhoku Math. J. 36, No. 5 (1986), 219–230.

158. N. A. Vavilov, Structure of Chevalley groups over commutative rings. Proc. Conf.

Non-associative algebras and related topics (Hiroshima–1990). World Sci. Publ. London et al. (1991), 219–335.

159. N. A. Vavilov, Weight elements of Chevalley groups. — Preprint Univ. Warwick,

No. 35 (1994), 1–46.

160. N. A. Vavilov, Intermediate subgroups in Chevalley groups. Proc Conf. Groups of

Lie Type and their Geometries (Como – 1993). Cambridge Univ. Press. (1995), 233–280.

161. N. A. Vavilov, Unipotent elements in subgroups which contain a split maximal torus. — J. Algebra 176, No. 2 (1995), 356–367.

68 N. A. VAVILOV, A. ı. LUZGAREV, I. M. PEVZNER

162. N. A. Vavilov, A third look at weight diagrams. — Rendiconti del Seminario Matem.

dell’Univ. di Padova, 204 (2000), 1–45.

163. N. A. Vavilov, Do it yourself structure constants for Lie algebras of type E_l. — Zap. nauqn. semin. POMI 281 (2001), 60–104.

164. N. A. Vavilov and E. B. Plotkin, Chevalley groups over commutative rings. I.

Elementary calculations. — Acta Applicandae Math. 45 (1996), 73–115. 165. F. D. Veldkamp, Unitary groups in projective octave planes. — Compositio Math.

19 (1968), 213–258.

166. F. D. Veldkamp, Collineation groups in Hjelmslev–Moufang planes. — Math. Z.

108, No. 1 (1968), 37–52.

167. F. D. Veldkamp, Unitary groups in Hjelmslev–Moufang planes. — Math. Z. 108,

No. 2 (1969), 288–312.

168. S. Wagon, Mathematica in Action. Springer-Verlag (1999).

169. N. J. Wildberger, A combinatorial construction for simply-laced Lie algebras. —

Preprint Univ. New South Wales (2001), 1–11.

170. S. Wolfram, The Mathematica book. 5th ed., Wolfram Media (2003), 1–1464.

Vavilov N. A., Luzgarev A. Yu., Pevzner I. M. Chevalley group of type E6 in the 27-dimensional representation.

The present paper is devoted to a detailed computer study of the action of Chevalley group G(E6, R) on the minimal module V (ϖ1). Our main objectives are an explicit choice and tabulation of the signs of structure constants for this action, compatible with the choice of positive Chevalley base, construction of multilinear invariants and equations on the matrix entries of matrices from G(E6, R) in this representation, and explicit tabulation of root elements.

Postupilo 9 noØbrØ 2006 g. S.-Peterburgskiæ gosudarstvennyæ universitet