Zapiski nauqnyh seminarov POMI Tom 334, 2006 g.

M. N. ˚kovlev

SMEXANNA˚ KRAEVA˚ ZADAQA DL˚ SINGUL˚RNOGO OBYKNOVENNOGO DIFFERENCIAL^NOGO URAVNENI˚ VTOROGO POR˚DKA

DlØ lineænogo singulØrnogo obyknovennogo differencial~- nogo uravneniØ vtorogo porØdka privedeny usloviØ suwestvovaniØ, edinstvennosti i neotricatel~nosti obobwennogo i klassiqeskogo rexeniØ, udovletvorØ¸wego kraevym usloviØm

u(a) = 0, u^′(b) = 0 (∗)

(teoremy 1 i 5) ili kraevym usloviØm

u^′(a) = 0, u(b) = 0 (∗∗)

(teoremy 2 i 6).

DlØ nelineænogo singulØrnogo obyknovennogo differencial~nogo uravneniØ vtorogo porØdka vida

−u^{′′} + p_0(t)u + m∑ k=2 q_k(t)u^k = f(t)

ustanovleno suwestvovanie neotricatel~nogo obobwennogo i klassiqeskogo rexeniæ kraevyh zadaq s kraevymi usloviØmi (∗) (teoremy 3 i 6) i s kraevymi usloviØmi (∗∗) (teoremy 4 i 8).

DlØ nelineænogo singulØrnogo uravneniØ

−u^{′′} + p_0(t)u + m∑ k=2 q_k(t)u^{2k+1} + f_0(t)φ(u) = f(t)

ustanavleno suwestvovanie obobwennogo i klassiqeskogo rexeniæ i shodimost~ metoda Galerkina v sluqae kraevyh usloviæ (∗) (teoremy 9 i 11) i kraevyh usloviæ (∗∗) (teoremy 10 i 12).

Pust~ −∞ < a < b < +∞. Kak obyqno, H^1(a, b) – vewestvennoe gil~bertovo prostranstvo vewestvennyh absol¸tno nepreryvnyh funkciæ vewestvennoæ peremennoæ u(z) takih, qto proizvodnaØ u^′(t), kotoraØ suwestvuet poqti vs¸du na (a, b), summiruema 246

SMEXANNA˚ KRAEVA˚ ZADAQA 247

s kvadratom na (a, b). Pri fftom ‖u‖^2_H1_{(a,b)} = b∫ a u^2(s)ds + b∫ a [u^′(s)]^2ds. (1) Rassmotrim zamknutoe podprostranstvo H^1(a, b; a) prostranstva H^1(a, b), gde H^1(a, b; a) = {u(t) ∈ H^1(a, b), u(a) = 0}. (2) Lemma 1. Pust~ u(t) ∈ H^1(a, b; a). Togda |u(t)|^2 6 (t − a) b∫ a [u^′(s)]^2ds, a 6 t 6 b. (3)

Lemma 2. Norma (1) v prostranstve H^1(a, b; a) ffkvivalentna nor- me |u|^2_H1_{(a,b;a)} ≡ b∫ a [u^′(s)]^2ds, (4) a imenno:

|u|^2_H1_{(a,b;a)} 6 ‖u‖^2_H1_{(a,b)} 6 [(b − a)2 2 + 1 ] |u|^2_H1_{(a,b;a)}. (5)

Lemma 3. Pust~_{p0(t)(t − a) ∈ L(a, b), (6)}

K_1 ≡ 1 − b∫ a p^−_0 (t)(t − a)dt > 0, (7)

K_2 ≡ 1 + b∫ a |p_0(t)|(t − a)dt < +∞. (8) Zdes~ p^−_0 (t) =^1_2 [|p_0(t)| − p_0(t)].

Togda dlØ u(t) ∈ H^1(a, b; a) verny neravenstva K_1 b∫ a [u^′(s)]^2 ds 6 b∫ a [u^′(s)]^2 ds + b∫ a p_0(s)[u(s)]^2 ds 6 K_2 b∫ a [u^′(s)]^2 ds. (9)

248 M. N. ˚KOVLEV

Teorema 1. Pust~ f(t) √ t − a ∈ L(a, b), p_0(t)(t − a) ∈ L(a, b) (10) i verno neravenstvo (7). Togda

(1) v prostranstve H^1(a, b; a) suwestvuet odna i tol~ko odna funkciØ u_0(t) ∈ H^1(a, b; a), na kotoroæ funkcional J(u) ≡ b∫ a [u^′(s)]^2ds + b∫ a p_0(t)[u(t)]^2ds − 2 b∫ a f(s)u(s)ds (11) dostigaet minimuma;

(2) dlØ vseh v(t) ∈ H^1(a, b; a) uravnenie b∫ a u^′(t)v^′(t)dt + b∫ a p_0(t)u(t)v(t)dt = b∫ a f(t)u(t)v(t)dt (12) otnositel~no u(t) imeet odno i tol~ko odno rexenie v prostranstve H^1(a, b; a), i fftim rexeniem ØvlØetsØ funkciØ u_0(t), na kotoroæ funkcional J(u) dostigaet minimuma;

(3) verna ocenka {^b∫ a [u^′_0(s)]^2ds }_{1/2} 6^1_{K1} b∫ a |f(t)| √ t − a dt; (13) (4) esli f(t) > 0 pri a 6 t 6 b, to u_0(t) > 0 pri a 6 t 6 b; (5) esli f(t) ∈ C(a, b], p_0(t) ∈ C(a, b], (14) to u_0(t) ∈ C^{(2)}(a, b] i ØvlØetsØ rexeniem kraevoæ zadaqi

−u^{′′}_0 (t) + p_0(t)u_0(t) = f(t), a < t < b, (15)

u_0(a) = 0, u^′_0(b) = 0. (16)

Dokazatel~stvo. Vvedem novoe skalØrnoe proizvedenie v pro-

stranstve H^1(a, b; a), poloßiv [u, v] ≡ b∫ a u^′(s)v^′(s)ds + b∫ a p_0(s)u(s)v(s)ds. (17)

SMEXANNA˚ KRAEVA˚ ZADAQA 249

V silu lemmy 3, norma v H^1(a, b; a), opredelØemaØ skalØrnym proizvedeniem (17), ffkvivalentna norme |u|_H1_{(a,b;a)} i, v silu lemmy 2, norme ‖u‖_H1_{(a,b)} v H^1(a, b; a). V silu (14) s uqetom lemmy 1, po teoreme Rissa ob obwem vide lineænogo funkcionala, v gil~bertovom prostranstve H^1(a, b; a) suwestvuet funkciØ u_0(t) ∈ H^1(a, b; a) takaØ, qto b∫ a f(t)u(t)dt = [u_0, u] dlØ l¸byh u(t) ∈ H^1(a, b; a). (18)

Sledovatel~no, dlØ vseh u ∈ H^1(a, b; a)

J(u) = [u, u] − 2[u_0, u] = [u − u_0, u − u_0] − [u_0, u_0]. (19)

Pofftomu u_0 ∈ H^1(a, b; a) ØvlØetsØ edinstvennoæ toqkoæ minimuma funkcionala J(u) v prostranstve H^1(a, b; a). Dalee, poskol~ku,

[u_0, v] = b∫ a u^′_0(s)v^′(s)ds + b∫ a p_0(s)u_0v(s)ds, (20)

uqityvaØ (18), poluqim (12).

DlØ dokazatel~stva neravenstva (13) poloßim v (12) v(t) = u_0(t). Togda (^b∫ a [u^′_0(s)]^2 ds

)_{1/2}^b∫ a |f(t)| √ t − a dt > b∫ a f(t)u_0(t)dt

= b∫ a [u^′_0(s)]^2ds + b∫ a p_0(s)u^2_0(s)ds > K_1 b∫ a [u^′_0(s)]^2ds,

otkuda i sleduet (13).

Ravenstvo (12) pokazyvaet, qto funkciØ p_0(t)u_0(t) − f(t) ØvlØetsØ obobwennoæ proizvodnoæ funkcii u^′_0(t). Po teoreme ob ffkvivalentnosti klassiqeskoæ i obobwennoæ proizvodnyh (sm. [1, s. 127]), u^′_0(t) ∈ C^{(1)}(a, b) i ee obobwennaØ proizvodnaØ ØvlØetsØ klassiqeskoæ proizvodnoæ funkcii u^′_0(t). Krome togo, poskol~ku u^′_0(t) ∈ C^{(1)}(a, b), ona ØvlØetsØ klassiqeskoæ proizvodnoæ funkcii u_0(t), priqem u^′_0(t) nepreryvna v (a, b). Tem samym, u_0(t) ∈ C^{(2)}(a, b) i

−u^{′′}_0 + p_0(t)u_0(t) = f(t), a < t < b, u_0(t) ∈ C^{(2)}(a, b].

250 M. N. ˚KOVLEV

Teper~ v (12) ograniqimsØ temi v(t) ∈ H^1(a, b; a), kotorye ravny nul¸ pri a 6 t 6 a + ε dlØ nekotorogo 0 < ε < b − a.

IntegriruØ pervoe slagaemoe v (12) po qastØm, poluqim b∫ a+ε [−u^{′′}_0 (t) + p_0(t)u_0(t) − f(t)]v(t)dt + u^′(b)v(b) = 0.

Ots¸da vvidu proizvol~nosti v(b), sleduet, qto u^′(b) = 0.

Dokaßem teper~ (4). Poloßim

u_0(t) = { u_0(t) pri u_0(t) > 0, −u_0(t) pri u_0(t) < 0.

(21)

Oqevidno, u_0(t) ∈ H^1(a, b; a) i b∫ a [u^′_0(s)]^2ds + b∫ a p_0(t)u^2_0(t)dt = b∫ a [ ū^′_0(s)]^2ds + b∫ a p_0(t)u^2_0(t)dt.

Poskol~ku pri f(t) > 0 my imeem b∫ a f(t)u_0(t)dt 6 b∫ a f(t)u_0(t)dt, to verno neravenstvo J(u_0) > J( u_0). (22) Neravenstvo (22) protivoreqit tomu faktu, qto u_0(t) – edinstvennaØ funkciØ, na kotoroæ kvadratiqnyæ funkcional J(u) dostigaet minimuma v prostranstve H^1(a, b; a).

Pust~ H^1(a, b; b) ≡ {u(t) ∈ H^1(a, b), u(b) = 0}. (23) Analogiqno teoreme 1 dokazyvaetsØ sledu¸waØ teorema.

Teorema 2. Pust~ p_0(t)(b − t) ∈ L(a, b), f(t) √ b − t ∈ L(a, b) (24) i 1 − b∫ a p^−_0 (t)(b − t)dt > 0. (25)

SMEXANNA˚ KRAEVA˚ ZADAQA 251 Togda

(1) v prostranstve funkciæ H^1(a, b; b) suwestvuet odna i tol~- ko odna funkciØ w_0(t) ∈ H^1(a, b; b), na kotoroæ kvadratiqnyæ funkcional (11) dostigaet minimuma v prostranstve H^1(a, b; b);

(2) dlØ vseh v(t) ∈ H^1(a, b; b) uravnenie (12) otnositel~no u(t) imeet odno i tol~ko odno rexenie v prostranstve H^1(a, b; b), i fftim rexeniem ØvlØetsØ funkciØ w_0(t) ∈ H^1(a, b; b), na kotoroæ funkcional (11) dostigaet minimuma v prostranstve H^1(a, b; b);

(3) verna ocenka (^b∫ a [w^′_0(s)]^2ds )_{1/2}

6^1

1 − b∫ a (b − t)p^−_0 (t)dt b∫ a |f(t)| √ b − t dt; (26)

(4) esli f(t) > 0 pri a 6 t 6 b, to w_0(t) > 0 pri a 6 t 6 b; (5) esli f(t) ∈ C[a, b), p_0(t) ∈ C[a, b), (27) to w_0(t) ∈ C^{(2)}[a, b) i ØvlØetsØ rexeniem kraevoæ zadaqi

−w^{′′}_0 (t) + p_0(t)w_0(t) = f(t), a < t < b, (28)

w^′_0(a) = 0, w_0(b) = 0. (29) Rassmotrim sledu¸wu¸ nelineænu¸ kraevu¸ zadaqu dlØ obyknovennogo differencial~nogo uravneniØ vtorogo porØdka:

−u^{′′} + p_0(t)u + m∑ k=2 q_k(t)u^k = f(t), a < t < b, (30) u(a) = 0, u^′(b) = 0. (31) Obobwennym rexeniem zadaqi (30), (31) nazyvaetsØ funkciØ u_0(t) ∈ H^1(a, b; a), udovletvorØ¸waØ ravenstvu b∫ a u^′_0(t)v^′(t)dt + b∫ a p_0(t)u_0(t)v(t)dt

+ b∫ a m∑ k=2 q_k(t)u^k_0 (t)v(t)dt = b∫ a f(t)v(t)dt (32)

pri l¸byh v(t) ∈ H^1(a, b; a).

252 M. N. ˚KOVLEV

Teorema 3. Pust~ p_0(t)(t − a) ∈ L(a, b), 0 6 f(t) √ t − a ∈ L(a, b), (33) 0 6 qk(t)(t − a)^{(k+1)/2} ∈ L(a, b), k = 2, 3, . . . , m, (34) c ≡ 1 − b∫ a p^−_0 (t)(t − a)dt > 0. (35)

Togda

(1) suwestvuet neotricatel~noe obobwennoe rexenie u_0(t) kraevoæ zadaqi (30), (31);

(2) verna ocenka (^b∫ a [u^′_0(t)]^2dt )_{1/2} 6^1_c b∫ a |f(t)| √ t − a dt; (36)

(3) esli p_0(t) ∈ C(a, b], q_k(t) ∈ C(a, b], f(t) ∈ C(a, b], k = 2, . . . , m, to u_0(t) ∈ C^{(2)}(a, b] i ØvlØetsØ rexeniem kraevoæ zadaqi

−u^{′′}_0 + p_0(t)u_0 + m∑ k=2 q_k(t)u^k_0 = f(t), a < t < b, u_0(a) = 0, u^′_0(b) = 0.

(37)

Dokazatel~stvo. Vvedem banahovo prostranstvo E nepreryv-

nyh otobraßeniæ u(t, τ ) zamknutogo promeßutka [0, 1] v prostranstvo H^1(a, b; a) s normoæ

‖u‖^2_E ≡ sup_0

6τ61 b∫ a [ du(t, τ ) dt ]_2 dt. (38)

Pust~ K – konus neotricatal~nyh fflementov iz E, t.e. u(t, τ ) ∈ K oznaqaet, qto u(t, τ ) ∈ E i u(t, τ ) > 0 pri a 6 t 6 b, 0 6 τ 6 1. Pust~ u(t, τ ) ∈ K i pust~ w(u) ≡ w(u(t, τ ), f(t)) – edinstvennaØ

SMEXANNA˚ KRAEVA˚ ZADAQA 253

funkciØ iz E, suwestvu¸waØ po teoreme 1, kotoraØ udovletvorØet sootnoxeni¸ b∫ a w^′(u)v^′(t)dt + b∫ a p_0(t)w(u)v(t)dt

+ m∑ k=2 k b∫ a q_k(t)u^{k−1}(t, τ )w(u)v(t)dt = b∫ a f(t)v(t)dt (39) dlØ vseh v(t) ∈ H^1(a, b; a).

Po teoreme 1 my imeem w(u(t, τ )) > 0 i {^b∫ a [w^′_t(u(t, τ ))]^2dt }_{1/2} 6^1_c 1∫ 0 f(t) √ t − a dt ≡ M. (40) Dalee, pust~ u(t, τ ), z(t, τ ) ∈ K ∩ S_E (0, M ), gde S_E (0, M ) – zamknutyæ xar v prostranstve E, i Δ = w(u) − w(z). Togda b∫ a [Δ^′]^2dt + b∫ a p_0(t)Δ^2dt + m∑ k=2 k b∫ a q_k(t)z^{k−1}Δ^2dt

+ m∑ k=2 k(k − 1) b∫ a q_k(t) [ u(t, τ ) − z(t, τ ) ]

× [ u(t, τ ) + θ_k(z(t, τ ) − u(t, τ )) ]_{k−2} w(u)Δdt = 0.

(41)

Zdes~ 0 < θ_k < 1 (k = 2, . . . , m). Iz ravenstva (41) poluqaem, qto sup 06t61 (^b∫ a [ w^′(u) − w^′(z) ]_2 dt )_{1/2}

6 L sup_06_τ6_1^( b∫ a [ u^′_t(t, τ ) − z^′_t(t, τ ) ]_2 dt )_{1/2} . (42)

Zdes~ 0 < L < +∞.

Rassmotrim integral~noe uravnenie Vol~terra v prostranstve E u(t, τ ) = τ∫ 0 w(u(t, s), f(t))ds. (43)

254 M. N. ˚KOVLEV

V silu neravenstv (40) i (42), dlØ uravneniØ (43) vypolneny vse usloviØ lemmy 1 iz [2]. Pofftomu suwestvuet rexenie u(t, τ ) uravneniØ (43), kotoroe pri 0 6 τ 6 1 udovletvorØet sootnoxeni¸_b ∫ a u^′_t(t, τ )v^′(t)dt + b∫ a p_0(t)u(t, τ )v(t)dt

+ m∑ k=2 b∫ a q_k(t)u^k(t, τ )v(t)dt = τ b∫ a f(t)v(t)dt dlØ l¸boæ funkcii v(t) ∈ H^1(a, b; a). Takim obrazom, u(t, 1) ØvlØetsØ obobwennym rexeniem zadaqi (30), (31).

Analogiqno dokazyvaetsØ sledu¸waØ teorema.

Teorema 4. Pust~ p_0(t)(b − t) ∈ L(a, b), 0 6 f(t) √ b − t ∈ L(a, b), (44) 0 6 qk(t)^(b − t^{)(k+1)/2} ∈ L(a, b), k = 2, . . . , m, (45) d ≡ 1 − b∫ a p^−_0 (t)(b − t)dt > 0. (46)

Togda

(1) suwestvuet neotricatel~naØ funkciØ w_0(t) ∈ H^1(a, b; b) (obobwennoe rexenie) takaØ, qto b∫ a w^′_0(t)v^′(t)dt + b∫ a p_0(t)w_0(t)v(t)dt

+ m∑ k=2 b∫ a q_k(t)w^k_0 (t)v(t)dt = b∫ a f(t)v(t)dt (47)

pri l¸byh v(t) ∈ H^1(a, b; b);

(2) verna ocenka (^b∫ a [w^′_0]^2dt )_{1/2} 6^1_d b∫ a f(t) √ b − t dt; (48)

SMEXANNA˚ KRAEVA˚ ZADAQA 255

(3) esli f(t) ∈ C[a, b), p_0(t) ∈ C[a, b), q_k(t) ∈ C[a, b) (k = 2, . . . , m), (49) to w_0(t) ∈ C^{(2)}[a, b) i ØvlØetsØ rexeniem kraevoæ zadaqi

−w^{′′}_0 (t) + p_0(t)w_0(t) + m∑ k=2 q_k(t)w^k_0 (t) = f(t), a < t < b, (50)

w^′_0(a) = 0, w_0(b) = 0. (51)

Lemma 4. Pust~ u(t) ∈ H^1(a, b; a). Togda b∫ a u^2(t) (t − a)^2 dt 6 4 b∫ a [u^′(t)]^2dt. (52)

Dokazatel~stvo. Pust~ a < ε < b. Togda b∫ ε u^2(t) (t − a)^2 dt = − b∫ ε u^2(t) d dt ( 1 t − a ) dt

= u^2(ε) ε − a − u^2(b) b − a + 2 b∫ ε u(t)u^′(t) (t − a) dt 6^{u2(ε)}_{ε − a} + 2^( b∫ ε u^2(t) (t − a)^2 dt )_{1/2}(^b∫ ε [u^′(t)]^2dt )_{1/2}

6^{u2(ε)}_{ε − a} +^1_2 b∫ ε u^2(t) (t − a)^2 dt + 2 b∫ ε [u^′(t)]^2dt.

Ots¸da_b ∫ ε u^2(t) (t − a)^2

dt 6^{2u2(ε)}_{ε − a} + 4 b∫ ε [u^′(t)]^2dt. (53)

Ispol~zuØ lemmu 1 iz [3], poluqim, qto

u^2(ε) ε − a 6 ε∫ a [u^′(t)]^2dt → 0 pri ε → a.

256 M. N. ˚KOVLEV

Tak kak_b ∫ ε [u^′(t)]^2dt → b∫ a [u^′(t)]^2dt pri ε → a,

to iz neravenstva (53) sleduet, qto^b ∫ a u2(t)dt (t−a)2 suwestvuet i verna

ocenka (52).

Lemma 5. Pust~ u(t) ∈ H^1(a, b; b). Togda b∫ a u^2(t) (b − t)^2 dt 6 4 b∫ a [u^′(t)]^2dt. (54)

Dokazatel~stvo. ε∫ a u^2(t) (t − b)^2 dt = − ε∫ a u^2(t) d dt ( 1 t − b ) dt = u^2(a) a − b − u^2(ε) ε − b +2 ε∫ a u(t)u^′(t) t − b dt

6^{u2(ε)}_{b − ε} + 2^( ε∫ a u^2(t) (b − t)^2 dt )_{1/2}(^ε∫ a [u^′(t)]^2dt )_{1/2} . Ots¸da_ε ∫ a u^2(t) (t − b)^2

dt 6^{2u2(ε)}_{b − ε} + 4 ε∫ a [u^′(t)]^2dt. (55)

Ispol~zuØ lemmu 2 iz [3], poluqim, qto

u^2(ε) b − ε 6 b∫ ε [u^′(t)]^2dt → 0 pri ε → b.

Pofftomu iz neravenstva (55) sleduet, qto^b ∫ a u2(t) (b−t)2 dt suwestvuet

i verno neravenstvo (54). �

SMEXANNA˚ KRAEVA˚ ZADAQA 257

Lemma 6. Pust~

|p_0(t)|(t − a)^2 6 d < +∞, p^−_0 (t)(t − a)^2 6 c_0, Q ≡ 1 − 4c_0 > 0. (56) Togda dlØ u(t) ∈ H^1(a, b; a) verno neravenstvo Q b∫ a [u^′(t)]^2dt

6

b∫ a [u^′(t)]^2dt + b∫ a p_0(t)u^2(t)dt 6 (1 + 4d) b∫ a [u^′(t)]^2dt. (57)

Lemma 7. Pust~ u(t) ∈ H^1(a, b; b) i

|p_0(t)|(b − t)^2 6 D < +∞, p^−_0 (t)(b − t)^2 6 c_1, R ≡ 1 − 4c_1 > 0. Togda verno neravenstvo R b∫ a [u^′(t)]^2dt 6 b∫ a [u^′(t)]^2dt + b∫ a p_0(t)u^2(t)dt 6 (1 + 4D) b∫ a [u^′(t)]^2dt.

Teorema 5. Pust~ |p_0(t)|(t − a)^2 6 d_1 < +∞, f(t)(t − a) ∈ L^2(a, b), p^−_0 (t)(t − a)^2 6 c_0,

(58)

Q ≡ 1 − 4c_0 > 0. (59) Togda

(1) v prostranstve funkciæ H^1(a, b; a) suwestvuet odna i tol~- ko odna funkciØ u_0(t) ∈ H^1(a, b; a), na kotoroæ kvadratiqnyæ funkcional (11) dostigaet minimuma;

(2) dlØ vseh v(t) ∈ H^1(a, b; a) uravnenie b∫ a u^′(t)v^′(t)dt + b∫ a p_0(t)u(t)v(t)dt = b∫ a f(t)v(t)dt (60) otnositel~no funkcii u(t) ∈ H^1(a, b; a) imeet odno i tol~ko odno rexenie, i fftim rexeniem ØvlØetsØ funkciØ u_0(t) ∈ H^1(a, b; a), na kotoroæ funkcional (11) dostigaet minimuma;

258 M. N. ˚KOVLEV

(3) verna ocenka (^b∫ a [u^′_0(t)]^2dt )_{1/2} 6^2_Q^( b∫ a f^2(t)(t − a)^2dt )_{1/2} ; (61)

(4) esli f(t) > 0 pri a 6 t 6 b, to u_0(t) > 0 pri a 6 t 6 b; (5) esli p_0(t) ∈ C(a, b], f(t) ∈ C(a, b], to u_0(t) ∈ C^{(2)}(a, b] i udovletvorØet uravneni¸

−u^{′′}_0 (t) + p_0(t)u_0(t) = f(t), a < t < b, (62)

i kraevym usloviØm

u_0(a) = 0, u^′_0(b) = 0. (63) Pri dokazatel~stve teoremy 5 vmesto lemmy 3, ispol~zovavxeæsØ pri dokazatel~stve teoremy 1, ispol~zuetsØ lemma 6.

Teorema 6. Pust~ vypolneny usloviØ:

|p_0(t)|(t − b)^2 6 D, p^−_0 (t)(t − b)^2 6 c_1, f(t)(b − t) ∈ L^2(a, b), (64)

R ≡ 1 − 4c_1 > 0. (65) Togda

(1) v prostranstve funkciæ H^1(a, b; b) suwestvuet odna i tol~- ko odna funkciØ u_0(t) ∈ H^1(a, b; b), na kotoroæ kvadratiqnyæ funkcional J(u) ≡ b∫ a [u^′(t)]^2dt + b∫ a p_0(t)u^2(t)dt − 2 b∫ a f(t)u(t)dt (66) dostigaet minimuma;

(2) dlØ vseh v(t) ∈ H^1(a, b; b) uravnenie b∫ a v^′(t)u^′(t)dt + b∫ a p_0(t)u(t)v(t)dt = b∫ a f(t)v(t)dt (67) otnositel~no funkcii u(t) ∈ H^1(a, b; b) imeet odno i tol~ko odno rexenie, i fftim rexeniem ØvlØetsØ funkciØ u_0(t) ∈ H^1(a, b; b), na kotoroæ funkcional (66) dostigaet minimuma v prostranstve H^1(a, b; b);

SMEXANNA˚ KRAEVA˚ ZADAQA 259

(3) verna ocenka (^b∫ a [u^′_0(t)]^2dt )_{1/2} 6^2_R^( b∫ a f^2(t)(b − t)^2 dt )_{1/2} ; (68)

(4) esli f(t) > 0 pri a 6 t 6 b, to u_0(t) > 0 pri a 6 t 6 b; (5) esli p_0(t) ∈ C[a, b), f(t) ∈ C[a, b), to u_0(t) ∈ C^{(2)}[a, b) i udovletvorØet uravneni¸ −u^{′′}_0 (t) + p_0(t)u_0(t) = f(t), a < t < b, (69) i kraevym usloviØm u^′_0(a) = 0, u_0(b) = 0. (70) Pri dokazatel~stve teoremy 6 vmesto lemmy 3, ispol~zovavxeæsØ pri dokazatel~stve teoremy 1, ispol~zuetsØ lemma 7.

Teorema 7. Pust~ pri a 6 t 6 b vypolneny usloviØ:

|p_0(t)|(t − a)^2 6 d < +∞, p^−_0 (t)(t − a)^2 6 c_0, f(t)(t − a) ∈ L^2(a, b), (71)

f(t) > 0, Q ≡ 1 − 4c_0 > 0, 0 6 q_k(t)(t − a)^{(k+1)/2} ∈ L(a, b). Togda

(1) suwestvuet neotricatel~naØ funkciØ u_0(t) ∈ H^1(a, b; a) (obobwennoe rexenie) takaØ, qto b∫ a u^′_0(t)v^′(t)dt + b∫ a p_0(t)u_0(t)v(t)dt + m∑ k=2 b∫ a q_k(t)u^k_0 (t)v(t)dt

= b∫ a f(t)v(t)dt (72)

pri l¸byh v(t) ∈ H^1(a, b; a);

(2) verna ocenka (^b∫ a [u^′_0(t)]^2dt )_{1/2} 6^2_Q^( b∫ a f^2(t)(t − a)^2dt )_{1/2} ; (73)

260 M. N. ˚KOVLEV

(3) esli p_0(t) ∈ C(a, b], q_k(t) ∈ C(a, b] (k = 2, . . . , m), to f(t) ∈ C(a, b], u_0(t) ∈ C^{(2)}(a, b] i udovletvorØet uravneni¸

−u^{′′}_0 (t) + p_0(t)u_0(t) + m∑ k=2 q_k(t)u^k_0(t) = f(t), a < t < b, (74) i kraevym usloviØm u_0(a) = 0, u^′_0(b) = 0. (75)

Teorema 8. Pust~ pri a 6 t 6 b vypolneny usloviØ:

|p_0(t)|(b − t)^2 6 d_1 < +∞, p^−_0 (t)(b − t)^2 6 c_1, 0 6 f(t)(b − t) ∈ L^2(a, b), R ≡ 1 − 4c1 > 0, 0 6 qk(t)(b − t)^{(k+1)/2} ∈ L(a, b) (k = 2, . . . , m). (76)

Togda

(1) suwestvuet neotricatel~naØ funkciØ u_0(t) ∈ H^1(a, b; b) (obobwennoe rexenie kraevoæ zadaqi) takaØ, qto b∫ a u^′_0(t)v^′(t)dt + b∫ a p_0(t)u_0(t)v(t)dt + m∑ k=2 b∫ a q_k(t)u^k_0 (t)v(t)dt

= b∫ a f(t)v(t)dt (77)

pri l¸boæ v(t) ∈ H^1(a, b; b);

(2) verna ocenka (^b∫ a [u^′_0(t)]^2dt )_{1/2} 6^2_R^( b∫ a f^2(t)(b − t)^2dt )_{1/2} ; (78)

(3) esli f(t) ∈ C[a, b), p_0(t) ∈ C[a, b), q_k(t) ∈ C[a, b),

SMEXANNA˚ KRAEVA˚ ZADAQA 261 to u_0(t) ∈ C^{(2)}[a, b) i udovletvorØet uravneni¸

−u^{′′}_0 (t) + p_0(t)u_0(t) + m∑ k=2 q_k(t)u^k_0(t) = f(t), a < t < b, (79) i kraevym usloviØm u^′_0(a) = 0, u_0(b) = 0. (80)

Teorema 9. Pust~ |p_0(t)|(t − a) ∈ L(a, b), f(t) √ t − a ∈ L(a, b), 0 6 f0(t)^√t − a ∈ L(a, b),^{(81)} 0 6 qk(t)(t − a)^{k+1} ∈ L(a, b), −c|u| 6 φ(u)u, c > 0, i φ(u) nepreryvna pri − ∞ < u < +∞, (82) 1 − b∫ a p^−_0 (t)(t − a)dt ≡ d > 0 (k = 2, . . . , m). (83) Togda

(1) suwestvuet po kraæneæ mere odna funkciØ (obobwennoe rexenie) u_0(t) ∈ H^1(a, b; a) takaØ, qto b∫ a u^′_0(t)v^′(t)dt + b∫ a p_0(t)u_0(t)v(t)dt + m∑ k=2 b∫ a q_k(t)u^{2k+1}_0 (t)v(t)dt

+ b∫ a f_0(t)φ(u_0(t))v(t)dt − b∫ a f(t)v(t)dt ≡ Φ(u_0, v) = 0 (84)

dlØ l¸boæ v(t) ∈ H^1(a, b; a);

(2) pri φ(u) ≡ 0 funkciØ u_0(t) edinstvenna, i verno neravenstvo (^b∫ a [u^′_0(t)]^2dt )_{1/2} 6^1_d b∫ a |f(t)| √ t − a dt; (85) (3) esli p_0(t) ∈ C(a, b], f(t) ∈ C(a, b], q_k(t) ∈ C(a, b] (k = 2, . . . , m), f_0(t) ∈ C(a, b],

262 M. N. ˚KOVLEV

to u_0(t) ∈ C^{(2)}(a, b] i udovletvorØet uravneni¸

− u^{′′}_0 (t) + p_0(t)u_0(t) + m∑ k=2 q_k(t)u^{2k+1}_0 (t) + f_0(t)φ(u_0(t)) = f(t), a < t < b, (86) i kraevym usloviØm

u_0(a) = 0, u^′_0(b) = 0; (87) (4) pri φ(u) ≡ 0 metod Galerkina po polnoæ v H^1(a, b; a) sisteme {φ_k}^∞_{k=1} shoditsØ k u_0(t) po norme prostranstva H^1(a, b; a), t.e. esli u_n = ∑_n p=1 c^{(n)}_p φ_p, to c^{(n)}_k odnoznaqno opredelØ¸tsØ iz sistemy uravneniæ b∫ a u^′_n(t)φ^′_p(t)dt + b∫ a p_0(t)u_n(t)φ_p(t)dt + m∑ k=2 b∫ a q_k(t)u^{2k+1}_n (t)φ_p(t)dt

= b∫ a f(t)φ_p(t)dt (p = 1, . . . , n), (88)

i ‖ ‖u_n − u_0 ‖ ‖_{H1(a,b;a)} → 0 pri n → ∞. Dokazatel~stvo. Poloßim T (u) = T1(u) + T2(u), gde

(T_1(u), v)_H1_{(a,b;a)} = b∫ a u^′(t)v^′(t)dt + b∫ a p_0(t)u(t)v(t)dt

+ m∑ k=2 b∫ a q_k(t)u^{2k+1}(t)v(t)dt − b∫ a f(t)v(t)dt,

(T_2(u), v)_H1_{(a,b;a)} = b∫ a f_0(t)φ(u(t))v(t)dt pri l¸byh v(t) ∈ H^1(a, b; a) i l¸byh u(t) ∈ H^1(a, b; a). V uslovi- Øh teoremy operator T_1(u) kak operator iz H^1(a, b; a) v H^1(a, b; a) monotonen i deminepreryven. Operator T_2(u) kak operator iz

SMEXANNA˚ KRAEVA˚ ZADAQA 263

H^1(a, b; a) v H^1(a, b; a) vpolne nepreryven, t.e. preobrazuet posledovatel~nost~, slabo shodØwu¸sØ v H^1(a, b; a), v posledovatel~- nost~, shodØwu¸sØ po norme v prostranstve H^1(a, b; a). V samom dele, pust~ u_n → u_0 slabo v H^1(a, b; a). Togda

‖T_2(u_n) − T_2(u_0)‖_H1_{(a,b;a)} = sup_{‖v‖=1} | | | b∫ a [f_0(t)φ(u_n) − f_0(t)φ(u_0)]v(t)dt | | |

6

b∫ a |f_0(t)| √ t − a dt max_a6_t6_b[φ(u_n(t)) − φ(u_0(t))| → 0,

tak kak posledovatel~nost~, slabo shodØwaØsØ v H^1(a, b; a), shoditsØ po norme v C[a, b].

Po teoreme suwestvovaniØ rexeniØ uravneniØ s koffrcitivnym operatorom, ØvlØ¸wimsØ summoæ monotonnogo deminepreryvnogo operatora i vpolne nepreryvnogo operatora v gil~- bertovom prostranstve (sm. [4, s. 271]), suwestvuet po kraæneæ mere odno rexneie u^∗ uravneniØ (T (u^∗), v) = Φ(u^∗, v) = 0, t.e. u^∗(t) ∈ H^1(a, b; a) i udovletvorØet sootnoxeni¸ (84).

Teorema 10. Pust~ |p_0(t)|(b − t) ∈ L(a, b), f(t) √ b − t ∈ L(a, b), 0 6 f0(t)^√b − t ∈ L(a, b),^{(89)} 0 6 qk(t)(b − t)^{k+1} ∈ L(a, b), −c|u| 6 φ(u)u, c > 0 i φ(u) nepreryvna pri − ∞ < u < +∞, (90) 1 − b∫ a p^−_0 (t)(b − t)dt ≡ D > 0 (k = 2, . . . , m). (91) Togda

(1) suwestvuet po kraæneæ mere odna funkciØ u_0(t) ∈ H^1(a, b; b) takaØ, qto Φ(u_0, v) = 0 (92)

pri l¸byh v(t) ∈ H^1(a, b; b);

264 M. N. ˚KOVLEV

(2) pri φ(u) ≡ 0 funkciØ u_0(t) ∈ H^1(a, b; b) edinstvenna, i verna ocenka (^b∫ a [u^′_0(s)]^2ds )_{1/2} 6^1_D b∫ a |f(t)| √ b − t dt; (93) (3) esli p_0(t) ∈ C[a, b), f_0(t) ∈ C[a, b), q_k(t) ∈ C[a, b) (k = 2, . . . , m), to u_0(t) ∈ C^{(2)}[a, b) i udovletvorØet uravneni¸

− u^{′′}_0 (t) + p_0(t)u_0(t) + m∑ k=2 q_k(t)u^{2k+1}_0 (t) + f_0(t)φ(u_0(t)) = f(t), a < t < b, (94) i kraevym usloviØm u^′_0(a) = 0, u_0(b) = 0; (95) (4) pri φ(u) ≡ 0 metod Galerkina po polnoæ v H^1(a, b; b) sisteme {φ_k} shoditsØ po norme prostranstva H^1(a, b; b) k funkcii u_0(t), t.e. sistema (88) odnoznaqno razrexima i^b ∫ a [u^′_0(t) − u^′_n(t)]^2dt → 0 pri n → ∞.

Teorema 11. Pust~

|p_0(t)|(t − a)^2 6 d < +∞, p^−_0 (t)(t − a)^2 6 c_0, f(t) √ t − a ∈ L(a, b), 0 6 f0(t)^√t − a ∈ L(a, b), 0 6 qk(t)(t−a)^{k+1} ∈ L(a, b) (k = 2, . . . , m), Q ≡ 1 − 4c_0 > 0, a 6 t 6 b, −c|u| 6 φ(u)u, c > 0, i φ(u) nepreryvna pri − ∞ < u < +∞. Togda

(1) suwestvuet po kraæneæ mere odna funkciØ u_0(t) ∈ H^1(a, b; a), udovletvorØ¸waØ sootnoxeni¸ (84);

(2) esli φ(u) ≡ 0, to u_0(t) edinstvenna i (^b∫ a [u^′_0(s)]^2ds )_{1/2} 6^1_Q b∫ a |f(t)| √ t − a dt;

SMEXANNA˚ KRAEVA˚ ZADAQA 265

(3) esli f(t) ∈ C(a, b], p_0(t) ∈ C(a, b], q_k(t) ∈ C(a, b] (k = 2, . . . , m), f_0(t) ∈ C(a, b], to u_0(t) ∈ C^{(2)}(a, b] i udovletvorØet uravneni¸

−u^{′′}_0 (t)+p_0(t)u_0(t)+ m∑ k=2 q_k(t)u^{2k+1}_0 (t)+f_0(t)φ(u_0(t)) = f(t), a < t < b,

i kraevym usloviØm u_0(a) = 0, u^′(b) = 0;

(4) verno utverßdenie (4) teoremy 9.

Teorema 12. Pust~ pri a 6 t 6 b

|p_0(t)|(b − t)^2 6 D < +∞, p^−_0 (t)(b − t)^2 6 c_1, f(t) √ b − t ∈ L(a, b), 0 6 f0(t)^√b − t ∈ L(a, b), 0 6 qk(t)(b−t)^{k+1} ∈ L(a, b) (k = 2, . . . , m), R ≡ 1 − 4c_1 > 0, −c|u| 6 φ(u)u, c > 0 i φ(u) nepreryvna pri − ∞ < u < +∞. Togda verny zakl¸qeniØ (1), (3), (4) teoremy 10 i pri φ ≡ 0 funkciØ u_0(t) ∈ H^1(a, b; b), udovletvorØ¸waØ (92), edinstvenna i (^b∫ a [u^′_0(s)]^2ds )_{1/2} 6^1_R b∫ a |f(t)| √ b − t dt.

Literatura

1. �. Lib, M. Loss, Analiz. NauqnaØ kniga, Novosibirsk, 1998. 2. M. N. ˚kovlev, Razreximost~ nelineænyh uravneniæ v konuse prostranstva Banaha. — Zap. nauqn. semin. POMI 248 (1998), 225–230.

3. M. N. ˚kovlev, Razreximost~ singulØrnyh kraevyh zadaq dlØ obyknovennyh differencial~nyh uravneniæ porØdka 2m. — Zap. nauqn. semin. PO- MI 309 (2004), 174–188.

4. M. M. Vaænberg, Variacionnyæ metod i metod monotonnyh operatorov.

Nauka, M., 1972.

Yakovlev M. N. Mixed boundary-value problems for singular secondorder ordinary differential equations.

266 M. N. ˚KOVLEV

It is proved that the boundary-value problem

−u^{′′} + p_0(t)u(t) + m∑ k=2 q_k(t)u^{2k+1}(t) + f_0(t)φ(u(t)) = f(t), 0 < t < 1,

u(a) = 0, u^′(b) = 0, has a solution, provided that the following conditions are fulfilled: |p_0(t)|(t − a) ∈ L(a, b), f(t) √ t − a ∈ L(a, b), 0 6 f0(t)^√t − a ∈ L(a, b), 0 6 qk(t)(t − a)^{k+1} ∈ L(a, b), −c|u| 6 φ(u)u, c > 0, 1 − b∫ a p^−_0 (t)(t − a)dt > 0, and, for φ(u) ≡ 0, the Galerkin method converges in the norm of the space H^1(a, b; a). Several theorems of a similar kind are presented.

Postupilo 15 i¸nØ 2006 g.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN