Zapiski nauqnyh seminarov POMI Tom 334, 2006 g.

M. N. ˚kovlev

PERVA˚ KRAEVA˚ ZADAQA DL˚ SINGUL˚RNOGO NELINE`NOGO OBYKNOVENNOGO DIFFERENCIAL^NOGO URAVNENI˚ QETVERTOGO POR˚DKA

Na osnovanii poluqennoæ v rabote ocenki

[u(t)]^2 6 1 3 t^3(1 − t)^3 1∫ 0 [u^{00} (s)]^2ds, 0 6 t 6 1, u(t) ∈ H^2_0 (0, 1),

poluqeny utoqnennye usloviØ razreximosti i odnoznaqnoæ razreximosti pervoæ kraevoæ zadaqi dlØ singulØrnogo nelineænogo differencial~nogo uravneniØ qetvertogo porØdka, ustanovlennye ranee na osnove ocenok, privedennyh v rabote [2]. Rassmotreny takße usloviØ razreximosti pervoæ kraevoæ zadaqi dlØ singulØrnogo nelineænogo differencial~nogo uravneniØ qetvertogo porØdka i v tom sluqae, kogda operator, opredelØemyæ kraevoæ zadaqeæ, ne ØvlØetsØ, voobwe govorØ, monotonnym.

V sluqae kraevoæ zadaqi

u^{(4)} − (p_1(t)u^0 )^0 − (p_2(t)[u^0 ]^{2k+1})^0 + p_0(t)u

+f_0(t)φ(u) + f_1(t)u^{2m+1} = f(t), 0 < t < 1,

u(0) = u^′(0) = u(1) = u^′(1) = 0

dokazana razreximost~ v prostranstve H^2_0 (0, 1) pri usloviØh p_0(t)t^3(1−t)^3 ∈ L(0, 1), p_1(t)t(1−t) ∈ L(0, 1), f(t)t^{3/2}(1−t)^{3/2} ∈ L(0, 1),

0 6 p2(t)[t(1 − t)]^{k+1} ∈ L(0, 1), 0 6 f0(t)[t(1 − t)]^{3/2} ∈ L(0, 1), 0 6 f1(t)[t(1 − t)]^{3m+3} ∈ L(0, 1), φ(u)u ¿ −c|u|, c > 0, 1 − 1∫ 0 p^−_1 (t)t(1 − t)dt − 1 3 1∫ 0 p^−_0 (t)t^3(1 − t)^3dt > 0.

233

234 M. N. ˚KOVLEV

Kak izvestno (sm., napr., [1, s. 457]), funkciØ Grina g(t, s) operatora^{d4u}_{dt4} s kraevymi usloviØmi

u(0) = u^0 (0) = u(1) = u^0 (1) = 0 (1)

opredelØetsØ sootnoxeniØmi 6 g(t, s) = { t^2(s − 1)^2[3s − t − 2ts] pri 0 6 t 6 s 6 1, (t − 1)^2s^2[3t − s − 2ts] pri 0 6 s 6 t 6 1. (2) Pofftomu dlØ l¸boæ funkcii u(t) ∈ C^{(4)}[0, 1], udovletvorØ¸weæ kraevym usloviØm (1), imeet mesto ravenstvo u(t) = 1∫ 0 g(t, s)u^{(4)}(s)ds. (3) Imeem 6 ∂g(t, s) ∂s = { t^2(s − 1)[9s − 6ts − 3] pri 0 6 t 6 s 6 1, (t − 1)^2s[6t − 3s − 6ts] pri 0 6 s 6 t 6 1; (4)

6 ∂^2g(t, s) ∂s^2 = { 3t^2[6s + 2t − 4ts − 4] pri 0 6 t 6 s 6 1, 6(t − 1)^2[t − s − 2ts] pri 0 6 s 6 t 6 1; (5)

∂^3g(t, s) ∂s^3 = { 3t^2 − 2t^3 pri t 6 s, 3t^2 − 2t^3 − 1 pri s 6 t. (6) SootnoxeniØ (4), (5) pokazyva¸t, qto funkcii^{∂g(t,s)}_{∂s} i^{∂2g(t,s)}_{∂s2} ØvlØ¸tsØ nepreryvnymi funkciØmi dvuh peremennyh t i s v kvadrate [0, 1] × [0, 1]. Dalee, g(t, 0) = g(t, 1) = 0, ∂g(t, s) ∂s | | s=0 = ∂g(t, s) ∂s | | s=1 = 0. (7)

Lemma 1. Verno ravenstvo 1∫ 0 [ ∂^2g(t, s) ∂s^2 ]_2

ds = g(t, t), 0 6 t 6 1. (8)

PERVA˚ KRAEVA˚ ZADAQA 235

Dokazatel~stvo. Imeem 1∫ 0 [ ∂^2g(t, s) ∂s^2 ]_2 ds = t∫ 0 [ ∂^2g(t, s) ∂s^2 ]_2 ds + 1∫ t [ ∂^2g(t, s) ∂s^2 ]_2 ds

= ∂g(t, s) ∂s ∂^2g(t, s) ∂s^2 | |^{s=t} s=0 + ∂g(t, s) ∂s ∂^2g(t, s) ∂s^2 | |^{s=1} s=t − t∫ 0 ∂g(t, s) ∂s [3t^2 − 2t^3 − 1]ds − 1∫ t ∂g(t, s) ∂s [3t^2 − 2t^3]ds

= −g(t, t)[3t^2 − 2t^3 − 1] + g(t, t)[3t^2 − 2t^3] = g(t, t).

Lemma 2. DlØ funkcii u(t) ∈ C^{(4)}[0, 1] takoæ, qto u(0) = u^0 (0) =

u(1) = u^0 (1) = 0, pri 0 6 t 6 1 verno neravenstvo

[u(t)]^2 6 g(t, t) 1∫ 0 [u^{00} (s)]^2ds = 1 3 t^3(1 − t)^3 1∫ 0 [u^{00} (s)]^2ds. (9)

Dokazatel~stvo. Imeem

[u(t)]^2 =

(^1∫ 0 g(t, s)u^{(4)}(s)ds )_2 = (^1∫ 0 ∂^2g(t, s) ∂s^2 u^{00} (s)ds

)_2

6 1∫ 0 [ ∂^2g(t, s) ∂s^2 ]_2 ds 1∫ 0 [u^{00} (s)]^2ds = g(t, t) 1∫ 0 [u^{00} (s)]^2ds.

Qerez H^2_0 (0, 1) oboznaqim, kak obyqno, prostranstvo vewestvennyh funkciæ u(t), opredelennyh na otrezke [0, 1], ime¸wih absol¸tno-nepreryvnye proizvodnye u^0 (t) v promeßutke [0, 1] i udovletvorØ¸wih kraevym usloviØm u(0) = u^0 (0) = u(1) = u^0 (1) = 0. Pri fftom proizvodnaØ u^{00} (t), kotoraØ suwestvuet poqti vs¸du, summiruema s kvadratom, t.e. u^{00} (t) ∈ L_2(0, 1). DlØ u(t), v(t) ∈ H^2_0 (0, 1) poloßim

(u, v)_H2_{0 (0,1)} = 1∫ 0 u^{00} (t) v^{00} (t)dt, (10)

236 M. N. ˚KOVLEV

‖u‖^2_H2_{0 (0,1)} ≡ 1∫ 0 [u^{00} (s)]^2ds. (11)

Kak izvestno (sm., napr., [4, s. 74]), prostranstvo H^2_0 (0, 1) poluqaetsØ zamykaniem v norme (11) prostranstva C^∞_0 (0, 1) beskoneqno differenciruemyh funkciæ s nositelØmi v (0, 1). Oboznaqim qerez C^{(4)}_0 (0, 1) mnoßestvo teh funkciæ iz C^{(4)}[0, 1], kotorye udovletvorØ¸t kraevym usloviØm u(0) = u^0 (0) = u(1) = u^0 (1) = 0. Togda C^∞_0 (0, 1) ⊂ C^{(4)}_0 [0, 1], i pofftomu, v silu lemmy 2, dlØ funkciæ iz C^∞_0 (0, 1) verno neravenstvo (9). Pust~ u_0(t) ∈ H^2_0 (0, 1). Suwestvuet posledovatel~nost~ u_n(t) ∈ C^∞_0 (0, 1) takaØ, qto ‖u_0(t) − u_n(t)‖_H2_{0 (0,1)} → 0 pri n → ∞. Imeem

[u_n(t)]^2 6 g(t, t)‖u_n‖^2_H2_{0 (0,1)}. (12)

PerehodØ v neravenstve (12) k predelu pri n → ∞, poluqim sledu¸wee utverßdenie.

Lemma 3. DlØ l¸boæ funkcii u(t) ∈ H^2_0 (0, 1) verno neravenstvo

[u(t)]^2 6 g(t, t)‖u‖^2_H2_{0 (0,1)} = 1 3 t^3(1 − t)^3‖u‖^2_H2_{0 (0,1)}. (13)

Lemma 4. Pust~ vewestvennye funkcii p0(t) i p1(t) opredeleny

na promeßutke (0, 1) i takovy, qto

p_0(t)[t(1 − t)]^3 ∈ L(0, 1), p_1(t)t(1 − t) ∈ L(0, 1), (14)

k_1 ≡ 1 − 1∫ 0 p^−_1 (t)t(1 − t)dt − 1 3 1∫ 0 p^−_0 (t)t^3(1 − t)^3dt > 0, (15)

k_2 ≡ 1 + 1∫ 0 |p_1(t)t(1 − t)|dt + 1 3 1∫ 0 |p_0(t)|t^3(1 − t)^3dt < +∞. (16)

Zdes~ p^−_k (t) =^1_2 |p_k(t)| −^1_2 p_k(t), k = 0, 1, 0 < t < 1. Togda na prostranstve H^2_0 (0, 1) norma |u|, opredelØemaØ sootnoxeniem |u|^2 ≡ 1∫ [u^{00} (s)]^2ds + 1∫ 0 p_1(t)[u^′(t)]^2dt + 1∫ 0 p_0(t)u^2(t)dt, (17)

PERVA˚ KRAEVA˚ ZADAQA 237 ravnosil~na (ffkvivalentna) norme ‖u‖_H2_{0 (0,1)}, t.e.

k_1‖u‖^2_H2_{0 (0,1)} 6 |u|^2 6 k_2‖u‖^2_H2_{0 (0,1)}. (18)

Dokazatel~stvo. Ispol~zuØ lemmu 3 i lemmu 3 iz [1], vyvodim

|u|^2 = ‖u‖^2_H2_{0 (0,1)} + 1∫ 0 p_1(t)[u^0 (t)]^2dt + 1∫ 0 p_0(t)u^2(t)dt

¿^[1 − 1∫ 0 p^−_1 (t)t(1 − t)dt − 1 3 1∫ 0 p^−_0 (t)t^3(1 − t)^3dt]‖u‖^2_H2_{0(0,1)}

= k_1‖u‖^2_H2_{0 (0,1)}.

Pravoe neravenstvo v (18) dokazyvaetsØ analogiqno.

Lemma 5. Pust~ vypolneny sledu¸wie usloviØ:

(1) vewestvennaØ funkciØ u(t) opredelena na promeßutke (a, b), −∞ < a < b < +∞, i imeet obobwennu¸ proizvodnu¸ po Sobolevu u^{(k)}(t) porØdka k ¿ 0;

(2) suwestvuet obobwennaØ proizvodnaØ porØdka l ¿ 1 ot u^{(k)}(t) i [u^{(k)}(t)]^{(l)} ∈ C(a, b).

Togda u(t) ∈ C^{(k+l)}(a, b).

Dokazatel~stvo. Preßde vsego, [u^{(k)}]^{(l)}(t) = u^{(k+l)}(t), i suwestvu-

¸t vse obobwennye proizvodnye u^{(m)}(t) (m = 1, . . . , k+l) (sm. [5, s. 133]). Po teoreme ob ffkvivalentnosti obobwennoæ i klassiqeskoæ proizvodnyh (sm. [6, s. 127]), obobwennaØ proizvodnaØ u^{(k+l−1)}(t) ∈ C^{(1)}(a, b). Pust~ uße dokazano, qto u^{(l+k−j)}(t) ∈ C^{(j)}(a, b). Togda (po teoreme ob ffkvivalentnosti klassiqeskoæ i obobwennoæ proizvodnyh) u^{(k+l−j−1)}(t) imeet klassiqesku¸ proizvodnu¸, kotoroæ ØvlØetsØ funkciØ u^{(k+l−j)} ∈ C^{(j)}(a, b). Sledovatel~no, sama funkciØ u^{(k+l−j−1)}(t) ∈ C^{(j+1)}(a, b). Takim obrazom, sdelav k + l xagov, my pridem k zakl¸qeni¸ lemmy 5.

Teorema 1. Pust~ opredelennaØ na promeßutke (0, 1) vewestven-

naØ funkciØ f(t) takova, qto

f(t)[t(1 − t)]^{32} ∈ L(0, 1), (19)

i pust~ vypolneny sootnoxeniØ (14)–(16). Togda

238 M. N. ˚KOVLEV

(1) v prostranstve funkciæ H^2_0 (0, 1) suwestvuet odna i tol~ko odna funkciØ u_0(t) ∈ H^2_0 (0, 1), na kotoroæ kvadratiqnyæ funkcio- nal

J(u) ≡ 1∫ 0 [u^{00} (s)]^2ds + 1∫ 0 p_1(t)[u^′(t)]^2dt

+ 1∫ 0 p_0(s)[u(s)]^2ds − 2 1∫ 0 f(s)u(s)ds (20)

dostigaet minimuma v prostranstve H^2_0 (0, 1);

(2) sootnoxenie 1∫ 0 u^{00} (s)v^{00} (s)ds + 1∫ 0 p_1(s)u^0 (s)v^0 (s)ds + 1∫ 0 p_0(s)u(s)v(s)ds

= 1∫ 0 f(s)v(s)ds pri l¸byh v(t) ∈ H^2_0 (0, 1) (21)

(ØvlØ¸weesØ uravneniem otnositel~no u(t)) imeet odno i tol~ko odno rexenie v prostranstve H^2_0 (0, 1), i fftim rexeniem ØvlØetsØ funkciØ u_0(t), na kotoroæ funkcional J(u) dostigaet minimuma v prostranstve H^2_0 (0, 1);

(3) verna ocenka

‖u_0‖_H2_{0 (0,1)} 6 1 k_1 √ 3 1∫ 0 |f(t)|[t(1−t)]^{3/2}dt = 1 k_1 1∫ 0 |f(t)| √ g(t, t)dt. (22) (4) pri p_1(t) ≡ 0, p_0(t) ∈ C(0, 1), f(t) ∈ C(0, 1) funkciØ u_0(t) ∈ C^{(4)}(0, 1) i udovletvorØet uravneni¸

u^{(4)}(t) + p_0(t)u_0(t) = f(t), 0 < t < 1,

i kraevym usloviØm

u_0(0) = u^0(0) = u_0(1) = u^0(1) = 0.

PERVA˚ KRAEVA˚ ZADAQA 239

Dokazatel~stvo. Po teoreme Rissa ob obwem vide lineæno-

go ograniqennogo funkcionala v gil~bertovom prostranstve so skalØrnym proizvedeniem

[u, v] ≡ 1∫ 0 u^{(2)}(t)v^{(2)}(t)dt + 1∫ 0 p_1(t)u^0 (t) v^0 (t)dt + 1∫ 0 p_0(t)u(t)v(t)dt,

v silu (19) i s uqetom lemmy 4, dlØ nekotorogo u_0 ∈ H^2_0 (0, 1) imeem 1∫ 0 f(t)u(t)dt = [u_0, u] dlØ l¸bogo u ∈ H^2_0 (0, 1).

Pofftomu dlØ vseh u ∈ H^2_0 (0, 1) J(u) = [u, u] − 2[u_0, u] = |u − u_0|^2 − |u_0|^2. Sledovatel~no, u_0 ∈ H^2_0 (0, 1) ØvlØetsØ edinstvennoæ toqkoæ minimuma funkcionala J(u) v H^2_0 (0, 1). Dalee, poskol~ku dlØ l¸- bogo v ∈ H^2_0 (0, 1) my imeem

[u_0, v] = 1∫ 0 u^{(2)}_0 (t)v^{(2)}(t)dt + 1∫ 0 p_1(t)u^0(t) v^0 (t)dt + 1∫ 0 p_0(t)u_0(t)v(t)dt i 1∫ 0 f(t)v(t)dt = [u_0, v],

poluqaem (21). Pust~ teper~ suwestvuet drugaØ funkciØ u_1(t) ∈ H^2_0 (0, 1), udovletvorØ¸waØ sootnoxeni¸ (21). Togda, polagaØ v(t) = u_0(t) − u_1(t), poluqim

0 ¿ [1 − 1∫ 0 p^−_1 (t)t(1 − t)dt − 1∫ 0 p^−_0 (t)g(t, t)dt]‖u_0 − u_1‖^2_H2_{0 (0,1)}.

240 M. N. ˚KOVLEV Ots¸da sleduet, qto u_0(t) = u_1(t). Dalee, imeem 1∫ 0 |f(t)| √ g(t, t)dt‖u_0‖_H2_{0 (0,1)} ¿ 1∫ 0 f(t)u_0(t)dt ¿^[1 − 1∫ 0 p^−_1 (t)t(1 − t)dt − 1∫ 0 p^−_0 (t)g(t, t)dt ] ‖u_0‖^2_H2_{0 (0,1)},

otkuda, sokrawaØ na ‖u_0‖_H2_{0 (0,1)}, poluqaem ocenku (22).

Rassmotrim sledu¸wu¸ kraevu¸ zadaqu dlØ nelineænogo differencial~nogo uravneniØ qetvertogo porØdka: u^{(4)} − (p_1(t)u^0 )^0 − (p_2(t, u^0 ))^0 + q_1(t)u^0 + p_0(t)u

+f_1(t, u) + f_0(t, u, u^′) = f(t) (23) s kraevymi usloviØmi u(0) = u^0 (0) = u(1) = u^0 (1) = 0. (24) Obobwennym rexeniem kraevoæ zadaqi (23), (24) nazyvaetsØ funkciØ u_0(t) ∈ H^2_0 (0, 1), udovletvorØ¸waØ ravenstvu

Φ(u_0, v) ≡ 1∫ 0 u^{(2)}_0 (t)v^{(2)}(t)dt + 1∫ 0 p_1(t)u^0(t)v^0 (t)dt

+ 1∫ 0 p_2(t, u^0(t))v^0 (t)dt + 1∫ 0 q_1(t)u^0(t)v(t)dt + 1∫ 0 p_0(t)u_0(t)v(t)dt

+ 1∫ 0 f_1(t, u(t))v(t)dt + 1∫ 0 f_0(t, u(t), u^0 (t))v(t)dt

− 1∫ 0 f(t)v(t)dt = 0 (25)

pri l¸byh v(t) ∈ H^2_0 (0, 1).

Teorema 2. Pust~ vypolneny sledu¸wie usloviØ:

p_1(t)t(1 − t) ∈ L(0, 1), p_0(t)t^3(1 − t)^3 ∈ L(0, 1); (26)

PERVA˚ KRAEVA˚ ZADAQA 241 q_1(t)[t(1 − t)]^2 ∈ L(0, 1); (27) f_1(t, u(t))[t(1 − t)]^{3/2} ∈ L(0, 1) pri l¸byh u(t) ∈ H^2_0 (0, 1); (28) f_0(t, u(t), u^′(t))[t(1 − t)]^{3/2} ∈ L(0, 1) pri l¸byh u(t) ∈ H^2_0 (0, 1); (29) p_2(t, u^′(t))[t(1 − t)]^{1/2} ∈ L(0, 1) pri l¸byh u(t) ∈ H^2_0 (0, 1); (30) [f_1(t, u) − f_1(t, w)](u − w) ¿ 0; (31) [p_2(t, u) − p_2(t, w)](u − w) ¿ 0; (32) 1∫ 0 |f_1(t, u_n(t))−f_1(t, w(t)|[t(1−t)]^{3/2}dt → 0 pri ‖u_n−w‖_H2_{0 (0,1)} → 0; (33) 1∫ 0 |p_2(t, u^0_n(t))−p_2(t, w^0 (t))|[t(1−t)^{1/2}dt → 0 pri ‖u_n−w‖_H2_{0 (0,1)} → 0; (34) 1∫ 0 |f_0(t, u_n(t), u^′_n(t)) − f_0(t, w(t), w^0 (t))|[t(1 − t)]^{3/2}dt → 0

pri max_06_t6_1 |u_n(t) − w(t)| + max_06_t6_1 |u^′_n(t) − w^′(t)| → 0 pri n → ∞;

(35)

1∫ 0 f_0(t, u(t), u^′(t))u(t)dt ¿ −c‖u‖_H2_{0 (0,1)}, c > 0, pri vseh u(t) ∈ H^2_0 (0, 1);

(36)

f(t)[t(1 − t)]^{3/2} ∈ L(0, 1). (37) Pust~, dalee, verno neravenstvo d ≡ 1 − 1∫ 0 p^−_1 (t)t(1 − t)dt

− 1 3 1∫ 0 p^−_0 (t)t^3(1 − t)^3dt − 1 √ 3 1∫ 0 |q_1(t)|t^2(1 − t)^2dt > 0. (38)

242 M. N. ˚KOVLEV Togda v H^2_0 (0, 1) suwestvuet po kraæneæ mere odno obobwennoe rexenie u^∗(t) kraevoæ zadaqi (23), (24). V tom sluqae, kogda f_0(t, u, u^0 ) ≡ 0, rexenie edinstvenno, verna ocenka

‖u^∗‖_H2_{0 (0,1)} 6 1 d √ 3 1∫ 0 |f(t)|[t(1 − t)]^{3/2}dt (39) i metod Galerkina po polnoæ v H^2_0 (0, 1) sisteme {φ_k}^∞_{k=1} shoditsØ k obobwennomu rexeni¸ iz H^2_0 (0, 1) kraevoæ zadaqi (23), (24) po norme prostranstva H^2_0 (0, 1).

Dokazatel~stvo. DlØ u ∈ H^2_0 (0, 1) poloßim T (u) = T1(u) + T2(u), gde (T_1(u), v)_H2_{0 (0,1)} = 1∫ 0 u^{00} (t) v^{00} (t)dt + 1∫ 0 p_1(t)u^0 (t)v^0 (t)dt

+ 1∫ 0 p_2(t, u^0 (t))v^0 (t)dt + 1∫ 0 p_0(t)u(t)v(t)dt

+ 1∫ 0 f_1(t, u(t))v(t)dt + 1∫ 0 q_1(t)u^0 (t)v(t)dt − 1∫ 0 f(t)v(t)dt dlØ l¸byh v(t) ∈ H^2_0 (0, 1)

(40)

i (T_2(u), v)_H2_{0 (0,1)} = 1∫ 0 f_0(t, u(t), u^0 (t))v(t)dt pri l¸byh v(t) ∈ H^2_0 (0, 1). (41)

V silu (29) i (35), operator T_2(u) ØvlØetsØ vpolne nepreryvnym operatorom iz H^2_0 (0, 1) v H^2_0 (0, 1) (perevodit slabo shodØwu¸sØ posledovatel~nost~ iz H^2_0 (0, 1) v posledovatel~nost~ shodØwu¸sØ po norme v H^2_0 (0, 1)). V silu (26)–(28), (30)–(32), (33), (34), (37), (38), T_1(u) – monotonnyæ i deminepreryvnyæ operator iz H^2_0 (0, 1) v H^2_0 (0, 1). Nakonec, v silu usloviæ (36) i (38), operator T (u) koffrcitiven. Pofftomu, v silu teoremy suwestvovaniØ rexeniØ u uravneniØ s koffrcitivnym operatorom,

PERVA˚ KRAEVA˚ ZADAQA 243 ØvlØ¸wimsØ summoæ monotonnogo deminepreryvnogo operatora i vpolne nepreryvnogo operatora (sm. [3, s. 271]), suwestvuet u^∗(t) ∈ H^2_0 (0, 1) takoe, qto Φ(u^∗, v) = 0, t.e. suwestvuet obobwennoe rexenie kraevoæ zadaqi (23), (24).

Sledstvie 1. Pust~ vewestvennye funkcii p0(t), p1(t), p2(t), f(t),

f_0(t), f_1(t) takovy, qto p_0(t)t^3(1 − t)^3 ∈ L(0, 1), p_1(t)t(1 − t) ∈ L(0, 1), f(t)[t(1 − t)]^{3/2} ∈ L(0, 1),

(42)

p_2(t)[t(1 − t)]^{k+1} ∈ L(0, 1), (43) f_1(t)[t(1 − t)]^{3m+3} ∈ L(0, 1), f_0(t)[t(1 − t)]^{3/2} ∈ L(0, 1), (44) p_2(t) ¿ 0, f_1(t) ¿ 0, f_0(t) ¿ 0, 0 < t < 1, (45) φ(u)u ¿ −c|u|, c > 0, i φ(u) nepreryvna pri −∞ < u < +∞. Pust~, dalee, 1 − 1∫ 0 p^−_1 (t)t(1 − t)dt − 1 3 1∫ 0 p^−_0 (t)t(1 − t)^3dt ≡ q > 0. (46)

Togda kraevaØ zadaqa dlØ obyknovennogo differencial~nogo uravneniØ qetvertogo porØdka u^{(4)} − (p_1(t)u^0 )^0 − (p_2(t)[u^0 ]^{2k+1})^0 + p_0(t)u +f_0(t)φ(u) + f_1(t)u^{2m+1} = f(t), 0 < t < 1, (47) s kraevymi usloviØmi u(0) = u^0 (0) = u(1) = u^0 (1) = 0 (48) imeet hotØ by odno obobwennoe rexenie u(t) ∈ H^2_0 (0, 1).

Esli φ(u) ≡ 0, to obobwennoe rexenie iz H^2_0 (0, 1) edinstvenno, verna ocenka

‖u‖_H2_{0 (0,1)} 6 1 q √ 3 1∫ 0 |f(t)|[t(1 − t)]^{3/2}dt (49) i metod Galerkina po polnoæ v H^2_0 (0, 1) sisteme {φ_k} shoditsØ k edinstvennomu obobwennomu rexeni¸ iz H^2_0 (0, 1) kraevoæ zadaqi (47), (48) po norme prostranstva H^2_0 (0, 1).

244 M. N. ˚KOVLEV

Teorema 3. Pust~ vypolneny usloviØ teoremy 2 i predpolo-

ßim, qto p_0(t) ∈ C(0, 1), q_1(t) ∈ C(0, 1), f(t) ∈ C(0, 1), p_1(t) ≡ 0, f_1(t, u(t)) ∈ C(0, 1) pri vseh u(t) ∈ C(0, 1), p_2(t, u) ≡ 0, f_0(t, u(t), u^0 (t)) ∈ C(0, 1) pri vseh u(t) ∈ C^{(1)}(0, 1). Togda obobwennoe rexenie u^∗(t) kraevoæ zadaqi (23), (24) prinadleßit C^{(4)}(0, 1) i udovletvorØet uravneni¸ [u^∗(t)]^{(4)} + q_1(t)[u^∗(t)]^0 + p_0(t)u^∗(t) + f_1(t, u^∗(t)) +f_0(t, u^∗(t), [u^∗(t)]^0 ) = f(t), 0 < t < 1, i kraevym usloviØm u^∗(0) = u^{∗0} (0) = u^∗(1) = u^{∗0} (1) = 0.

Dokazatel~stvo. Sootnoxenie Φ(u^∗, v) ≡ 1∫ 0 [u^∗(t)]^{(2)}v^{(2)}(t)dt + 1∫ 0 q_1(t)u^{∗0} (t)v(t)dt

+ 1∫ 0 p_0(t)u^∗(t)v(t)dt + 1∫ 0 f_0(t, u^∗(t), u^{∗0} (t))v(t)dt

+ 1∫ 0 f_1(t, u^∗(t))v(t)dt − 1∫ 0 f(t)v(t)dt = 0 pokazyvaet, qto [u^∗(t)]^{(2)} imeet vtoru¸ obobwennu¸ proizvodnu¸ v smysle S. L. Soboleva, kotoroæ ØvlØetsØ nepreryvnaØ v (0, 1) funkciØ

−[q_1(t)u^{∗ 0} (t) + p_0(t)u^∗(t) + f_0(t, u^∗(t), u^{∗0} (t)) + f_1(t, u^∗(t)) − f(t)]. OstaetsØ primenit~ lemmu 5.

Sledstvie 2. Pust~ v usloviØh sledstviØ 1 vypolneny usloviØ:

p_1(t) ≡ 0, p_2(t, u) ≡ 0, p_0(t) ∈ C(0, 1), f_0(t) ∈ C(0, 1), f_1(t) ∈ C(0, 1), f(t) ∈ C(0, 1). Togda obobwennoe rexenie u(t) ∈ C^{(4)}(0, 1) i udovletvorØet differencial~nomu uravneni¸

u^{(4)} + p_0(t)u + f_0(t)φ(u) + f_1(t)u^{2m+1} = f(t), 0 < t < 1, i kraevym usloviØm u(0) = u^0 (0) = u(1) = u^0 (1) = 0.

PERVA˚ KRAEVA˚ ZADAQA 245

Literatura

1. W. T. Reid, Interrelations between a trace formula and Lyapunov type inequalities.

— J. Differ. Eq. 23, No. 3 (1977), 448–458.

2. M. N. ˚kovlev, Razreximost~ singulØrnyh kraevyh zadaq dlØ obyknovennyh differencial~nyh uravneniæ porØdka 2m. — Zap. nauqn. semin. PO- MI 309 (2004), 174–188.

3. M. M. Vaænberg, Variacionnyæ metod i metod monotonnyh operatorov.

Nauka, M., 1972.

4. A. Kufner, S. Fuqik, Nelineænye differencial~nye uravneniØ. Nauka, M., 1988.

5. S. L. Sobolev, Vvvedenie v teori¸ kubaturnyh formul. Nauka, M., 1974. 6. �. Lib, M. Loss, Analiz. NauqnaØ kniga, Novosibirsk, 1998.

Yakovlev M. N. The first boundary-value problem for a singular nonlinear ordinary differential equation of fourth order.

The solvability of the boundary-value problem

u^{(4)} − (p_1(t)u^0 )^0 − (p_2(t)[u^0 ]^{2k+1})^0 + p_0(t)u

+f_0(t)φ(u) + f_1(t)u^{2m+1} = f(t), 0 < t < 1,

u(0) = u^0 (0) = u(1) = u^0 (1) = 0,

in the space H^2_0 (0, 1) is proved under the following assumptions: p_0(t)t^3(1−t)^3 ∈ L(0, 1), p_1(t)t(1−t) ∈ L(0, 1), f(t)t^{3/2}(1−t)^{3/2} ∈ L(0, 1),

0 6 p2(t)[t(1 − t)]^{k+1} ∈ L(0, 1), 0 6 f0(t)[t(1 − t)]^{3/2} ∈ L(0, 1), 0 6 f1(t)[t(1 − t)]^{3m+3} ∈ L(0, 1), φ(u)u ¿ −c|u|, c > 0, 1 − 1∫ 0 p^−_1 (t)t(1 − t)dt − 1 3 1∫ 0 p^−_0 (t)t^3(1 − t)^3dt > 0.

Postupilo 7 i¸nØ 2006 g. S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN