Zapiski nauqnyh seminarov POMI Tom 331, 2006 g.

D. M. Gitman, V. G. Kupriyanov

QUANTIZATION OF THEORIES WITH NON-LAGRANGIAN EQUATIONS OF MOTION

Abstract. We present an approach to the canonical quantization of systems with non-Lagrangian equations of motion. We first construct an action principle for an equivalent first-order equations of motion. A hamiltonization and canonical quantization of the constructed Lagrangian theory is a non-trivial problem, since this theory involves timedependent constraints. We adopt the general approach of hamiltonization and canonical quantization for such theories (Gitman, Tyutin, 1990) to the case under consideration. There exists an ambiguity (not reduced to a total time derivative) in associating a Lagrange function with the given set of equations. We give a complete description of this ambiguity. It is remarkable that the quantization scheme developed in the case under consideration provides arguments in favor of fixing this ambiguity. Finally, as an example, we consider the canonical quantization of a general quadratic theory.

1. Introduction

It is well known that some physical systems, such as dissipative systems [1], the Dirac monopole [2], etc., are described in terms of second-order equations of motion which cannot be identified with any Euler–Lagrange equations for the action principle. In what follows, we call such equations non-Lagrangian equations. Sometimes (but not always) non-Lagrangian equations can be reduced to Euler–Lagrange equations with the help of multiplication by the so-called integrating multiplier [3–6]. The existence of an action principle for a physical system, or, equivalently, the existence of a Lagrange function for such a system, allows one to proceed with canonical quantization. This, in particular, emphasizes the importance of formulating an action principle for a physical system.

In the present work, we suggest an approach to the canonical quantization of systems with non-Lagrangian equations of motion. On the classical level, we reduce non-Lagrangian equations of motion to an equivalent

The first author was supported by the grant PAST (University Lyon 1, France) and by the grant CNRS (University Rennes 1).

30

QUANTIZATION OF NON–LAGRANGIAN THEORIES 31

set of first-order differential equations. For such equations, we can construct an action principle. The corresponding construction is presented in Sec. 2 and is partially based on the results of [6, 7]. We thus obtain a Lagrangian formulation (in the first-order form) for the initial theory with non-Lagrangian equations of motion. The hamiltonization and canonical quantization of the constructed Lagrangian theory is not a trivial task, since this theory involves time-dependent second-class constraints. The general approach to the hamiltonization and canonical quantization of such theories was presented in [14]. We adopt this approach to our specific case in Sec. 3. There exists an ambiguity in associating a Lagrange function with a given set of equations, which is not reduced to the addition of a total time derivative to a Lagrange function, see [9–13]. In our construction, this ambiguity is completely described. It is remarkable that the quantization scheme developed in the case under consideration provides arguments in favor of fixing this ambiguity. Finally, in Sec. 4, we give an example of canonical quantization for a general quadratic theory.

2. Action principle

Let us suppose that we have succeeded (which is always possible) to reduce non-Lagrangian second-order equations of motion of a system with n degrees of freedom to a set of 2n first-order differential equations, solvable with respect to the time derivatives of the variables x^α, α = 1, . . . , 2n, ẋ^α = f^α(t, x), α = 1, . . . , 2n, (1) where f^α(t, x) are some functions of the indicated arguments. In order to find an action S[x] which yields (1) as the Euler–Lagrange equations, let us choose it in the form S[x] = ∫ dt (J_αẋ^α − H) , (2)

where J_α = J_α(t, x) and H = H(t, x) are some functions of the indicated arguments. The Euler–Lagrange equations corresponding to (2) are given by Ω_{αβ}ẋ^β = ∂_αH + ∂_tJ_α, (3)

where Ω_{αβ} = ∂_αJ_β − ∂_β J_α = Ω_{αβ}(t, x). (4)

32 D. M. GITMAN, V. G. KUPRIYANOV

In order to identify (3) with (1), we need to ensure that

det Ω_{αβ} ≠ 0, (5)

Ω_{αβ}f^β − ∂_tJ_α = ∂_αH. (6)

Thus for the given set (1) the coefficients J_α and H that determine the action (2) can be found from conditions (4)–(6). The consistency condition for Eqs. (6) imply

∂_β (Ω_{αγ}f^γ ) − ∂_α (Ω_{βγ} f^γ ) + ∂_tΩ_{αβ} = 0. (7)

In addition, the symplectic form Ω_{αβ} in (4) must obey the Jacobi identity

∂_αΩ_{βγ} + ∂_βΩ_{γα} + ∂_γ Ω_{αβ} = 0. (8)

Namely, the consistency conditions for Eqs. (4)–(6) provide a closed set of equations for the symplectic form Ω_{αβ}. Having at our disposal the solutions of these equations, we can easily find J_α from (4) and then H from (6).

It is known (see, for instance, [9, 10, 6]) that the general solution Ω_{αβ} of Eq. (7) can be constructed with the help of a solution of the Cauchy problem for Eqs. (1). Let

x^α = φ^α(t, x_{(0)}), x^α_{(0)} = φ^α(0, x_{(0)}) (9)

be a solution of Eqs. (1) for any x_{(0)} = ( x^α_{(0)} ) , and let x^α_{(0)} = χ^α(t, x) be a solution of (9), i.e., x^α ≡ φ^α(t, χ^α). Then we have

Ω_{αβ}(t, x) = ∂_αχ^γ Ω^{(0)}_{γδ} (χ) ∂_βχ^δ. (10)

From ∂χ^α/∂x^γ |_{t=0} = δ^α_γ we obtain

Ω_{αβ}(t, x)|_{t=0} = Ω^{(0)}_{αβ}(x),

which implies that the matrix Ω^{(0)}_{αβ} (x) yields the initial condition for Ω_{αβ}(t, x). We can see that choosing a matrix Ω^{(0)}_{αβ} (x) subject to conditions (8) and (5), we provide the fulfilment of the same conditions for the complete matrix Ω_{αβ}(t, x) (see (10)), since its components at the moment t are given by a simple change of coordinates.

QUANTIZATION OF NON–LAGRANGIAN THEORIES 33

Thus there exists an ambiguity in constructing the action (2) related to the choice of the matrix Ω^{(0)}_{αβ}. The actions constructed from different Ω^{(0)}_{αβ} lead to the same equations of motion; however, they do not differ from each other by a total derivative.

It is convenient (as we will see below) to choose Ω^{(0)}_{αβ} to be the canonical symplectic matrix:

Ω^{(0)}_{αβ} = ( 0 −I I 0 ) , (11)

where I is the n × n unit matrix, and 0 is the n × n zero matrix.

Provided that the matrix Ω is known, we can find J and H from Eqs. (4) and (6). To this end, we remind that

a) the general solution of the equation ∂_kα_i − ∂_iα_k = ω_{ki}, provided that ω_{ki} is antisymmetric and obeys the Jacobi identity, is given by

α_i(x) = 1∫ 0 ds sx^kω_{ki}(sx) + ∂_iφ(x), where φ(x) is an arbitrary function;

b) the general solution of the equation ∂_if = g_i, provided that the vector g_i is a gradient, is given by f(x) = 1∫ 0 ds x^ig_i(sx) + c, where c is a constant.

Taking the above into account, we obtain for J_α and H (we do not consider global problems which arise from a nontrivial topology of the x^α-space) the following representation:

J_α(t, x) = 1∫ 0 ds sx^β Ω_{βα}(t, sx) + ∂_αφ(t, x), (12)

H(t, x) = 1∫ 0 ds x^β [Ω_{βα}(t, sx)f^α(t, sx) − ∂_tJ_β(t, sx)] + c(t), (13) where φ(t, x) and c(t) are arbitrary functions of the indicated arguments. It is easy to see that this arbitrariness is accumulated in the Lagrange

34 D. M. GITMAN, V. G. KUPRIYANOV

function that corresponds to the action (2) via the total time derivative of a function F , F = φ(t, x) − ∫ c(t)dt. The first-order action (2) can be regarded as a Lagrangian action, or as a Hamiltonian action with a noncanonical Poisson bracket. An equivalent second-order Lagrangian formulation is always possible; however, it may include additional variables [15].

3. Hamiltonization and quantization We are now going to consider the action (2) as a Lagrangian action with the Lagrange function L = J_α (t, x) ẋ^α − H (t, x) (14) and construct a corresponding Hamiltonian formulation. To this end, we follow the general^1 scheme of [14]. We first construct the action S^v [x, π, v], which in this case has the form S^v[x, π, v] = ∫ [J_α (t, x) v^α − H (t, x) + π_α (ẋ^α − v^α)] dt (15)

and depends on the momenta π_α conjugate to the coordinates x^α, as well as on the velocities v^α. The equations δS^v δv^α = Φ_α (t, x, π) = π_α − J_α(t, x) = 0 (16)

do not allow one to express the velocities via x and π, which implies the appearance of primary constraints Φ_α (t, x, π), and the velocities v^α become Lagrangian multipliers to these constraints, so that the action (15) becomes a Hamiltonian action of a theory with the primary constraints (16),

S_H = ∫ dt{π_αẋ^α − H^{(1)}}, H^{(1)} = H(t, x) + λ^αΦ_α (t, x, π) , (17)

with the equations of motion

η̇ = { η, H^{(1)} } , Φ = 0, (18)

1Note that some of Jff can be equal to zero, for instance, if one deals with a canonical Hamiltonian action. In this case, one obtains the constraints Φff = πff = 0. Another way to examine this case is to use the method of hamiltonization for theories with degenerate coordinates [16].

QUANTIZATION OF NON–LAGRANGIAN THEORIES 35

where η = (x, π).

The primary constraints are second-class ones. Indeed, we have, in virtue of (5),

{Φ_α, Φ_β} = Ω_{αβ}(t, x) =⇒ det{Φ_α, Φ_β} ≠ 0. (19)

Thus secondary constraints do not appear, and all λ’s are determined from the consistency conditions for the primary constraints:

Φ̇_α = ∂_tΦ_α + {Φ_α, H^{(1)}} = 0 =⇒ −∂_tJ_α − ∂_αH + λ^β {Φ_α, Φ_β} = 0 =⇒

λ^β = ω^{βα} (∂_tJ_α + ∂_αH) , ω^{βα} = Ω�^1_{βα}. (20)

Using the Lagrange multipliers (20) in Eqs. (18), we can write these equations in the form

η̇ = {η, H}_{D(Φ)} + {η, Φ_α}ω^{αβ}∂_tJ_β, Φ = 0, (21)

where {· · · , · · · }_{D(Φ)} are the Dirac brackets with respect to the secondclass constraints Φ. For the canonical variables, the Dirac brackets are {x^α, x^β}_{D(Φ)} = ω^{αβ}, {π_α, π_β}_{D(Φ)} = ∂_αJ_ρω^{ργ} ∂_βJ_γ , {x^α, π_β}_{D(Φ)} = δ^α_β + ω^{αγ} ∂_β J_γ .

(22)

Formally introducing a momentum ϵ conjugate to the time t, and defining the Poisson brackets in an extended space of the canonical variables (x, π; t, ϵ) = (η; t, ϵ) (see [14]), we can rewrite (21) as follows:

η̇ = {η, H + ϵ}_{D(Φ)}, Φ = 0. (23)

Equations (23) present a Hamiltonian formulation of non-Lagrangian systems with first-order equations of motion (1). We note that the Hamiltonian constraints in this formulation are second-class ones and depend on time explicitly. The canonical quantization of theories with timedependent second-class constraints can be carried out along the lines of [14]. Below we present the details of such a quantization, and then adopt it to the system under consideration.

For a Hamiltonian theory with time-dependent second-class constraints, the quantization procedure in the “Schrödinger” picture is realized as follows. The phase-space variables η of a theory with timedependent second-class constraints Φ_l(η, t) are assigned operators η̂ (t)

36 D. M. GITMAN, V. G. KUPRIYANOV

subject to the equal-time commutation relations and the constraints equations

[η̂^A (t) , η̂^B (t)] = i{η^A, η^B }_{D(Φ)}|_{η=η̂}, Φ_l(η̂ (t) , t) = 0. (24)

Their time evolution is postulated as (we neglect the problem of operator ordering [17]) d dt η̂ (t) = {η, ϵ}_{D(Φ)}|_{η=η̂} = −{η, Φ_l}{Φ, Φ}�^1_{ll}0 ∂_tΦ_l0 |_{η=η̂}. (25)

To each physical quantity F , given in the Hamiltonian formulation by a function F (t, η), we assign a “Schrödinger” operator F̂ (t), by the rule F̂ (t) = F (t, η̂ (t)). For arbitrary “Schrödinger” operators F̂ (t) and Ĝ (t), the relation [F̂ (t) , Ĝ (t)] = i{F, G}_{D(Φ)}|_{η=η̂} (26) holds as a consequence of (24). The quantum states of the system are described by vectors Ψ of a Hilbert space with a scalar product (Ψ, Ψ0). Their time evolution is determined by the Schrödinger equation i ∂Ψ (t) ∂t = ^HΨ (t) , (27)

where the quantum Hamiltonian ^H is constructed according to the classical function H(t, η) as ^H (t) = H(t, η̂ (t)). The mean values ⟨F ⟩_t of a physical quantity F are determined as the mean values of the corresponding “Schrödinger” operator F̂ (t) = F (t, η̂ (t)) with respect to state vectors Ψ (t), ⟨F ⟩_t = ( Ψ (t) , F̂ (t) Ψ (t) ) . (28)

Provided that ^H is a self-adjoint operator, the time evolution of state vectors Ψ (t) is unitary,

Ψ (t) = U (t) Ψ (0) , U^+ (t) = U �^1 (t) ,

where U (t) is an evolution operator.

In the Heisenberg picture, where state vectors are “frozen” and the time evolution is governed by the Heisenberg operators η̌ (t) =

U �1_{(t) η̂ (t) U (t), one can see [14] that} d dt η̌ = {η, H(t, η) + ϵ}_{D(Φ)}|_{η=η̌} , [η̌^A (t) , η̌^B (t)] = i{η^A, η^B}_{D(Φ)}|_{η=η̌}, Φ(η̌ (t) , t) = 0, (29)

QUANTIZATION OF NON–LAGRANGIAN THEORIES 37

while for Heisenberg operators F̌ (t) = U �^1 (t) F̂ (t) U (t) = F (t, η̌ (t)), we have d dt F̌ (t) = {F (t, η), H(t, η) + ϵ}_{D(Φ)}|_{η=η̌}, (30) or d dt F̌ (t) = −i [F̌ (t) , Ȟ (t)] + {F (t, η), ϵ}_{D(Φ)}|_{η=η̌} . (31) The above quantization provides the fulfilment of the correspondence principle, since the quantum equations (29) have the same form as the classical ones (23).

Note that the time-dependence of the Heisenberg operators in the theories under consideration is not unitary in the general case. In other words, there exists no such (“Hamiltonian”) operator whose commutator with a physical quantity can produce its total time derivative. This is explained by the existence of two factors which determine the time evolution of a Heisenberg operator. The first one is the unitary evolution of a state vector in the “Schrödinger” picture, while the second one is the time variation of a “Schrödinger” operator η̂, which in general has a nonunitary character. The existence of these two factors is related to the division of the right-hand side of (31) into two summands. Physically, this is explained by the fact that dynamics develops on a surface which changes with time – in the general case, in a nonunitary way.

Below we apply the above quantization scheme to the system under consideration. Taking into account the Dirac brackets (22), we can write the equal-time commutation relations (24) for phase-space operators as [ x̂^α, x̂^β ] = iω^{αβ}|_{x=x̂}, [π̂_α, π̂_β] = i ∂_αJ_ρω^{ργ} ∂_βJ_γ |_{x=x̂} , [x̂^α, π̂_β] = iδ^α_β + i ω^{αγ} ∂_β J_γ |_{x=x̂} .

(32)

In this case, the classical Hamiltonian H does not depend on the momenta π_α, and therefore in order to determine the quantum Hamiltonian ^H, we need to know only the time dependence of the operators x̂^α. From (25) it follows that d dt x̂^α = ω^{αβ}(t, x)∂_tJ_β (t, x) | x=x̂ . (33)

4. Quantization of a general quadratic theory

The quantum-mechanical description of quadratic systems is a widely discussed physical problem which has a number of important applications

38 D. M. GITMAN, V. G. KUPRIYANOV

(see, e.g., [18–23] and references therein). Almost all of these works deal with the case of “Hamiltonian” quadratic systems, i.e., systems described by canonical Hamiltonian equations of motion. On the other hand, we consider a general quadratic system, i.e., a system described by arbitrary linear inhomogeneous equations of motion^2

ẋ = A(t)x + j(t). (34)

In order to construct an action principle for such a theory, we follow the considerations of Sec. 2.

The solution of the Cauchy problem for Eqs. (34) reads as

x(t) = Γ(t)x_{(0)} + γ(t), (35)

where the matrix Γ(t) is the fundamental solution of (34), namely,

Γ̇ = AΓ, Γ(0) = 1, (36)

and γ(t) is a particular solution of (34). Then, following (10), we construct the matrix Ω, Ω = Λ^T Ω^{(0)}Λ, Λ = Γ�^1, (37)

and find the functions J and H according to (12) and (13), J = 1 2 xΩ, H = 1 2 xBx − Cx, (38) where B = 1 2 ( ΩA − A^T Ω ) , C = Ωj. (39)

Then the action functional for a general quadratic theory is S[x] = 1 2 ∫ dt (xΩẋ − xBx − 2Cx) . (40) Another approach to constructing an action functional for a general quadratic theory was proposed in [1].

Note that the Darboux coordinates x_0 can be written via a matrix Λ as follows:

x → x_0 = R�^1(t)Λ(t)x. (41)

2We use the matrix notation x = (xff), A(t) = ıA(t)fffiȷ, j(t) = (j(t)ff), α, β = 1, . . . , 2n.

QUANTIZATION OF NON–LAGRANGIAN THEORIES 39

Here R(t) is an arbitrary matrix of a linear (in general, time-dependent) canonical transformation:

R^T (t)Ω^{(0)}R(t) = Ω^{(0)}.

In terms of the coordinates x_0, the action (40) takes the form S[x] = 1 2 ∫ dt ( x_0Ω^{(0)}ẋ_0 + x_0R^T Ω^{(0)}Ṙx_0 − 2CΓRx_0 ) . (42)

The Darboux coordinates (41) can be divided into coordinates and the corresponding momenta. The Euler–Lagrange equations for the action (42) have the form of canonical Hamilton equations with the Hamiltonian

H_0 = − 1 2 x_0R^T Ω^{(0)}Ṙx_0 + CΓRx_0. (43)

Note that the choice R = const yields a trivial Hamiltonian, which is consistent with the fact that in this case x_0 are the initial data without dynamics.

In the general case of a quadratic theory under consideration, conditions (32) and (33) become [ x̂^α, x̂^β ] = iω^{αβ} (t), (44) d dt x̂^α = − 1 2 ω^{αβ}(t)Ω̇_{βγ} (t)x̂^γ . (45)

The time-dependence of the operators x̂ can be easily found:

x̂^α(t) = Φ^{αβ}(t)x̂^β_0 . (46)

Here the matrix Φ obeys the equation

Φ̇ = − 1 2 ωΩ̇Φ, Φ(0) = E, (47)

and the operators x̂_0 obey the following commutation relations: [ x̂^α_0 , x̂^β_0 ] = i ( Ω^{(0)}_{αβ}

)�1_{= i}^(_{0 I}

−I 0 ) , (48)

see (11). In what follows, it is useful to divide the operators x̂^α_0 into the operators of coordinates proper and the corresponding momenta x̂^α_0 =

40 D. M. GITMAN, V. G. KUPRIYANOV

(q̂^i, p̂_i), α = 1, . . . , 2n, i = 1, . . . , n. The operators q̂ and p̂ obey the canonical commutation relations [ q̂^i, p̂_j ] = iδ^i_j , [ q̂^i, q̂^j ] = [p̂_i, p̂_j] = 0. (49)

The quantum Hamiltonian in Eq. (27) takes the form ^H = 1 2 x̂_0Φ^T BΦx̂_0 − CΦx̂_0, (50)

where the matrix B is determined by (39).

The above quantization is equivalent to quantization in Darboux coordinates, and the transformation x → Φ(t)x_0 provides, by itself, a passage to the Darboux coordinates x_0, because (47) implies

Φ^tΩΦ = Ω_0. (51)

Namely, in the coordinates x_0 the Poisson bracket is canonical. Therefore, Φ = Γ(t)R(t), where Γ(t) is a fundamental solution of system (34). However, in contrast to the classical theory, now the matrix R(t) is fixed, it must obey the conditions

Ṙ = Ω_0Γ^tBΓR, R(0) = E. (52)

Thus, using (43) one can also rewrite the Hamiltonian in (50) as follows: ^H = − 1 2 x̂_0R^T Ω^{(0)}Ṙx̂_0 + CΓRx̂_0. (53)

It is remarkable that if the matrix A that determines the set of equations (34) is constant, the matrix that determines the quadratic part of the Hamiltonian in (50) is constant as well, and equals to

Φ^T BΦ = B(0) = 1 2 ( Ω^{(0)}A − A^T Ω^{(0)} ) . (54)

This fact is easy to observe because the time derivative of this matrix, in view of (47), (37), and (39), is equal to zero: d dt ( Φ^T BΦ ) = 0.

Thus, in this case, as distinct from the general case, the matrix Φ can be determined from the set of algebraic equations (51) and (54).

Note that if we start from a canonical Hamiltonian system, the above quantization coincides with the usual canonical quantization, because in this case Eq. (45) becomes dx̂/dt = 0, i.e., x̂(t) = x̂_0.

QUANTIZATION OF NON–LAGRANGIAN THEORIES 41

In the Heisenberg picture, Eqs. (29) for the operators x̌ take the form d dt x̌ = A(t)x̌ + j(t), (55) [ x̌^α, x̌^β ] = iω^{αβ} (t). (56)

Equations (55) coincide (the correspondence principle) with the classical equations of motion (34); however, the commutation relations (56) differ from the canonical ones.

Acknowledgments. Gitman is grateful to the Brazilian foundations FAPESP and CNPq for permanent support; Kupriyanov thanks FAPESP for support.

References

1. V. G. Kupriyanov, S. L. Lyakhovich and A. A. Sharapov — J. Phys. A: Math.

Gen. 38 (2005), 8039.

2. P. A. M. Dirac — Proc. Roy. Soc. A133 (1931), 60. 3. J. Douglas — Trans. Amer. Math. Soc. 50, No. 71 (1941), 71–87. 4. V. V. Dodonov, V. I. Man’ko, and V. D. Skarzhinsky, Arbitrariness in the choice of action and quantization of the given classical eqations of motion. Preprint of P. N. Lebedev Physical Institute (1978).

5. W. Sarlet — J. Phys. A: Math. Gen. 15 (1982), 1503.

6. V. G. Kupriyanov, Int. J. Theor. Phys. (2006), DOI:10.1007/s10773-006-9112-5. 7. P. Havas, — Actra. Phys. Aust. 38 (1973), 145. 8. R. Santilli — Ann. Phys. (NY) 103 (1977), 354–359. 9. S. Hojman and L. Urrutia — J. Math. Phys. 22 (1981), 1896. 10. M. Henneaux — Ann. Phys. 140 (1982), 45.

11. M. Henneaux and L. Sheplley — J. Math. Phys 23 (1982), 2101. 12. J. Cislo and J. Lopuzanski — J. Math. Phys. 42 (2001), 5163. 13. P. Tempesta, E. Alfinito, R. Leo, and G. Soliani — J. Math. Phys. 43 (2002), 3583.

14. D. M. Gitman and I. V. Tyutin, Quantization of Fields with Constraints.

Springer-Verlag (1990).

15. D. M. Gitman, S. L. Lyakhovich, M. D. Noskov, and I. V. Tyutin — Izv. VUZov 29 (1986), No. 3, 104–112.

16. D. M. Gitman and I. V. Tyutin — Nucl. Phys. B630 (2002), 509. 17. F. A. Berezin and M. A. Shubin, Schrödinger Equation. Kluwer Publ., New York, Amsterdam (1991).

18. H. R. Lewis and W. B. Riesenfeld — J. Math. Phys. 10 (1969), 1458. 19. N. A. Chernikov, The system whose hamiltonian is a time-dependent quadratic form in coordinates and momenta. — Communications for the Joint Institute for Nuclear Research, Dubna (1990).

20. H. Kim and J. Yae — J. Phys. A: Math. Gen. 32 (1999), 2711.

42 D. M. GITMAN, V. G. KUPRIYANOV

21. V. V. Dodonov, O. V. Man’ko, and V. I. Man’ko — J. Russian Laser Research 16 (1995), 1.

22. H. Kim and J. Yae — Phys. Rev. A66 (2002), 032117.

23. Kyu Hwang Yeon, ChungIn UM, and T. F. George — Phys. Rev. A68 (2003), 052108.

Postupilo 10 aprelØ 2006 g.

Instituto de Física, Universidade de São Paulo, Brazil E-mail: gitman@dfn.if.usp.br

Tomsk State University E-mail: kvg@dfn.if.usp.br