Zapiski nauqnyh seminarov POMI Tom 330, 2006 g.

M. A. Kaqalova

KOGOMOLOGII HOHXIL^DA ALGEBRY M´BIUSA Vvedenie Pust~ R – algebra Mœbiusa, t.e. algebra vida R = k [Q] /I, gde k – pole, a Q – sledu¸wiæ kolqan:

. gde n, t ∈ N, t ¿ 2, a I – ideal v algebre puteæ k [Q] kolqana Q, poroßdœnnyæ

a) vsemi putØmi dliny t + 1; b) putØmi vida a_{rt}a_{(r+n)t−1} i a_{(r+n)t}a_{rt−1}; Rabota podderßana grantom RFFI 06-01-00200. 173

174 M. A. KAQALOVA

v) vyraßeniØmi vida a_{(n+r)t−1}a_{(n+r)t−2} . . . a_{(n+r−1)t} + a_{rt−1}a_{rt−2} . . . a_{(r−1)t}, 1 ≤ r ≤ n. V fftom sluqae ispol~zuem takße oboznaqenie R = R_{n,t}. Algebry Mœbiusa voznika¸t pri issledovanii algebr tipa A_n (soglasno klassifikacii samoin¨ektivnyh bazisnyh algebr nad algebraiqeski zamknutym polem, ime¸wih koneqnyæ tip predstavleniØ; sm. [1]). Kak dokazano v [2], l¸baØ algebra tipa A_n stabil~no ffkvivalentna libo nekotoroæ polucepnoæ samoin¨ektivnoæ algebre, libo algebre Mœbiusa.

V [4] vyqisleno podkol~co HH^{∗r}(R) kol~ca kogomologiæ Hohxil~da algebry Mœbiusa, poroßdœnnoe odnorodnymi fflementami, stepen~ kotoryh delitsØ na r, gde r = 2t−1. Ispol~zuØ bimodul~nu¸ rezol~ventu dlØ R, opisannu¸ v [3], v dannoæ stat~e my daem opisanie additivnoæ struktury vsego kol~ca kogomologiæ Hohxil~da HH^∗(R).

Osnovnoæ rezul~tat stat~i – sledu¸waØ teorema.

Teorema 1. Pust~ R = Rn,t – algebra Mœbiusa, HH^s(R) – s-aØ grup-

pa kogomologiæ Hohxil~da algebry R s kofffficientami v R. Pust~ ℓ – celaØ qast~, a r – ostatok ot deleniØ s na 2t − 1, m – celaØ qast~ ot deleniØ r na 2, p – celaØ qast~ ot deleniØ m + ℓt na n.

(1) Pust~ n > 1 i char k ≠ 2. Togda dim_k HH^s(R) = 1, esli

ℓt ≡ 1 (mod n), r = 0, ℓ + p . . 2, ℓ . . 2; ili

m + ℓt ≡ 1 (mod n), r qetno, ℓ + p . . 2, ℓ . . 2; ili

m + ℓt ≡ 0 (mod n), ℓ + p . . 2, ℓ . . 2; ili

t − 1 + ℓt ≡ 0 (mod n), r = 2t − 2, ℓ . . 2; ili

m + ℓt ≡ 0 (mod n), r neqœtno, p . . 2.

V ostal~nyh sluqaØh dim_k HH^s(R) = 0.

(2) Pust~ n > 1 i char k = 2. Togda dim_k HH^s(R) = 1, esli

ℓt ≡ 1 (mod n), r = 0, ℓ + p . . 2; ili

m + ℓt ≡ 1 (mod n), r qœtno, ℓ + p . . 2; ili

m + ℓt ≡ 0 (mod n), ℓ + p . . 2; ili t − 1 + ℓt ≡ 0 (mod n), r = 2t − 2; ili m + ℓt ≡ 0 (mod n), r neqœtno.

KOGOMOLOGII HOHXIL^DA ALGEBRY M´BIUSA 175 V ostal~nyh sluqaØh dim_k HH^s(R) = 0.

(3) Pust~ n = 1.

(a) Esli vypolneno odno ih usloviæ r = 0, ℓ = 0; ili

r qœtno, ℓ + p . . 2, char k = 2; ili r qœtno, r < 2t − 2, ℓ + p . . 2, ℓ . . 2, char k ≠ 2, to dim_k HH^s(R) = 2.

(b) Esli vypolneno odno ih usloviæ r = 0, ℓ + p . . 2; ili

r qœtno, ℓ + p . . 2, ℓ . . 2, char k ≠ 2; ili

r neqœtno, p . . 2; ili r neqœtno, char k = 2; ili r = 2t − 2, ℓ + p . . 2, ℓ . . 2, char k ≠ 2; ili r = 2t − 2, ℓ + p . . 2, ℓ . . 2; ili r = 2t − 2, ℓ + p . . 2, char k = 2, to dim_k HH^s(R) = 1.

(v) V ostal~nyh sluqaØh dim_k HH^s(R) = 0.

§1. Razmernosti grupp gomomorfizmov Pust~ R = R_{n,t} – algebra Mœbiusa, Λ = R^e = R ⊗_k R^{op} – ee obertyva¸waØ algebra. Tak kak HH^s(R) = Ext^s_Λ(R, R), to my moßem vyqislit~ ffti gruppy kogomologiæ sledu¸wim obrazom: HH^s(R) = H^s ( Hom_Λ(Q_•, R) ) , gde

0 ←− R^ε←− Q_0^{d0}←− Q_1^{d1}←− Q_2^{d2}←− Q_3 ←− . . . (1) – minimal~naØ proektivnaØ rezol~venta Λ-modulØ R, postroennaØ v [3]. Napomnim, qto ffta rezol~venta periodiqna (sr. [4]). V ee opisanii ispol~zuetsØ avtomorfizm σ: R → R, opredelØemyæ sledu¸wim obrazom:

σ(e_j ) = { e_{j+t}2 , esli j delitsØ na t,

e_{j+t(t+n)} v protivnom sluqae;

σ(a_j ) =

−a_{j+t(t+n)}, esli j = st − 1 ili j = st dlØ s = 0, 1, . . ., n − 1, a_{j+t(t+n)} v ostal~nyh sluqaØh.

176 M. A. KAQALOVA

Periodiqnost~ rezol~venty (1) vytekaet iz togo, qto σ imeet koneqnyæ porØdok. Odnako opisanie porØdka avtomorfizma σ, dannoe v [4], soderßit netoqnost~. V sledu¸wem predloßenii ffta netoqnost~ ispravlØetsØ.

Predloßenie 2. Avtomorfizm σ imeet koneqnyæ porØdok, pri- qem (1) esli char k = 2, to porØdok σ raven 2^n_{CMD(n,t)} , esli^{n+t}_{CMD(n,t)} neqetno, i^n_{CMD(n,t)} v protivnom sluqae;

(2) esli char k ≠ 2, to porØdok σ raven 4^n_{CMD(n,t)} , esli^n_{CMD(n,t)} i n+t CMD(n,t) neqetny, i 2 n CMD(n,t) v protivnom sluqae.

Dokazatel~stvo. (1) DlØ sluqaØ, kogda char k = 2, moßno is-

pol~zovat~ rassußdenie iz [4, predloßenie 4.5].

(2) DlØ char k ≠ 2 rassmotrim (kak i v [4]) avtomorfizm σ̃, deæstvu¸wiæ na verxinah orientirovannogo grafa Q. Po lemme 2.5 iz [4], porØdok σ̃ raven^n_{CMD(n,t)} , esli^{n+t}_{CMD(n,t)} qetno, i 2^n

CMD(n,t) , esli n+t CMD(n,t) neqetno.

Esli^{n+t}_{CMD(n,t)} qetno, to iz rassußdeniæ dokazatel~stva predloßeniØ 4.5 iz [4], poluqaem, qto porØdok σ raven 2^n_{CMD(n,t)} .

Esli^{n+t}_{CMD(n,t)} neqetno, to analogiqno [4] poluqaem, qto σ̃^{nCMD(n,t)} , menØet mestami strelki v kaßdoæ pare parallel~- nyh puteæ, sledovatel~no, my imeem^n_{CMD(n,t)} minusov dlØ kaßdoæ strelki. Znaqit, esli^n_{CMD(n,t)} qetno, to porØdok σ raven 2^n_{CMD(n,t)} . A esli^n_{CMD(n,t)} neqetno, to fftot porØdok raven 4^n

CMD(n,t) .

V sledu¸wem predloßenii my daem opisanie razmernosteæ grupp Hom_Λ(Q_s, R).

Predloßenie 3. Pust~ s ∈ N∪{0}, ℓ – celaØ qast~, a r – ostatok

ot deleniØ s na 2t − 1, m – celaØ qast~ ot deleniØ r na 2. Togda:

KOGOMOLOGII HOHXIL^DA ALGEBRY M´BIUSA 177 (1) esli r qetno i n > 1, to

dim_k Hom_Λ(Q_s, R) = 2n(t − m − 1) + n, esli m + ℓ(t + n) ≡ 0 (mod 2n); 2n(t − 1) + n, esli ℓ(t + n) ≡ 1 (mod 2n) i m = 0; n, esli m + ℓ(t + n) ≡ 1 (mod 2n) i m > 0; 2nm + n, esli m + ℓ(t + n) ≡ n + 1 (mod 2n); 2n(t − 1) + n, esli t − 1 + ℓ(t + n) ≡ n (mod 2n) i m = t − 1; n, esli m + ℓ(t + n) ≡ n (mod 2n) i m < t − 1; 0 v ostal~nyh sluqaØh;

(2) esli r qetno i n = 1, to

dim_k Hom_Λ(Q_s, R) = 2t, esli m + ℓ(t + 1) ≡ 0 (mod 2);

2t, esli m + ℓ(t + 1) ≡ 1 (mod 2) i m ∈ {0, t − 1}; 2, esli m + ℓ(t + 1) ≡ 1 (mod 2) i 0 < m < t − 1; 0 v ostal~nyh sluqaØh;

(3) esli r neqetno, to

dim_k Hom_Λ(Q_s, R) =

2n(t − m), esli m + ℓ(t + n) ≡ 0 (mod 2n); 2n(m + 2), esli m + ℓ(t + n) ≡ n (mod 2n); 0 v ostal~nyh sluqaØh.

Dokazatel~stvo. Zametim, qto razmernost~ dimk HomΛ(Pij, R)

ravna koliqestvu lineæno nezavisimyh nenulevyh puteæ, veduwih iz j-oæ verxiny v i-u¸. Rassmotrim dva sluqaØ.

Sluqaæ I. r qetno, t .e. r = 2m, gde 0 6 m 6 t − 1.

V fftom sluqae modul~ Q_s imeet vid:

Q_s = Q_{ℓ(2t−1)+2m} = Q^{(1)}_s ⊕ Q^{(2)}_s ⊕ Q^{(3)}_s , gde

178 M. A. KAQALOVA

Q^{(1)}_s = (_{n−1} ⨁ i=0 P_{(i+m)t+ℓt}2_{,it} ) ,

Q^{(2)}_s = t−m−1 ⨁ j=1

2n−1⨁

i=0 P_{(i+m+ℓ(t+n))t+j+m,it+j} ,

Q^{(3)}_s = t−1⨁ j=t−m

2n−1⨁

i=0 P_{(i+m−1+n+ℓ(t+n))t+j+m+1,it+j} .

Ots¸da poluqaem, qto dim_k Hom_Λ(Q_s, R) = dim_k Hom_Λ(Q^{(1)}s , R)+ dim_k Hom_Λ(Q^{(2)}_s , R) + dim_k Hom_Λ(Q^{(3)}_s , R). Vyqislim znaqenie kaßdogo slagaemogo otdel~no.

(1) Naædem d^{(1)}ev = dim_k Hom_Λ(Q^{(1)}s , R). V sluqae n = 1 pri l¸- byh m, ℓ i t modul~ Q^{(1)}s raven P_{00}, a tak kak est~ rovno dva lineæno nezavisimyh puti, veduwih iz nulevoæ verxiny v nulevu¸ (dliny 0 i t), to poluqaem d^{(1)}ev = 2.

Teper~ rassmotrim sluqaæ n > 1. Razmernost~ d^{(1)}ev budet nenulevoæ, tol~ko esli verxiny e_{(i+m)t+ℓt}2 i e_{it} sovpada¸t, libo esli pervaØ ØvlØetsØ “sledu¸weæ” uzlovoæ verxinoæ v kolqane. V fftih sluqaØh vse razmernosti Hom_Λ(P_{(i+m)t+ℓt}2_{,it}, R) ravny edinicam, t. e. d^{(1)}ev = n. Itogo, poluqaem dlØ n > 1

d^{(1)}_{ev} = n, esli m + ℓt ≡ 0 (mod n) ili m + ℓt ≡ 1 (mod n);

0 v protivnom sluqae.

(2) Teper~ naædem d^{(2)}ev = dim_k Hom_Λ(Q^{(2)}s , R).

Zdes~ tak ße libo vse razmernosti P_{ij} v prØmoæ summe odnovremenno ravny edinice, libo vse nuli. To est~ d^{(2)}ev moßet prinimat~ znaqeniØ 0 ili 2n(t − m − 1). Nenulevoæ put~ iz (it + j)-æ verxiny v ((i + m + ℓ(t + n))t + j + m)-u¸ suwestvuet, tol~ko esli libo e_{it+j} i e_{(i+m+ℓ(t+n))t+j} – odna i ta ße verxina, libo m = 0 i e_{it+j+t} i e_{(i+ℓ(t+n))t+j} – odna i ta ße verxina. V pervom sluqae imeem puti dliny m, a vo vtorom dliny t. Takim obrazom,

KOGOMOLOGII HOHXIL^DA ALGEBRY M´BIUSA 179 poluqaem:

d^{(2)}_{ev} =

2n(t − m − 1), esli m + ℓ(t + n) ≡ 0 (mod 2n) ili m = 0 i m + ℓ(t + n) ≡ 1 (mod 2n);

0 v protivnom sluqae.

(3) Vyqislim d^{(3)}ev = dim_k Hom_Λ(Q^{(3)}s , R).

�ta razmernost~ moßet prinimat~ znaqeniØ 0 ili 2nm. Nenulevoæ put~ iz (it+j)-æ verxiny v ((i+m−1+n+ℓ(t+n))t+j +m+1)- u¸ suwestvuet, tol~ko esli libo e_{it+j} i e_{(i+m−1+n+ℓ(t+n))t+j} – odna i ta ße verxina, libo m = t − 1 i e_{it+j} i e_{(i+m+n+ℓ(t+n))t+j} – odna i ta ße verxina. V pervom sluqae imeem puti dliny m + 1, a vo vtorom dliny 0. Takim obrazom, poluqaem:

d^{(3)}_{ev} =

2nm, esli m + ℓ(t + n) ≡ n + 1 (mod 2n) ili m = t − 1 i m + ℓ(t + n) ≡ n (mod 2n);

0 v protivnom sluqae.

Itak, sluqaæ qetnogo r razobran – dlØ nahoßdeniØ iskomoæ razmernosti nado sloßit~ veliqiny, poluqennye v punktah (1)– (3).

Sluqaæ II. r neqetno, t.e. r = 2m + 1, gde 0 6 m 6 t − 2.

Modul~ Q_s imeet vid:

Q_s = Q_{ℓ(2t−1)+2m+1} = Q^{(1)}_s ⊕ Q^{(2)}_s ⊕ Q^{(3)}_s ⊕ Q^{(4)}_s , gde

Q^{(1)}_s = (_{2n−1} ⨁ i=0 P_{(i+m+ℓ(t+n))t+m+1,it} ) ,

Q^{(2)}_s = t−m−2 ⨁ j=1

2n−1⨁

i=0 P_{(i+m+ℓ(t+n))t+j+m+1,it+j} ,

Q^{(3)}_s = (_{2n−1} ⨁ i=0 P_{(i+m+1+ℓt)t,it+t−m−1} ) ,

Q^{(4)}_s = t−1⨁ j=t−m

2n−1⨁

i=0 P_{(i+m+n+ℓ(t+n))t+j+m+1,it+j} .

180 M. A. KAQALOVA

Znaqit,

dim_k Hom_Λ(Q_s, R) = dim_k Hom_Λ(Q^{(1)}_s , R)

+ dim_k Hom_Λ(Q^{(2)}_s , R) + dim_k Hom_Λ(Q^{(3)}_s , R) + dim_k Hom_Λ(Q^{(4)}_s , R).

Vyqislim znaqenie kaßdogo slagaemogo otdel~no.

(1) Vyqislim d^{(1)}_{od} = dim_k Hom_Λ(Q^{(1)}s , R).

Tak kak Hom_Λ(Q^{(1)}s , R) – prØmaØ summa 2n slagaemyh, razmernost~ kaßdogo iz kotoryh moßet byt~ 0 ili 1, priqem razmernosti vseh slagaemyh ravny, to d^{(1)}_{od} moßet prinimat~ znaqeniØ 0 ili 2n. Nenulevoæ put~ iz (it)-æ verxiny v ((i+m+ℓ(t+n))t+m+ 1)-u¸ suwestvuet, tol~ko esli e_{it} i e_{(i+m+ℓ(t+n))t} – odna i ta ße verxina, i fftot put~ budet imet~ dlinu m + 1. Sledovatel~no,

d^{(1)}_{od} = { 2n, esli m + ℓ(t + n) ≡ 0 (mod n); 0 v protivnom sluqae.

(2) Naædem d^{(2)}_{od} = dim_k Hom_Λ(Q^{(2)}s , R).

�ta razmernost~ moßet prinimat~ znaqenie 0 ili 2n(t−m−2). Nenulevoæ put~ iz (it + j)-æ verxiny v ((i + m + ℓ(t + n))t + j + m + 1)-u¸ suwestvuet, tol~ko v sluqae, kogda e_{it+j} i e_{(i+m+ℓ(t+n))t+j} – odna i ta ße verxina, ffto budet put~ dliny m + 1. Takim obrazom,

d^{(2)}_{od} = { 2n(t − m − 2), esli m + ℓ(t + n) ≡ 0 (mod 2n); 0 v protivnom sluqae.

(3) Dalee, naædem d^{(3)}_{od} = dim_k Hom_Λ(Q^{(3)}s , R).

�ta razmernost~ ravna 0 ili 2n. Nenulevoæ put~ iz (it−t−m− 1)-æ verxiny v ((i + m + 1 + ℓt)t)-u¸ suwestvuet tol~ko v sluqae, kogda e_{it} i e_{(i+m+ℓt)t} – odna i ta ße verxina. Dlina takogo puti budet m + 1. Znaqit,

d^{(3)}_{od} = { 2n, esli m + ℓt ≡ 0 (mod n); 0 v protivnom sluqae.

(4) Nakonec, vyqislim d^{(4)}_{od} = dim_k Hom_Λ(Q^{(4)}s , R). Razmernost~ d^{(4)}_{od} moßet byt~ ravna libo 0, libo 2nm. Opixem, kogda ona nenulevaØ. Iz (it+j)-æ verxiny v ((i+m+n+ℓ(t+n))t+

KOGOMOLOGII HOHXIL^DA ALGEBRY M´BIUSA 181 j + m + 1)-u¸ est~ nenulevoæ put~, tol~ko esli verxiny e_{it+j} i e_{(i+m+n+ℓ(t+n))t+j} sovpada¸t. �tot put~ budet dlinoæ m+1. Togda

d^{(4)}_{od} = { 2nm, esli m + ℓ(t + n) ≡ n (mod 2n); 0 v protivnom sluqae.

Takim obrazom, razmernost~ dim_k Hom_Λ(Q_s, R) est~ summa qetyreh znaqeniæ, poluqennyh v punktah (1)–(4). Ots¸da trebuemoe utverßdenie vytekaet neposredstvenno.

§2. Razmernosti grupp kogranic Predloßenie 4. Pust~ R = Rn,t – algebra Mœbiusa, i pust~

0 −→ Hom_Λ(Q_0, R)^{δ0}−→ Hom_Λ(Q_1, R)^{δ1}−→ Hom_Λ(Q_2, R)^{δ2}−→ . . . (2)

kompleks, poluqennyæ primeneniem funktora Hom_Λ(−, R) k minimal~noæ proektivnoæ bimodul~noæ rezol~vente (1) algebry R.

Rassmotrim gruppy kogranic Im δ^s kompleksa (2). Pust~ ℓ – celaØ qast~, a r – ostatok ot deleniØ s na 2t − 1, m – celaØ qast~ ot deleniØ r na 2. Togda:

(1) esli m + ℓt ≢ 0 (mod n), to dim_k Im δ^s = 0; (2) esli m + ℓt = np, r qetno i r < 2t − 2, to

dim_k Im δ^s = n, esli ℓ + p . . 2;

2n(t − m − 1) + n − 1, esli ℓ + p . . 2 i ℓ . . 2;

2n(t − m − 1) + n − 1, esli ℓ + p . . 2 i char k = 2;

2n(t − m − 1) + n, esli ℓ + p . . 2, ℓ . . 2 i char k ≠ 2;

(3) esli m + ℓt = np, r neqetno, to

dim_k Im δ^s = n, esli ℓ + p . . 2;

2n(m + 1) + n − 1, esli ℓ + p . . 2 i ℓ . . 2;

2n(m + 1) + n − 1, esli ℓ + p . . 2 i char k = 2;

2n(m + 1) + n, esli ℓ + p . . 2, ℓ . . 2 i char k ≠ 2;

182 M. A. KAQALOVA

(4) esli m + ℓt = np, r = 2t − 2, to

dim_k Im δ^s = n − 1, esli ℓ + p . . 2 i ℓ . . 2;

n − 1, esli ℓ + p . . 2 i char k = 2;

n, esli ℓ + p . . 2, ℓ . . 2 i char k ≠ 2;

2n(t − 1) + n − 1, esli ℓ + p . . 2 i ℓ . . 2;

2n(t − 1) + n − 1, esli ℓ + p . . 2 i char k = 2;

2n(t − 1) + n, esli ℓ + p . . 2, ℓ . . 2 i char k ≠ 2.

Oboznaqenie. DlØ a ∈ Z, n ∈ N qerez (a)n oboznaqim nai-

men~xiæ neotricatel~nyæ vyqet a po modul¸ n (v qastnosti,

0 6 (a)n 6 n − 1).

Lemma 5. Pust~ A – (n × n)-matrica nad polem k (zdes~ dlØ edi-

noobraziØ numeraciØ strok i stolbcov matricy naqinaetsØ s 0), v kotoroæ fflementy A_{ij} ime¸t vid:

A_{ij} = 1 esli i = (j + 1)_n; α_i esli i = j;

0 v ostal~nyh sluqaØh,

gde α_i ravno 1 ili −1.

Pust~ a – ostatok ot deleniØ na 2 koliqestva α_i, ravnyh 1. Togda rang matricy A raven n − 1, esli char k = 2, ili n − 1 + a, esli char k ≠ 2.

Dokazatel~stvo. Qtoby vyqislit~ rang matricy A, privedem

ee k verhnetreugol~nomu vidu. Snaqala perenesem stroqku s nomerom 0 na (n − 1)-oe mesto. Poluqim, qto rang matricy A raven rangu matricy:

1 α_1 0 . . . 0 0 1 α_2 . . . 0 0 0 1 ... α_{n−1} α_0 0 1 .

KOGOMOLOGII HOHXIL^DA ALGEBRY M´BIUSA 183 Dalee pribavim k posledneæ stroqke nulevu¸, domnoßennu¸ na −α_0. Poluqim, qto rang matricy A sovpadaet s rangom matricy

1 α_1 0 . . . 0 0 1 α_2 . . . 0 0 0 1 ... α_{n−1} 0 −α_0α_1 1 .

Teper~ pribavim k posledneæ stroqke pervu¸, domnoßennu¸ na α_0α_1, potom vtoru¸, domnoßennu¸ na −α_0α_1α_2 i t.d. Posle pribavleniØ k posledneæ stroqke predposledneæ, domnoßennoæ na (−1)^{n+1}α_0α_1 . . . α_{n−2}, poluqim, qto rang matricy A raven n, esli (−1)^{n+1}α_0α_1 . . . α_{n−1} ≠ −1, i n − 1, esli (−1)^{n+1}α_0α_1 . . . α_{n−1} = −1. Zametim, qto (−1)^{n+1}α_0α_1 . . . α_{n−1} moßet byt~ ravnym libo 1, libo −1. A tak kak v pole harakteristiki 2 imeem 1 = −1, to pri char k = 2 rang vsegda raven n − 1. V sluqae char k ≠ 2 poluqaem nußnoe neposredstvenno iz rassmotreniØ (−1)^{n+1}α_0α_1 . . . α_{n−1} = −(−α_0)(−α_1) . . . (−α_{n−1}).

Dokazatel~stvo predloßeniØ 4. Vvedem vspomogatel~noe oto-

braßenie κ, deæstvu¸wee iz mnoßestva {ia|i ∈ k,a−put~ dliny 1} v pole k sledu¸wim obrazom: κ(ia) = i. Rassmotrim tri sluqaØ.

Sluqaæ I. r qetno i r < 2t − 2, t.e. r = 2m, gde 0 6 m 6 t − 2.

Tak kak Im δ^{ℓ(2t−1)+2m} ⊂ Hom_Λ(Q_{ℓ(2t−1)+2m+1}, R), to v sluqae, kogda dim_k Hom_Λ(Q_{ℓ(2t−1)+2m+1}, R) = 0, imeem dim_k Im δ^{ℓ(2t−1)+2m} = 0. Esli m + ℓt ≢ 0 (mod n), to dim_k Hom_Λ(Q_{ℓ(2t−1)+2m+1}, R) = 0. Znaqit, razmernost~ moßet byt~ nenulevoæ, tol~ko esli m+ℓt ≡ 0 (mod n). Teper~ predpoloßim, qto m + ℓt ≡ 0 (mod n). Togda suwestvuet p ∈ Z, takoe, qto m + ℓt = np. Esli ℓ + p neqetno, to

dim_k Hom_Λ(Q_{ℓ(2t−1)+2m}, R) = n, esli n > 1

2t, esli n = 1 i m = 0;

2, esli n = 1 i m > 0.

Esli ℓ + p qetno, to

dim_k Hom_Λ(Q_{ℓ(2t−1)+2m}, R) = { 2n(t − m − 1) + n, esli n > 1;

2t, esli n = 1.

Rassmotrim kaßdyæ sluqaæ otdel~no.

184 M. A. KAQALOVA

(1) ℓ + p neqetno. V fftom sluqae u matricy differenciala δ^s budut nenulevymi tol~ko pervye n strok, priqem ffti n strok budut lineæno nezavisimy, poskol~ku u i-æ stroki sredi pervyh n fflementov imeetsØ rovno odin nenulevoæ s nomerom i.

Znaqit, v fftom sluqae dim_k Im δ^s = n.

(2) ℓ+p qetno. Rassmotrim fflementy (δ^{ℓ(2t−1)+2m})_{ij}, u kotoryh

i ¿ 2n(t − m − 1) + n. Oni poluqa¸tsØ iz sootvetstvu¸wih ffle-

mentov (d_{ℓ(2t−1)+2m})_{ij} domnoßeniem na put~ iz (it + j)-oæ verxiny v ((i + m − 1 + n + ℓ(t + n))t + j + m + 1)-u¸ (sm. opisanie Q^{(3)}s dlØ qetnogo r v dokazatel~stve predloßeniØ 2). DlØ n > 1 takih nenulevyh puteæ net, a dlØ n = 1 ime¸tsØ puti dliny m + 1. No u vseh (d_{ℓ(2t−1)+2m})_{ij} pri i ¿ 2n(t − m − 1) + n summa dlin puteæ, stoØwih v pravoæ i levoæ komponentah tenzorov, ravna t. Znaqit, posle domnoßeniØ fftogo tenzora na put~ dliny, bol~xeæ 0, my poluqim put~ dliny, bol~xeæ t, t. e. nol~.

Dalee rassmotrim (d_{ℓ(2t−1)+2m})_{ij} dlØ j ¿ 2n(t − m). Raspixem ih podrobnee (sm. [3, s. 41]):

(d_s)_{ij} =

–1a(i_2+m+n+ℓ(t+n))t+j_2 +m . . . a(i_2+m+1+n+ℓ(t+n))t⊗ ⊗ a_{(i2+1)t−1} . . . a_{i2t+j2} , esli i = (i_2 + 1)_n;

–2a(i_2+m+n+ℓ(t+n))t+j_2 +m . . . a(i_2+m−1+n+ℓ(t+n))t+j_1+m+1 ⊗ ⊗ a_{i2t+j1−1} . . . a_{i2t+j2} , esli i = n + 2n(j_1 − 1) + i_2, j_2 6 j_1 6 t − 1;

–3a(i_2+m+n+ℓ(t+n))t+j_2 +m . . . a(i_2+m+n+ℓ(t+n))t+j_1 +m+1 ⊗

⊗ a_{(i2+1)t+j1−1} . . . a_{i2t+j2} , esli

i = n + 2n(j_1 − 1) + (i_2 + 1)_{2n}, t − m 6 j_1 6 j_2;

0 v protivnom sluqae

=

–1a(i_2+n+nℓ+np)t+j_2+m . . . a(i_2+1+n+nℓ+np)t⊗ ⊗ a_{(i2+1)t−1} . . . a_{i2t+j2} , esli i = (i_2 + 1)_n; –2a(i_2+n+nℓ+np)t+j_2+m . . . a(i_2−1+n+nℓ+np)t+j_1+m+1 ⊗ ⊗ a_{i2t+j1−1} . . . a_{i2t+j2} , esli i = n + 2n(j_1 − 1) + i_2, j_2 6 j_1 6 t − 1; –3a(i_2+n+nℓ+np)t+j_2+m . . . a(i_2+n+nℓ+np)t+j_1+m+1 ⊗ ⊗ a_{(i2+1)t+j1−1} . . . a_{i2t+j2} , esli

i = n + 2n(j_1 − 1) + (i_2 + 1)_{2n}, t − m 6 j_1 6 j_2;

0 v protivnom sluqae

KOGOMOLOGII HOHXIL^DA ALGEBRY M´BIUSA 185

=

–1a(i_2+n)t+j_2+m . . . a(i_2+1+n)t⊗

⊗ a_{(i2+1)t−1} . . . a_{i2t+j2} , esli i = (i_2 + 1)_n;

–2a(i_2+n)t+j_2+m . . . a(i_2−1+n)t+j_1+m+1 ⊗ ⊗ a_{i2t+j1−1} . . . a_{i2t+j2} , esli i = n + 2n(j_1 − 1) + i_2, j_2 6 j_1 6 t − 1;

–3a(i_2+n)t+j_2+m . . . a(i_2+n)t+j_1+m+1 ⊗

⊗ a_{(i2+1)t+j1−1} . . . a_{i2t+j2} , esli i = n + 2n(j_1 − 1) + (i_2 + 1)_{2n}, t − m 6 j_1 6 j_2;

0 v protivnom sluqae (gde i_2 – ostatok, a j_2 – celaØ qast~ ot deleniØ j na 2n, j = 2nj_2 + i_2; –_1, –_2, –_3 – nekotorye nenulevye fflementy polØ k).

Ots¸da poluqaem, qto vse (d_{ℓ(2t−1)+2m})_{ij} (j ¿ 2n(t − m)) pri perehode k δ^{ℓ(2t−1)+2m} stanut nulØmi.

Pofftomu razmernost~ obraza Im δ^s ravna rangu sledu¸weæ matricy:

(3) Zdes~ “pl¸sami” otmeqeny edinicy, “minusami” – (−1), α_i – qislo, stoØwee na ((i)_n, i)-m meste, β_i = κ((δ^{2m})_{(2n(t−m−1)+i)(n+2n(t−m−2)+i)}). Iz opisaniØ d_s poluqaem, qto α_i = κ(−σ^ℓ(a_{(i+m)t})), β_i = κ(−σ^ℓ(a_{(i+m+1)t−1})).

186 M. A. KAQALOVA

Zameqanie 1. PoslednØØ matrica byla poluqena sledu¸wim

obrazom. V matrice differenciala kaßdaØ stroka sootvetstvuet nekotoromu slagaemomu P_{ij} iz Q_s. Togda dlØ kaßdoæ stroki fiksiruem obrazu¸wu¸ fftogo P_{ij}, t. e. put~ iz j-oæ verxiny v i-u¸ (esli takogo puti net, to voz~mem nulevoæ put~; esli puteæ neskol~ko – a ih moßet byt~ dva, – to voz~mem l¸boæ iz nih). Dalee v kaßdoæ stroke budem zamenØt~ tenzory a ⊗ b na put~ acb, gde c – fiksirovannyæ dlØ fftoæ stroki put~. PoluqitsØ matrica, fflementy kotoroæ – puti, domnoßennye na kofffficienty iz polØ k. Priqem puti, leßawie v odnom stolbce, libo ravny, libo otliqa¸tsØ na mnoßitel~ −1. ˚sno, qto dim_k Im δ^s ravna rangu matricy, sostoØweæ iz sootvetstvu¸wih kofffficientov pered vybrannymi bazisnymi putØmi. DlØ postroeniØ matricy (3) ostaetsØ podhodØwie stolbcy umnoßit~ na −1.

Vyqislim rang matricy (3). DlØ fftogo snaqala perenesœm pervye n stroqek “vniz”. Poluqaem, qto rang matricy (3) raven rangu sledu¸weæ matricy:

(4)

Dalee pribavim k (2n(t − m − 1) + i)-æ stroqke i-u¸, umnoßennu¸ na −α_i, po vsem i, takim, qto 0 6 i < 2n. Poluqim, qto rang

KOGOMOLOGII HOHXIL^DA ALGEBRY M´BIUSA 187 matricy (4) raven rangu matricy:

Prodelaem podobnu¸ operaci¸ ewe t − m − 2 raza. To est~ sdelaem t − m − 2 xaga, priqem na k-om xage (1 6 k 6 t − m − 2) pribavim k (2n(t − m − 1) + i)-æ stroqke (i + 2nk)-u¸, umnoßennu¸ na −α_i dlØ vseh i, takih, qto 0 6 i < 2n.

Rang posledneæ matricy raven 2n(t − m − 1) + rk M , gde

M = −α0β0 0 ... 1 −α_nβ_n 0 ... 1 1 −α1β1 0 ... 0 1 −αβ ... 0 0 1 −αβ 0 1

..._0 ..._0 0 0 −αβ 0 0 −αβ .

188 M. A. KAQALOVA

Imeem: −α_iβ_i = κ(−σ^ℓ(a_{(j+m)t})σ^ℓ(a_{(i+m+1)t−1})). PrimenØØ lemmu 5, poluqaem

dim_k Im δ^s =

2n(t − m − 1) + n − 1, esli ℓ . . 2 ili char k = 2; 2n(t − m − 1) + n, esli ℓ . . 2 i char k ≠ 2.

Sluqaæ II. r neqetno, t.e. r = 2m + 1, gde 0 6 m 6 t − 2.

Tak kak δ^{ℓ(2t−1)+2m+1} deæstvuet iz Hom_Λ(Q_{ℓ(2t−1)+2m+1}, R), to v sluqae, kogda dim_k Hom_Λ(Q_{ℓ(2t−1)+2m+1}, R) = 0, imeem dim_k Im δ^{ℓ(2t−1)+2m+1} = 0. Sledovatel~no, esli m + ℓt ≢ 0 (mod n), to dim_k Im δ^{ℓ(2t−1)+2m+1} = 0. Ostalos~ rassmotret~ sluqaæ, kogda m + ℓt ≡ 0 (mod n). Pust~ m + ℓt = np, gde p ∈ Z. DlØ izuqeniØ razmernosti obraza δ^{ℓ(2t−1)+2m+1} zametim snaqala, qto (δ^{ℓ(2t−1)+2m+1})_{ij} = 0, esli n 6 j 6 2n(t − m − 2) + n − 1. Qtoby ubedit~sØ v fftom, rassmotrim sootvetstvu¸wie fflementy (d_s)_{ij} , u kotoryh n 6 j 6 2n(t − m − 2) + n − 1. Iz opisaniØ d_s sleduet, qto summa dlin puteæ, stoØwih v levoæ i pravoæ komponentah u tenzorov d, ravna t. A put~, predstavlØ¸wiæ Hom(Q_s, R), imeet dlinu m + 1. Takom obrazom, posle domnoßeniØ sootvetstvu¸- wih tenzorov na put~, poluqaem put~ dliny t + m + 1, kotoryæ nulevoæ.

Esli ℓ + p qetno, to dim_k Hom_Λ(Q_{ℓ(2t−1)+2m+1}, R) = 2n(t − m). Esli ℓ + p neqetno, to dim_k Hom_Λ(Q_{ℓ(2t−1)+2m+1}, R) = 2n(m + 2). Rassmotrim otdel~no ffti dva sluqaØ.

(1) ℓ + p qetno. V fftom sluqae (δ^{ℓ(2t−1)+2m+1})_{ij} = 0 pri j ¿ 2n(t − m − 2) + n, poskol~ku pri takih j poluqaem (sm [3, s. 43])

(d_{ℓ(2t−1)+2m+1})_{ij} =

–1e(i_2 +m+1+n+ℓ(t+n))t+m+1 ⊗ ai_2t+t−1, esli

i = (i_2 + n + 1)_{2n}, j_2 = t − 1; –2a(i_2+m+1+n+ℓ(t+n))t ⊗ ei_2t+t−m−1, esli i = 2n(t − m − 1) + i_2, j_2 = t − m − 1;

–3a(i_2+m+n+ℓ(t+n))t+j_2 +m+1 ⊗ ei_2t+j_2 , esli

i = 2nj_2 + i_2 , j_2 > t − m − 1;

–4e(i_2 +m+n+ℓ(t+n))t+j_2+m+2 ⊗ ai_2t+j_2 , esli

i = 2n(j_2 + 1) + i_2, j_2 < t − 1;

0 v protivnom sluqae

KOGOMOLOGII HOHXIL^DA ALGEBRY M´BIUSA 189

=

–1e(i_2 +1+n+nℓ+np)t+m+1 ⊗ ai_2t+t−1, esli i = (i_2 + n + 1)_{2n}, j_2 = t − 1; –2a(i_2+1+n+nℓ+np)t ⊗ ei_2t+t−m−1, esli i = 2n(t − m − 1) + i_2, j_2 = t − m − 1;

–3a(i_2+n+nℓ+np)t+j_2+m+1 ⊗ ei_2t+j_2 , esli

i = 2nj_2 + i_2 , j_2 > t − m − 1;

–4e(i_2 +n+nℓ+np)t+j_2+m+2 ⊗ ai_2t+j_2 , esli

i = 2n(j_2 + 1) + i_2, j_2 < t − 1;

0 v protivnom sluqae

=

–1e(i_2+1+n)t+m+1 ⊗ ai_2t+t−1, esli

i = (i_2 + n + 1)_{2n}, j_2 = t − 1; –2a(i_2+1+n)t ⊗ ei_2t+t−m−1, esli i = 2n(t − m − 1) + i_2, j_2 = t − m − 1;

–3a(i_2+n)t+j_2+m+1 ⊗ ei_2t+j_2 , esli

i = 2nj_2 + i_2 , j_2 > t − m − 1;

–4e(i_2+n)t+j_2+m+2 ⊗ ai_2t+j_2 , esli

i = 2n(j_2 + 1) + i_2, j_2 < t − 1;

0 v protivnom sluqae

(gde i_2 – ostatok, a j_2 – celaØ qast~ ot deleniØ j + n na 2n, j = 2nj_2 + i_2 − n; –_1, –_2, –_3, –_4 – nekotorye nenulevye fflementy polØ k), a takie fflementy v δ^{ℓ(2t−1)+2m+1} perehodØt v nol~. Takim obrazom, pri qetnom ℓ + p imeem (δ^{ℓ(2t−1)+2m+1})_{ij} = 0 pri j ¿ n. Priqem pervye n stolbcov lineæno nezavisimy, tak kak u jogo stolbca iz pervyh n komponent rovno odna j-aØ nenulevaØ. Sledovatel~no, dim_k Im δ^s = n.

(2) ℓ + p neqetno. V fftom sluqae rang matricy differenciala

190 M. A. KAQALOVA δ^s raven rangu matricy

(5) Zdes~ tak ße “pl¸sami” i “minusami” otmeqeny 1 i −1 sootvetstvenno,

α_i = { κ(σ^ℓ(a_{(i+m+1)t−1})), i < n; κ(−σ^ℓ(a_{(i+m+1)t−1})), i ¿ n, β_i = κ(σ^ℓ(a_{(i+m+1+n)t})). DlØ naqala perenesem pervye n stolbcov matricy (5) vpravo:

KOGOMOLOGII HOHXIL^DA ALGEBRY M´BIUSA 191 Dalee perenesem pervye 2n stroqek vniz:

Pribavim k (j + 2n(m + 1))-omu stolbcu (0 6 j < n) j-yæ, domnoßennyæ na β_i; zatem k (j + 2n(m + 1))-omu (0 6 j < n) (j + n)-yæ, domnoßennyæ na −β_i. Poluqim matricu

192 M. A. KAQALOVA Prodelav podobnoe ewe m raz, poluqim

(6) Zdes~ X – (2n × n)-matrica, komponenty kotoroæ ime¸t vid:

X_{ij} = α_i, esli j = (i)_n;

β_j , esli i = (j + n + 1)_{2n}; −β_{j+n}, esli i = (j + 1)_{2n}; 0 v protivnom sluqae.

Rang matricy (6) raven 2n(m + 1) + rk X. Ostalos~ naæti rang X. Domnoßim i-u¸ stroqku matricy X na −β_{(i−n−1)2n} , esli 1 6

i 6 n, i na β(i−n−1)_{2n} , esli i = 0 ili i > n. Poluqim matricu Y , gde

Y_{ij} = −α_iβ_{(i−n−1)2n} , esli j = (i)_n, 1 6 i 6 n; α_iβ_{(i−n−1)2n} , esli j = (i)_n, i = 0 ili i > n; 1, esli j = (i − 1)_n; 0 v protivnom sluqae.

Podstavim znaqeniØ α_i i β_i. Poluqim

KOGOMOLOGII HOHXIL^DA ALGEBRY M´BIUSA 193

Y_{ij} = κ(−σ^ℓ(a_{(i+m+1)t−1})σ^ℓ(a_{(i+m)t})), esli j = (i)_n, i ≢ 0 (mod n);

κ(σ^ℓ(a_{(i+m+1)t−1})σ^ℓ(a_{(i+m)t})), esli j = (i)_n, i ≡ 0 (mod n);

1, esli j = (i − 1)_n;

0, v protivnom sluqae.

K matrice Y moßno primenit~ lemmu 5: ee rang raven n, esli char k ≠ 2 i ℓ qetno, i raven n − 1 v ostal~nyh sluqaØh.

Takim obrazom,

dim_k Im δ^s =

2n(m + 1) + n − 1, esli ℓ . . 2 ili char k = 2;

2n(m + 1) + n, esli ℓ . . 2 i char k ≠ 2.

Sluqaæ III. r = 2t − 2.

Tak kak δ^s deæstvuet iz Hom_Λ(Q_{2t−2+ℓ(2t−1)}, R), to iz togo, qto dim_k Hom_Λ(Q_{2t−2+ℓ(2t−1)}, R) = 0, sleduet, qto dim_k Im δ^s = 0. Tak kak dim_k Hom_Λ(Q_{2t−2+ℓ(2t−1)}, R) = 0, esli t − 1 + ℓt ≢ 0, 1 (mod n), a pri t − 1 + ℓt ≡ 1 (mod n) gruppa Hom_Λ(Q_{2t−2+ℓ(2t−1)}, R) soderßit tol~ko puti dliny, bol~xeæ nulØ, to dim_k Im δ^{2t−2+ℓ(2t−1)} = 0, esli t − 1 + ℓt ≢ 0 (mod n). OstalsØ sluqaæ t − 1 + ℓt ≡ 0 (mod n), t. e. kogda suwestvuet p ∈ Z, takoe, qto t−1+ℓt = np. Rassmotrim dva sluqaØ.

(1) ℓ + p qetno. Togda

dim_k Hom_Λ(Q_{2t−2+ℓ(2t−1)}, R) = { n, esli n > 1;

2t, esli n = 1.

UbedimsØ v tom, qto u matricy differenciala δ^s fflementy (δ^s)_{ij} ravny nul¸, esli i 6 n. Deæstvitel~no, esli n > 1, to fflementy Hom_Λ(Q_s, R), predstavlØ¸wie ffti stroki, nulevye. Esli n = 1, to puti, predstavlØ¸wie Hom_Λ(Q_s, R), ime¸t dlinu t, pofftomu posle domnoßeniØ na tenzory iz d_s, oni toße pereædut v nol~. Takim obrazom, nas interesu¸t tol~ko pervye n strok v matrice obraza. Togda rang fftoæ matricy raven rangu matricy X razmera n, komponenty kotoroæ ravny: X_{ij} = α_i, esli i = j;

1, esli i = (j + 1)_n;

0 v protivnom sluqae,

194 M. A. KAQALOVA gde α_i = κ(−σ^ℓ(a_{(j+t)t−1})σ^ℓ(a_{(j+t−1)t})). Po lemme 5 rang X raven n, esli ℓ neqetno i char k ≠ 2, i raven n − 1 v ostal~nyh sluqaØh.

(2) ℓ + p neqetno. V fftom sluqae

dim_k Hom_Λ(Q_{2t−2+ℓ(2t−1)}, R) = { n + 2n(t − 1), esli n > 1; 2t, esli n = 1.

Razmernost~ obraza Im δ^s sovpadaet s rangom matricy:

(7)

Zdes~ α_i = Z_{ii} = κ(σ^ℓ(a_{(i+t)t−1})σ^ℓ(a_{(i+t−1)t})) (0 6 i 6 n − 1), β_i = Z_{(i+n)(i)n} = κ(−σ^ℓ(a_{(i+n+t)t−1})), (0 6 i 6 2n − 1), γ_i = Z_{(i+1)n (i+n)} = κ(−σ^ℓ(a_{(i+t+n)t})) (0 6 i 6 2n − 1). Priqem Z_{(i+n+2ns)(i)n} = Z_{(i+n)(i)n} i Z_{((i+1)n+2ns)(i+n)} = Z_{(i+1)n(i+n)} dlØ l¸bogo 1 6 s 6 t − 2, a ostal~nye Z_{ij} – libo 1, libo 0.

Zameqanie 2. V sluqae n = 1 u matricy (7) levyæ verhniæ

kvadrat sostoit iz odnogo fflementa, ravnogo α_0 + 1. Odnako ffta osobennost~ ne vliØet na dal~neæxu¸ logiku rassußdeniæ.

Vyqtem iz (i + 2n)-oæ stroki i-u¸ dlØ vseh i takih, qto 3n 6

KOGOMOLOGII HOHXIL^DA ALGEBRY M´BIUSA 195 i < n + 2n(t − 1). Poluqim matricu

Dalee pribavim k i-æ stroqke (i + 2n)-u¸ dlØ i takih, qto n 6 i < 3n. Poluqim matricu

(8) Oboznaqim qerez Z(i, j) podmatricu matricy (8), stoØwu¸ na pereseqenii s-yh strok s u-ymi stolbcami dlØ vseh s i u takih, qto i 6 s 6 j, i 6 u 6 j. Togda rang matricy (8) ne men~xe summy rangov podmatric Z(0, n−1), Z(n, 3n−1), Z(3n, n+2n(t−1)−1). Po lemme 5 imeem: rk Z(0, n − 1) raven n, esli ℓ neqetno i char k ≠ 2,

196 M. A. KAQALOVA i raven n − 1 v ostal~nyh sluqaØh. ˚sno, qto rk Z(n, 3n − 1) = 2n i rk Z(3n, n + 2n(t − 1) − 1) = 2n(t − 2). Poluqaem, qto

dim_k Im δ^s ¿ { n + 2n(t − 1), esli ℓ . . 2 i char k ≠ 2;

n − 1 + 2n(t − 1) v ostal~nyh sluqaØh.

Utverßdaem, qto v poslednem sootnoxenii na samom dele imeet mesto ravenstvo. DlØ dokazatel~stva fftogo nam dostatoqno pokazat~, qto, esli char k = 2 ili ℓ qetno, to Ødro matricy, transponirovannoæ k (7), imeet razmernost~ 1. Otmetim, qto togda p neqetno.

Zameqanie 3. S pomow~¸ fflementov Ødra matricy, transponi-

rovannoæ k (7), moßno opisat~ fflementy Ker δ^s. V fftoæ stat~e my fftogo delat~ ne budem, tak kak ffti fflementy nam ne ponadobØtsØ.

Domnoßim i-yæ stolbec matricy, transponirovannoæ k (7), na κ(σ^ℓ(a_{(i+t−1)t})) dlØ vseh i, takih, qto 0 6 i 6 n − 1. Takße domnoßim i-u¸ stroqku na κ(σ^ℓ(a_{(i+t)t−1})). Tak kak β_i = β_{i+n} i γ_i = γ_{i+n}, poluqaem matricu:

Rassmotrim dva sluqaØ.

(a) n neqetno. Tak kak (ℓ + 1)t = np + 1, to iz togo, qto n neqetno, p neqetno i ℓ qetno, sleduet, qto t qetno. V fftom sluqae Ødro matricy (9) imeet bazisnyæ fflement V = (v_i) (numeraciØ

KOGOMOLOGII HOHXIL^DA ALGEBRY M´BIUSA 197 fflementov vektora V naqinaetsØ s nulØ), gde

v_i = { 0, esli i < n; (−1)^{i⌊ i} �n_{2n ⌋} , esli i ¿ n.

(b) n qetno. Tak kak (ℓ + 1)t = np + 1, to iz togo, qto n qetno, p neqetno i ℓ qetno, sleduet, qto t neqetno. Togda Ødro matricy (9) imeet bazisnyæ fflement U = (u_i), gde

u_i =

{ (−1)_i, esli i < n; (−1)^{i⌊ i} �n_{2n ⌋} , esli i ¿ n.

Itak,

dim_k Im δ^s = { n + 2n(t − 1), esli ℓ . . 2 i char k ≠ 2;

n − 1 + 2n(t − 1) v ostal~nyh sluqaØh.

Takim obrazom, my rassmotreli vse sluqai, i predloßenie 4 dokazano.

§3. Razmernosti grupp kogomologiæ. Sluqaæ n > 1 V fftom paragrafe my dokaßem punkty (1) i (2) teoremy 1. Tak kak dim_k HH^s(R) = dim_k Ker δ^s − dim_k Im δ^{s−1}, to iz dim_k Ker δ^s = 0 sleduet dim_k HH^s(R) = 0. Predstavim s v vide

s = ℓ(2t − 1) + r, gde 0 6 r 6 2t − 2.

Esli m + ℓt ≢ 0, 1 (mod n), to dim_k Ker δ^s = 0. Ostalos~ rassmotret~ sluqai m + ℓt ≡ 0 (mod n) i m + ℓt ≡ 1 (mod n).

Sluqaæ I. m + ℓt ≡ 1 (mod n).

Pust~ p ∈ Ztakovo, qto m + ℓt = np + 1. Esli r = 2m + 1, to dim_k Ker δ^s = 0, znaqit, dim_k HH^s(R) = 0.

(1) Pust~ r = 0. Esli ℓ + p qetno, to dim_k Ker δ^s = dim_k Hom_Λ(Q_s, R) − dim_k Im δ^s = 2n(t − 1) + n.

Pri fftom dim_k Im δ^{s−1} = 2n(t − 1) + n − w (gde w = 1, esli ℓ neqetno ili char k = 2, i w = 0 v ostal~nyh sluqaØh). Poluqaem dim_k HH^s(R) = 1, esli ℓ neqetno ili char k = 2, i nol~ v ostal~- nyh sluqaØh.

Esli ℓ + p neqetno, to dim_k Ker δ^s = n, a dim_k Im δ^{s−1} = n − w, gde w = 1, esli ℓ . . 2 ili char k = 2, i w = 0 v ostal~nyh sluqaØh.

198 M. A. KAQALOVA Takim obrazom, dim_k HH^s(R) = 1, esli ℓ neqetno ili char k = 2, i nol~ v ostal~nyh sluqaØh.

(2) Pust~ r = 2m (0 < m 6 t − 1). Esli ℓ + p qetno, to dim_k Ker δ^s = n i dim_k Im δ^{s−1} = n, to est~ v fftom sluqae razmernosti grupp kogomologiæ nulevye.

Esli ℓ + p neqetno, to dim_k Ker δ^s = n + 2nm, a dim_k Im δ^{s−1} = 2nm + n − w (gde w = 1, esli ℓ neqetno ili char k = 2, i w = 0

v ostal~nyh sluqaØh). Znaqit, dim_k HH^s(R) = 1, esli ℓ . . 2 ili char k = 2.

Sluqaæ II. m + ℓt ≡ 0 (mod n).

V fftom sluqae suwestvuet p ∈ Ztakoe, qto m + ℓt = np. (1) Pust~ r = 2m (0 6 m < t − 1). Esli ℓ + p neqetno, to dim_k Ker δ^s = n − n = 0, i gruppy kogomologiæ trivial~ny.

Esli ℓ + p qetno, to dim_k Ker δ^s = 1, esli ℓ qetno ili char k = 2,

a dim_k Im δ^{s−1} = 0. Poluqaem, qto dim_k HH^s(R) = 1, esli ℓ . . 2 ili char k = 2.

(2) Pust~ r = 2t − 2. Esli ℓ + p neqetno, to dim_k Ker δ^s = 1, esli ℓ qetno ili char k = 2, a dim_k Im δ^{s−1} = 0. Poluqaem, qto dim_k HH^s(R) = 1, esli ℓ qetno ili char k = 2.

Esli ℓ + p qetno, to dim_k Ker δ^s = 1, esli ℓ qetno ili char k = 2, a dim_k Im δ^{s−1} = 0. Poluqaem, qto dim_k HH^s(R) = 1, esli ℓ qetno ili char k = 2.

(3) Pust~ r = 2m + 1. Esli ℓ + p neqetno, to

dim_k Ker δ^s = { n + 1, esli ℓ . . 2 ili char k = 2;

n v ostal~nyh sluqaØh.

Krome togo, razmernost~ obraza dim_k Im δ^{s−1} = n. Poluqaem, qto dim_k HH^s(R) = 1, esli ℓ neqetno ili char k = 2.

Esli ℓ + p qetno, to dim_k Ker δ^s = 2n(t − m) − n, a

dim_k Im δ^{s−1} = { 2n(t − m − 1) + n − 1, esli ℓ . . 2 ili char k = 2;

2n(t − m − 1) + n v ostal~nyh sluqaØh.

Poluqaem, qto dim_k HH^s(R) = 1, esli ℓ qetno ili char k = 2.

§4. Razmernosti grupp kogomologiæ. Sluqaæ n = 1

V fftom paragrafe my dokaßem ostavxiæsØ punkt (3) teoremy 1.

KOGOMOLOGII HOHXIL^DA ALGEBRY M´BIUSA 199 Kak i vyxe, predstavim s v vide

s = ℓ(2t − 1) + r, gde 0 6 r 6 2t − 2.

Pust~ ℓ_0 i p_0 – znaqeniØ parametrov ℓ i p dlØ s − 1. Rassmotrim qetyre sluqaØ.

Sluqaæ I. r = 0.

Poluqaem ℓ_0 = ℓ − 1, p_0 = ℓt − 1 = p − 1.

(1) Pust~ ℓ + p neqetno. V fftom sluqae dim_k Ker δ^s = 2t − 1. Imeem ℓ_0 qetno, p_0 neqetno. Togda dim_k Im δ^{s−1} = 2(t − 1), sledovatel~no, dim_k HH^s(R) = 1.

(2) Pust~ ℓ + p qetno. Esli ℓ = 0, to dim_k HH^s(R) = 2. DlØ ℓ > 0 imeem ℓ_0 + p_0 ≡ ℓ + p ≡ 0 (mod 2). Esli ℓ qetno ili char k = 2, to dim_k Ker δ^s = 2. Togda

dim_k HH^s(R) = { 1, esli ℓ . . 2 i char k ≠ 2;

2, esli char k = 2.

Esli ℓ neqetno i char k ≠ 2, to dim_k Ker δ^s = 1, takim obrazom, dim_k HH^s(R) = 2.

Sluqaæ II. r = 2m (0 < m < t − 1).

Poluqaem ℓ_0 = ℓ, p_0 = m − 1 + ℓt = p − 1.

(1) Pust~ ℓ + p neqetno. V fftom sluqae dim_k Ker δ^s = 1. Imeem ℓ_0 + p_0 qetno. Sledovatel~no, dim_k Im δ^{s−1} = 1 i dim_k HH^s(R) = 0.

(2) Pust~ ℓ + p qetno. Poluqaem ℓ_0 + p_0 ≡ ℓ + p − 1 ≡ 1(2). Esli ℓ qetno ili char k = 2, to dim_k Ker δ^s = 2(m + 1). Togda

dim_k HH^s(R) = { 1, esli ℓ . . 2 i char k ≠ 2;

2, esli char k = 2.

Esli ℓ neqetno i char k ≠ 2, to dim_k Ker δ^s = 2(m + 1) − 1, i dim_k HH^s(R) = 2.

Sluqaæ III. r = 2m + 1 (0 6 m < t − 1).

Poluqaem ℓ_0 = ℓ, p_0 = p.

(1) Pust~ ℓ + p qetno. Esli ℓ qetno ili char k = 2, to dim_k HH^s(R) = 1. V ostal~nyh sluqaØh gruppa kogomologiæ trivial~na.

(2) Pust~ ℓ + p neqetno. Pri uslovii, qto ℓ neqetno ili char k = 2, poluqaem dim_k HH^s(R) = 1. V ostal~nyh sluqaØh ffta razmernost~ nulevaØ.

200 M. A. KAQALOVA

Sluqaæ IV. r = 2t − 2.

DlØ (s − 1)-go differenciala imeem ℓ_0 = ℓ, p_0 = p − 1. (1) Pust~ ℓ+p qetno. Esli ℓ qetno i char k ≠ 2, to dim_k Ker δ^s = 2t, dim_k Im δ^{s−1} = 2t − 1, sledovatel~no, dim_k HH^s(R) = 1.

Esli char k = 2, to dim_k Ker δ^s = 2t, dim_k Im δ^{s−1} = 2t−2, to est~ dim_k HH^s(R) = 2.

Esli ℓ neqetno i char k ≠ 2, to dim_k Ker δ^s = 2t−1, dim_k Im δ^{s−1} = 2t − 2, a togda dim_k HH^s(R) = 1.

Rezul~taty fftogo punkta moßno sformulirovat~ bolee krat- ko: dim_k HH^s(R) = { 1, esli char k ≠ 2;

2, esli char k = 2.

(2) Pust~ ℓ + p neqetno. Pri qetnom ℓ ili char k = 2, imeem dim_k HH^s(R) = 1. V ostal~nyh sluqaØh ffta razmernost~ nulevaØ.

Literatura 1. C. Riedtmann, Algebren, Darstellungsköcher,^¨Uberlagerungen und zurück. — Com-

ment. Math. Helv. 55 (1980), 199–224.

2. C. Riedtmann, Representation-finite self-injective algebras of class An. — Lect.

Notes Math. 832, Berlin et. al. (1980), 449–520.

3. A. I. Generalov, M. A. Kaqalova, Bimodul~naØ rezol~venta algebry Mœ-

biusa. — Zap. nauqn. semin. POMI 321 (2005), 36–66.

4. K. Erdmann, T. Holm, N. Snashall, Twisted bimodules and Hochschild cohomology

for self-injective algebras of class An, II. — Algebras and Repr. Theory 5 (2002), 457–482.

Kachalova M. A. Hochschild cohomology for Möbius algebra. Additive structure of the Hochschild cohomology ring for Möbius algebra is described in this paper. We use a structure of the bimodule minimal projective resolution of the algebra. This resolution was constructed in the previous publication.

Postupilo 11 ØnvarØ 2006 g. OOO “�nvion Softvear”