Zapiski nauqnyh seminarov POMI Tom 280, 2001 g.

N. M. Guleviq, O. N. Guleviq

OCENKA MERY NEVYPUKLOSTI V PROSTRANSTVE L^P

Pri pomowi L^p-neravenstva Uffllsa–Vil~Ømsa dokazyvaetsØ odna toqnaØ ocenka dlØ mery nevypuklosti v prostranstve L^p.

Pust~ (X, ‖ · ‖) – lineænoe normirovannoe prostranstvo, A – podmnoßestvo X, co A – ego vypuklaØ oboloqka, co A – zamknutaØ vypuklaØ oboloqka, d(A) = sup_{x,y∈A} ‖x − y‖ – diametr. Meroæ nevypuklosti mnoßestva A nazyvaetsØ veliqina

α(A) = sup_{x∈co A} inf_{y∈A} ‖x − y‖;

t.e. α(A) – hausdorfovo rasstoØnie meßdu A i co A.

Pust~ Ω – prostranstvo s σ-koneqnoæ poloßitel~noæ meroæ μ. Oboznaqim qerez L^p = L^p(Ω, μ) prostranstvo (vewestvennoe) μ-izmerimyh funkciæ f na Ω, dlØ kotoryh koneqna veliqina ‖f‖ = { (∫ Ω |f|^pdμ )_{1/p} , 1 6 p < ∞, esse sup_Ω |f|, p = ∞.

Qerez l^p oboznaqim prostranstvo qislovyh posledovatel~nosteæ x = {x_n}, dlØ kotoryh koneqna veliqina ‖x‖ = { ( ∑_∞ n=1 |x_n|^p)^{1/p} , 1 6 p < ∞, sup_n |x_n|, p = ∞. Nam ponadobitsØ sledu¸waØ

Lemma (Ufflls–Vil~Øms [6]). DlØ l¸byh funkciæ x1, . . . , xn ∈ L^p,

1 < p < ∞, i neotricatel~nyh qisel c_1, . . . , c_n s ∑_n i=1 c_i = 1 verno neravenstvo: n∑ i,j=1 c_ic_j‖x_ix_j ‖^k > 2 n∑ j=1 c_j ‖ ‖ ‖ ‖ x_j − n∑ i=1 c_ix_i ‖ ‖ ‖ ‖ k , (1) gde 1/k = min {1/p, 1 − 1/p}. 141

142 N. M. GULEVIQ, O. N. GULEVIQ

Teorema. DlØ l¸bogo ograniqennogo podmnoßestva A beskoneq-

nomernogo prostranstva L^p = L^p(Ω, μ), 1 6 p 6 ∞, spravedlivo neravenstvo α(A) 6 d(A) 2^{tp} , (2) gde t_p = { min {1/p, 1 − 1/p} , 1 6 p < ∞, 0, p = ∞, Pri fftom ocenka (2) ØvlØetsØ toqnoæ.

Dokazatel~stvo teoremy.

I) Pust~ 1 < p < ∞. Po opredeleni¸ mery nevypuklosti dlØ l¸bogo ε > 0 naædetsØ x ∈ co A takoæ, qto dlØ l¸bogo y ∈ A vypolneno ‖y − x‖^k > α(A)^k − ε, gde k = 1/t_p. No x = ∑_n i=1 c_ix_i dlØ nekotoryh x_i ∈ A, c_i > 0, ∑_n i=1 c_i = 1. Sledovatel~no, dlØ j = 1, . . . , n ‖ ‖ ‖ ‖ x_j − n∑ i=1 c_ix_i ‖ ‖ ‖ ‖ k

> α(A)^k − ε.

V silu (1) imeem:

d(A)^k > n∑ i,j=1 c_ic_j ‖x_i − x_j‖^k > 2 n∑ j=1 c_j ‖ ‖ ‖x^j − n∑ i=1 c_ix_i ‖ ‖ ‖ k

> 2^{n∑}_{j=1} cj (α(A)^k − ε) = 2(α(A)^k − ε).

PerehodØ k predelu v neravenstve d(A)^k > 2(α(A)^k − ε pri ε → 0, poluqim d(A)^k > 2α(A)^k. Otkuda sleduet neravenstvo (2) v sluqae 1 < p < ∞.

Esli p = 1 ili p = ∞, to neravenstvo (2) svoditsØ k oqevidno vernomu neravenstvu α(A) 6 d(A).

II) Pereædem teper~ k dokazatel~stvu toqnosti ocenki (2). a) Rassmotrim snaqala sluqaæ 2 6 p 6 ∞. Togda

t_p = { 1/p, 2 6 p < ∞ 0, p = 0.

OCENKA MERY NEVYPUKLOSTI V PROSTRANSTVE LP 143

Pust~ {E_i} – posledovatel~nost~ poparno nepereseka¸wihsØ izmerimyh mnoßestv v Ω s poloßitel~noæ koneqnoæ meroæ i

y_i = { μ(E_i)^{−1/p}χ_i, 2 6 p < ∞, χ_i, p = ∞, gde χ_i – harakteristiqeskaØ funkciØ mnoßestva E_i (i ∈ N = {1, 2, 3, . . .}). Togda ‖y_i‖ = 1 i dlØ i ≠ j ‖y_i − y_j ‖ = { 2^{1/p}, 2 6 p < ∞, 1, p = ∞. Krome togo, ‖ ‖ ‖ ‖ y_1 + . . . + y_n n ‖ ‖ ‖ ‖ = { n^{1p −1}, 2 6 p < ∞ 1/n, p = ∞. Sledovatel~no,^{y1+...+yn}_n → 0 pri n → ∞, i 0 ∈ co B , gde B = {y_i}. V silu neravenstva (2) imeem:

1 = inf_i ‖y_i‖ 6 α(B) 6 d(B) 2^{tp} = 1.

Ots¸da α(B) = d(B)/2^{tp} , i toqnost~ ocenki (2) v sluqae 2 6 p 6 ∞ dokazana.

b) Ostalos~ rassmotret~ sluqaæ 1 6 p < 2. Togda t_p = 1 − 1/p. Pust~ L^p(Ω_1, μ) – separabel~noe beskoneqnomernoe podprostranstvo v L^p(Ω, μ), gde Ω_1 < Ω i μ(Ω_1) < ∞. Togda (sm., naprimer, [5]) L^p(Ω_1, μ) lineæno izometriqno odnomu iz sledu¸wih prostranstv:

1) L^p([0, 1], dt), gde dt – mera Lebega na otrezke [0, 1]; 2) ( l^p ⊕ L^p([0, 1], dt) ) p – l^p-prØmaØ summa prostranstv l^p i L^p([0, 1], dt);

3) l^p.

1), 2) Poskol~ku mera nevypuklosti mnoßestv – lineænoizometriqeskiæ invariant, to v sluqaØh 1) i 2) dostatoqno ustanovit~ toqnost~ ocenki (2) v L^p([0, 1], dt).

Rassmotrim v L^p([0, 1], dt) sistemu funkciæ Rademahera {r_n(t)}:

r_n(t) = { (−1)^{k−1}, (k − 1)/2^n < t < k/2^n, 0, t = (k − 1)/2^n, t = 1,

gde n ∈ N; k = 1, . . . , 2^n.

144 N. M. GULEVIQ, O. N. GULEVIQ

Togda ‖r_n‖ = 1∫ 0 | |r_n(t) | |^pdt 1/p = 1 (n ∈ N),

i dlØ n ≠ m ‖r_n − r_m‖^p = 1∫ 0 | |r_n(t) − r_m(t) | |^pdt =

= ∫ {t:sign r_n (t)=sign r_m (t)} |r_n(t) − r_m(t)|^pdt + ∫ {t:sign r_n (t)=−sign r_m (t)} |r_n(t) − r_m(t)|^pdt

= 2^p · mes {t : sign r_n(t) = −sign r_m(t)} = 2^p · 1 2 = 2^{p−1}.

Sledovatel~no, dlØ mnoßestva C = {r_n(t)} imeem:

d(C) = sup_{n,m} ‖r_n − r_m‖ = 2^{1−1/p} = 2^{tp} .

Krome togo, iz neravenstva Hinqina (sm., naprimer, [3]) sleduet, qto ‖ ‖ ‖ ‖ n∑ i=1 r_i n ‖ ‖ ‖ ‖ 6 M (_n ∑ i=1 1 n^2

)_2 , gde M – konstanta, zavisØwaØ tol~ko ot p. Ots¸da ‖ ‖^1_n ∑^n_{i=1} r_i ‖ ‖ 6 M/ √ n. Znaqit,^{r1+...+rn}_n → 0 pri n → ∞, i 0 ∈ co C. Sledovatel~- no, 1 = inf_n ‖r_n‖ 6 α(C) 6 d(C) 2^{tp} = 1,

t.e. α(C) = d(C)/2^{tp} , qto dokazyvaet toqnost~ ocenki (2).

3) Ostalos~ tol~ko ustanovit~ toqnost~ ocenki (2) v sluqae prostranstva l^p, 1 6 p < 2.

Pust~ J(X) = sup{r(A) : A ⊂ X, d(A) = 1}, gde r(A) = inf_{x∈co A} sup_{y∈A} ‖x − y‖

OCENKA MERY NEVYPUKLOSTI V PROSTRANSTVE LP 145

– qebyxevskiæ radius A; G(X) = sup{α(A) : A ⊂ X, d(A) = 1}. V [1] dokazano, qto J(Y ) 6 G(Y ) dlØ l¸bogo koneqnomernogo lineænogo normirovannogo prostranstva Y . Krome togo (sm. [2]), J(l^p) = sup_n J(l^p_n), gde l^p_n – n-mernoe podprostranstvo v l^p. Togda, poskol~ku J(l^p) = 2^{−tp} (sm., naprimer, [4]), poluqaem 2^{−tp} = J(l^p) = sup_n J(l^p_n) 6 sup_n G(l^p_n) 6 G(l^p) 6 2^{−tp} .

Takim obrazom, G(l^p) = 2^{−tp} , qto dokazyvaet toqnost~ ocenki (2) v sluqae prostranstva l^p, 1 6 p < 2. Teorema dokazana. �

Zameqanie. Tak kak v l¸bom negil~bertovom banahovom pro-

stranstve X razmernosti > 3 naædetsØ A ⊂ X s α(A) > r(A) (sm. [1]), neravenstvo (2) ne sleduet iz analogiqnogo neravenstva dlØ qebyxevskogo radiusa r(A) (sm., naprimer, [4]).

Literatura

1. N. M. Guleviq, Mera nevypuklosti i konstanta ınga. — Zap. nauqn.

semin. POMI, 208 (1993), 174–181.

2. D. Amir, On Jung’s constant and related constants in normed linear spaces. — Pacific J. Math., 118 (1985), 1–15.

3. B. Beanramy, Introduction to Banach spaces and their geometry. North-Holland, Amsterdam–New York–Oxford (1985).

4. T. Dominguer Benavides, Some geometric properties concerning fixed point theory. Revists Mat. Univ. Compl. Madrid 9, No. Extra (1996), 109–124.

5. H. Elton Lacey, The isometric theory of classical Banach spaces. Springer, Berlin–Heidelberg–New York (1974).

6. J. H. Wells, L. R. Williams, Embeddings and extensions in analysis. Springer, Berlin–Heidelberg–New York (1975).

Gulevich N. M. and Gulevich O. N. An estimate for the measure of nonconvexity in the L^p-space.

The measure α(A) of nonconvexity for a bounded subset A of a normed linear space L is the Hausdorff distance between A and its convex hull co A. It is proved that if L is an L^p-space, then α(A) 6 d(A)/2^{tp} , where d(A) is the diameter of A and t_p = min {1/p, 1 − 1/p}, 1 6 p 6 ∞. Furthermore, this estimate is sharp.

Postupilo 14 maØ 2001 g.

S.-Peterburgskiæ gosudarstvennyæ universitet vodnyh kommunikaciæ