Emmanuel Fricain UNIQUENESS THEOREMS FOR ANALYTIC VECTOR–VALUED FUNCTIONS

Abstract. Using the Berezin transformation, we give a multidimensional analog of a uniqueness theorem of N.Nikolski concerning distance functions and subspaces of a Hilbert space of analytic functions. Then, we establish some uniqueness properties drawing connections between two analytic X-valued functions F and G that satisfy ‖F (z)‖ ≡ ‖G(z)‖, ∀z ∈ Ω, where X is a Banach space and Ω a connected domain in Cn . The particular case where X = ℓpn and Ω = D = {z ∈ C : |z| < 1 } will lead us to the notion of flexible and inflexible functions. We give a complete description of these functions when p = +∞, n ∈ N� and when n = 2, 1 6 p 6 +∞.

Introduction Let Ω be a domain in C and X a Banach space of holomorphic functions continuously imbedded into the space Hol(Ω) of all such functions in Ω . Assume that X is stable with respect to multiplication by the independent variable z: f ∈ X =⇒ zf ∈ X . The problem (very far from being solved) is to describe all (closed) zinvariant subspaces of X: E ⊂ X, E = E, zE ⊂ E . Solutions are known for very scarce cases related to the Hardy spaces H^p(D ), where 1 ⩽ p ⩽ +∞ and D is the unit disk:

H^p(D ) := { f ∈ Hol(D ) : sup_0 6r<1 ∫ ∂D |f(rζ)|^p dm(ζ) < +∞ }; this case is classical with the following Beurling description of z-invariant subspaces E ⊂ H^p: E = ΘH^p ,

I am deeply grateful to Prof. N. Nikolski for his help and advice. He supervised my work with much patience. I would like also to thank the referee for pertinent remarks leading to improvements of the paper. 242

UNIQUENESS THEOREMS 243

where Θ stands for an inner function in the disk D (see, for example, [15]).

In order to study this problem, in [16] N. Nikolski, for a closed subspace E ⊂ X, introduced the distance function defined on Ω by Θ_E (λ) := sup{ |f(λ)| : f ∈ E , ‖f‖ ⩽ 1 } , λ ∈ Ω. In the case of Hilbert spaces, N. Nikolski gave a uniqueness theorem establishing one-to-one correspondence between subspaces and distance functions. The key step to this result is the following lemma about analytic vector-valued functions (going back to [7]).

Lemma 0.1. If F and G are analytic Hilbert space valued functions on a connected domain Ω ⊂ C such that ‖F (z)‖ = ‖G(z)‖ , ∀z ∈ Ω , then there is an isometry V from the closed linear hull Span{ F (z) : z ∈ Ω } onto Span{ G(z) : z ∈ Ω } such that V F (z) = G(z), ∀z ∈ Ω . In §1, we give our first generalization of this result: a uniqueness theorem for the Berezin transformation. Then, from this theorem we deduce a multidimensional analog of the result of [16]. We conclude that section with studying the examples of C^n and Sobolev spaces W^l_p(Ω): we prove that the distance function distinguishes invariant subspaces, but without this invariance assumption there exist some subspaces for which uniqueness fails.

As we have already emphasized, in the case of Hilbert spaces the description of subspaces in terms of the distance function is closely related to the theory of analytic vector-valued functions. Though this theory is well developped (see, for example, [17]), there exist interesting open problems, in particular, the following uniqueness problem, which we consider in §2.

Let Ω be a connected domain in C^n , n ⩾ 1, and let X be a Banach space; let further F and G be analytic X-valued functions on Ω such that ‖F (z)‖ = ‖G(z)‖ , ∀z ∈ Ω . (∗) The problem is to draw from (∗) as much information as possible about the relationship between F and G. In order to understand these relationship, we try to answer the following questions:

244 EMMANUEL FRICAIN

(Q1) Is there a transformation V verifying V F (z) = G(z), ∀z ∈ Ω ? (Q2) Does relation (∗) imply that

dim(Span{ F (z), z ∈ Ω }) = dim(Span{ G(z), z ∈ Ω }) ?

(Q3) If we suppose that F admits analytic continuation across the boundary ∂Ω, does G admit analytic continuation too?

(Q4) Finally, if we only suppose that relation (∗) is true on a nonempty domain strictly contained in Ω, is it possible to obtain the identity in the entire Ω?

The results of §2 are organized as follows. First, we suppose that X is a Hilbert space; Theorem 2.1.1 is a multidimensional analog of Lemma 0.1, which allows us to answer three other questions in the positive. Then, with the hypothesis that dim(Span{ F (z) : z ∈ Ω })=1, we answer these questions when X is a smooth and strictly convex Banach space. Without this additional hypothesis, in the case of ℓ^p_n spaces, Theorem 2.2.5 gives a positive answer to question (Q4) and Theorem 2.2.7 shows that there exists a finite number of singular points for the analytic extension of G in question (Q3).

Finally, in order to answer question (Q1) in the case of ℓ^p_n spaces, we introduce the notion of flexible and inflexible functions. Then, we obtain a complete description of inflexible functions in ℓ^∞_n , n ∈ N^∗, and a complete description in ℓ^p_2, p ⩾ 1 ; as we shall see, p = +∞, p = 1, and p = 2 are exceptional values for different reasons and the answer in other cases depends on the arithmetical nature of p.

§1. Distance functions and invariant subspaces

Let Ω be a connected domain in C^n , n ⩾ 1, and let (H, ⟨ , ⟩) be a Hilbert space continuously imbedded into the space C(Ω) of continuous functions on Ω. We denote by L(H) the Banach space of all bounded linear operators on H and by λ −→ k_λ the reproducing kernel of H, i.e., a unique H-valued function in Ω such that f(λ) = ⟨f, k_λ⟩ , f ∈ H, λ ∈ Ω . 1.1. Berezin transformation.

Let T ∈ L(H). The Berezin transformation of T is a function B_T

UNIQUENESS THEOREMS 245

defined on Ω by B_T (λ) := ⟨T k_λ, k_λ⟩ , λ ∈ Ω. (For an introduction to the Berezin transformation, we refer the reader to [4] or [5]).

In what follows, we assume that H is a Hilbert space of analytic functions on Ω, which is equivalent to the fact that λ −→ k_λ is a co-analytic function on Ω.

In the theorem below, we establish a one-to-one correspondence between L(H) and the set {B_T , T ∈ L(H)}. This correspondence has been mentioned several times in a very particular case of the space H^2(C^n , dμ) of entire functions that are L^2-summable with respect to the Gaussian measure dμ(z) :=^1_{(2π)n} e^{− |z|22} dm(z), where m is Lebesgue measure (see, for instance, [6], [8], and [9]).

Theorem 1.1.1. Let T_1, T_2 ∈ L(H) be such that B_{T1} (z) ≡ B_{T2} (z) , ∀z ∈ Ω. Then T_1 ≡ T_2.

Proof. Fix a point μ ∈ Ω and consider the following scalar-valued functions f_1 and f_2:

f_1(z) := ⟨T_1k_μ, k_z⟩ , and f_2(z) := ⟨T_2k_μ, k_z⟩ , z ∈ Ω.

The reproducing kernel being co-analytic, it is clear that both f_1 and f_2 are holomorphic on Ω with ∂^αf_1(μ) = ⟨T_1k_μ, ∂^αk_μ⟩ , ∀α ∈ N^n, (1) and ∂^αf_2(μ) = ⟨T_2k_μ, ∂^αk_μ⟩, ∀α ∈ N^n, (2) where ∂^α denotes the usual differential operator of complex analysis. Moreover, we have ⟨T_1k_z, k_z⟩ ≡ ⟨T_2k_z, k_z⟩ , ∀z ∈ Ω . By differentiation of this identity, we obtain, for all multi-indices α ∈ N^n ⟨T_1k_z, ∂^αk_z⟩ = ⟨T_2k_z, ∂^αk_z⟩ , ∀z ∈ Ω . Using (1) and (2), we arrive at ∂^αf_1(μ) = ∂^αf_2(μ) , ∀α ∈ N^n, whence we deduce that f_1 ≡ f_2. Since Span{k_z , z ∈ Ω} = H, we get the desired conclusion T_1 ≡ T_2 . □

246 EMMANUEL FRICAIN

Corollary 1.1.2. Let T_1, T_2 ∈ L(H) be such that ‖T_1k_z‖ ≡ ‖T_2k_z‖ , ∀z ∈ Ω . Then T^∗_1 T_1 = T^∗_2 T_2 and there are two partial isometries U and V such that T_2 = V T_1 and T_1 = U T_2.

Proof. The hypothesis is equivalent to the identity B_T ∗_{1 T1} (z) = B_T ∗_{2 T2} (z) , ∀z ∈ Ω .

Then, by Theorem 1.1.1, we have T^∗_1 T_1 ≡ T^∗_2 T_2 .

It is now easy to construct two partial isometries U and V such that T_2 = V T_1 and T_1 = U T_2. □ 1.2. Uniqueness theorem for subspaces of a Hilbert space of analytic functions.

H is always assumed to be a Hilbert space of analytic functions on Ω continuously imbedded into the space C(Ω).

Now we state the promiced uniqueness property for distance functions and subspaces. This generalizes the result obtained by N. Nikolski in [16] from one to several variables.

Theorem 1.2.1. Let E_1 and E_2 be two closed subspaces of H such that Θ_{E1} (λ) ≡ Θ_{E2} (λ) , ∀λ ∈ Ω .

Then E_1 = E_2.

Proof. For i = 1, 2 and λ ∈ Ω, we have Θ_{Ei} (λ) = sup{|⟨f, P_{Ei} k_λ⟩| : f ∈ E_i , ‖f‖ ⩽ 1} , where P_{Ei} denotes the orthogonal projection onto the subspace E_i. It is evident that Θ_{Ei} (λ) ⩽ ‖P_{Ei} k_λ‖; putting f := P_{Ei} k_λ ‖P_{Ei} k_λ‖ , we get

Θ_{Ei} (λ) = ‖P_{Ei} k_λ‖ for i = 1, 2 and λ ∈ Ω .

Therefore, by Corollary 1.1.2, we have P^∗_{E1} P_{E1} = P^∗_{E2} P_{E2} , which yields E_1 = E_2. □

In the next subsection, we shall show that for Hilbert spaces whose reproducing kernel is not co-analytic the above uniqueness property is no longer true in general.

UNIQUENESS THEOREMS 247

1.3. Examples of uniqueness and nonuniqueness. -Distance function and subspaces of C^n -

For a subspace E of C^n , we define the distance function Θ_E by Θ_E (p) := sup{|x_p| , x = (x_1, . . . , x_n) ∈ E , ‖x‖ = 1} , p = 1, . . . , n . Then, we consider E_1 := C (1, . . . , 1) := {(λ, . . . , λ), λ ∈ C } and E_2 := C (1, . . . , 1, −1) := {(λ, . . . , λ, −λ), λ ∈ C } . It is easy to see that

Θ_{E1} (i) = Θ_{E2} (i) = 1 √ n , ∀i = 1, . . . , n, and yet E_1 ≠ E_2. This example shows that the distance function cannot distinguish arbitrary subspaces of C^n and underlines the role of analyticity in Theorem 1.2.1.

Nevertheless, if we limit ourselves to some invariant subspaces of C^n , we have a uniqueness property. Indeed, consider the operator U defined by U : C^n −→ C^n (x_1, . . . , x_n) −→ (x_n, x_1 . . . , x_{n−1}) , and let k_{λj} be the eigenvector associated with the eigenvalue λ_j = exp( 2ijπ n ) . Finally, for a subspace E of C^n , we define the distance function ~Θ_E related to the orthonormal basis (k_{λj} )_16_k6_n by ~Θ_E (p) := Sup{|⟨x, k_{λp} ⟩| , x ∈ E , ‖x‖ = 1 } , p = 1, . . ., n . Theorem 1.3.1. Let E and F be subspaces of C^n invariant under U and such that ~Θ_E (p) ≡ ~Θ_F (p) , ∀p = 1, . . . , n . Then E = F .

Proof. For the proof it suffices to remark that the subspaces E of C^n invariant under U are described by E = C kλ_{i1} ⊕ C kλ_{i2} ⊕ · · · ⊕ C kλ_{is} , (i1, . . . , is) ⊂ {1, . . ., n}. □

248 EMMANUEL FRICAIN

-Distance function and subspaces of Sobolev spaces-

Let Ω be a bounded open subset of R, let l ∈ N^∗ and let 1 < p < +∞. C^{l−1}_0 (Ω) denotes the space of functions (l − 1)-times continuously differentiable and having compact support in Ω, and the Sobolev space W^l_p(Ω) consists of all functions f that, together with all their weak partial derivatives D^αf of order |α| ⩽ l, belong to L^p(Ω).

It is classical that the space W^l_p(Ω) is an algebra with respect to pointwise multiplication, and that this algebra is continuously imbedded into the space C^{l−1}_0 (Ω) (see, for instance, [1], [11], and [12]). Due to this imbedding, we can consider the distance function, and it is interesting to know if it distinguishes the subspaces of W^l_p(Ω).

In the case of ideals, the following results give a positive answer.

Theorem 1.3.2. Let I_1, I_2 be closed ideals of the Sobolev space W^l_p(Ω). Assume that there is C > 0 such that

Θ_{I2} (x) ⩽ CΘ_{I1} (x) for all x ∈ Ω .

Then I_2 ⊂ I_1.

One of the main steps in the proof of this theorem is the following lemma.

Lemma 1.3.3. Assume there is x_0 ∈ Ω and k ⩽ l − 1 such that

f^{(s)}(x_0) = 0 for all s ⩽ k and all f ∈ I_1 .

Then g^{(s)}(x_0) = 0 for all s ⩽ k and all g ∈ I_2 .

Proof of Lemma 1.3.3. This Lemma is a straightforward consequence of the Taylor formula and the Hölder inequality. □

Proof of Theorem 1.3.2. Let x_0 be a point of the spectrum σ(I_2) of I_2 and g a function in I_2. Recall that the spectrum of an ideal I is a closed set defined by σ(I) := ⋂ f∈I f^{−1}(0) .

We show that there is a function f ∈ I_1 such that

f^{(k)}(x_0) = g^{(k)}(x_0) , ∀k ⩽ l − 1 . (3)

UNIQUENESS THEOREMS 249

If g^{(k)}(x_0) = 0 for all k ⩽ l − 1, then we may take f :≡ 0. Otherwise, we put r_2 := Min{ k ⩽ l − 1 : g^{(k)}(x_0) ≠ 0 }

and for h ∈ I_1 define

r_1(h) := { l, if h^{(k)}(x_0) = 0, ∀k ⩽ l − 1, Min{ k ⩽ l − 1 : h^{(k)}(x_0) ≠ 0 }, otherwise.

Owing to Lemma 1.3.3, we easily prove ad absurdum that there is a function h ∈ I_1 such that r_1(h) ⩽ r_2. Then, by using function h and taking into account that I_1 is an ideal of W^l_p(Ω), we easily construct by induction a function f ∈ I_1 that satisfies relation (3).

This yields I_2 ⊂ I_1 + J_{x0} , ∀x_0 ∈ σ(I_2) ,

where J_{x0} = { h ∈ W^l_p(Ω) : h^{(k)}(x_0) = 0, k ⩽ l − 1 } is the minimal closed primary ideal at x_0. If we denote by I_x the primary component of the ideal I at the point x, we get

(I_2)_{x0} ⊂ (I_1)_{x0} , ∀x_0 ∈ σ(I_2) .

On the other hand, the assumption “ Θ_{I2} ⩽ CΘ_{I1} ” clearly implies that

σ(I_1) ⊂ σ(I_2),

whence ⋂ x0∈σ(I2) (I_2)_{x0} ⊂ ⋂ x0∈σ(I1) (I_1)_{x0} .

Then from the Hanin theorem concerning spectral synthesis of ideals in W^l_p(Ω) (see [14] and [12]) it follows that I_2 ⊂ I_1, which completes the proof. □ Corollary 1.3.4. Let I_1, I_2 be closed ideals of Sobolev spaces W^l_p(Ω). Assume there are c > 0, C > 0 such that

cΘ_{I1} (x) ⩽ Θ_{I2} (x) ⩽ CΘ_{I1} (x) for all x ∈ Ω .

Then I_1 = I_2.

Proof. This is an immediate consequence of Theorem 1.3.2. □

250 EMMANUEL FRICAIN

Now we show that for arbitrary subspaces of W^l_p(Ω) the above uniqueness property is no longer true in general. Letting Ω :=]a, b[, −∞ < a < b < +∞, we fix a point x_0 ∈]a, b[ . Define f_1 : ]a, b[ −→ R, x −→ f_1(x) := (x − x_0)^l and f_2 : x −→ f_2(x) = 1 ‖f_1‖ (x − x_0)^l if x ∈]a, x_0],

f_2(x) = − 1 ‖f_1‖ (x − x_0)^l if x ∈ [x_0, b[ .

Put E_1 := Rf_1 and E_2 := Rf_2 . Then it is easy to check that E_1 and E_2 are closed subspaces of W^l_p(Ω) such that Θ_{E1} (x) ≡ Θ_{E2} (x) , ∀x ∈]a, b[ and E_1 ≠ E_2.

This (counter)example proves that the distance function cannot distinguish arbitrary subspaces of W^l_p(Ω).

If p = 2, W^l_2(Ω) is a Hilbert space whose reproducing kernel is not co-analytic; hence the previous example stresses the role of analyticity in Theorem 1.2.1. Contrary to the analytic case, we need an invariance assumption to get uniqueness.

§2. Uniqueness theorems for analytic Banach space valued functions Let Ω be a connected domain in C^n , X a Banach space and Hol(Ω, X) the space of analytic X-valued functions on Ω. For 1 ⩽ p ⩽ +∞ and

n ∈ N^∗, ℓ^p_n denotes the space C^n equipped with the norm ‖.‖p , where ‖(u_1, . . . , u_n)‖_p = sup{|u_i|, 1 ⩽ i ⩽ n } if p = +∞, (_n ∑ i=1 |u_i|^p ) 1_p if 1 ⩽ p < +∞ . Now we are interested in the second problem explained in the introduction. Consider two analytic X-valued functions F and G on Ω such that ‖F (z)‖ ≡ ‖G(z)‖ , ∀z ∈ Ω . (∗)

UNIQUENESS THEOREMS 251

The problem is to draw from (∗) as much information as possible about the relationship between F and G.

2.1. Uniqueness theorems for analytic Hilbert space valued functions.

In this section, (H, ⟨ , ⟩) will denote a Hilbert space.

The theorem below is a multidimensional analog of Lemma 0.1. In fact, this result was proved, in a different framework, by Cowen and Douglas (see [7]).

Theorem 2.1.1. Let F and G be analytic H-valued functions on Ω such that ‖F (z)‖ ≡ ‖G(z)‖, ∀z ∈ Ω . Then there is an isometry V from Span{F (z), z ∈ Ω} onto Span{G(z), z ∈ Ω} such that V F (z) ≡ G(z) , ∀z ∈ Ω . Proof. The proof is similar to that of Theorem 1.1.1. □

Corollary 2.1.2. Let F and G be analytic H-valued functions on Ω. Assume that there is a nonempty domain O contained in Ω and such that ‖F (z)‖ ≡ ‖G(z)‖, ∀z ∈ O . Then a) ‖F (z)‖ ≡ ‖G(z)‖ for all z ∈ Ω . b) dim(Span{ F (z), z ∈ Ω }) = dim(Span{ G(z), z ∈ Ω }). c) If F admits analytic continuation across the boundary ∂Ω, then so does G.

Proof. These statements follow immediately from Theorem 2.1.1. □

2.2. Uniqueness theorems in the case of smooth and strictly convex Banach spaces.

For a detailed study of the notions of smoothness and strict convexity, we refer the reader to [3] and [13].

The next lemma will be used in the proof of Theorem 2.2.2. Probably, it is well known, but, having no reference, we provide it with a simple proof.

252 EMMANUEL FRICAIN

Lemma 2.2.1. Let X be a strictly convex Banach space, and let x, y ∈ X, f_x, f_y ∈ X^∗ be such that ‖f_x‖ = ‖f_y‖ = 1 and f_x(x) = ‖x‖ , f_y(y) = ‖y‖ . (The existence of f_x and f_y follows immediately from the Hahn–Banach Theorem.) Assume that ‖x‖ = ‖y‖ and f_x = f_y . Then x = y.

Proof. It is trivial to see that f_x ( x + y 2 ) = ‖x‖ . Hence

f_x ( 1 2 ( x ‖x‖ + y ‖y‖ ) ) = 1 .

Since ‖f_x‖ = 1, we have 1 ⩽ ‖ ‖ ‖ ‖ 1 2 ( x ‖x‖ + y ‖y‖ )‖ ‖ ‖ . Since the space X is strictly convex, this implies that x = y, which concludes the proof. □ Theorem 2.2.2. Let X be a smooth and strictly convex Banach space and let x_0 ∈ X. Let f be an analytic scalar-valued function on Ω and G an analytic X-valued function on Ω. Put F : Ω−→ X, z−→ F (z) := f(z)x_0 , and assume that ‖G(z)‖ ≡ ‖F (z)‖ for all z ∈ Ω. Then there is a unit vector C ∈ X such that G(z) ≡ ‖x_0‖f(z)C, ∀z ∈ Ω.

Proof. If x_0 = 0, the conclusion is trivial and there is nothing to prove. Therefore, we may assume without loss of generality that x_0 ≠ 0.

The function H defined by

H(z) := G(z) ‖x_0‖f(z) is an analytic X-valued function and we have

‖H(z)‖ ≡ 1 for all z ∈ Ω .

UNIQUENESS THEOREMS 253

The smoothness of X implies that there exists a unique continuous linear functional f_{H(z)} ∈ X^∗ such that

‖f_{H(z)}‖ = 1 and ⟨H(z), f_{H(z)}⟩ = 1 .

Fix a point z_0 ∈ Ω and put

Φ : Ω −→ C , z −→ Φ(z) := ⟨H(z), f_{H(z0)}⟩ . It is easy to check that Φ is an analytic function on Ω such that |Φ(z)| ⩽ ‖H(z)‖‖f_{H(z0)}‖ = 1, ∀z ∈ Ω, and Φ(z_0) = 1 . Hence, from the maximum principle it follows that Φ ≡ 1 . Then Lemma 2.2.1 implies that H(z) ≡ H(z_0), ∀z ∈ Ω, which completes the proof with C := H(z_0) . □

Remark 2.2.3. Therefore, under the conditions that X is a smooth and strictly convex Banach space and dim(Span{ F (z) : z ∈ Ω }) = 1, Theorem 2.2.2 gives a relationship between two functions F and G satisfying equation (∗). This result is true, in particular, in the case of the spaces ℓ^p_n and L^p with 1 < p < +∞.

Now, we show that the theorem remains valid if Ω is a connected domain in C and X = ℓ^1_n. In a similar way, we consider H, the analytic ℓ^1_n-valued function on Ω defined by

H(z) := G(z) ‖x_0‖f(z) , and put H := (H_1, . . . , H_n) , where H_i ∈ Hol(Ω, C ) .

There is 1 ⩽ r ⩽ n such that H_i ≢ 0 , ∀i = 1, . . . , r and H_{r+1} ≡ · · · ≡ H_n ≡ 0, up to a permutation of the functions (H_k)_k . Let O be a connected domain in Ω such that r⋃ i=1 Z(H_i) ⋂ O = ∅ , where Z(H_i) denotes the set of zeros of the analytic scalar valued function H_i. Then, for all z ∈ O we have 1 ≡ r∑ i=1 |H_i(z)| ≡ r∑ i=1 |H^{12}_i (z)|^2 .

254 EMMANUEL FRICAIN

Therefore, Theorem 2.1.1 implies that there is an orthogonal matrix V := (a_{ij})_{i,j} in C^r such that

(H^{12}_1 (z), . . . , H^{12}_r (z)) = V (1, 0, . . ., 0) , for all z ∈ O ,

whence H_i ≡ a^2_{i1} , ∀i = 1, . . . , r, which completes the proof for the case X = ℓ^1_n . □

The case of the space ℓ^∞_n will be discussed in the next subsection without assumptions on dim(Span{ F (z) : z ∈ Ω }). But on the other hand, the question for the spaces L^1 and L^∞ seems to be open. Moreover, in the previous proof the existence of the set O depends on the property that the zeros of an analytic function of one variable are isolated; this is no longer true for functions of several variables, so, it seems difficult to extend the result obtained for ℓ^1_n to the multidimensional case.

Remark 2.2.4. If dim(Span{ F (z) : z ∈ Ω }) = 1 and X is a smooth and strictly convex Banach space (or X = ℓ^1_n), then it clearly follows from the above results that the answers to the questions (Q2), (Q3), and (Q4) are positive.

From now on, we shall restrict ourselves to the one variable case, and in order to keep our exposition elementary, we shall assume that Ω = D. In fact, all results of this and the following subsections remain valid for an arbitrary connected domain in C . But on the other hand, the extension from one to several variables seems difficult because, as we shall see, except for the results in the ℓ^∞_n case, the subsequent arguments depend on the above-mentioned property that the zeros of an analytic function of one variable on Ω have no accumulation points in Ω.

Two following theorems answer questions (Q3) and (Q4) in the case of the space ℓ^p_n, without any assumption on dim(Span{ F (z) : z ∈ Ω }). The idea is to use the results obtained in the case of Hilbert spaces.

Theorem 2.2.5. Let 1 ⩽ p < +∞, let n ∈ N^∗, and let O be a nonempty domain in D . Let f and g be analytic ℓ^p_n-valued functions on D such that ‖f(z)‖_p = ‖g(z)‖_p, ∀z ∈ O . Then ‖f(z)‖_p = ‖g(z)‖_p, ∀z ∈ D .

UNIQUENESS THEOREMS 255

Proof. Put f := (f_1, . . . , f_n) and g := (g_1, . . ., g_n), where f_i, g_i ∈ Hol (D , C ). If we have f_i ≡ 0 for all i = 1 . . . , n , then the conclusion is trivial. Therefore, we may assume without loss of generality that there are 1 ⩽ r ⩽ n, 1 ⩽ s ⩽ n such that

f_i ≢ 0 for all i = 1, . . . , r, f_{r+1} ≡ · · · ≡ f_n ≡ 0 and g_i ≢ 0 for all i = 1, . . ., s, g_{s+1} ≡ · · · ≡ g_n ≡ 0 , up to a permutation of functions. Now it is easy to construct a dense and connected domain U in D such that f_1, . . . , f_r and g_1, . . . , g_s do not vanish on U.

Define

F := (f^{p2}_1 , . . . , f^{p2}_r , 0, . . ., 0 n−r ) and G := (g^{p1}_1 , . . . , g^{p2}_s , 0, . . ., 0 n−s ) .

We easily see that both F and G are analytic ℓ^2_n-valued functions on U such that ‖F (z)‖_2 = ‖G(z)‖_2, ∀z ∈ O ∩ U . From Corollary 2.1.2 a) it follows that ‖F (z)‖_2 = ‖G(z)‖_2, ∀z ∈ U . Hence ‖f(z)‖_p = ‖g(z)‖_p, ∀z ∈ U . (4) Since the set U is dense, we get identity (4) in the entire unit disk D, which completes the proof. □

Remark 2.2.6. Theorem 2.2.5 turns out to be false for p = +∞, as the following simple counterexample shows. Put f := (f_1, f_2) and g := (g_1, g_2) with f_1(z):= z, f_2(z):= z +^1_2 g_1(z):= i(z +^1_2 ), g_2(z):= −(z +^1_2 ) ,

and O := { z ∈ D : ℜez > −^1_4 }.

Then it is easy to check that ‖f(z)‖_∞= ‖g(z)‖_∞, ∀z ∈ O ‖f(z)‖_∞≠ ‖g(z)‖_∞, ∀z ∈ D\O . □

256 EMMANUEL FRICAIN

Theorem 2.2.7. Let 1 ⩽ p < +∞, and let n ∈ N^∗. Let f and g be analytic ℓ^p_n-valued functions on D such that ‖f(z)‖_p ≡ ‖g(z)‖_p , ∀z ∈ D . Assume that f admits analytic continuation through an open arc Γ on T, and let γ be an arbitrary arc on Tsuch that γ ⊂ Γ. Then there are a finite number of points ξ_0, . . . , ξ_k on γ such that g admits analytic continuation through γ\{ξ_0, . . . , ξ_k}. Proof. The proof is similar to that of Theorem 2.2.5. The key point is to come down to analytic ℓ^2_n-valued functions and apply Corollary 2.1.2 c). □

Remark 2.2.8. The conclusion of Theorem 2.2.7 is optimal in the sense that we cannot expect g to admit analytic continuation through the entire boundary γ, as the following simple counterexample shows. Let f := (f_1, f_2) and g := (g_1, g_2) with

f_1(z):= z^2, f_2(z):= 1

g_1(z):= (_{1√} 2 (z^p + 1) ) 2_p , g_2(z):= (_{1√} 2 (z^p − 1) ) 2_p . Then it is easy to see that f and g are analytic ℓ^p_2-valued functions on D such that ‖f(z)‖_p = ‖g(z)‖_p, ∀z ∈ D . The function f is holomorphic on the entire complex plane C but on the other hand, g cannot be analytically continued through any arc containing 1 or −1. □

Therefore, contrary to the case of Hilbert spaces, there are singular points.

2.3. The problem of flexible and inflexible functions in ℓ^p_nspaces.

Let 1 ⩽ p < +∞, p ≠ 2, n ∈ N^∗ and Ω = D . Let f = (f_1, . . . , f_n) and g = (g_1, . . . , g_n) be analytic ℓ^p_n-valued functions on D , f ≢ 0, g ≢ 0. Assume that f and g satisfy n∑ i=1 |f_i(z)|^p = n∑ i=1 |g_i(z)|^p , ∀z ∈ D . (∗) Now we are interested in the first question asked in the Introduction. Is there a transformation V verifying V f(z) = g(z), ∀z ∈ Ω ?

UNIQUENESS THEOREMS 257

How to characterize such transformations? If dim(Span{ f(z), z ∈ D }) = 1, Theorem 2.2.2 and Remark 2.2.3 give an answer to this question.

To study this problem in the case where dim(Span{ f(z), z ∈ D }) > 1, we need to introduce the notion of flexible and inflexible functions. In order to motivate the definition, we give two examples. Examples 2.3.1. First, we consider f(z) := (z, 1), z ∈ D , and p /∈ 2N. Let us show that if g := (g_1, g_2) ∈ Hol (D , ℓ^p_2 ) satisfies relation (∗), then there is a unitary transformation U of ℓ^p_2 such that g(z) = U f(z) for all

z ∈ D ._{By the hypothesis, we have}

|g_1(z)|^p + |g_2(z)|^p = |z|^p + 1, ∀z ∈ D . (5)

Theorem 2.2.2 (or Remark 2.2.3 if p = 1) implies that g_1 ≢ 0 and g_2 ≢ 0. Then there is a sufficiently small number r > 0 such that ( Z(g_1) ⋃ Z(g_2) ) ⋂ D(0, r)\{0} = ∅ . For all z ∈ D(0, r)\[0, r], (5) becomes

|g^{p2}_1 (z)|^2 + |g^{p2}_2 (z)|^2 = |z^{p2} |^2 + 1 .

Hence from Theorem 2.1.1 it follows that there is an orthogonal matrix

V := ( α β γ δ ) on C^2 such that for all z ∈ D(0, r)\[0, r] we have

g^{p2}_1 (z) = αz^{p2} + β,

g^{p2}_2 (z) = γz^{p2} + δ. (6) If β ≠ 0, the first relation in (6) implies that g_1(0) ≠ 0; therefore, we may suppose that g^{p2}_1 ∈ Hol (D(0, r)), up to a reduction of r. It follows that αz^{p2} is analytic in a neighborhood of 0, which is impossible, in view of p /∈ 2N, unless α = 0. Consequently, either β = 0 or α = 0, which yields

either ( g_1 ≡ α^{2p} z and g_2 ≡ δ^{2p} ) or ( g_1 ≡ β^{2p} and g_2 ≡ γ^{2p} z ) . Thus, in both cases there is a unitary transformation U of ℓ^p_2 such that g(z) = U f(z), ∀z ∈ D .

258 EMMANUEL FRICAIN

For the second example, we consider f := (f_1, f_2) where f_1 and f_2 are both analytic in D , without zeros in D , and such that |f_1(z)| < |f_2(z)|, ∀z ∈ D . Define

g_1(z) := ( 1 √ 2 (f^{p2}_1 + f^{p2}_2 ) ) 2_p

and g_2(z) := ( 1 √ 2 (f^{p2}_1 − f^{p2}_2 ) ) 2_p . By our assumptions and the Rouché Theorem, it is clear that g_1 and g_2 are analytic in D . Moreover, for all z ∈ D we have

|g_1(z)|^p + |g_2(z)|^p = |f_1(z)|^p + |f_2(z)|^p .

Hence, g := (g_1, g_2) satisfies relation (∗) and yet there is no unitary transformation U of ℓ^p_2 such that g(z) = U f(z), ∀z ∈ D . □

Therefore, if dim(Span{ f(z), z ∈ D }) > 1 and X = ℓ^p_n , we are led to introduce a notion expressing the difference of the behavior of functions towards equation (∗).

Definition 2.3.2. Let 1 ⩽ p ⩽ +∞, p ≠ 2, and let f := (f_1, . . . , f_n) be an analytic ℓ^p_n-valued function on D . The function f is said to be inflexible in ℓ^p_n if for any analytic ℓ^p_n-valued function g = (g_1, . . . , g_n) on D satisfying_{‖f(z)‖p ≡ ‖g(z)‖p , ∀z ∈} D , (∗)

there is a unitary transformation U_g of ℓ^p_n such that g(z) ≡ U_g f(z) , ∀z ∈ D . In the opposite case, we call f a flexible function in ℓ^p_n.

For the description of unitary transformations of ℓ^p_n, we refer the reader to [2].

Remark 2.3.3. Actually, almost every function is locally flexible. Indeed, let f := (f_1, . . ., f_n) be an analytic ℓ^p_n-valued function on D and assume there is z_0 ∈ D and i ≠ j such that f_i(z_0) ≠ 0 and f_j (z_0) ≠ 0. We may suppose that f_1(z_0) ≠ 0 and f_2(z_0) ≠ 0, up to a permutation of functions. We shall show that f is flexible in a neighborhood of z_0.

UNIQUENESS THEOREMS 259

Let ε > 0 be a sufficiently small number such that f^{p2}_i ∈ Hol(D(z_0, ε)), i = 1, 2. By continuity, there is an orthogonal matrix V : C^2 −→ C^2 and δ > 0 such that ‖V − I‖ < δ, V ≠ I, and if G is defined by

G := (G_1, G_2) := V (f^{p2}_1 , f^{p2}_2 ) ,

then G_i(z) ≠ 0 for all z ∈ D(z_0, ε). Consequently, the function g defined by g := (G^{2p}_1 , G^{2p}_2 , f_3, . . . , f_n) , is an analytic ℓ^p_n-valued function on D(z_0, ε) such that ‖g(z)‖_p ≡ ‖f(z)‖_p , ∀z ∈ D , which implies that f is flexible in a neighborhood of z_0. The main problem is to extend the function g analytically to the entire unit disk D. Therefore, the problem of flexible functions is global. □

Now we give a complete description of inflexible functions in ℓ^∞_n . -Description of inflexible functions in ℓ^∞_n -

Let f := (f_1, . . . , f_n) be an analytic ℓ^∞_n -valued function on D , f ≢ 0. For i = 1, . . . , n, we consider Ω_i := { z ∈ D : |f_i(z)| > |f_k(z)| , ∀k ≠ i } . For I := {i_1, . . . , i_p} ⊂ {1, . . . , n}, we write |I| := p; next, f_I is the function defined by f_I := (f_{i1} , . . ., f_{ip} ) . Theorem 2.3.4. (f is inflexible in ℓ^∞_n ) ⇐⇒ (Ω_i ≠ ∅ for i = 1, . . . , n). Proof. First assume that there exists i_0 ∈ {1, . . ., n} such that Ω_{i0} = ∅. Choose k_0 ∈ {1, . . ., n} such that f_{k0} ≢ 0. Then consider g := (g_1, . . . , g_n) defined by g_k := f_k, ∀k ≠ i_0

g_{i0} :=

{_{12} f_{i0} if f_{i0} ≢ 0 1 2 f_{k0} if f_{i0} ≡ 0.

It is clear that ‖g(z)‖_∞ ≡ ‖f(z)‖_∞, ∀z ∈ D , and there is no permutation i of {1, . . . , n} such that |g_{ik} | ≡ |f_k|, ∀k = 1, . . . , n. This proves that f is flexible in ℓ^∞_n .

260 EMMANUEL FRICAIN

Conversely, assume Ω_i ≠ ∅, for i = 1, . . ., n. Let g := (g_1, . . . , g_n) be an analytic ℓ^∞_n -valued function on D satisfying relation (∗). First, we suppose that there is a nonempty open subset Ω of D and i ∈ {1, . . ., n} such that |f_i(z)| = ‖g(z)‖_∞ , ∀z ∈ Ω . For k = 1, . . ., n, we consider the set W_k defined by W_k := { z ∈ D : |g_k(z)| = ‖g(z)‖_∞ } . The Baire theorem shows that there is j ∈ {1, . . . , n} such that IntW_j ⋂ Ω ≠ ∅ , which yields |g_j| ≡ |f_i| . Then, applying this result to each Ω_i, we construct a permutation i of {1, . . ., n} such that |g_{ik} | ≡ |f_k|, ∀k = 1, . . . , n , which proves that f is inflexible in ℓ^∞_n . □ Corollary 2.3.5. Let f := (f_1, . . . , f_n) be an analytic ℓ^∞_n -valued function on D , f ≢ 0. Then there is a subset I of {1, . . . , n} such that f_I is an inflexible function in ℓ^∞_{|I|} (7) and for every z ∈ D and every k /∈ I we have |f_k(z)| ⩽ ‖f_I (z)‖_∞ . (8) The set I is not unique; however, |I| is an invariant for the previous properties in the sense that if J is another subset of {1, . . ., n} satisfying conditions (7) and (8), then |I| = |J| and for every k ∈ J there exists i_k ∈ I such that |f_k| ≡ |f_{ik} |.

Proof. This result easily follows from the techniques used in the proof of Theorem 2.3.4. □

Now we give a complete characterization of inflexible functions in ℓ^p_2 . -Description of inflexible functions in ℓ^p_2, 1 ⩽ p < +∞, p ≠ 2- Let f := (f_1, f_2) be an analytic ℓ^p_2-valued function on D such that dim(Span{ f(z), z ∈ Ω }) = 2 . (9)

UNIQUENESS THEOREMS 261

We are searching for necessary and sufficient conditions for f to be inflexible in ℓ^p_2.

First, we clarify our notation. For f ∈ Hol (D , C ), f ≢ 0, k_f denotes the divisor of f, that is, the function defined in D by

k_f (λ) := { 0 if f(λ) ≠ 0, m if f(λ) = · · · = f^{(m−1)}(λ) = 0 and f^{(m)}(λ) ≠ 0

Supp k_f denotes the support of k_f , that is, the set of zeros of f.

The following lemma will be used to simplify the exposition of the theorems concerning inflexible functions in ℓ^p_2.

Lemma 2.3.6. Let f_1, f_2, and h be analytic scalar-valued functions on

D . Then (f1, f2) is inflexible in ℓ^p_2 if and only if (f1h, f2h) is inflexible in

ℓ^p_2 .

Proof. This Lemma is an immediate consequence of the definition of flexibility. □

Remark 2.3.7. In view of this Lemma, we may suppose without loss of generality that Suppk_{f1} ∩ Suppk_{f2} = ∅. Indeed, define k := min(k_{f1} , k_{f2}). Then, a theorem by Picard (see, for example, [19], Chap.1 §11.) implies that there is a function g ∈ Hol (D ) such that k_g ≡ k, which yields

f_1 g and f_2 g are analytic in D and Suppk f_{1g} ∩ Suppk f_{2g} = ∅ .

Moreover, from Lemma 2.3.6 it follows that

(f_1, f_2) is inflexible in ℓ^p_2 ⇐⇒ ( f_1 g , f_2 g ) is inflexible in ℓ^p_2 .

Consequently, from now on we suppose that

Suppk_{f1} ⋂ Suppk_{f2} = ∅ . □ (10)

To expose the necessary and sufficient conditions for f to be inflexible in ℓ^p_2, we need to introduce some notation.

Notation 2.3.8. We put O := D\Z(f_2 ); let h be an analytic function on

D defined by

h(z) := f_1(z) f_2(z) , z ∈ O .

262 EMMANUEL FRICAIN

For n ∈ N\{0, 1}, E_n denotes the subset of O defined by

E_n := { { λ ∈ O : h(λ) ≠ 0 , k_h′ (λ) ∈ nN^∗ − 1 } if n is odd { λ ∈ O : h(λ) ≠ 0 , k_h′ (λ) ∈^n_2 N^∗ − 1 } if n is even.

We observe that E_n is invariant under the change of h by 1 h = f_2 f_1 . Finally, if there exist analytic branches of f^{p2}_1 and f^{p2}_2 in D , we consider the following two conditions

C_1(p) : ∀ξ_0 ∈ D \{0} : Z(ξ_0f^{p2}_2 − f^{p2}_1 ) ∪ Z(f^{p2}_2 + ξ_0f^{p2}_1 ) ≠ ∅ and

C_2(p, n) : ∀λ_0 ∈ E_n : Z ( f^{p2}_2 (λ_0)f^{p2}_1 − f^{p2}_1 (λ_0)f^{p2}_2 ) ∩ ∁E_n ≠ ∅ or Z ( f^{p2}_1 (λ_0)f^{p2}_1 + f^{p2}_2 (λ_0)f^{p2}_2 ) ∩ ∁E_n ≠ ∅ . If n = p, we put C_2(p) := C_2(p, p).

With this notation, we give necessary and sufficient conditions for f to be inflexible in ℓ^p_2. As we said in the Introduction, the characterization of inflexible functions in ℓ^p_2 depends on the arithmetical nature of p; we are led to distinguish five cases in accordance with whether p is even, odd different from 1, equal to 1, rational, irrational.

We state the result when p is an odd integer, p ≠ 1.

Theorem 2.3.9. Let p be an odd integer, p ≠ 1. If there exists λ_0 ∈ D such that k_{f1} (λ_0) − k_{f2} (λ_0) ∈ 2Z+ 1, then f is inflexible in ℓ^p_2. Otherwise, one can define analytic branches of f^{p2}_1 and f^{p2}_2 in D , and f is inflexible in ℓ^p_2 if and only if both conditions C_1(p) and C_2(p) are satisfied.

We give the result concerning the case where p is an even integer. Theorem 2.3.10. Let p = 2n be an even integer, n > 1. A function f is inflexible in ℓ^p_2 if and only if both conditions C_1(p) and C_2(p) are fulfiled.

The following theorem deals with the case p = 1.

Theorem 2.3.11. A function f is inflexible in ℓ^1_2 if and only if there is λ_0 ∈ D such that k_{f1} (λ_0) − k_{f2} (λ_0) ∈ 2Z+ 1.

Now, we expose the result for the case where p is rational:

UNIQUENESS THEOREMS 263

Theorem 2.3.12. Let p ∈ Q\N, p > 1. Put p = 2 r s , (r, s) ∈ N^∗ × N^∗, (r, s) = 1. If there is λ_0 ∈ D such that k_{f1} (λ_0) − k_{f2} (λ_0) /∈ sZ, then f is inflexible in ℓ^p_2. Otherwise, one can define analytic branches of f^{1s}_1 and f^{1s}_2 in D , and we have

(f is inflexible in ℓ^p_2) ⇐⇒ ( (f^{1s}_1 , f^{1s}_2 ) is inflexible in ℓ^{2r}_2 ) ⇐⇒ (both conditions C_1(p) and C_2(p, 2r) are satisfied) .

Finally, we give the result for the case where p is irrational: Theorem 2.3.13. Let p ∈]1, +∞ [\Q. If Suppk_{f1} ∪ Suppk_{f2} ≠ ∅, then f is inflexible in ℓ^p_2. Otherwise, one can define analytic branches of f^{p2}_1 and f^{p2}_2 in D and f is inflexible in ℓ^p_2 if and only if condition C_1(p) is fulfiled.

We shall give the proof of Theorem 2.3.9. The other results follow from similar arguments.

Proof of Theorem 2.3.9. First, assume that there exists λ_0 ∈ D such that k_{f1} (λ_0) − k_{f2} (λ_0) ∈ 2Z+ 1. Then, applying the argument of example 2.3.1 in a neighborhood of λ_0, we easily show that f is inflexible in ℓ^p_2.

Therefore, from now on we can assume that k_{f1} (λ) − k_{f2} (λ) ∈ 2Z, ∀λ ∈ D .

Using (10) yields k_{f1} (λ) ∈ 2N and k_{f2} (λ) ∈ 2N , ∀λ ∈ D . (11) Suppose that both conditions C_1(p) and C_2(p) are satisfied, and let g_1, g_2 be two analytic functions on D such that, for all z ∈ D , |g_1(z)|^p + |g_2(z)|^p ≡ |f_1(z)|^p + |f_2(z)|^p . (12) From (9) and Theorem 2.2.2 it follows that g_1 ≢ 0 and g_2 ≢ 0 . Hence, there is a sufficiently small number ε > 0 such that

(Z(g_1) ∪ Z(g_2) ∪ Z(f_1) ∪ Z(f_2)) ∩ D(0, ε)\{0} = ∅ . Then, for all z ∈ Γ_ε := D(0, ε)\[0, ε], (12) becomes

|g^{p2}_1 (z)|^2 + |g^{p2}_2 (z)|^2 = |f^{p2}_1 (z)|^2 + |f^{p2}_2 (z)|^2 , ∀z ∈ Γ_ε .

264 EMMANUEL FRICAIN

Theorem 2.1.1 implies that there is an orthogonal matrix

V := ( α β γ δ )

such that for all z ∈ Γ_ε we have

g^{p2}_1 (z) = αf^{p2}_1 (z) + βf^{p2}_2 (z)

g^{p2}_2 (z) = γf^{p2}_1 (z) + δf^{p2}_2 (z) . By analytic continuation, we get

g^p_1 ≡ ( αf^{p2}_1 + βf^{p2}_2

)_2

g^p_2 ≡ ( γf^{p2}_1 + δf^{p2}_2

)_2 . (13)

Assume that αβ ≠ 0. We show that this leads to a contradiction. If |β| ⩽ |α| then, by applying C_1(p) to ξ_0 := − β α , it is easy to see that there exists z_0 ∈ Z ( αf^{p2}_1 + βf^{p2}_2 ) ⋃ Z ( γf^{p2}_1 + δf^{p2}_2 ) . If |α| < |β| then, since 1 = |α|^2 + |γ|^2 = |β|^2 + |δ|^2 , we have |δ| ⩽ |γ| and arguing with ξ_0 := − δ γ , we get the same conclusion.

On the other hand, from the system (13) and simple arguments involving on divisors of analytic functions, we deduce that Z ( αf^{p2}_1 + βf^{p2}_2 ) ⋃ Z ( γf^{p2}_1 + δf^{p2}_2 ) ⊂ E_p . (14)

This yields that z_0 ∈ E_p, whence, since C_2(p) is fulfilled, we see that there is λ_0 ∈ ∁E_p such that

λ_0 ∈ Z ( f^{p2}_2 (z_0)f^{p2}_1 − f^{p2}_1 (z_0)f^{p2}_2 ) ⋃ Z ( f^{p2}_1 (z_0)f^{p2}_1 + f^{p2}_2 (z_0)f^{p2}_2 ) . If λ_0 ∈ Z ( f^{p2}_2 (z_0)f^{p2}_1 − f^{p2}_1 (z_0)f^{p2}_2 ) , we easily deduce that

αf^{p2}_1 (λ_0) + βf^{p2}_2 (λ_0) = 0 .

If λ_0 ∈ Z ( f^{p2}_1 (z_0)f^{p2}_1 + f^{p2}_2 (z_0)f^{p2}_2 ) , then

γf^{p2}_1 (λ_0) + δf^{p2}_2 (λ_0) = 0 .

UNIQUENESS THEOREMS 265

Consequently,

λ_0 ∈ Z ( αf^{p2}_1 + βf^{p2}_2 ) ⋃ Z ( γf^{p2}_1 + δf^{p2}_2 ) , which is in contradiction with (14) and the fact that λ_0 /∈ E_p. Thus αβ = 0. Then, arguing as in the example 2.3.1, we show that f is inflexible in ℓ^p_2.

Conversely, if condition C_1(p) is not fulfilled, there exists ξ_0 ∈ D \{0} such that Z(ξ_0f^{p2}_2 − f^{p2}_1 ) ∪ Z(f^{p2}_2 + ξ_0f^{p2}_1 ) = ∅ . (15) Put α := 1 √ 1 + |ξ_0|^2 , β := −αξ_0, γ := √ 1 − |α|^2 , δ := −αβ γ . Then it easy to check that

V := ( α β γ δ )

is an orthogonal matrix. Now consider the functions g_1 and g_2 defined by

g_1 := (αf^{p2}_1 + βf^{p2}_2 )^{2p}

g_2 := (γf^{p2}_1 + δf^{p2}_2 )^{2p}

Due to (11) and (15) we show that αf^{p2}_1 +βf^{p2}_2 and γf^{p2}_1 +δf^{p2}_2 are analytic and do not vanish in D . Therefore, g_1 and g_2 are analytic in D ; since V is orthogonal, we clearly have

|g_1(z)|^p + |g_2(z)|^p ≡ |f_1(z)|^p + |f_2(z)|^p , ∀z ∈ D ,

which proves that f is flexible in ℓ^p_2.

Now, if the condition C_2(p) is not fulfilled, there exists λ_0 ∈ E_p such that Z ( f^{p2}_2 (λ_0)f^{p2}_1 − f^{p2}_1 (λ_0)f^{p2}_2 ) ∩ ∁E_p = ∅ and Z ( f^{p2}_1 (λ_0)f^{p2}_1 + f^{p2}_2 (λ_0)f^{p2}_2 ) ∩ ∁E_p = ∅ . (16)

266 EMMANUEL FRICAIN

Put ξ_0 := h(λ_0) (≠ 0 because λ_0 ∈ E_p) and

α := 1 √ 1 + |ξ_0|^p , β := −αξ^{p2}_0 γ := √ 1 − |α|^2 , δ := −αβ γ . Then it is easy to check that

V := ( α β γ δ )

is an orthogonal matrix. Now, consider the functions g_1 and g_2 defined by g_1 := (αf^{p2}_1 + βf^{p2}_2 )^{2p}

g_2 := (γf^{p2}_1 + δf^{p2}_2 )^{2p}

From (11) it follows that αf^{p2}_1 + βf^{p2}_2 and γf^{p2}_1 + δf^{p2}_2 are analytic in D. Moreover, thanks to (16), we show that

k_{αf}^p_{21 +βf}^p_{22} (λ) and k_{γf}^p_{21 +δf}^p_{22} (λ) ∈ pN , ∀λ ∈ D .

This implies that g_1 and g_2 are analytic in D , and since V is orthogonal, we have

|g_1(z)|^p + |g_2(z)|^p ≡ |f_1(z)|^p + |f_2(z)|^p , ∀z ∈ D ,

which proves that f is flexible in ℓ^p_2 and concludes the proof. □

References

1. R. A. Adams, Sobolev spaces. Academic Press, 1978.

2. S. Banach, Théorie des opérations linéaires. Subwencji funduszu kultury narodowej (Warsawa–Lwow), 1932.

3. B. Beauzamy, Introduction to Banach spaces and their geometry. North-Holland mathematics studies, No. 68, 1982.

4. F. A. Berezin, Covariant and contravariant symbols of operators. Math. USSR Izv. 6, 1117–1151, 1972.

5. F. A. Berezin, Quantization. Math. USSR Izv. 8, 1109–1163, 1974. 6. C. A. Berger and L. A. Coburn, Toeplitz operators on the Segal-Bargmann space.

Trans. Amer. Math. Soc. No. 301, 813–829, 1987.

7. M. J. Cowen and R. G. Douglas, Operators possessing an open set of eigenvalues.

Colloquia Mathematica Societatis Janos Bolyai, Budapest (Hungary), 1980. 8. Z. Dechao and S. Axler, The Berezin Transform on the Toeplitz Algebra. Michigan Math. Journal (to appear).

UNIQUENESS THEOREMS 267

9. V. Guillemin, Toeplitz operators in n-Dimensions. Integral Equations and Operators Theory, Vol.7, 1984.

10. L. G. Hanin, Spectral Synthesis of Ideals in Classical Algebras of Smooth Functions. Lecture Notes in Pure and Applied Mathematics Collection: Function spaces, 167–182, 1995.

11. L. G. Hanin, Sobolev spaces as Banach algebras. Studies in the Theory of Functions of Several Real Variables, Yaroslavl’ State University, pp. 127–146, 1984.

12. L. G. Hanin, A Geometric Classification of Ideals in Algebras of Differentiable Functions. Soviet Math.Doklady, Vol.22, No. 2, 1980.

13. J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces II Function Spaces.

Ergebnisse der Mathematik und ihrer Grenzgebiete, Vol.97, 1979. 14. B. Malgrange, Ideals of differentiable functions. Tata Institute of fundamental Research, Bombay, Oxford University Press, 1966.

15. N. Nikolski, Treatise on the shift operator. Springer Verlag, Heidelberg, 1986. 16. N. Nikolski, Distance formulae and invariant subspaces, with an application to localization of zeros of the Riemann ζ-function. Ann.Inst.Fourier Grenoble Tome 45, Fasicule 1, 143–159, 1995.

17. M. Rosenblum and J. Rovnyak, Hardy Classes and Operator Theory. Oxford University Press, 1985.

18. W. Rudin, Functional Analysis. Mc Graw-Hill, Second Edition, 1991. 19. G. Valiron, Fonctions analytiques. Masson, 1954.

Postupilo 1 noØbrØ 1996g.

Emmanuel Fricain UFR de Mathématiques 351, cours de la Libération 33405 Talence Cedex (France)