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Abstract.

Let (€2, g) be a smooth compact 3D Riemannian manifold with the smooth
boundary T, 7(z) := dist (2, '), x € Q; Q7 := {x € Q| dist (z,T) <7}, " :={z €
Q] dist (z,I") = 7}, 7 > 0. For the sake of technical simplicity, we deal with Q
diffeomorphic to a ball in R3.

Let & = {Vp|p € H' ()} be the space of the potential vector fields, and
let &y = {3V7| 3 € Lay(2)} be the space of the vector fields parallel to V7.
The N-transform is a map from & to .2 defined layer-wise (in accordance with
Q=U,>oI'") by

Nh |, = (PTh)|pr o >0,

where P7 are the projections in & onto the subspaces &7 := {h € & | supph C
Q7}. We show that N is a unitary operator.

Let p = pf(x) be a solution to the Dirichlet problem: Agp=0inQ\TI',p=f
on I The DN-map A is defined by Af := —(Vp/, V) on I. We show that the
N-transform provides a certain factorization A=' = V*V and discuss its possible
usefulness for determination of (2, ¢g) from A.

Keywords: Helmholtz-Weyl decomposition of 3D vector fields, subspace of po-
tential fields, harmonic fields, N-transform, DN-map and its factorization.
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About the paper

e The N-transform was introduced in [1]| in parallel and by analogy with
the M-transform, which plays a key role in the 3D dynamical (time-domain)
inverse problem for the Maxwell system [3, 2]. These transforms correspond
to the Helmholtz-Weyl decomposition of the 3D vector fields into gradients
and curls. However, unlike M-transform, the N-transform has not yet found
application in inverse problems. In our paper, we study its fundamental prop-
erties: isometry and completeness, and discuss such a possible application
in the form of a conjecture related to a factorization of the elliptic DN-map
(the Calderon operator) of €.

e Let (€2, g) be a smooth compact 3D Riemannian manifold with the smooth
boundary I', 7(x) := dist (z,I"), z € Q. We denote Q7 := {x € Q| 7(x) < 7},
I'":={zeQ|7(x) =7}, 7 >0, and represent 2 = U,>oI"".

Let & :={h = Vp|pe H'(Q)} be the space of the potential fields; let
L\ i={v=3VT| 3 € Ly(2)} be the space of the vector fields longitudinal
w.r.t. V7. The N-transform is an isometry from & to .%). It is constructed
layer-wise (in accordance with 2 = U,oI'") via the breaks P7h|.,_, of the
projections on the subspaces 27 := {h € & | supph C Q07 }:

Nh = (PTh)

—_— on I, 7>0

(see [1]). For the sake of technical simplicity, we deal with 2 diffeomorphic
to a ball in R? and show that N is a unitary operator.

o Let 7 :={h € Z|h=Vp, Ap =0 in Q} (A the Beltrami-Laplace
operator) be the subspace of the harmonic potential fields. We show that
the fields N7 C £\ are of the form v = »V 7, where s satisfies a first-
order evolutionary differential equation in I' x (0,7") (in the semi-geodesic
coordinates (y,7) with the base on I') and the Cauchy data %|F = 3. By
V ooy — %|F><[O,T] we denote the operator (propagator) that solves this
Cauchy problem.

e The DN-map A is associated with the elliptic Dirichlet problem

Ap=0 in Q\T;
p=f on I,

with a solution p = p/(z), and is defined by
Af = 0,pf = —(Vp!, V1) on I,
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where v is the outward normal at the boundary.

We show that the N-transform provides a factorization A~! = V*V and
discuss its possible usefulness for the electric impedance tomography prob-
lem, which is determination of (€2, g) from A.

e The work was supported by the Ministry of Science and Higher Education
of the Russian Federation (agreement 075-15-2025-344 dated 29/04,/2025 for
Saint Petersburg Leonhard Euler International Mathematical Institute at
PDMI RAS).

Manifold and coordinates

o Let (M,g) be a smooth! three-dimensional Riemannian manifold. By
(a,b) we denote the (point-wise) inner product of vector fields a,b (sections
of TQ); A is the Beltrami - Laplace operator on M. Let 2 € M be a ball
of radius T centered at a point ¢ € Q, I’ := 9. We assume that T < rin
(injectivity radius), so that exp, is smooth in €.

Let 7(z) :=dist (z,), Q" :={z € Q| 7(x) <7}, [T :={2 € Q| 7(x) =
7}, 0 < 7 < T. The semi-geodesic coordinates (s.g.c.) x — (y,7) : T =
7(z),y = v(x), where vy(z) € T satisfies dist (x,v(z)) = 7(z), are defined
and regular in Q := Q\ {c}. By z(v,7) € Q we denote the point with the
s.g.c. (7,7) €T x[0,T). Such an  is diffeomorphic to a ball in R.

Let 7', +* be the local coordinates on I' near v(z), and 9;, d,1, 0,2 be the
coordinate fields in €. The length and volume elements are

(v, 7)drdy'dy?, g :=det{g;;},

In ©, each vector field h is represented as

N|=

ds® = dr + gi; (v, 7)dy'dv; dr = g

h = h)\ + hg; h)\ = <h, 8T>(9T, h@ = h— h)\ (1)

with the components hy and hg, which are called longitudinal (parallel to 0,)
and transversal parts of h, whereas (hy(z), hg(z)) = 0, x € Q holds. Note
that v := —GT}F is the field of the outward normals at the boundary.

e The vector analysis operations (see [6]) in s.g.c. are

Vp = (0:p) 8, + (990,p) Oyi; divh = g 20, (g2h°%) + g~ 20,:(g2h")  (2)

IEverywhere smooth means C'*°-smooth.



in Q, where {¢} := {g;;} " and h = h°0, + h'd.: is a smooth vector field.
We say that V, := (9:+) 0, and Vg := (¢"9,;+) 9, are the longitudinal and
transversal parts of the gradient. The operations divy := ¢g~20,(g2(-,d,))
and divy = g*%aﬁ (g%<-,871-> are the longitudinal and transversal parts of
the divergence; so, one represents

Vp = Vap+ Vep, divh =divyhy + divghy  in (3)

in accordance with (1).

Spaces, subspaces and projections

o Let .Z be the space of the square integrable vector fields,

a,b) g = a,0) axr = a’t’ + gi;a't! 9% vaytar =
b b)d 0pY ;a't’ dytdy*d
Q I'x[0,T)

:iATdT/dexa¢>

where a = a0, + a'd,i, b = 0’0, + b'0:, and dI'™ = g%(%T) dytdy? =

1

[:Z 88] ® 4T is the surface element on '™, dI' is the surface element on I'. The

latter equality in (4) corresponds to the representations

peo (4)

0= 7, Ly(Q) = Lo(T7) dr. 5
U () ea/m () (5)

o<r<T

Recall that our € is a Riemannian ball diffeomorphic to a ball in R3. In such
a case, the Helmholtz - Weyl decomposition on the potential and solenoidal
fields is

L =P, (6)

where
P ={Vplpec H(Q)}, SH:={hcZ|divh=0inQ, (h,v)=0o0nT}
={he Z|divh=01inQ, supph C Q\T'}.

The first summand is specified as follows:

P = Pyd H, (7)

5



where

Po = {Vp|p € Hy(Q)} = {Vp| suppp C Q\T}
and S := {Vp| Ap =0 in Q} (see, e.g., [6]). We say 5 to be the subspace
of harmonic potential fields.

e One more decomposition, which corresponds to (1), is
g = g)\ SP 397

where £ = {h € Z|hy = 0} and & = {h € ZL|hy = 0} are the
subspaces of the longitudinal and transversal fields respectively.

e Denote
PT={hec P|supphCc ¥}, 0<7<LT; 2":={0}, 2T =2,

and Z7 =X o P7. For a field h = Vp € &7 we have Vp =01in Q\ 7,
so that p = const outside 27 holds, and we put p‘ anar = 0. By P" and P{
we denote the projections in &2 onto the first and second summands in the
decomposition & = £7 ¢ X7.

Lemma 1. For a smooth h = Vp € &2, the representations PTh = Vp™ and
PTh = V" hold with the potentials satisfying

Ap” =divh in intQ7; ApT =0 inintQ7;
pT =0 on I'"; , pL=p onI'"; (8)
o,p" =0,p onl, 0.p7 =0 onl}

and pT‘Q\QT =0, pj—‘Q\QT = b

Proof. As is easy to check, the relations h = Vp = Vp™ + Vp7, Vp™ € &7
and (Vp™,VpT)e = 0 hold, which is equivalent to the statement of the
Lemma. ]

So, the decomposition h = P"h + P]h takes the form Vp = Vp™ + Vp7|
with the potentials obeying (8).



N-transform

e Fix 7€ (0,7) and a smooth h = Vp € &. The field P"h|., := PTh|.,
is supported on I'" and is orthogonal to I'". Indeed, in view of p = p] on I'",
the equality Vyp = Vg p7 holds on I'", and for P"h = h — P[h we have

PTh

rr - (vp - vPI) rr = (an 67' + Vgp - arpl 87' - vﬂpl)
= (aﬂ'p 0r — 0:p. 87') rr (a‘rp - &'pj_) Or

FT

. (9)

Define N : & — £, layer-wise, i.e., in accordance with (5), by

Nh

, = P"h

0<7<T (10)

T T’

(recall that P® = Q and PT =T) on smooth fields h. As is shown in [1], the
transform NV is an isometry, which is extended by continuity from smooth A’s
onto & to a unitary operator from &2 onto .%,. In Appendix, we provide a
proof of these properties, which in fact basically repeats the proof in [1].

e For0 < 7 < T, we define the operator II” : Ly(I'") — Lo(I'") on Dom 117 =
HY(T™) by II" f := d,u/, where u/ is a solution to
Au=0 1inintQ";
u=f onlT, (11)
O-u=0 onl.

The following facts are well known.

Proposition 1. Operator 11" is a 1-st order PDO with the pricipal symbol
o (k) = [g¥ FTk,-k:j]%. The relations TI" = 1I"* > O, Ker II” = {const} hold.

In the space Ly(Q2) (see (5)) we define the layer-wise operator Il on
Dom IT = @f[OT] HY(T'7)dr by

(IT5¢)

o= (e

o) 0<7<T.

One can easily verify the following facts.

Proposition 2. The relations I1 = IT* > O, KerIl = ¥, Ranll L% hold,
where € is the class of the square-summable leyer-wise constant functions.



Taking into account (9) and (10), we represent
Nh = NVp = (0;p —1p) 0-. (12)

e Forafixedt € [0,7), I is a 2-dimensional Riemannian manifold (surface)
with the metric g" = g|., induced by the metric g in 2. The elements of
the vector field space £7 = EQ(FT) can be identified with the traces of
transversal fields in Q: £7 = {a}FT | @ is smooth, a € Z}. It contains the
subspace Pr- :={V7¢| ¢ € H'(I'")} of the potential fields, where V7 is the
intrinsic gradient on I'".

Put

LJW):{¢ehaﬂ|@Jy3AfmwzwL 0<T<T. (13)

The vector analysis operations V7 : Ly(I7™) — Pp- and div™ = —V7* :
Pr- — Lyo(I'T) are injective.
Introduce the spaces

@my:@/ [o(T7)dr = Ly(Q) 6 — RanTl
(0,71
and Zy == @ f[O,T] Pr-dr C Zy. The layer-wise operations
VQ‘L-Q(Q) = 69/ V7dr: Ly(Q) = 2y
(0,7]

and

divg|, =& div ™ dr : Dy — Lo(Q)
“ 011

are injective. Therefore, the operations V' 2 — Ly(Q) and div P
Ly(2) — 2y are well defined, and the relations

V,'Ve=id, (V)" = —div,' (14)

are valid on Ly(Q) and 2y respectively.

e The latter relations are used to derive the following representation.



Lemma 2. Let 3 be smooth in Q, v = »20, € 4. For N* : L — P the

representation
N*v = Py [50, + div, '] (15)

is valid, where Py is the projection onto & in (6). The relation
div N*v = div 9, + Ilx (16)
holds.

Proof. Let p and s be smooth, h = Vp € & and v = x0, € Z). Let p
be the projection in Ly(€2) onto Lo(2) = Ranll, so that Vyp = Vgp holds.
Then we have

see (12)

(Nh> /U)f = (an 87'7 %&r)f - (Hp 67-, %87'>$

= (a'rpv %)LQ(Q) - (Hpa %)LQ(Q) = (anaT7 %87').2’,\ - (pa H%)LQ(Q)

14 _ 14 .
N 0,p0,, 20,) 2, — (V3 Vop, TT5¢) 1y = (D,p0r, 205) 2, +(Vop, div y 'Tl2) 4,

= (0-p0; + Vyp, 20, + div 9_1H%)g = (Vp, %0, + div 9_1H%)g

= (h, 20, +div ; 'TI3) o = (Pph, 50, + div, 'Ix) &

= (h, Pp[50, 4 div ;' TIx]) o = (h, N*v) ».

So, by the density of smooth h’s in &, for smooth s’s the representation (15)
does hold. By the simply verified boubdedness of the composition div 9_11_[%]
it can be extended to %, by continuity.

Denoting a := 50, + div ,'IIs, we have a = Pya + Pya (see (6)) and
Pya =a— Pga, div Pya = 0, which implies

div N*v = div Ppa = diva — div Pya = diva = div »0, + div Q_IH%
@ div 220, + div ¢ div 9_11_[% = div 20, + Ils. O

e Let h = Vpand div h = 0 hold, so that Ap = 0 holds, i.e., the potential p
is harmonic in €. Let v = 3¢9, = Nh. Then div N*v = div N*Nh = divh =
Ap = 0 holds and, by (16), implies

divie0; + 1l = 0 in int €. (17)



Factorization of DN-map

e Consider the Dirichlet problem

Ap =0 in int€;
p=f on I}

let p = p/(x) be a solution, divVp/ = Ap/ = 0 holds in Q. The operator
W i Ly(T) — 3 C P (see (7)), W f := Vp/ resolves the problem.
The DN map is A : Ly(T') — Ly(T"), Dom A = HY(T),

Af = vp’ on I,

where v = _aT‘r is the outward normal at the boundary. Since

(Vp! . V) w = W Wg) s = /(fo,Vpg> dx
Q
—/fopgdf—/Afng, (18)
I I

we have A = A* = W*W > O, RanA = Ly(I) (see (13)) and KerA =
{const}.

o Let NVp/ = 3/ 0. € Z\. Then divs/0, + I/ 9 0 holds and takes

the form g=20,(g2s¢/) + I/ = 0 in s.g.c. (see (2) and (3)). Also, in view

of anTL‘r ® 0, we have

NV 2 070, = —vpla|. = —Afo.| = (= 0,)

F?
which implies »/ = —Af on I". As a result, s = s/ (x(v, 7)) satisfies

(19)

920, (g23) + =0 in I x (0,7);
%‘TZO - _Af’ .

By V' we denote the operator (propagator) V : %‘F > %}rx(o ) that resolves

the Cauchy problem (19) [7, 5, 8]. Since Ran A = Ly(I") holds, V" acts from
LQ(F) to NI C g)\.
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e By isometry of the N-transform and (18) we have

(Af 9Ly = (fo Vo) e = (NVp!, NV g = (57 0,, 590,) o,
= (5 2 1pie) = (V! ‘ oy Vo |T _o)a@) = (VAL VAG) Ly
= (AV*VAfa g)LQ ()

which implies A = AV*V A and leads to
AL =V (20)

so that V : Ly(T') — N.J# provides a factorization to A~1.

Illustration: upper half-space

o Let Q=R3 = {(z,2)| = = (z!,2%) € R?, 2 >0}, T = {(z,0)| = € R?}.
A harmonic potential p = p/ satisfies

Ap =10 inint;
p=f onl}
p—0 as|z]+2z— o0

The Fourier transform

ik, 2) = (Fu(-, 2))(k) = (27)3 /R (e, ) dr,

implies
ﬁzz+|k|z5=0, z>0;
=/, z=0;
]5 — 0, k| + 2 — o0;

and provides .
pk,2) = e Ef(k),  keRY 220,

whereas A :== FAF* just multiplies functions by |k|.
e The second problem in (8) takes the form

(PL)z= + [KI*(P1) = 0, 2>0;

(pJ_) - pv Z =T,
(pl)z = 07 z = O;
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and provides

cosh |k|z

(ko - Coshlklz
Pk, z2) cosh |k|T

p(k, 2), 0<z2<T.
Hence we have

(p1):(k,7) = (II"p(-.7)) (k) = (|k| tanh [k|7) p(k,T), 72> 0.
e Problem (19) takes the form

! (21)

7. + (|k| tanh |k|T)3c =0, 7> 0;
=N =-Af=—|klf, 2=0;

the solution is

cosh|k|r ~  cosh|k|T ‘

5k, 7) = e~ Jo Kl tanhlkindn 5() () =

Thus, the operator resolving (21) acts from Ly ({k € R?}) to Ly (R? x {2 > 0})
by

- (k) 5
V k = —— keR = 0.
( %0)( 7Z) COSh'k"Z7 €y, 2
As is easy to check, for V*: Ly (R? x {z > 0}) — Ly({k € R?}) one has
(V*¢)(k) = okz2) L keRr:

o cosh|k|z

As a result, we get

o *_d (k) Y de (k)
VY s0) (k) = = Folk T
( 50) (k) /0 cosh |k|z cosh ||z %l >/0 cosh? |k|z ||

Thus, we have V*V = A~! in the accordance with (20).

Illustration: unit ball

Let Q=B =:{z eR®| |z] < 1};then " :={z e R | |[z| =1—-7}, =
% = S?. Introduce the spherical coordinates (r,v,¢); then 9, = —d,. Let
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u]. be a solution to (11), where f(9,¢) = Y™ (¥, ) is a spherical harmonic.
As is easy to derive,

o (I+ 1)t + fr= (D)
m (1 1)pt 4 1p= (D)

i"(,e)  (p=1-7)

holds. Hence, one has

l(l + 1) 1— p2l+1
PR EN (ESyr

In particular, if f = Y™ on S?, then p/ = r'f, Af =[f, and one obtains
NVY = —IN() O V=N f  f=Y",

y™ = _arule|r=p = Y™ (9, W)‘

where
(20 + 1)ptt

Al(p) = _l + (l + 1)p2[+1‘

Note that NVp/ (f € H'/?(I')) is bounded but may have a jump disconti-
nuity at the center of the ball.

Denote by B; the projection in Ly (S?) on the eqigenspace of the Laplace-
Beltrami operator Agz corresponding to the eigenvalue [(I + 1). Then the
above formulas imply

VA ZAzl—rmlf Vo= > [Bigl(-,1— p)ilp)pdp.

0 =1
At last, we have
VVf = Z( [ o) = lZl M = A
1

in accordance with (20).

Comments and hopes

e Note that, in problem (19), the operator II is a layer-wise PDO, whereas
its symbol determines the metric ¢ in s.g.c. (Proposition 1). Consider the
case in which ) = Ri is a half-space endoved with the smooth metric

ds* = (dz®)? + Z gi; (2, 2% 2%) da'da?

ij=1,2
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coinciding with the euclidean one outside a sufficiently large ball |z| < N.
Then the results of general theory of parabolic PDO |7, 5] applied to the ini-
tial problem (19) imply that its evolution operator V7 : s(-,0) — (V3)(:, 7)
is a negligible PDO for any 7 > 0.
e Perhaps the above could suggest an approach to the 3D electrical impedance
tomography problem. If we characterized the factorization (20) so that it was
realizable (or at least unique), then we could recover the metric ¢ in s.g.c.
by the scheme A+ V = IT — 11" — g| .., 7 > 0 (see Proposition 1).
Reducing the problem to the determination A — V', we encounter a
canonical situation: to recover an operator V' via its module |V| := vV*V =
A_%, which is quite common in inverse problems. In the time-domain IP’s,
the property of V, due to that the factorization A=* = V*V is realizable, is
its triangularity, which reflects the fundamental physical fact: the finiteness
of the wave propagation velocity [4]. So, in EIT we need to recognize its
relevant "physical" analog. Perhaps, it is related to the complex geometrical
optics.

Appendix

Recall that  is a ball diffeomorphic to a ball in R3. The proof of the following
basic property of the N-transform in fact repeats the analogous proof in [1].

Theorem 1. The N-transform is a unitary operator from & to Z).

Proof. e Show that the N-transform is an isometry. Taking smooth h = Vp
and g = Vg, we have

d
(P, Py,

d d [T
= — dx (P"h,PTg) = — / ds/ dl'*(h—=Vp',g—Vq) = 1" +1I"
dr Jor dr Jo s

14



where I™ := [, dI'"" (h—Vp',9—Vq7) = [..dI" (Nh,Ng), and
9q1
h—VpTh, —
D+ (- v, - v

[ 3

:/ ds/SdFS[ pl V(q—CJI)>+(V(p—pD7—VaT

_ apj_ T T 8(]1
—/Tdft {Ag(q q1) +(—p7) 5.

_/Fdl“ {%(Q_QI)+(}7—]{L)%]

_/TdFT {a(aa”fi)(q—qi)ﬁp—pi m} / / /

where v is the outward normal to 00" = I‘ U I'7. The first equation of the
second system in (8) easily provides A = 8373 — = Aagj = 8@? =0 in
int 27, so that we have f = 0. The second equation implies frf = 0, the

third one leads to fr = 0. As a result, we get II” = 0 and

d
d—(PTh,PTg)gA:/ dl'" (Nh,Ng), 0<7<T.
T .

Integrating over 7 with regard to P° = O and P? =1, we arrive at

T
(h,g)s = / ar / dr™ (Nh, Ng) = / dx (N, Ng) = (Nh, Ng)
0 T [9]

so that N is an isometry on the smooth fields. Hence, its extension by
continuity (denoted by the same N) is an isometry from &2 to Z).
e The following simple facts are used later.
1. Fix 0 < 7 < T. Any h = Vp € &7 is longitudinal on I'" in view of
Pl = const = 0. By (8), the latter implies p = 0 in Q7 and, by (9), follows
to

Nh = h on I'". (22)
2. For any smooth ¢ given on I'" (0 < 7 < T), there is a field h € 27
such that h|.,_, = 90, holds. Indeed, choosing in Q27 a smooth function u
provided u = 0 and 0,u = on I'", o = Vu, h‘Q\QT =0, we
get a required field.

15



e Show that Ran N = %, holds.
The definition of the N-transform (10) easily implies

NP™ = XN, 0<7<T,
where X7 cuts off fields on €27:
X" = v %n v .
0, in Q\Q7;
As a consequence, we have PTN* = N* X7 which leads to

X"Ker N* C Ker N*, 0<7<T. (23)

By the latter, assuming v = »0,, v1 Ran N or, equivalently, v € Ker N*, we
have X7v € Ker N* and
T
0 (h, N*XT0) = (N, X70) g, = / (N, v) da — / ds / A" (N, v)
0 T

for h € & and 0 < 7 < T. Differentiation provides

-

/ (Nh,o)d[™ =0, 0<r<T (24)

Fix a 7 = 0. Choose a smooth function ¥ on I'” and a field h € £,
h}ra = 10, that is possible due to 2.. For such a choice, one has

/ (Nh,v)dre & / (h,v)dl = [ 4 sedr” 2 0. (25)

Io
Since 1 is arbitrary, (25) yields > = 0 on I'?. Since o is arbitrary, we have
2 =0 and hence v = 0 in Q. Thus Ker N* = £, © Ran N = {0} holds, i.e.,
Ran N = %, is valid.

e So, the transform N : & — £, is an isometry acting onto the image
space, i.e., is a unitary operator. L]
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