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ÀÍÍÎÒÀÖÈß

Ïóñòü uε(x, t), x ∈ Rd, t ∈ [0,∞), ε > 0, � ðåøåíèå çàäà÷è Êîøè äëÿ ïàðàáîëè÷åñêîãî
óðàâíåíèÿ ñ íåëîêàëüíûì îïåðàòîðîì ñâ¼ðòî÷íîãî òèïà:

∂uε(x, t)

∂t
= ε−d−2

∫
Rd
a((x− y)/ε)µ(x/ε,y/ε, t/ε2)(uε(y, t)− uε(x, t)) dy, uε(x, 0) = ϕ(x).

Çäåñü ϕ ∈ L2(Rd). Ïðåäïîëàãàåòñÿ, ÷òî a(x) = a(−x) > 0, ïðè÷åì 0 <
∫
Rd(1+ |x|3)a(x) dx <∞,

à ôóíêöèÿ µ ∈ L∞(R2d × R+) ñèììåòðè÷íà: µ(x,y, t) = µ(y,x, t), ïîëîæèòåëüíî îïðåäåëåíà
è ïåðèîäè÷íà ïî âñåì ïåðåìåííûì. Ìû ïîêàçûâàåì, ÷òî ïðè ôèêñèðîâàííîì t > 0 è ε → 0
ðåøåíèå uε(·, t) ñõîäèòñÿ â L2(Rd) ê ðåøåíèþ u0(·, t) óñðåäíåííîé çàäà÷è

∂u0(x, t)

∂t
= div g0∇u0(x, t), u0(x, 0) = ϕ(x).

Çäåñü g0 � ïîëîæèòåëüíàÿ ýôôåêòèâíàÿ ìàòðèöà. Ïîëó÷åíà îöåíêà ïîãðåøíîñòè∥∥uε(·, t)− u0(·, t)
∥∥
L2(Rd)

6
Cε

(t+ ε2)1/2
‖ϕ‖L2(Rd), t > 0, ε > 0.

Êëþ÷åâûå ñëîâà: íåëîêàëüíûå îïåðàòîðû ñâ¼ðòî÷íîãî òèïà, ïåðèîäè÷åñêîå óñðåäíåíèå,
íåàâòîíîìíîå ïàðàáîëè÷åñêîå óðàâíåíèå, îïåðàòîðíûå îöåíêè ïîãðåøíîñòè, ýôôåêòèâíûé
îïåðàòîð.
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Ââåäåíèå

0.1. Ïîñòàíîâêà çàäà÷è. Îñíîâíîé ðåçóëüòàò. Â L2(Rd) ðàññìîòðèì íåëîêàëüíûé
îïåðàòîð ñâ¼ðòî÷íîãî òèïà, çàäàííûé âûðàæåíèåì

Aε(t)u(x) = ε−d−2

∫
Rd

a
(x− y

ε

)
µ
(x
ε
,
y

ε
,
t

ε2

)(
u(x)− u(y)

)
dy, x ∈ Rd, u ∈ L2(Rd), (0.1)

ãäå t ∈ R+, à ε > 0 � ìàëûé ïàðàìåòð. Ïðåäïîëàãàåòñÿ, ÷òî a(x) = a(−x) > 0, ïðè÷åì∫
Rd a(x)(1 + |x|3) dx < ∞, à µ(x,y, t) � îãðàíè÷åííàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ ôóíêöèÿ,

ïåðèîäè÷åñêàÿ ïî x, y îòíîñèòåëüíî ðåøåòêè Zd è ïåðèîäè÷åñêàÿ ïî t ñ ïåðèîäîì 1. Êðîìå
òîãî, ïðåäïîëàãàåòñÿ, ÷òî µ(x,y, t) = µ(y,x, t) ïðè x,y ∈ Rd, t ∈ R+. Îïåðàòîð Aε(t) îãðàíè÷åí,
ñàìîñîïðÿæåí è íåîòðèöàòåëåí.
Ïóñòü uε(x, t) � ðåøåíèå çàäà÷è Êîøè äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ îïåðàòîðîì Aε(t):

∂uε(x, t)

∂t
= −Aε(t)uε(x, t), x ∈ Rd, t ∈ R+;

uε(x, 0) = ϕ(x), x ∈ Rd,
(0.2)

ãäå ϕ ∈ L2(Rd). Ïóñòü Sε(t) � ðàçðåøàþùèé îïåðàòîð çàäà÷è (0.2): Sε(t)ϕ = uε(·, t). Â
íàñòîÿùåé ðàáîòå èññëåäóåòñÿ ïîâåäåíèå ðåøåíèÿ uε = Sε(t)ϕ ïðè ìàëîì ε.
Èíòåðåñ ê íåëîêàëüíûì îïåðàòîðàì ñâ¼ðòî÷íîãî òèïà è ê çàäà÷àì óñðåäíåíèÿ äëÿ òàêèõ

îïåðàòîðîâ ìîòèâèðîâàí ðàçëè÷íûìè ïðèëîæåíèÿìè ê ìîäåëÿì ìàòåìàòè÷åñêîé áèîëîãèè,
ïîïóëÿöèîííîé äèíàìèêè, ìåõàíèêè ïîðèñòûõ ñðåä è õèìèè ïîëèìåðîâ; ïîäðîáíåå ñì.
ââåäåíèå ê ðàáîòå [21]. Ñ äðóãîé ñòîðîíû, ïðè èçó÷åíèè òàêèõ îïåðàòîðîâ âîçíèêàåò
ìíîæåñòâî ñëîæíûõ âîïðîñîâ, ïðèâëåêàþùèõ âíèìàíèå ìàòåìàòèêîâ. Â ïîñëåäíåå âðåìÿ
àêòèâíî èçó÷àþòñÿ êà÷åñòâåííûå è àñèìïòîòè÷åñêèå ñâîéñòâà îïåðàòîðîâ ñâ¼ðòî÷íîãî òèïà.
Ðàíåå çàäà÷à (0.2) èçó÷àëàñü â ñòàòüå [20], ãäå áûëî ïîêàçàíî, ÷òî ïðè êàæäîì T > 0 èìååò

ìåñòî

lim
ε→0

sup
t∈[0,T ]

‖uε(·, t)− u0(·, t)‖L2(Rd) = 0. (0.3)

Çäåñü u0(x, t) � ðåøåíèå óñðåäíåííîé çàäà÷è Êîøè

∂u0(x, t)

∂t
= −A0u0(x, t), x ∈ Rd, t ∈ R+;

u0(x, 0) = ϕ(x), x ∈ Rd.

Óñðåäíåííûé îïåðàòîð A0 � ýòî ýëëèïòè÷åñêèé äèôôåðåíöèàëüíûé îïåðàòîð âèäà A0 =
−div g0∇, à g0 � ïîëîæèòåëüíî îïðåäåëåííàÿ ýôôåêòèâíàÿ ìàòðèöà, êîòîðàÿ îïðåäåëÿåòñÿ
â òåðìèíàõ ðåøåíèé íåêîòîðûõ âñïîìîãàòåëüíûõ çàäà÷. Îòìåòèì, ÷òî ñõîäèìîñòü (0.3) èìååò
ìåñòî ïðè óñëîâèè êîíå÷íîñòè âòîðîãî ìîìåíòà ôóíêöèè a(x). Â îïåðàòîðíûõ òåðìèíàõ (0.3)

îçíà÷àåò, ÷òî Sε(t) ñèëüíî ñõîäèòñÿ ê îïåðàòîðó e−A
0t ïðè ε→ 0.

Íàø îñíîâíîé ðåçóëüòàò (òåîðåìà 6.1): ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ èìååò ìåñòî
ñõîäèìîñòü ðàçðåøàþùåãî îïåðàòîðà ïî îïåðàòîðíîé íîðìå â L2(Rd), è ñïðàâåäëèâà îöåíêà∥∥∥Sε(t)− e−A0t

∥∥∥
L2(Rd)→L2(Rd)

6
Cε

(t+ ε2)1/2
, ε > 0, t ∈ R+. (0.4)

Â òåðìèíàõ ðåøåíèé îöåíêà (0.4) îçíà÷àåò, ÷òî

‖uε(·, t)− u0(·, t)‖L2(Rd) 6
Cε

(t+ ε2)1/2
‖ϕ‖L2(Rd), ε > 0, t ∈ R+.
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Èç îöåíêè (0.4) ìû òàêæå âûâîäèì ðåçóëüòàò îá óñðåäíåíèè ðåøåíèÿ çàäà÷è Êîøè äëÿ
íåîäíîðîäíîãî óðàâíåíèÿ

∂zε(x, t)

∂t
= −Aε(t)zε(x, t) + F (x, t), x ∈ Rd, t ∈ (0, T );

zε(x, 0) = ϕ(x), x ∈ Rd,

ãäå ϕ ∈ L2(Rd) è F ∈ Lq((0, T );L2(Rd)); ñì. òåîðåìû 6.2 è 6.3.

0.2. Îïåðàòîðíûå îöåíêè ïîãðåøíîñòè â òåîðèè óñðåäíåíèÿ. Ðàçëè÷íûå çàäà÷è îá
óñðåäíåíèè äèôôåðåíöèàëüíûõ îïåðàòîðîâ ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè àêòèâíî
èññëåäóåòñÿ â òå÷åíèå ïîñëåäíèõ ïÿòèäåñÿòè ëåò. Óïîìÿíåì íåñêîëüêî îñíîâíûõ ìîíîãðàôèé
[1, 2, 11] â ýòîé îáëàñòè.
Ïîëó÷åíèå îöåíîê äëÿ ñêîðîñòè ñõîäèìîñòè â ðàçëè÷íûõ çàäà÷àõ ãîìîãåíèçàöèè èãðàåò

áîëüøóþ ðîëü êàê â òåîðåòè÷åñêîì, òàê è â ïðèêëàäíîì ïëàíå. Ïåðâûå êîëè÷åñòâåííûå
ðåçóëüòàòû ïðè óñðåäíåíèè ïåðèîäè÷åñêèõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ áûëè ïîëó÷åíû
â [2], ñì. òàêæå [1], [17] è áèáëèîãðàôèþ â ýòèõ êíèãàõ. Â äàëüíåéøåì ýòîé òåìàòèêå áûëî
ïîñâÿùåíî áîëüøîå ÷èñëî ðàáîò. Îäíàêî, â ýòèõ ðàáîòàõ ðå÷ü øëà îá îöåíêàõ ïîãðåøíîñòè â
ñèëüíîé òîïîëîãèè.
Â ðàáîòàõ [3], [4], [5] Áèðìàíîì è Ñóñëèíîé áûë ïðåäëîæåí è ðàçâèò òåîðåòèêî-îïåðàòîðíûé

ïîäõîä ê çàäà÷àì óñðåäíåíèÿ ïåðèîäè÷åñêèõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ. Ñ ïîìîùüþ
ýòîãî ïîäõîäà áûëè ïîëó÷åíû òàê íàçûâàåìûå îïåðàòîðíûå îöåíêè ïîãðåøíîñòè â çàäà÷àõ
ãîìîãåíèçàöèè äëÿ øèðîêîãî êëàññà ïåðèîäè÷åñêèõ ýëëèïòè÷åñêèõ äèôôåðåíöèàëüíûõ
îïåðàòîðîâ. Ê óñðåäíåíèþ ïàðàáîëè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé òåîðåòèêî-
îïåðàòîðíûé ïîäõîä ïðèìåíÿëñÿ â [29, 30]. Ïðîèëëþñòðèðóåì îñíîâíûå èäåè ïîäõîäà íà
ïðèìåðå óñðåäíåíèÿ ïîëóãðóïïû e−tAε ýëëèïòè÷åñêîãî îïåðàòîðà Aε = −div g(x/ε)∇ â L2(Rd).
Çäåñü g(x) � îãðàíè÷åííàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ Zd-ïåðèîäè÷åñêàÿ ìàòðèöà-ôóíêöèÿ.
Êàê ïîêàçàíî â [29, 30], ïðè êàæäîì t > 0 è ε→ 0 ïîëóãðóïïà e−tAε ñõîäèòñÿ ïî îïåðàòîðíîé
íîðìå â L2(Rd) ê ïîëóãðóïïå ýôôåêòèâíîãî îïåðàòîðà A0 = −divghom∇. Ïðè ýòîì ñïðàâåäëèâà
îöåíêà

‖e−tAε − e−tA0‖L2(Rd)→L2(Rd) 6
Cε

(t+ ε2)1/2
, ε > 0, t ∈ R+. (0.5)

Â òåîðèè óñðåäíåíèÿ îöåíêè òàêîãî òèïà íàçûâàþò îïåðàòîðíûìè îöåíêàìè ïîãðåøíîñòè.
Ìåòîä äîêàçàòåëüñòâà îöåíêè (0.5) îñíîâàí íà ìàñøòàáíîì ïðåîáðàçîâàíèè, òåîðèè Ôëîêå�

Áëîõà è àíàëèòè÷åñêîé òåîðèè âîçìóùåíèé.
Ñ ïîìîùüþ óíèòàðíîãî ìàñøòàáíîãî ïðåîáðàçîâàíèÿ îöåíêà (0.5) ñâîäèòñÿ ê íåðàâåíñòâó

‖e−tA − e−tA0‖L2(Rd)→L2(Rd) 6
C

(t+ 1)1/2
, t ∈ R+, (0.6)

ãäå A = A1 = −div g(x)∇. Äàëåå, ïðèìåíåíèå óíèòàðíîãî ïðåîáðàçîâàíèÿ Ãåëüôàíäà
ïîçâîëÿåò ðàçëîæèòü îïåðàòîð A â ïðÿìîé èíòåãðàë ïî îïåðàòîðíîìó ñåìåéñòâó A(ξ).
Îïåðàòîð A(ξ) äåéñòâóåò â L2(Ω), ãäå Ω = [0, 1)d � ÿ÷åéêà ðåøåòêè Zd, è çàäàåòñÿ âûðàæåíèåì
A(ξ) = (−i∇ + ξ)∗g(x)(−i∇ + ξ) ñ ïåðèîäè÷åñêèìè ãðàíè÷íûìè óñëîâèÿìè. Ïàðàìåòð ξ,

íàçûâàåìûé êâàçèèìïóëüñîì, ïðèíèìàåò çíà÷åíèÿ â ÿ÷åéêå Ω̃ = [−π, π)d äâîéñòâåííîé
ðåøåòêè. Äëÿ îïðàâäàíèÿ íåðàâåíñòâà (0.6) äîñòàòî÷íî ïîêàçàòü, ÷òî

‖e−tA(ξ) − e−tA0(ξ)‖L2(Ω)→L2(Ω) 6
C

(t+ 1)1/2
ïðè âñåõ ξ ∈ Ω̃.

Îñíîâíóþ ÷àñòü èññëåäîâàíèÿ ñîñòàâëÿåò àíàëèç îïåðàòîðíîãî ñåìåéñòâà A(ξ). Ïîñêîëüêó
îíî ÿâëÿåòñÿ àíàëèòè÷åñêèì ñåìåéñòâîì îïåðàòîðîâ ñ êîìïàêòíîé ðåçîëüâåíòîé, ïðèìåíèìû
ìåòîäû àíàëèòè÷åñêîé òåîðèè âîçìóùåíèé. Áûëî ïîêàçàíî, ÷òî ïîëóãðóïïó e−tA(ξ) ìîæíî
ïðèáëèçèòü â òåðìèíàõ ñïåêòðàëüíûõ õàðàêòåðèñòèê îïåðàòîðà íà êðàþ ñïåêòðà. Â ÷àñòíîñòè,
ýôôåêòèâíàÿ ìàòðèöà âûðàæàåòñÿ ÷åðåç ãåññèàí ïåðâîãî ñîáñòâåííîãî çíà÷åíèÿ λ1(ξ)
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îïåðàòîðà A(ξ) ïðè ξ = 0. Òàêèì îáðàçîì, óñðåäíåíèå ìîæíî èçó÷àòü êàê ñïåêòðàëüíûé

ïîðîãîâûé ýôôåêò íà êðàþ ñïåêòðà.
Äðóãîé ìåòîä ïîëó÷åíèÿ îïåðàòîðíûõ îöåíîê ïðè óñðåäíåíèè ïåðèîäè÷åñêèõ çàäà÷ áûë

ïðåäëîæåí Æèêîâûì è Ïàñòóõîâîé â ðàáîòàõ [10, 12, 13], ñì. òàêæå îáçîð [14] è öèòèðîâàííóþ
òàì ëèòåðàòóðó. Ýòîò ìåòîä, íàçâàííûé àâòîðàìè �ìåòîäîì ñäâèãà�, ïðèìåíèì òàêæå ê
óñðåäíåíèþ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ñ ëîêàëüíî ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè è
ê óñðåäíåíèþ êðàåâûõ çàäà÷ â îãðàíè÷åííîé îáëàñòè.
Â ïîñëåäíèå ãîäû ïðîáëåìà ïîëó÷åíèÿ îïåðàòîðíûõ îöåíîê ïîãðåøíîñòè â ðàçëè÷íûõ

çàäà÷àõ òåîðèè óñðåäíåíèÿ ïðèâëåêàåò âíèìàíèå ìíîãèõ ìàòåìàòèêîâ. Â ýòîé îáëàñòè ïîëó÷åí
ðÿä ãëóáîêèõ ðåçóëüòàòîâ; ïîäðîáíûé îáçîð ñîñòîÿíèÿ äåë ìîæíî íàéòè â [21, ïóíêò 0.2] è âî
ââåäåíèè ê ñòàòüå [31]. Îòäåëüíî îòìåòèì ðàáîòû [8, 9], ãäå ïîëó÷åíû îïåðàòîðíûå îöåíêè ïðè
óñðåäíåíèè íåàâòîíîìíûõ ïàðàáîëè÷åñêèõ óðàâíåíèé â îãðàíè÷åííîé îáëàñòè.

0.3. Óñðåäíåíèå íåëîêàëüíûõ îïåðàòîðîâ ñâ¼ðòî÷íîãî òèïà. Õîòÿ çàäà÷è óñðåäíåíèÿ
äëÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ èçó÷àëèñü â òå÷åíèå äîëãîãî âðåìåíè, ïåðâûå ðåçóëüòàòû
îá óñðåäíåíèè îïåðàòîðîâ ñâ¼ðòî÷íîãî òèïà íóëåâîãî ïîðÿäêà áûëè ïîëó÷åíû ñðàâíèòåëüíî
íåäàâíî. Â ðàáîòå [18] áûëî ïîêàçàíî, ÷òî ñåìåéñòâî ñàìîñîïðÿæåííûõ îïåðàòîðîâ Aε
âèäà (0.1) (íå çàâèñÿùèõ îò t) äîïóñêàåò óñðåäíåíèå: ðåçîëüâåíòà (Aε + I)−1 ñèëüíî
ñõîäèòñÿ ê ðåçîëüâåíòå ýôôåêòèâíîãî îïåðàòîðà ïðè ε → 0. Ïðè ýòîì ýôôåêòèâíûé
îïåðàòîð ïðåäñòàâëÿåò ñîáîé ýëëèïòè÷åñêèé äèôôåðåíöèàëüíûé îïåðàòîð âòîðîãî ïîðÿäêà
ñ ïîñòîÿííîé ìàòðèöåé êîýôôèöåíòîâ. Àíàëîãè÷íûé ðåçóëüòàò â ïåðôîðèðîâàííîé îáëàñòè
áûë ïîëó÷åí â [6] âàðèàöèîííûì ìåòîäîì. Îòìåòèì, ÷òî õîòÿ èñõîäíûé îïåðàòîð Aε ÿâëÿåòñÿ
íåëîêàëüíûì è îãðàíè÷åííûì ïðè êàæäîì ε > 0, óñðåäíåííûé îïåðàòîð îêàçûâàåòñÿ
ëîêàëüíûì è íåîãðàíè÷åííûì.
Êàê óæå îòìå÷àëîñü âûøå, óñðåäíåíèå ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ îïåðàòîðîì (0.1),

êîýôôèöèåíòû êîòîðîãî ïåðèîäè÷åñêè çàâèñÿò êàê îò ïðîñòðàíñòâåííûõ ïåðåìåííûõ, òàê è
îò âðåìåíè, èçó÷àëîñü â ðàáîòå [20].
Çàäà÷à óñðåäíåíèÿ äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ îïåðàòîðîì Aε (íå çàâèñÿùèì îò t) â

íåñàìîñîïðÿæåííîì ñëó÷àå (áåç óñëîâèé ñèììåòðèè êîýôôèöèåíòîâ a è µ) ðàññìàòðèâàëàñü â
[19]. Êàê è äëÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ, ðåçóëüòàò îá óñðåäíåíèè ðåøåíèé ñïðàâåäëèâ
â äâèæóùèõñÿ êîîðäèíàòàõ (èìååò ìåñòî �ñíîñ�).
Îïåðàòîðíûå îöåíêè ïðè óñðåäíåíèè íåëîêàëüíûõ ñàìîñîïðÿæåííûõ îïåðàòîðîâ Aε âèäà

(0.1) (íå çàâèñÿùèõ îò t) áûëè ïîëó÷åíû â ðàáîòå àâòîðîâ [21]: áûëî ïîêàçàíî, ÷òî ïðè óñëîâèè
êîíå÷íîñòè òðåòüåãî ìîìåíòà êîýôôèöèåíòà a ðåçîëüâåíòà (Aε + I)−1 ñõîäèòñÿ ê ðåçîëüâåíòå
ýôôåêòèâíîãî îïåðàòîðà ïî îïåðàòîðíîé íîðìå â L2(Rd), à ïîãðåøíîñòü èìååò ïîðÿäîê O(ε).
Áîëåå òî÷íîå ïðèáëèæåíèå ê ðåçîëüâåíòå (Aε + I)−1 ïðè ó÷åòå êîððåêòîðà ñ ïîãðåøíîñòüþ
O(ε2) áûëî ïîëó÷åíî â [22, 23] ïðè óñëîâèè êîíå÷íîñòè ÷åòâåðòîãî ìîìåíòà ôóíêöèè a. Â
íåñàìîñîïðÿæåííîì ñëó÷àå àïïðîêñèìàöèÿ ðåçîëüâåíòû îïåðàòîðà Aε ïî îïåðàòîðíîé íîðìå
â L2(Rd) ñ ïîãðåøíîñòüþ O(ε) íàéäåíà â [24].
Èçó÷àëîñü òàêæå óñðåäíåíèå ïåðèîäè÷åñêèõ îïåðàòîðîâ òèïà Ëåâè (íåëîêàëüíûõ

îïåðàòîðîâ äðîáíîãî ïîðÿäêà 0 < α < 2); ðåçóëüòàòû î ñèëüíîé ñõîäèìîñòè áûëè ïîëó÷åíû
â ðàáîòàõ [15] è [7]. Îïåðàòîðíûå îöåíêè äëÿ îïåðàòîðîâ òèïà Ëåâè ïîëó÷åíû â íåäàâíèõ
ðàáîòàõ àâòîðîâ [25, 26, 27].
Â íàñòîÿùåé ðàáîòå ìû èçó÷àåì óñðåäíåíèå ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ ïåðèîäè÷åñêèì

ñàìîñîïðÿæåííûì îïåðàòîðîì ñâ¼ðòî÷íîãî òèïà âèäà (0.1), äîïóñêàÿ ïåðèîäè÷åñêóþ
çàâèñèìîñòü êîýôôèöèåíòà µ îò âðåìåíè. Ìû ïîëó÷àåì òî÷íûå ïî ïîðÿäêó îöåíêè äëÿ
ñêîðîñòè ñõîäèìîñòè ðàçðåøàþùåãî îïåðàòîðà Sε(t) ê ïîëóãðóïïå ýôôåêòèâíîãî îïåðàòîðà
ïî îïåðàòîðíîé íîðìå â L2(Rd).
Ñëåäóåò îòìåòèòü, ÷òî äî ïîÿâëåíèÿ ðàáîòû àâòîðîâ [21] îïåðàòîðíûå îöåíêè â çàäà÷àõ

óñðåäíåíèÿ íåëîêàëüíûõ îïåðàòîðîâ ñâ¼ðòî÷íîãî òèïà íå áûëè èçâåñòíû.
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0.4. Ìåòîä. Ìû îïèðàåìñÿ íà ìîäèôèöèðîâàííûé âàðèàíò òåîðåòèêî-îïåðàòîðíîãî ïîäõîäà,
êîòîðûé áûë àäàïòèðîâàí â ðàáîòàõ àâòîðîâ [21]�[24] äëÿ èçó÷åíèÿ íåëîêàëüíûõ îïåðàòîðîâ.
Ïåðâûå äâà øàãà, à èìåííî, ïðèìåíåíèå ìàñøòàáíîãî ïðåîáðàçîâàíèÿ è ðàçëîæåíèå

îïåðàòîðà A(t) = A1(t) (îòâå÷àþùåãî ñëó÷àþ ε = 1) â ïðÿìîé èíòåãðàë ïî îïåðàòîðàì
A(t, ξ) ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ãåëüôàíäà, îñòàþòñÿ ïðåæíèìè. Äåëî ñâîäèòñÿ ê èçó÷åíèþ
ðàçðåøàþùåãî îïåðàòîðà S(t, ξ) çàäà÷è Êîøè

∂u(x, t; ξ)

∂t
= −A(t, ξ)u(x, t; ξ), x ∈ Ω, t ∈ R+;

u(x, 0; ξ) = φ(x), x ∈ Ω,

ãäå φ ∈ L2(Ω). Òðåáóåòñÿ íàéòè àïïðîêñèìàöèþ îïåðàòîðà S(t, ξ) ñ ïîãðåøíîñòüþO((t+1)−1/2).
Ïîëîæèì S(ξ) := S(1, ξ). Ñ ó÷åòîì ïåðèîäè÷íîñòè êîýôôèöèåíòà µ ïî t, âûÿñíÿåòñÿ, ÷òî
ãëàâíîå � ïîñòðîèòü ïðèáëèæåíèå ê îïåðàòîðó S(ξ)N ïðè áîëüøîì öåëîì N .
Îïåðàòîðû A(t, ξ) îïðåäåëåíû íèæå â ïóíêòå 1.3; ýòî îãðàíè÷åííûå ñàìîñîïðÿæåííûå

îïåðàòîðû â L2(Ω), çàâèñÿùèå îò ïàðàìåòðà ξ ∈ Ω̃. Îäíàêî, â îòëè÷èå îò ñëó÷àÿ
äèôôåðåíöèàëüíûõ îïåðàòîðîâ ñåìåéñòâî A(t, ξ) íå ÿâëÿåòñÿ àíàëèòè÷åñêèì ïî ξ, à ïîòîìó
ìåòîäû àíàëèòè÷åñêîé òåîðèè âîçìóùåíèé ê ýòîìó ñåìåéñòâó íåïðèìåíèìû. Âìåñòî íèõ ìû
èñïîëüçóåì C3-ãëàäêîñòü ñåìåéñòâà A(t, ξ) ïî ξ, êîòîðàÿ ãàðàíòèðóåòñÿ ïðåäïîëîæåíèåì î
êîíå÷íîñòè ïåðâûõ òðåõ ìîìåíòîâ êîýôôèöèåíòà a(x).

Îïåðàòîð A(t, ξ) íåîòðèöàòåëåí ïðè âñåõ ξ ∈ Ω̃. Òî÷êà λ = 0 ÿâëÿåòñÿ ïðîñòûì ñîáñòâåííûì
çíà÷åíèåì �íåâîçìóùåííîãî� îïåðàòîðà A(t,0); ïðè ýòîì KerA(t,0) ñîñòîèò èç ïîñòîÿííûõ
ôóíêöèé. �Âîçìóùåííûé� îïåðàòîð A(t, ξ) ïîä÷èíåí îöåíêå

A(t, ξ) > C|ξ|2I, ξ ∈ Ω̃,

à íà ïîäïðîñòðàíñòâå L2(Ω) 	 L{1Ω} ýòîò îïåðàòîð ïîëîæèòåëüíî îïðåäåëåí. Îòñþäà ëåãêî
âûâîäÿòñÿ ñëåäóþùèå ñâîéñòâà îïåðàòîðà S(ξ). Òî÷êà λ0 = 1 ÿâëÿåòñÿ ïðîñòûì ñîáñòâåííûì
çíà÷åíèåì �íåâîçìóùåííîãî� îïåðàòîðà S(0); ïðè ýòîì Ker(S(0)−I) = L{1Ω}. Ïîäïðîñòðàíñòâî
L2(Ω)	L{1Ω} èíâàðèàíòíî îòíîñèòåëüíî îïåðàòîðà S(0), ïðè÷åì íîðìà îïåðàòîðà S(0) íà ýòîì

ïîäïðîñòðàíñòâå íå ïðåâîñõîäèò âåëè÷èíû 1− ρ < 1. Ïðè âñåõ ξ ∈ Ω̃ âûïîëíåíà îöåíêà

‖S(ξ)‖ 6 e−C|ξ|2 .
Ïîýòîìó ïðè |ξ| > δ > 0 îöåíêè òðèâèàëüíû. Äîñòàòî÷íî ïðèáëèçèòü îïåðàòîð S(ξ)N ïðè
|ξ| 6 δ, ãäå δ äîñòàòî÷íî ìàëî. Ïðè ïîäõîäÿùåì âûáîðå ÷èñëà δ è ïðè |ξ| 6 δ âîçìóùåííûé
îïåðàòîð S(ξ) èìååò ïðîñòîå ñîáñòâåííîå çíà÷åíèå λ0(ξ) âáëèçè òî÷êè 1: |λ0(ξ) − 1| 6 ρ/3, à
îñòàëüíîé ñïåêòð ýòîãî îïåðàòîðà ñîäåðæèòñÿ â êðóãå |λ| 6 1− 2ρ/3. Äëÿ íàøèõ öåëåé âàæíî
òîëüêî ñîáñòâåííîå çíà÷åíèå λ0(ξ).
Âàæíîé òåõíè÷åñêîé ÷àñòüþ èññëåäîâàíèÿ ÿâëÿåòñÿ ïîëó÷åíèå �ïîðîãîâûõ àïïðîêñèìàöèé�

ïðè |ξ| 6 δ: ýòî ïðèáëèæåíèÿ äëÿ ïðîåêòîðà Ðèññà F (ξ) îïåðàòîðà S(ξ) − I, îòâå÷àþùåãî
ñîáñòâåííîìó çíà÷åíèþ λ0(ξ)− 1, à òàêæå ïðèáëèæåíèå äëÿ îïåðàòîðà (S(ξ)− I)F (ξ). Òàêèå
àïïðîêñèìàöèè óñòàíàâëèâàþòñÿ ñ ïîìîùüþ ôîðìóë Ðèññà, âûðàæàþùèõ ýòè îïåðàòîðû ÷åðåç
èíòåãðàëû îò ðåçîëüâåíòû ïî êîíòóðó γ ⊂ C, îõâàòûâàþùåìó ñîáñòâåííîå çíà÷åíèå λ0(ξ)− 1
è îòäåëåííîìó îò îñòàëüíîãî ñïåêòðà îïåðàòîðà S(ξ)− I. Ìû ïîëó÷àåì ïðèáëèæåíèå ê F (ξ) ñ
ïîãðåøíîñòüþ O(|ξ|) è ïðèáëèæåíèå ê (S(ξ)− I)F (ξ) ñ ïîãðåøíîñòüþ O(|ξ|3).
Äëÿ îïåðàòîðà S(ξ)N (I − F (ξ)) îöåíêè òðèâèàëüíû. Îñòàåòñÿ âû÷èñëèòü àïïðîêñèìàöèþ

äëÿ îïåðàòîðà S(ξ)NF (ξ). Ýòî íåñëîæíî ñäåëàòü ñ ïîìîùüþ ïîëó÷åííûõ ïîðîãîâûõ
àïïðîêñèìàöèé.

0.5. Ïëàí ñòàòüè. Ðàáîòà ñîñòîèò èç ââåäåíèÿ è ñåìè ïàðàãðàôîâ. Â �1 ââîäèòñÿ
îïåðàòîð A(t), îáñóæäàåòñÿ ðàçëîæåíèå ýòîãî îïåðàòîðà â ïðÿìîé èíòåãðàë ïî ñåìåéñòâó
îïåðàòîðîâ A(t, ξ), èçó÷àþòñÿ ñïåêòðàëüíûå õàðàêòåðèñòèêè îïåðàòîðà A(t,0) âáëèçè
íóëÿ è óñòàíàâëèâàþòñÿ îöåíêè ñíèçó äëÿ êâàäðàòè÷íîé ôîðìû îïåðàòîðà A(t, ξ). Â
�2 ðàññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ îïåðàòîðîì A(t).
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Ðàçðåøàþùèé îïåðàòîð S(t) ðàñêëàäûâàåòñÿ â ïðÿìîé èíòåãðàë ïî îïåðàòîðàì S(t, ξ). Â �3
èçó÷àþòñÿ ñâîéñòâà îïåðàòîðà S(ξ). �4 ïîñâÿùåí ïîëó÷åíèþ ïîðîãîâûõ àïïðîêñèìàöèé äëÿ
îïåðàòîðîâ F (ξ) è (S(ξ) − I)F (ξ) ïðè ìàëîì |ξ|. Â �5 ìû íàõîäèì ïðèáëèæåíèå ê îïåðàòîðó
SN ïðè áîëüøîì öåëîì N ñ ïîìîùüþ ïîðîãîâûõ àïïðîêñèìàöèé; èç íåãî âûòåêàåò è èñêîìîå
ïðèáëèæåíèå äëÿ îïåðàòîðà S(t). �6 ïîñâÿùåí óñðåäíåíèþ ðåøåíèÿ çàäà÷è Êîøè (0.2). Çäåñü
îñíîâíûå ðåçóëüòàòû ðàáîòû âûâîäÿòñÿ èç ðåçóëüòàòîâ �5 ìàñøòàáíûì ïðåîáðàçîâàíèåì. Â
Ïðèëîæåíèå (�7) âûíåñåí âñïîìîãàòåëüíûé ìàòåðèàë.

0.6. Îáîçíà÷åíèÿ. Íîðìà â íîðìèðîâàííîì ïðîñòðàíñòâå X îáîçíà÷àåòñÿ ÷åðåç ‖ · ‖X (ëèáî
áåç èíäåêñà, åñëè ýòî íå âåäåò ê íåäîðàçóìåíèÿì); åñëè ïðîñòðàíñòâà X, Y íîðìèðîâàíû,
òî ñòàíäàðòíàÿ íîðìà ëèíåéíîãî îãðàíè÷åííîãî îïåðàòîðà T : X → Y îáîçíà÷àåòñÿ ÷åðåç
‖T‖X→Y ëèáî ‖T‖ (áåç èíäåêñà). Ëèíåéíàÿ îáîëî÷êà ñèñòåìû âåêòîðîâ F ⊂ X îáîçíà÷àåòñÿ
÷åðåç L{F}. Îòêðûòûé øàð â íîðìèðîâàííîì ïðîñòðàíñòâå ñ öåíòðîì â òî÷êå x0 è ðàäèóñà
r > 0 îáîçíà÷àåòñÿ ÷åðåç Br(x0). Ïðîñòðàíñòâî îãðàíè÷åííûõ ëèíåéíûõ îïåðàòîðîâ â
íîðìèðîâàííîì ïðîñòðàíñòâå X îáîçíà÷àåòñÿ ÷åðåç B(X).
Äëÿ ñàìîñîïðÿæåííîãî îïåðàòîðà A â ãèëüáåðòîâîì ïðîñòðàíñòâå H ÷åðåç σ(A) è σe(A)

îáîçíà÷àþòñÿ ñïåêòð è ñóùåñòâåííûé ñïåêòð îïåðàòîðà A.
Åñëè O � èçìåðèìîå (ïî Ëåáåãó) ìíîæåñòâî â Rd, òî ÷åðåç Lp(O), 1 6 p 6∞,

îáîçíà÷àþòñÿ ñòàíäàðòíûå Lp-êëàññû. Ñòàíäàðòíîå ñêàëÿðíîå ïðîèçâåäåíèå â ïðîñòðàíñòâå
L2(O) îáîçíà÷àåòñÿ ÷åðåç (·, ·)L2(O) ëèáî áåç èíäåêñà. Åñëè f ∈ L∞(O), òî ñèìâîë [f ] îçíà÷àåò
îïåðàòîð óìíîæåíèÿ íà ôóíêöèþ f(x) â ïðîñòðàíñòâå L2(O). Ñòàíäàðòíûå êëàññû Ñîáîëåâà
ïîðÿäêà s > 0 â îáëàñòè O îáîçíà÷àþòñÿ ÷åðåç Hs(O).
Ñòàíäàðòíîå ñêàëÿðíîå ïðîèçâåäåíèå â Rd è Cd îáîçíà÷àåòñÿ ÷åðåç 〈·, ·〉. Äàëåå, èñïîëüçóåì

îáîçíà÷åíèÿ x = (x1, . . . , xd)
t ∈ Rd, iDj = ∂j = ∂/∂xj , j = 1, . . . , d. ×åðåç S(Rd) îáîçíà÷èì

êëàññ Øâàðöà â Rd. Õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ìíîæåñòâà E ⊂ Rd îáîçíà÷àåòñÿ ÷åðåç 1E .
Èñïîëüçóåì îáîçíà÷åíèå R+ := [0,∞). Åñëè a � (n × n)-ìàòðèöà, òî ÷åðåç |a| îáîçíà÷àåòñÿ
íîðìà ìàòðèöû a êàê ëèíåéíîãî îïåðàòîðà â Cn.

� 1. Íåëîêàëüíûé îïåðàòîð ñâ¼ðòî÷íîãî òèïà:

ðàçëîæåíèå â ïðÿìîé èíòåãðàë è îöåíêè

1.1. Îïåðàòîð A(t; a, µ). Ïóñòü a ∈ L1(Rd), µ ∈ L∞(R2d × R+). Â ïðîñòðàíñòâå L2(Rd)
îïðåäåëèì íåëîêàëüíûé îïåðàòîð ñâ¼ðòî÷íîãî òèïà A(t) = A(t; a, µ), çàâèñÿùèé îò ïàðàìåòðà
t ∈ R+, ñîîòíîøåíèåì

A(t; a, µ)u(x) :=

∫
Rd

a(x− y)µ(x,y, t)(u(x)− u(y)) dy, x ∈ Rd. (1.1)

Îïåðàòîð A(t; a, µ) ìîæíî çàïèñàòü â âèäå A(t; a, µ) = [p(·, t; a, µ)]− B(t; a, µ), ãäå

p(x, t) = p(x, t; a, µ) :=

∫
Rd

a(x− y)µ(x,y, t) dy, x ∈ Rd,

B(t; a, µ)u(x) :=

∫
Rd

a(x− y)µ(x,y, t)u(y) dy, x ∈ Rd.

Îïåðàòîð A(t; a, µ) â ñëó÷àå, êîãäà µ íå çàâèñèò îò t, ïîäðîáíî èçó÷àëñÿ â [21, �1]. Âñå
ïîëó÷åííûå òàì óòâåðæäåíèÿ àâòîìàòè÷åñêè ïåðåíîñÿòñÿ íà ñëó÷àé, êîãäà µ çàâèñèò îò
ïàðàìåòðà t; ñîîòâåòñòâóþùèå îöåíêè ðàâíîìåðíû ïî t.
Ñîãëàñíî ëåììå Øóðà (ñì. ëåììó 7.1) îïåðàòîð B(t) = B(t; a, µ) îãðàíè÷åí, è ñïðàâåäëèâà

îöåíêà ‖B(t)‖ 6 ‖µ‖L∞‖a‖L1 . Êðîìå òîãî, ïîòåíöèàë p(x, t) óäîâëåòâîðÿåò îöåíêå ‖p‖L∞ 6
‖µ‖L∞‖a‖L1 . Ñëåäîâàòåëüíî, îïåðàòîð A(t; a, µ) îãðàíè÷åí. Ââåäåì îáîçíà÷åíèÿ A0(a) :=
A(t; a, µ0), ãäå µ0 ≡ 1; p0(x, t; a) := p(x, t; a, µ0); B0(a) := B(t; a, µ0). Î÷åâèäíî, îïåðàòîð B0(a)
� ýòî îïåðàòîð ñâåðòêè ñ ôóíêöèåé a, à ïîòåíöèàë p0(x, t; a) =

∫
Rd a(y) dy � ïîñòîÿííûé.
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Äàëåå ïðåäïîëàãàþòñÿ âûïîëíåííûìè áîëåå æåñòêèå îãðàíè÷åíèÿ íà ôóíêöèè a è µ:

a ∈ L1(Rd), mes{x ∈ Rd : a(x) 6= 0} > 0, a(x) > 0, a(−x) = a(x), x ∈ Rd; (1.2)

0 < µ− 6 µ(x,y, t) 6 µ+ < +∞, µ(x,y, t) = µ(y,x, t), x,y ∈ Rd, t ∈ R+; (1.3)

µ(x + m,y + n, t+ j) = µ(x,y, t), x,y ∈ Rd, t ∈ R+, m,n ∈ Zd, j ∈ Z+. (1.4)

Ââåäåì îáîçíà÷åíèÿ äëÿ ìîìåíòîâ ôóíêöèè a(x):

Mk(a) :=

∫
Rd

|x|ka(x) dx, k ∈ N.

Ñ ó÷åòîì óñëîâèÿ 0 <
∫
Rd a(x) dx < ∞ èç êîíå÷íîñòè ìîìåíòà Mk(a) àâòîìàòè÷åñêè

âûòåêàåò êîíå÷íîñòü ìîìåíòîâ M1(a), . . . ,Mk−1(a). Íèæå â ðàçëè÷íûõ óòâåðæäåíèÿõ ìû
áóäåì ïðåäïîëàãàòü êîíå÷íîñòü ìîìåíòà Mk(a) ïðè ðàçëè÷íûõ çíà÷åíèÿõ k 6 3. Â ÷àñòíîñòè,
îñíîâíîé ðåçóëüòàò (òåîðåìà 6.1) ñïðàâåäëèâ ïðè óñëîâèè M3(a) <∞.
Î÷åâèäíî, ïðè óñëîâèÿõ (1.2), (1.3) ïîòåíöèàë p(x, t) âåùåñòâåíåí, à îïåðàòîð B(t; a, µ)

ñàìîñîïðÿæåí. Ñëåäîâàòåëüíî, îïåðàòîð A(t; a, µ) ñàìîñîïðÿæåí. Íåòðóäíî âèäåòü, ÷òî
ïîòåíöèàë p(x, t; a, µ) óäîâëåòâîðÿåò îöåíêàì

µ−‖a‖L1(Rd) 6 p(x, t; a, µ) 6 µ+‖a‖L1(Rd), x ∈ Rd, t ∈ R+. (1.5)

1.2. Îöåíêè êâàäðàòè÷íîé ôîðìû îïåðàòîðà A(t; a, µ). Ïðè óñëîâèÿõ (1.2), (1.3)
êâàäðàòè÷íàÿ ôîðìà îïåðàòîðà A(t; a, µ) äîïóñêàåò ñëåäóþùåå ïðåäñòàâëåíèå (ñì., íàïðèìåð,
[16] èëè [21, ï. 1.2])

(A(t; a, µ)u, u) =
1

2

∫
Rd

∫
Rd

dx dy a(x− y)µ(x,y, t)|u(x)− u(y)|2, u ∈ L2(Rd), t ∈ R+. (1.6)

Â ñèëó (1.6) îïåðàòîð A(t; a, µ) íåîòðèöàòåëåí è âûïîëíåíû îöåíêè

µ−(A0(a)u, u) 6 (A(t; a, µ)u, u) 6 µ+(A0(a)u, u), u ∈ L2(Rd). (1.7)

Ïîñêîëüêó B0(a) � îïåðàòîð ñâåðòêè, ïðåîáðàçîâàíèå Ôóðüå ïåðåâîäèò B0(a) â îïåðàòîð
óìíîæåíèÿ íà ôóíêöèþ â(ξ), ξ ∈ Rd, ãäå

â(ξ) :=

∫
Rd

e−i〈ξ,z〉a(z) dz, ξ ∈ Rd.

Îòñþäà ñëåäóåò, ÷òî îïåðàòîð A0(a) óíèòàðíî ýêâèâàëåíòåí îïåðàòîðó óìíîæåíèÿ íà ôóíêöèþ
â(0) − â(ξ). Ñëåäîâàòåëüíî, λ0 = 0 ÿâëÿåòñÿ òî÷êîé ñïåêòðà îïåðàòîðà A0(a). Ïîñêîëüêó
îïåðàòîð A0(a) íåîòðèöàòåëåí, òî λ0 � ýòî êðàé ñïåêòðà. Â ñèëó îöåíîê (1.7) òî÷êà λ0 = 0
ÿâëÿåòñÿ òàêæå íèæíèì êðàåì ñïåêòðà îïåðàòîðà A(t; a, µ).

1.3. Ðàçëîæåíèå îïåðàòîðà A(t; a, µ) â ïðÿìîé èíòåãðàë. Íåòðóäíî âèäåòü, ÷òî ïðè
óñëîâèÿõ (1.2)�(1.4) îïåðàòîð óìíîæåíèÿ íà ïîòåíöèàë p(x, t) è îïåðàòîð B(t; a, µ) (à çíà÷èò,
è îïåðàòîð A(t; a, µ)) êîììóòèðóþò ñ îïåðàòîðàìè Sn öåëî÷èñëåííîãî ñäâèãà, îïðåäåëåííûìè
ïî ïðàâèëó

Snu(x) = u(x + n), x ∈ Rd, n ∈ Zd.
Ýòî îçíà÷àåò, ÷òî A(t; a, µ) è B(t; a, µ) � ïåðèîäè÷åñêèå îïåðàòîðû â L2(Rd) ñ ðåøåòêîé

ïåðèîäîâ Zd. Îáîçíà÷èì ÷åðåç Ω := [0, 1)d ÿ÷åéêó ðåøåòêè Zd è ÷åðåç Ω̃ := [−π, π)d � ÿ÷åéêó
äâîéñòâåííîé ðåøåòêè (2πZ)d.
Îïðåäåëèì ïðåîáðàçîâàíèå Ãåëüôàíäà G (ñì., íàïðèìåð, [28] èëè [3, ãëàâà 2]).

Ïåðâîíà÷àëüíî G çàäàåòñÿ íà êëàññå Øâàðöà S(Rd) ðàâåíñòâîì

Gu(ξ,x) := (2π)−d/2
∑
n∈Zd

u(x + n)e−i〈ξ,x+n〉, ξ ∈ Ω̃, x ∈ Ω, u ∈ S(Rd).
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Çàòåì G ðàñïðîñòðàíÿåòñÿ ïî íåïðåðûâíîñòè äî óíèòàðíîãî îòîáðàæåíèÿ

L2(Rd)→
∫

Ω̃
⊕L2(Ω) dξ = L2(Ω̃× Ω).

Êàê è âñå ïåðèîäè÷åñêèå îïåðàòîðû, A(t; a, µ) è B(t; a, µ) ðàñêëàäûâàþòñÿ â ïðÿìîé èíòåãðàë
ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ãåëüôàíäà (ò. å. ÷àñòè÷íî äèàãîíàëèçóþòñÿ):

A(t; a, µ) = G∗
(∫

Ω̃
⊕A(t, ξ; a, µ) dξ

)
G, B(t; a, µ) = G∗

(∫
Ω̃
⊕B(t, ξ; a, µ) dξ

)
G. (1.8)

Çäåñü îïåðàòîðû A(t, ξ) = A(t, ξ; a, µ) è B(t, ξ) = B(t, ξ; a, µ) � ñàìîñîïðÿæåííûå îãðàíè÷åííûå
îïåðàòîðû â L2(Ω), çàäàííûå ñîîòíîøåíèÿìè:

A(t, ξ; a, µ)u(x) = p(x, t; a, µ)u(x)− B(t, ξ; a, µ)u(x), u ∈ L2(Ω),

B(t, ξ; a, µ)u(x) =

∫
Ω

ã(ξ,x− y)µ(x,y, t)u(y) dy, u ∈ L2(Ω),

ãäå

ã(ξ, z) :=
∑
n∈Zd

a(z + n)e−i〈ξ,z+n〉, ξ ∈ Ω̃, z ∈ Rd.

Îòìåòèì ðàâåíñòâî

p(x, t) =

∫
Ω

ã(0,x− y)µ(x,y, t) dy.

Îïåðàòîð B(t, ξ; a, µ) êîìïàêòåí (ñì. ëåììó 7.2); â ñèëó ëåììû Øóðà åãî íîðìà äîïóñêàåò
îöåíêó

‖B(t, ξ; a, µ)‖ 6 µ+‖a‖L1(Rd), ξ ∈ Ω̃, t ∈ R+.

Îòñþäà è èç (1.5) ñëåäóåò ðàâíîìåðíàÿ îöåíêà

‖A(t, ξ; a, µ)‖ 6 2µ+‖a‖L1(Rd), ξ ∈ Ω̃, t ∈ R+.

Îïåðàòîð A(t, ξ; a, µ), ξ ∈ Ω̃, îáëàäàåò ñóùåñòâåííûì ñïåêòðîì

σe(A(t, ξ; a, µ)) = ess-Ran p(·, t; a, µ).

Â ñèëó êîìïàêòíîñòè îïåðàòîðà B(t, ξ; a, µ) è íèæíåé îöåíêè (1.5) ïðè âñåõ t ∈ R+ è ξ ∈ Ω̃
ñïåêòð îïåðàòîðà A(t, ξ; a, µ) ëåâåå òî÷êè µ−‖a‖L1 äèñêðåòåí.
Â [21, ëåììà 1.1] ïîëó÷åíî óäîáíîå ïðåäñòàâëåíèå äëÿ êâàäðàòè÷íîé ôîðìû îïåðàòîðà

A(t, ξ; a, µ).

Ëåììà 1.1 ([21]). Ïóñòü âûïîëíåíû óñëîâèÿ (1.2)�(1.4). Òîãäà ïðè t ∈ R+ è ξ ∈ Ω̃ ñïðàâåäëèâî

ïðåäñòàâëåíèå

(A(t, ξ; a, µ)u, u) =
1

2

∫
Ω

dx

∫
Rd

dy a(x− y)µ(x,y, t)
∣∣ei〈ξ,x〉u(x)− ei〈ξ,y〉u(y)

∣∣2, u ∈ L2(Ω). (1.9)

Çäåñü ïîäðàçóìåâàåòñÿ, ÷òî ôóíêöèÿ u ∈ L2(Ω) ïåðèîäè÷åñêè ïðîäîëæåíà íà âñå Rd.

1.4. Îöåíêè êâàäðàòè÷íîé ôîðìû îïåðàòîðà A(t, ξ; a, µ). Êàê è âûøå, ïîëåçíî îòäåëüíî
ðàññìîòðåòü ñëó÷àé µ = µ0 ≡ 1. Ââåäåì îáîçíà÷åíèÿ A0(ξ; a) := A(t, ξ; a, µ0), B0(ξ; a) :=
B(t, ξ; a, µ0). Èç ñîîòíîøåíèé (1.3) è (1.9) âûòåêàþò äâóñòîðîííèå îöåíêè

µ−(A0(ξ; a)u, u) 6 (A(t, ξ; a, µ)u, u) 6 µ+(A0(ξ; a)u, u), u ∈ L2(Ω), t ∈ R+, ξ ∈ Ω̃. (1.10)
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Îïåðàòîðû A0(ξ; a), ξ ∈ Ω̃, äèàãîíàëèçóþòñÿ óíèòàðíûì äèñêðåòíûì ïðåîáðàçîâàíèåì Ôóðüå
F : L2(Ω)→ `2(Zd), çàäàííûì ñîîòíîøåíèÿìè:

Fu(n) =

∫
Ω

u(x)e−2πi〈n,x〉dx, n ∈ Zd, u ∈ L2(Ω);

F∗v(x) =
∑
n∈Zd

vne
2πi〈n,x〉, x ∈ Ω, v = {vn}n∈Zd ∈ `2(Zd).

Èìååì:

A0(ξ; a) = F∗
[
â(0)− â(2πn + ξ)

]
F , â(k) :=

∫
Rd

a(x)e−i〈k,x〉dx, k ∈ Rd. (1.11)

Çäåñü ÷åðåç [â(0) − â(2πn + ξ)] îáîçíà÷àåòñÿ îïåðàòîð óìíîæåíèÿ íà ôóíêöèþ
â(0)− â(2πn + ξ) â ïðîñòðàíñòâå `2(Zd). Òàêèì îáðàçîì, ñèìâîëîì îïåðàòîðà A0(ξ; a) ÿâëÿåòñÿ

ïîñëåäîâàòåëüíîñòü {Ân(ξ)}n∈Zd , ãäå

Ân(ξ) = Â(ξ + 2πn) = â(0)− â(2πn + ξ) =

∫
Rd

(
1− cos(〈z, ξ + 2πn〉)

)
a(z) dz, n ∈ Zd, ξ ∈ Ω̃.

Ìû ó÷ëè, ÷òî èíòåãðàë
∫
Rd sin(〈z, ξ+ 2πn〉)a(z) dz îáðàùàåòñÿ â íóëü, ïîñêîëüêó a(z) = a(−z).

Èç îïèñàííîé äèàãîíàëèçàöèè ëåãêî ñëåäóåò, ÷òî KerA0(0; a) = L{1Ω}. Ñëåäîâàòåëüíî, â
ñèëó (1.10) èìååò ìåñòî KerA(t,0; a, µ) = L{1Ω}. Ìû ïðèõîäèì ê ñëåäóþùåìó óòâåðæäåíèþ
(ñì. [21, ëåììà 1.2]).

Ëåììà 1.2 ([21]). Ïðè óñëîâèÿõ (1.2)�(1.4) ÷èñëî λ = 0 ÿâëÿåòñÿ ïðîñòûì ñîáñòâåííûì

çíà÷åíèåì îïåðàòîðà A(t,0; a, µ). Ïðè ýòîì KerA(t,0; a, µ) = L{1Ω}, t ∈ R+.

Èññëåäóåì ïîäðîáíåå ñèìâîë îïåðàòîðà A0(ξ; a), ξ ∈ Ω̃, è ïîëó÷èì íåêîòîðûå îöåíêè äëÿ
êâàäðàòè÷íîé ôîðìû îïåðàòîðà A(t, ξ; a, µ). Âåëè÷èíà

Â(y) :=

∫
Rd

(
1− cos(〈z,y〉)

)
a(z) dz = 2

∫
Rd

sin2

(
〈z,y〉

2

)
a(z) dz, y ∈ Rd, (1.12)

ïðè óñëîâèè (1.2) íåïðåðûâíî çàâèñèò îò y ∈ Rd è (ñîãëàñíî ëåììå Ðèìàíà�Ëåáåãà) ñòðåìèòñÿ
ê ‖a‖L1 > 0 ïðè |y| → ∞. Êðîìå òîãî, íåòðóäíî âèäåòü, ÷òî Â(y) > 0 ïðè y 6= 0. Ñëåäîâàòåëüíî,

min
|y|>r

Â(y) =: Cr(a) > 0, r > 0. (1.13)

Ïîñêîëüêó ïðè ξ ∈ Ω̃ è n ∈ Zd \ {0} âûïîëíåíî |ξ + 2πn| > π, òî

Â(ξ + 2πn) > Cπ(a), ξ ∈ Ω̃, n ∈ Zd \ {0}. (1.14)

Äàëåå, ïðè óñëîâèè M2(a) <∞ âåëè÷èíà∫
Rd

a(z)〈z,y〉2 dz =: Ma(y) (1.15)

íåïðåðûâíî çàâèñèò îò y ∈ Rd è ïðè íåíóëåâûõ y íå îáðàùàåòñÿ â íóëü. Ñëåäîâàòåëüíî,

min
|θ|=1

Ma(θ) =:M(a) > 0. (1.16)

Ñëåäóþùåå óòâåðæäåíèå ïîëó÷åíî â [21, ëåììà 1.3].

Ëåììà 1.3 ([21]). Ïðè óñëîâèÿõ (1.2)�(1.4) è óñëîâèè M3(a) <∞ ñïðàâåäëèâà îöåíêà

Â(ξ + 2πn) > C(a)|ξ|2, ξ ∈ Ω̃, n ∈ Zd. (1.17)
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Çäåñü

C(a) := min
{1

4
M(a), Cr(a)(a)π−2d−1, Cπ(a)π−2d−1

}
> 0, (1.18)

âåëè÷èíà Cr(a), r > 0, îïðåäåëåíà â (1.13), ïîñòîÿííàÿM(a) îïðåäåëåíà â (1.16),

r(a) :=
3M(a)

2M3(a)
.

Çàìå÷àíèå 1.4. Íåðàâåíñòâî âèäà (1.17) ñïðàâåäëèâî ïðè êîíå÷íîñòè òîëüêî âòîðîãî

ìîìåíòà M2(a), íî êîíñòàíòà â îöåíêå âû÷èñëÿåòñÿ ñëîæíåå. Äåéñòâèòåëüíî, ââåäåì

ôóíêöèþ ǎ(x) := a(x) min{1, |x|−1}. Î÷åâèäíî, ÷òî ïðè óñëîâèè M2(a) < ∞ âûïîëíåíî

M3(ǎ) < ∞, à ïîòîìó ǎ óäîâëåòâîðÿåò óñëîâèÿì ëåììû 1.3. Î÷åâèäíî, âåëè÷èíà Â(y),
îïðåäåëåííàÿ â (1.12), ïðè çàìåíå a íà ǎ ðàçâå ëèøü óìåíüøèòñÿ. Â èòîãå ïîëó÷àåì

Â(ξ + 2πn) >
∫
Rd

(
1− cos(〈z,y〉)

)
ǎ(z) dz > C(ǎ)|ξ|2, ξ ∈ Ω̃, n ∈ Zd.

Ïðè óñëîâèÿõ (1.2)�(1.4) èç (1.10), (1.11) è (1.14) ñëåäóåò îöåíêà

(A(t, ξ; a, µ)u, u) > µ−Cπ(a)‖u‖2L2(Ω), u ∈ L2(Ω)	 L{1Ω}, t ∈ R+, ξ ∈ Ω̃. (1.19)

Èç ñîîòíîøåíèé (1.10), (1.11) è ëåììû 1.3 âûòåêàåò ñëåäóþùåå óòâåðæäåíèå; ñì. [21,
ïðåäëîæåíèå 1.4].

Ïðåäëîæåíèå 1.5 ([21]). Ïðè óñëîâèÿõ (1.2)�(1.4) è óñëîâèè M3(a) <∞ ñïðàâåäëèâà îöåíêà

(A(t, ξ; a, µ)u, u) > µ−C(a)|ξ|2‖u‖2L2(Ω), u ∈ L2(Ω), t ∈ R+, ξ ∈ Ω̃. (1.20)

Çàìå÷àíèå 1.6. Îöåíêà (1.20) îñòàåòñÿ â ñèëå ïðè óñëîâèè M2(a) < ∞ ñ çàìåíîé C(a) íà
C(ǎ).

Íàì ïîòðåáóåòñÿ òàêæå ñëåäóþùàÿ îöåíêà, êîòîðàÿ ïðîâåðÿåòñÿ ïðèìåíåíèåì ëåììû Øóðà
ïðè óñëîâèÿõ (1.2)�(1.4) è óñëîâèè M1(a) <∞:

‖A(t, ξ; a, µ)− A(t,η; a, µ)‖ 6 µ+M1(a)|ξ − η|, t ∈ R+, ξ,η ∈ Ω̃. (1.21)

� 2. Çàäà÷à Êîøè äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ îïåðàòîðîì A(t)

2.1. Ïîñòàíîâêà çàäà÷è. Îïåðàòîð S(t). Ïóñòü îïåðàòîð A(t) = A(t; a, µ) îïðåäåëåí â (1.1),
ïðè÷åì âûïîëíåíû óñëîâèÿ (1.2)�(1.4). Ïóñòü u(x, t) � ðåøåíèå çàäà÷è Êîøè

∂u(x, t)

∂t
= −A(t)u(x, t), x ∈ Rd, t ∈ R+;

u(x, 0) = ϕ(x), x ∈ Rd,
(2.1)

ãäå ϕ ∈ L2(Rd). Â ñèëó òåîðåìû 7.10 è çàìå÷àíèÿ 7.12 ïðè ëþáîì ϕ ∈ L2(Rd) ñóùåñòâóåò
åäèíñòâåííîå ðåøåíèå u(x, t), ÿâëÿþùååñÿ ëèïøèöåâîé ôóíêöèåé îò t ∈ R+ ñî çíà÷åíèÿìè â
L2(Rd). Óðàâíåíèå â (2.1) âûïîëíåíî ïî÷òè âñþäó â Rd×R+. Ñîãëàñíî ëåììå 7.11 ñïðàâåäëèâà
îöåíêà

‖u(·, t)‖L2(Rd) 6 ‖ϕ‖L2(Rd), t ∈ R+. (2.2)

Ïóñòü t ∈ R+. Ââåäåì ðàçðåøàþùèé îïåðàòîð çàäà÷è (2.1). Îïåðàòîð S(t) äåéñòâóåò â
L2(Rd) è ïåðåâîäèò ôóíêöèþ ϕ(x) â u(x, t), ãäå u(x, t) � ðåøåíèå çàäà÷è (2.1): S(t)ϕ = u(·, t).
Î÷åâèäíî, S(0) = I. Â ñèëó (2.2) âûïîëíåíà îöåíêà

‖S(t)‖L2(Rd)→L2(Rd) 6 1, t ∈ R+. (2.3)
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Ïîëîæèì S := S(1), ò. å. Sϕ = u(·, 1). Â ñèëó ïåðèîäè÷íîñòè êîýôôèöèåíòà µ ïî t (ñì. (1.4))
âûïîëíåíû ñâîéñòâà

S(N) = SN , N ∈ Z+,

S(t) = S(σ)SN , N = [t], σ = {t}. (2.4)

Íàøà öåëü � ïîëó÷èòü àïïðîêñèìàöèþ îïåðàòîðà S(t) ïî îïåðàòîðíîé íîðìå â L2(Rd) ïðè
t→∞. Äëÿ ýòîãî ìû âíà÷àëå ïîëó÷èì ïðèáëèæåíèå ê îïåðàòîðó SN ïðè áîëüøîì öåëîì N .

2.2. Çàäà÷à Êîøè äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ îïåðàòîðîì A(t, ξ). Îïåðàòîð
S(t, ξ). Ïóñòü t ∈ R+, ξ ∈ Ω̃ è A(t, ξ) = A(t, ξ; a, µ) � îïåðàòîð â L2(Ω), îïðåäåëåííûé â ï. 1.3.
Ðàññìîòðèì çàäà÷ó Êîøè

∂u(x, t; ξ)

∂t
= −A(t, ξ)u(x, t; ξ), x ∈ Ω, t ∈ R+;

u(x, 0; ξ) = φ(x), x ∈ Ω,
(2.5)

ãäå φ ∈ L2(Ω). Â ñèëó òåîðåìû 7.10 è çàìå÷àíèÿ 7.12 ïðè ëþáîì φ ∈ L2(Ω) ñóùåñòâóåò
åäèíñòâåííîå ðåøåíèå u(x, t; ξ), ÿâëÿþùååñÿ ëèïøèöåâîé ôóíêöèåé îò t ∈ R+ ñî çíà÷åíèÿìè
â L2(Ω). Óðàâíåíèå â (2.5) âûïîëíåíî ïî÷òè âñþäó â Ω×R+. Ñîãëàñíî ëåììå 7.11 ñïðàâåäëèâà
îöåíêà

‖u(·, t; ξ)‖L2(Ω) 6 ‖φ‖L2(Ω), t ∈ R+. (2.6)

Ïóñòü t ∈ R+. Ââåäåì ðàçðåøàþùèé îïåðàòîð çàäà÷è (2.5). Îïåðàòîð S(t, ξ) äåéñòâóåò â
L2(Ω) è ïåðåâîäèò ôóíêöèþ φ(x) â u(x, t; ξ), ãäå u(x, t; ξ) � ðåøåíèå çàäà÷è (2.5):

S(t, ξ)φ = u(·, t; ξ).

Î÷åâèäíî, S(0, ξ) = I. Â ñèëó (2.6) âûïîëíåíà îöåíêà

‖S(t, ξ)‖L2(Ω)→L2(Ω) 6 1. (2.7)

Ïîëîæèì S(ξ) := S(1, ξ).

2.3. Ðàçëîæåíèå îïåðàòîðà S(t) â ïðÿìîé èíòåãðàë. Ïðèìåíÿÿ ïðåîáðàçîâàíèå
Ãåëüôàíäà ê çàäà÷å (2.1) è èñïîëüçóÿ ðàçëîæåíèå îïåðàòîðà A(t) â ïðÿìîé èíòåãðàë (ñì.
(1.8)), ïðèõîäèì ê çàäà÷å âèäà (2.5) äëÿ ôóíêöèè Gu(ξ,x, t) ñ íà÷àëüíûì äàííûì Gϕ(ξ,x).
Îòñþäà ñëåäóåò ðàçëîæåíèå â ïðÿìîé èíòåãðàë äëÿ îïåðàòîðà S(t):

S(t) = G∗
(∫

Ω̃
⊕S(t, ξ) dξ

)
G, t ∈ R+. (2.8)

Â ÷àñòíîñòè,

S = G∗
(∫

Ω̃
⊕S(ξ) dξ

)
G. (2.9)

Ïîýòîìó âîïðîñ îá àïïðîêñèìàöèè îïåðàòîðà SN ïðè áîëüøîì N ïî îïåðàòîðíîé íîðìå â
L2(Rd) ñâîäèòñÿ ê âîïðîñó îá àïïðîêñèìàöèè îïåðàòîðîâ S(ξ)N ïî îïåðàòîðíîé íîðìå â L2(Ω)

ñ îöåíêîé ïîãðåøíîñòè, ðàâíîìåðíîé ïî ïàðàìåòðó ξ ∈ Ω̃.

� 3. Ñâîéñòâà îïåðàòîðà S(ξ)

3.1. Ñâîéñòâà îïåðàòîðà S(0).

Ëåììà 3.1. Ïðè óñëîâèÿõ (1.2)�(1.4) ÷èñëî λ0 = 1 ÿâëÿåòñÿ ïðîñòûì ñîáñòâåííûì

çíà÷åíèåì îïåðàòîðà S(0), ïðè ýòîì Ker(S(0)− I) = L{1Ω}. Ïîäïðîñòðàíñòâî
L0

2(Ω) := L2(Ω)	 L{1Ω}
èíâàðèàíòíî îòíîñèòåëüíî äåéñòâèÿ îïåðàòîðà S(0). Ïóñòü P � îðòîïðîåêòîð

ïðîñòðàíñòâà L2(Ω) íà L{1Ω}. Âûïîëíåíà îöåíêà

‖S(0)(I − P )‖L2(Ω)→L2(Ω) 6 e
−µ−Cπ(a), (3.1)
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ãäå êîíñòàíòà Cπ(a) îïðåäåëåíà â (1.13).

Äîêàçàòåëüñòâî. Ðàññìîòðèì çàäà÷ó (2.5) ïðè ξ = 0:

∂u(x, t;0)

∂t
= −A(t,0)u(x, t;0), x ∈ Ω, t ∈ R+;

u(x, 0;0) = φ(x), x ∈ Ω.
(3.2)

Ïîñêîëüêó A(t,0)1Ω = 0 (ñì. ëåììó 1.2), ôóíêöèÿ u(x, t;0) = 1Ω ÿâëÿåòñÿ ðåøåíèåì çàäà÷è
(3.2) ñ íà÷àëüíûì äàííûì φ(x) = 1Ω. Ñëåäîâàòåëüíî,

S(0)1Ω = 1Ω.

Òåì ñàìûì, ÷èñëî λ0 = 1 ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà S(0).
Ïîêàæåì, ÷òî ýòî ñîáñòâåííîå çíà÷åíèå ÿâëÿåòñÿ ïðîñòûì. Äëÿ ýòîãî óáåäèìñÿ, ÷òî

ïîäïðîñòðàíñòâî L0
2(Ω) èíâàðèàíòíî îòíîñèòåëüíî äåéñòâèÿ îïåðàòîðà S(0). Èíòåãðèðóÿ

óðàâíåíèå â (3.2) ïî Ω è ó÷èòûâàÿ ðàâåíñòâî A(t,0)1Ω = 0, ïîëó÷àåì

d

dt

∫
Ω
u(x, t;0) dx = − (A(t,0)u(·, t;0),1Ω)L2(Ω) = − (u(·, t;0),A(t,0)1Ω)L2(Ω) = 0.

Ñëåäîâàòåëüíî, ∫
Ω
u(x, t;0) dx =

∫
Ω
u(x, 0;0) dx =

∫
Ω
φ(x) dx, t ∈ R+. (3.3)

Â ÷àñòíîñòè, åñëè φ ∈ L0
2(Ω), òî è u(·, t;0) ∈ L0

2(Ω) ïðè âñåõ t ∈ R+. Ïîýòîìó îïåðàòîð S(0)
ïåðåâîäèò ïîäïðîñòðàíñòâî L0

2(Ω) â ñåáÿ.

Ñ÷èòàÿ, ÷òî φ ∈ L0
2(Ω), äîìíîæèì óðàâíåíèå â (3.2) íà u(x, t;0), çàòåì ñëîæèì ïîëó÷åííîå

ðàâåíñòâî ñ ñîïðÿæåííûì è ïðîèíòåãðèðóåì ïî Ω. Ïîëó÷àåì

d

dt
‖u(·, t;0)‖2L2(Ω) = −2 (A(t,0)u(·, t;0), u(·, t;0))L2(Ω) . (3.4)

Â ñèëó íåðàâåíñòâà (1.19) ïðè ξ = 0 îòñþäà ñëåäóåò, ÷òî

d

dt
‖u(·, t;0)‖2L2(Ω) 6 −2µ−Cπ(a)‖u(·, t;0)‖2L2(Ω).

Ïðèìåíÿÿ ëåììó 7.4, èìååì

‖u(·, 1;0)‖2L2(Ω) 6 e
−2µ−Cπ(a)‖φ‖2L2(Ω).

Èíà÷å ãîâîðÿ,

‖S(0)φ‖L2(Ω) 6 e
−µ−Cπ(a)‖φ‖L2(Ω), φ ∈ L0

2(Ω),

ò. å. âûïîëíåíà îöåíêà (3.1). Ïîñêîëüêó e−µ−Cπ(a) < 1, îïåðàòîð S(0)− I, ñóæåííûé íà L0
2(Ω),

îáðàòèì. Îòñþäà ñëåäóåò, ÷òî λ0 = 1 ÿâëÿåòñÿ ïðîñòûì ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà
S(0), ïðè÷åì Ker(S(0)− I) = L{1Ω}, à îñòàëüíîé ñïåêòð ëåæèò â êðóãå |λ| 6 e−µ−Cπ(a). �

3.2. Ñïåêòðàëüíûå ñâîéñòâà îïåðàòîðà S(ξ).

Ëåììà 3.2. Ïðè óñëîâèÿõ (1.2)�(1.4) è óñëîâèè M3(a) <∞ âûïîëíåíà îöåíêà

‖S(t, ξ)‖L2(Ω)→L2(Ω) 6 e
−µ−C(a)t|ξ|2 , ξ ∈ Ω̃, t ∈ R+, (3.5)

ãäå êîíñòàíòà C(a) îïðåäåëåíà â (1.18). Â ÷àñòíîñòè,

‖S(ξ)‖L2(Ω)→L2(Ω) 6 e
−µ−C(a)|ξ|2 , ξ ∈ Ω̃. (3.6)
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Äîêàçàòåëüñòâî. Ïî àíàëîãèè ñ (3.4) èç (2.5) âûâîäèì ñîîòíîøåíèå

d

dt
‖u(·, t; ξ)‖2L2(Ω) = −2 (A(t, ξ)u(·, t; ξ), u(·, t; ξ))L2(Ω) .

Â ñèëó (1.20) îòñþäà ñëåäóåò, ÷òî

d

dt
‖u(·, t; ξ)‖2L2(Ω) 6 −2µ−C(a)|ξ|2‖u(·, t; ξ)‖2L2(Ω).

Ïðèìåíÿÿ ëåììó 7.4, èìååì

‖u(·, t; ξ)‖2L2(Ω) 6 e
−2µ−C(a)t|ξ|2‖φ‖2L2(Ω),

÷òî ðàâíîñèëüíî èñêîìîé îöåíêå (3.5). �

Çàìå÷àíèå 3.3. Íåðàâåíñòâà (3.5) è (3.6) ñîõðàíÿþò ñèëó ïðè óñëîâèèM2(a) <∞ ñ çàìåíîé

C(a) íà C(ǎ). Ñì. çàìå÷àíèÿ 1.4, 1.6.

Ëåììà 3.4. Ïðè óñëîâèÿõ (1.2)�(1.4) è óñëîâèè M1(a) < ∞ îïåðàòîð-ôóíêöèÿ S(t, ξ)

íåïðåðûâíî çàâèñèò îò ξ ∈ Ω̃, ïðè÷åì ïðè ëþáîì T > 0 âûïîëíåíî íåðàâåíñòâî

‖S(t, ξ)− S(t,η)‖L2(Ω)→L2(Ω) 6 µ+M1(a)
√
Tet/2|ξ − η|, ξ,η ∈ Ω̃, 0 6 t 6 T. (3.7)

Â ÷àñòíîñòè,

‖S(ξ)− S(η)‖L2(Ω)→L2(Ω) 6 C1|ξ − η|, ξ,η ∈ Ω̃,

ãäå

C1 =
√
eµ+M1(a). (3.8)

Äîêàçàòåëüñòâî. Ïóñòü u(x, t; ξ) � ðåøåíèå çàäà÷è (2.5). Ïîëîæèì

v(x, t) = v(x, t; ξ,η) := u(x, t; ξ)− u(x, t;η).

Òîãäà ôóíêöèÿ v(x, t) óäîâëåòâîðÿåò ñîîòíîøåíèÿì

∂v(x, t)

∂t
= −A(t,η)v(x, t) + f(x, t), v(x, 0) = 0, (3.9)

ãäå

f(x, t) = f(x, t; ξ,η) := (A(t,η)− A(t, ξ))u(x, t; ξ). (3.10)

Äîìíîæàÿ óðàâíåíèå â (3.9) íà v(x, t), ñêëàäûâàÿ ïîëó÷åííîå ðàâåíñòâî ñ ñîïðÿæåííûì è
èíòåãðèðóÿ ïî Ω, èìååì

d

dt
‖v(·, t)‖2L2(Ω) = −2(A(t,η)v(·, t), v(·, t))L2(Ω) + 2 Re(f(·, t), v(·, t))L2(Ω).

Èíòåãðèðóÿ ïîëó÷åííîå ðàâåíñòâî ïî t ∈ (0, τ) è ó÷èòûâàÿ óñëîâèå v(x, 0) = 0, ïðèõîäèì ê
ñîîòíîøåíèþ

‖v(·, τ)‖2L2(Ω) + 2

∫ τ

0
(A(t,η)v(·, t), v(·, t))L2(Ω) dt = 2

∫ τ

0
Re(f(·, t), v(·, t))L2(Ω) dt, τ ∈ R+.

Ïîñêîëüêó â ëåâîé ÷àñòè îáà ñëàãàåìûõ íåîòðèöàòåëüíû, òî êàæäîå èç íèõ íå ïðåâîñõîäèò
ïðàâîé ÷àñòè. Ñëåäîâàòåëüíî,

‖v(·, τ)‖2L2(Ω) 6 2

∫ τ

0
Re(f(·, t), v(·, t))L2(Ω) dt 6

∫ τ

0
‖v(·, t)‖2L2(Ω) dt+

∫ τ

0
‖f(·, t)‖2L2(Ω) dt (3.11)

ïðè τ ∈ R+. Èç (1.21) è (3.10) ñ ó÷åòîì (2.6) ñëåäóåò, ÷òî

‖f(·, t)‖L2(Ω) 6 µ+M1(a)|ξ − η|‖u(·, t; ξ)‖L2(Ω) 6 µ+M1(a)|ξ − η|‖φ‖L2(Ω). (3.12)

Â èòîãå èç (3.11), (3.12) ïîëó÷àåì:

‖v(·, τ)‖2L2(Ω) 6
∫ τ

0
‖v(·, t)‖2L2(Ω) dt+ τ(µ+M1(a))2|ξ − η|2‖φ‖2L2(Ω), τ ∈ R+.
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Ñëåäîâàòåëüíî,

‖v(·, τ)‖2L2(Ω) 6
∫ τ

0
‖v(·, t)‖2L2(Ω) dt+ T (µ+M1(a))2|ξ − η|2‖φ‖2L2(Ω), 0 6 τ 6 T.

Ïðèìåíÿÿ ëåììó 7.5, ïðèõîäèì ê íåðàâåíñòâó

‖v(·, τ ; ξ,η)‖2L2(Ω) 6 e
τT (µ+M1(a))2|ξ − η|2‖φ‖2L2(Ω), 0 6 τ 6 T. (3.13)

Ïîñêîëüêó

v(·, t; ξ,η) = u(·, t; ξ)− u(·, t;η) = (S(t, ξ)− S(t,η))φ,

èç (3.13) âûòåêàåò èñêîìîå íåðàâåíñòâî (3.7). �

Èç ëåììû 3.1 è ëåììû 3.4 âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.

Ñëåäñòâèå 3.5. Ïóñòü âûïîëíåíû óñëîâèÿ (1.2)�(1.4) è óñëîâèå M1(a) <∞. Ïîëîæèì

ρ := 1− e−µ−Cπ(a) (3.14)

è

δ0 := (3C1)−1ρ = (3
√
eµ+M1(a))−1

(
1− e−µ−Cπ(a)

)
. (3.15)

Îáîçíà÷èì Dρ := {z ∈ C : |z − 1| 6 ρ/3, |z| 6 1}. Òîãäà ïðè |ξ| 6 δ0 îïåðàòîð S(ξ) èìååò
ïðîñòîå ñîáñòâåííîå çíà÷åíèå λ0(ξ) òàêîå, ÷òî λ0(ξ) ∈ Dρ, à îñòàëüíîé ñïåêòð îïåðàòîðà

S(ξ) ðàñïîëîæåí â êðóãå |λ| 6 1− 2ρ/3.

3.3. Ïðîèçâîäíûå îïåðàòîð-ôóíêöèè S(ξ) ïî ξ. Ïðè óñëîâèÿõ (1.2)�(1.4) è óñëîâèè
Mk(a) < ∞ îïåðàòîð-ôóíêöèÿ A(t, ξ) k ðàç íåïðåðûâíî äèôôåðåíöèðóåìà ïî ïàðàìåòðó ξ
ïî îïåðàòîðíîé íîðìå â L2(Ω) (ñì. [21, ï. 2.1]). Ïðè ýòîì ïðîèçâîäíûå ∂αξA(t, ξ) =: ∂αA(t, ξ)
çàäàþòñÿ ñîîòíîøåíèÿìè

∂αA(t, ξ)u(x) =

∫
Ω

ãα(ξ,x− y)µ(x,y, t)u(y) dy, x ∈ Ω, u ∈ L2(Ω);

ãα(ξ, z) = (−1)(−i)|α|
∑
n∈Zd

(z + n)αa(z + n)e−i〈ξ,z+n〉, α ∈ Zd+, |α| 6 k. (3.16)

Ïðèìåíÿÿ ëåììó Øóðà ê èíòåãðàëüíîìó îïåðàòîðó ∂αA(t, ξ), ëåãêî ïîëó÷èòü îöåíêó

‖∂αA(t, ξ)‖L2(Ω)→L2(Ω) 6 µ+

∫
Rd

|zα|a(z) dz 6 µ+Mj(a), |α| = j, j 6 k. (3.17)

Íàêîíåö, ïðèìåíÿÿ ëåììóØóðà ê îïåðàòîðó ∂αA(t, ξ)−∂αA(t,η) ïðè |α| = k, ïîëó÷àåì îöåíêó

‖∂αA(t, ξ)− ∂αA(t,η)‖L2(Ω)→L2(Ω) 6 µ+

∫
Rd

|zα|a(z)|e−i〈ξ,z〉 − e−i〈η,z〉| dz, |α| = k. (3.18)

Ïðàâàÿ ÷àñòü íå çàâèñèò îò t è ñòðåìèòñÿ ê íóëþ ïðè |ξ− η| → 0 â ñèëó òåîðåìû Ëåáåãà. Ýòî
ðàññóæäåíèå ïîêàçûâàåò, ÷òî îïåðàòîð ∂αA(t, ξ) ïðè |α| = k íåïðåðûâåí ïî ξ ðàâíîìåðíî ïî
ïàðàìåòðó t.
Ïîêàæåì, ÷òî ïðè òåõ æå óñëîâèÿõ îïåðàòîð-ôóíêöèÿ S(ξ) ÿâëÿåòñÿ k ðàç íåïðåðûâíî

äèôôåðåíöèðóåìîé ïî îïåðàòîðíîé íîðìå â L2(Ω). Äëÿ íàøèõ öåëåé äîñòàòî÷íî ñ÷èòàòü k 6 3.

Ëåììà 3.6. Ïðè óñëîâèÿõ (1.2)�(1.4) è óñëîâèè M1(a) < ∞ îïåðàòîð-ôóíêöèÿ S(ξ)
íåïðåðûâíî äèôôåðåíöèðóåìà ïî ïàðàìåòðó ξ ïî îïåðàòîðíîé íîðìå â L2(Ω). Cïðàâåäëèâû
îöåíêè ∥∥∂jS(ξ)

∥∥
L2(Ω)→L2(Ω)

6 C1, j = 1, . . . , d. (3.19)

Ïîñòîÿííàÿ C1 îïðåäåëåíà â (3.8).
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Äîêàçàòåëüñòâî. Ïóñòü u(x, t; ξ) � ðåøåíèå çàäà÷è (2.5). Ïðîäèôôåðåíöèðóåì óðàâíåíèå è
íà÷àëüíîå óñëîâèå â (2.5) ïî ξj :

∂

∂t
∂ju(x, t; ξ) = −A(t, ξ)∂ju(x, t; ξ)− ∂jA(t, ξ)u(x, t; ξ), x ∈ Ω, t ∈ R+;

∂ju(x, 0; ξ) = 0, x ∈ Ω.
(3.20)

Çäåñü ∂ju(x, t; ξ) := ∂u(x,t;ξ)
∂ξj

. Äîìíîæèì óðàâíåíèå â (3.20) íà ∂ju(x, t; ξ), ñëîæèì ïîëó÷åííîå

ðàâåíñòâî ñ ñîïðÿæåííûì è ïðîèíòåãðèðóåì ïî Ω:

d

dt

∥∥∂ju(·, t; ξ)
∥∥2

L2(Ω)
=− 2

(
A(t, ξ)∂ju(·, t; ξ), ∂ju(·, t; ξ)

)
L2(Ω)

− 2 Re
(
∂jA(t, ξ)u(·, t; ξ), ∂ju(·, t; ξ)

)
L2(Ω)

.

Èíòåãðèðóÿ ïîñëåäíåå ðàâåíñòâî ïî t ∈ (0, τ) è ó÷èòûâàÿ íà÷àëüíîå óñëîâèå â (3.20), ïîëó÷àåì:∥∥∂ju(·, τ ; ξ)
∥∥2

L2(Ω)
+ 2

∫ τ

0

(
A(t, ξ)∂ju(·, t; ξ), ∂ju(·, t; ξ)

)
L2(Ω)

dt

= −2 Re

∫ τ

0

(
∂jA(t, ξ)u(·, t; ξ), ∂ju(·, t; ξ)

)
L2(Ω)

dt.

Ïîñêîëüêó îáà ñëàãàåìûõ ñëåâà íåîòðèöàòåëüíû, òî êàæäîå èç íèõ íå ïðåâîñõîäèò ïðàâîé
÷àñòè. Ñëåäîâàòåëüíî,∥∥∂ju(·, τ ; ξ)

∥∥2

L2(Ω)
6
∫ τ

0

(∥∥∂jA(t, ξ)u(·, t; ξ)
∥∥2

L2(Ω)
+
∥∥∂ju(·, t; ξ)

∥∥2

L2(Ω)

)
dt. (3.21)

Ñîãëàñíî (3.17) èìååì ∥∥∂jA(t, ξ)
∥∥
L2(Ω)→L2(Ω)

6 µ+M1(a). (3.22)

Ó÷èòûâàÿ (2.6), èç (3.21) è (3.22) âûâîäèì íåðàâåíñòâî∥∥∂ju(·, τ ; ξ)
∥∥2

L2(Ω)
6 (µ+M1(a))2‖φ‖2L2(Ω) +

∫ τ

0

∥∥∂ju(·, t; ξ)
∥∥2

L2(Ω)
dt, 0 6 τ 6 1.

Ïðèìåíÿÿ ëåììó 7.5, ïðèõîäèì ê íåðàâåíñòâó∥∥∂ju(·, τ ; ξ)
∥∥2

L2(Ω)
6 eτ (µ+M1(a))2‖φ‖2L2(Ω), 0 6 τ 6 1. (3.23)

Ïîñêîëüêó

∂ju(·, 1; ξ) = ∂jS(ξ)φ,

èç (3.23) ñëåäóåò èñêîìàÿ îöåíêà (3.19).
×òîáû ïîêàçàòü, ÷òî îïåðàòîð ∂jS(ξ) íåïðåðûâåí ïî ξ, ðàññìîòðèì ôóíêöèþ

wj(x, t) = wj(x, t; ξ,η) := ∂ju(·, t; ξ)− ∂ju(·, t;η).

Ýòà ôóíêöèÿ ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè

∂wj(x, t)

∂t
= −A(t,η)wj(x, t) + fj(x, t), x ∈ Ω, t ∈ R+;

wj(x, 0) = 0, x ∈ Ω,

ãäå

fj(x, t) = fj(x, t; ξ,η) = (A(t,η)− A(t, ξ)) ∂ju(x, t; ξ) + ∂jA(t,η) (u(x, t;η)− u(x, t; ξ))

+
(
∂jA(t,η)− ∂jA(t, ξ)

)
u(x, t; ξ).

(3.24)

Ïî àíàëîãèè ñ âûâîäîì îöåíêè (3.21) ïîëó÷àåì

‖wj(·, τ ; ξ,η)‖2L2(Ω) 6
∫ τ

0

(
‖fj(·, t; ξ,η)‖2L2(Ω) + ‖wj(·, t; ξ,η)‖2L2(Ω)

)
dt. (3.25)
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Èç (1.21), (2.6), (3.13), (3.18), (3.22), (3.23) è (3.24) ñëåäóåò îöåíêà

‖fj(·, t; ξ,η)‖L2(Ω) 6 bj(ξ − η)‖φ‖L2(Ω), 0 6 t 6 1,

ãäå

bj(ξ − η) = 2
√
e(µ+M1(a))2|ξ − η|+ µ+

∫
Rd
|zj |a(z)|1− ei〈ξ−η,z〉| dz.

Îòñþäà è èç (3.25) âûòåêàåò îöåíêà

‖wj(·, τ ; ξ,η)‖2L2(Ω) 6 bj(ξ − η)2‖φ‖2L2(Ω) +

∫ τ

0
‖wj(·, t; ξ,η)‖2L2(Ω) dt, 0 6 τ 6 1.

Ïðèìåíÿÿ ëåììó 7.5, ïðèõîäèì ê íåðàâåíñòâó

‖wj(·, τ ; ξ,η)‖2L2(Ω) 6 e
τ bj(ξ − η)2‖φ‖2L2(Ω), 0 6 τ 6 1. (3.26)

Ïîñêîëüêó
wj(·, 1; ξ,η) =

(
∂jS(ξ)− ∂jS(η)

)
φ,

èç (3.26) ñëåäóåò, ÷òî ∥∥∂jS(ξ)− ∂jS(η)
∥∥
L2(Ω)→L2(Ω)

6
√
ebj(ξ − η).

Èç óñëîâèÿ M1(a) < ∞ â ñèëó òåîðåìû Ëåáåãà âûòåêàåò, ÷òî bj(ξ − η) → 0 ïðè |ξ − η| → 0.
Òàêèì îáðàçîì, îïåðàòîð ∂jS(ξ) íåïðåðûâåí ïî ξ. �

Ïî àíàëîãèè ñ äîêàçàòåëüñòâîì ëåììû 3.6 óñòàíàâëèâàþòñÿ ñëåäóþùèå óòâåðæäåíèÿ.

Ëåììà 3.7. Ïðè óñëîâèÿõ (1.2)�(1.4) è óñëîâèè M2(a) < ∞ îïåðàòîð-ôóíêöèÿ S(ξ) äâàæäû

íåïðåðûâíî äèôôåðåíöèðóåìà ïî ïàðàìåòðó ξ ïî îïåðàòîðíîé íîðìå â L2(Ω). Cïðàâåäëèâû
îöåíêè ∥∥∂j∂lS(ξ)

∥∥
L2(Ω)→L2(Ω)

6
√
eµ+M2(a) + 2e(µ+M1(a))2, j, l = 1, . . . , d.

Ëåììà 3.8. Ïðè óñëîâèÿõ (1.2)�(1.4) è óñëîâèè M3(a) <∞ îïåðàòîð-ôóíêöèÿ S(ξ) òðèæäû

íåïðåðûâíî äèôôåðåíöèðóåìà ïî ïàðàìåòðó ξ ïî îïåðàòîðíîé íîðìå â L2(Ω). Cïðàâåäëèâû
îöåíêè ∥∥∂j∂l∂kS(ξ)

∥∥
L2(Ω)→L2(Ω)

6
√
eµ+M3(a) + 6eµ2

+M1(a)M2(a) + 6e3/2(µ+M1(a))3,

j, l, k = 1, . . . , d.

Ñ ïîìîùüþ ëåììû Àäàìàðà âûâîäèì ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 3.9. Ïóñòü âûïîëíåíû óñëîâèÿ (1.2)�(1.4) è óñëîâèå M2(a) <∞. Òîãäà äëÿ îïåðàòîð-
ôóíêöèè S(ξ) ñïðàâåäëèâî ïðåäñòàâëåíèå

S(ξ) = S(0) + ∆1S(ξ) + K1(ξ), ξ ∈ Ω̃, (3.27)

ãäå

∆1S(ξ) =

d∑
j=1

ξj∂jS(0), (3.28)

K1(ξ) =

d∑
j,l=1

ξjξl

∫ 1

0
ds2 s2

∫ 1

0
ds1∂j∂lS(s1s2ξ). (3.29)

Ïðè ξ ∈ Ω̃ ñïðàâåäëèâû îöåíêè

‖∆1S(ξ)‖L2(Ω)→L2(Ω) 6 C1|ξ|, (3.30)

‖K1(ξ)‖L2(Ω)→L2(Ω) 6 C2|ξ|2. (3.31)

Ïîñòîÿííàÿ C1 îïðåäåëåíà â (3.8), à ïîñòîÿííàÿ C2 çàäàíà âûðàæåíèåì

C2 =
1

2

√
eµ+M2(a) + e(µ+M1(a))2. (3.32)
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Äîêàçàòåëüñòâî. Â ñèëó ëåììû Àäàìàðà (ëåììà 7.3), îïåðàòîð-ôóíêöèÿ S(ξ) äîïóñêàåò
ðàçëîæåíèå (3.27), ãäå îïåðàòîðû ∆1S(ξ) è K1(ξ) îïðåäåëåíû â (3.28) è (3.29).
Äëÿ äîêàçàòåëüñòâà îöåíêè (3.30) ââåäåì îáîçíà÷åíèå

U(x, t; ξ) :=

d∑
j=1

ξj∂ju(x, t;0).

Èç (3.20) ïðè ξ = 0 ñëåäóåò, ÷òî ôóíêöèÿ U(x, t; ξ) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè

∂U(x, t; ξ)

∂t
= −A(t,0)U(x, t; ξ)−∆1A(t, ξ)u(x, t;0), U(x, 0; ξ) = 0,

ãäå

∆1A(t, ξ) =
d∑
j=1

ξj∂jA(t,0).

Ðàññóæäàÿ ïî àíàëîãèè ñ äîêàçàòåëüñòâîì îöåíêè (3.19), âûâîäèì íåðàâåíñòâî

‖U(·, τ ; ξ)‖2L2(Ω) 6
∫ τ

0
dt ‖U(·, t; ξ)‖2L2(Ω) +

∫ τ

0
dt ‖∆1A(t, ξ)u(·, t;0)‖2L2(Ω).

Ïðèìåíÿÿ îöåíêó
‖∆1A(t, ξ)‖L2(Ω)→L2(Ω) 6 µ+M1(a)|ξ|

(ñì. [21, (2.4)]) è íåðàâåíñòâî (2.6), ïîëó÷àåì

‖U(·, τ ; ξ)‖2L2(Ω) 6
∫ τ

0
dt ‖U(·, t; ξ)‖2L2(Ω) + (µ+M1(a))2|ξ|2‖φ‖2L2(Ω), 0 6 τ 6 1.

Â ñèëó ëåììû 7.5 îòñþäà ñëåäóåò, ÷òî

‖U(·, τ ; ξ)‖2L2(Ω) 6 e
τ (µ+M1(a))2|ξ|2‖φ‖2L2(Ω), 0 6 τ 6 1.

Ïîñêîëüêó U(·, 1; ξ) = ∆1S(ξ)φ, èç ïîñëåäíåé îöåíêè âûòåêàåò (3.30).
Àíàëîãè÷íûì îáðàçîì ïðîâåðÿåòñÿ è îöåíêà (3.31). �

Ïî àíàëîãèè ñ äîêàçàòåëüñòâîì ëåììû 3.9 âûâîäèòñÿ ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 3.10. Ïóñòü âûïîëíåíû óñëîâèÿ (1.2)�(1.4) è óñëîâèåM3(a) <∞. Òîãäà äëÿ îïåðàòîð-
ôóíêöèè S(ξ) ñïðàâåäëèâî ïðåäñòàâëåíèå

S(ξ) = S(0) + ∆1S(ξ) + ∆2S(ξ) + K2(ξ), ξ ∈ Ω̃,

ãäå îïåðàòîð ∆1S(ξ) îïðåäåëåí â (3.28), à îïåðàòîðû ∆2S(ξ) è K2(ξ) çàäàíû âûðàæåíèÿìè

∆2S(ξ) =
1

2

d∑
j,l=1

ξjξl∂j∂lS(0), (3.33)

K2(ξ) =

d∑
j,l,k=1

ξjξlξk

∫ 1

0
ds3 s

2
3

∫ 1

0
ds2 s2

∫ 1

0
ds1 ∂j∂l∂kS(s1s2s3ξ).

Ïðè ξ ∈ Ω̃ ñïðàâåäëèâû îöåíêè

‖∆2S(ξ)‖L2(Ω)→L2(Ω) 6 C2|ξ|2, (3.34)

‖K2(ξ)‖L2(Ω)→L2(Ω) 6 C3|ξ|3. (3.35)

Ïîñòîÿííàÿ C2 îïðåäåëåíà â (3.32), à ïîñòîÿííàÿ C3 îïðåäåëåíà âûðàæåíèåì

C3 =
1

2

(
1

6

√
eµ+M3(a) + eµ2

+M1(a)M2(a) + e3/2(µ+M1(a))3

)
.

Ëåììà 3.11. Ñïðàâåäëèâû ðàâåíñòâà

P∂jS(0)P = 0, j = 1, . . . , d.
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Äîêàçàòåëüñòâî. Ïóñòü u(x, t; ξ) � ðåøåíèå çàäà÷è (2.5) ïðè φ = 1Ω. Òîãäà u(x, t;0) = 1Ω,
ïîñêîëüêó A(t,0)1Ω = 0. Ïîëîæèì

Uj(x, t) := ∂ju(x, t;0).

Èìååì
Uj(·, 1) = ∂jS(0)1Ω. (3.36)

Òðåáóåòñÿ äîêàçàòü, ÷òî ∫
Ω
Uj(x, 1) dx = 0. (3.37)

Ôóíêöèÿ Uj(x, t) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

∂Uj(x, t)

∂t
= −A(t,0)Uj(x, t)− ∂jA(t,0)1Ω, x ∈ Ω, t ∈ R+;

Uj(x, 0) = 0, x ∈ Ω,
(3.38)

ñð. (3.20). Ïðîèíòåãðèðóåì óðàâíåíèå â (3.38) ïî Ω:

d

dt

∫
Ω
Uj(x, t) dx = −(A(t,0)Uj(·, t),1Ω)L2(Ω) −

(
∂jA(t,0)1Ω,1Ω

)
L2(Ω)

.

Ïåðâîå ñëàãàåìîå ñïðàâà ðàâíî íóëþ, ïîñêîëüêó A(t,0)1Ω = 0. Âòîðîå ñëàãàåìîå òàêæå
îáðàùàåòñÿ â íîëü. Äåéñòâèòåëüíî, ñîãëàñíî (3.16) èìååì(

∂jA(t,0)1Ω,1Ω

)
L2(Ω)

= i

∫
Ω
dx

∫
Ω
dy
∑
n∈Zd

(xj − yj + nj)a(x− y + n)µ(x,y, t). (3.39)

Ñ îäíîé ñòîðîíû, èñïîëüçóÿ ïåðèîäè÷íîñòü êîýôôèöèåíòà µ, ýòî âûðàæåíèå ìîæíî çàïèñàòü
â âèäå (

∂jA(t,0)1Ω,1Ω

)
L2(Ω)

= i

∫
Ω
dx

∫
Rd
dy (xj − yj)a(x− y)µ(x,y, t). (3.40)

Ñ äðóãîé ñòîðîíû, ìåíÿÿ ðîëÿìè x è y â (3.39), à çàòåì ó÷èòûâàÿ ñèììåòðèþ êîýôôèöèåíòîâ,
èìååì(

∂jA(t,0)1Ω,1Ω

)
L2(Ω)

= i

∫
Ω
dx

∫
Ω
dy
∑
n∈Zd

(yj − xj + nj)a(y − x + n)µ(y,x, t)

= i

∫
Ω
dx

∫
Rd
dy (yj − xj)a(y − x)µ(y,x, t) = i

∫
Ω
dx

∫
Rd
dy (yj − xj)a(x− y)µ(x,y, t).

Ïîñëåäíåå âûðàæåíèå îòëè÷àåòñÿ çíàêîì îò ïðàâîé ÷àñòè (3.40). Ñëåäîâàòåëüíî,(
∂jA(t,0)1Ω,1Ω

)
L2(Ω)

= 0.

Òàêèì îáðàçîì, d
dt

∫
Ω Uj(x, t) dx = 0. Ñ ó÷åòîì íà÷àëüíîãî óñëîâèÿ Uj(x, 0) = 0 ýòî îçíà÷àåò,

÷òî ∫
Ω
Uj(x, t) dx = 0, t ∈ R+. (3.41)

Â ÷àñòíîñòè, ýòî äîêàçûâàåò ðàâåíñòâî (3.37), êîòîðîå ðàâíîñèëüíî óòâåðæäåíèþ ëåììû. �

� 4. Ïîðîãîâûå àïïðîêñèìàöèè

Ïóñòü âûïîëíåíû óñëîâèÿ (1.2)�(1.4) è óñëîâèå M1(a) < ∞. Îáîçíà÷èì ÷åðåç γ êîíòóð â
êîìïëåêñíîé ïëîñêîñòè:

γ :=
{
ζ ∈ C : |ζ| = ρ

2

}
,

ãäå ÷èñëî ρ îïðåäåëåíî â (3.14). Ïóñòü |ξ| 6 δ0, ãäå δ0 îïðåäåëåíî â (3.15). Â ñèëó ñëåäñòâèÿ
3.5 âûïîëíåíî

dist{ζ, σ(S(ξ)− I)} > ρ

6
, |ξ| 6 δ0, ζ ∈ γ.
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Ââåäåì îáîçíà÷åíèÿ
R(ξ, ζ) := (S(ξ)− I − ζI)−1, |ξ| 6 δ0, ζ ∈ γ;

R0(ζ) := R(0, ζ) = (S(0)− I − ζI)−1.

Ëåììà 4.1. Ñïðàâåäëèâà îöåíêà

‖R0(ζ)‖L2(Ω)→L2(Ω) 6 K, ζ ∈ γ, (4.1)

ãäå êîíñòàíòà K çàäàíà âûðàæåíèåì K := 2ρ−1 = 2
(
1− e−µ−Cπ(a)

)−1
.

Äîêàçàòåëüñòâî. Â ñèëó ëåììû 3.1 îðòîãîíàëüíîå ðàçëîæåíèå L2(Ω) = L{1Ω} ⊕ L0
2(Ω)

ïðèâîäèò îïåðàòîð S(0). Ñëåäîâàòåëüíî,

‖R0(ζ)‖L2(Ω)→L2(Ω) = max{‖R0(ζ)P‖L2(Ω)→L2(Ω), ‖R0(ζ)(I − P )‖L2(Ω)→L2(Ω)}, ζ ∈ γ. (4.2)

Ïîñêîëüêó S(0)P = P , èìååì R0(ζ)P = −1
ζP è

‖R0(ζ)P‖L2(Ω)→L2(Ω) =
1

|ζ|
=

2

ρ
, ζ ∈ γ. (4.3)

Ñ ó÷åòîì îöåíêè (3.1) ïðè u ∈ L0
2(Ω) âûïîëíåíî

|((S(0)− I − ζI)u, u)| > |1 + ζ|‖u‖2 − |(S(0)u, u)|

> (1− ρ/2)‖u‖2 − (1− ρ)‖u‖2 =
ρ

2
‖u‖2, u ∈ L0

2(Ω), ζ ∈ γ.

Îòñþäà âûòåêàåò íåðàâåíñòâî

‖R0(ζ)(I − P )‖L2(Ω)→L2(Ω) 6
2

ρ
, ζ ∈ γ. (4.4)

Èç (4.2)�(4.4) ñëåäóåò èñêîìàÿ îöåíêà (4.1). �

Îáîçíà÷èì ÷åðåç F (ξ) ïðîåêòîð Ðèññà îïåðàòîðà S(ξ), îòâå÷àþùèé ñîáñòâåííîìó çíà÷åíèþ
λ0(ξ) (èíà÷å ãîâîðÿ, ïðîåêòîð Ðèññà îïåðàòîðà S(ξ)− I, îòâå÷àþùèé ñîáñòâåííîìó çíà÷åíèþ
λ0(ξ)− 1):

F (ξ) = − 1

2πi

∮
γ

(S(ξ)− I − ζI)−1 dζ. (4.5)

Çäåñü â èíòåãðàëå íàïðàâëåíèå îáõîäà êîíòóðà èäåò ïðîòèâ ÷àñîâîé ñòðåëêè.

4.1. Ïðèáëèæåíèå ïðîåêòîðà Ðèññà F (ξ).

Ëåììà 4.2. Ïóñòü âûïîëíåíû óñëîâèÿ (1.2)�(1.4) è óñëîâèå M1(a) < ∞. Ïóñòü F (ξ) �

ïðîåêòîð Ðèññà (4.5). Ïóñòü P � îðòîïðîåêòîð ïðîñòðàíñòâà L2(Ω) íà L(1Ω). Ñïðàâåäëèâà
îöåíêà

‖F (ξ)− P‖L2(Ω)→L2(Ω) 6 C4|ξ|, |ξ| 6 δ0. (4.6)

Ïîñòîÿííàÿ C4 îïðåäåëåíà íèæå â (4.13) è êîíòðîëèðóåòñÿ â òåðìèíàõ âåëè÷èí µ−, µ+,

M1(a), Cπ(a).

Äîêàçàòåëüñòâî. Èìååì

F (0) = P = − 1

2πi

∮
γ

R0(ζ) dζ. (4.7)

Èç (4.5) è (4.7) ñëåäóåò, ÷òî

F (ξ)− P = − 1

2πi

∮
γ

(R(ξ, ζ)−R0(ζ)) dζ. (4.8)

Âîñïîëüçóåìñÿ ðåçîëüâåíòíûì òîæäåñòâîì

R(ξ, ζ)−R0(ζ) = −R(ξ, ζ)∆S(ξ)R0(ζ), (4.9)
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ãäå ∆S(ξ) := S(ξ)− S(0). Ðåçîëüâåíòà R(ξ, ζ) íà êîíòóðå γ ïðåäñòàâèìà ðÿäîì

R(ξ, ζ) = R0(ζ)
∞∑
n=0

(−∆S(ξ)R0(ζ))n,

êîòîðûé ñõîäèòñÿ ïî îïåðàòîðíîé íîðìå â L2(Ω) ïðè |ξ| 6 δ0. Ìû ó÷ëè, ÷òî â ñèëó ëåììû 3.4

‖∆S(ξ)‖L2(Ω)→L2(Ω) 6 C1|ξ|, ξ ∈ Ω̃. (4.10)

Îòñþäà è èç (3.15), (4.1) ñëåäóåò, ÷òî

‖∆S(ξ)R0(ζ)‖ 6 C1K|ξ| 6 C1Kδ0 =
2

3
, |ξ| 6 δ0. ζ ∈ γ.

Òîãäà

‖R(ξ, ζ)‖L2(Ω)→L2(Ω) 6 3K, |ξ| 6 δ0, ζ ∈ γ. (4.11)

Èç ñîîòíîøåíèé (4.9)�(4.11) âûòåêàåò îöåíêà

‖R(ξ, ζ)−R0(ζ)‖L2(Ω)→L2(Ω) 6 3K2C1|ξ|, |ξ| 6 δ0, ζ ∈ γ. (4.12)

Â èòîãå, (4.8) è (4.12) âëåêóò èñêîìóþ îöåíêó (4.6) ñ ïîñòîÿííîé

C4 =
3

2
K2C1ρ = 6C1ρ

−1 = 6
√
eµ+M1(a)

(
1− e−µ−Cπ(a)

)−1
. (4.13)

�

4.2. Ïðèáëèæåíèå îïåðàòîðà (S(ξ) − I)F (ξ). Ïîëó÷èì òåïåðü ïðèáëèæåíèå ê îïåðàòîðó
(S(ξ)− I)F (ξ) ñ ïîìîùüþ ôîðìóëû Ðèññà

(S(ξ)− I)F (ξ) = − 1

2πi

∮
γ

R(ξ, ζ)ζ dζ. (4.14)

Ëåììà 4.3. Ïóñòü âûïîëíåíû óñëîâèÿ (1.2)�(1.4) è óñëîâèå M3(a) < ∞. Ïóñòü F (ξ)
� ïðîåêòîð Ðèññà (4.5). Ïóñòü P � îðòîïðîåêòîð ïðîñòðàíñòâà L2(Ω) íà L(1Ω). Òîãäà
ñïðàâåäëèâî ïðåäñòàâëåíèå

(S(ξ)− I)F (ξ) = G2(ξ) + Ψ(ξ), G2(ξ) =
1

2

d∑
j,l=1

Gjlξjξl, (4.15)

è îöåíêà

‖Ψ(ξ)‖L2(Ω)→L2(Ω) 6 C5|ξ|3, |ξ| 6 δ0. (4.16)

Îïåðàòîðû Gjl èìåþò âèä

Gjl = P∂j∂lS(0)P − P∂jS(0)R⊥0 (0)∂lS(0)P − P∂lS(0)R⊥0 (0)∂jS(0)P. (4.17)

Çäåñü R⊥0 (0) = P⊥(S(0) − I)−1P⊥; ïîä (S(0) − I)−1 ïîäðàçóìåâàåòñÿ îïåðàòîð, îáðàòíûé ê

(S(0)− I)|L0
2(Ω) : L0

2(Ω)→ L0
2(Ω). Îïåðàòîð G2(ξ) ïîä÷èíåí îöåíêå

‖G2(ξ)‖L2(Ω)→L2(Ω) 6 C6|ξ|2, ξ ∈ Ω̃. (4.18)

Ïîñòîÿííàÿ C5 îïðåäåëåíà íèæå â (4.35) è êîíòðîëèðóåòñÿ â òåðìèíàõ âåëè÷èí µ−, µ+,

M1(a), M2(a), M3(a), Cπ(a). Ïîñòîÿííàÿ C6 îïðåäåëåíà íèæå â (4.36) è êîíòðîëèðóåòñÿ â

òåðìèíàõ âåëè÷èí µ−, µ+, M1(a), M2(a), Cπ(a).

Äîêàçàòåëüñòâî. Â ñèëó ëåììû 3.1 èìååì (S(0)− I)P = 0. Ïîýòîìó ôîðìóëà (4.14) ïðè ξ = 0
äàåò

0 = − 1

2πi

∮
γ

R0(ζ)ζ dζ. (4.19)
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Âû÷èòàÿ (4.19) èç (4.14), ïîëó÷àåì

(S(ξ)− I)F (ξ) = − 1

2πi

∮
γ

(R(ξ, ζ)−R0(ζ))ζ dζ. (4.20)

Ïðîèòåðèðóåì ðåçîëüâåíòíîå òîæäåñòâî (4.9) äâàæäû:

R(ξ, ζ) = R0(ζ)−R(ξ, ζ)∆S(ξ)R0(ζ)

= R0(ζ)−R0(ζ)∆S(ξ)R0(ζ) +R(ξ, ζ)∆S(ξ)R0(ζ)∆S(ξ)R0(ζ)

= R0(ζ)−R0(ζ)∆S(ξ)R0(ζ) +R0(ζ)∆S(ξ)R0(ζ)∆S(ξ)R0(ζ) + Z1(ξ, ζ),

(4.21)

ãäå
Z1(ξ, ζ) = −R(ξ, ζ)∆S(ξ)R0(ζ)∆S(ξ)R0(ζ)∆S(ξ)R0(ζ). (4.22)

Èç (4.1), (4.10) è (4.11) âûòåêàåò îöåíêà îïåðàòîðà (4.22):

‖Z1(ξ, ζ)‖L2(Ω)→L2(Ω) 6 3K4C3
1 |ξ|3, |ξ| 6 δ0, ζ ∈ γ. (4.23)

Äàëåå, â ñèëó ëåììû 3.10 èìååì:

R0(ζ)∆S(ξ)R0(ζ) = R0(ζ)(∆1S(ξ) + ∆2S(ξ))R0(ζ) + Z2(ξ, ζ), (4.24)

ãäå
Z2(ξ, ζ) = R0(ζ)K2(ξ)R0(ζ).

Èç (3.35) è (4.1) âûòåêàåò îöåíêà

‖Z2(ξ, ζ)‖L2(Ω)→L2(Ω) 6 K
2C3|ξ|3, |ξ| 6 δ0, ζ ∈ γ. (4.25)

Íàêîíåö, èç ëåììû 3.9 ñëåäóåò ïðåäñòàâëåíèå

R0(ζ)∆S(ξ)R0(ζ)∆S(ξ)R0(ζ) = R0(ζ)∆1S(ξ)R0(ζ)∆1S(ξ)R0(ζ) + Z3(ξ, ζ), (4.26)

ãäå
Z3(ξ, ζ) = R0(ζ)K1(ξ)R0(ζ)∆S(ξ)R0(ζ) +R0(ζ)∆1S(ξ)R0(ζ)K1(ξ)R0(ζ).

Èñïîëüçóÿ (3.30), (3.31), (4.1) è (4.10), ïîëó÷àåì îöåíêó

‖Z3(ξ, ζ)‖L2(Ω)→L2(Ω) 6 2K3C1C2|ξ|3, |ξ| 6 δ0, ζ ∈ γ. (4.27)

Êîìáèíèðóÿ (4.21), (4.24) è (4.26), ïðèõîäèì ê ïðåäñòàâëåíèþ

R(ξ, ζ) = R0(ζ)−R0(ζ)(∆1S(ξ) + ∆2S(ξ))R0(ζ) +R0(ζ)∆1S(ξ)R0(ζ)∆1S(ξ)R0(ζ) + Z(ξ, ζ),

(4.28)
ãäå Z(ξ, ζ) = Z1(ξ, ζ)− Z2(ξ, ζ) + Z3(ξ, ζ). Â ñèëó (4.23), (4.25) è (4.27) âûïîëíåíà îöåíêà

‖Z(ξ, ζ)‖L2(Ω)→L2(Ω) 6 (3K4C3
1 +K2C3 + 2K3C1C2)|ξ|3, |ξ| 6 δ0, ζ ∈ γ. (4.29)

Òåïåðü èç (4.20) è (4.28) âûòåêàåò ïðåäñòàâëåíèå

(S(ξ)− I)F (ξ) = G1(ξ) +G2(ξ) + Ψ(ξ), (4.30)

ãäå

G1(ξ) =
1

2πi

∮
γ

R0(ζ)∆1S(ξ)R0(ζ)ζ dζ, (4.31)

G2(ξ) =
1

2πi

∮
γ

(R0(ζ)∆2S(ξ)R0(ζ)−R0(ζ)∆1S(ξ)R0(ζ)∆1S(ξ)R0(ζ)) ζ dζ, (4.32)

Ψ(ξ) = − 1

2πi

∮
γ

Z(ξ, ζ)ζ dζ. (4.33)

Èç (4.29) è (4.33) ñëåäóåò îöåíêà

‖Ψ(ξ)‖L2(Ω)→L2(Ω) 6 C5|ξ|3, |ξ| 6 δ0, (4.34)
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ãäå

C5 =
1

4
ρ2(3K4C3

1 +K2C3 + 2K3C1C2). (4.35)

Â ñèëó (3.30), (3.34), (4.1) è (4.32) ñïðàâåäëèâà îöåíêà (4.18) ñ ïîñòîÿííîé

C6 =
1

4
ρ2(K3C2

1 +K2C2). (4.36)

Äëÿ âû÷èñëåíèÿ èíòåãðàëîâ â (4.31), (4.32) èñïîëüçóåì ðàçëîæåíèå ðåçîëüâåíòû îïåðàòîðà
S(0)− I:

R0(ζ) = R0(ζ)P +R0(ζ)P⊥ = −1

ζ
P +R⊥0 (ζ), ζ ∈ γ, (4.37)

ãäå R⊥0 (ζ) := R0(ζ)P⊥. Ñ ó÷åòîì (3.28) èç (4.31) è (4.37) ñëåäóåò, ÷òî

G1(ξ) =
d∑
j=1

ξj
1

2πi

∮
γ

(
−1

ζ
P +R⊥0 (ζ)

)
∂jS(0)

(
−1

ζ
P +R⊥0 (ζ)

)
ζ dζ.

Ïîñêîëüêó îïåðàòîð-ôóíêöèÿ R⊥0 (ζ) ãîëîìîðôíà âíóòðè êîíòóðà γ, ïîëó÷àåì

G1(ξ) =

d∑
j=1

ξj
1

2πi

∮
γ

P∂jS(0)P
dζ

ζ
.

Îòñþäà â ñèëó ëåììû 3.11 ñëåäóåò ðàâåíñòâî

G1(ξ) = 0. (4.38)

Âû÷èñëèì òåïåðü ÷ëåí

G
(1)
2 (ξ) :=

1

2πi

∮
γ

R0(ζ)∆2S(ξ)R0(ζ)ζ dζ. (4.39)

Èñïîëüçóÿ (3.33) è (4.37), ïîëó÷àåì

G
(1)
2 (ξ) :=

1

2

d∑
j,l=1

ξjξl
1

2πi

∮
γ

(
−1

ζ
P +R⊥0 (ζ)

)
∂j∂lS(0)

(
−1

ζ
P +R⊥0 (ζ)

)
ζ dζ

=
1

2

d∑
j,l=1

ξjξl
1

2πi

∮
γ

P∂j∂lS(0)P
dζ

ζ
=

1

2

d∑
j,l=1

ξjξlP∂j∂lS(0)P.

(4.40)

Îñòàåòñÿ âû÷èñëèòü ÷ëåí

G
(2)
2 (ξ) := − 1

2πi

∮
γ

R0(ζ)∆1S(ξ)R0(ζ)∆1S(ξ)R0(ζ)ζ dζ. (4.41)

Èñïîëüçóÿ (3.28) è (4.37), ïîëó÷àåì

G
(2)
2 (ξ) = −1

2

d∑
j,l=1

ξjξl
1

2πi

∮
γ

((
−1

ζ
P +R⊥0 (ζ)

)
∂jS(0)

(
−1

ζ
P +R⊥0 (ζ)

)
∂lS(0)

(
−1

ζ
P +R⊥0 (ζ)

)
+
(
−1

ζ
P +R⊥0 (ζ)

)
∂lS(0)

(
−1

ζ
P +R⊥0 (ζ)

)
∂jS(0)

(
−1

ζ
P +R⊥0 (ζ)

))
ζ dζ.

Ó÷èòûâàÿ ðàâåíñòâî P∂jS(0)P = 0 (ñì. ëåììó 3.11) è ãîëîìîðôíîñòü îïåðàòîð-ôóíêöèè R⊥0 (ζ)
âíóòðè êîíòóðà γ, èìååì

G
(2)
2 (ξ) = −1

2

d∑
j,l=1

ξjξl

(
P∂jS(0)R⊥0 (0)∂lS(0)P + P∂lS(0)R⊥0 (0)∂jS(0)P

)
. (4.42)
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Çäåñü R⊥0 (0) = P⊥(S(0) − I)−1P⊥, ïîä (S(0) − I)−1 ïîäðàçóìåâàåòñÿ îïåðàòîð, îáðàòíûé ê
(S(0)− I)|L0

2(Ω) : L0
2(Ω)→ L0

2(Ω); ýòîò îïåðàòîð êîððåêòíî îïðåäåëåí è îãðàíè÷åí.

Èç (4.30), (4.32), (4.34), (4.38)�(4.42) âûòåêàþò âñå óòâåðæäåíèÿ ëåììû. �

4.3. Ïðåäñòàâëåíèå îïåðàòîðà G2(ξ) â òåðìèíàõ ðåøåíèé âñïîìîãàòåëüíûõ çàäà÷.
Â ýòîì ïóíêòå ïðåäïîëàãàåì, ÷òî âûïîëíåíû óñëîâèÿ (1.2)�(1.4) è óñëîâèå M2(a) < ∞.

Îïåðàòîð G2(ξ) = G
(1)
2 (ξ)+G

(2)
2 (ξ) (ñì. (4.15), (4.17)) ìîæíî ïðåäñòàâèòü â òåðìèíàõ ðåøåíèé

âñïîìîãàòåëüíûõ çàäà÷.

Ëåììà 4.4. Ïóñòü vj(x, t) � ðåøåíèå çàäà÷è Êîøè

∂vj(x, t)

∂t
= −A(t,0)vj(x, t)−

∫
Rd

(xj − yj)a(x− y)µ(x,y, t) dy, x ∈ Ω, t ∈ R+;

vj(x, 0) = 0, x ∈ Ω.

(4.43)

Òîãäà îïåðàòîð

G
(1)
2 (ξ) =

1

2

d∑
j,l=1

ξjξlP∂j∂lS(0)P

ïðåäñòàâëÿåòñÿ â âèäå

G
(1)
2 (ξ) = −

d∑
j,l=1

g
(1)
jl ξjξlP,

g
(1)
jl =

1

2

1∫
0

dt

∫
Ω

dx

∫
Rd

dy a(x− y)µ(x,y, t) ((xj−yj)(xl−yl)− (xj−yj)vl(y, t)− (xl−yl)vj(y, t)) .

(4.44)
Çäåñü vj(y, t) ïðè y ∈ Rd îïðåäåëåíî êàê ïåðèîäè÷åñêîå ïðîäîëæåíèå ðåøåíèÿ çàäà÷è (4.43).

Äîêàçàòåëüñòâî. Ïóñòü Uj(x, t) � ðåøåíèå çàäà÷è (3.38). Ñ ó÷åòîì (3.16) èìååì Uj(x, t) =
ivj(x, t), ãäå vj(x, t) � ðåøåíèå çàäà÷è (4.43). Â ñèëó òåîðåìû 7.10 ðåøåíèå vj(x, t) ñóùåñòâóåò,
åäèíñòâåííî è ÿâëÿåòñÿ ëèïøèöåâîé ôóíêöèåé îò t ñî çíà÷åíèÿìè â L2(Ω). Îòìåòèì, ÷òî
ôóíêöèÿ vj(x, t) âåùåñòâåííà è

∫
Ω vj(x, t) dx = 0 (ñì. (3.41)).

Ïóñòü Ujl(x, t) � ðåøåíèå çàäà÷è Êîøè

∂Ujl(x, t)

∂t
=−A(t,0)Ujl(x, t)−∂jA(t,0)Ul(x, t)−∂lA(t,0)Uj(x, t)−∂j∂lA(t,0)1Ω, x ∈ Ω, t ∈ R+;

Ujl(x, 0) = 0, x ∈ Ω.
(4.45)

Î÷åâèäíî,

∂j∂lS(0)1Ω = Ujl(·, 1).

×òîáû íàéòè îïåðàòîð

P∂j∂lS(0)P = (Ujl(·, 1),1Ω)L2(Ω)P, (4.46)

ïðîèíòåãðèðóåì óðàâíåíèå â (4.45) ïî Ω:

d

dt
(Ujl(·, t),1Ω)L2(Ω) = −(A(t,0)Ujl(·, t),1Ω)L2(Ω) −

(
∂jA(t,0)Ul(·, t),1Ω

)
L2(Ω)

−
(
∂lA(t,0)Uj(·, t),1Ω

)
L2(Ω)

−
(
∂j∂lA(t,0)1Ω,1Ω

)
L2(Ω)

.
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Ïåðâîå ñëàãàåìîå ñïðàâà ðàâíî íóëþ, ïîñêîëüêó A(t,0)1Ω = 0. Âû÷èñëÿÿ îñòàëüíûå ñëàãàåìûå
ñ ó÷åòîì (3.16) è ðàâåíñòâà Uj(x, t) = ivj(x, t), ïîëó÷àåì

d

dt
(Ujl(·, t),1Ω)L2(Ω) = −

∫
Ω
dx

∫
Rd
dy a(x− y)µ(x,y, t)

× ((xj−yj)(xl−yl)− (xj−yj)vl(y, t)− (xl−yl)vj(y, t)) .
Èíòåãðèðóÿ ýòî ñîîòíîøåíèå ïî t ∈ (0, 1) ñ ó÷åòîì íà÷àëüíîãî óñëîâèÿ Ujl(x, 0) = 0, ïðèõîäèì
ê ðàâåíñòâó

(Ujl(·, 1),1Ω)L2(Ω) = −2g
(1)
jl , j, l = 1, . . . d,

ãäå g
(1)
jl îïðåäåëåíî â (4.44). Îòñþäà è èç (4.46) ñëåäóåò óòâåðæäåíèå ëåììû. �

Ëåììà 4.5. Ïóñòü vj(x, t) � ðåøåíèå çàäà÷è Êîøè (4.43). Ïóñòü wj(x) � ðåøåíèå çàäà÷è

(S(0)− I)wj(x) = vj(x, 1),

∫
Ω

wj(x) dx = 0. (4.47)

Ïóñòü ηj(x, t) � ðåøåíèå çàäà÷è Êîøè

∂ηj(x, t)

∂t
= −A(t,0)ηj(x, t), x ∈ Ω, t ∈ R+;

ηj(x, 0) = wj(x), x ∈ Ω.
(4.48)

Òîãäà îïåðàòîð G
(2)
2 (ξ), îïðåäåëåííûé â (4.42), ïðåäñòàâëÿåòñÿ â âèäå

G
(2)
2 (ξ) = −

d∑
j,l=1

g
(2)
jl ξjξlP,

g
(2)
jl =

1

2

1∫
0

dt

∫
Ω

dx

∫
Rd

dy a(x− y)µ(x,y, t) ((xj−yj)ηl(y, t) + (xl−yl)ηj(y, t)) . (4.49)

Çäåñü ηj(y, t) ïðè y ∈ Rd îïðåäåëåíî êàê ïåðèîäè÷åñêîå ïðîäîëæåíèå ðåøåíèÿ çàäà÷è (4.48).

Äîêàçàòåëüñòâî. Â ñèëó (3.36) èìååì ∂jS(0)1Ω = Uj(·, 1) = ivj(·, 1). Òîãäà

R⊥0 (0)∂jS(0)1Ω = iwj ,

ãäå wj(x) � ðåøåíèå çàäà÷è (4.47). ×òîáû íàéòè ∂lS(0)R⊥0 (0)∂jS(0)1Ω = i∂lS(0)wj , ââåäåì
ðåøåíèå ηj(x, t; ξ) çàäà÷è Êîøè

∂ηj(x, t; ξ)

∂t
= −A(t, ξ)ηj(x, t; ξ), x ∈ Ω, t ∈ R+;

ηj(x, 0; ξ) = wj(x), x ∈ Ω.
(4.50)

Òîãäà
∂lS(0)R⊥0 (0)∂jS(0)1Ω = i∂lηj(·, 1;0).

Äèôôåðåíöèðóÿ óðàâíåíèå â (4.50) ïî ξl, ïîëó÷àåì

∂

∂t
∂lηj(x, t; ξ) = −A(t, ξ)∂lηj(x, t; ξ)− ∂lA(t, ξ)ηj(x, t; ξ), x ∈ Ω, t ∈ R+;

∂lηj(x, 0; ξ) = 0, x ∈ Ω.
(4.51)

×òîáû íàéòè îïåðàòîð

P∂lS(0)R⊥0 (0)∂jS(0)P = i
(
∂lηj(·, 1;0),1Ω

)
L2(Ω)

P, (4.52)

ïðîèíòåãðèðóåì óðàâíåíèå â (4.51) ïðè ξ = 0 ïî Ω:

d

dt

(
∂lηj(·, t;0),1Ω

)
L2(Ω)

= −
(
A(t,0)∂lηj(·, t;0),1Ω

)
L2(Ω)

−
(
∂lA(t,0)ηj(·, t;0),1Ω

)
L2(Ω)

.
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Ïåðâîå ñëàãàåìîå ñïðàâà ðàâíî íóëþ, ïîñêîëüêó A(t,0)1Ω = 0. Âû÷èñëÿÿ âòîðîå ñëàãàåìîå ñ
ó÷åòîì (3.16), ïîëó÷àåì

d

dt

(
∂lηj(·, t;0),1Ω

)
L2(Ω)

= −i
∫

Ω
dx

∫
Rd
dy (xl − yl)a(x− y)µ(x,y, t)ηj(y, t;0).

Èíòåãðèðóÿ ïîëó÷åííîå ðàâåíñòâî ïî t ∈ (0, 1) ñ ó÷åòîì íà÷àëüíîãî óñëîâèÿ â (4.51), èìååì(
∂lηj(·, 1;0),1Ω

)
L2(Ω)

= −i
∫ 1

0
dt

∫
Ω
dx

∫
Rd
dy (xl − yl)a(x− y)µ(x,y, t)ηj(y, t;0).

Îòñþäà è èç (4.52) ñëåäóåò, ÷òî

P∂lS(0)R⊥0 (0)∂jS(0)P + P∂jS(0)R⊥0 (0)∂lS(0)P = 2g
(2)
jl P, (4.53)

ãäå g
(2)
jl îïðåäåëåíî â (4.49). Äëÿ êðàòêîñòè îáîçíà÷àåì ηj(x, t;0) =: ηj(x, t); òîãäà ηj(x, t)

ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (4.48).
Èç (4.42) è (4.53) ñëåäóåò óòâåðæäåíèå ëåììû. �

Ëåììû 4.4 è 4.5 äàþò ñëåäóþùåå óòâåðæäåíèå.

Ñëåäñòâèå 4.6. Îïåðàòîð G2(ξ), îïðåäåëåííûé â (4.15), (4.17), äîïóñêàåò ïðåäñòàâëåíèå

G2(ξ) = −
d∑

j,l=1

g0
jlξjξlP, (4.54)

g0
jl =

1

2

1∫
0

dt

∫
Ω

dx

∫
Rd

dy a(x− y)µ(x,y, t)

× ((xj−yj)(xl−yl)− (xj−yj)(vl(y, t)− ηl(y, t))− (xl−yl)(vj(y, t)− ηj(y, t))) .
Çäåñü vj(x, t) � ðåøåíèå çàäà÷è (4.43), à ηj(x, t) � ðåøåíèå çàäà÷è (4.48).

Ïîêàæåì òåïåðü, ÷òî ôóíêöèÿ vj−ηj ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è ñ ïåðèîäè÷åñêèì
óñëîâèåì ïî âðåìåíè:

∂χj(x, t)

∂t
= −A(t,0)χj(x, t)−

∫
Rd

(xj − yj)a(x− y)µ(x,y, t) dy, x ∈ Ω, t ∈ R+;

χj(x, 1) = χj(x, 0), x ∈ Ω;

∫
Ω

χj(x, t) dx = 0, t ∈ R+.

(4.55)

Ëåììà 4.7. Ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå χj çàäà÷è (4.55). Ýòî ðåøåíèå ëèïøèöåâî
ïî t ∈ R+ ñî çíà÷åíèÿìè â L2(Ω), óðàâíåíèå âûïîëíåíî ïî÷òè âñþäó. Ïðè ýòîì ñïðàâåäëèâî

ðàâåíñòâî

χj(x, t) = vj(x, t)− ηj(x, t),
ãäå vj � ðåøåíèå çàäà÷è (4.43), à ηj(x, t) � ðåøåíèå çàäà÷è (4.48).

Äîêàçàòåëüñòâî. Óáåäèìñÿ, ÷òî ôóíêöèÿ vj − ηj ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (4.55).
Äåéñòâèòåëüíî, â ñèëó óðàâíåíèé â (4.43) è (4.48) ôóíêöèÿ vj − ηj óäîâëåòâîðÿåò óðàâíåíèþ
∂(vj(x, t)−ηj(x, t))

∂t
= −A(t,0)(vj(x, t)−ηj(x, t))−

∫
Rd

(xj−yj)a(x−y)µ(x,y, t) dy, x ∈ Ω, t ∈ R+.

(4.56)
Äàëåå, èç íà÷àëüíûõ óñëîâèé â (4.43) è (4.48) ñëåäóåò, ÷òî

vj(x, 0)− ηj(x, 0) = −wj(x),
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ãäå wj � ðåøåíèå çàäà÷è (4.47). Òîãäà S(0)wj = wj(·) + vj(·, 1). Ïîñêîëüêó ηj(·, 1) = S(0)wj ,
îòñþäà ïîëó÷àåì

vj(x, 1)− ηj(x, 1) = −wj(x).

Ñëåäîâàòåëüíî, âûïîëíåíî óñëîâèå

vj(x, 1)− ηj(x, 1) = vj(x, 0)− ηj(x, 0). (4.57)

Íàêîíåö, ñïðàâåäëèâî ðàâåíñòâî
∫

Ω vj(x, t) dx = 0 (ñì. (3.41)). Çàäà÷à (4.48) ñîâïàäàåò ñ (3.2)
ïðè φ = wj . Ïîñêîëüêó

∫
Ωwj(x) dx = 0, èç (3.3) ñëåäóåò, ÷òî

∫
Ω ηj(x, t) dx = 0. Òàêèì îáðàçîì,

âûïîëíåíî óñëîâèå ∫
Ω

(vj(x, t)− ηj(x, t)) dx = 0. (4.58)

Èç (4.56)�(4.58) ñëåäóåò, ÷òî ôóíêöèÿ vj−ηj ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (4.55). Ýòèì äîêàçàíî
ñóùåñòâîâàíèå ðåøåíèÿ ýòîé çàäà÷è. Ëèïøèöåâîñòü ýòîãî ðåøåíèÿ ïî t ñî çíà÷åíèÿìè â L2(Ω)
ñëåäóåò èç àíàëîãè÷íûõ ñâîéñòâ ôóíêöèé vj è ηj .
Ïðîâåðèì åäèíñòâåííîñòü ðåøåíèÿ. Ïóñòü χj è χ̃j � ðåøåíèÿ çàäà÷è (4.55). Òîãäà ôóíêöèÿ

∆χj = χj − χ̃j ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

∂∆χj(x, t)

∂t
= −A(t,0)∆χj(x, t), x ∈ Ω, t ∈ R+;

∆χj(x, 1) = ∆χj(x, 0), x ∈ Ω;

∫
Ω

∆χj(x, t) dx = 0, t ∈ R+.
(4.59)

Òîãäà S(0)∆χj(·, 0) = ∆χj(·, 0). Ïîñêîëüêó Ker(S(0)− I) = L{1Ω}, ïîëó÷àåì ∆χj(x, 0) = c ·1Ω.
Èç ïîñëåäíåãî óñëîâèÿ â (4.59) ñëåäóåò, ÷òî c = 0, ò. å. ∆χj(x, 0) = 0. Òîãäà ôóíêöèÿ ∆χj(x, t)
ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè ñ íà÷àëüíûì äàííûì ∆χj(x, 0) = 0. Â ñèëó åäèíñòâåííîñòè
ðåøåíèÿ çàäà÷è Êîøè, ïîëó÷àåì ∆χj(x, t) = 0 ïðè x ∈ Ω è t ∈ R+. �

Ëåììà 4.8. Îïåðàòîð G2(ξ), îïðåäåëåííûé â (4.15), (4.17), äîïóñêàåò ïðåäñòàâëåíèå (4.54),
ãäå

g0
jl =

1

2

1∫
0

dt

∫
Ω

dx

∫
Rd

dy a(x− y)µ(x,y, t) ((xj−yj)(xl−yl)− (xj−yj)χl(y, t)− (xl−yl)χj(y, t)) .

(4.60)
Çäåñü χj(x, t) � ðåøåíèå çàäà÷è (4.55). Ìàòðèöà g0 = {g0

jl} ñèììåòðè÷íà, èìååò

âåùåñòâåííûå ýëåìåíòû è ïîëîæèòåëüíî îïðåäåëåíà:

d∑
j,l=1

g0
jlξjξl > c0|ξ|2, ξ ∈ Rd, c0 =

1

2
µ−M(a), (4.61)

ãäå êîíñòàíòàM(a) îïðåäåëåíà â (1.16). Ñïðàâåäëèâà îöåíêà

d∑
j,l=1

g0
jlξjξl 6 C6|ξ|2, ξ ∈ Rd, (4.62)

ãäå ïîñòîÿííàÿ C6 îïðåäåëåíà â (4.36).

Äîêàçàòåëüñòâî. Èñêîìîå ïðåäñòàâëåíèå âûòåêàåò èç ñëåäñòâèÿ 4.6 è ëåììû 4.7. Îöåíêà
(4.62) ñëåäóåò èç (4.18) è (4.54).
Ïîêàæåì, ÷òî âûïîëíåíî ðàâåíñòâî

〈g0ξ, ξ〉 =
1

2

d∑
j,l=1

ξjξl

∫ 1

0
dt

∫
Ω
dx

∫
Rd
dy a(x− y)µ(x,y, t)

× (xj − yj + χj(x, t)− χj(y, t))(xl − yl + χl(x, t)− χl(y, t)).

(4.63)
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Ïîñêîëüêó

(xj − yj + χj(x, t)− χj(y, t))(xl − yl + χl(x, t)− χl(y, t))
= (xj − yj)(xl − yl)− (xj − yj)χl(y, t)− (xl − yl)χj(y, t)
+ (xj − yj)χl(x, t) + (xl − yl)χj(x, t) + (χj(x, t)− χj(y, t))(χl(x, t)− χl(y, t)),

(4.63) áóäåò âûòåêàòü èç (4.60), åñëè ïîêàçàòü, ÷òî∫ 1

0
dt

∫
Ω
dx

∫
Rd
dy a(x− y)µ(x,y, t)

× ((xj − yj)χl(x, t) + (xl − yl)χj(x, t) + (χj(x, t)− χj(y, t))(χl(x, t)− χl(y, t))) = 0.

(4.64)

Çàìåòèì, ÷òî èç óñëîâèÿ ïåðèîäè÷íîñòè ôóíêöèé χj(x, t) ïî t ñëåäóåò òîæäåñòâî∫ 1

0

(∂χj(x, t)
∂t

χl(x, t) +
∂χl(x, t)

∂t
χj(x, t)

)
dt = χj(x, 1)χl(x, 1)− χj(x, 0)χl(x, 0) = 0.

Äîìíîæàÿ óðàâíåíèå äëÿ χj íà χl, à óðàâíåíèå äëÿ χl íà χj , çàòåì ñêëàäûâàÿ ïîëó÷åííûå
ðàâåíñòâà è èíòåãðèðóÿ ïî t ∈ (0, 1), ïîëó÷àåì:

0 =

∫ 1

0
(A(t,0)χj(x, t) · χl(x, t) + A(t,0)χl(x, t) · χj(x, t)) dt

+

∫ 1

0
dt

∫
Rd
dy ((xj − yj)χl(x, t) + (xl − yl)χj(x, t)) a(x− y)µ(x,y, t).

Èñïîëüçóÿ îïðåäåëåíèå îïåðàòîðà A(t,0), ïåðåïèøåì ýòî ðàâåíñòâî â âèäå

0 =

∫ 1

0
dt

∫
Rd
dy a(x− y)µ(x,y, t)

× ((χj(x, t)− χj(y, t))χl(x, t) + (χl(x, t)− χl(y, t))χj(x, t) + (xj − yj)χl(x, t) + (xl − yl)χj(x, t)) .

Ïîñêîëüêó

(χj(x, t)− χj(y, t))(χl(x, t)− χl(y, t))
= (χj(x, t)− χj(y, t))χl(x, t) + (χl(x, t)− χl(y, t))χj(x, t)
+ χj(y, t)χl(y, t)− χj(x, t)χl(x, t),

äëÿ äîêàçàòåëüñòâà ðàâåíñòâà (4.64) îñòàåòñÿ ïîêàçàòü, ÷òî

0 =

∫ 1

0
dt

∫
Ω
dx

∫
Rd
dy a(x− y)µ(x,y, t) (χj(y, t)χl(y, t)− χj(x, t)χl(x, t)) . (4.65)

Ñïðàâåäëèâîñòü (4.65) âûòåêàåò èç ñëåäóþùåé âûêëàäêè:∫ 1

0
dt

∫
Ω
dx

∫
Rd
dy a(x− y)µ(x,y, t)χj(y, t)χl(y, t)

=
∑
n∈Zd

∫ 1

0
dt

∫
Ω
dx

∫
Ω
dy a(x− y − n)µ(x,y, t)χj(y, t)χl(y, t)

=
∑
n∈Zd

∫ 1

0
dt

∫
Ω
dx

∫
Ω
dy a(y − x− n)µ(y,x, t)χj(x, t)χl(x, t)

=

∫ 1

0
dt

∫
Ω
dx

∫
Rd
dy a(y − x)µ(y,x, t)χj(x, t)χl(x, t)

=

∫ 1

0
dt

∫
Ω
dx

∫
Rd
dy a(x− y)µ(x,y, t)χj(x, t)χl(x, t).
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Ìû ó÷ëè ïåðèîäè÷íîñòü ôóíêöèé µ è χj ïî ïðîñòðàíñòâåííûì ïåðåìåííûì, çàòåì ïîìåíÿëè
ðîëÿìè ïåðåìåííûå x,y ∈ Ω è, íàêîíåö, ó÷ëè óñëîâèÿ ñèììåòðèè êîýôôèöèåíòîâ a è µ. Ýòî
çàâåðøàåò äîêàçàòåëüñòâî òîæäåñòâà (4.64), à òîãäà è (4.63).
Èç (4.63) ñëåäóåò, ÷òî

〈g0ξ, ξ〉 =
1

2

∫ 1

0
dt

∫
Ω
dx

∫
Rd
dy a(x− y)µ(x,y, t)

∣∣∣ d∑
j=1

ξj (xj − yj + χj(x, t)− χj(y, t))
∣∣∣2 > 0.

(4.66)
Ïîêàæåì òåïåðü, ÷òî ìàòðèöà g0 ïîëîæèòåëüíî îïðåäåëåíà. Èç (4.66) ñ ó÷åòîì íåðàâåíñòâà
µ(x,y, t) > µ− ñëåäóåò, ÷òî

〈g0ξ, ξ〉 > 1

2
µ−

∫ 1

0
dt

∫
Ω
dx

∫
Rd
dy a(x− y)

∣∣∣ d∑
j=1

ξj (xj − yj + χj(x, t)− χj(y, t))
∣∣∣2

>
1

2
µ− inf Jξ[v],

(4.67)

ãäå

Jξ[v] :=

∫
Ω
dx

∫
Rd
dy a(x− y) |〈ξ,x− y + v(x)− v(y)〉|2 , (4.68)

à èíôèìóì â ïðàâîé ÷àñòè (4.67) áåðåòñÿ ïî âñåì âåêòîð-ôóíêöèÿì v ∈ L2(Ω;Rd),
ïåðèîäè÷åñêè ïðîäîëæåííûì íà Rd. Ïðåäñòàâèì ôóíêöèîíàë (4.68) â âèäå

Jξ[v] = J
(1)
ξ + J

(2)
ξ [v] + J

(3)
ξ [v], (4.69)

ãäå

J
(1)
ξ :=

∫
Ω
dx

∫
Rd
dy a(x− y) |〈ξ,x− y〉|2 ,

J
(2)
ξ [v] := 2

∫
Ω
dx

∫
Rd
dy a(x− y)〈ξ,x− y〉〈ξ,v(x)− v(y)〉,

J
(3)
ξ [v] :=

∫
Ω
dx

∫
Rd
dy a(x− y) |〈ξ,v(x)− v(y)〉|2 .

Ñïðàâåäëèâî ðàâåíñòâî

J
(2)
ξ [v] = 4

∫
Ω
dx

∫
Rd
dy a(x− y)〈ξ,x− y〉〈ξ,v(x)〉, (4.70)

êîòîðîå âûòåêàåò èç âûêëàäêè∫
Ω
dx

∫
Rd
dy a(x− y)〈ξ,x− y〉〈ξ,v(y)〉 =

∑
n∈Zd

∫
Ω
dx

∫
Ω
dy a(x− y − n)〈ξ,x− y − n〉〈ξ,v(y)〉

=

∫
Rd
dx

∫
Ω
dy a(x− y)〈ξ,x− y〉〈ξ,v(y)〉 =

∫
Rd
dy

∫
Ω
dx a(y − x)〈ξ,y − x〉〈ξ,v(x)〉

= −
∫

Ω
dx

∫
Rd
dy a(x− y)〈ξ,x− y〉〈ξ,v(x)〉.

Ìû ó÷ëè ïåðèîäè÷íîñòü ôóíêöèè v è óñëîâèå a(z) = a(−z). Äàëåå, èç (4.70) ñëåäóåò, ÷òî

J
(2)
ξ [v] = 4

∫
Ω
dx〈ξ,v(x)〉

∫
Rd
dz a(z)〈ξ, z〉 = 0 (4.71)

îïÿòü â ñèëó óñëîâèÿ a(z) = a(−z). Î÷åâèäíî, J
(3)
ξ [v] > 0. Âìåñòå ñ (4.69) è (4.71) ýòî âëå÷åò

Jξ[v] > J (1)
ξ =

∫
Rd
dz a(z) |〈ξ, z〉|2 = Ma(ξ) >M(a)|ξ|2, (4.72)
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ãäå èñïîëüçîâàíî îáîçíà÷åíèå (1.15), à çàòåì ó÷òåíî (1.16). Â èòîãå, èç (4.67) è (4.72) âûòåêàåò
èñêîìàÿ îöåíêà (4.61). �

� 5. Ïðèáëèæåíèå ê îïåðàòîðó SN

Íà ïðîòÿæåíèè ýòîãî ïàðàãðàôà ïðåäïîëàãàåì, ÷òî âûïîëíåíû óñëîâèÿ (1.2)�(1.4) è óñëîâèå
M3(a) <∞.

5.1. Ïðèáëèæåíèå ê îïåðàòîðó S(ξ)NF (ξ). Íàøà ñëåäóþùàÿ öåëü � íàéòè
àïïðîêñèìàöèþ îïåðàòîðà S(ξ)NF (ξ) ïðè áîëüøîì N ∈ N.
Â ñèëó ëåììû 4.3 è ëåììû 4.8 èìååì

S(ξ)F (ξ) = F (ξ)− 〈g0ξ, ξ〉P + Ψ(ξ),

ãäå îïåðàòîð Ψ(ξ) ïîä÷èíåí îöåíêå (4.16). Ñëåäîâàòåëüíî,

S(ξ)F (ξ) = (1− 〈g0ξ, ξ〉)F (ξ) + Ψ̃(ξ), (5.1)

ãäå Ψ̃(ξ) = Ψ(ξ) + 〈g0ξ, ξ〉(F (ξ)− P ). Èç ëåììû 4.2, (4.16) è (4.62) ñëåäóåò îöåíêà

‖Ψ̃(ξ)‖ 6 C̃5|ξ|3, |ξ| 6 δ0, (5.2)

ãäå C̃5 = C5 + C4C6. Â ñèëó (5.1) âûïîëíåíî ðàâåíñòâî

Ψ̃(ξ) = S(ξ)F (ξ)− (1− 〈g0ξ, ξ〉)F (ξ),

à ïîòîìó îïåðàòîð Ψ̃(ξ) êîììóòèðóåò ñ ïðîåêòîðîì F (ξ). Ñïðàâåäëèâî ðàâåíñòâî

Ψ̃(ξ) = Ψ̃(ξ)F (ξ) = F (ξ)Ψ̃(ξ).

Îòñþäà è èç (5.1) ïîëó÷àåì

S(ξ)NF (ξ) = (S(ξ)F (ξ))N =
(

(1− 〈g0ξ, ξ〉)I + Ψ̃(ξ)
)N

F (ξ). (5.3)

Ëåììà 5.1. Ïîëîæèì

δ1 := min
{
δ0; (2C6)−1/2; c0(2C̃5)−1

}
. (5.4)

Ñïðàâåäëèâà îöåíêà∥∥∥((1− 〈g0ξ, ξ〉)I + Ψ̃(ξ)
)N
− e−N〈g0ξ,ξ〉I

∥∥∥
L2(Ω)→L2(Ω)

6
C7√
N
, |ξ| 6 δ1, N ∈ N. (5.5)

Ïîñòîÿííàÿ C7 êîíòðîëèðóåòñÿ â òåðìèíàõ âåëè÷èí µ−, µ+, M1(a), M2(a), M3(a), Cπ(a),
M(a).

Äîêàçàòåëüñòâî. Î÷åâèäíî,∥∥∥((1− 〈g0ξ, ξ〉)I + Ψ̃(ξ)
)N
− e−N〈g0ξ,ξ〉I

∥∥∥
L2(Ω)→L2(Ω)

6 J ′N (ξ) + J ′′N (ξ), (5.6)

ãäå

J ′N (ξ) :=
∥∥∥((1− 〈g0ξ, ξ〉)I + Ψ̃(ξ)

)N
− (1− 〈g0ξ, ξ〉)NI

∥∥∥
L2(Ω)→L2(Ω)

, (5.7)

J ′′N (ξ) :=
∣∣∣e−N〈g0ξ,ξ〉 − (1− 〈g0ξ, ξ〉)N

∣∣∣ . (5.8)

Íà÷íåì ñ îöåíêè ÷ëåíà J ′N (ξ). Â ñèëó (4.62) è (5.4) âûïîëíåíî

〈g0ξ, ξ〉 6 1

2
, |ξ| 6 δ1. (5.9)

Î÷åâèäíî,(
(1− 〈g0ξ, ξ〉)I + Ψ̃(ξ)

)N
− (1− 〈g0ξ, ξ〉)NI = (1− 〈g0ξ, ξ〉)N

(
(I + Ψ̂(ξ))N − I

)
, (5.10)
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ãäå

Ψ̂(ξ) =
Ψ̃(ξ)

1− 〈g0ξ, ξ〉
.

Èç (5.2) è (5.9) ñëåäóåò îöåíêà

‖Ψ̂(ξ)‖ 6 2C̃5|ξ|3, |ξ| 6 δ1. (5.11)

Äàëåå, èìååì

(I + Ψ̂(ξ))N − I =
N∑
j=1

CjN Ψ̂(ξ)j ,

ãäå CjN � áèíîìèàëüíûå êîýôôèöèåíòû, à ïîòîìó

∥∥(I + Ψ̂(ξ))N − I
∥∥ 6 N∑

j=1

CjN
∥∥Ψ̂(ξ)

∥∥j =
(
1 + ‖Ψ̂(ξ)‖

)N − 1 6
(
1 + 2C̃5|ξ|3

)N − 1, |ξ| 6 δ1.

Â ïîñëåäíåì ïåðåõîäå ìû èñïîëüçîâàëè íåðàâåíñòâî (5.11). Îòñþäà è èç (5.10) ñ ó÷åòîì (4.61)
ïîëó÷àåì

J ′N (ξ) 6 (1− c0|ξ|2)N
((

1 + 2C̃5|ξ|3
)N − 1

)
= eN log(1−c0|ξ|2)

(
eN log

(
1+2C̃5|ξ|3

)
− 1
)
, |ξ| 6 δ1.

(5.12)
Ó÷èòûâàÿ ýëåìåíòàðíûå íåðàâåíñòâà

log(1− t) 6 −t, 0 6 t < 1; log(1 + t) 6 t, t > 0,

ïðèõîäèì ê îöåíêå

J ′N (ξ) 6 e−c0N |ξ|
2
(
e2C̃5N |ξ|3 − 1

)
, |ξ| 6 δ1. (5.13)

Ðàññìîòðèì ñíà÷àëà ñëó÷àé, êîãäà |ξ| 6 N−1/3. Òîãäà 2C̃5N |ξ|3 6 2C̃5. Èñïîëüçóÿ
íåðàâåíñòâî

et − 1 6
(ec − 1)

c
t, 0 6 t 6 c,

ïîëó÷àåì

J ′N (ξ) 6 (e2C̃5 − 1)N |ξ|3e−c0N |ξ|2 , |ξ| 6 min{N−1/3; δ1}. (5.14)

Îòñþäà âûòåêàåò îöåíêà

J ′N (ξ) 6 C(1)
7 N−1/2, |ξ| 6 min{N−1/3; δ1}, (5.15)

ñ ïîñòîÿííîé

C
(1)
7 = (e2C̃5 − 1) max

s>0
s3e−c0s

2
= (e2C̃5 − 1)

( 3

2ec0

)3/2
.

Â ñëó÷àå, êîãäà |ξ| > N−1/3, |ξ| 6 δ1, îöåíêè òðèâèàëüíû: êàæäûé ÷ëåí ïîä çíàêîì íîðìû
â (5.7) îöåíèâàåòñÿ ïî-îòäåëüíîñòè. Èìååì

(1− 〈g0ξ, ξ〉)N 6 (1− c0|ξ|2)N = eN log(1−c0|ξ|2) 6 e−c0N |ξ|
2
6 e−c0N

1/3
6 C(2)

7 N−1/2,

|ξ| > N−1/3, |ξ| 6 δ1,
(5.16)

ãäå

C
(2)
7 = max

s>0
s3e−c0s

2
=
( 3

2ec0

)3/2
.

Äàëåå, ó÷èòûâàÿ, ÷òî C̃5|ξ|3 6 c0
2 |ξ|

2 ïðè |ξ| 6 δ1 (ñì. (5.4)), èìååì∥∥∥((1− 〈g0ξ, ξ〉)I + Ψ̃(ξ)
)N∥∥∥

L2(Ω)→L2(Ω)
6 (1− c0|ξ|2 + C̃5|ξ|3)N 6

(
1− c0

2
|ξ|2
)N

6 e−
c0
2
N |ξ|2 6 e−

c0
2
N1/3

6 C(3)
7 N−1/2, |ξ| > N−1/3, |ξ| 6 δ1,

(5.17)
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ãäå

C
(3)
7 = max

s>0
s3e−

c0
2
s2 =

( 3

ec0

)3/2
.

Èç (5.16) è (5.17) âûòåêàåò îöåíêà

J ′N (ξ) 6 (C
(2)
7 + C

(3)
7 )N−1/2, |ξ| > N−1/3, |ξ| 6 δ1. (5.18)

Â èòîãå, íåðàâåíñòâà (5.15) è (5.18) ïðèâîäÿò ê îöåíêå

J ′N (ξ) 6 C ′7N
−1/2, |ξ| 6 δ1, (5.19)

ñ ïîñòîÿííîé C ′7 = max{C(1)
7 ;C

(2)
7 + C

(3)
7 }.

×ëåí J ′′N (ξ) îöåíèâàåòñÿ àíàëîãè÷íûì îáðàçîì. Ïîñêîëüêó

0 6 e−t − 1 + t 6
t2

2
, t > 0,

èìååì

J ′′N (ξ) 6
(

1− 〈g0ξ, ξ〉+
1

2
〈g0ξ, ξ〉2

)N
− (1− 〈g0ξ, ξ〉)N

6 (1− 〈g0ξ, ξ〉)N
(
(1 + C2

6 |ξ|4)N − 1
)
, |ξ| 6 δ1.

Ìû ó÷ëè (4.62) è (5.9). Ïî àíàëîãèè ñ (5.12), (5.13) îòñþäà ïîëó÷àåì

J ′′N (ξ) 6 e−c0N |ξ|
2
(
eC

2
6N |ξ|4 − 1

)
, |ξ| 6 δ1.

Ñíà÷àëà ðàññìîòðèì ñëó÷àé, êîãäà |ξ| 6 N−1/4. Òîãäà C2
6N |ξ|4 6 C2

6 . Ïî àíàëîãèè ñ (5.14),
(5.15) ïðèõîäèì ê îöåíêå

J ′′N (ξ) 6 (eC
2
6 − 1)N |ξ|4e−c0N |ξ|2 6 C(4)

7 N−1 6 C(4)
7 N−1/2, |ξ| 6 min{N−1/4; δ1}. (5.20)

ñ ïîñòîÿííîé

C
(4)
7 = (eC

2
6 − 1) max

s>0
s2e−c0s = (eC

2
6 − 1)

( 2

ec0

)2
.

Â ñëó÷àå, êîãäà |ξ| > N−1/4, |ξ| 6 δ1, îöåíêè òðèâèàëüíû: êàæäûé ÷ëåí ïîä çíàêîì íîðìû
â (5.8) îöåíèâàåòñÿ ïî-îòäåëüíîñòè. Èìååì

(1− 〈g0ξ, ξ〉)N 6 (1− c0|ξ|2)N = eN log(1−c0|ξ|2) 6 e−c0N |ξ|
2
6 e−c0N

1/2
6 C(5)

7 N−1/2,

|ξ| > N−1/4, |ξ| 6 δ1,
(5.21)

ãäå

C
(5)
7 = max

s>0
se−c0s =

1

ec0
.

Àíàëîãè÷íî,

e−N〈g
0ξ,ξ〉 6 e−c0N |ξ|

2
6 e−c0N

1/2
6 C(5)

7 N−1/2, |ξ| > N−1/4, |ξ| 6 δ1. (5.22)

Èç (5.21) è (5.22) âûòåêàåò îöåíêà

J ′′N (ξ) 6 2C
(5)
7 N−1/2, |ξ| > N−1/4, |ξ| 6 δ1. (5.23)

Íåðàâåíñòâà (5.20) è (5.23) ïðèâîäÿò ê îöåíêå

J ′′N (ξ) 6 C ′′7N
−1/2, |ξ| 6 δ1, (5.24)

ñ ïîñòîÿííîé C ′′7 = max{C(4)
7 ; 2C

(5)
7 }.

Êîìáèíèðóÿ (5.6), (5.19) è (5.24), ïîëó÷àåì èñêîìîå íåðàâåíñòâî (5.5) ñ ïîñòîÿííîé C7 =
C ′7 + C ′′7 . �
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Òåïåðü èç (5.3) è ëåììû 5.1 ñëåäóåò íåðàâåíñòâî∥∥∥S(ξ)NF (ξ)− e−N〈g0ξ,ξ〉F (ξ)
∥∥∥
L2(Ω)→L2(Ω)

6 C7N
−1/2, |ξ| 6 δ1, N ∈ N. (5.25)

Äàëåå, èç ëåììû 4.2 è (4.61) âûòåêàåò, ÷òî∥∥∥e−N〈g0ξ,ξ〉(F (ξ)− P )
∥∥∥
L2(Ω)→L2(Ω)

6 C4|ξ|e−c0N |ξ|
2
6 C8N

−1/2, |ξ| 6 δ1, N ∈ N, (5.26)

ãäå

C8 = C4 max
s>0

se−c0s
2

= C4(2ec0)−1/2.

Íåðàâåíñòâà (5.25) è (5.26) äàþò ñëåäóþùèé ðåçóëüòàò.

Ëåììà 5.2. Ñïðàâåäëèâà îöåíêà∥∥∥S(ξ)NF (ξ)− e−N〈g0ξ,ξ〉P
∥∥∥
L2(Ω)→L2(Ω)

6 (C7 + C8)N−1/2, |ξ| 6 δ1, N ∈ N. (5.27)

Ïîñòîÿííàÿ (C7 + C8) êîíòðîëèðóåòñÿ â òåðìèíàõ âåëè÷èí µ−, µ+, M1(a), M2(a), M3(a),
Cπ(a),M(a).

5.2. Ïðèáëèæåíèå ê îïåðàòîðó S(ξ)N .

Ëåììà 5.3. Ïîëîæèì

δ2 := min
{
δ1;

ρ

2 (C4 + C1(1 + C4δ1))

}
. (5.28)

Ñïðàâåäëèâà îöåíêà

‖S(ξ)(I − F (ξ))‖L2(Ω)→L2(Ω) 6 1− ρ

2
, |ξ| 6 δ2. (5.29)

Äîêàçàòåëüñòâî. Î÷åâèäíî,

S(ξ)(I − F (ξ)) = S(0)(I − P ) + S(0)(P − F (ξ)) + (S(ξ)− S(0))(I − F (ξ)).

Ïóñòü |ξ| 6 δ1. Â ñèëó (3.1) íîðìà ïåðâîãî ñëàãàåìîãî ñïðàâà íå ïðåâîñõîäèò 1−ρ. Èç ëåììû 4.2
è îöåíêè ‖S(0)‖ 6 1 ñëåäóåò, ÷òî íîðìà âòîðîãî ñëàãàåìîãî îöåíèâàåòñÿ ÷åðåç C4|ξ|. Ïðèìåíÿÿ
ëåììû 3.4 è 4.2, ïîëó÷àåì îöåíêó òðåòüåãî ñëàãàåìîãî:

‖(S(ξ)−S(0))(I−F (ξ))‖ 6 C1|ξ|‖I−P+P−F (ξ)‖ 6 C1|ξ|(1+C4|ξ|) 6 C1(1+C4δ1)|ξ|, |ξ| 6 δ1.

Â èòîãå ïðèõîäèì ê îöåíêå

‖S(ξ)(I − F (ξ))‖L2(Ω)→L2(Ω) 6 1− ρ+ (C4 + C1(1 + C4δ1)) |ξ|, |ξ| 6 δ1.

Çà ñ÷åò (5.28) ïðè |ξ| 6 δ2 ïîñëåäíåå ñëàãàåìîå ñïðàâà íå ïðåâîñõîäèò ρ/2, à ïîòîìó âûïîëíåíà
îöåíêà (5.29). �

Èç (5.29) ñëåäóåò îöåíêà

‖S(ξ)N (I − F (ξ))‖L2(Ω)→L2(Ω) 6
(

1− ρ

2

)N
6 e−Nρ/2 6 C9N

−1/2, |ξ| 6 δ2, N ∈ N, (5.30)

ãäå

C9 = max
s>0

se−ρs
2/2 = (eρ)−1/2.

Â èòîãå, èç (5.27) è (5.30) âûòåêàåò ñëåäóþùèé ðåçóëüòàò.

Ëåììà 5.4. Ñïðàâåäëèâà îöåíêà∥∥∥S(ξ)N − e−N〈g0ξ,ξ〉P
∥∥∥
L2(Ω)→L2(Ω)

6 (C7 + C8 + C9)N−1/2, |ξ| 6 δ2, N ∈ N. (5.31)

Ïîñòîÿííàÿ (C7+C8+C9) êîíòðîëèðóåòñÿ â òåðìèíàõ âåëè÷èí µ−, µ+,M1(a),M2(a),M3(a),
Cπ(a),M(a).
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Ïðè |ξ| > δ2 îöåíêè òðèâèàëüíû: êàæäûé ÷ëåí ïîä çíàêîì íîðìû â (5.31) îöåíèâàåòñÿ
ïî-îòäåëüíîñòè. Â ñèëó (3.6) èìååì

‖S(ξ)‖L2(Ω)→L2(Ω) 6 e
−µ−C(a)δ22 , ξ ∈ Ω̃, |ξ| > δ2.

Ñëåäîâàòåëüíî,∥∥S(ξ)N
∥∥
L2(Ω)→L2(Ω)

6 e−µ−C(a)δ22N 6 C10N
−1/2, ξ ∈ Ω̃, |ξ| > δ2, N ∈ N, (5.32)

ãäå

C10 = max
s>0

se−µ−C(a)δ22s
2

= (2eµ−C(a)δ2
2)−1/2.

Àíàëîãè÷íî,

e−N〈g
0ξ,ξ〉 6 e−c0δ

2
2N 6 C11N

−1/2, ξ ∈ Ω̃, |ξ| > δ2, N ∈ N, (5.33)

ãäå

C11 = max
s>0

se−c0δ
2
2s

2
= (2ec0δ

2
2)−1/2.

Èç (5.32) è (5.33) âûòåêàåò íåðàâåíñòâî∥∥∥S(ξ)N − e−N〈g0ξ,ξ〉P
∥∥∥
L2(Ω)→L2(Ω)

6 (C10 + C11)N−1/2, ξ ∈ Ω̃, |ξ| > δ2, N ∈ N.

Âìåñòå ñ (5.31) ýòî âëå÷åò ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 5.5. Ñïðàâåäëèâà îöåíêà∥∥∥S(ξ)N − e−N〈g0ξ,ξ〉P
∥∥∥
L2(Ω)→L2(Ω)

6 C12N
−1/2, ξ ∈ Ω̃, N ∈ N, (5.34)

ñ ïîñòîÿííîé

C12 = max{C7 + C8 + C9;C10 + C11}.
Ïîñòîÿííàÿ C12 êîíòðîëèðóåòñÿ â òåðìèíàõ âåëè÷èí d, µ−, µ+, M1(a), M2(a), M3(a),M(a),
Cr(a)(a), Cπ(a).

5.3. Ïðèáëèæåíèå â òåðìèíàõ ýôôåêòèâíîãî îïåðàòîðà. Ââåäåì ýôôåêòèâíûé

îïåðàòîð � ñàìîñîïðÿæåííûé ýëëèïòè÷åñêèé äèôôåðåíöèàëüíûé îïåðàòîð âòîðîãî ïîðÿäêà
ñ ïîñòîÿííûìè êîýôôèöèåíòàìè â L2(Rd):

A0 :=
d∑

j,l=1

g0
jlDjDl = −div g0∇, DomA0 = H2(Rd). (5.35)

Ïðè ýòîì ýôôåêòèâíàÿ ìàòðèöà g0 � (d × d)-ìàòðèöà ñ ýëåìåíòàìè g0
jl, ãäå êîýôôèöèåíòû

g0
jl, j, l = 1, . . . , d, îïðåäåëåíû â (4.60). Âûïîëíåíà îöåíêà (4.61), òåì ñàìûì ìàòðèöà g0

ïîëîæèòåëüíî îïðåäåëåíà.
Ñ ïîìîùüþ óíèòàðíîãî ïðåîáðàçîâàíèÿ Ãåëüôàíäà îïåðàòîð A0 ðàñêëàäûâàåòñÿ â ïðÿìîé

èíòåãðàë:

A0 = G∗
(∫

Ω̃
⊕A0(ξ) dξ

)
G. (5.36)

Çäåñü A0(ξ) � ñàìîñîïðÿæåííûé îïåðàòîð â ïðîñòðàíñòâå L2(Ω), çàäàííûé âûðàæåíèåì

A0(ξ) = (D + ξ)∗g0(D + ξ), DomA0(ξ) = H̃2(Ω).

Ïðîñòðàíñòâî H̃2(Ω) îïðåäåëÿåòñÿ êàê ïîäïðîñòðàíñòâî â H2(Ω), ñîñòîÿùåå èç ôóíêöèé, Zd-
ïåðèîäè÷åñêîå ïðîäîëæåíèå êîòîðûõ íà Rd ïðèíàäëåæèò êëàññó H2

loc(Rd). Ðàâåíñòâî (5.36)

îçíà÷àåò ñëåäóþùåå. Ïóñòü u ∈ DomA0 = H2(Rd) è v = A0u. Òîãäà Gu(ξ, ·) ∈ DomA0(ξ) =

H̃2(Ω) è Gv(ξ, ·) = A0(ξ)Gu(ξ, ·), ξ ∈ Ω̃.
Î÷åâèäíî, âûïîëíåíî ðàâåíñòâî

A0(ξ)P = 〈g0ξ, ξ〉P, ξ ∈ Ω̃.
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Ïîýòîìó îöåíêó (5.34) ìîæíî ïåðåïèñàòü â âèäå∥∥∥S(ξ)N − e−NA0(ξ)P
∥∥∥
L2(Ω)→L2(Ω)

6 C12N
−1/2, ξ ∈ Ω̃, N ∈ N. (5.37)

Ñ ïîìîùüþ äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ôóðüå èìååì∥∥∥e−NA0(ξ)(I − P )
∥∥∥
L2(Ω)→L2(Ω)

= sup
0 6=n∈Zd

e−N〈g
0(2πn+ξ),2πn+ξ〉 6 e−c0π

2N , ξ ∈ Ω̃, N ∈ N.

Ìû ó÷ëè (4.61) è î÷åâèäíîå íåðàâåíñòâî |2πn+ξ| > π ïðè ξ ∈ Ω̃ è 0 6= n ∈ Zd. Ñëåäîâàòåëüíî,∥∥∥e−NA0(ξ)(I − P )
∥∥∥
L2(Ω)→L2(Ω)

6 C13N
−1/2, ξ ∈ Ω̃, N ∈ N, (5.38)

ãäå

C13 = max
s>0

se−c0π
2s2 = (2ec0π

2)−1/2.

Â èòîãå, íåðàâåíñòâà (5.37) è (5.38) äàþò ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 5.6. Ñïðàâåäëèâà îöåíêà∥∥∥S(ξ)N − e−NA0(ξ)
∥∥∥
L2(Ω)→L2(Ω)

6 C14N
−1/2, ξ ∈ Ω̃, N ∈ N,

ñ ïîñòîÿííîé C14 = C12 + C13. Ïîñòîÿííàÿ C14 êîíòðîëèðóåòñÿ â òåðìèíàõ âåëè÷èí d, µ−,
µ+, M1(a), M2(a), M3(a),M(a), Cr(a)(a), Cπ(a).

Â ñèëó ðàçëîæåíèé îïåðàòîðîâ S è A0 â ïðÿìûå èíòåãðàëû (ñì. (2.9), (5.36)) èç òåîðåìû 5.6
âûòåêàåò ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 5.7. Ñïðàâåäëèâà îöåíêà∥∥∥SN − e−NA0
∥∥∥
L2(Rd)→L2(Rd)

6 C14N
−1/2, N ∈ N. (5.39)

Ïîñòîÿííàÿ C14 êîíòðîëèðóåòñÿ â òåðìèíàõ âåëè÷èí µ−, µ+, M1(a), M2(a), M3(a), M(a),
Cr(a)(a), Cπ(a).

Èç ýòîé òåîðåìû è èç ñâîéñòâ îïåðàòîðà S(σ) âûâîäèì ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 5.8. Ïóñòü N ∈ N è 0 6 σ < 1. Ñïðàâåäëèâà îöåíêà∥∥∥S(σ)SN − e−(N+σ)A0
∥∥∥
L2(Rd)→L2(Rd)

6 C15N
−1/2. (5.40)

Ïîñòîÿííàÿ C15 êîíòðîëèðóåòñÿ â òåðìèíàõ âåëè÷èí d, µ−, µ+, M1(a), M2(a), M3(a),M(a),
Cr(a)(a), Cπ(a).

Äîêàçàòåëüñòâî. Ñ ó÷åòîì (2.3) èç (5.39) ñëåäóåò, ÷òî∥∥∥S(σ)SN − S(σ)e−NA0
∥∥∥
L2(Rd)→L2(Rd)

6 C14N
−1/2, N ∈ N. (5.41)

Î÷åâèäíî, ÷òî∥∥∥S(σ)e−NA0 − e−(N+σ)A0
∥∥∥
L2(Rd)→L2(Rd)

6
∥∥∥(S(σ)− I)e−NA0

∥∥∥
L2(Rd)→L2(Rd)

+
∥∥∥e−NA0 − e−(N+σ)A0

∥∥∥
L2(Rd)→L2(Rd)

.
(5.42)

Âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè (5.42) ëåãêî îöåíèòü, èñïîëüçóÿ ïðåîáðàçîâàíèå Ôóðüå:∥∥∥e−NA0 − e−(N+σ)A0
∥∥∥
L2(Rd)→L2(Rd)

= sup
ξ∈Rd

∣∣∣e−N〈g0ξ,ξ〉(1− e−σ〈g0ξ,ξ〉)∣∣∣
6 sup

ξ∈Rd
〈g0ξ, ξ〉e−N〈g0ξ,ξ〉 6 (eN)−1 6

1

e
N−1/2.

(5.43)
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Ìû âîñïîëüçîâàëèñü íåðàâåíñòâîì 0 6 1 − e−t 6 t ïðè t > 0, à òàêæå ñîîòíîøåíèåì
maxs>0 se

−s = e−1.
Â ñèëó ðàçëîæåíèé îïåðàòîðîâ S(σ) è A0 â ïðÿìûå èíòåãðàëû (ñì. (2.8), (5.36)) ïåðâîå

ñëàãàåìîå â ïðàâîé ÷àñòè (5.42) ïðåäñòàâëÿåòñÿ â âèäå∥∥∥(S(σ)− I)e−NA0
∥∥∥
L2(Rd)→L2(Rd)

= sup
ξ∈Ω̃

∥∥∥(S(σ, ξ)− I)e−NA0(ξ)
∥∥∥
L2(Ω)→L2(Ω)

. (5.44)

Ñ ó÷åòîì (2.7) èìååì:∥∥∥(S(σ, ξ)− I)e−NA0(ξ)
∥∥∥
L2(Ω)→L2(Ω)

6 2‖e−NA0(ξ)(I − P )‖L2(Ω)→L2(Ω)

+
∥∥∥(S(σ, ξ)− I)e−NA0(ξ)P

∥∥∥
L2(Ω)→L2(Ω)

.

Â ñèëó (5.38) ïåðâîå ñëàãàåìîå ñïðàâà íå ïðåâîñõîäèò 2C13N
−1/2. Âòîðîå ñëàãàåìîå ïåðåïèøåì

â âèäå ∥∥∥(S(σ, ξ)− I)e−NA0(ξ)P
∥∥∥
L2(Ω)→L2(Ω)

= ‖(S(σ, ξ)− I)P‖L2(Ω)→L2(Ω)e
−N〈g0ξ,ξ〉.

Ïîñêîëüêó S(σ,0)P = P , èñïîëüçóÿ (3.7), ïîëó÷àåì:∥∥∥(S(σ, ξ)− I)e−NA0(ξ)P
∥∥∥
L2(Ω)→L2(Ω)

6 C1|ξ|e−c0N |ξ|
2
6 C ′15N

−1/2,

ãäå

C ′15 = C1 max
s>0

se−c0s
2

= C1(2ec0)−1/2.

Â èòîãå, ñ ó÷åòîì (5.44) ïðèõîäèì ê íåðàâåíñòâó∥∥∥(S(σ)− I)e−NA0
∥∥∥
L2(Rd)→L2(Rd)

6 (2C13 + C ′15)N−1/2.

Âìåñòå ñ (5.42) è (5.43) ýòî äàåò∥∥∥S(σ)e−NA0 − e−(N+σ)A0
∥∥∥
L2(Rd)→L2(Rd)

6 (2C13 + C ′15 + e−1)N−1/2. (5.45)

Íåðàâåíñòâà (5.41) è (5.45) ïðèâîäÿò ê èñêîìîé îöåíêå (5.40) ñ ïîñòîÿííîé C15 = C14 +
2C13 + C ′15 + e−1. �

Î÷åâèäíî, ïðè N ∈ N âûïîëíåíî
√
N + 2 6

√
3N , à ïîòîìó ëåâàÿ ÷àñòü (5.40) äîïóñêàåò

òàêæå îöåíêó ÷åðåç
√

3C15(N + 2)−1/2. Ïðè N = 0 ëåâàÿ ÷àñòü (5.40) íå ïðåâîñõîäèò 2 =

2
√

2(N + 2)−1/2. Ñëåäîâàòåëüíî,∥∥∥S(σ)SN − e−(N+σ)A0
∥∥∥
L2(Rd)→L2(Rd)

6 C0(N + 2)−1/2, N ∈ Z+, 0 6 σ < 1,

ãäå C0 = max{2
√

2;
√

3C15}.
Âñïîìèíàÿ ñîîòíîøåíèå (2.4), ñôîðìóëèðóåì ïîëó÷åííûé ðåçóëüòàò êàê â òåðìèíàõ

ðàçðåøàþùèõ îïåðàòîðîâ, òàê è íà ÿçûêå ðåøåíèé çàäà÷è Êîøè.

Òåîðåìà 5.9. Ïóñòü âûïîëíåíû óñëîâèÿ (1.2)�(1.4) è óñëîâèå M3(a) < ∞. Ïóñòü S(t) �

ðàçðåøàþùèé îïåðàòîð çàäà÷è (2.1). Ïóñòü A0 � ýôôåêòèâíûé îïåðàòîð, îïðåäåëåííûé â

(5.35). Ñïðàâåäëèâà îöåíêà∥∥∥S(t)− e−tA0
∥∥∥
L2(Rd)→L2(Rd)

6
C0

(t+ 1)1/2
, t ∈ R+. (5.46)
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Ðàâíîñèëüíàÿ ôîðìóëèðîâêà: Ïóñòü u(x, t) � ðåøåíèå çàäà÷è Êîøè (2.1) ñ íà÷àëüíûì

äàííûì ϕ ∈ L2(Rd). Ïóñòü u0(x, t) � ðåøåíèå óñðåäíåííîé çàäà÷è Êîøè

∂u0(x, t)

∂t
= div g0∇u0(x, t), x ∈ Rd, t ∈ R+;

u0(x, 0) = ϕ(x), x ∈ Rd.
(5.47)

Òîãäà âûïîëíåíà îöåíêà

‖u(·, t)− u0(·, t)‖L2(Rd) 6
C0

(t+ 1)1/2
‖ϕ‖L2(Rd), t > 0.

Ïîñòîÿííàÿ C0 êîíòðîëèðóåòñÿ â òåðìèíàõ âåëè÷èí d, µ−, µ+, M1(a), M2(a), M3(a),M(a),
Cr(a)(a), Cπ(a).

� 6. Óñðåäíåíèå ðåøåíèÿ çàäà÷è Êîøè

ñ áûñòðî îñöèëëèðóþùèìè êîýôôèöèåíòàìè

6.1. Îñíîâíûå ðåçóëüòàòû. Ïðåäïîëàãàÿ âûïîëíåííûìè óñëîâèÿ (1.2)�(1.4), ðàññìîòðèì
ñåìåéñòâî íåëîêàëüíûõ îïåðàòîðîâ â L2(Rd), çàäàííûõ ïî ïðàâèëó

Aε(t)u(x) := ε−d−2

∫
Rd

a((x−y)/ε)µ(x/ε,y/ε, t/ε2)(u(x)−u(y)) dy, x ∈ Rd, u ∈ L2(Rd), ε > 0.

Ïóñòü ýôôåêòèâíûé îïåðàòîð A0 â L2(Rd) îïðåäåëåí â (5.35). Íàïîìíèì, ÷òî ýôôåêòèâíàÿ
ìàòðèöà g0 � ýòî ìàòðèöà ñ ýëåìåíòàìè g0

jl, j, l = 1, . . . , d, îïðåäåëåííûìè â (4.60).

Ïóñòü uε(x, t) � ðåøåíèå çàäà÷è Êîøè

∂uε(x, t)

∂t
= −Aε(t)uε(x, t), x ∈ Rd, t ∈ R+;

uε(x, 0) = ϕ(x), x ∈ Rd,
(6.1)

ãäå ϕ ∈ L2(Rd). Ïóñòü Sε(t) � ðàçðåøàþùèé îïåðàòîð, ñîïîñòàâëÿþùèé íà÷àëüíîìó äàííîìó
ϕ ∈ L2(Rd) çíà÷åíèå ðåøåíèÿ â òî÷êå t:

Sε(t)ϕ = uε(·, t).

Èç òåîðåìû 5.9 ñ ïîìîùüþ ìàñøòàáíîãî ïðåîáðàçîâàíèÿ âûâîäèòñÿ íàø îñíîâíîé ðåçóëüòàò.
Ìû ïðèâîäèì ôîðìóëèðîâêó êàê â òåðìèíàõ ðàçðåøàþùåãî îïåðàòîðà, òàê è â òåðìèíàõ
ðåøåíèÿ çàäà÷è Êîøè.

Òåîðåìà 6.1. Ïóñòü âûïîëíåíû óñëîâèÿ (1.2)�(1.4) è M3(a) < ∞. Ïóñòü Sε(t) �

ðàçðåøàþùèé îïåðàòîð çàäà÷è (6.1). Òîãäà âûïîëíåíà îöåíêà∥∥∥Sε(t)− e−A0t
∥∥∥
L2(Rd)→L2(Rd)

6
C0ε

(t+ ε2)1/2
, t > 0, ε > 0. (6.2)

Ðàâíîñèëüíàÿ ôîðìóëèðîâêà: Ïóñòü uε(x, t) � ðåøåíèå çàäà÷è Êîøè (6.1) ñ íà÷àëüíûì

äàííûì ϕ ∈ L2(Rd). Ïóñòü u0(x, t) � ðåøåíèå óñðåäíåííîé çàäà÷è Êîøè (5.47). Òîãäà
ñïðàâåäëèâà îöåíêà

‖uε(·, t)− u0(·, t)‖L2(Rd) 6
C0ε

(t+ ε2)1/2
‖ϕ‖L2(Rd), t > 0, ε > 0.

Ïîñòîÿííàÿ C0 êîíòðîëèðóåòñÿ ÷åðåç ñëåäóþùèå âåëè÷èíû: µ−, µ+, M1(a), M2(a), M3(a),
M(a), Cπ(a), Cr(a)(a).
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Äîêàçàòåëüñòâî. Ââåäåì ìàñøòàáíîå ïðåîáðàçîâàíèå (ñåìåéñòâî óíèòàðíûõ îïåðàòîðîâ):

Tεu(x) := εd/2u(εx), x ∈ Rd, u ∈ L2(Rd), ε > 0.

Íåòðóäíî ïðîâåðèòü ðàâåíñòâî

Aε(t) = ε−2T ∗εA(t/ε2)Tε, ε > 0.

Îòñþäà ëåãêî âûâîäèòñÿ ñîîòíîøåíèå

Sε(t) = T ∗ε S(t/ε2)Tε, ε > 0, t ∈ R+. (6.3)

Äëÿ ýôôåêòèâíîãî îïåðàòîðà òàêæå âûïîëíåíî òîæäåñòâî

A0 = ε−2T ∗εA0Tε, ε > 0,

èç êîòîðîãî ñëåäóåò, ÷òî

e−A
0t = T ∗ε e

−A0t/ε2Tε, ε > 0, t ∈ R+. (6.4)

Â ñèëó óíèòàðíîñòè îïåðàòîðà Tε èç (6.3) è (6.4) âûòåêàåò ðàâåíñòâî∥∥∥Sε(t)− e−tA0
∥∥∥
L2(Rd)→L2(Rd)

=
∥∥∥S(t/ε2)− e−A0t/ε2

∥∥∥
L2(Rd)→L2(Rd)

.

Îòñþäà è èç (5.46) ñëåäóåò èñêîìîå íåðàâåíñòâî (6.2). �

6.2. Çàäà÷à Êîøè äëÿ íåîäíîðîäíîãî óðàâíåíèÿ. Ïóñòü zε ∈ C([0, T ];L2(Rd)) � ðåøåíèå
çàäà÷è Êîøè

∂zε(x, t)

∂t
= −Aε(t)zε(x, t) + F (x, t), x ∈ Rd, t ∈ (0, T );

zε(x, 0) = ϕ(x), x ∈ Rd,
(6.5)

ãäå ϕ ∈ L2(Rd), F ∈ L1((0, T );L2(Rd)). Ðåøåíèå ñóùåñòâóåò è åäèíñòâåííî â ñèëó òåîðåìû 7.10.
Èñïîëüçóÿ òåîðåìó 6.1, ïîëó÷èì àïïðîêñèìàöèþ ðåøåíèÿ çàäà÷è (6.5).
Ïóñòü τ > 0. Îáîçíà÷èì ÷åðåç Sε(t, τ) ðàçðåøàþùèé îïåðàòîð çàäà÷è

∂vε(x, t; τ)

∂t
= −Aε(t)vε(x, t; τ), x ∈ Rd, t > τ ;

vε(x, τ ; τ) = ϕ(x), x ∈ Rd.

Îïåðàòîð Sε(t, τ) äåéñòâóåò ïî ïðàâèëó

Sε(t, τ)ϕ = vε(·, t; τ).

Çàìåòèì, ÷òî Sε(t) = Sε(t, 0). Ñ ó÷åòîì ïåðèîäè÷íîñòè êîýôôèöèåíòà µ ïî âðåìåíè ÿñíî, ÷òî
äëÿ îïåðàòîðà Sε(t, τ) âûïîëíåí àíàëîã îöåíêè (6.2):∥∥∥Sε(t, τ)− e−A0(t−τ)

∥∥∥
L2(Rd)→L2(Rd)

6
C0ε

(t− τ + ε2)1/2
, t > τ, ε > 0. (6.6)

Ëåãêî ïðîâåðèòü, ÷òî ðåøåíèå zε çàäà÷è (6.5) äîïóñêàåò ïðåäñòàâëåíèå

zε(·, t) = Sε(t)ϕ+

t∫
0

Sε(t, τ)F (·, τ) dτ. (6.7)

Òåîðåìà 6.2. Ïóñòü zε(x, t) � ðåøåíèå çàäà÷è (6.5) ïðè ϕ ∈ L2(Rd) è F ∈ Lq((0, T );L2(Rd)),
1 < q 6∞. Ïóñòü z0(x, t) � ðåøåíèå óñðåäíåííîé çàäà÷è

∂z0(x, t)

∂t
= div g0∇z0(x, t) + F (x, t), x ∈ Rd, t ∈ (0, T );

z0(x, 0) = ϕ(x), x ∈ Rd.
(6.8)
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Òîãäà âûïîëíåíà îöåíêà

‖zε(·, t)− z0(·, t)‖L2(Rd) 6
C0ε

(t+ ε2)1/2
‖ϕ‖L2(Rd) + C0σq(t, ε)‖F‖Lq((0,t);L2(Rd)), t ∈ [0, T ], ε > 0.

(6.9)
Çäåñü

σq(t, ε) =


cqε

2−2/q, 1 < q < 2,

ε
(
ln(1 + t/ε2)

)1/2
, q = 2,

cqt
1/2−1/qε, 2 < q 6∞,

cq = |1− q′/2|−1/q′ ïðè q 6= 2, 1/q + 1/q′ = 1.

Äîêàçàòåëüñòâî. Ðåøåíèå z0 çàäà÷è (6.8) äîïóñêàåò ïðåäñòàâëåíèå

z0(·, t) = e−A
0tϕ+

∫ t

0
e−A

0(t−τ)F (·, τ) dτ. (6.10)

Èç ïðåäñòàâëåíèé (6.7), (6.10) è îöåíîê (6.2), (6.6) âûòåêàåò íåðàâåíñòâî

‖zε(·, t)− z0(·, t)‖L2(Rd) 6
C0ε

(t+ ε2)1/2
‖ϕ‖L2(Rd)

+

∫ t

0

C0ε

(t− τ + ε2)1/2
‖F (·, τ)‖L2(Rd) dτ, t ∈ [0, T ], ε > 0.

(6.11)

Åñëè q =∞, òî∫ t

0

C0ε

(t− τ + ε2)1/2
‖F (·, τ)‖L2(Rd) dτ

6 2C0ε((t+ ε2)1/2 − ε)‖F‖L∞((0,t);L2(Rd)) 6 2C0εt
1/2‖F‖L∞((0,t);L2(Rd)), q =∞.

(6.12)

Åñëè 1 < q <∞, âîñïîëüçóåìñÿ íåðàâåíñòâîì Ã¼ëüäåðà:∫ t

0

C0ε

(t− τ + ε2)1/2
‖F (·, τ)‖L2(Rd) dτ

6 C0ε

(∫ t

0
(t− τ + ε2)−q

′/2 dτ

)1/q′ (∫ t

0
‖F (·, τ)‖q

L2(Rd)
dτ

)1/q

.

Çäåñü 1/q + 1/q′ = 1. Ïðè q = 2 âûïîëíåíî q′ = 2 è(∫ t

0
(t−τ+ε2)−q

′/2 dτ

)1/q′

=

(∫ t

0
(t−τ+ε2)−1 dτ

)1/2

=
(
ln(t+ ε2)− ln ε2

)1/2
=
(
ln(1 + t/ε2)

)1/2
.

Ñëåäîâàòåëüíî,∫ t

0

C0ε

(t− τ + ε2)1/2
‖F (·, τ)‖L2(Rd) dτ 6 C0ε

(
ln(1 + t/ε2)

)1/2 ‖F‖L2((0,t);L2(Rd), q = 2. (6.13)

Åñëè 0 < q < 2, òî q′ > 2 è(∫ t

0
(t− τ + ε2)−q

′/2 dτ

)1/q′

= (q′/2− 1)−1/q′
(
ε2−q′ − (t+ ε2)1−q′/2

)1/q′

6 (q′/2− 1)−1/q′ε2/q′−1 = (q′/2− 1)−1/q′ε1−2/q.

Ïîýòîìó∫ t

0

C0ε

(t− τ + ε2)1/2
‖F (·, τ)‖L2(Rd) dτ 6 C0cqε

2−2/q‖F‖Lq((0,t);L2(Rd), 1 < q < 2, (6.14)
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ãäå cq = (q′/2− 1)−1/q′ . Íàêîíåö, åñëè 2 < q <∞, òî q′ < 2 è(∫ t

0
(t− τ + ε2)−q

′/2

)1/q′

= (1− q′/2)−1/q′
(

(t+ ε2)1−q′/2 − ε2−q′
)1/q′

6 (1− q′/2)−1/q′t1/q
′−1/2 = (1− q′/2)−1/q′t1/2−1/q.

Ñëåäîâàòåëüíî,∫ t

0

C0ε

(t− τ + ε2)1/2
‖F (·, τ)‖L2(Rd) dτ 6 C0cqt

1/2−1/qε‖F‖Lq((0,t);L2(Rd), 2 < q <∞, (6.15)

ãäå cq = (1− q′/2)−1/q′ .
Ñîïîñòàâëÿÿ (6.11)�(6.15), ïðèõîäèì ê èñêîìîìó íåðàâåíñòâó (6.9). �

6.3. Àïïðîêñèìàöèÿ ðåøåíèÿ â êëàññå Lq((0, T );L2(Rd)). Ïðåäïîëîæèì òåïåðü, ÷òî
0 < T < ∞ è 1 6 q < ∞. Ïðèìåíÿÿ òåîðåìó 6.1, ìîæíî îöåíèòü íîðìó ðàçíîñòè
‖zε − z0‖Lq((0,T );L2(Rd)).

Òåîðåìà 6.3. Ïóñòü zε(x, t) � ðåøåíèå çàäà÷è (6.5) ïðè ϕ ∈ L2(Rd) è F ∈ Lq((0, T );L2(Rd)),
1 6 q <∞. Ïóñòü z0(x, t) � ðåøåíèå óñðåäíåííîé çàäà÷è (6.8). Òîãäà âûïîëíåíà îöåíêà

‖zε(·, t)− z0(·, t)‖Lq((0,T );L2(Rd)) 6 C0ε
(
θ(q, ε, T )‖ϕ‖L2(Rd) + 2

√
T‖F‖Lq((0,T );L2(Rd))

)
, ε > 0.

(6.16)
Çäåñü

θ(q, ε, T ) =


cq′T

1/q−1/2, 1 6 q < 2,(
ln(1 + T/ε2)

)1/2
, q = 2,

cq′ε
2/q−1, 2 < q <∞,

cq′ = |1− q/2|−1/q ïðè q 6= 2.

Äîêàçàòåëüñòâî. Èç îöåíêè (6.11) âûòåêàåò íåðàâåíñòâî

‖zε(·, t)− z0(·, t)‖Lq((0,T );L2(Rd)) 6 C0ε‖ϕ‖L2(Rd)Iq(ε;T )1/q + C0ε

(∫ T

0
L(ε, t;F )q dt

)1/q

, (6.17)

ïðè t ∈ [0, T ] è ε > 0, ãäå

Iq(ε;T ) :=

∫ T

0

dt

(t+ ε2)q/2
, L(ε, t;F ) :=

∫ t

0
(t− τ + ε2)−1/2‖F (·, τ)‖L2(Rd) dτ.

Îöåíèâàÿ èíòåãðàë Iq(ε;T ), ïîëó÷àåì

Iq(ε;T )1/q 6 θ(q, ε, T ). (6.18)

Îöåíèì òåïåðü âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè (6.17). Â ñëó÷àå q = 1, ìåíÿÿ ïîðÿäîê
èíòåãðèðîâàíèÿ, èìååì∫ T

0
L(ε, t;F ) dt =

∫ T

0
dt

∫ t

0
dτ(t− τ + ε2)−1/2‖F (·, τ)‖L2(Rd)

=

∫ T

0
dτ‖F (·, τ)‖L2(Rd)

∫ T

τ
dt (t− τ + ε2)−1/2.

Îöåíèâàÿ âíóòðåííèé èíòåãðàë ÷åðåç 2
√
T , ïîëó÷àåì∫ T

0
L(ε, t;F ) dt 6 2

√
T‖F‖L1((0,T );L2(Rd)).

Â ñëó÷àå, êîãäà 1 < q <∞, ïðèìåíèì íåðàâåíñòâî Ã¼ëüäåðà:

L(ε, t;F ) 6
(∫ t

0
(t− τ + ε2)−1/2 dτ

)1/q′(∫ t

0
(t− τ + ε2)−1/2‖F (·, τ)‖q

L2(Rd)
dτ
)1/q

.
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Èíòåãðàë â ïåðâîé ñêîáêå íå ïðåâîñõîäèò 2
√
T . Ñëåäîâàòåëüíî,∫ T

0
L(ε, t;F )q dt = (2

√
T )q/q

′
∫ T

0
dt

∫ t

0
dτ(t− τ + ε2)−1/2‖F (·, τ)‖q

L2(Rd)

= (2
√
T )q/q

′
∫ T

0
dτ‖F (·, τ)‖q

L2(Rd)

∫ T

τ
dt (t− τ + ε2)−1/2

6 (2
√
T )q/q

′+1

∫ T

0
dτ‖F (·, τ)‖q

L2(Rd)
.

Â èòîãå, ïðè âñåõ 1 6 q <∞ óñòàíîâëåíî íåðàâåíñòâî(∫ T

0
L(ε, t;F )q dt

)1/q

6 2
√
T‖F‖Lq((0,T );L2(Rd)). (6.19)

Òåïåðü èç (6.17), (6.18) è (6.19) âûòåêàåò èñêîìîå íåðàâåíñòâî (6.16). �

Â îöåíêå (6.16) êîýôôèöèåíò ïðè ‖F‖Lq((0,T );L2(Rd)) åñòü O(ε), à êîýôôèöèåíò ïðè ‖ϕ‖L2(Rd)

åñòü O(ε) ïðè 1 6 q < 2, O(ε| ln ε|1/2) ïðè q = 2 è O(ε2/q) ïðè 2 < q <∞.

6.4. Çàêëþ÷èòåëüíûå çàìå÷àíèÿ. 1. Òåîðåìà 6.1 ñîõðàíÿåò ñèëó, åñëè ðåøåòêó ïåðèîäîâ
Zd çàìåíèòü íà ïðîèçâîëüíóþ ðåøåòêó â Rd. Òîãäà ïîñòîÿííûå â îöåíêàõ áóäóò çàâèñåòü íå
òîëüêî îò êîýôôèöèåíòîâ a è µ, íî è îò ïàðàìåòðîâ ðåøåòêè.
2. Åñëè â óñëîâèÿõ òåîðåìû 6.1 çàìåíèòü óñëîâèå M3(a) <∞ óñëîâèåì∫

Rd

|x|ka(x) dx <∞,

ãäå 2 < k < 3, òî âûïîëíåíà îöåíêà∥∥∥Sε(t)− e−A0t
∥∥∥
L2(Rd)→L2(Rd)

6 C(k)

(
ε

(t+ ε2)1/2

)k−2

, t > 0, ε > 0.

� 7. Ïðèëîæåíèå

7.1. Ëåììû Øóðà è Àäàìàðà. Çäåñü ïðèâîäÿòñÿ íåêîòîðûå õîðîøî èçâåñòíûå
óòâåðæäåíèÿ. Íà÷íåì ñ ïðîñòåéøåãî âàðèàíòà ëåììû Øóðà.

Ëåììà 7.1. (Ëåììà Øóðà) Ïóñòü (X , dρ), (Y, dτ) � ñåïàðàáåëüíûå èçìåðèìûå

ïðîñòðàíñòâà ñ σ-êîíå÷íûìè ìåðàìè; B : L2(Y, dτ) → L2(X , dρ) � ëèíåéíûé èíòåãðàëüíûé

îïåðàòîð ñ ÿäðîì b(x, y), x ∈ X , y ∈ Y. Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ

α := ρ-sup
x∈X

∫
Y

|b(x, y)| dτ(y) < +∞,

β := τ -sup
y∈Y

∫
X

|b(x, y)| dρ(x) < +∞.

Òîãäà îïåðàòîð B îãðàíè÷åí è ñïðàâåäëèâà îöåíêà ‖B‖ 6 (αβ)1/2.

Îáîçíà÷èì, êàê è âûøå, Ω := [0, 1)d, à òàêæå ∆ := [−1, 1]d. Ñëåäóþùèé ðåçóëüòàò ïðîâåðåí
â [21, ñëåäñòâèå 4.2].

Ëåììà 7.2. Äëÿ ëþáûõ ôóíêöèé ϕ ∈ L1(∆), ψ ∈ L∞(Ω×Ω) îïåðàòîð, çàäàííûé ðàâåíñòâîì

Bu(x) :=

∫
Ω

ϕ(x− y)ψ(x,y)u(y)dy, x ∈ Ω, u ∈ L2(Ω),

ÿâëÿåòñÿ êîìïàêòíûì îïåðàòîðîì èç L2(Ω) â L2(Ω), è óäîâëåòâîðÿåò îöåíêå

‖B‖ 6 ‖ϕ‖L1(∆)‖ψ‖L∞(Ω×Ω).
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Äàëåå, ìû ïðèâåäåì óäîáíûé äëÿ íàñ âàðèàíò ëåììû Àäàìàðà.

Ëåììà 7.3. (Ëåììà Àäàìàðà) 1◦. Ïóñòü ôóíêöèÿ f(x), x ∈ Rd, äâàæäû íåïðåðûâíî

äèôôåðåíöèðóåìà. Òîãäà ñïðàâåäëèâî ïðåäñòàâëåíèå

f(y) = f(0) +

d∑
i=1

yi∂if(0) +

d∑
i=1

d∑
j=1

yiyj

1∫
0

ds1 s1

1∫
0

ds2 ∂i∂jf(s1s2y), y ∈ Rd.

2◦. Ïóñòü ôóíêöèÿ f(x), x ∈ Rd, òðèæäû íåïðåðûâíî äèôôåðåíöèðóåìà. Òîãäà ñïðàâåäëèâî

ïðåäñòàâëåíèå

f(y) = f(0) +

d∑
i=1

yi∂if(0) +
1

2

d∑
i=1

d∑
j=1

yiyj∂i∂jf(0)+

+
d∑
i=1

d∑
j=1

d∑
k=1

yiyjyk

1∫
0

ds1s
2
1

1∫
0

ds2 s2

1∫
0

ds3 ∂i∂j∂kf(s1s2s3y), y ∈ Rd.

7.2. Ëåììà Ãðîíóîëëà. Ìû èñïîëüçóåì ðàçëè÷íûå âàðèàíòû èçâåñòíîé ëåììû Ãðîíóîëëà.
Äëÿ óäîáñòâà ïðèâîäèì çäåñü ôîðìóëèðîâêè è äîêàçàòåëüñòâà ýòèõ ëåìì.

Ëåììà 7.4. Ïóñòü f(t) � äèôôåðåíöèðóåìàÿ ôóíêöèÿ íà R+, f(t) > 0 è ïðè íåêîòîðîì

λ ∈ R âûïîëíåíî íåðàâåíñòâî

df(t)

dt
6 λf(t), t ∈ R+. (7.1)

Òîãäà

f(t) 6 f(0)eλt, t ∈ R+.

Äîêàçàòåëüñòâî. Èç (7.1) ñëåäóåò, ÷òî

d

dt

(
f(t)e−λt

)
=
(df(t)

dt
− λf(t)

)
e−λt 6 0, t ∈ R+.

Ñëåäîâàòåëüíî, ôóíêöèÿ f(t)e−λt � ìîíîòîííî íåâîçðàñòàþùàÿ, à ïîòîìó

f(t)e−λt 6 f(0), t ∈ R+.

�

Ëåììà 7.5. Ïóñòü íåîòðèöàòåëüíàÿ ôóíêöèÿ f(t) íà [0, T ] óäîâëåòâîðÿåò íåðàâåíñòâó

f(t) 6 c1 + c2

t∫
0

f(s) ds, t ∈ [0, T ], (7.2)

ñ íåêîòîðûìè êîíñòàíòàìè c1, c2 > 0. Òîãäà

f(t) 6 c1e
c2t, t ∈ [0, T ]. (7.3)

Äîêàçàòåëüñòâî. Ïåðåïèøåì íåðàâåíñòâî (7.2) â âèäå

c2f(t)

c1 + c2

∫ t
0 f(s) ds

6 c2.

Ëåâàÿ ÷àñòü ðàâíà ïðîèçâîäíîé d
dt log(c1 + c2

∫ t
0 f(s) ds). Èíòåãðèðóÿ ïîñëåäíåå íåðàâåíñòâî,

ïîëó÷àåì

log
(
c1 + c2

∫ t

0
f(s) ds

)
− log c1 6 c2t.
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Ñëåäîâàòåëüíî,

c1 + c2

∫ t

0
f(s) ds 6 c1e

c2t.

Âìåñòå ñ (7.2) ýòî âëå÷åò èñêîìîå íåðàâåíñòâî (7.3). �

7.3. Ðàçðåøèìîñòü çàäà÷è Êîøè äëÿ àáñòðàêòíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ.
Ïóñòü H � ñåïàðàáåëüíîå êîìïëåêñíîå ãèëüáåðòîâî ïðîñòðàíñòâî. Ïóñòü çàäàíî ñåìåéñòâî
îãðàíè÷åííûõ îïåðàòîðîâ A(t) â ïðîñòðàíñòâå H, èçìåðèìûõ ïî ïàðàìåòðó t ∈ [0, T ], ïðè÷åì
A(·) ∈ L∞((0, T );B(H)), òî åñòü,

‖A(·)‖∞ := ess sup
t∈(0,T )

‖A(t)‖H→H <∞. (7.4)

Ïóñòü ôóíêöèÿ u ∈ C([0, T ];H) ÿâëÿåòñÿ ñëàáûì ðåøåíèåì ñëåäóþùåé çàäà÷è Êîøè äëÿ
ïàðàáîëè÷åñêîãî óðàâíåíèÿ:

du(t)

dt
= −A(t)u(t) + f(t), u(0) = ϕ, (7.5)

ãäå ϕ ∈ H, f ∈ L1((0, T );H). Ýòî îçíà÷àåò, ÷òî ïðè âñÿêîì v ∈ H ôóíêöèÿ (u(t), v)H àáñîëþòíî
íåïðåðûâíà ïî t ∈ [0, T ] è âûïîëíåíî

d(u(t), v)H
dt

= (−A(t)u(t) + f(t), v)H ïðè ï.â. t ∈ (0, T ), (u(0), v)H = (ϕ, v)H. (7.6)

Ïîêàæåì, ÷òî ñëàáîå ðåøåíèå îäíîâðåìåííî ÿâëÿåòñÿ è ñèëüíûì ðåøåíèåì.

Ëåììà 7.6. Ïóñòü âûïîëíåíî óñëîâèå (7.4). Ïóñòü u ∈ C([0, T ];H) � ñëàáîå ðåøåíèå çàäà÷è

(7.5). Òîãäà ïðè ïî÷òè âñåõ t ∈ [0, T ] âûïîëíåíî

lim
∆t→0

∥∥∥u(t+ ∆t)− u(t)

∆t
− (−A(t)u(t) + f(t))

∥∥∥
H

= 0. (7.7)

Èíûìè ñëîâàìè, ïðè ïî÷òè âñåõ t ∈ [0, T ] ñóùåñòâóåò ïðîèçâîäíàÿ
du(t)
dt , ïîíèìàåìàÿ êàê

ïðåäåë ðàçíîñòíîãî îòíîøåíèÿ
u(t+∆t)−u(t)

∆t ïðè ∆t→ 0 ïî íîðìå â H, è âûïîëíåíî óðàâíåíèå
èç (7.5).

Äîêàçàòåëüñòâî. Äëÿ óäîáñòâà áóäåì ñ÷èòàòü, ÷òî f(t) � ôèêñèðîâàííûé ïðåäñòàâèòåëü
ýëåìåíòà f ∈ L1((0, T );H), à A(t) � ôèêñèðîâàííûé ïðåäñòàâèòåëü ýëåìåíòà A(·) ∈
L∞((0, T );B(H)). Ïóñòü L = {hn}n∈N � ñ÷åòíîå ïëîòíîå ìíîæåñòâî â H. Äëÿ êàæäîãî hn ∈ L
ðàññìîòðèì ôóíêöèþ

Hn(t) :=

t∫
0

‖ −A(τ)u(τ) + f(τ)− hn‖H dτ.

Ïî òåîðåìå Ëåáåãà (î äèôôåðåíöèðîâàíèè èíòåãðàëà îò ñóììèðóåìîé ôóíêöèè ïî âåðõíåìó
ïðåäåëó) ôóíêöèÿ Hn(t) äèôôåðåíöèðóåìà ïî÷òè âñþäó: ñóùåñòâóåò èçìåðèìîå ìíîæåñòâî
Bn ⊂ [0, T ] òàêîå, ÷òî mesBn = 0 è ïðè t ∈ [0, T ] \Bn âûïîëíåíî

dHn(t)

dt
= lim

∆t→0

1

∆t

t+∆t∫
t

‖ −A(τ)u(τ) + f(τ)− hn‖H dτ = ‖ −A(t)u(t) + f(t)− hn‖H. (7.8)
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Ïîëîæèì B :=
⋃
n∈NBn. Òîãäà mesB = 0. Äëÿ ïðîèçâîëüíîãî h ∈ H è t ∈ [0, T ] \B èìååì:∣∣∣ 1

∆t

∫ t+∆t

t
‖ −A(τ)u(τ) + f(τ)− h‖H dτ − ‖ −A(t)u(t) + f(t)− h‖H

∣∣∣
6
∣∣∣ 1

∆t

∫ t+∆t

t
(‖ −A(τ)u(τ) + f(τ)− h‖H − ‖ −A(τ)u(τ) + f(τ)− hn‖H) dτ

∣∣∣
+
∣∣∣‖ −A(t)u(t) + f(t)− h‖H − ‖ −A(t)u(t) + f(t)− hn‖H

∣∣∣
+
∣∣∣ 1

∆t

∫ t+∆t

t
‖ −A(τ)u(τ) + f(τ)− hn‖H dτ − ‖ −A(t)u(t) + f(t)− hn‖H

∣∣∣
6 2‖h− hn‖H +

∣∣∣ 1

∆t

∫ t+∆t

t
‖ −A(τ)u(τ) + f(τ)− hn‖H dτ − ‖ −A(t)u(t) + f(t)− hn‖H

∣∣∣.
(7.9)

Ìû âîñïîëüçîâàëèñü íåðàâåíñòâîì òðåóãîëüíèêà (äëÿ ÷èñåë), à çàòåì íåðàâåíñòâîì âèäà
|‖a‖ − ‖b‖| 6 ‖a − b‖. Çàäàäèìñÿ ÷èñëîì ε > 0. Â ñèëó ïëîòíîñòè ìíîæåñòâà L äëÿ äàííîãî
h ∈ H íàéäåòñÿ ýëåìåíò hn òàêîé, ÷òî 2‖h− hn‖H < ε

2 . Òåïåðü ôèêñèðóåì n. Â ñèëó (7.8) ïðè
êàæäîì t ∈ [0, T ] \ B íàéäåòñÿ ÷èñëî δ = δ(h, t, ε) òàêîå, ÷òî ïîñëåäíèé ÷ëåí â (7.9) ìåíüøå
ε/2 ïðè |∆t| < δ.
Â èòîãå ìû äîêàçàëè, ÷òî ïðè t ∈ [0, T ] \B è ïðè âñåõ h ∈ H âûïîëíåíî

lim
∆t→0

1

∆t

∫ t+∆t

t
‖ −A(τ)u(τ) + f(τ)− h‖H dτ = ‖ −A(t)u(t) + f(t)− h‖H.

Âûáèðàÿ çäåñü h = −A(t)u(t) + f(t) (ïðè ôèêñèðîâàííîì t ∈ [0, T ] \B) ïîëó÷àåì

lim
∆t→0

1

∆t

∫ t+∆t

t
‖ −A(τ)u(τ) + f(τ)− (−A(t)u(t) + f(t))‖H dτ = 0. (7.10)

Ðàññìîòðèì òåïåðü âåëè÷èíó ïîä çíàêîì ïðåäåëà â (7.7). Èìååì:∥∥∥u(t+ ∆t)− u(t)

∆t
− (−A(t)u(t) + f(t))

∥∥∥
H

= sup
v∈H:‖v‖=1

∣∣∣ 1

∆t
(u(t+ ∆t)− u(t), v)H − (−A(t)u(t) + f(t), v)H

∣∣∣
= sup

v∈H:‖v‖=1

∣∣∣ 1

∆t

∫ t+∆t

t
(−A(τ)u(τ) + f(τ), v)H dτ −

1

∆t

∫ t+∆t

t
(−A(t)u(t) + f(t), v)H dτ

∣∣∣.
(7.11)

Ìû âîñïîëüçîâàëèñü òåì, ÷òî u(t) � ñëàáîå ðåøåíèå çàäà÷è (7.5). Èç (7.11) ñëåäóåò îöåíêà∥∥∥u(t+ ∆t)− u(t)

∆t
− (−A(t)u(t) + f(t))

∥∥∥
H

6
∣∣∣ 1

∆t

∫ t+∆t

t
‖ −A(τ)u(τ) + f(τ)− (−A(t)u(t) + f(t))‖H dτ

∣∣∣.
Îòñþäà ñ ó÷åòîì (7.10) âûòåêàåò èñêîìîå ñîîòíîøåíèå (7.7). �

Óñòàíîâèì òåïåðü ñóùåñòâîâàíèå ðåøåíèÿ.

Òåîðåìà 7.7. Ïóñòü âûïîëíåíî óñëîâèå (7.4). Òîãäà ïðè ëþáûõ ϕ ∈ H è f ∈ L1((0, T );H)
ñóùåñòâóåò ðåøåíèå çàäà÷è (7.5), óäîâëåòâîðÿþùåå îöåíêå

‖u‖C([0,T ];H) 6 exp(T‖A(·)‖∞)
(
‖ϕ‖H + ‖f‖L1((0,T );H)

)
. (7.12)
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Äîêàçàòåëüñòâî. Â áàíàõîâîì ïðîñòðàíñòâå C([0, T ];H) ðàññìîòðèì îïåðàòîð L, çàäàííûé
ñîîòíîøåíèåì

(Lu)(t) =

t∫
0

A(τ)u(τ) dτ.

Î÷åâèäíî,

‖(Lu)(t)‖H 6 T‖A(·)‖∞‖u‖C([0,T ];H), t ∈ [0, T ].

Äàëåå, èìååì

‖(Lu)(t2)− (Lu)(t1)‖H 6 |t2 − t1|‖A(·)‖∞‖u‖C([0,T ];H).

Ñëåäîâàòåëüíî, ôóíêöèÿ (Lu)(t) ëèïøèöåâà ïî t ∈ [0, T ] ñî çíà÷åíèÿìè â H. Òàêèì îáðàçîì,
L � íåïðåðûâíûé îïåðàòîð â C([0, T ];H), ïðè÷åì

‖L‖C([0,T ];H)→C([0,T ];H) 6 T‖A(·)‖∞.

Ðàññìîòðèì îïåðàòîð Ln:

(Lnu)(t) =

t∫
0

dτ1

τ1∫
0

dτ2 · · ·
τn−1∫
0

dτnA(τ1)A(τ2) · · ·A(τn)u(τn).

Î÷åâèäíî, ñïðàâåäëèâà îöåíêà

‖(Lnu)(t)‖H 6 ‖A(·)‖n∞‖u‖C([0,T ];H)

t∫
0

dτ1

τ1∫
0

dτ2 · · ·
τn−1∫
0

dτn =
tn

n!
‖A(·)‖n∞‖u‖C([0,T ];H)

ïðè âñåõ t ∈ (0, T ), îòêóäà ïîëó÷àåì

‖Ln‖C([0,T ];H)→C([0,T ];H) 6
Tn

n!
‖A(·)‖n∞.

Ñëåäîâàòåëüíî, ðÿä
∑∞

n=0(−1)nLn ñõîäèòñÿ ïî îïåðàòîðíîé íîðìå, åãî ñóììà åñòü (I + L)−1,
ïðè÷åì âûïîëíåíà îöåíêà

‖(I + L)−1‖C([0,T ];H)→C([0,T ];H) 6
∞∑
n=0

Tn

n!
‖A(·)‖n∞ = exp(T‖A(·)‖∞). (7.13)

Íåòðóäíî âèäåòü, ÷òî çàäà÷à (7.5) ðàâíîñèëüíà óðàâíåíèþ

u(t) = ϕ− (Lu)(t) + F (t), t ∈ [0, T ],

ãäå

F (t) :=

t∫
0

f(τ) dτ.

Îòìåòèì, ÷òî F ∈ C([0, T ];H) â ñèëó àáñîëþòíîé íåïðåðûâíîñòè èíòåãðàëà Ëåáåãà. Òåì
ñàìûì, çàäà÷à (7.5) ðàâíîñèëüíà óðàâíåíèþ

(I + L)u = ϕ+ F

äëÿ èñêîìîé ôóíêöèè u ∈ C([0, T ];H). Ýòî óðàâíåíèå èìååò ðåøåíèå u = (I + L)−1(ϕ + F ).
Îöåíêà (7.12) âûòåêàåò èç (7.13). �

Òåîðåìà 7.8. Ïóñòü âûïîëíåíî óñëîâèå (7.4). Òîãäà ðåøåíèå çàäà÷è (7.5) åäèíñòâåííî.
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Äîêàçàòåëüñòâî. Ïóñòü u è ũ � ðåøåíèÿ çàäà÷è (7.5) ñ îäíèìè è òåìè æå ϕ è f(t). Òîãäà
u− ũ ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

d(u(t)− ũ(t))

dt
= −A(t)(u(t)− ũ(t)), u(0)− ũ(0) = 0. (7.14)

Çàäà÷à (7.14) ýêâèâàëåíòíà óðàâíåíèþ

u(t)− ũ(t) = −(L(u− ũ))(t).

Ýòî óðàâíåíèå èìååò òîëüêî íóëåâîå ðåøåíèå ââèäó ñóùåñòâîâàíèÿ ðåçîëüâåíòû (I+L)−1. �

Óñòàíîâèì òåïåðü ñâîéñòâà ðåøåíèÿ çàäà÷è (7.5) ïðè ðàçëè÷íûõ óñëîâèÿõ íà f(t).

Ëåììà 7.9. Ïóñòü âûïîëíåíî óñëîâèå (7.4). Ïóñòü u ∈ C([0, T ];H) � ðåøåíèå çàäà÷è (7.5).
1◦. Åñëè f ∈ L∞((0, T );H), òî ôóíêöèÿ u ÿâëÿåòñÿ ëèïøèöåâîé ïî t ∈ [0, T ] ñî çíà÷åíèÿìè
â H.
2◦. Åñëè f ∈ Lq((0, T );H), 1 < q < ∞, òî ôóíêöèÿ u ÿâëÿåòñÿ ã¼ëüäåðîâñêîé êëàññà C1/q′ ïî

t ∈ [0, T ] ñî çíà÷åíèÿìè â H. Çäåñü 1/q + 1/q′ = 1.

Äîêàçàòåëüñòâî. Ïóñòü v ∈ H è t1, t2 ∈ [0, T ], t1 < t2. Ïðîèíòåãðèðóåì óðàâíåíèå èç (7.6) ïî
èíòåðâàëó (t1, t2):

(u(t2), v)H − (u(t1), v)H =

t2∫
t1

(−A(t)u(t) + f(t), v)H dt.

Ñëåäîâàòåëüíî,

|(u(t2)− u(t1), v)H| 6
(
|t2 − t1|‖A(·)‖∞‖u‖C([0,T ];H) +

∫ t2

t1

‖f(t)‖H dt
)
‖v‖H.

Ïîñêîëüêó ýòî íåðàâåíñòâî âûïîëíåíî äëÿ ïðîèçâîëüíîãî v ∈ H, ïîëó÷àåì

‖u(t2)− u(t1)‖H 6 |t2 − t1|‖A(·)‖∞‖u‖C([0,T ];H) +

∫ t2

t1

‖f(t)‖H dt.

Ïîñêîëüêó â ñèëó íåðàâåíñòâà Ã¼ëüäåðà∫ t2

t1

‖f(t)‖H dt 6 |t2 − t1|1/q
′‖f‖Lq((0,T );H), 1 < q 6∞,

îòñþäà ñëåäóþò âñå óòâåðæäåíèÿ ëåììû. �

Îáúåäèíÿÿ ëåììû 7.6, 7.9 è òåîðåìû 7.7, 7.8, ïðèõîäèì ê îêîí÷àòåëüíîìó ðåçóëüòàòó.

Òåîðåìà 7.10. Ïóñòü âûïîëíåíî óñëîâèå (7.4). Òîãäà ïðè ëþáûõ ϕ ∈ H è f ∈ L1((0, T );H)
ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå u ∈ C([0, T ];H) çàäà÷è (7.5). Ïðè ïî÷òè âñåõ t ∈ [0, T ]

ðåøåíèå u(t) èìååò êëàññè÷åñêóþ ïðîèçâîäíóþ, ïðè÷åì
du(t)
dt ∈ L1((0, T );H) è âûïîëíåíî

óðàâíåíèå èç (7.5). Ñïðàâåäëèâà îöåíêà (7.12). Åñëè f ∈ L∞((0, T );H), òî u ∈ Lip([0, T ];H).

Åñëè f ∈ Lq((0, T );H), 1 < q <∞, òî u ∈ C1/q′([0, T ];H). Çäåñü 1/q + 1/q′ = 1.

Ïðåäïîëîæèì òåïåðü äîïîëíèòåëüíî, ÷òî ïðè âñåõ t ∈ [0, T ] îïåðàòîð A(t) íåîòðèöàòåëåí:

a(t)[u, u] := (A(t)u, u)H > 0, u ∈ H. (7.15)

Ëåììà 7.11. Ïóñòü âûïîëíåíû óñëîâèÿ (7.4) è (7.15). Ïóñòü u � ðåøåíèå çàäà÷è (7.5)
ïðè f(t) = 0. Òîãäà ‖u(t)‖2H ÿâëÿåòñÿ ìîíîòîííî íåâîçðàñòàþùåé àáñîëþòíî íåïðåðûâíîé

ôóíêöèåé îò t ∈ [0, T ]. Â ÷àñòíîñòè, âûïîëíåíî íåðàâåíñòâî

‖u(t)‖H 6 ‖ϕ‖H, t ∈ [0, T ].
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Äîêàçàòåëüñòâî. Äîìíîæàÿ óðàâíåíèå â (7.5) (ïðè f(t) = 0) ñêàëÿðíî íà u(t), ïðè ïî÷òè âñåõ
t ∈ (0, T ) ïîëó÷àåì (du(t)

dt
, u(t)

)
H

= −a(t)[u(t), u(t)],(
u(t),

du(t)

dt

)
H

= −a(t)[u(t), u(t)].

Ñ ó÷åòîì óñëîâèÿ (7.15) îòñþäà ñëåäóåò, ÷òî ïðè ïî÷òè âñåõ t ∈ (0, T ) âûïîëíåíî

d

dt
‖u(t)‖2H =

(du(t)

dt
, u(t)

)
H

+
(
u(t),

du(t)

dt

)
H

= −2a(t)[u(t), u(t)] 6 0.

�

Çàìå÷àíèå 7.12. Åñëè âûïîëíåíû óñëîâèÿ (7.4) è (7.15), à îïåðàòîð A(t) çàäàí ïðè âñåõ

t ∈ R+, ïðè÷åì A(·) ∈ L∞(R+;B(H)), òî ðåøåíèå çàäà÷è (7.5) ïðè f(t) = 0 ñóùåñòâóåò íà

ëþáîì ïðîìåæóòêå [0, T ], à òîãäà è íà R+. Ïðè ýòîì

‖u(t)‖H 6 ‖ϕ‖H, t ∈ R+.
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