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Abstract.

Let A’ be a DN map of a genus m’ surface (M’, ¢’) with boundary I'. Introduce
the Schottky double X’ of (M’, ¢’) and denote by £(X') the length of the shortest
closed geodesics in the hyperbolic metrics on X’. We prove that £(X') is small if
A is close in B(H'(I'; R); Lo(T;R)) to the DN map A of some surface (M, g) of
lower genus m < m’ with the same boundary T":

N = A= LX) —0.
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1 Introduction

Let (M, g) be an orientable surface (smooth two-dimensional Riemannian
manifold) of genus with boundary (I'; dl) (we assume that I is diffeomorphic
to a circle while the length element induced by the metric g on I' coincides
with dl). Introduce the Laplace-Beltrami operator A, and denote by u/ the
harmonic extension of f € C*°(I';R) into (M, g). Let v be a unit outward
normal on I". The Dirichlet-to-Neumann map (DN map) A of (M, g) is given
by Af := d,u’|r. It is well-known that DN map A is an order 1 pseudo-
differentaional operator and A ~ |0,| modulo smoothing operator, where 0,
is the differentiation with respect to the length along I'. In particular, A can
be extended to a continuous operator acting from H'(T';R) to Lo(T;R). It
worth noting that the difference A — A’ of any two DN maps of surfaces with
common boundary (T',dl) is a smoothing operator (see [2|); in particular,
A — A acts continuously from Ly(T;R) to any Sobolev space H'(T'; R).

Let (M’, ¢') be another surface with boundary (I, dl’), Laplace-Beltrami
operator Ay, and DN-map A’ : f +— 9,u'/|r, where '/ is the harmonic
extension of f' € C*°(I';R) into (M’,¢’) and v/ is the exterior normal. If
there is a confromal diffeomorphism 8 : M — M’ p*¢" = pg, then the
harmonic functions and DN-maps of (M, g) and (M’', ¢') are connected via
B uf] = and

/ 1 1 x
AN=p \/ﬁ/\ﬁ ; (1)
where §*u' ;= u' o  is a precomposition. In particular, A’ = A if (I, dl') =
(I, dl) and B does not move points of I'. The well-known result of Lassas and
Uhlmann [1] states that the converse is also true, i.e., the equalities I' = T”
and A’ = A imply the existence of conformal diffeomorphism S between
(M, g) and (M’ ¢’) that does not move the points of IT'.

In [4], it is shown that the topology of a surface is unstable under small
perturbations of its DN map. Namely, by cutting small holes in the surface
and then attaching small handles or Mobius strips to the hole boundaries,
one can obtain a surface whose DN map is arbitrarily close (in the operator
norm) to the DN map of the original surface. Note that one cannot lower
the genus of the surface or make orientable surface from a non-orientable
one without significant perturbation of its DN map (this fact is a immediate
corollary of ) For some other results on the stability /instability of the
surface topology under a small perturbation of the DN map we refer the
reader to Propositions 5.5, 6.2 and Theorem 6.3, [5].
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This note addresses the question of whether the converse is true, namely,
whether the closeness of the DN map A’ of a topologically perturbed surface
(M’ ¢') to the DN map A of the original surface (M, ¢g) implies that all “extra”
handles on (M’, ¢') are effectively separated by small closed curves from the
“exterior” part of the surface. However, the DN map does not change if one
enlarges small handles by multiplying the surface metric ¢’ by a conformal
factor which is large on the “extra” handles and equal to one on the boundary.
Thus, to make the above discussion correct, the length of closed curves on
M’ should be defined in some “canonical” metric h’ belonging to the same
conformal class [¢] as the original metric ¢’ on M’.

The most natural choice is the hyperbolic metric on M’ which is the metric
h' € [¢'] of constant scalar curvature K’ = —1 on M’ such that the boundary
OM’ =T is a geodesic curve on (M’ h’). This metric can be constructed as
follows. As a rule, we assume that M’ is endowed with the complex structure
associated with the conformal class [¢'] and the choice of the orientation on
M'. By attaching to M’ its copy endowed with the opposite orientation, one
obtains the Schottky double X' of M’ which is the Riemann surface endowed
with the antiholomorphic involution 7" that interchanges the points of the
original and copy in such a way that X’/7" =2 M’ and OM’ coincides with
the set of fixed points of 7. On such X', there is the (unique) hyperbolic
metric (that is, the metric of constant scalar curvature —1 compatible with
the complex structure on X’). Thus, 7*h’ = I/, i.e. the involution 7/ is an
isometry on (X', h’). Due to the last symmetry, a geodesic curve on (X', h’)
starting from any point OM’ with the same tangent vector as dM’, does not
leave OM’. So, the OM’ is geodesic and b’ = h'|y), is the hyperbolic metric
on M' C X'.

The length spectrum of M’ (resp., X’) is a collection of lengths of all
closed geodesics (corresponding to the hyperbolic metric) on M’ (resp., on
X"). Denote by £L(M') (resp., by £(X")) the infimum of the length spectrum
of M’ (resp., X'), i.e., the length of shortest geodesics on M’ (resp., X’) in
hyperbolic metric.

The main result of this note is the following statement.

Proposition 1. Let (M,g) be a surface of genus m with boundary (T',dl)
(diffeomorphic to a circle) and DN map A. Let {(Mjy, gs)}s be a sequence of
surfaces of genera gen(My) = m’ > m with the same boundary (T, dl) and DN
maps As. Denote by X and X, the doubles of (M, g) and (M, g5), endowed
with the corresponding antiholomorphic involutions T and Ts, respectively.



Then the convergence ||As — Al priryr,riry) — 0 implies L(X) — 0.

In the particular case m’ = 1, m = 0, Proposition 1| is proved in |7] by
the use of explicit expressions for b-period matrices of X in terms of the
DN-maps A provided by the results of [6].

The remaining part of this note is devoted to the proof of Proposition [I}

2 Proof of Proposition

Preliminaries

Hilbert transform and defect operator. Let 0 ! be an integration op-
erator on I' which is inverse to 0, on the space 0,C°(I'; R) and vanishes
on constants. Introduce the Hilbert transform H of (M,g) by H = 8;1/\.
This operator admits the following interpretation in terms of the complex
structure on M. Recall that the conformal class of the metric g and the
choice of orientation determine the structure of Riemann surface (complex
atlas) on M in such a way that the boundary I" is smooth and the Cauchy-
Riemann (CR) equations on M take the form d3w = xdRw, where x is a
Hodge operator. In what follows, we assume that the pair of vectors (9,, 0,)
is positively oriented; then the restriction of the CR equations on I' is of
the form 0,37 = ARn, 0,0y = —ASn, where n = w|p. Integration of
these equations yield S = HRn + const, (H?> + I)Rn = const. Thus, the
Hilbert transform is the operator relating the real and imaginary parts of
boundary traces of holomorphic functions on the surface. From follows
the conformal invariance of the Hilbert transform,

H'f = B*"'Hf* f modulo constants. (2)
Introduce the defect operator ® = H? + I. Note that
H? +1~08,"0,|0;"0,] +1~0
is a smoothing operator; in particular, (H* + I)Ly(T;R) € C*(T;R). In
what follows, it is more convenient to consider ® as a continuous operator

acting on the quotient space C'(I'; R) := C(I'; R) /R endowed with the norm

Il f + const|r := mlgxf — mrin f.
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The important fact is the following connection
dimd,DC>(T;R) = dimDC(T; R) = 2gen(M). (3)

between the topology of a surface and its defect operator established by
Belishev [3].

Quasiconformal mappings. Let X and X’ be Riemann surfaces and  :
X — X'’ be a homeomorphism between them. Let z be a holomorphic
coordinate of x € X while 2’ be a holomorphic coordinate of 5(z). The map
3 is called quasiconformal (QC) if, for any choice z and 2/, the (distributional)
derivatives 0z2', 0,z' are square integrable on their domain D C C and the
ratio

=
/'I’(Z> = 8 Z/

(called the Beltrami quotient) obeys ||u|| .. (x.c) < ¢ for some ¢ < 1. Note
that |u(z)| = |u(x)| is independent on the choice of coordinates z and z’.
The condition ||u||r. (x;cy < 1 means that 3 is orientation-preserving: if T
is a small counterclockwise circle (in local coordinates z) with the center at
%o, then wind(f o T, B(x¢)) = +1, see Lemma 6.1 in [8].

The ratio
T lpll e xic)

Kg =
L — ||pll oo (x:0)

is called the dilatation of 8. The composition with the biholomorphism does
not change the dilatation and Kpg .5, < K, Kg,, Kz-1 = Kp.

The QC map S between X and X’ minimizing the dilatation in a given
isotopy class is called the Teichmiiller map and it is well-known that it exists
and is unique [|9]. The Beltrami quotient of the Teichmiiller map is always
of the form

o(2)dz?
M) = g

where ¢(2)dz? is some holomorphic quadratic differential on X and k € (0, 1).
Moreover, K3 — 1 implies k& — 0. Note that the map 3 is smooth outside
the singularities of u (i.e., the zeroes of ¢).

The Teichmiiller space 7, consists of classes [(X, ¢)] of the pairs (X, ¢),
where X is a Riemann surface of genus g and ¢ : Xy — X is an orientation-
preserving diffeomorphism from some reference surface X, onto X (“a mark-



ing”), under the following equivalence: (Xi,¢1) ~ (Xo, ¢2) if there is a bi-
holomorphism 3 : X; — X, isotopic to ¢y 0 ¢;'. The Teichmiiller metric on
Tq is defined as

(X2, 601 (X, )] = 5 g,

where the minimum is taken over all QC maps § : X; — X, isotopic to
$2 0 ¢7'. Endowed with such a metric, 7T, is homeomorphic to an open unit
ball in C*~2. Introduce the moduli space M, consisting of classes [X] of
genus g Riemann surfaces X under the biholomorhic equivalence. The M,
is endowed with the quotient topology in which the map 7 : 7; — M, that
forgets the marking, 7([X, ¢]) := [X], is continuous.

If 0 is a complex atlas on X and k : Xy — X is any diffeomorphism, then
the surface X, equipped with the atlas il o s is biholomorphically equivalent
to X. In addition, if there is the biholomorphism 5 : X — X', then (X, ¢) ~
(X', B0 ¢). Now, let (Xo,p0) ~ (X1,¢1) and (X, ¢2) be marked Riemann
surfaces and 3, : X; — X, be a QC map isotopic to ¢y o ¢;'. Denote
by f3y the biholomorphism from X, onto X isotopic to ¢; o ¢5* and by iy
the complex atlas on X5. Then [X,] = [(Xo, s 0 ¢ho 0 ¢ *)] while the map
By = ¢oody oS0 is isotopic to identity and has the same dilatation as (3;,
Kps, = Kg,. As a corollary, if [Y;] — [X] in My and 7([(X, ¢)] = [X], then
Fhe]re are [(Xy, ¢r)] such that [(Xy, ¢r)] = (X, ¢)] in Ty and 7([(Xk, ¢x)]) =
Y.

So, if [X,] = [X] in M, then there are QC maps s : X — X, whose
Beltrami quotients p, obey s = k(s)¢s/|¢s|, where ¢, are holomorphic
quadratic differentials on X and k(s) — 0 as s — 0.

Step 1: Applying Mumford’s compactness theorem

Now we prove Proposition[I] Suppose the contrary £(X) # 0. Then one can
find a subsequence { (M, gs@ }: such that £( X)) > € > 0 for any [ (for sim-
plicity, in what follows we always assume that the subsequence {(Muy, gsq) 1
obeying the required property coincides with the original {(Mj, gs}s). Due
to the Mumford’s compactness theorem [10], the set of conformal classes of
surfaces admitting no closed geodesics (in the hyperbolic metrics) of lengths
less than € is compact in My (g = 2m/). Thus, passing to subsequences,
one can assume that [X!] — [X'] as s — oo in May,,,. Then, as shown

S

above, there are QC maps [ : X — X, whose Beltrami quotients u; obey
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s = k(s)os/|s|, where ¢, are nonzero holomorphic quadratic differentials
on X and k(s) = 0 as s — 0.

Let 2V ... 2(40=% be all zeroes of the quadratic differential ¢, counted
with their multiplicities. Since X is compact, one can assume, passing to the
sequences, that (%) — z(*) in X.

Next, introduce the maps 7, = 3;! o 7, 0 B, (where 7, are the antiholo-
morphic involutions on X;). Let us show that 7, do not converge to the
identity Id on X. Indeed, suppose the contrary and chose zy and a curve L
in X\{zo} with the winding number wind(L, zy) = 1. If 7y — Id uniformly
on X, then wind(7s o L, Ts(xo)) = 1 for large s. At the came time, each 7,
is orientation-reversing homeomorphism since 7, is antiholomorphic and S,
is QC. Therefore, wind(7s o L, xy) = —1 for any s. This contradiction shows
that there are ¢, € X obeying dist(gs, 75(¢s)) > const > 0 for all s (where
dist is, say, the geodesic distance in the hyperbolic metric on X). Since X
is compact, one can assume, passing to the subsequences, that ¢; — ¢, and
7s(qs) = q— in X. Then ¢, # q_.

Denote by I's the set {y € X | 75(y) = y}; then I'y is a smooth curve in X
and cutting X, along I'y yields two Riemann surfaces Xy ; with boundaries
conformally equivalent to (M, gs).

Step 2: Local replacement of quasiconformal mappings

In what follows, we write us; — w in C°(C;C) if any partial derivative (of
$§—00

any order [ = 0,1, ...) of us converge to the corresponding partial derivative
of v uniformly on each compact set in C. If f;, f are sections of some line
bundle L on the Riemann surface X and ) C X is a compact set, we write
fs e fin C*(Q; L) if fs e f uniformly with any number of derivatives

in any (independent of s) trivialization of L over Q.

Lemma 2. Let X be a Riemann surface, let z : U — C be a complex chart
on X, and let V be a domain in X such that V C U. Let {B,}2, be a family
of quasiconformal homeomorphisms s : X — X, from X onto Riemann
surfaces X whose Beltrami quotients i obey | e 0 in Lo(X;C) and

s — 0 in C°(X\V;C). Suppose that there is xo, € V and a sequence

S§—00

{zs,ys}22, such that x3 — o and ys = Bs(xs) € Xs. Then there is a family
{B.}52, of smooth diffeomorphisms . : X — X, obeying fi(xs) = ys and
whose Beltrami quotients ', obey p, — 0 in C*(X;C) and p|y7 = 0.

S5—00

8



Proof. Let U’ be a domain in X such that U’ € U and V C U’. Let also

k € C>(U;[0,4+00)) be a cut-off function equal to one on U’. Put fi,(z(x)) :=

k(x)ps(z(x)); then iy, — 0 in Loo(C;C) and in C*(C\z(V")). Introduce
S5—00

the solutions Bs to the Beltrami equations
8238 - ﬂsazés (4>

in C of the form B,(x) = z + G,(z) where G, belong to the Schwartz space
S(C;C). The method of construction of solutions to is as follows (see
[11]). Introduce the Beurling transform (2-dim Hilbert transform) IT by

E—z

Mu = F: ! (%) Fosel = c(Laglu,

where F,. ¢ is the 2-dim Fourier transform (then IT can be extended by
continuity to the operator I1 : H'(C;C) — H'(C;C) and II : L®(C;C) —
L>(C;C)). Then one can rewrite (4)) in the form

= fls + ﬂSHﬂS(l + H&qus) == (ﬂsn)kﬁs-
k=0

Note that the series in the right-hand side converge in Lo (C; C) for ||| (cio) <
land iy, — 0in Lo(C;C) implies 0z¢s — 0 in Lo (C;C). In addition,
S5—00 S5—00

we have 8,08, = 1+ 0,4, = 1 + T10:q,. Integration of the last two equations
provides the required solution s = 2+ @s(2) such that g — 0in L.(C;C).
5—00

Now, we observe that each BS admits smoothness increasing outside V.
Indeed, let V"’ be a small fixed neighborhood of V" and let xy € C*°(C; [0, +00))

be a cut-off function equal to zero on z(V) and to one outside z(V’). Note
that the commutator [0s, x| is the multiplication operator u + Yu, where y

is the smooth cut-off-function obeying suppx C supp(dsx). We have
9z(xGs) = x(0z — 1502)qs + [0z, X]Gs + Xf1s0-4s = Xfis + XGs + XfisO=Gs-
Since the system 0;Y = F' is elliptic, i.e., (the representation

Y = F ! EF.eY

E—z



is valid for 0), the estimate

Yl ciey < D10 || ey + 1Y 1 zacio))

is valid for all [ = 0,1,... (in the Fourier representation, it becomes the
obvious estimate |P(£,€)] < ¢(P)(1 + |€]') for any polynomial of degree
deg(P) <1). In particular, we have

IxGs [l 1 ese) < D ([Ix720:Gsl ey + IXGsll i)+
Flxisll resey + 166l Lo (i)

Since suppy NV = @, we have xji, — 0 in C®(C;C). Therefore, for
S§—00

sufficiently large s > s¢(l) one can get rid (by increasing the constant ¢(1))

the first term in the right-hand side of the last estimate. Thus, iterating

the last estimate and taking into account the convergences xjis; — 0 in
S$—00

C>(C;C) and gs = 0 in Loo(C;C) and the continuity of the embeddings

H'"%(D;C) c CY(D;C) (where D is a domain with compact closure in C),
one arrives at

XGs — 0in C*(C;C) (5)

5—00

note that v and V' chosen above are arbitrary).
X y
Recall the expression

/J, f,l = Mz
! L —Typg Of

for the composition of two quasiconformal maps (see, e.g., p.50, [12]). Due
to this expression, we have pz ,5-1 = 0 on B(U), ie., BS 0Bl U — Cis
a holomorphic chart on Xj.

Introduce the function

Blle) = (1= ) |2 + Bulws) = 2(3) | + xBa() =
—— [z(xs) (1) + cis(xs)] (1— %) + xds(2)

and denote by fi, := 93/, the corresponding Beltrami quotient. Then
the following properties are valid:

1. B; = (3, outside supp(1 — x);
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2. i, =0on z(V);
3. formula 1' and the convergence rs — =, in X imply &z@; — 0 and
S§—00
g, — 0in C*(C;C);
S—r00
4. in addition, B; is a diffeomorphism from U’ onto its image B; U);

5. we have 3(20) = Bs(s).
Now, introduce the family {£.}2°, of maps S, : X — X, by the rules
B, = P outside V', Bl = (Bs0 ;") 0 B, on U'.
Denote by p, the Beltrami quotient of 3.. Then the above properties imply:
1. B, is well-defined on X;
2.y, =0onV;

3. since the composition with holomorphic map does not change the ab-
solute value of Beltrami quotient, we have p, — 0in C°(U; KK™1')
S§—00

and, due to 1., in C=(X; KK');
4. Bl X — X, is a diffeomorphism;
5. B)(me) = s
Thus, the required family {3.}22, is constructed. O

Note that Lemma [2| can be easily generalized to the case of several do-
mains V' violating the C*°-convergence of us to zero on X and several se-
quences {z,}2%,. Due to Lemma [2| one can replace the family Techmiiller
maps (s : X — X, constructed above by the family of smooth diffeomor-
phisms . : X — X, obeying the following properties:

e the Beltrmi quotients /, of 3, obey u, — 0in C=(X; KK™1);
5—00

o B.(q+) = Bs(gs) and B.(q-) = Bs(7s(gs)), in particular, we have 3, o
7s 0 By(qy) = q-;

e 1/, =0 in the (independent of s) neighborhoods of ¢ and ¢*.
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Now, let {5¢,}*_, be a smooth partition of unity on X subordinate to a
finite complex atlas {2,, : U,, — C}*_, on X. Introduce the smooth metrics

M
hy = Z Bsm, Where g (zm) = 260 (2)|d2 + (2 dZm |2

m=1

and denote by i, the complex structures corresponding to the metrics g, and
the original orientation on X. Similarly, introduce the smooth conformal
metric

M
h = Z Rm, Where R, (2) = 50 (2)|d2m|?,
m=1
corresponding to the complex structure on X. In view of the above proper-
ties, we have

hy — hin C®(X,T*X @ T*X). (6)

§—00

Let 2’ be a holomorphic coordinate of the point f,(x). Then
Bom(2m) = 20 (7)]02' |02, |Hd2' |2

and, thus, the maps . : (X, ;) — X are biholomorphisms.

Without loss of generality, one can assume that each [, is the identity
on X, i.e., X, coincides with (X, 4s). Then, since f. constructed above are
smooth, the T'y are smooth curves in X. The cutting (X, hy) along I'y pro-
vides two conformal copies (X+ s, hs|x, ,) of (Ms,gs). The antiholomorphic
involutions 75 on Xy = (X, i) obey 75(q+) = ¢— for any s. There are two
complex charts z, : U, - C, z_. =2z, 0o7U_ — C on X such that ¢ € Uy,
24(q+) = 0 and 24 belong to any complex atlas L.

Step 3: Introducing Mandelstam variables

Let €5 be a harmonic function on (X\{q,, ¢_}, hs) admitting the asymptotics

eulw) = 3 g 4,0,
+

where x € CZ°(R; [0, +00)) is the cut-off function equal to one near the origin
and the remainder €, is smooth on the whole X and obeys £,(qy) = —E5(q-).
As it easy to see, Es(x) = Gs(z,q4+) — Gs(z,q-), where Gy is the Green
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function for the Laplace operator A on (X, h,). Since the involution 7, is
a conformal automorphism of (X, k), the function —&; o 75 obeys the same
conditions as &, whence u = &5 + £, o 75 is a harmonic (thus, a constant)
function on X obeying u(q+) = 0. Hence u = 0 and

€07y = —&,. (7)

In particular, —&(z) = E,(74(x)) = E(x) = 0 for z = 7,(x) € Ty, ie., E|r, =
0. This means that the restriction of €, on X, ; coincides with the Green
function GZ,(-,¢+) for the Dirichlet Laplacian on A(Dsi) on (X, helx,,)-
Due to the Zaremba’s normal derivative lemma, the exterior normal deriva-
tive of £&,|x, , = GP.(-, q+) is everywhere positive on 90X ;.

Similarly, let € be a harmonic function on (X\{q+,q-}, h) admitting the
asymptotics

k(| zx) 5
E(z) = 1 &
(0) = 7 Pl + £,
where +& is smooth on X and &(qy) = —&(¢_). Then &,(z) = G(z,qy) —
G(z,q-), where G is the Green function for the Laplace operator A on (X, h).
Since zx are holomorphic coordinates for X and each X, = (X, i), we
have

A& = A(s)és = f’
where

o) = 5 32~ 40,0552 ol

is independent of s, is smooth on X, and vanishes outside U,. Due to @,
one can consider A, as a small regular perturbation of the Laplacian A.
Then the standard results of the perturbation theory for elliptic equations
yield 3 3
Es e € in C*(X;C)
and, hence,
€s—E& — 0in C™(X;C). (8)

§—00

The above formula implies that the Hausdorff distance between the level sets
€ = (C and &; = C tends to zero while the critical points of £, converge to
those of €.
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Next, introduce the Abelian differentials of the third kind ws, = (1 +
i*xs)dEs on Xy = (X, 4s), where %, is the Hodge star operator on X. Simi-
larly, introduce the differential w = (1+ix)d€, where x is the Hodge operator
in X. Then the surface X,\{q:,q_} (resp., X\{q+,q¢_}) endowed with the
metric |w,|? (or |w|?) is isometric to some Mandelstam diagram which is a
surface obtained by gluing together a finite number of finite or semi-infinite
cylindrical surfaces; the isometry being provided by the map

XSSxH/IwS _Czlp)  (resp., XB:Ui—)/xw::C(:U]p)) (9)

(see |13]), where p is an arbitrarily fixed point of X\{q;,q_}. The metric
|lws|* (resp., |w|?) is flat outside of 2g zeroes (counted with multiplicities)
and the two poles ¢+ of ws (resp., w). Each level set of £, (except those
containing critical points of ;) is a finite collection of closed geodesic in the
metric |w,|?; the same is true for &, w. In particular, the curve Iy is geodesic
in the metric |w,|? and there is a metric neighborhood of T'y; which does not
contain the zeroes of w;.
Finally, convergence implies

ws—w — 0in C®(X;T7X). (10)

S§—00
Note that (7)) and the equality 7 xs = — %, 7 lead to
Trws = To (1 4 tks)dEs = (1 —ikg)d(Es 0 T) = —(1 —ixg)dEs = —t5.  (11)

Step 4: Proof of the existence of an anti-holomorphic
involution on X

For sufficiently large N, the neighborhood
My(Ng) ={x e X | £&(x) > No}
is free of zeroes of w. Due to (§)), the neighborhoods
I+ (No) ={z € X | £&(x) > No}

are free of zeroes of w, for sufficiently large s. Then coordinates @D with
p € I, (Np) provide the isometry from I1, (Ng) or II; 1 (Ny) onto semi-infinite
cylindrical surface T x (C, 4+00).
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Let N > Ny. Introduce the surfaces

XM ={zre X ||&(z)] <N}, XM .={zre X ||&x) <N}
2 and |w|?, respectively). Fix p, € 9X®)
and denote by p; s a point of XM closest to p (say, in the metric |w|?).
Convergence implies that p,  is unique for large s and p; s — p as
s — o0o. Let p_s = 75(pss), then Es(p_s) = —N and E(p_) = —N as
s — oo due to (8). Since the set {z € X | E(z) € [N — ¢, N + €|} is compact
one can assume, passing to the subsequences, that 3 lim p_ ; =: p_ in X;

S5—00
then &(p_) = lim &,(p_,) = —N, ie, p. € X,
S§—00
In the neighborhoods of boundaries 9.X™, 9X ™ of surfaces (X @™, |ws|?),

(X(N)7 |w|?), introduce the semi-geodesic coordinates X+ = (r, l) and Xis
(rys,lss), where

(endowed with the metrics |wy

rys = RG(x|prs) = N FEs(x), i, := ¢ (2|pss)mod2m;

ry = R((z|py) = £N F E(x), 1 = 3((x|p+)mod2m). (12)

Note that X4 and X ; also are semi-geodesic coordinates on (ITL(N), |w|?)
and (I, +(N), |ws|?), respectively. Coordinates obey

X o(1s(2)) = X3.5(2) (13)
due to . We identify the boundaries X, X with T x {£} by the

rules

OXM 32— (las, *) (E4(x) = £N),

(14)
OXM 52— (I, +)  (&(x) = £N).
In view of , we have
Xis(x) = Xi(z) in C°(I1L(No)\IIL(2N); R x T). (15)

Let x be a smooth cut-off function on X equal to one on the union of T (N —
¢) and to zero outside the union of I (Ny + €), where ¢y > 0. Introduce the
map

i XN x(N)

s

which is the identity outside I1L(Ny) and is given by the rule
Xas 01V (@) = (1= X(2))X,6(2) + X () X,(2)- (16)
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Then convergences and @ imply that the map i x5 XV g a
near-isometric diffeomorphism for large s,

hy = (iNY*hy — hin C°(XW T* XM @ 7* x V), (17)
By definition of EgN), one has
i, 4) = (e, £)  ((le, %) € T x {£)) (18)

(here identification rules ((14)) are applied).

Denote by ALY and A®™) the DN maps of the surfaces (XS(N), hs) and
(X)), respectively, which are defined on Tx {#}. Since i is an isometry
from (X h,) onto (XéN),hs) obeying , the operator A{™ coincides
with the DN map of (X h,). Let us show that AM tends to A™ in
the operator norm. For f € C*®(T x {£};R), let us denote by u/ and
uf the harmonic extensions of f onto (X®™) h) and (XM, h,), respectively.
Introduce the (Dirichlet) Laplacians A (Ap) and A, (A, p) on (XM h) and
(XM _h,). Note that both A,, A are elliptic and, in each chart on X ™),
the coefficients of the second order differential operator Ay, — A and all its

derivatives converge uniformly to zero due to (17). Since u/ —u/ = 0 on
T x {£} and

Ap(uf —uf) = Ajud — Aul — (A, — A)uf = — (A, — A/,
one has the estimate
]~ < ell(n = A sxomy <
< CH(AS - A)||HZ(X<N))—>HZ*2(X<N))HufHHl(X(N)) < CEHfHHl—l/?(’]I‘x{j:})

where
€ = ||(As — A)”HZ(X(N))%Hl*Q(X(N)) — 0 (S — OO)

Let #™ and v{") be unit outward normal vectors on 9X™ = T x {£}

corresponding to the metrics A and ﬁs), respectively. Then VgN) — v in

C®(OXM) TXW) and the above estimate and the Sobolev trace theorem
imply

||(/~\gN) - NN))fHHl—W?(Tx{i}) = ||8V§N>U£ - au(N)uf||Hl—3/2(’]I‘><{i}) <
< Cl”“if - ufHHl(X(N>) + 02H<8V§N> - aV(N))uf“Hl*3/2(T><{ﬂ:}) <
< Cle+&(s, D fll g-1r2(rsgay
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)

where &(s, 1) == || — V| co(x py — 0 as s — oo. Hence,

AN 5 AN in B(HTY2(T x {£}); H732(T x {£})), (19)

where B(Y'; F') denotes the space of bounded operators acting from Y to F.

Next, let ALY and A be the DN maps of the surfaces (XS(N), |ws|?) and
(XM Jw|?), respectively, which are defined on Tx {#}. Note that the metrics
|ws|* = pshs, |w|* = ph are conformally equivalent to hg, h, respectively, and
formulas @, imply the covergence of the conformal factors

ps — p in C*(I1L(Ny); R). (20)

In view of , formulas and yield
AN — AW = AN iy B(HY2(Tx {+£}); H32(Tx {£})).
(21)

Finally, note that formulas and 7k, = — %, 77 imply 77dE, = —dE;
and

Tiws = —Ws, THws]? = |ws|?
In addition, implies that 7,(X (N )) = XM, Thus, the restriction of 7, on

XM is an isometric involution of (X", |w,|?). As a corollary, one has
viory =0 AN (foT)=(AMf)oT, (22)

where v/ is the harmonic extension of f € C°°(T x {&};R) into (X |ws]?)
and

Tl £) = 7).

Passing to the limit as s — oo in and taking into account , one
arrives at

AN (foT)=(AMfloT  (f € C®(T x {£};R)). (23)

Symmetry of the DN map A®) implies the symmetry of the surface
(XM |w|?). Indeed, denote by X™) the surface with the boundary T x {4}
obtained from (X®),|w|?) by applying the “reversed” identification of the
boundary points

OXWNM 5z — (1o, 7)  (&(x) = £N),
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(compare with ) Let A™) be a DN-map of (XM |w|?), then yields
AN = A Due to the theorem of Lassas and Uhlmann [1], there is the
conformal map 7 between (X™) |w[2) and (XM, |w|?) which does not move
the points of T x {#}. This means that there is the orientation-reversing

conformal automorphism (still denoted by 7) on (X |w|?) obeying
Xo(r(0) = Xale)  (E(x) = £N).

Now, let us continue 7 on I1L(N) by the rule
Xi(r(2)) = Xe(x)  (E(x) > £N). (24)

Then 7 is well-defined and smooth on X\{q,,¢_} and it is an isometry (and,
hence, the conformal map) from (IT.(N), |w|?) onto (II+(N),|w|?). Due to
these facts and the Riemann theorem on removable singularity, 7 is an anti-
holomorphic automorphism of X. Since 72 is the holomorhic autimorphism
of X obeying 7%(x) = x for = € IIL(N), one concludes that 72 is an identity
and, thus, 7 is the anti-holomorphic involution on X interchanging the points
g+ and ¢_. Since € is a harmonic function with logarithmic singularities at
g+ (with opposite signs), one has € o7 = —& whence 7 is an isometric
automorphism of (X, |w|?), i.e., 7%|w|* = |w|*.

2.1 Step 5. Proof that X is a double of a surface with
boundary

Let ¢t — L;(t) be the real curve
wlLi(t)] =1, (25)

of the differential w passing through the point z € 9X™) with I_(z) = [ at
t = —N. The only obstacle to the continuation of L; to all values of t € R
is its intersection of the zeroes of w which could be happen only for finite
number of exceptional values of [ € T. If [ is not exceptional, than there
is the arc (l1,13) I of T which contains no exceptional values. The union
of the curves Ly (I' € (Iy,13)) constitute the strip & in (X, |w|?) which is
isometric to the strip ({1,l3) x R.
Now, let t — L; () be the real curve

weLis(t)] =1, (26)
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of the differential w, passing through the same point € OXW™, I_(z) = [
at t = ty. Due to convergence of the differentials w, and w, the strip &
is free of zeroes of w;, for large s, while the curve L; s is well defined and it is
close to L,

Lg;(t) = Ly(t) in X uniformly in ¢ € [N, N]. (27)

Indeed, the functions (s(-,z) and ((-,z) given by @ are well-defined on &
and convergence implies

Cs(+,2) = ((+,z) in C°(&;R).
The integration of equations and yields
Cs(Lis(t),x) = C(Li(t), x) = E(Lis(t)) = E(Ly(t)) =t + N. (28)

To prove , it remains to apply the following version of of the implicit
function theorem (for a detailed proof, see, e.g., Lemma 4 and Appendix

B, [14]) to equations (28).

Lemma 3. Let Xy, X,Y be domains with compact closures in REX, X C X,
and Ey € C72(XoxY;RE). Suppose that the null set of Ey is the graph of the
function ko € CY(Xo;Y) and the Jacoby matriz of y — Eo(x,y) is invertible
for anyy = k(x) and x € Xy. Then, for sufficiently small e € (0,g¢) and any
function E € C'"1(Xy x Y;RE) obeying ||E — Eo|lct+1(xoxy i)y < €, the null
set of E on X xY is the graph of some function k € CY(X;Y) obeying the
estimate ||k — ROHCM(y;n < ce, where the constant independent of £ and €.

In view of , the curve
t— Lls,l<t) =750 Ly (—t)
is a solution to equation ; indeed
W[ L4 ()] = wyldry[~Loa(—1)] = —(rfw) [Loa(—1)] = w[Loa(—1)] = L.
In addition, L{;(0) = 7,(Ls;(0)) = Lsi(0) since the curve I'y = {y €
X | €s(y) = 0} coincides with the set of fixed points of the involution .

Therefore, L}, = Ly, i.e.,

Loy(t) =Ts0 Lyy(—t)  (t €R).
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Due to (13), one has
X s(Lsy(t)) = X56(Loa(=t))  ([t] > No).

Due to convergences and , the limit transition as s — oo in the
above formula yields

Xe(Li(t) = X5 (Li(—1))  ([t] € (No, 2N)).
Due to , this means that
ToLy(t) = Li(—t)  ([t| € (No,2N)). (29)

Note that formula (29) is valid for all non-exceptional [ € T.
Next, let ' = Ly(—N) where I’ € (l1,15) and let y = Ly(t') € &. Inte-
grating equation and taking into account , one obtains

Cy,z) =C(@,2)+ (' + N) =t +il' + N —il.

Due to (9), the function y — ((y, z) is a holomorhic coordinate on the strip
S. Thus, the map
t' il — Lp(t') =Y +4l)
is a biholomorphism from the strip Q = {x € C | Sz € (l1,[2)} onto &
obeying
—z=9 tor0Y(2) (|Rz] € (Ng,2N)) (30)

due to . Since the function in the right-hand side of is anti-holomorphic
on 9, equality holds everywhere on Q. Put z = il’ into (30)), then

7(Ly(0)) = 7o Y(il') = P(il’) = Ly(0).

The last equality means that any point L;(0), where [ is not exceptional, is a
fixed point of the involution 7 (note that &(L;(0)) = 0 due to (7))). Since each
point of €71(0) except for some finite set can be embedded in some curve L;
and 7 is continuous, one concludes that €71(0) is the set of fixed points of 7.

Finally, suppose that yo € €71(0) is a critical point of &; then it is a
zero of w of order n > 0 and there are the holomorphic coordinates £ in a
neighborhood U 3 y, in X obeying £(yo) = 0 and

w = EndE.
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Then &€ o &1 = RE(y)" ™ /(n + 1) and the set {£(y) | y € €710) N U}
coincides with the union & of n 4 1 straight lines near the origin. The
function 7 := £ o 7 0 £7! is anti-holomorphic on £(U) C C and does not
move the points of {(U) N4l Thus, 7 should coincide with the reflection with
respect to each of the lines from 4 which is impossible for n +1 > 1. This
contradiction shows that the set €71(0) contains no critical points of € and,
thus, it can be represented as a smooth curve T in X.

Now, cutting X along Y provides two surfaces (Xi,hy = h|x,) with
smooth boundaries 0. X1 = T which are conformally equivalent via the invo-
lution 7, 7(X1) = X5. Thus, X is a Schottky double of X . In particular,
gen(Xy) = gen(X)/2 = gen(X) =m'.

Completing the proof of the convergence L(X.) — 0 as s — oo.
Now, we have surfaces X ; and X, both embedded in X, and such that
their boundaries I'y; = 0X, ; and T = 0X, are the null sets of £, and €&,
respectively. We already have proved that T and, thus, some its neighbor-
hood |&| < e, is free of the zeroes of d€. Due to (g), the neighborhood
Up={y € X | |Es(y)] < ep} is also free of zeroes of d€; for large s. So,
coordinates @ provide isometries from the above neighborhoods onto the
cylindrical surface T X [—ey, o).
Arguing in the same way as in paragraph 4, one constructs:

e the semi-geodesic coordinates X; and X in the neighborhoods of T’y
and T, corresponding to the metrics |w|? and |w|?, respectively, and
obeying

X, = Xin C®°(Ug; R x T)

(compare with and (15));

e the identification (similar to (14))) of the boundaries Ty and T with the
unit circle T, that is the parametrizations ¢ — I'(¢) and t — YT(t) of
the I'y and T obeying

Xolly > XoY in C(T; T x R). (31)

e the diffeomorphism ¢, : X, — X, ; which is an identity far from T,
obeys
ls © T = Fsa
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converges uniformly to the identity as s — oo, and is “near-isometric”
for large s, i.e.,

h/s = L:hs — h in COO(X+,T*X+ X T*X+)
(compare with , , and );

e the DN-maps A, and A’ of the surfaces (X4, h) and (X, hs) which
are defined on the unit circle T (identified with the boundaries 0X 4
and X ;) and are close to each other in the operator norm

AL — A in B(H'"V2(T): H=**(T)) (32)
for any [ =1,2,... (compare with (19)).

Let dl’ and dl’ are length elements on T induced by its embedding I's and
T into (X, hs) and (X, h), respectively. Denote by J, and J the integration
operators on T corresponding to the length elements dI, and dl’, vanish-
ing on constants and such that the sub-spaces J,Lo(T,dl.) C Lo(T,dl,),
JLo(T,dl") C Lo(T,dl") are orthogonal to constants. Then from and
(6), it follows that

J, — Jin in B(H'"%2(T); H=Y*(T)) (33)

for any [ € R. Introduce the Hilbert operators H. := J,A,, H := JA' and
the defect operators ®’, = H.?+ 1 and ®' = H?+ I corresponding to surfaces
(Xis,h) and (X4, hy), respectively. From (32) and , it follows that

H = H, 9 —® in B(H\(T); H(T)) (34)

for any [ = 1/2,3/2,.... Note that, since H., H',®’,®" are zero-order
pseudo-differential operators and any two norms in B(HY(T); H(T)) and
B(H"(T); H(T)) (I,I' € R) are equivalent on the space of such operators,
convergence holds for any [ € R.

Since gen(X ;) = m/, formula (3)) implies

dim[®'C*>(T;R)/R] = 2m’,
i.e., there are smooth functions fi,..., f5,, such that any nonzero linear

combination of ®'f], ..., ®'f} . is nonconstant. Introduce the (compact in
any C'(T;R)) set




then
min ||’ f" + const|t > 2¢o > 0,
f'e6

!/
max [|f* + const |y < Co < oo, (35)
!
I}}gé 1 Wl revsre oy < C(1) < o0
Note that

i 124, = D)+ constls < 19, = sz CO) =0
due to (34) and the continuity of the embedding H*?(T;R) c C(T;R).
Therefore, for sufficiently large s we have

min | D f' + const|lt > co. (36)
f'ee

Now we recall that the surfaces (X s, hs) constructed above are conformally
equivalent to (M,, gs). Then the Hilbert and defect operators Hy, Dy of
(M, gs) are related to those of (X, g, hs) via the change of variables

H, = k' "HlK, D! = k1Dk1 in C(T;R). (37)
Here x¥ : f" +— f o ks is a precomposition operator corresponding to the

restriction on I' of the conformal diffeomorphism s : (X4 g, hs) — (Ms, gs).
By definition, % is an isometry,

I&% f" + const||lr = ||/ + const||r (f € C(T;R)). (38)

From the one side, taking into account and , one can rewrite
and as follows

co < min n:_lfDS </§: ’) + const|r = min |D,f + const|r;
0= f/EGH f t”T fEH;‘(G)” t”F (39)
Co > max|f' + const|r = max |f + const|r.

0= EE] ”f t”T femg(G)”f f”l‘

From the other side, since the surface (M, g) is of genus m, its defect
operator ® obeys '
dimDC(T;R) = 2m < 2m/
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due to . Since dim[x*(&)/R] > dim®C/(I'; R), there is an element
y € KL(6), Dy = const. (40)
The convergence ||[A; — Al|B(Ly(rir);Lo(rr)) — 0 implies
| Hs — HHB(Lg(F;R);Hl(F;]R)) — 0, 1D, — ©||B(L2(F;R);H1(F;R)) — 0,

where H and © are the Hilbert transfrom and the defect operator of (M, g),
respectively. Due to the continuity of the embeddings C(I'; R) C Lo(I'; R)
and H*(T';R) C C(T;R), the above convergences imply

H@s—@HB(c’(r;R);c’(r;R)) — 0. (41)

S—00
Now formulas , , and yield

0 =Dy + const|r = (D — Ds)y + const|r +[D,y + const|r >
> co = 95 =Bl permycrmyCo = /2> 0

for large s. This contradiction disproves the assumption that £(X;) /4 0
made at the beginning of the proof. Thus, we have proved that £(X;) — 0
as s — 0o. Proposition [I]is proved. [
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