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ÀÍÍÎÒÀÖÈß

Â L2(Rd) ðàññìàòðèâàåòñÿ ñàìîñîïðÿæåííûé îïåðàòîð Aε, ε > 0, âèäà

(Aεu)(x) =

∫
Rd
µ(x/ε,y/ε)

(u(x)− u(y))

|x− y|d+α
dy,

ãäå 1 < α < 2. Çäåñü µ(x,y) � ôóíêöèÿ, Zd-ïåðèîäè÷åñêàÿ ïî êàæäîé ïåðåìåííîé, ïðè÷åì
µ(x,y) = µ(y,x) è 0 < µ− 6 µ(x,y) 6 µ+ < ∞. Ñòðîãîå îïðåäåëåíèå îïåðàòîðà Aε äàåòñÿ
÷åðåç êâàäðàòè÷íóþ ôîðìó. Â ðàáîòå àâòîðîâ (2024) ïîêàçàíî, ÷òî ðåçîëüâåíòà (Aε + I)−1

ñõîäèòñÿ ê ðåçîëüâåíòå (A0 + I)−1 ïðè ε → 0 ïî îïåðàòîðíîé íîðìå â L2(Rd). Çäåñü A0 �
ýôôåêòèâíûé îïåðàòîð, çàäàííûé òåì æå âûðàæåíèåì ñ êîýôôèöèåíòîì µ0, ðàâíûì ñðåäíåìó
çíà÷åíèþ ôóíêöèè µ(x,y). Ïðè ýòîì ‖(Aε + I)−1− (A0 + I)−1‖ = O(ε2−α). Ìû ïîëó÷àåì áîëåå
òî÷íóþ àïïðîêñèìàöèþ ïðè ó÷åòå êîððåêòîðîâ: ïðè 2− 1/N < α 6 2− 1/(N + 1)∥∥(Aε + I)−1 − (A0 + I)−1 −

N∑
m=1

εm(2−α)Km

∥∥ = O(ε).

Êëþ÷åâûå ñëîâà: îïåðàòîðû òèïà Ëåâè, ïåðèîäè÷åñêîå óñðåäíåíèå, îïåðàòîðíûå îöåíêè
ïîãðåøíîñòè, ýôôåêòèâíûé îïåðàòîð, êîððåêòîðû.
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Ââåäåíèå

Ðàáîòà ïîñâÿùåíà îïåðàòîðíûì îöåíêàì â çàäà÷å óñðåäíåíèÿ ïåðèîäè÷åñêîãî íåëîêàëüíîãî
îïåðàòîðà òèïà Ëåâè. Íàñòîÿùàÿ ñòàòüÿ ïðîäîëæàåò èññëåäîâàíèå, íà÷àòîå àâòîðàìè â [26].

0.1. Ïîñòàíîâêà çàäà÷è. Îñíîâíûå ðåçóëüòàòû. Èçó÷àåòñÿ (íåîãðàíè÷åííûé) îïåðàòîð
òèïà Ëåâè Aε = Aε(α, µ) â L2(Rd), ôîðìàëüíî çàäàííûé ñîîòíîøåíèåì

(Aεu)(x) =

∫
Rd

µ(x/ε,y/ε)
(u(x)− u(y))

|x− y|d+α
dy, x ∈ Rd.

Çäåñü 0 < α < 2, µ(x,y) � îãðàíè÷åííàÿ è ïîëîæèòåëüíî îïðåäåëåííàÿ ôóíêöèÿ, Zd-
ïåðèîäè÷åñêàÿ ïî êàæäîé ïåðåìåííîé, ïðè÷åì µ(x,y) = µ(y,x). Ñòðîãîå îïðåäåëåíèå: Aε åñòü
ñàìîñîïðÿæåííûé îïåðàòîð â L2(Rd), ïîðîæäåííûé çàìêíóòîé êâàäðàòè÷íîé ôîðìîé

aε[u, u] :=
1

2

∫
Rd

∫
Rd

dx dy µ(x/ε,y/ε)
|u(x)− u(y)|2

|x− y|d+α
, u ∈ Hα/2(Rd).

Îïåðàòîð −Aε ÿâëÿåòñÿ ãåíåðàòîðîì ñêà÷êîîáðàçíîãî ìàðêîâñêîãî ïðîöåññà. Ïîäðîáíîå
îïèñàíèå ñâîéñòâ òàêîãî ïðîöåññà ìîæíî íàéòè â ñòàòüå [3]. ßäðî îïåðàòîðà Aε èìååò
ñòåïåííîå óáûâàíèå íà áåñêîíå÷íîñòè, è ó íåãî îòñóòñòâóåò êîíå÷íûé âòîðîé ìîìåíò.
Õàðàêòåðíîå ñâîéñòâî ñîîòâåòñòâóþùèõ ïðîöåññîâ � ýòî äàëüíîäåéñòâèå, ò.å. âîçìîæíîñòü
äëèííûõ ïðûæêîâ (Levy �ights), ÷òî ñóùåñòâåííî îòëè÷àåò òðàåêòîðèè òàêèõ ïðîöåññîâ
îò íåïðåðûâíûõ òðàåêòîðèé äèôôóçèîííûõ ïðîöåññîâ. Â íàñòîÿùåå âðåìÿ ïðîöåññû
Ëåâè øèðîêî èñïîëüçóþòñÿ ïðè ìîäåëèðîâàíèè ïîâåäåíèÿ ñëîæíûõ ñèñòåì, â êîòîðûõ
äàëüíîäåéñòâèå èãðàåò âàæíóþ, à ïîðîé è êëþ÷åâóþ, ðîëü. Â ÷àñòíîñòè, íà îñíîâå ýòèõ
ïðîöåññîâ ñòðîÿòñÿ ìíîãèå ìîäåëè áèîëîãèè è ýêîëîãèè, ôèçèêè è àñòðîôèçèêè, ôèíàíñîâîé
ìàòåìàòèêè è ìåõàíèêè ïîðèñòûõ ñðåä, ñì., íàïðèìåð, [11, 12, 18, 21, 31, 32]. Ïðè
íåîáõîäèìîñòè èçó÷åíèÿ òàêèõ ìîäåëåé â ñðåäàõ ñ ïåðåìåííûìè õàðàêòåðèñòèêàìè ìû
ïðèõîäèì ê ìàðêîâñêèì ïðîöåññàì ñ ãåíåðàòîðîì âèäà −Aε.
Óñðåäíåíèå îïåðàòîðà Aε èçó÷àëîñü â ðàáîòå [19]: áûëî ïîêàçàíî, ÷òî ïðè ε→ 0 ðåçîëüâåíòà

(Aε + I)−1 ñèëüíî ñõîäèòñÿ ê ðåçîëüâåíòå (A0 + I)−1 ýôôåêòèâíîãî îïåðàòîðà. Ýôôåêòèâíûé
îïåðàòîð A0 èìååò òîò æå âèä ñ ïîñòîÿííûì êîýôôèöèåíòîì

µ0 =

∫
Ω

∫
Ω

µ(x,y) dx dy, Ω := [0, 1)d.

Ýòîò îïåðàòîð ëèøü ìíîæèòåëåì îòëè÷àåòñÿ îò äðîáíîé ñòåïåíè îïåðàòîðà Ëàïëàñà: A0 =
µ0c0(d, α)(−∆)α/2, DomA0 = Hα(Rd).
Â ïðåäøåñòâóþùåé ðàáîòå àâòîðîâ [26] áûëî ïîêàçàíî, ÷òî ðåçîëüâåíòà (Aε + I)−1 ñõîäèòñÿ

ê ðåçîëüâåíòå ýôôåêòèâíîãî îïåðàòîðà ïî îïåðàòîðíîé íîðìå â L2(Rd) è ñïðàâåäëèâà îöåíêà
ïîãðåøíîñòè

‖(Aε + I)−1 − (A0 + I)−1‖L2(Rd)→L2(Rd) 6 C1(α, µ)


εα, 0 < α < 1,

ε(1 + | ln ε|)2, α = 1,

ε2−α, 1 < α < 2.

(0.1)

Êàê îòìå÷àëîñü â [26], ïîãðåøíîñòü O(εα) îïòèìàëüíà (ïî êðàéíåé ìåðå, â ðàìêàõ
ïðèìåíÿåìîãî ïîäõîäà). Òàêèì îáðàçîì, ïðè 0 < α < 1 óæå ñòàðøèé ÷ëåí àïïðîêñèìàöèè
äàåò îïòèìàëüíîå ïðèáëèæåíèå ê ðåçîëüâåíòå (Aε + I)−1. Ïðè 1 6 α < 2 ýòî óæå íå òàê; áîëåå
òîãî, ïîãðåøíîñòü O(ε2−α) óõóäøàåòñÿ, êîãäà α ïðèáëèæàåòñÿ ê 2.
Â íàñòîÿùåé ðàáîòå ìû ðàññìàòðèâàåì ñëó÷àé 1 < α < 2 è ïîêàçûâàåì, ÷òî òî÷íîñòü

àïïðîêñèìàöèè ìîæíî óëó÷øèòü çà ñ÷åò ó÷åòà êîððåêòîðîâ. Îñíîâíîé ðåçóëüòàò ðàáîòû
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(òåîðåìà 5.2) ãëàñèò: ïóñòü N ∈ N è 2− 1
N < α < 2. Òîãäà ñïðàâåäëèâà îöåíêà∥∥∥(Aε + I)−1 − (A0 + I)−1 −

N∑
m=1

εm(2−α)Km

∥∥∥
L2(Rd)→L2(Rd)

6 C2(α, µ)

{
ε, 2− 1

N < α 6 2− 1
N+1 ,

ε(N+1)(2−α), 2− 1
N+1 < α < 2.

(0.2)

Çäåñü êîððåêòîðû Km, m = 1, . . . , N, èìåþò âèä

Km := (div g0∇)m(A0 + I)−m−1, m = 1, . . . , N,

ãäå (íåçíàêîîïðåäåëåííàÿ) ñèììåòðè÷íàÿ âåùåñòâåííàÿ ìàòðèöà g0 îïðåäåëÿåòñÿ â òåðìèíàõ
ðåøåíèé íåêîòîðûõ âñïîìîãàòåëüíûõ çàäà÷. Ïóñòü ôóíêöèÿ vk(x) (ãäå k ∈ {1, . . . , d}) ÿâëÿåòñÿ
Zd-ïåðèîäè÷åñêèì ðåøåíèåì çàäà÷è∫

Rd

µ(x,y)

|x− y|d+α
(vk(x)− vk(y) + xk − yk) dy = 0,

∫
Ω
vk(y) dy = 0.

(Ñòðîãàÿ ïîñòàíîâêà çàäà÷è îïèñàíà â (3.48).) Ýëåìåíòû ìàòðèöû g0 çàäàíû ñîîòíîøåíèÿìè

g0
jk =

1

4

∫
Rd

dy

∫
Ω

dx
µ(x,y)

|x− y|d+α
((xj − yj)(vk(x)− vk(y)) + (xk − yk)(vj(x)− vj(y)))

+
∑
n∈Zd

∫
Ω+n

dz
µ∗(z)zjzk
2|z|d+α

, j, k = 1, . . . , d; µ∗(z) :=

∫
Ω
µ(x, z + x) dx− µ0.

Ïðè ôèêñèðîâàííîì 1 < α < 2 ìîæíî âûáðàòü N ∈ N òàê, ÷òîáû 2 − 1
N < α 6 2 − 1

N+1 .

Òîãäà ïðè ó÷åòå ïåðâûõ N êîððåêòîðîâ ìû ïîëó÷àåì ïðèáëèæåíèå ðåçîëüâåíòû (Aε + I)−1 ñ
ïîãðåøíîñòüþ O(ε).

0.2. Ñïåêòðàëüíûé ìåòîä â òåîðèè óñðåäíåíèÿ. Îïåðàòîðíûå îöåíêè. Â íàñòîÿùåå
âðåìÿ òåîðèÿ óñðåäíåíèÿ (ãîìîãåíèçàöèè) ïåðèîäè÷åñêèõ îïåðàòîðîâ ÿâëÿåòñÿ õîðîøî
ðàçðàáîòàííîé îáëàñòüþ ìàòåìàòèêè, â êîòîðîé ïðèìåíÿþòñÿ ðàçëè÷íûå ìåòîäû è
òåõíè÷åñêèå ïðèåìû, ñì., íàïðèìåð, ìîíîãðàôèè [4], [5], [15]. Îäèí èç âàæíûõ ïîäõîäîâ â
ýòîé îáëàñòè � ýòî ñïåêòðàëüíûé ìåòîä, îñíîâàííûé íà ìàñøòàáíîì ïðåîáðàçîâàíèè è òåîðèè
Ôëîêå-Áëîõà. Ïåðâûé ñòðîãèé ðåçóëüòàò óñðåäíåíèÿ, ïîëó÷åííûé ñïåêòðàëüíûì ìåòîäîì,
ìîæíî íàéòè â ðàáîòå [28], ãäå äëÿ ðàâíîìåðíî ýëëèïòè÷åñêîãî îïåðàòîðà Aε = −div g(x/ε)∇
â L2(Rd) ñ ïåðèîäè÷åñêîé ìàòðèöåé êîýôôèöèåíòîâ g áûëà äîêàçàíà ñèëüíàÿ ñõîäèìîñòü
ðåçîëüâåíòû ê ðåçîëüâåíòå ýôôåêòèâíîãî îïåðàòîðà A0 = −div g0∇. Çäåñü g0 � ïîñòîÿííàÿ
ìàòðèöà, íàçûâàåìàÿ ýôôåêòèâíîé. Ïîçæå ýòîò ïîäõîä ïîëó÷èë äàëüíåéøåå ðàçâèòèå â [13],
[1], [2], [10] è â äðóãèõ ñòàòüÿõ. Çàìåòèì, îäíàêî, ÷òî óïîìÿíóòûå ðàáîòû áûëè íàïðàâëåíû íà
äîêàçàòåëüñòâî ñèëüíîé ðåçîëüâåíòíîé ñõîäèìîñòè.
Â ðàáîòàõ Áèðìàíà è Ñóñëèíîé [6, 7, 8] áûë ïðåäëîæåí è ðàçâèò òåîðåòèêî-îïåðàòîðíûé

ïîäõîä ê çàäà÷àì óñðåäíåíèÿ ïåðèîäè÷åñêèõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ â Rd (âàðèàíò
ñïåêòðàëüíîãî ìåòîäà). Ïðåèìóùåñòâî ýòîãî ïîäõîäà çàêëþ÷àåòñÿ â òîì, ÷òî îí ïîçâîëÿåò
ïîëó÷àòü òî÷íûå ïî ïîðÿäêó îöåíêè ñêîðîñòè ñõîäèìîñòè â îïåðàòîðíûõ íîðìàõ äëÿ øèðîêîãî
êëàññà çàäà÷ ãîìîãåíèçàöèè â ïåðèîäè÷åñêèõ ñðåäàõ. ×òîáû ïðîèëëþñòðèðîâàòü ýòîò ïîäõîä,
ðàññìîòðèì â L2(Rd) ñêàëÿðíûé ýëëèïòè÷åñêèé îïåðàòîð âèäà Aε = −div g(x/ε)∇ ñ Zd-
ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè. Êàê ñëåäóåò èç ðåçóëüòàòîâ êëàññè÷åñêîé ãîìîãåíèçàöèè,
äëÿ òàêîãî îïåðàòîðà èìååò ìåñòî ñèëüíàÿ ðåçîëüâåíòíàÿ ñõîäèìîñòü ïðè ε → 0. Â [6] áûëî
ïîêàçàíî, ÷òî èìååò ìåñòî áîëåå ñèëüíûé ðåçóëüòàò î ñõîäèìîñòè. À èìåííî, ðåçîëüâåíòà
(Aε+I)−1 ñõîäèòñÿ ê ðåçîëüâåíòå ýôôåêòèâíîãî îïåðàòîðà A0 ïî îïåðàòîðíîé íîðìå â L2(Rd)
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è ñïðàâåäëèâà îöåíêà

‖(Aε + I)−1 − (A0 + I)−1‖L2(Rd)→L2(Rd) 6 Cε. (0.3)

Îöåíêè òàêîãî òèïà íàçûâàþòñÿ îïåðàòîðíûìè îöåíêàìè ñêîðîñòè ñõîäèìîñòè â òåîðèè
óñðåäíåíèÿ. Â [7] ïîëó÷åíà áîëåå òî÷íàÿ àñèìïòîòèêà ðåçîëüâåíòû (Aε + I)−1, êîòîðàÿ
âêëþ÷àåò äîïîëíèòåëüíûå ÷ëåíû ñ êîððåêòîðàìè è îáåñïå÷èâàåò òî÷íîñòü ïîðÿäêà O(ε2) ïî
îïåðàòîðíîé íîðìå â L2(Rd). Àïïðîêñèìàöèÿ ðåçîëüâåíòû (Aε + I)−1 ïî íîðìå îïåðàòîðîâ,
äåéñòâóþùèõ èç L2(Rd) â ïðîñòðàíñòâî Ñîáîëåâà H1(Rd), áûëà íàéäåíà â [8].
Òåîðåòèêî-îïåðàòîðíûé ïîäõîä îñíîâàí íà ìàñøòàáíîì ïðåîáðàçîâàíèè, òåîðèè Ôëîêå�

Áëîõà è àíàëèòè÷åñêîé òåîðèè âîçìóùåíèé. Ïîÿñíèì ìåòîä íà ïðèìåðå âûâîäà îöåíêè (0.3).
Çà ñ÷åò ìàñøòàáíîãî ïðåîáðàçîâàíèÿ îöåíêà (0.3) ðàâíîñèëüíà íåðàâåíñòâó

‖(A+ ε2I)−1 − (A0 + ε2I)−1‖L2(Rd)→L2(Rd) 6 Cε
−1, (0.4)

ãäå A = −div g(x)∇ = D∗g(x)D, D = −i∇. Äàëåå, ñ ïîìîùüþ óíèòàðíîãî ïðåîáðàçîâàíèÿ
Ãåëüôàíäà îïåðàòîð A ðàñêëàäûâàåòñÿ â ïðÿìîé èíòåãðàë ïî îïåðàòîðàì A(ξ), äåéñòâóþùèì

â L2(Ω) è çàâèñÿùèì îò ïàðàìåòðà ξ ∈ Ω̃ (êâàçèèìïóëüñà). Çäåñü Ω = [0, 1)d � ÿ÷åéêà ðåøåòêè

Zd, à Ω̃ = [−π, π)d � ÿ÷åéêà äâîéñòâåííîé ðåøåòêè. Îïåðàòîð A(ξ) çàäàåòñÿ âûðàæåíèåì
A(ξ) = (D+ξ)∗g(x)(D+ξ) ïðè ïåðèîäè÷åñêèõ ãðàíè÷íûõ óñëîâèÿõ. Îöåíêà (0.4) ýêâèâàëåíòíà
àíàëîãè÷íîé îöåíêå äëÿ îïåðàòîðîâ, çàâèñÿùèõ îò êâàçèèìïóëüñà:

‖(A(ξ) + ε2I)−1 − (A0(ξ) + ε2I)−1‖L2(Ω)→L2(Ω) 6 Cε
−1, ξ ∈ Ω̃.

Îñíîâíàÿ ÷àñòü èññëåäîâàíèÿ ñîñòîèò â èçó÷åíèè îïåðàòîðíîãî ñåìåéñòâà A(ξ), êîòîðîå
ïðåäñòàâëÿåò ñîáîé àíàëèòè÷åñêîå ñåìåéñòâî ñ êîìïàêòíîé ðåçîëüâåíòîé. Ïîýòîìó ìîæíî
ïðèìåíèòü ìåòîäû àíàëèòè÷åñêîé òåîðèè âîçìóùåíèé. Âûÿñíÿåòñÿ, ÷òî ðåçîëüâåíòó
(A(ξ) + ε2I)−1 ìîæíî ïðèáëèçèòü â òåðìèíàõ ñïåêòðàëüíûõ õàðàêòåðèñòèê îïåðàòîðà íà êðàþ
ñïåêòðà. Ïîýòîìó ýôôåêò óñðåäíåíèÿ ïðåäñòàâëÿåò ñîáîé ñïåêòðàëüíûé ïîðîãîâûé ýôôåêò íà
êðàþ ñïåêòðà ýëëèïòè÷åñêîãî îïåðàòîðà.
Äðóãîé ïîäõîä ê ïîëó÷åíèþ îïåðàòîðíûõ îöåíîê ïîãðåøíîñòè â çàäà÷àõ ãîìîãåíèçàöèè (òàê

íàçûâàåìûé �ìåòîä ñäâèãà�) áûë ïðåäëîæåí â ðàáîòàõ Æèêîâà è Ïàñòóõîâîé (ñì. [14, 16], à
òàêæå îáçîð [17] è öèòèðîâàííóþ òàì ëèòåðàòóðó).
Â ïîñëåäíèå ãîäû îïåðàòîðíûå îöåíêè ïîãðåøíîñòè â ðàçëè÷íûõ çàäà÷àõ ãîìîãåíèçàöèè

äëÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ïðèâëåêàþò âíèìàíèå âñå áîëüøåãî ÷èñëà èññëåäîâàòåëåé;
ïîëó÷åíî ìíîãî ñîäåðæàòåëüíûõ ðåçóëüòàòîâ. Äîñòàòî÷íî ïîäðîáíûé îáçîð ñîâðåìåííîãî
ñîñòîÿíèÿ ýòîé îáëàñòè ìîæíî íàéòè â [30, ââåäåíèå].

0.3. Îïåðàòîðíûå îöåíêè ïðè óñðåäíåíèè íåëîêàëüíûõ îïåðàòîðîâ ñâåðòî÷íîãî
òèïà. Âïåðâûå îïåðàòîðíûå îöåíêè ïðè óñðåäíåíèè íåëîêàëüíûõ ïåðèîäè÷åñêèõ îïåðàòîðîâ
áûëè ïîëó÷åíû â íåäàâíèõ ðàáîòàõ àâòîðîâ [24, 25], ãäå èçó÷àëñÿ íåëîêàëüíûé îïåðàòîð Aε
ñâåðòî÷íîãî òèïà â L2(Rd), çàäàííûé ñîîòíîøåíèåì

(Aεu)(x) =
1

εd+2

∫
Rd

a((x− y)/ε)µ(x/ε,y/ε)
(
u(x)− u(y)

)
dy, x ∈ Rd, u ∈ L2(Rd). (0.5)

Ïðåäïîëàãàëîñü, ÷òî a(x) � ÷åòíàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ êëàññà L1(Rd), µ(x,y)
� îãðàíè÷åííàÿ è ïîëîæèòåëüíî îïðåäåëåííàÿ ôóíêöèÿ, Zd-ïåðèîäè÷åñêàÿ ïî êàæäîé
ïåðåìåííîé, ïðè÷åì µ(x,y) = µ(y,x). Ïðè ýòèõ óñëîâèÿõ îïåðàòîð Aε îãðàíè÷åí,
ñàìîñîïðÿæåí è íåîòðèöàòåëåí. Êðîìå òîãî, ïðåäïîëàãàëèñü êîíå÷íûìè íåñêîëüêî ïåðâûõ
ìîìåíòîâ Mk(a) =

∫
Rd |x|

ka(x) dx.
Îïåðàòîðû ñâåðòî÷íîãî òèïà ñ èíòåãðèðóåìûìè ÿäðàìè âîçíèêàþò â ìîäåëÿõ

ìàòåìàòè÷åñêîé áèîëîãèè è ïîïóëÿöèîííîé äèíàìèêè, â ïîñëåäíèå ãîäû ýòè ìîäåëè àêòèâíî
èçó÷àëèñü â ìàòåìàòè÷åñêîé ëèòåðàòóðå, ñì. [20, 22, 23]. Óñðåäíåíèþ òàêèõ îïåðàòîðîâ áûëà
ïîñâÿùåíà ðàáîòà [22], â êîòîðîé â ïðåäïîëîæåíèè, ÷òî M2(a) < ∞, áûëî ïîêàçàíî, ÷òî
ïðè ε → 0 ðåçîëüâåíòà (Aε + I)−1 ñèëüíî ñõîäèòñÿ ê ðåçîëüâåíòå (A0 + I)−1 ýôôåêòèâíîãî
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îïåðàòîðà. Ýôôåêòèâíûé îïåðàòîð èìååò âèä A0 = −div g0∇ ñ ïîëîæèòåëüíî îïðåäåëåííîé
ïîñòîÿííîé ìàòðèöåé g0. Èíòåðåñíî îòìåòèòü, ÷òî â ýòîé çàäà÷å ýôôåêòèâíûé îïåðàòîð
ÿâëÿåòñÿ ëîêàëüíûì è íåîãðàíè÷åííûì, õîòÿ èñõîäíûé îïåðàòîð Aε íåëîêàëåí è îãðàíè÷åí.
Çàäà÷è óñðåäíåíèÿ äëÿ îïåðàòîðîâ ñâåðòî÷íîãî òèïà ñ íåñèììåòðè÷íûìè ÿäðàìè èçó÷àëèñü â
[23], ãäå äëÿ ñîîòâåòñòâóþùèõ ïàðàáîëè÷åñêèõ ïîëóãðóïï áûë ïîëó÷åí ðåçóëüòàò ñõîäèìîñòè
â äâèæóùèõñÿ êîîðäèíàòàõ. Àíàëîãè÷íûå çàäà÷è â ïåðôîðèðîâàííûõ îáëàñòÿõ áûëè
èññëåäîâàíû âàðèàöèîííûìè ìåòîäàìè â [9].
Â ðàáîòå [24] ïðè óñëîâèè M3(a) <∞ áûëà óñòàíîâëåíà ñõîäèìîñòü ðåçîëüâåíòû (Aε + I)−1

ê ðåçîëüâåíòå (A0 + I)−1 ýôôåêòèâíîãî îïåðàòîðà ïî îïåðàòîðíîé íîðìå â L2(Rd) è áûëà
ïîëó÷åíà òî÷íàÿ ïî ïîðÿäêó îöåíêà ïîãðåøíîñòè:

‖(Aε + I)−1 − (A0 + I)−1‖L2(Rd)→L2(Rd) 6 C(a, µ)ε, ε > 0.

Çàòåì â [25] ïðè óñëîâèèM4(a) <∞ áûëà ïîëó÷åíà áîëåå òî÷íàÿ àïïðîêñèìàöèÿ ðåçîëüâåíòû
(Aε + I)−1 ñ ó÷åòîì êîððåêòîðà è îöåíêîé ïîãðåøíîñòè O(ε2).
Â ðàáîòàõ [24, 25] òåîðåòèêî-îïåðàòîðíûé ïîäõîä, ðàçðàáîòàííûé Áèðìàíîì è Ñóñëèíîé

â [6] äëÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ, áûë ìîäèôèöèðîâàí è àäàïòèðîâàí ê ñëó÷àþ
íåëîêàëüíûõ îïåðàòîðîâ ñâåðòî÷íîãî òèïà ñ èíòåãðèðóåìûìè ÿäðàìè. Êàê è â ñëó÷àå ñ
äèôôåðåíöèàëüíûìè îïåðàòîðàìè, çàäà÷à ãîìîãåíèçàöèè ñâîäèòñÿ ê èçó÷åíèþ ñåìåéñòâà

îïåðàòîðîâ A(ξ), ξ ∈ Ω̃, ïîëó÷åííûõ èç èñõîäíîãî îïåðàòîðà ñ ïîìîùüþ ìàñøòàáíîãî
ïðåîáðàçîâàíèÿ è ïðåîáðàçîâàíèÿ Ãåëüôàíäà. Îäíàêî, â îòëè÷èå îò äèôôåðåíöèàëüíûõ
îïåðàòîðîâ, ýòî ñåìåéñòâî íå ÿâëÿåòñÿ àíàëèòè÷åñêèì, è, ñëåäîâàòåëüíî, àíàëèòè÷åñêàÿ òåîðèÿ
âîçìóùåíèé íåïðèìåíèìà. Âìåñòî ýòîãî àâòîðû èñïîëüçîâàëè êîíå÷íóþ ãëàäêîñòü A(ξ),
îáåñïå÷åííóþ óñëîâèåì êîíå÷íîñòè íåñêîëüêèõ ïåðâûõ ìîìåíòîâ êîýôôèöèåíòà a(x).

0.4. Ìåòîä. Äëÿ èññëåäîâàíèÿ çàäà÷è îá àïïðîêñèìàöèè ðåçîëüâåíòû îïåðàòîðà Aε ìû
ìîäèôèöèðóåì òåîðåòèêî-îïåðàòîðíûé ïîäõîä è àäàïòèðóåì åãî ê ñëó÷àþ îïåðàòîðîâ òèïà
Ëåâè.
Íà ïåðâîì øàãå, âûïîëíÿÿ ìàñøòàáíîå ïðåîáðàçîâàíèå, ìû óñòàíàâëèâàåì ðàâåíñòâî

‖(Aε + I)−1 − (A0 + I)−1‖L2(Rd)→L2(Rd) = εα‖(A + εαI)−1 − (A0 + εαI)−1‖L2(Rd)→L2(Rd). (0.6)

Çäåñü A = Aε0 , ε0 = 1.
Çàòåì ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ãåëüôàíäà îïåðàòîð A ðàñêëàäûâàåòñÿ â ïðÿìîé èíòåãðàë

ïî îïåðàòîðàì A(ξ), äåéñòâóþùèì â L2(Ω) è çàâèñÿùèì îò ïàðàìåòðà ξ ∈ Ω̃. Äëÿ êàæäîãî

ξ ∈ Ω̃ ñïåêòð îïåðàòîðà A(ξ) äèñêðåòåí è ïðèíàäëåæèò R+; ïåðâîå ñîáñòâåííîå çíà÷åíèå èìååò
ïîðÿäîê O(|ξ|α), à îñòàëüíûå ñîáñòâåííûå çíà÷åíèÿ îòäåëåíû îò íóëÿ.
Òåïåðü âîïðîñ î ïðåäåëüíîì ïîâåäåíèè ðåçîëüâåíòû (Aε + I)−1 ïðè ε → 0 ñâîäèòñÿ ê

èçó÷åíèþ àñèìïòîòèêè ðåçîëüâåíòû (A(ξ) + εαI)−1 äëÿ ìàëîì ε. ßñíî, ÷òî îñíîâíîé âêëàä
â ðàññìàòðèâàåìóþ àñèìïòîòèêó âíîñèò íèæíÿÿ ÷àñòü ñïåêòðà A(ξ). Ñëåäóåò ïîä÷åðêíóòü,
÷òî, â îòëè÷èå îò ñëó÷àÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ, ñåìåéñòâî A(ξ) íå ÿâëÿåòñÿ
àíàëèòè÷åñêèì è îáëàäàåò ìàëîé ãëàäêîñòüþ. Òàêèì îáðàçîì, èçó÷àåìûå îïåðàòîðû òèïà
Ëåâè ñóùåñòâåííî îòëè÷àþòñÿ è îò îïåðàòîðîâ ñâåðòî÷íîãî òèïà âèäà (0.5), äëÿ êîòîðûõ
êîíå÷íàÿ äèôôåðåíöèðóåìîñòü ñåìåéñòâà A(ξ) îáåñïå÷èâàåòñÿ êîíå÷íîñòüþ ñîîòâåòñòâóþùåãî
÷èñëà ìîìåíòîâ êîýôôèöèåíòà a(x). Òåì íå ìåíåå, íàì óäàëîñü ïîëó÷èòü �ïîðîãîâûå
àïïðîêñèìàöèè�, íåîáõîäèìûå äëÿ ïîñòðîåíèÿ àïïðîêñèìàöèè ðåçîëüâåíòû (A(ξ)+εαI)−1 ïðè
ìàëîì ε. À èìåííî, ìû ïîëó÷èëè àïïðîêñèìàöèè îïåðàòîðîâ F (ξ) è A(ξ)F (ξ) ïðè ξ → 0. Çäåñü
F (ξ) ÿâëÿåòñÿ ñïåêòðàëüíûì ïðîåêòîðîì îïåðàòîðà A(ξ), êîòîðûé ñîîòâåòñòâóåò íåêîòîðîé
îêðåñòíîñòè íóëÿ. Â ñóùåñòâóþùåé ëèòåðàòóðå àñèìïòîòèêà îïåðàòîðà A(ξ)F (ξ) ïðè ìàëûõ
ξ îáû÷íî îïðåäåëÿëàñü â òåðìèíàõ àñèìïòîòèêè äëÿ ïåðâîãî ñîáñòâåííîãî çíà÷åíèÿ λ1(ξ)
îïåðàòîðà A(ξ). Çäåñü ìû ïðèìåíÿåì àëüòåðíàòèâíûé ïîäõîä, îñíîâàííûé íà èíòåãðèðîâàíèè
ðåçîëüâåíòû (A(ξ)− ζI)−1 ïî ïîäõîäÿùåìó êîíòóðó íà êîìïëåêñíîé ïëîñêîñòè.
Ïîñêîëüêó ‖(A(ξ) + εαI)−1F (ξ)⊥‖ 6 C, òî ïðåäåëüíàÿ òî÷íîñòü, êîòîðóþ ìû ìîæåì

ïîëó÷èòü ïðè àïïðîêñèìàöèè ðåçîëüâåíòû (Aε + I)−1 îïèñàííûì ìåòîäîì (ðàññìàòðèâàÿ
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óñðåäíåíèå êàê ïîðîãîâûé ýôôåêò íà êðàþ ñïåêòðà), ýòî O(εα); ñì. (0.6). Òàêèì îáðàçîì,
ïðè 0 < α < 1 óæå ñòàðøèé ÷ëåí àïïðîêñèìàöèè äàåò ïðåäåëüíóþ òî÷íîñòü; ñì. (0.1). Ïðè
1 6 α < 2 ýòî óæå íå òàê. Â íàñòîÿùåé ðàáîòå ìû ðàññìàòðèâàåì ñëó÷àé 1 < α < 2 è óëó÷øàåì
òî÷íîñòü àïïðîêñèìàöèè çà ñ÷åò ó÷åòà êîððåêòîðîâ; ñì. (0.2).

0.5. Ïëàí ñòàòüè. Ñòàòüÿ ñîñòîèò èç ââåäåíèÿ è ïÿòè ïàðàãðàôîâ. Â �1 ââîäèòñÿ îïåðàòîð
A, îáñóæäàþòñÿ ðàçëîæåíèå ýòîãî îïåðàòîðà â ïðÿìîé èíòåãðàë ïî ñåìåéñòâó îïåðàòîðîâ
A(ξ) è îöåíêè ñíèçó äëÿ êâàäðàòè÷íîé ôîðìû îïåðàòîðà A(ξ). Â �2 ïîëó÷åíî íóæíîå
ïðåäñòàâëåíèå äëÿ ðàçíîñòè êâàäðàòè÷íûõ ôîðì a(ξ) è a(0). Â �3 èññëåäîâàíû ïîðîãîâûå
õàðàêòåðèñòèêè îïåðàòîðíîãî ñåìåéñòâà A(ξ) âáëèçè íèæíåãî êðàÿ ñïåêòðà, íàéäåíû
àïïðîêñèìàöèè äëÿ ñïåêòðàëüíîãî ïðîåêòîðà F (ξ) è îïåðàòîðà A(ξ)F (ξ) ïðè ìàëîì |ξ|. Â
�4 íàéäåíà àïïðîêñèìàöèÿ ðåçîëüâåíòû (A(ξ) + εαI)−1 ïðè ìàëîì ε, îòêóäà ñ ïîìîùüþ
ðàçëîæåíèÿ îïåðàòîðà A â ïðÿìîé èíòåãðàë ïîëó÷åíà àïïðîêñèìàöèÿ ðåçîëüâåíòû (A+εαI)−1.
Â �5 èç ðåçóëüòàòîâ �4 ñ ïîìîùüþ ìàñøòàáíîãî ïðåîáðàçîâàíèÿ âûâîäèòñÿ îñíîâíîé ðåçóëüòàò
ðàáîòû � àïïðîêñèìàöèÿ ðåçîëüâåíòû (Aε + I)−1 ïî îïåðàòîðíîé íîðìå â L2(Rd).

0.6. Îáîçíà÷åíèÿ. Íîðìà â íîðìèðîâàííîì ëèíåéíîì ïðîñòðàíñòâå X îáîçíà÷àåòñÿ ÷åðåç
‖ · ‖X (ëèáî áåç èíäåêñà, åñëè ýòî íå âåäåò ê íåäîðàçóìåíèÿì); åñëè ïðîñòðàíñòâà X,
Y íîðìèðîâàíû, òî ñòàíäàðòíàÿ íîðìà ëèíåéíîãî îãðàíè÷åííîãî îïåðàòîðà T : X → Y
îáîçíà÷àåòñÿ ÷åðåç ‖T‖X→Y ëèáî ‖T‖ (áåç èíäåêñà). Ëèíåéíàÿ îáîëî÷êà ñèñòåìû âåêòîðîâ
F ⊂ X îáîçíà÷àåòñÿ ÷åðåç L{F}.
Ïóñòü H, H∗ � êîìïëåêñíûå ñåïàðàáåëüíûå ãèëüáåðòîâû ïðîñòðàíñòâà. Åñëè A : H→ H∗ �

ëèíåéíûé îïåðàòîð, òî ÷åðåç DomA îáîçíà÷àåòñÿ åãî îáëàñòü îïðåäåëåíèÿ, à ÷åðåç KerA �
åãî ÿäðî.
Åñëè O � îáëàñòü â Rd, òî ÷åðåç Lp(O), 1 6 p 6∞, îáîçíà÷àþòñÿ ñòàíäàðòíûå Lp-êëàññû.

Ñòàíäàðòíîå ñêàëÿðíîå ïðîèçâåäåíèå â ïðîñòðàíñòâå L2(O) îáîçíà÷àåòñÿ ÷åðåç (·, ·)L2(O) ëèáî
áåç èíäåêñà. Ñòàíäàðòíûå êëàññû Ñîáîëåâà ïîðÿäêà s > 0 â îáëàñòè O îáîçíà÷àþòñÿ ÷åðåç
Hs(O).
Äàëåå, èñïîëüçóåì îáîçíà÷åíèÿ x = (x1, . . . , xd)

t ∈ Rd, iDj = ∂j = ∂/∂xj , j = 1, . . . , d;

D = −i∇ = (D1, . . . , Dd)
t. ×åðåç S(Rd) îáîçíà÷èì êëàññ Øâàðöà â Rd. Õàðàêòåðèñòè÷åñêàÿ

ôóíêöèÿ ìíîæåñòâà O ⊂ Rd îáîçíà÷àåòñÿ ÷åðåç 1O.
×åðåç Br(x0) îáîçíà÷èì îòêðûòûé øàð â Rd ñ öåíòðîì â òî÷êå x0 ðàäèóñà r. ×åðåç ωd

îáîçíà÷èì ïëîùàäü åäèíè÷íîé ñôåðû Sd−1 â Rd.

� 1. Îïåðàòîðû òèïà Ëåâè ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè:

ðàçëîæåíèå â ïðÿìîé èíòåãðàë è îöåíêè

1.1. Îïåðàòîð A(α, µ). Ïóñòü µ ∈ L∞(Rd × Rd), ïðè÷åì

0 < µ− 6 µ(x,y) 6 µ+ <∞, µ(x,y) = µ(y,x), x,y ∈ Rd; (1.1)

µ(x + m,y + n) = µ(x,y), x,y ∈ Rd, m,n ∈ Zd. (1.2)

Ïóñòü 1 < α < 2 è γ := α
2 . Â ïðîñòðàíñòâå L2(Rd) ðàññìîòðèì êâàäðàòè÷íóþ ôîðìó

a(α, µ)[u, u] :=
1

2

∫
Rd

∫
Rd

dx dy µ(x,y)
|u(x)− u(y)|2

|x− y|d+α
, u ∈ Hγ(Rd). (1.3)

Â ñèëó (1.1) è (1.3) ôîðìà a(α, µ) ïëîòíî îïðåäåëåíà, íåîòðèöàòåëüíà è óäîâëåòâîðÿåò îöåíêàì

µ−a0(α)[u, u] 6 a(α, µ)[u, u] 6 µ+a0(α)[u, u], u ∈ Hγ(Rd). (1.4)

Çäåñü

a0(α)[u, u] :=
1

2

∫
Rd

∫
Rd

dx dy
|u(x)− u(y)|2

|x− y|d+α
, u ∈ Hγ(Rd). (1.5)
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Õîðîøî èçâåñòíî ñëåäóþùåå óòâåðæäåíèå (ñì., íàïðèìåð, [27, � 6.31], [26, ëåììà 1.1]).

Ëåììà 1.1. Ôîðìà (1.5) äîïóñêàåò ïðåäñòàâëåíèå

a0(α)[u, u] = c0(d, α)

∫
Rd

dk |k|α|û(k)|2, u ∈ Hγ(Rd), (1.6)

ãäå û(k) � Ôóðüå-îáðàç ôóíêöèè u(x), à ïîñòîÿííàÿ c0 = c0(d, α) îïðåäåëÿåòñÿ âûðàæåíèåì

c0 = c0(d, α) =

∫
Rd

1− cos z1

|z|d+α
dz =

πd/2|Γ(−α/2)|
2αΓ((d+ α)/2)

. (1.7)

Îòìåòèì, ÷òî c0(d, α) = O((2− α)−1) ïðè α→ 2.
Èç ëåììû 1.1 ñëåäóåò çàìêíóòîñòü ôîðìû a0(α), à ñ ó÷åòîì îöåíîê (1.4), òàêæå è

çàìêíóòîñòü ôîðìû a(α, µ).
Ïî îïðåäåëåíèþ A = A(α, µ) åñòü ñàìîñîïðÿæåííûé îïåðàòîð â L2(Rd), ïîðîæäåííûé

çàìêíóòîé ôîðìîé (1.3). Ôîðìàëüíî ìîæíî çàïèñàòü (ñì. [19])

(Au)(x) =

∫
Rd

µ(x,y)
(u(x)− u(y))

|x− y|d+α
dy.

Îáîçíà÷èì ÷åðåç A0 = A0(α) ñàìîñîïðÿæåííûé îïåðàòîð â L2(Rd), ïîðîæäåííûé çàìêíóòîé
ôîðìîé (1.5). Â ñèëó ïðåäñòàâëåíèÿ (1.6) îïåðàòîð A0(α) îòëè÷àåòñÿ îò äðîáíîé ñòåïåíè
îïåðàòîðà Ëàïëàñà ëèøü ìíîæèòåëåì:

A0(α) = c0(d, α)(−∆)γ , DomA0(α) = Hα(Rd).

Èç ïðåäñòàâëåíèÿ (1.6) ñëåäóåò, ÷òî òî÷êà λ0 = 0 ÿâëÿåòñÿ êðàåì ñïåêòðà îïåðàòîðà A0(α).
Â ñèëó îöåíîê (1.4) òî÷êà λ0 = 0 ÿâëÿåòñÿ òàêæå íèæíèì êðàåì ñïåêòðà îïåðàòîðà A(α, µ).

1.2. Ñåìåéñòâî îïåðàòîðîâ A(ξ;α, µ). Îáîçíà÷èì ÷åðåç Ω := [0, 1)d ÿ÷åéêó ðåøåòêè Zd è
÷åðåç Ω̃ := [−π, π)d � ÿ÷åéêó äâîéñòâåííîé ðåøåòêè (2πZ)d. Ïðè s > 0 îáîçíà÷èì ÷åðåç H̃s(Ω)
ïîäïðîñòðàíñòâî â Hs(Ω), ñîñòîÿùåå èç ôóíêöèé, Zd-ïåðèîäè÷åñêîå ïðîäîëæåíèå êîòîðûõ
ïðèíàäëåæèò êëàññó Hs

loc(Rd).
Ñ ðåøåòêîé Zd ñâÿçàíî óíèòàðíîå äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå F : L2(Ω) → `2(Zd),

çàäàííîå ñîîòíîøåíèÿìè:

Fu(n) = ûn =

∫
Ω

u(x)e−2πi〈n,x〉dx, n ∈ Zd, u ∈ L2(Ω);

u(x) =
∑
n∈Zd

ûne
2πi〈n,x〉, x ∈ Ω.

Ñîîòíîøåíèå u ∈ H̃s(Ω) ðàâíîñèëüíî ñõîäèìîñòè ðÿäà∑
n∈Zd

(1 + |2πn|2)s|ûn|2,

ïðè÷åì ýòî âûðàæåíèå äîïóñêàåò äâóñòîðîííèå îöåíêè ÷åðåç ‖u‖2Hs(Ω).

Â ïðîñòðàíñòâå L2(Ω) ðàññìîòðèì ñåìåéñòâî êâàäðàòè÷íûõ ôîðì a(ξ) = a(ξ;α, µ),

çàâèñÿùèõ îò ïàðàìåòðà ξ ∈ Ω̃:

a(ξ;α, µ)[u, u] :=
1

2

∫
Rd

dy

∫
Ω

dxµ(x,y)
|ei〈ξ,x〉u(x)− ei〈ξ,y〉u(y)|2

|x− y|d+α
, u ∈ H̃γ(Ω). (1.8)
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Çäåñü ñ÷èòàåòñÿ, ÷òî ôóíêöèÿ u ∈ H̃γ(Ω) ïðîäîëæåíà äî Zd-ïåðèîäè÷åñêîé ôóíêöèè â Rd. Â
ñèëó (1.1) ôîðìà a(ξ;α, µ) ïëîòíî îïðåäåëåíà, íåîòðèöàòåëüíà è óäîâëåòâîðÿåò îöåíêàì

µ−a0(ξ;α)[u, u] 6 a(ξ;α, µ)[u, u] 6 µ+a0(ξ;α)[u, u], u ∈ H̃γ(Ω). (1.9)

Çäåñü

a0(ξ;α)[u, u] :=
1

2

∫
Rd

dy

∫
Ω

dx
|ei〈ξ,x〉u(x)− ei〈ξ,y〉u(y)|2

|x− y|d+α
, u ∈ H̃γ(Ω). (1.10)

Â [26, ëåììà 1.2] ïðîâåðåíî ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 1.2 ([26]). Ôîðìà (1.10) äîïóñêàåò ïðåäñòàâëåíèå

a0(ξ;α)[u, u] = c0(d, α)
∑
n∈Zd

|2πn + ξ|α|ûn|2, u ∈ H̃γ(Ω). (1.11)

Çäåñü ûn, n ∈ Zd, � êîýôôèöèåíòû Ôóðüå ôóíêöèè u, à c0(d, α) � ïîñòîÿííàÿ (1.7).

Èç ëåììû 1.2 ñëåäóåò çàìêíóòîñòü ôîðìû a0(ξ;α), à ñ ó÷åòîì îöåíîê (1.9), òàêæå è
çàìêíóòîñòü ôîðìû a(ξ;α, µ).
Ïî îïðåäåëåíèþ A(ξ) = A(ξ;α, µ) åñòü ñàìîñîïðÿæåííûé îïåðàòîð â L2(Ω), ïîðîæäåííûé

çàìêíóòîé ôîðìîé (1.8). Ôîðìàëüíî ìîæíî çàïèñàòü

(A(ξ)u)(x) =

∫
Rd

µ(x,y)

(
u(x)− e−i〈ξ,x−y〉u(y)

)
|x− y|d+α

dy.

Îáîçíà÷èì ÷åðåç A0(ξ) = A0(ξ;α) ñàìîñîïðÿæåííûé îïåðàòîð â L2(Rd), ïîðîæäåííûé
çàìêíóòîé ôîðìîé (1.10). Â ñèëó ïðåäñòàâëåíèÿ (1.11) îïåðàòîð A0(ξ;α) îòëè÷àåòñÿ îò
äðîáíîé ñòåïåíè îïåðàòîðà |D + ξ| ëèøü ìíîæèòåëåì:

A0(ξ;α) = c0(d, α)|D + ξ|α, DomA0(ξ;α) = H̃α(Ω). (1.12)

Â ñèëó êîìïàêòíîñòè âëîæåíèÿ ïðîñòðàíñòâà H̃γ(Ω) (îáëàñòè îïðåäåëåíèÿ ôîðìû a(ξ;α, µ))

â L2(Ω) ñïåêòð îïåðàòîðà A(ξ), êàê è îïåðàòîðà A0(ξ), äèñêðåòåí ïðè âñÿêîì ξ ∈ Ω̃.

1.3. Ðàçëîæåíèå îïåðàòîðà A(α, µ) â ïðÿìîé èíòåãðàë. Ïðè n ∈ Zd îáîçíà÷èì ÷åðåç Sn
(óíèòàðíûé) îïåðàòîð ñäâèãà â L2(Rd), îïðåäåëåííûé ïî ïðàâèëó

Snu(x) = u(x + n), x ∈ Rd, u ∈ L2(Rd).

Î÷åâèäíî, ÷òî ïðè óñëîâèÿõ (1.1), (1.2) âûïîëíåíî òîæäåñòâî

a(α, µ)[Snu, Snu] = a(α, µ)[u, u], u ∈ Hγ(Rd), n ∈ Zd.

Ýòî îçíà÷àåò, ÷òî îïåðàòîð A(α, µ) êîììóòèðóåò ñ îïåðàòîðàìè Sn ïðè âñåõ n ∈ Zd, òî åñòü
ÿâëÿåòñÿ Zd-ïåðèîäè÷åñêèì îïåðàòîðîì.
Îïðåäåëèì ïðåîáðàçîâàíèå Ãåëüôàíäà G (ñì., íàïðèìåð, [29] èëè [6, ãëàâà 2]).

Ïåðâîíà÷àëüíî G çàäàåòñÿ íà êëàññå Øâàðöà S(Rd) ðàâåíñòâîì

Gu(ξ,x) = ũ(ξ,x) := (2π)−d/2
∑
n∈Zd

u(x + n)e−i〈ξ,x+n〉, ξ ∈ Ω̃, x ∈ Ω, u ∈ S(Rd).

Çàòåì G ðàñïðîñòðàíÿåòñÿ ïî íåïðåðûâíîñòè äî óíèòàðíîãî îòîáðàæåíèÿ

G : L2(Rd)→
∫
Ω̃

⊕L2(Ω) dξ = L2(Ω̃× Ω).
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Íàïîìíèì, ÷òî êëàññ Ñîáîëåâà Hs(Rd), ãäå s > 0, ïîä äåéñòâèåì ïðåîáðàçîâàíèÿ Ãåëüôàíäà

îòîáðàæàåòñÿ íà ïðÿìîé èíòåãðàë ïðîñòðàíñòâ H̃s(Ω):

G : Hs(Rd)→
∫
Ω̃

⊕H̃s(Ω) dξ = L2(Ω̃; H̃s(Ω)).

Êàê è âñå ïåðèîäè÷åñêèå îïåðàòîðû, îïåðàòîð A(α, µ) ðàñêëàäûâàåòñÿ â ïðÿìîé èíòåãðàë ñ
ïîìîùüþ ïðåîáðàçîâàíèÿ Ãåëüôàíäà. Ýòî äåìîíñòðèðóåò ñëåäóþùàÿ ëåììà, óñòàíîâëåííàÿ â
[26, ëåììà 1.3].

Ëåììà 1.3 ([26]). Ïóñòü âûïîëíåíû óñëîâèÿ (1.1), (1.2) è 1 < α < 2. Ïóñòü ôîðìà a = a(α, µ)
â L2(Rd) îïðåäåëåíà âûðàæåíèåì (1.3). Ïóñòü ñåìåéñòâî ôîðì a(ξ) = a(ξ;α, µ) â L2(Ω)

îïðåäåëåíî â (1.8). Çäåñü ξ ∈ Ω̃. Ïóñòü G : L2(Rd) → L2(Ω̃ × Ω) � óíèòàðíîå ïðåîáðàçîâàíèå

Ãåëüôàíäà. Ñîîòíîøåíèå u ∈ Hγ(Rd) ðàâíîñèëüíî ñîîòíîøåíèþ Gu = ũ ∈ L2(Ω̃; H̃γ(Ω)). Ïðè

ïî÷òè âñåõ ξ ∈ Ω̃ âûïîëíåíî ũ(ξ, ·) ∈ H̃γ(Ω) è

a[u, u] =

∫
Ω̃

a(ξ)[ũ(ξ, ·), ũ(ξ, ·)] dξ, u ∈ Hγ(Rd).

Ñ ó÷åòîì òîãî, ÷òî îïåðàòîð A, à òàêæå îïåðàòîðû A(ξ) îïðåäåëåíû ÷åðåç ñîîòâåòñòâóþùèå
êâàäðàòè÷íûå ôîðìû, ëåììà 1.3 ïîêàçûâàåò, ÷òî

A(α, µ) = G∗
(∫

Ω̃
⊕A(ξ;α, µ) dξ

)
G. (1.13)

1.4. Îöåíêè êâàäðàòè÷íîé ôîðìû îïåðàòîðà A(ξ;α, µ). Â ñèëó ëåììû 1.2 îïåðàòîðû

A0(ξ;α), ξ ∈ Ω̃, äèàãîíàëèçóþòñÿ óíèòàðíûì äèñêðåòíûì ïðåîáðàçîâàíèåì Ôóðüå F :

A0(ξ;α) = c0(d, α)F∗
[
|2πn + ξ|α

]
F , ξ ∈ Ω̃. (1.14)

Çäåñü ÷åðåç [|2πn + ξ|α] îáîçíà÷àåòñÿ îïåðàòîð óìíîæåíèÿ íà ôóíêöèþ |2πn + ξ|α, n ∈ Zd, â
ïðîñòðàíñòâå `2(Zd).
Èç îïèñàííîé äèàãîíàëèçàöèè ëåãêî ñëåäóåò, ÷òî KerA0(0;α) = L{1Ω}. Ñëåäîâàòåëüíî, â

ñèëó (1.9) èìååò ìåñòî KerA(0;α, µ) = L{1Ω}. Ìû ïðèõîäèì ê ñëåäóþùåìó óòâåðæäåíèþ; ñð.
[26, ëåììà 1.4].

Ëåììà 1.4 ([26]). Ïóñòü âûïîëíåíû óñëîâèÿ (1.1), (1.2) è 1 < α < 2. Òîãäà ÷èñëî λ0 = 0
ÿâëÿåòñÿ ïðîñòûì ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà A(0;α, µ). Ïðè ýòîì KerA(0;α, µ) =
L{1Ω}.

Î÷åâèäíî, âûïîëíåíû ñîîòíîøåíèÿ

|2πn + ξ|α > |ξ|α, ξ ∈ Ω̃, n ∈ Zd, (1.15)

|2πn + ξ|α > πα, ξ ∈ Ω̃, n ∈ Zd \ 0, (1.16)

min
n∈Zd\0

|2πn|α = (2π)α. (1.17)

Èç (1.15), (1.16) è ëåììû 1.2 âûòåêàþò îöåíêè äëÿ êâàäðàòè÷íîé ôîðìû a0(ξ;α):

a0(ξ;α)[u, u] > c0(d, α)|ξ|α‖u‖2L2(Ω), u ∈ H̃γ(Ω), ξ ∈ Ω̃, (1.18)

a0(ξ;α)[u, u] > c0(d, α)πα‖u‖2L2(Ω), u ∈ H̃γ(Ω),

∫
Ω

u(x) dx = 0, ξ ∈ Ω̃. (1.19)

Èç ñîîòíîøåíèé (1.9), (1.18), (1.19) âûòåêàåò ñëåäóþùåå óòâåðæäåíèå; ñð. [26, ïðåäëîæåíèå
1.5].
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Ïðåäëîæåíèå 1.5 ([26]). Ïóñòü âûïîëíåíû óñëîâèÿ (1.1), (1.2) è 1 < α < 2. Òîãäà äëÿ ôîðìû
(1.8) ñïðàâåäëèâû îöåíêè

a(ξ;α, µ)[u, u] > µ−c0(d, α)|ξ|α‖u‖2L2(Ω), u ∈ H̃γ(Ω), ξ ∈ Ω̃,

a(ξ;α, µ)[u, u] > µ−c0(d, α)πα‖u‖2L2(Ω), u ∈ H̃γ(Ω),

∫
Ω

u(x) dx = 0, ξ ∈ Ω̃.

� 2. Ïðåäñòàâëåíèå äëÿ ðàçíîñòè êâàäðàòè÷íûõ ôîðì a(ξ) è a(0)

2.1. Îöåíêà ðàçíîñòè êâàäðàòè÷íûõ ôîðì a(ξ) è a(0). Îöåíêà äëÿ ðàçíîñòè
êâàäðàòè÷íûõ ôîðì a(ξ) è a(0) áûëà ïîëó÷åíà â [26, ëåììà 2.3].

Ëåììà 2.1 ([26]). Ïóñòü âûïîëíåíû óñëîâèÿ (1.1), (1.2) è 1 < α < 2. Ïóñòü ôîðìà a(ξ)
îïðåäåëåíà â (1.8). Òîãäà âûïîëíåíà îöåíêà

|a(ξ)[u, u]− a(0)[u, u]| 6 č(d, α)|ξ|
(
a(0)[u, u] + µ+‖u‖2L2(Ω)

)
, u ∈ H̃γ(Ω), ξ ∈ Ω̃.

Çàìå÷àíèå 2.2. Äëÿ ïîñòîÿííîé č(d, α) â [26] íàéäåíî ÿâíîå âûðàæåíèå, èç êîòîðîãî

ñëåäóåò, ÷òî č(d, α)→∞ ïðè α→ 1 è ïðè α→ 2.

Íàì ïîíàäîáèòñÿ âûäåëèòü â ðàçíîñòè a(ξ)[u, u] − a(0)[u, u] ÷ëåíû ïîðÿäêà |ξ| è îöåíèòü
îñòàòîê. Äëÿ ýòîé öåëè óäîáíî �ðàçäåëèòü òðóäíîñòè�, ïðåäñòàâëÿÿ ôîðìó a(ξ)[u, u] â âèäå
ñóììû äâóõ ñëàãàåìûõ. Ïîëîæèì

b1(z) =
1B1(0)(z)

|z|d+α
, b2(z) =

1Rd\B1(0)(z)

|z|d+α
, z ∈ Rd.

Òîãäà

a(ξ)[u, u] = a1(ξ)[u, u] + a2(ξ)[u, u], u ∈ H̃γ(Ω), (2.1)

ãäå

a1(ξ)[u, u] :=
1

2

∫
Rd

dy

∫
Ω

dxµ(x,y)b1(x− y)
∣∣u(x)− ei〈ξ,y−x〉u(y)

∣∣2, u ∈ H̃γ(Ω), (2.2)

a2(ξ)[u, u] :=
1

2

∫
Rd

dy

∫
Ω

dxµ(x,y)b2(x− y)
∣∣u(x)− ei〈ξ,y−x〉u(y)

∣∣2, u ∈ H̃γ(Ω). (2.3)

2.2. Ïðåäñòàâëåíèå äëÿ êâàäðàòè÷íîé ôîðìû a1(ξ).

Ëåììà 2.3. Ïóñòü âûïîëíåíû óñëîâèÿ (1.1), (1.2) è 1 < α < 2. Ïóñòü ôîðìà a1(ξ) îïðåäåëåíà
â (2.2). Òîãäà ñïðàâåäëèâî ïðåäñòàâëåíèå

a1(ξ)[u, u] = a1(0)[u, u] +

d∑
j=1

ξja
(j)
1 [u, u] + ã1(ξ)[u, u], u ∈ H̃γ(Ω), ξ ∈ Ω̃. (2.4)

Çäåñü

a
(j)
1 [u, u] := −

∫
Rd

dy

∫
Ω

dxµ(x,y)b1(x− y)(xj − yj) Re
(
iu(x)u(y)

)
, u ∈ H̃γ(Ω). (2.5)

Âûïîëíåíû îöåíêè∣∣a(j)
1 [u, u]

∣∣ 6 c1(d, α)
(
a1(0)[u, u] + µ+‖u‖2L2(Ω)

)
, u ∈ H̃γ(Ω), j = 1, . . . , d, (2.6)

|ã1(ξ)[u, u]| 6 c̃1(d, α)|ξ|2
(
a1(0)[u, u] + µ+‖u‖2L2(Ω)

)
, u ∈ H̃γ(Ω), ξ ∈ Ω̃. (2.7)
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Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ ýëåìåíòàðíûì ïðåäñòàâëåíèåì

eiλ = 1 + iλ+ λ2F (λ), F (λ) = −
∫ 1

0
dt t

∫ 1

0
ds eistλ, λ ∈ R. (2.8)

Î÷åâèäíî, F ∈ L∞(R), ïðè÷åì

|F (λ)| 6 1

2
, λ ∈ R. (2.9)

Ñîãëàñíî (2.2) è (2.8) ïðè u ∈ H̃γ(Ω) èìååì

a1(ξ)[u, u] =
1

2

∫
Rd

dy

∫
Ω

dxµ(x,y)b1(x− y)

×
∣∣u(x)− u(y) + i〈ξ,x− y〉u(y)− 〈ξ,x− y〉2F (〈ξ,y − x〉)u(y)

∣∣2 .
Ñëåäîâàòåëüíî,

a1(ξ)[u, u] = a1(0)[u, u] +
d∑
j=1

ξja
(j)
1 [u, u] + ã1(ξ)[u, u], (2.10)

ãäå

a
(j)
1 [u, u] = −

∫
Rd

dy

∫
Ω

dxµ(x,y)b1(x− y)(xj − yj) Re
(
i(u(x)− u(y))u(y)

)
, (2.11)

ã1(ξ)[u, u] = ã′1(ξ)[u, u] + ã′′1(ξ)[u, u], (2.12)

ã′1(ξ)[u, u] = −
∫
Rd

dy

∫
Ω

dxµ(x,y)b1(x− y)〈ξ,x− y〉2 Re
(
F (〈ξ,y − x〉)(u(x)− u(y))u(y)

)
,

(2.13)

ã′′1(ξ)[u, u] =
1

2

∫
Rd

dy

∫
Ω

dxµ(x,y)b1(x− y)
∣∣i〈ξ,x− y〉 − 〈ξ,x− y〉2F (〈ξ,y − x〉)

∣∣2 |u(y)|2.

(2.14)

Èç (2.10) è (2.11) ñ ó÷åòîì î÷åâèäíîãî ðàâåíñòâà Re(−i|u(y)|2) = 0 âûòåêàþò ïðåäñòàâëåíèÿ
(2.4), (2.5).
Ïðåîáðàçóåì ôîðìó (2.11), ó÷èòûâàÿ ïåðèîäè÷íîñòü ôóíêöèé µ(x,y) è u(y):

a
(j)
1 [u, u] = −

∑
n∈Zd

∫
Ω+n

dy

∫
Ω

dxµ(x,y)b1(x− y)(xj − yj) Re
(
i(u(x)− u(y))u(y)

)
= −

∑
n∈Zd

∫
Ω
dy

∫
Ω
dxµ(x,y)b1(x− y − n)(xj − yj − nj) Re

(
i(u(x)− u(y))u(y)

)
= −Re

(
i

∫
Ω
dy u(y)

∫
Rd
dxµ(x,y)b1(x− y)(xj − yj)(u(x)− u(y))

)
.

(2.15)

Îöåíèì âíóòðåííèé èíòåãðàë â ïîñëåäíåì âûðàæåíèè, ïðèìåíÿÿ íåðàâåíñòâî Êîøè:∣∣∣∣∫
Rd
dxµ(x,y)b1(x− y)(xj − yj)(u(x)− u(y))

∣∣∣∣2
6

(∫
Rd
dxµ(x,y)b1(x− y)(xj − yj)2

)(∫
Rd
dxµ(x,y)b1(x− y)|u(x)− u(y)|2

)
.

(2.16)
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Ó÷èòûâàÿ (2.2) (ïðè ξ = 0) è ñîîòíîøåíèå∫
Rd

dxµ(x,y)b1(x− y)(xj − yj)2 6 µ+

∫
|z|<1

dz

|z|d+α−2
= µ+ωd

1∫
0

dr

rα−1
= µ+

ωd
2− α

,

èç (2.15) è (2.16) ïîëó÷àåì∣∣a(j)
1 [u, u]

∣∣ 6 (µ+
ωd

2− α

)1/2 ∫
Ω
dy|u(y)|

(∫
Rd
dxµ(x,y)b1(x− y)|u(x)− u(y)|2

)1/2

6

(
µ+

ωd
2− α

)1/2

‖u‖L2(Ω) (2a1(0)[u, u])1/2 6

(
ωd

2(2− α)

)1/2 (
a1(0)[u, u] + µ+‖u‖2L2(Ω)

)
.

Ýòî äîêàçûâàåò íåðàâåíñòâî (2.6) ñ ïîñòîÿííîé c1(d, α) = ω
1/2
d (2(2− α))−1/2.

Ïåðåéäåì ê îöåíêå ôîðìû (2.13). Ïî àíàëîãèè ñ (2.15) èìååì:

ã′1(ξ)[u, u] = −Re

(∫
Ω
dy u(y)

∫
Rd
dxµ(x,y)b1(x− y)〈ξ,x− y〉2F (〈ξ,y − x〉)(u(x)− u(y))

)
.

Èñïîëüçóÿ íåðàâåíñòâî Êîøè è ó÷èòûâàÿ (2.9), îöåíèì âíóòðåííèé èíòåãðàë:∣∣∣∣∫
Rd
dxµ(x,y)b1(x− y)〈ξ,x− y〉2F (〈ξ,y − x〉)(u(x)− u(y))

∣∣∣∣2
6

(
1

4

∫
Rd
dxµ(x,y)b1(x− y)〈ξ,x− y〉4

)(∫
Rd
dxµ(x,y)b1(x− y)|u(x)− u(y)|2

)
Ó÷èòûâàÿ (2.2) (ïðè ξ = 0) è ñîîòíîøåíèå

1

4

∫
Rd

dxµ(x,y)b1(x− y)〈ξ,x− y〉4 6 µ+

4
|ξ|4

∫
|z|<1

dz

|z|d+α−4
=
µ+

4
|ξ|4ωd

1∫
0

dr

rα−3
= µ+|ξ|4

ωd
4(4− α)

,

ïîëó÷àåì∣∣ã′1(ξ)[u, u]
∣∣ 6 |ξ|2( µ+ωd

4(4− α)

)1/2 ∫
Ω
dy|u(y)|

(∫
Rd
dxµ(x,y)b1(x− y)|u(x)− u(y)|2

)1/2

6 |ξ|2
(

µ+ωd
4(4− α)

)1/2

‖u‖L2(Ω) (2a1(0)[u, u])1/2 6 c̃′1(d, α)|ξ|2
(
a1(0)[u, u] + µ+‖u‖2L2(Ω)

) (2.17)

ñ ïîñòîÿííîé c̃′1(d, α) = 1
2
√

2
ω

1/2
d (4− α)−1/2.

Îñòàåòñÿ îöåíèòü ôîðìó (2.14). Ïî àíàëîãèè ñ (2.15) èìååì:

ã′′1(ξ)[u, u] =
1

2

∫
Ω

dy|u(y)|2
∫
Rd

dxµ(x,y)b1(x− y)
∣∣i〈ξ,x− y〉 − 〈ξ,x− y〉2F (〈ξ,y − x〉)

∣∣2 .
Ó÷èòûâàÿ (2.9), îöåíèì âíóòðåííèé èíòåãðàë:∫

Rd

dxµ(x,y)b1(x− y)
∣∣i〈ξ,x− y〉 − 〈ξ,x− y〉2F (〈ξ,y − x〉)

∣∣2
6 µ+

∫
|z|<1

dz

(
2|ξ|2

|z|d+α−2
+

|ξ|4

2|z|d+α−4

)
= µ+ωd

(
2|ξ|2

2− α
+

|ξ|4

2(4− α)

)
.

Â ðåçóëüòàòå, èñïîëüçóÿ íåðàâåíñòâî |ξ| 6 π
√
d äëÿ ξ ∈ Ω̃, ïðèõîäèì ê îöåíêå∣∣ã′′1(ξ)[u, u]

∣∣ 6 c̃′′1(d, α)|ξ|2µ+‖u‖2L2(Ω), (2.18)

ãäå c̃′′1(d, α) = ωd((2− α)−1 + 1
4π

2d(4− α)−1).
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Ñîïîñòàâëÿÿ (2.12), (2.17) è (2.18), ïðèõîäèì ê èñêîìîé îöåíêå (2.7) ñ ïîñòîÿííîé c̃1(d, α) =
c̃′1(d, α) + c̃′′1(d, α). �

Çàìå÷àíèå 2.4. Èç ÿâíûõ âûðàæåíèé äëÿ êîíñòàíò c1(d, α) è c̃1(d, α) âèäíî, ÷òî

c1(d, α)→∞ è c̃1(d, α)→∞ ïðè α→ 2.

2.3. Ïðåäñòàâëåíèå äëÿ êâàäðàòè÷íîé ôîðìû a2(ξ). Ïðåîáðàçóåì ôîðìó (2.3):

a2(ξ)[u, u] =
1

2

∫
Rd
dy

∫
Ω
dxµ(x,y)b2(x− y)|u(x)|2 +

1

2

∫
Rd
dy

∫
Ω
dxµ(x,y)b2(x− y)|u(y)|2

− Re

∫
Rd
dy

∫
Ω
dxµ(x,y)b2(x− y)ei〈ξ,x−y〉u(x)u(y).

(2.19)
Ïîëîæèì

V (x) :=

∫
Rd

µ(x,y)b2(x− y) dy.

Ïîñêîëüêó ∫
Rd

b2(z) dz =

∫
|z|>1

dz

|z|d+α
= ωd

∞∫
1

dr

r1+α
=
ωd
α
,

òî ïîòåíöèàë V (x) îãðàíè÷åí:

µ−
ωd
α
6 V (x) 6 µ+

ωd
α
, x ∈ Ω. (2.20)

Î÷åâèäíî, ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (2.19) çàïèøåòñÿ â âèäå 1
2

∫
Ω V (x)|u(x)|2 dx.

Àíàëîãè÷íî (2.15) âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè (2.19) ìîæíî ïðåîáðàçîâàòü:

1

2

∫
Rd
dy

∫
Ω
dxµ(x,y)b2(x− y)|u(y)|2

=
1

2

∫
Ω
dy

∫
Rd
dxµ(x,y)b2(x− y)|u(y)|2 =

1

2

∫
Ω
V (y)|u(y)|2 dy.

Òðåòèé ÷ëåí â ïðàâîé ÷àñòè (2.19) ïðåäñòàâèì â âèäå

Re

∫
Rd
dy

∫
Ω
dxµ(x,y)b2(x− y)ei〈ξ,x−y〉u(x)u(y)

= Re

∫
Ω
dy

∫
Ω
dxµ(x,y)̃b2(ξ,x− y)u(x)u(y) = Re (K(ξ)u, u)L2(Ω),

ãäå

b̃2(ξ, z) :=
∑
n∈Zd

b2(z + n)ei〈ξ,z+n〉,

à K(ξ) � èíòåãðàëüíûé îïåðàòîð âèäà

(K(ξ)u)(y) =

∫
Ω
dxµ(x,y)̃b2(ξ,x− y)u(x).

Îïåðàòîð K(ξ) îãðàíè÷åí; åãî íîðìó ëåãêî îöåíèòü ñ ïîìîùüþ òåñòà Øóðà (ñì., íàïðèìåð,
[24, ëåììà 4.1]):

‖K(ξ)‖2L2(Ω)→L2(Ω) 6

(
sup
y∈Ω

∫
Ω
µ(x,y)|̃b2(ξ,x− y)| dx

)(
sup
x∈Ω

∫
Ω
µ(x,y)|̃b2(ξ,x− y)| dy

)
. (2.21)

Èìååì:

sup
y∈Ω

∫
Ω
µ(x,y)|̃b2(ξ,x− y)| dx 6 µ+ sup

y∈Ω

∫
Ω
|̃b2(ξ,x− y)| dx 6 µ+

∫
Rd
b2(z) dz = µ+

ωd
α
. (2.22)
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Âòîðîé ñóïðåìóì â (2.21) äîïóñêàåò òàêóþ æå îöåíêó. Ñëåäîâàòåëüíî,

‖K(ξ)‖L2(Ω)→L2(Ω) 6 µ+
ωd
α
. (2.23)

Â èòîãå ïîëó÷àåì:

a2(ξ)[u, u] =

∫
Ω
V (x)|u(x)|2 dx− Re (K(ξ)u, u)L2(Ω). (2.24)

Òåì ñàìûì ôîðìà a2(ξ)[u, u] îãðàíè÷åíà è åå ìîæíî ðàñïðîñòðàíèòü íà âñå u ∈ L2(Ω). Èç
(2.20), (2.23) è (2.24) âûòåêàåò îöåíêà

a2(ξ)[u, u] 6 2µ+
ωd
α
‖u‖2L2(Ω), u ∈ L2(Ω).

Ëåììà 2.5. Ïóñòü âûïîëíåíû óñëîâèÿ (1.1), (1.2) è 1 < α < 2. Ïóñòü ôîðìà a2(ξ) îïðåäåëåíà
â (2.3). Òîãäà ôîðìó a2(ξ)[u, u] ìîæíî ðàñïðîñòðàíèòü íà âñå u ∈ L2(Ω) è ïðåäñòàâèòü â

âèäå (2.24). Cïðàâåäëèâî ïðåäñòàâëåíèå

a2(ξ)[u, u] = a2(0)[u, u] +

d∑
j=1

ξja
(j)
2 [u, u] + ã2(ξ)[u, u], u ∈ L2(Ω), ξ ∈ Ω̃. (2.25)

Çäåñü

a
(j)
2 [u, u] := −

∫
Rd

dy

∫
Ω

dxµ(x,y)b2(x− y)(xj − yj) Re
(
iu(x)u(y)

)
, u ∈ L2(Ω). (2.26)

Âûïîëíåíû îöåíêè∣∣a(j)
2 [u, u]

∣∣ 6 c2(d, α)µ+‖u‖2L2(Ω), u ∈ L2(Ω), j = 1, . . . , d, (2.27)

|ã2(ξ)[u, u]| 6 c̃2(d, α)|ξ|αµ+‖u‖2L2(Ω), u ∈ L2(Ω), ξ ∈ Ω̃. (2.28)

Äîêàçàòåëüñòâî. Èç (2.24) âûòåêàåò, ÷òî

a2(ξ)[u, u]− a2(0)[u, u] = −Re ((K(ξ)−K(0))u, u)L2(Ω)

= −Re
∑
n∈Zd

∫
Ω

dy

∫
Ω

dxµ(x,y)b2(x− y + n)(ei〈ξ,x−y+n〉 − 1)u(x)u(y). (2.29)

Âîñïîëüçóåìñÿ ýëåìåíòàðíûì ïðåäñòàâëåíèåì

eiλ = 1 + iλ+
|λ|αFp(λ)

(1 + | ln |λ||)p
, λ ∈ R, p > 1, (2.30)

ãäå Fp ∈ L∞(R), è âûïîëíåíà ðàâíîìåðíàÿ ïî λ îöåíêà

|Fp(λ)| 6 max

{
sup

0<x61

x2−α

2
(1 + | lnx|)p, sup

16x<∞

(2 + x)

xα
(1 + | lnx|)p

}
=: c(p, α), λ ∈ R. (2.31)

Â ñèëó (2.29) è (2.30) èìååì

a2(ξ)[u, u]− a2(0)[u, u] =

d∑
j=1

ξja
(j)
2 [u, u] + ã2(ξ)[u, u], (2.32)

ãäå

a
(j)
2 [u, u] = −

∑
n∈Zd

∫
Ω

dy

∫
Ω

dxµ(x,y)b2(x− y + n)(xj − yj + nj) Re(iu(x)u(y))

= −
∫
Rd

dy

∫
Ω

dxµ(x,y)b2(x− y)(xj − yj) Re
(
iu(x)u(y)

)
,

(2.33)
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ã2(ξ)[u, u] = −
∑
n∈Zd

∫
Ω

dy

∫
Ω

dxµ(x,y)b2(x− y + n)
|〈ξ,x− y + n〉|α

(1 + | ln |〈ξ,x− y + n〉||)p

× Re
(
Fp(〈ξ,x− y + n〉)u(x)u(y)

)
.

(2.34)

Ñîîòíîøåíèÿ (2.32), (2.33) äîêàçûâàþò ïðåäñòàâëåíèÿ (2.25) è (2.26).
×òîáû îöåíèòü ôîðìó (2.33), çàïèøåì åå â âèäå

a
(j)
2 [u, u] = −Re (i(K2,ju, u)L2(Ω)), (2.35)

ãäå

(K2,ju)(y) =

∫
Ω

µ(x,y)̃b2,j(x− y)u(x) dx,

b̃2,j(z) :=
∑
n∈Zd

b2(z + n)(zj + nj).

Íîðìó èíòåãðàëüíîãî îïåðàòîðàK2,j ìîæíî îöåíèòü ñ ïîìîùüþ òåñòàØóðà (ñð. (2.21)�(2.23)):

‖K2,j‖2L2(Ω)→L2(Ω) 6

(
sup
y∈Ω

∫
Ω
µ(x,y)|̃b2,j(x− y)| dx

)(
sup
x∈Ω

∫
Ω
µ(x,y)|̃b2,j(x− y)| dy

)
. (2.36)

Èìååì:

sup
y∈Ω

∫
Ω

µ(x,y)
∣∣̃b2,j(x− y)

∣∣ dx 6 sup
y∈Ω

µ+

∑
n∈Zd

∫
Ω

b2(x− y + n)|xj − yj + nj | dx

= µ+

∫
Rd

b2(z)|zj | dz 6 µ+

∫
|z|>1

dz

|z|d+α−1
= µ+ωd

∞∫
1

dr

rα
= µ+

ωd
α− 1

.

Âòîðîé ñóïðåìóì â (2.36) äîïóñêàåò òàêóþ æå îöåíêó. Ñëåäîâàòåëüíî, ‖K2,j‖ 6 µ+
ωd
α−1 . Îòñþäà

è èç (2.35) âûòåêàåò îöåíêà (2.27) ñ ïîñòîÿííîé c2(d, α) = ωd
α−1 .

Ïåðåéäåì ê îöåíêå ôîðìû (2.34), êîòîðóþ çàïèøåì â âèäå

ã2(ξ)[u, u] = −Re (K̃2(ξ)u, u)L2(Ω), (2.37)

ãäå

(K̃2(ξ)u)(y) =

∫
Ω

µ(x,y)T (ξ,x− y)u(x) dx,

T (ξ, z) :=
∑
n∈Zd

b2(z + n)
|〈ξ, z + n〉|αFp(〈ξ, z + n〉)

(1 + | ln |〈ξ, z + n〉||)p
.

Îöåíèì íîðìó èíòåãðàëüíîãî îïåðàòîðà K̃2(ξ) ñ ïîìîùüþ òåñòà Øóðà:

‖K̃2(ξ)‖2L2(Ω)→L2(Ω) 6

(
sup
y∈Ω

∫
Ω
µ(x,y)|T (ξ,x− y)| dx

)(
sup
x∈Ω

∫
Ω
µ(x,y)|T (ξ,x− y)| dy

)
.

(2.38)
Ñ ó÷åòîì (2.31) èìååì:

sup
y∈Ω

∫
Ω

µ(x,y)|T (ξ,x− y)| dx 6 c(p, α)µ+

∫
Rd

b2(z)
|〈ξ, z〉|α

(1 + | ln |〈ξ, z〉||)p
dz

= c(p, α)µ+|ξ|α
∫
|z|>1

|z1|αdz
|z|d+α(1 + | ln(|ξ||z1|)|)p

6 c(p, α)µ+|ξ|α
∫
|z|>1

dz

|z|d(1 + | ln(|ξ||z1|)|)p
.

(2.39)
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Çäåñü ïðè ξ 6= 0 ìû âûáðàëè ñèñòåìó êîîðäèíàò, â êîòîðîé ïåðâàÿ îñü ñîíàïðàâëåíà ñ âåêòîðîì
ξ; òîãäà 〈ξ, z〉 = |ξ|z1. ×òîáû îöåíèòü ïîñëåäíèé èíòåãðàë â (2.39), çàìåòèì, ÷òî öèëèíäð{

z ∈ Rd : |z1| <
1√
2
, |z′| < 1√

2

}
ñîäåðæèòñÿ â øàðå B1(0). (Çäåñü z = (z1, z

′), z′ = (z2, . . . , zn).) Îöåíèâàÿ èíòåãðàë ïî
âíåøíîñòè øàðà ÷åðåç èíòåãðàë ïî âíåøíîñòè öèëèíäðà, ïîëó÷àåì:∫

|z|>1

dz

|z|d(1 + | ln(|ξ||z1|)|)p
6

∫
|z1|< 1√

2

dz1

∫
|z′|> 1√

2

dz′

|z|d(1 + | ln(|ξ||z1|)|)p

+

∫
|z1|> 1√

2

dz1

∫
Rd−1

dz′

|z|d(1 + | ln(|ξ||z1|)|)p
.

Î÷åâèäíî, ïåðâûé èíòåãðàë ñïðàâà íå ïðåâîñõîäèò âåëè÷èíû

√
2

∫
|z′|> 1√

2

dz′

|z′|d
=
√

2ωd−1

∞∫
1√
2

dr

r2
= 2ωd−1.

Îöåíèì âòîðîé èíòåãðàë:∫
|z1|> 1√

2

dz1

∫
Rd−1

dz′

|z|d(1 + | ln(|ξ||z1|)|)p
=

∫
|z1|> 1√

2

dz1

(1 + | ln(|ξ||z1|)|)p

∫
Rd−1

dz′

(z2
1 + |z′|2)d/2

= 2

∞∫
1√
2

dz1

z1(1 + | ln(|ξ|z1)|)p

∫
Rd−1

dw′

(1 + |w′|2)d/2
6 2c′d

∞∫
0

dτ

τ(1 + | ln τ |)p
= 2c′d

∫
R

dt

(1 + |t|)p
=

4c′d
p− 1

.

Çäåñü âûïîëíåíà çàìåíà z′ = |z1|w′, à çàòåì çàìåíû τ = |ξ|z1, t = ln τ ; èñïîëüçîâàíî
îáîçíà÷åíèå

c′d =

∫
Rd−1

dw′

(1 + |w′|2)d/2
. (2.40)

Â èòîãå ïîëó÷àåì îöåíêó ∫
|z|>1

dz

|z|d(1 + | ln(|ξ||z1|)|)p
6 2ωd−1 +

4c′d
p− 1

.

Îòñþäà è èç (2.39) ñëåäóåò íåðàâåíñòâî

sup
y∈Ω

∫
Ω

µ(x,y)|T (ξ,x− y)| dx 6 ĉ2(p, d, α)µ+|ξ|α, ĉ2(p, d, α) = c(p, α)
(

2ωd−1 +
4c′d
p− 1

)
.

Âòîðîé ñóïðåìóì â (2.38) äîïóñêàåò òàêóþ æå îöåíêó. Ñëåäîâàòåëüíî, íîðìà ‖K̃2(ξ)‖
îöåíèâàåòñÿ ÷åðåç âåëè÷èíó ĉ2(p, d, α)µ+|ξ|α. Òîãäà ñîãëàñíî (2.37) ñïðàâåäëèâà îöåíêà

ã2(ξ)[u, u] 6 ĉ2(p, d, α)µ+|ξ|α‖u‖2L2(Ω), u ∈ L2(Ω).

Âûáèðàÿ p = 2 â (2.30), îòñþäà ïîëó÷àåì èñêîìóþ îöåíêó (2.28) ñ ïîñòîÿííîé c̃2(d, α) =
ĉ2(2, d, α). �

Çàìå÷àíèå 2.6. Îòìåòèì, ÷òî c2(d, α)→∞ è c̃2(d, α)→∞ ïðè α→ 1.
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2.4. Ïðåäñòàâëåíèå äëÿ êâàäðàòè÷íîé ôîðìû a(ξ). Êîìáèíèðóÿ (2.1) è ëåììû 2.3, 2.5,
ïîëó÷àåì ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 2.7. Ïóñòü âûïîëíåíû óñëîâèÿ (1.1), (1.2) è 1 < α < 2. Ïóñòü ôîðìà a(ξ) îïðåäåëåíà
â (1.8). Òîãäà ñïðàâåäëèâî ïðåäñòàâëåíèå

a(ξ)[u, u] = a(0)[u, u] +

d∑
j=1

ξja
(j)[u, u] + ã(ξ)[u, u], u ∈ H̃γ(Ω), ξ ∈ Ω̃.

Çäåñü

a(j)[u, u] := −
∫
Rd

dy

∫
Ω

dxµ(x,y)
(xj − yj)
|x− y|d+α

Re
(
iu(x)u(y)

)
, u ∈ H̃γ(Ω). (2.41)

Âûïîëíåíû îöåíêè∣∣a(j)[u, u]
∣∣ 6 c3(d, α)

(
a(0)[u, u] + µ+‖u‖2L2(Ω)

)
, u ∈ H̃γ(Ω), j = 1, . . . , d, (2.42)

|ã(ξ)[u, u]| 6 c̃3(d, α)|ξ|α
(
a(0)[u, u] + µ+‖u‖2L2(Ω)

)
, u ∈ H̃γ(Ω), ξ ∈ Ω̃. (2.43)

Çàìå÷àíèå 2.8. Ïîñòîÿííûå c3(d, α), c̃3(d, α) âûðàæàþòñÿ ÷åðåç ïîñòîÿííûå èç ëåìì 2.3 è

2.5: c3(d, α) = c1(d, α) + c2(d, α), c̃3(d, α) = c̃1(d, α)(π
√
d)2−α + c̃2(d, α). Ñîãëàñíî çàìå÷àíèÿì

2.4 è 2.6, c3(d, α)→∞ è c̃3(d, α)→∞ ïðè α→ 1 è ïðè α→ 2.

� 3. Ïîðîãîâûå õàðàêòåðèñòèêè îïåðàòîðà òèïà Ëåâè

âáëèçè íèæíåãî êðàÿ ñïåêòðà

3.1. Êðàé ñïåêòðà îïåðàòîðà A(ξ;α, µ). Îáîçíà÷èì ÷åðåç λj(ξ), j ∈ N, ñîáñòâåííûå
çíà÷åíèÿ îïåðàòîðà A(ξ), çàíóìåðîâàííûå â ïîðÿäêå íåóáûâàíèÿ ñ ó÷åòîì êðàòíîñòåé. ×åðåç
λ0
j (ξ), j ∈ N, îáîçíà÷èì ïîñëåäîâàòåëüíûå ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà A0(ξ). Èç (1.9) è
âàðèàöèîííîãî ïðèíöèïà äëÿ íàõîæäåíèÿ ñîáñòâåííûõ çíà÷åíèé âûòåêàþò íåðàâåíñòâà

µ−λ
0
j (ξ) 6 λj(ξ) 6 µ+λ

0
j (ξ), j ∈ N, ξ ∈ Ω̃. (3.1)

Áëàãîäàðÿ äèàãîíàëèçàöèè (1.14) ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà A0(ξ) ìîæíî íàéòè ÿâíî:
ýòî ÷èñëà âèäà c0(d, α)|2πn + ξ|α, n ∈ Zd, ñîîòâåòñòâóþùèå ñîáñòâåííûå ýëåìåíòû � ýòî

ôóíêöèè e2πi〈n,x〉. Ïåðâîå ñîáñòâåííîå çíà÷åíèå èìååò âèä

λ0
1(ξ) = c0(d, α)|ξ|α, ξ ∈ Ω̃, (3.2)

1Ω � ñîáñòâåííàÿ ôóíêöèÿ. Ïîñêîëüêó

|ξ| < |2πn + ξ|, ξ ∈ Int Ω̃ = (−π, π)d, n ∈ Zd \ 0,

òî ïðè ξ ∈ (−π, π)d ïåðâîå ñîáñòâåííîå çíà÷åíèå îïåðàòîðà A0(ξ) � ïðîñòîå è îòâå÷àþùåå åìó
ñîáñòâåííîå ïîäïðîñòðàíñòâî � ýòî L{1Ω}. Â ñèëó (1.16), (1.17) ñïðàâåäëèâû ñîîòíîøåíèÿ

λ0
2(ξ) = c0(d, α) min

n∈Zd\0
|2πn + ξ|α > c0(d, α)πα, ξ ∈ Ω̃, (3.3)

λ0
2(0) = c0(d, α)(2π)α. (3.4)

Èç (3.1)�(3.4) âûòåêàþò îöåíêè

µ−c0(d, α)|ξ|α 6λ1(ξ) 6 µ+c0(d, α)|ξ|α, ξ ∈ Ω̃, (3.5)

λ2(ξ) > µ−c0(d, α)πα =: d0, ξ ∈ Ω̃, (3.6)

λ2(0) > µ−c0(d, α)(2π)α = 2αd0. (3.7)

Ñîãëàñíî ëåììå 1.4 íèæíèé êðàé ñïåêòðà îïåðàòîðà A(0;α, µ) åñòü èçîëèðîâàííîå ïðîñòîå
ñîáñòâåííîå çíà÷åíèå λ1(0) = 0; îòâå÷àþùåå åìó ñîáñòâåííîå ïîäïðîñòðàíñòâî � ýòî L{1Ω}. Â
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ñèëó (3.7) ðàññòîÿíèå îò òî÷êè λ1(0) = 0 äî îñòàëüíîãî ñïåêòðà îïåðàòîðà A(0;α, µ) íå ìåíüøå
âåëè÷èíû 2αd0.
Ïîëîæèì

δ0(α, µ) := π

(
µ−
3µ+

)1/α

. (3.8)

Î÷åâèäíî, δ0(α, µ) < π, à ïîòîìó øàð |ξ| 6 δ0(α, µ) ëåæèò âíóòðè ìíîæåñòâà Ω̃. Èç îöåíîê (3.5),
(3.6) âèäíî, ÷òî ïðè |ξ| 6 δ0(α, µ) ïåðâîå ñîáñòâåííîå çíà÷åíèå îïåðàòîðà A(ξ;α, µ) íàõîäèòñÿ
íà èíòåðâàëå [0, d0/3], à îñòàëüíîé ñïåêòð � íà ïîëóîñè [d0,∞). Ìû ïðèøëè ê ñëåäóþùåìó
óòâåðæäåíèþ.

Ïðåäëîæåíèå 3.1. Ïóñòü âûïîëíåíû óñëîâèÿ (1.1), (1.2) è 1 < α < 2. Ïóñòü d0 :=
µ−c0(d, α)πα, à ÷èñëî δ0(α, µ) îïðåäåëåíî â (3.8). Ïðè |ξ| 6 δ0(α, µ) ñïåêòð îïåðàòîðà A(ξ) =
A(ξ;α, µ) íà îòðåçêå [0, d0/3] ñîñòîèò èç îäíîêðàòíîãî ñîáñòâåííîãî çíà÷åíèÿ; íà èíòåðâàëå
(d0/3, d0) íåò òî÷åê ñïåêòðà îïåðàòîðà A(ξ;α, µ).

3.2. Êîíòóð Γ. Ðåçîëüâåíòíîå òîæäåñòâî. Îáîçíà÷èì ÷åðåç F (ξ) ñïåêòðàëüíûé ïðîåêòîð
îïåðàòîðà A(ξ;α, µ), îòâå÷àþùèé îòðåçêó [0, d0/3]. Ïóñòü Γ � êîíòóð íà êîìïëåêñíîé
ïëîñêîñòè, ïðîõîäÿùèé ÷åðåç ñåðåäèíó èíòåðâàëà (d0/3, d0) è ýêâèäèñòàíòíî îõâàòûâàþùèé
îòðåçîê [0, d0/3]. Äëèíà êîíòóðà Γ ðàâíà

lΓ =
d0(2π + 2)

3
.

Â ñèëó ïðåäëîæåíèÿ 3.1 è ôîðìóëû Ðèññà ñïðàâåäëèâû ïðåäñòàâëåíèÿ

F (ξ) = − 1

2πi

∮
Γ

(A(ξ)− ζI)−1 dζ, |ξ| 6 δ0(α, µ), (3.9)

A(ξ)F (ξ) = − 1

2πi

∮
Γ

(A(ξ)− ζI)−1ζ dζ, |ξ| 6 δ0(α, µ). (3.10)

Çäåñü â èíòåãðàëàõ íàïðàâëåíèå îáõîäà êîíòóðà èäåò ïðîòèâ ÷àñîâîé ñòðåëêè.
Íà îñíîâå (3.9) è (3.10) ìû ïîëó÷àåì ïðèáëèæåíèÿ ê îïåðàòîðàì F (ξ) è A(ξ)F (ξ) ïðè

|ξ| 6 δ0(α, µ). Äëÿ ýòîãî íàì ïîíàäîáèòñÿ ïîäõîäÿùèé âàðèàíò ðåçîëüâåíòíîãî òîæäåñòâà
äëÿ ðàçíîñòè ðåçîëüâåíò îïåðàòîðîâ A(ξ) è A(0). Îáû÷íîå ðåçîëüâåíòíîå òîæäåñòâî ñåé÷àñ
íåïðèìåíèìî, ïîñêîëüêó ðàçíîñòü A(ξ)− A(0) íå îïðåäåëåíà.
Ââåäåì îáîçíà÷åíèÿ

R(ξ, ζ) := (A(ξ)− ζI)−1, |ξ| 6 δ0(α, µ), ζ ∈ Γ;

R0(ζ) := R(0, ζ), ζ ∈ Γ.

Â ñèëó ïðåäëîæåíèÿ 3.1 îáå ðåçîëüâåíòû äîïóñêàþò íà êîíòóðå Γ îöåíêè

‖R(ξ, ζ)‖L2(Ω)→L2(Ω) 6 3d−1
0 , ‖R0(ζ)‖L2(Ω)→L2(Ω) 6 3d−1

0 , |ξ| 6 δ0(α, µ), ζ ∈ Γ. (3.11)

Âîñïîëüçóåìñÿ ðåçîëüâåíòíûì òîæäåñòâîì äëÿ îïåðàòîðîâ, ïîðîæäåííûõ çàìêíóòûìè
íåîòðèöàòåëüíûìè ôîðìàìè ñ îáùåé îáëàñòüþ îïðåäåëåíèÿ; ñì. [6, ãë. 1, �2]. Îáîçíà÷èì ÷åðåç

D ãèëüáåðòîâî ïðîñòðàíñòâî Dom a(0) = H̃γ(Ω), ñíàáæåííîå ñêàëÿðíûì ïðîèçâåäåíèåì

(u, v)D := a(0)[u, v] + µ+(u, v)L2(Ω), u, v ∈ H̃γ(Ω).

Ñðàçó îòìåòèì î÷åâèäíóþ îöåíêó

‖u‖L2(Ω) 6 µ
−1/2
+ ‖u‖D, u ∈ D. (3.12)
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Ôîðìà a(ξ) − a(0) íåïðåðûâíà â D, à ïîòîìó ïîðîæäàåò íåïðåðûâíûé ñàìîñîïðÿæåííûé
îïåðàòîð T(ξ) â D. Òàêèì îáðàçîì,

a(ξ)[u, v]− a(0)[u, v] = (T(ξ)u, v)D, u, v ∈ D, (3.13)

‖T(ξ)‖D→D = sup
06=u∈D

|a(ξ)[u, u]− a(0)[u, u]|
‖u‖2D

.

Â ñèëó ëåììû 2.1 îòñþäà ñëåäóåò îöåíêà

‖T(ξ)‖D→D 6 č(d, α)|ξ|, ξ ∈ Ω̃. (3.14)

Ñ ó÷åòîì (3.12) ñïðàâåäëèâî òàêæå íåðàâåíñòâî

‖T(ξ)‖D→L2(Ω) 6 µ
−1/2
+ č(d, α)|ξ|, ξ ∈ Ω̃. (3.15)

Ñîãëàñíî [6, ãë. 1, �2] èìååò ìåñòî ðåçîëüâåíòíîå òîæäåñòâî

R(ξ, ζ)−R0(ζ) = −Υ(ζ)T(ξ)R(ξ, ζ), (3.16)

ãäå
Υ(ζ) := I + (ζ + µ+)R0(ζ). (3.17)

Ñ ó÷åòîì (3.11), (3.17) è îöåíêè |ζ| 6 2d0/3 ïðè ζ ∈ Γ ïîëó÷àåì

‖Υ(ζ)‖L2(Ω)→L2(Ω) 6 1 + |ζ + µ+|‖R0(ζ)‖L2(Ω)→L2(Ω) 6 3 + 3µ+d
−1
0 , ζ ∈ Γ. (3.18)

Íàì ïîíàäîáÿòñÿ òàêæå ñëåäóþùèå îöåíêè, óñòàíîâëåííûå â [26, (3.40), (3.46)]:

‖R0(ζ)‖L2(Ω)→D 6 µ
−1/2
+ (3 + 3µ+d

−1
0 ), ζ ∈ Γ, (3.19)

‖R(ξ, ζ)‖L2(Ω)→D 6 β0(d, α)µ
−1/2
+ (3 + 3µ+d

−1
0 ), ζ ∈ Γ, |ξ| 6 δ0(α, µ). (3.20)

Çäåñü
β2

0(d, α) := max{2, 1 + 2c0(d, α)παdα/2}.
Ñ ïîìîùüþ ðåçîëüâåíòíîãî òîæäåñòâà (3.16) è îöåíîê äëÿ îïåðàòîðîâ R(ξ, ζ), R0(ζ), Υ(ζ),

T(ξ) â [26, (3.41), (3.47)] áûëî ïðîâåðåíî ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 3.2 ([26]). Ïðè |ξ| 6 δ0(α, µ) è ζ ∈ Γ ñïðàâåäëèâû îöåíêè

‖R(ξ, ζ)−R0(ζ)‖L2(Ω)→L2(Ω) 6 C1|ξ|,
‖R(ξ, ζ)−R0(ζ) + Υ(ζ)T(ξ)R0(ζ)‖L2(Ω)→L2(Ω) 6 C2|ξ|2,

ãäå ïîñòîÿííûå C1, C2 çàäàíû âûðàæåíèÿìè

C1 = č(d, α)β0(d, α)µ−1
+ (3 + 3µ+d

−1
0 )2,

C2 = č(d, α)2β0(d, α)µ−1
+ (3 + 3µ+d

−1
0 )2

(
1 + (µ+ + 2d0/3)µ−1

+ (3 + 3µ+d
−1
0 )
)
.

Íàì ïîíàäîáèòñÿ áîëåå òî÷íàÿ àïïðîêñèìàöèÿ ðåçîëüâåíòû R(ξ, ζ) ïðè ìàëîì |ξ|.

Ëåììà 3.3. Ïðè |ξ| 6 δ0(α, µ) è ζ ∈ Γ ñïðàâåäëèâî ïðåäñòàâëåíèå

R(ξ, ζ) = R0(ζ)−Υ(ζ)T(ξ)R0(ζ) + Υ(ζ)T(ξ)Υ(ζ)T(ξ)R0(ζ) + Z(ξ, ζ), (3.21)

ãäå îñòàòî÷íûé ÷ëåí Z(ξ, ζ) ïîä÷èíåí îöåíêå

‖Z(ξ, ζ)‖L2(Ω)→L2(Ω) 6 C3|ξ|3, |ξ| 6 δ0(α, µ), ζ ∈ Γ. (3.22)

Äîêàçàòåëüñòâî. Èòåðèðóÿ òîæäåñòâî (3.16) äâàæäû, ïîëó÷àåì ïðåäñòàâëåíèå (3.21) ñ
îñòàòî÷íûì ÷ëåíîì

Z(ξ, ζ) = −Υ(ζ)T(ξ)Υ(ζ)T(ξ)Υ(ζ)T(ξ)R(ξ, ζ).

Èñïîëüçóÿ (3.17), çàïèøåì ýòîò ÷ëåí â âèäå

Z(ξ, ζ) =−Υ(ζ)T(ξ)3R(ξ, ζ)− (ζ + µ+)Υ(ζ)
(
T(ξ)R0(ζ)T(ξ)2 + T(ξ)2R0(ζ)T(ξ)

)
R(ξ, ζ)

− (ζ + µ+)2Υ(ζ)T(ξ)R0(ζ)T(ξ)R0(ζ)T(ξ)R(ξ, ζ).
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Îáîçíà÷èì ñëàãàåìûå â ïðàâîé ÷àñòè ÷åðåç Zl(ξ, ζ), l = 1, 2, 3. Ïðè óñëîâèè |ξ| 6 δ0(α, µ),
ó÷èòûâàÿ (3.14), (3.15), (3.18)�(3.20), à òàêæå íåðàâåíñòâî |ζ| 6 2d0/3 ïðè ζ ∈ Γ, ïîëó÷àåì:

‖Z1(ξ, ζ)‖L2(Ω)→L2(Ω) 6 ‖Υ(ζ)‖L2(Ω)→L2(Ω)‖T(ξ)‖D→L2(Ω)‖T(ξ)‖2D→D‖R(ξ, ζ)‖L2(Ω)→D

6 C(1)
3 |ξ|

3, C
(1)
3 = č(d, α)3µ−1

+ β0(d, α)(3 + 3µ+d
−1
0 )2.

‖Z2(ξ, ζ)‖L2(Ω)→L2(Ω) 6 2|ζ + µ+|‖Υ(ζ)‖L2(Ω)→L2(Ω)‖T(ξ)‖2D→L2(Ω)‖T(ξ)‖D→D

× ‖R0(ζ)‖L2(Ω)→D‖R(ξ, ζ)‖L2(Ω)→D

6 C(2)
3 |ξ|

3, C
(2)
3 = 2č(d, α)3µ−2

+ β0(d, α)(3 + 3µ+d
−1
0 )3(µ+ + 2d0/3),

‖Z3(ξ, ζ)‖L2(Ω)→L2(Ω) 6 |ζ + µ+|2‖Υ(ζ)‖L2(Ω)→L2(Ω)‖T(ξ)‖3D→L2(Ω)

× ‖R0(ζ)‖2L2(Ω)→D‖R(ξ, ζ)‖L2(Ω)→D

6 C(3)
3 |ξ|

3, C
(3)
3 = č(d, α)3µ−3

+ β0(d, α)(3 + 3µ+d
−1
0 )4(µ+ + 2d0/3)2.

Â èòîãå ïðèõîäèì ê îöåíêå (3.22) ñ ïîñòîÿííîé C3 = C
(1)
3 + C

(2)
3 + C

(3)
3 . �

Äàëåå, èñïîëüçóÿ ëåììó 2.7, ïðåäñòàâèì îïåðàòîð T(ξ) â âèäå

T(ξ) =
d∑
j=1

ξjTj + T̃(ξ), (3.23)

ãäå Tj � ñàìîñîïðÿæåííûé îïåðàòîð â ïðîñòðàíñòâå D, ïîðîæäåííûé ôîðìîé a(j)[u, u], à T̃(ξ)
� ñàìîñîïðÿæåííûé îïåðàòîð â ïðîñòðàíñòâå D, ïîðîæäåííûé ôîðìîé ã(ξ)[u, u]. Èç (2.42) è
(2.43) âûòåêàþò îöåíêè

‖Tj‖D→D 6 c3(d, α), j = 1, . . . , d, (3.24)

‖T̃(ξ)‖D→D 6 c̃3(d, α)|ξ|α, ξ ∈ Ω̃. (3.25)

Ñ ó÷åòîì (3.12) îòñþäà ñëåäóþò òàêæå íåðàâåíñòâà

‖Tj‖D→L2(Ω) 6 µ
−1/2
+ c3(d, α), j = 1, . . . , d, (3.26)

‖T̃(ξ)‖D→L2(Ω) 6 µ
−1/2
+ c̃3(d, α)|ξ|α, ξ ∈ Ω̃. (3.27)

Èñïîëüçóÿ ëåììó 3.3 è ïðåäñòàâëåíèå (3.23), âûâîäèì ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 3.4. Ïðè |ξ| 6 δ0(α, µ) è ζ ∈ Γ ñïðàâåäëèâî ïðåäñòàâëåíèå

R(ξ, ζ) = R0(ζ)−Υ(ζ)T(ξ)R0(ζ) +
d∑

j,k=1

ξjξkΥ(ζ)TjΥ(ζ)TkR0(ζ) + Z(ξ, ζ) + Z̃(ξ, ζ), (3.28)

ãäå îïåðàòîð Z(ξ, ζ) ïîä÷èíåí îöåíêå (3.22), à îïåðàòîð Z̃(ξ, ζ) óäîâëåòâîðÿåò îöåíêå

‖Z̃(ξ, ζ)‖L2(Ω)→L2(Ω) 6 C4|ξ|1+α, |ξ| 6 δ0(α, µ), ζ ∈ Γ. (3.29)

Äîêàçàòåëüñòâî. Ïîäñòàâëÿÿ (3.23) â òðåòüå ñëàãàåìîå â (3.21) è ó÷èòûâàÿ (3.17), ïîëó÷àåì
ïðåäñòàâëåíèå (3.28) ïðè

Z̃(ξ, ζ) =

d∑
j=1

ξjΥ(ζ)TjΥ(ζ)T̃(ξ)R0(ζ) + Υ(ζ)T̃(ξ)Υ(ζ)T(ξ)R0(ζ)

=

d∑
j=1

ξjΥ(ζ)TjT̃(ξ)R0(ζ) + (ζ + µ+)

d∑
j=1

ξjΥ(ζ)TjR0(ζ)T̃(ξ)R0(ζ)

+ Υ(ζ)T̃(ξ)T(ξ)R0(ζ) + (ζ + µ+)Υ(ζ)T̃(ξ)R0(ζ)T(ξ)R0(ζ).
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Îáîçíà÷èì ñëàãàåìûå â ïðàâîé ÷àñòè ÷åðåç Z̃l(ξ, ζ), l = 1, 2, 3, 4. Ïðè óñëîâèè |ξ| 6 δ0(α, µ),
ó÷èòûâàÿ (3.14), (3.15), (3.18), (3.19), (3.25)�(3.27), à òàêæå íåðàâåíñòâî |ζ| 6 2d0/3 ïðè ζ ∈ Γ,
ïîëó÷àåì:

‖Z̃1(ξ, ζ)‖L2(Ω)→L2(Ω) 6
d∑
j=1

|ξj |‖Υ(ζ)‖L2(Ω)→L2(Ω)‖Tj‖D→L2(Ω)‖T̃(ξ)‖D→D‖R0(ζ)‖L2(Ω)→D

6 C(1)
4 |ξ|

1+α, C
(1)
4 =

√
d c3(d, α)c̃3(d, α)µ−1

+ (3 + 3µ+d
−1
0 )2,

‖Z̃2(ξ, ζ)‖L2(Ω)→L2(Ω)

6 |ζ + µ+|
d∑
j=1

|ξj |‖Υ(ζ)‖L2(Ω)→L2(Ω)‖Tj‖D→L2(Ω)‖T̃(ξ)‖D→L2(Ω)‖R0(ζ)‖2L2(Ω)→D

6 C(2)
4 |ξ|

1+α, C
(2)
4 =

√
d c3(d, α)c̃3(d, α)µ−2

+ (3 + 3µ+d
−1
0 )3(µ+ + 2d0/3),

‖Z̃3(ξ, ζ)‖L2(Ω)→L2(Ω) 6 ‖Υ(ζ)‖L2(Ω)→L2(Ω)‖T̃(ξ)‖D→L2(Ω)‖T(ξ)‖D→D‖R0(ζ)‖L2(Ω)→D

6 C(3)
4 |ξ|

1+α, C
(3)
4 = č(d, α)c̃3(d, α)µ−1

+ (3 + 3µ+d
−1
0 )2,

‖Z̃4(ξ, ζ)‖L2(Ω)→L2(Ω) 6 |ζ + µ+|‖Υ(ζ)‖L2(Ω)→L2(Ω)‖T̃(ξ)‖D→L2(Ω)‖T(ξ)‖D→L2(Ω)‖R0(ζ)‖2L2(Ω)→D

6 C(4)
4 |ξ|

1+α, C
(4)
4 = č(d, α)c̃3(d, α)µ−2

+ (3 + 3µ+d
−1
0 )3(µ+ + 2d0/3).

Â èòîãå ïîëó÷àåì (3.29) ñ ïîñòîÿííîé C4 = C
(1)
4 + C

(2)
4 + C

(3)
4 + C

(4)
4 . �

3.3. Ïîðîãîâûå àïïðîêñèìàöèè. ×åðåç N îáîçíà÷èì ÿäðî KerA(0;α, µ) = L{1Ω}; ÷åðåç P
îáîçíà÷èì îðòîïðîåêòîð íà N; èìååì P = (·,1Ω)1Ω. Ñ ïîìîùüþ ôîðìóë Ðèññà (3.9), (3.10) è
ëåììû 3.2 â [26, ïðåäëîæåíèÿ 3.4, 3.5] ïîëó÷åíî ñëåäóþùåå óòâåðæäåíèå.

Ïðåäëîæåíèå 3.5 ([26]). Ïóñòü âûïîëíåíû óñëîâèÿ (1.1), (1.2) è 1 < α < 2. Òîãäà
ñïðàâåäëèâû îöåíêè

‖F (ξ)− P‖L2(Ω)→L2(Ω) 6 C5|ξ|, |ξ| 6 δ0(α, µ), (3.30)

‖A(ξ)F (ξ)− µ+PT(ξ)P‖L2(Ω)→L2(Ω) 6 C6|ξ|2, |ξ| 6 δ0(α, µ),

Êîíñòàíòû C5, C6 èìåþò âèä C5 = (2π)−1lΓC1, C6 = (3π)−1lΓd0C2 è êîíòðîëèðóþòñÿ â

òåðìèíàõ âåëè÷èí d, α, µ−, µ+.

Íàì ïîíàäîáèòñÿ áîëåå òî÷íàÿ àïïðîêñèìàöèÿ îïåðàòîðà A(ξ)F (ξ).

Ïðåäëîæåíèå 3.6. Ïóñòü âûïîëíåíû óñëîâèÿ (1.1), (1.2) è 1 < α < 2. Òîãäà ïðè |ξ| 6 δ0(α, µ)
ñïðàâåäëèâî ïðåäñòàâëåíèå

A(ξ)F (ξ) = µ+PT(ξ)P +
d∑

j,k=1

ξjξkGjk + Φ(ξ), (3.31)

ãäå

Gjk = −µ+PTjP⊥TkP − µ2
+PTjR⊥0 (0)TkP, j, k = 1, . . . , d. (3.32)

Çäåñü R⊥0 (0) = P⊥A(0)−1P⊥, ãäå ïîä A(0)−1 ïîäðàçóìåâàåòñÿ îïåðàòîð, îáðàòíûé ê A(0)|N⊥,
êîððåêòíî îïðåäåëåííûé êàê îãðàíè÷åííûé îïåðàòîð èç N⊥ â N⊥. Ñïðàâåäëèâû îöåíêè∥∥Gjk∥∥L2(Ω)→L2(Ω)

6 C7, j, k = 1, . . . , d, (3.33)∥∥Φ(ξ)
∥∥
L2(Ω)→L2(Ω)

6 C8|ξ|1+α, |ξ| 6 δ0(α, µ). (3.34)

Ïîñòîÿííûå C7, C8 êîíòðîëèðóþòñÿ â òåðìèíàõ âåëè÷èí d, α, µ−, µ+.
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Äîêàçàòåëüñòâî. Ïðèìåíÿÿ ôîðìóëó Ðèññà (3.10) è ïðåäñòàâëåíèå (3.28), ïîëó÷àåì

A(ξ)F (ξ) = G0 +G1(ξ) +

d∑
j,k=1

ξjξkGjk + Φ(ξ), |ξ| 6 δ0(α, µ), (3.35)

ãäå

G0 = − 1

2πi

∮
Γ
R0(ζ)ζ dζ,

G1(ξ) =
1

2πi

∮
Γ

Υ(ζ)T(ξ)R0(ζ)ζ dζ, (3.36)

Gjk = − 1

2πi

∮
Γ

Υ(ζ)TjΥ(ζ)TkR0(ζ)ζ dζ, (3.37)

Φ(ξ) = − 1

2πi

∮
Γ
(Z(ξ, ζ) + Z̃(ξ, ζ))ζ dζ. (3.38)

Èç (3.10) ïðè ξ = 0 ñëåäóåò, ÷òî

G0 = A(0)P = 0. (3.39)

Îïåðàòîð (3.37) ëåãêî îöåíèòü, èñïîëüçóÿ (3.17)�(3.19), (3.24) è (3.26):

‖Gjk‖L2(Ω)→L2(Ω) 6 (3 + 3µ+d
−1
0 )2c2

3µ
−1
+

(
1 + (µ+ + 2d0/3)(3 + 3µ+d

−1
0 )µ−1

+

) lΓd0

3π
=: C7.

Ýòî äîêàçûâàåò îöåíêó (3.33).
Îïåðàòîð (3.38) îöåíèì ñ ïîìîùüþ (3.22) è (3.29): ïðè |ξ| 6 δ0(α, µ) âûïîëíåíî

‖Φ(ξ)‖L2(Ω)→L2(Ω) 6
(
C3|ξ|3 + C4|ξ|1+α

) lΓd0

3π
6

2(π + 1)d2
0

9π

(
C3(π

√
d)2−α + C4

)
|ξ|1+α,

÷òî äîêàçûâàåò (3.34) ñ ïîñòîÿííîé C8 =
2(π+1)d20

9π

(
C3(π

√
d)2−α + C4

)
.

×òîáû âû÷èñëèòü èíòåãðàëû â (3.36) è (3.37), èñïîëüçóåì ðàçëîæåíèå ðåçîëüâåíòû
îïåðàòîðà A(0):

R0(ζ) = R0(ζ)P +R0(ζ)P⊥ = −1

ζ
P +R0(ζ)P⊥, ζ ∈ Γ. (3.40)

Ïîäñòàâèì ðàçëîæåíèå (3.40) â êîíòóðíûé èíòåãðàë (3.36) è âîñïîëüçóåìñÿ òåì, ÷òî îïåðàòîð-
ôóíêöèÿ R⊥0 (ζ) := R0(ζ)P⊥ ãîëîìîðôíà âíóòðè êîíòóðà Γ. Ïîëó÷àåì

G1(ξ) =
1

2πi

∮
Γ

(
I + (ζ + µ+)

(
−1

ζ
P +R⊥0 (ζ)

))
T(ξ)

(
−1

ζ
P +R⊥0 (ζ)

)
ζ dζ

=
1

2πi

∮
Γ

1

ζ
µ+PT(ξ)P dζ = µ+PT(ξ)P.

(3.41)

Ñð. [26, ïðåäëîæåíèå 3.5].
Àíàëîãè÷íûì îáðàçîì âû÷èñëÿåì èíòåãðàë â (3.37):

Gjk = − 1

2πi

∮
Γ

(
I + (ζ + µ+)

(
−1

ζ
P +R⊥0 (ζ)

))
Tj
(
I + (ζ + µ+)

(
−1

ζ
P +R⊥0 (ζ)

))
× Tk

(
−1

ζ
P +R⊥0 (ζ)

)
ζ dζ.

(3.42)

Ó÷òåì, ÷òî âûïîëíåíû òîæäåñòâà

PTjP = 0, j = 1, . . . , d. (3.43)

Äåéñòâèòåëüíî, ñîãëàñíî (2.41) èìååì a(j)[1Ω,1Ω] = 0, à òîãäà

PTjP = (Tj1Ω,1Ω)L2(Ω)P = µ−1
+ a(j)[1Ω,1Ω]P = 0.
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Â ñèëó (3.42) è (3.43) ïîëó÷àåì:

Gjk = − 1

2πi

∮
Γ

1

ζ

(
µ+PTjP⊥TkP + µ2

+PTjR⊥0 (ζ)TkP
)
dζ

= −µ+PTjP⊥TkP − µ2
+PTjR⊥0 (0)TkP.

(3.44)

Â èòîãå, èç (3.35), (3.39), (3.41), (3.44) âûòåêàåò ïðåäñòàâëåíèå (3.31), (3.32). �

Çàìå÷àíèå 3.7. Ñîãëàñíî îïðåäåëåíèþ îïåðàòîðà T(ξ) (ñì. (3.13)) ñ ó÷åòîì òîãî, ÷òî P �

îðòîïðîåêòîð íà KerA(0), à ïîòîìó a(0)[T(ξ)Pu, Pv] = 0, èìååì

a(ξ)[Pu, Pv]− a(0)[Pu, Pv] = µ+(T(ξ)Pu, Pv)L2(Ω), u, v ∈ L2(Ω). (3.45)

Ýòî îçíà÷àåò, ÷òî îïåðàòîð µ+PT(ξ)P îãðàíè÷åí â L2(Ω) è îòâå÷àåò ôîðìå â ëåâîé ÷àñòè

(3.45).

Ïðåäëîæåíèå 3.8. Ïóñòü îïåðàòîðû Gjk, j, k = 1, . . . , d, îïðåäåëåíû â (3.32). Ñïðàâåäëèâî
ïðåäñòàâëåíèå

Gjk = gjkP, j, k = 1, . . . , d, (3.46)

gjk =
1

2

∫
Rd

dy

∫
Ω

dxµ(x,y)
(xj − yj)
|x− y|d+α

(vk(x)− vk(y)) , j, k = 1, . . . , d, (3.47)

ãäå vk ∈ H̃γ(Ω) óäîâëåòâîðÿåò ðàâåíñòâó
∫

Ω vk(x) dx = 0 è òîæäåñòâó∫
Rd

dy

∫
Ω

dx
µ(x,y)

|x− y|d+α

(
vk(x)− vk(y) + xk − yk

)(
η(x)− η(y)

)
= 0, η ∈ H̃γ(Ω). (3.48)

Äîêàçàòåëüñòâî. Ñîãëàñíî (3.32), èìååì

Gjk =− µ+PTj
(
P⊥ + µ+R

⊥
0 (0)

)
TkP = gjkP, (3.49)

gjk :=− µ+

(
Tj
(
P⊥ + µ+R

⊥
0 (0)

)
Tk1Ω,1Ω

)
L2(Ω)

= iµ+(Tjvk,1Ω)L2(Ω), (3.50)

ãäå ââåäåíî îáîçíà÷åíèå

vk := i
(
P⊥ + µ+R

⊥
0 (0)

)
Tk1Ω. (3.51)

Çàìåòèì, ÷òî ïîëóòîðàëèíåéíàÿ ôîðìà a(j)[v, w], îòâå÷àþùàÿ êâàäðàòè÷íîé ôîðìå (2.41),
èìååò âèä

a(j)[v, w] := −1

2

∫
Rd

dy

∫
Ω

dxµ(x,y)
(xj − yj)
|x− y|d+α

(
iv(x)w(y)− iv(y)w(x)

)
, v, w ∈ H̃γ(Ω). (3.52)

Â ñèëó îïðåäåëåíèÿ îïåðàòîðà Tj èìååì:

a(0)[Tjvk,1Ω] + µ+(Tjvk,1Ω)L2(Ω) = a(j)[vk,1Ω].

Ïåðâîå ñëàãàåìîå ñëåâà îáðàùàåòñÿ â íîëü, ïîñêîëüêó A(0)1Ω = 0. Ñëåäîâàòåëüíî,

µ+(Tjvk,1Ω)L2(Ω) = a(j)[vk,1Ω].

Îòñþäà è èç (3.50), (3.52) âûòåêàåò ðàâåíñòâî

gjk = ia(j)[vk,1Ω] =
1

2

∫
Rd

dy

∫
Ω

dxµ(x,y)
(xj − yj)
|x− y|d+α

(vk(x)− vk(y)) , j, k = 1, . . . , d.

Âìåñòå ñ (3.49) ýòî äîêàçûâàåò (3.46) è (3.47).
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Îñòàåòñÿ âûÿñíèòü, ðåøåíèåì êàêîé çàäà÷è ÿâëÿåòñÿ ôóíêöèÿ (3.51). ßñíî, ÷òî vk ∈ H̃γ(Ω),∫
Ω vk(x) dx = 0, è ïðè ëþáîé ïðîáíîé ôóíêöèè η ∈ H̃γ(Ω),

∫
Ω η(x) dx = 0, âûïîëíåíî

a(0)[vk, η] = ia(0)[P⊥Tk1Ω, η] + iµ+a(0)[R⊥0 (0)Tk1Ω, η]

= ia(0)[Tk1Ω, η] + iµ+

(
Tk1Ω, η

)
L2(Ω)

= ia(k)[1Ω, η].

Ìû âîñïîëüçîâàëèñü ðàâåíñòâîì a(0)[PTk1Ω, η] = 0, à çàòåì îïðåäåëåíèåì îïåðàòîðà Tk.
Ðàñøèôðîâêà ðàâåíñòâà a(0)[vk, η] = ia(k)[1Ω, η] è ïðèâîäèò ê òîæäåñòâó (3.48) ïðè η ∈ H̃γ(Ω),∫

Ω η(x) dx = 0. Ôàêòè÷åñêè ýòî òîæäåñòâî âûïîëíåíî ïðè âñåõ η ∈ H̃γ(Ω), ïîñêîëüêó ïðè
η = 1Ω îíî î÷åâèäíî. �

3.4. Àíàëèç îïåðàòîðà µ+PT(ξ)P . Ñîãëàñíî ðàâåíñòâó P = (·,1Ω)1Ω ñ ó÷åòîì çàìå÷àíèÿ
3.7 èìååì

µ+PT(ξ)P = ρ(ξ)P, (3.53)

ãäå

ρ(ξ) = a(ξ)[1Ω,1Ω]− a(0)[1Ω,1Ω] = a(ξ)[1Ω,1Ω] =

∫
Rd

dy

∫
Ω

dxµ(x,y)
1− cos(〈ξ,x− y〉)
|x− y|d+α

. (3.54)

Ðàçëîæèì ïåðèîäè÷åñêóþ ôóíêöèþ µ(x,y) â ðÿä Ôóðüå:

µ(x,y) =
∑

m,l∈Zd
µ̂m,le

2πi(〈m,x〉+〈l,y〉). (3.55)

Êîýôôèöèåíòû ðÿäà (3.55) çàäàíû âûðàæåíèÿìè

µ̂m,l =

∫
Ω

∫
Ω

dx dy µ(x,y)e−2πi(〈m,x〉+〈l,y〉), m, l ∈ Zd.

Èç óñëîâèÿ ñèììåòðèè µ(x,y) = µ(y,x) ñëåäóåò, ÷òî µ̂m,l = µ̂l,m, m, l ∈ Zd. Ïîëîæèì

µ0 := µ̂0,0 =

∫
Ω

∫
Ω

dx dy µ(x,y). (3.56)

Â [26, ëåììà 3.7] ïîëó÷åíî ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 3.9 ([26]). Ôóíêöèÿ ρ(ξ), îïðåäåëåííàÿ âûðàæåíèåì (3.54), äîïóñêàåò ïðåäñòàâëåíèå

ρ(ξ) = µ0c0(d, α)|ξ|α + ρ∗(ξ),

ρ∗(ξ) =

∫
Rd

µ∗(z)
1− cos(〈ξ, z〉)
|z|d+α

dz, (3.57)

ãäå µ0 îïðåäåëåíî â (3.56), à µ∗ � Zd-ïåðèîäè÷åñêàÿ ÷åòíàÿ ôóíêöèÿ ñ íóëåâûì ñðåäíèì,

îïðåäåëåííàÿ âûðàæåíèåì µ∗(z) :=
∫

Ω µ(x, z+x) dx−µ0. Äëÿ ôóíêöèè µ∗ ñïðàâåäëèâû îöåíêè

µ− − µ0 6 µ∗(z) 6 µ+ − µ0

è ïðåäñòàâëåíèå

µ∗(z) =
∑

m∈Zd\{0}

µ̂m,−m cos(2π〈m, z〉).

Îöåíêà äëÿ ôóíêöèè ρ∗(ξ) ïîëó÷åíà â [26, ëåììà 3.8].

Ëåììà 3.10 ([26]). Ïóñòü âûïîëíåíû óñëîâèÿ (1.1), (1.2) è 1 < α < 2. Ôóíêöèÿ ρ∗(ξ),

îïðåäåëåííàÿ âûðàæåíèåì (3.57), ïðè ξ ∈ Ω̃ äîïóñêàåò îöåíêó

|ρ∗(ξ)| 6 C9|ξ|2.
Ïîñòîÿííàÿ C9 êîíòðîëèðóåòñÿ â òåðìèíàõ âåëè÷èí d, α, µ+.
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Íàì ïîíàäîáèòñÿ âûäåëèòü â ôóíêöèè ρ∗(ξ) êâàäðàòè÷íûå ÷ëåíû è îöåíèòü îñòàòîê.

Ëåììà 3.11. Ïóñòü âûïîëíåíû óñëîâèÿ (1.1), (1.2) è 1 < α < 2. Ôóíêöèÿ ρ∗(ξ), îïðåäåëåííàÿ

âûðàæåíèåì (3.57), ïðè ξ ∈ Ω̃ äîïóñêàåò ïðåäñòàâëåíèå

ρ∗(ξ) = 〈g∗ξ, ξ〉+ ρ̃∗(ξ).

Êâàäðàòè÷íàÿ ôîðìà 〈g∗ξ, ξ〉 îïðåäåëÿåòñÿ âûðàæåíèåì

〈g∗ξ, ξ〉 =

∫
Rd

µ∗(z)〈ξ, z〉2

2|z|d+α
dz,

ãäå èíòåãðàë ñïðàâà ïîíèìàåòñÿ â ñìûñëå ñëåäóþùåé ðåãóëÿðèçàöèè:∫
Rd

µ∗(z)〈ξ, z〉2

2|z|d+α
dz :=

∑
n∈Zd

∫
Ω+n

µ∗(z)〈ξ, z〉2

2|z|d+α
dz.

Ðÿä ñïðàâà ñõîäèòñÿ àáñîëþòíî. Ñïðàâåäëèâû îöåíêè

|g∗| 6 c4(d, α)µ+, (3.58)

|ρ̃∗(ξ)| 6 C10|ξ|1+α, ξ ∈ Ω̃. (3.59)

Çäåñü |g∗| � íîðìà ìàòðèöû g∗. Ïîñòîÿííàÿ C10 êîíòðîëèðóåòñÿ â òåðìèíàõ âåëè÷èí d, α,
µ+.

Äîêàçàòåëüñòâî. Âûáåðåì ÷èñëî R = R(d, α) èç óñëîâèÿ(
R

R−
√
d

)d+α

= 2,

òî åñòü

R(d, α) =

√
d 2

1
d+α

2
1

d+α − 1
.

Ïóñòü Σ0 � ìíîæåñòâî èíäåêñîâ n ∈ Zd, äëÿ êîòîðûõ ÿ÷åéêà Ω+n èìååò íåïóñòîå ïåðåñå÷åíèå
ñ øàðîì BR(0), è Σ1 = Zd \ Σ0. Íåòðóäíî óáåäèòüñÿ, ÷òî R > 2

√
2d è âûïîëíåíî

|z1|d+α

|z2|d+α
6 2, z1, z2 ∈ Ω + n, n ∈ Σ1. (3.60)

Ïðåäñòàâèì ôóíêöèþ ρ∗(ξ) â âèäå

ρ∗(ξ) = ρ
(0)
∗ (ξ) + ρ

(1)
∗ (ξ), (3.61)

ãäå

ρ
(0)
∗ (ξ) :=

∑
n∈Σ0

∫
Ω+n

µ∗(z)
1− cos(〈ξ, z〉)
|z|d+α

dz, (3.62)

ρ
(1)
∗ (ξ) :=

∑
n∈Σ1

∫
Ω+n

µ∗(z)
1− cos(〈ξ, z〉)
|z|d+α

dz. (3.63)

Ïðè ðàññìîòðåíèè ôóíêöèè ρ
(0)
∗ (ξ) èñïîëüçóåì ýëåìåíòàðíóþ îöåíêó∣∣∣∣1− cosλ− λ2

2

∣∣∣∣ 6 λ4

24
, λ ∈ R.

Îòñþäà è èç (3.62) ñëåäóåò ïðåäñòàâëåíèå

ρ
(0)
∗ (ξ) :=

∑
n∈Σ0

∫
Ω+n

µ∗(z)
〈ξ, z〉2

2|z|d+α
dz + ρ̃

(0)
∗ (ξ), (3.64)
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ãäå îñòàòî÷íûé ÷ëåí ρ̃
(0)
∗ (ξ) äîïóñêàåò îöåíêó∣∣ρ̃(0)

∗ (ξ)
∣∣ 6 |ξ|4 ∑

n∈Σ0

∫
Ω+n

|µ∗(z)| dz

24|z|d+α−4
6 |ξ|4µ+

∫
|z|<R+

√
d

dz

24|z|d+α−4
= |ξ|4µ+

ωd(R+
√
d)4−α

24(4− α)
.

Òàêèì îáðàçîì, ∣∣ρ̃(0)
∗ (ξ)

∣∣ 6 c5(d, α)µ+|ξ|4, ξ ∈ Ω̃, c5(d, α) =
ωd(R+

√
d)4−α

24(4− α)
. (3.65)

Ïåðåéäåì ê ðàññìîòðåíèþ ôóíêöèè ρ
(1)
∗ (ξ). Îáîçíà÷èì

ϕξ(z) :=
1− cos(〈ξ, z〉)
|z|d+α

.

Ïðåîáðàçóåì ôóíêöèþ (3.63), ó÷èòûâàÿ, ÷òî µ∗(z) � Zd-ïåðèîäè÷åñêàÿ ôóíêöèÿ è∫
Ω µ∗(z) dz = 0. Èìååì:

ρ
(1)
∗ (ξ) =

∑
n∈Σ1

∫
Ω+n

µ∗(z)ϕξ(z) dz =
∑
n∈Σ1

∫
Ω+n

µ∗(z) (ϕξ(z)− ϕξ(n)) dz

=
∑
n∈Σ1

∫
Ω+n

dzµ∗(z)
d∑
j=1

(zj − nj)
1∫

0

∂jϕξ(n + t(z− n)) dt.

(3.66)

Ïîñêîëüêó

∂jϕξ(z) =
ξj sin(〈ξ, z〉)
|z|d+α

− (d+ α)zj(1− cos(〈ξ, z〉))
|z|d+α+2

,

ïîëó÷àåì:

ρ
(1)
∗ (ξ) =

∑
n∈Σ1

∫
Ω+n

dzµ∗(z)〈z− n, ξ〉
1∫

0

sin(〈ξ,n + t(z− n)〉)
|n + t(z− n)|d+α

dt

− (d+ α)
∑
n∈Σ1

∫
Ω+n

dzµ∗(z)

d∑
j=1

(zj − nj)
1∫

0

(nj + t(zj − nj))(1− cos(〈ξ,n + t(z− n)〉)
|n + t(z− n)|d+α+2

dt.

(3.67)

Âîñïîëüçóåìñÿ ýëåìåíòàðíûìè ïðåäñòàâëåíèÿìè

sinλ = λ+
|λ|αFs,p(λ)

(1 + | ln |λ||)p
, λ ∈ R, p > 1, (3.68)

1− cosλ =
λ2

2
+
|λ|1+αFc,p(λ)

(1 + | ln |λ||)p
, λ ∈ R, p > 1, (3.69)

ãäå Fs,p, Fc,p ∈ L∞(R), ïðè÷åì

|Fs,p(λ)| 6 max

{
sup

0<x61

x3−α

6
(1 + | lnx|)p, sup

16x<∞

(1 + x)

xα
(1 + | lnx|)p

}
=: cs(p, α), λ ∈ R,

(3.70)

|Fc,p(λ)| 6 max

{
sup

0<x61

x3−α

24
(1 + | lnx|)p, sup

16x<∞

(4 + x2)

2x1+α
(1 + | lnx|)p

}
=: cc(p, α), λ ∈ R.

(3.71)

Òîãäà èç (3.67) âûòåêàåò ïðåäñòàâëåíèå

ρ
(1)
∗ (ξ) = ρ̂

(1)
∗ (ξ) + ρ̃

(1)
∗ (ξ), (3.72)
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ãäå

ρ̂
(1)
∗ (ξ) =

∑
n∈Σ1

∫
Ω+n

dzµ∗(z)〈z− n, ξ〉
1∫

0

〈ξ,n + t(z− n)〉
|n + t(z− n)|d+α

dt

− (d+ α)
∑
n∈Σ1

∫
Ω+n

dzµ∗(z)
d∑
j=1

(zj − nj)
1∫

0

(nj + t(zj − nj))〈ξ,n + t(z− n)〉2

2|n + t(z− n)|d+α+2
dt

(3.73)

è

ρ̃
(1)
∗ (ξ) =

∑
n∈Σ1

∫
Ω+n

dzµ∗(z)〈z− n, ξ〉
1∫

0

|〈ξ,n + t(z− n)〉|αFs,p(〈ξ,n + t(z− n)〉)
|n + t(z− n)|d+α(1 + | ln |〈ξ,n + t(z− n)〉||)p

dt

− (d+ α)
∑
n∈Σ1

∫
Ω+n

dzµ∗(z)
d∑
j=1

(zj − nj)

×
1∫

0

(nj + t(zj − nj))|〈ξ,n + t(z− n)〉|1+αFc,p(〈ξ,n + t(z− n)〉)
|n + t(z− n)|d+α+2(1 + | ln |〈ξ,n + t(z− n)〉||)p

dt.

(3.74)

Óáåäèìñÿ, ÷òî ôóíêöèþ (3.73) ìîæíî çàïèñàòü â âèäå

ρ̂
(1)
∗ (ξ) =

∑
n∈Σ1

∫
Ω+n

µ∗(z)〈ξ, z〉2

2|z|d+α
dz. (3.75)

Ñ ýòîé öåëüþ ïðåîáðàçóåì ïðàâóþ ÷àñòü (3.75). Îáîçíà÷èì

ψξ(z) :=
〈ξ, z〉2

2|z|d+α
.

Ïî àíàëîãèè c (3.66) èìååì:∫
Ω+n

µ∗(z)
〈ξ, z〉2

2|z|d+α
dz =

∫
Ω+n

µ∗(z) (ψξ(z)− ψξ(n)) dz

=

∫
Ω+n

dzµ∗(z)
d∑
j=1

(zj − nj)
1∫

0

∂jψξ(n + t(z− n)) dt.

Ïîñêîëüêó

∂jψξ(z) =
ξj〈ξ, z〉
|z|d+α

− (d+ α)zj〈ξ, z〉2

2|z|d+α+2
,

ïîëó÷àåì:∫
Ω+n

µ∗(z)
〈ξ, z〉2

2|z|d+α
dz =

∫
Ω+n

dzµ∗(z)〈z− n, ξ〉
1∫

0

〈ξ,n + t(z− n)〉
|n + t(z− n)|d+α

dt

− (d+ α)

∫
Ω+n

dzµ∗(z)

d∑
j=1

(zj − nj)
1∫

0

(nj + t(zj − nj))〈ξ,n + t(z− n)〉2

2|n + t(z− n)|d+α+2
dt.

(3.76)

Îòñþäà è èç (3.73) âûòåêàåò ïðåäñòàâëåíèå (3.75).
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Ñîïîñòàâëÿÿ (3.61), (3.64), (3.72) è (3.75), ïðèõîäèì ê ïðåäñòàâëåíèþ

ρ∗(ξ) =
∑
n∈Zd

∫
Ω+n

µ∗(z)
〈ξ, z〉2

2|z|d+α
dz + ρ̃∗(ξ), (3.77)

ãäå

ρ̃∗(ξ) = ρ̃
(0)
∗ (ξ) + ρ̃

(1)
∗ (ξ). (3.78)

Óáåäèìñÿ, ÷òî ðÿä â (3.77) ñõîäèòñÿ àáñîëþòíî. Èìååì:∑
n∈Σ0

∣∣∣ ∫
Ω+n

µ∗(z)
〈ξ, z〉2

2|z|d+α
dz
∣∣∣ 6 µ+|ξ|2

∑
n∈Σ0

∫
Ω+n

dz

2|z|d+α−2

6 µ+|ξ|2
∫

|z|6R+
√
d

dz

2|z|d+α−2
= µ+|ξ|2ωd

(R+
√
d)2−α

2(2− α)
.

(3.79)

Äàëåå, ñ ó÷åòîì (3.60) è (3.76) ïîëó÷àåì:∑
n∈Σ1

∣∣∣ ∫
Ω+n

µ∗(z)
〈ξ, z〉2

2|z|d+α
dz
∣∣∣ 6 µ+|ξ|2(d+ α+ 2)

√
d
∑
n∈Σ1

∫
Ω+n

dz

|z|d+α−1

6 µ+|ξ|2(d+ α+ 2)
√
d

∫
|z|>R

dz

|z|d+α−1
= µ+|ξ|2

ωd(d+ α+ 2)
√
d

(α− 1)Rα−1
.

(3.80)

Èç (3.79) è (3.80) âûòåêàåò îöåíêà∑
n∈Zd

∣∣∣ ∫
Ω+n

µ∗(z)
〈ξ, z〉2

2|z|d+α
dz
∣∣∣ 6 µ+c4(d, α)|ξ|2,

c4(d, α) = ωd

(
(R(d, α) +

√
d)2−α

2(2− α)
+

(d+ α+ 2)
√
d

(α− 1)R(d, α)α−1

)
.

Ýòî äîêàçûâàåò îöåíêó (3.58).
Îñòàåòñÿ îöåíèòü ôîðìó (3.74). Ñ ó÷åòîì (3.70), (3.71) ïîëó÷àåì:

|ρ̃(1)
∗ (ξ)| 6 µ+ (cs(p, α) + (d+ α)cc(p, α))

√
d|ξ|1+α

×
∑
n∈Σ1

∫
Ω+n

dz

1∫
0

|〈ξ̂,n + t(z− n)〉|α

|n + t(z− n)|d+α(1 + | ln |〈ξ,n + t(z− n)〉||)p
dt, ξ̂ :=

ξ

|ξ|
.

(3.81)

(Äîñòàòî÷íî ñ÷èòàòü, ÷òî ξ 6= 0, òàê êàê ρ̃
(1)
∗ (0) = 0.)

Çàïèøåì z â âèäå z = 〈ξ̂, z〉ξ̂ + z⊥ è çàìåòèì, ÷òî öèëèíäð

CR :=

{
z ∈ Rd : |〈ξ̂, z〉| 6 R√

2
, |z⊥| <

R√
2

}
ñîäåðæèòñÿ â øàðå BR(0). Ïîýòîìó (Ω +n) ⊂ Rd \ CR ïðè n ∈ Σ1. Äàëåå ðàçáåðåì äâà ñëó÷àÿ.

Ñëó÷àé 1. Ïóñòü |ξ| 6 min
{

1
6
√
d
, 1√

2R

}
=: δ1(d, α). Ðàçîáüåì ìíîæåñòâî Rd \CR íà òðè ÷àñòè:

Rd \ CR = Ξ1 ∪ Ξ2 ∪ Ξ3,
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ãäå

Ξ1 :=

{
z ∈ Rd : |〈ξ̂, z〉| 6 R√

2
, |z⊥| >

R√
2

}
,

Ξ2 :=

{
z ∈ Rd :

R√
2
< |〈ξ̂, z〉| 6 1

2|ξ|
, z⊥ ∈ Rd−1

}
,

Ξ3 :=

{
z ∈ Rd : |〈ξ̂, z〉| > 1

2|ξ|
, z⊥ ∈ Rd−1

}
.

Ïóñòü Σ
(1)
1 � ìíîæåñòâî èíäåêñîâ n ∈ Σ1, äëÿ êîòîðûõ ÿ÷åéêà Ω+n èìååò íåïóñòîå ïåðåñå÷åíèå

ñ Ξ1, ïóñòü Σ
(2)
1 � ìíîæåñòâî èíäåêñîâ n ∈ Σ1, äëÿ êîòîðûõ ÿ÷åéêà Ω +n öåëèêîì ñîäåðæèòñÿ

â Ξ2. Î÷åâèäíî, Σ
(1)
1 ∩ Σ

(2)
1 = ∅. Ïóñòü Σ

(3)
1 = Σ1 \ (Σ

(1)
1 ∪ Σ

(2)
1 ).

Ïîëàãàÿ z̃1 = 〈ξ̂, z〉 è ó÷èòûâàÿ (3.60), èìååì:

∑
n∈Σ

(1)
1

∫
Ω+n

dz

1∫
0

|〈ξ̂,n + t(z− n)〉|α

|n + t(z− n)|d+α(1 + | ln |〈ξ,n + t(z− n)〉||)p
dt

6
∑

n∈Σ
(1)
1

∫
Ω+n

dz

1∫
0

dt

|n + t(z− n)|d
6
∑

n∈Σ
(1)
1

∫
Ω+n

2dz

|z|d

6
∫

|z̃1|6 R√
2

+
√
d

dz̃1

∫
|z⊥|> R√

2
−
√
d

2 dz⊥
|z⊥|d

= 4ωd−1

( R√
2

+
√
d
)( R√

2
−
√
d
)−1

=: c
(1)
6 (d, α).

(3.82)

Äàëåå, ïðè n ∈ Σ
(2)
1 è z ∈ Ω + n ñ ó÷åòîì íåðàâåíñòâà |〈ξ̂, z〉| = |z̃1| > R√

2
>
√
d âûïîëíåíî

|〈ξ̂,n + t(z− n)〉| 6 |〈ξ̂, z〉|+ (1− t)|〈ξ̂,n− z)〉| 6 |z̃1|+
√
d 6 2|z̃1|.

Ïîñêîëüêó |z̃1| 6 (2|ξ|)−1, òî

|〈ξ,n + t(z− n)〉| 6 2|ξ||z̃1| 6 1,

à òîãäà

| ln |〈ξ,n + t(z− n)〉|| > | ln 2|ξ||z̃1||.
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Ìû ó÷ëè, ÷òî ôóíêöèÿ | lnλ| ìîíîòîííî óáûâàåò ïðè 0 < λ 6 1. Èç ïðèâåäåííûõ íåðàâåíñòâ
è èç (3.60) ñëåäóåò, ÷òî

∑
n∈Σ

(2)
1

∫
Ω+n

dz

1∫
0

|〈ξ̂,n + t(z− n)〉|α

|n + t(z− n)|d+α(1 + | ln |〈ξ,n + t(z− n)〉||)p
dt

6
∑

n∈Σ
(2)
1

∫
Ω+n

2(2|〈ξ̂, z〉|)α dz
|z|d+α(1 + | ln 2|ξ||z̃1||)p

6
∫

R√
2
6|z̃1|6 1

2|ξ|

2(2|z̃1|)α dz̃1

(1 + | ln 2|ξ||z̃1||)p

∫
Rd−1

dz⊥
(z̃2

1 + |z⊥|2)(d+α)/2

= 21+αc′(d, α)

∫
R√
2
6|z̃1|6 1

2|ξ|

dz̃1

|z̃1|(1 + | ln 2|ξ||z̃1||)p

= 21+αc′(d, α)

∫
√

2R|ξ|6|s|61

ds

|s|(1 + | ln |s||)p

6 21+αc′(d, α) · 2
0∫

−∞

dτ

(1 + |τ |)p
= 22+α c

′(d, α)

p− 1
= c

(2)
6 (p, d, α),

(3.83)

ãäå

c′(d, α) :=

∫
Rd−1

dw′

(1 + |w′|2)(d+α)/2
.

Ìû âûïîëíèëè çàìåíû s = 2|ξ|z̃1, τ = ln |s|.
Ïðè n ∈ Σ

(3)
1 è z ∈ Ω + n ñ ó÷åòîì íåðàâåíñòâà |〈ξ̂, z〉| = |z̃1| > 1

2|ξ| −
√
d > 2

√
d (ââèäó

îãðàíè÷åíèÿ |ξ| 6 1
6
√
d
) âûïîëíåíî

|〈ξ̂,n + t(z− n)〉| > |〈ξ̂, z〉| − (1− t)|〈ξ̂,n− z)〉| > |z̃1| −
√
d >

1

2
|z̃1| >

1

2

(
1

2|ξ|
−
√
d

)
>

1

6|ξ|
.

Ñëåäîâàòåëüíî,

|〈ξ,n + t(z− n)〉| > 1

2
|ξ||z̃1| >

1

6
.

Òîãäà

1 + |ln |〈ξ,n + t(z− n)〉|| > (1 + ln 6)−1

(
1 +

∣∣ln 1

2
|ξ||z̃1|

∣∣) . (3.84)

Çäåñü ìû âîñïîëüçîâàëèñü ýëåìåíòàðíûì íåðàâåíñòâîì

1 + |lnλ1| 6 (1 + ln 6) (1 + |lnλ2|) ,
1

6
6 λ1 6 λ2.
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Ó÷èòûâàÿ (3.60) è (3.84), èìååì:

∑
n∈Σ

(3)
1

∫
Ω+n

dz

1∫
0

|〈ξ̂,n + t(z− n)〉|α

|n + t(z− n)|d+α(1 + | ln |〈ξ,n + t(z− n)〉||)p
dt

6
∑

n∈Σ
(3)
1

∫
Ω+n

2(1 + ln 6)pdz

|z|d
(
1 +

∣∣ln 1
2 |ξ||z̃1|

∣∣)p
6 2(1 + ln 6)p

∫
|z̃1|> 1

2|ξ|−
√
d

dz̃1(
1 +

∣∣ln 1
2 |ξ||z̃1|

∣∣)p
∫

Rd−1

dz⊥
(z̃2

1 + |z⊥|2)d/2

= 2(1 + ln 6)pc′d

∫
|z̃1|> 1

2|ξ|−
√
d

dz̃1

|z̃1|
(
1 +

∣∣ln 1
2 |ξ||z̃1|

∣∣)p
= 2(1 + ln 6)pc′d

∫
|s|> 1

4
−|ξ|

√
d
2

ds

|s|
(
1 +

∣∣ln |s|∣∣)p 6 4(1 + ln 6)pc′d

∫
R

dτ

(1 + |τ |)p

=
8

p− 1
(1 + ln 6)pc′d =: c

(3)
6 (p, d).

(3.85)

Ìû âûïîëíèëè çàìåíû s = 1
2 |ξ|z̃1, τ = ln |s|; êîíñòàíòà c′d îïðåäåëåíà â (2.40).

Â èòîãå, èç (3.81)�(3.83) è (3.85) âûòåêàåò îöåíêà

|ρ̃(1)
∗ (ξ)| 6 µ+c6(p, d, α)|ξ|1+α, |ξ| 6 δ1(d, α), (3.86)

ãäå

c6(p, d, α) = (cs(p, α) + (d+ α)cc(p, α))
√
d
(
c

(1)
6 (d, α) + c

(2)
6 (p, d, α) + c

(3)
6 (p, d)

)
.

Ñëó÷àé 2. Ïóñòü |ξ| > δ1(d, α). Ýòîò ñëó÷àé ïðîùå: ïóñòü Σ
(1)
1 îïðåäåëåíî êàê ïðåæäå è

ïóñòü Σ
(4)
1 = Σ1 \ Σ

(1)
1 . Îöåíêà (3.82) ñîõðàíÿåò ñèëó.

Ïðè n ∈ Σ
(4)
1 è z ∈ Ω + n ñ ó÷åòîì íåðàâåíñòâà |〈ξ̂, z〉| = |z̃1| > R√

2
> 2
√
d âûïîëíåíî

|〈ξ̂,n + t(z− n)〉| > |z̃1| −
√
d >

1

2
|z̃1| >

√
d.

Ñëåäîâàòåëüíî,

|〈ξ,n + t(z− n)〉| > 1

2
|ξ||z̃1| >

√
dδ1(d, α).

Òîãäà

1 + |ln |〈ξ,n + t(z− n)〉|| > (1 + | ln(
√
dδ1)|)−1

(
1 +

∣∣∣ln(1

2
|ξ||z̃1|

)∣∣∣) .
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Ïî àíàëîãèè ñ (3.85) ïîëó÷àåì

∑
n∈Σ

(4)
1

∫
Ω+n

dz

1∫
0

|〈ξ̂,n + t(z− n)〉|α

|n + t(z− n)|d+α(1 + | ln |〈ξ,n + t(z− n)〉||)p
dt

6
∑

n∈Σ
(4)
1

∫
Ω+n

2(1 + | ln(
√
dδ1)|)pdz

|z|d
(
1 +

∣∣ln(1
2 |ξ||z̃1|)

∣∣)p
6 2(1 + | ln(

√
dδ1)|)p

∫
|z̃1|> R√

2

dz̃1(
1 +

∣∣ln(1
2 |ξ||z̃1|)

∣∣)p
∫

Rd−1

dz⊥
(z̃2

1 + |z⊥|2)d/2

= 2(1 + | ln(
√
dδ1)|)pc′d

∫
|z̃1|> R√

2

dz̃1

|z̃1|
(
1 +

∣∣ln(1
2 |ξ||z̃1|)

∣∣)p
6 4(1 + | ln(

√
dδ1)|)pc′d

∫
R

dτ

(1 + |τ |)p
=

8

p− 1
(1 + | ln(

√
dδ1)|)pc′d =: c

(4)
6 (p, d, α).

(3.87)

Èç (3.81), (3.82) è (3.87) âûòåêàåò îöåíêà

|ρ̃(1)
∗ (ξ)| 6 µ+č6(p, d, α)|ξ|1+α, ξ ∈ Ω̃, |ξ| > δ1(d, α), (3.88)

ãäå

č6(p, d, α) = (cs(p, α) + (d+ α)cc(p, α))
√
d
(
c

(1)
6 (d, α) + c

(4)
6 (p, d, α)

)
.

Ñîïîñòàâëÿÿ (3.86) è (3.88), ïîëó÷àåì

|ρ̃(1)
∗ (ξ)| 6 µ+ max{c6(p, d, α), č6(p, d, α)}|ξ|1+α, ξ ∈ Ω̃. (3.89)

Âûáèðàÿ p = 2 â (3.68), (3.69) è êîìáèíèðóÿ (3.65), (3.78), (3.89), ïðèõîäèì ê èñêîìîé îöåíêå
(3.59) ñ ïîñòîÿííîé

C10 = µ+

(
c5(d, α)(π

√
d)3−α + max{c6(2, d, α), č6(2, d, α)}

)
=: µ+c7(d, α).

Ýòî çàâåðøàåò äîêàçàòåëüñòâî ëåììû. �

Òåïåðü èç ïðåäëîæåíèé 3.6, 3.8, ðàâåíñòâà (3.53) è ëåìì 3.9, 3.11 âûòåêàåò ñëåäóþùåå
óòâåðæäåíèå.

Ïðåäëîæåíèå 3.12. Ïóñòü âûïîëíåíû óñëîâèÿ (1.1), (1.2) è 1 < α < 2. Òîãäà ïðè |ξ| 6
δ0(α, µ) ñïðàâåäëèâà îöåíêà∥∥A(ξ)F (ξ)−

(
µ0c0(d, α)|ξ|α + 〈g0ξ, ξ〉

)
P
∥∥
L2(Ω)→L2(Ω)

6 C11|ξ|1+α. (3.90)

Çäåñü µ0 îïðåäåëåíî â (3.56), à g0 = {g0
jk} � ñèììåòðè÷íàÿ ìàòðèöà ñ âåùåñòâåííûìè

ýëåìåíòàìè, çàäàííûìè ñîîòíîøåíèÿìè

g0
jk =

1

4

∫
Rd

dy

∫
Ω

dx
µ(x,y)

|x− y|d+α
((xj − yj)(vk(x)− vk(y)) + (xk − yk)(vj(x)− vj(y)))

+

∫
Rd

dz
µ∗(z)zjzk
2|z|d+α

, j, k = 1, . . . , d,

(3.91)

ïîñëåäíèé èíòåãðàë ïîíèìàåòñÿ â ðåãóëÿðèçîâàííîì ñìûñëå, êàê ñóììà èíòåãðàëîâ ïî

ÿ÷åéêàì Ω + n, n ∈ Zd. Êâàäðàòè÷íàÿ ôîðìà 〈g0ξ, ξ〉 äîïóñêàåò îöåíêó

|〈g0ξ, ξ〉| 6 C12|ξ|2. (3.92)

Ïîñòîÿííûå C11 = C8 + C10 è C12 = dC7 + c4µ+ êîíòðîëèðóþòñÿ ÷åðåç d, α, µ−, µ+.
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Çàìå÷àíèå 3.13. Ìàòðèöà g0 ìîæåò áûòü íå çíàêîîïðåäåëåííîé.

� 4. Àïïðîêñèìàöèÿ ðåçîëüâåíòû (A + εαI)−1

4.1. Àïïðîêñèìàöèÿ ðåçîëüâåíòû îïåðàòîðà A(ξ). Â [26, òåîðåìà 4.2] íà îñíîâàíèè
ïðåäëîæåíèÿ 3.5, ðàâåíñòâà (3.53) è ëåìì 3.9, 3.10 ïîëó÷åíî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 4.1 ([26]). Ïóñòü âûïîëíåíû óñëîâèÿ (1.1), (1.2) è 1 < α < 2. Òîãäà ïðè ε > 0 è

|ξ| 6 δ0(α, µ) ñïðàâåäëèâà îöåíêà∥∥(A(ξ) + εαI)−1 − (µ0c0(d, α)|ξ|α + εα)−1P
∥∥
L2(Ω)→L2(Ω)

6 C13ε
2−2α.

Çäåñü µ0 îïðåäåëåíî â (3.56). Âåëè÷èíà C13 êîíòðîëèðóåòñÿ â òåðìèíàõ ïàðàìåòðîâ d, α,
µ−, µ+.

Äëÿ ïîëó÷åíèÿ áîëåå òî÷íîãî ïðèáëèæåíèÿ ìû îïèðàåìñÿ íà ïðåäëîæåíèå 3.12. Áóäåì
ñ÷èòàòü |ξ| íàñòîëüêî ìàëûì, ÷òî âûïîëíåíî

|〈g0ξ, ξ〉| 6 µ0c0

2
|ξ|α.

Ñ ó÷åòîì (3.92) äîñòàòî÷íî ïðåäïîëîæèòü, ÷òî

|ξ| 6 δ2, δ2(d, α, µ) :=

(
µ0c0

2C12

)1/(2−α)

. (4.1)

Èç ïðåäëîæåíèÿ 1.5 è (4.1) âûòåêàþò îöåíêè

‖(A(ξ) + εαI)−1‖ 6 (µ−c0(d, α)|ξ|α + εα)−1, ε > 0, ξ ∈ Ω̃; (4.2)(
µ0c0|ξ|α + 〈g0ξ, ξ〉+ εα

)−1
6
(1

2
µ−c0(d, α)|ξ|α + εα

)−1
, ε > 0, |ξ| 6 δ2. (4.3)

Ïðåäëîæåíèå 4.2. Ïóñòü âûïîëíåíû óñëîâèÿ (1.1), (1.2) è 1 < α < 2. Ïîëîæèì

δ∗ = δ∗(d, α, µ) := min{δ0(α, µ), δ2(d, α, µ)},

ãäå δ0(α, µ) îïðåäåëåíî â (3.8), à δ2(d, α, µ) � â (4.1). Îáîçíà÷èì

Σ(ξ, ε) := (A(ξ) + εαI)−1F (ξ)−
(
µ0c0|ξ|α + 〈g0ξ, ξ〉+ εα

)−1
P, |ξ| 6 δ∗, ε > 0. (4.4)

Çäåñü µ0 îïðåäåëåíî â (3.56), à g0 � ìàòðèöà ñ ýëåìåíòàìè (3.91). Ñïðàâåäëèâà îöåíêà

‖Σ(ξ, ε)‖L2(Ω)→L2(Ω) 6 C14ε
1−α, |ξ| 6 δ∗, ε > 0. (4.5)

Äîêàçàòåëüñòâî. Ñïðàâåäëèâî î÷åâèäíîå òîæäåñòâî

Σ(ξ, ε) = F (ξ)(A(ξ) + εαI)−1(F (ξ)− P ) + (F (ξ)− P )
(
µ0c0|ξ|α + 〈g0ξ, ξ〉+ εα

)−1
P

− F (ξ)(A(ξ) + εαI)−1
(
A(ξ)F (ξ)− (µ0c0|ξ|α + 〈g0ξ, ξ〉)P

) (
µ0c0|ξ|α + 〈g0ξ, ξ〉+ εα

)−1
P.

Îòñþäà è èç (3.30), (3.90), (4.2), (4.3) âûòåêàåò îöåíêà

‖Σ(ξ, ε)‖L2(Ω)→L2(Ω) 6
C5|ξ|

µ−c0|ξ|α + εα
+

C5|ξ|
1
2µ−c0|ξ|α + εα

+
C11|ξ|1+α

(µ−c0|ξ|α + εα)
(

1
2µ−c0|ξ|α + εα

)
6

(
C5

(µ−c0)1/α
+

C5(
1
2µ−c0

)1/α +
C11

µ−c0

(
1
2µ−c0

)1/α
)
ε1−α =: C14ε

1−α,

ïðè |ξ| 6 δ∗ è ε > 0. �
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Òåîðåìà 4.3. Ïóñòü âûïîëíåíû óñëîâèÿ (1.1), (1.2) è 1 < α < 2. Òîãäà ïðè ε > 0 è

|ξ| 6 δ∗(d, α, µ) ñïðàâåäëèâà îöåíêà∥∥∥(A(ξ) + εαI)−1 −
(
µ0c0|ξ|α + 〈g0ξ, ξ〉+ εα

)−1
P
∥∥∥
L2(Ω)→L2(Ω)

6 C15ε
1−α. (4.6)

Çäåñü µ0 îïðåäåëåíî â (3.56), à g0 � ìàòðèöà ñ ýëåìåíòàìè (3.91). Âåëè÷èíà C15

êîíòðîëèðóåòñÿ â òåðìèíàõ ïàðàìåòðîâ d, α, µ−, µ+.

Äîêàçàòåëüñòâî. Èç îïðåäåëåíèÿ F (ξ) è ïðåäëîæåíèÿ 3.1 ñëåäóåò î÷åâèäíîå íåðàâåíñòâî

‖(A(ξ) + εαI)−1(I − F (ξ))‖ 6 1

d0
, |ξ| 6 δ0(α, µ), ε > 0. (4.7)

Èç (4.4), (4.5) è (4.7) âûòåêàåò îöåíêà (4.6) ñ ïîñòîÿííîé C15 = C14 + d
−1/α
0 . �

Äàëåå, âîñïîëüçóåìñÿ ýëåìåíòàðíûì ïðåäñòàâëåíèåì(
µ0c0|ξ|α + 〈g0ξ, ξ〉+ εα

)−1
=
(
µ0c0|ξ|α + εα

)−1
(

1 +
〈g0ξ, ξ〉

µ0c0|ξ|α + εα

)−1

=
(
µ0c0|ξ|α + εα

)−1
N∑
m=0

(
− 〈g0ξ, ξ〉
µ0c0|ξ|α + εα

)m
+ JN (ξ, ε),

(4.8)

ãäå

JN (ξ, ε) =

(
− 〈g0ξ, ξ〉
µ0c0|ξ|α + εα

)N+1 (
µ0c0|ξ|α + 〈g0ξ, ξ〉+ εα

)−1
, (4.9)

ñ÷èòàÿ, ÷òî 2− 1
N < α < 2. Îöåíèì ÷ëåí (4.9) ñ ïîìîùüþ (3.92) è (4.3):

|JN (ξ, ε)| 6
(
C12

µ0c0

)N+1 |ξ|(N+1)(2−α)

1
2µ−c0|ξ|α + εα

.

Ïðè 2− 1
N < α 6 2− 1

N+1 èìååì:

|JN (ξ, ε)| 6
(
C12

µ0c0

)N+1 |ξ|(N+1)(2−α)−1(
1
2µ−c0

)1/α ε1−α 6 CNε
1−α, 2− 1

N
< α 6 2− 1

N + 1
,

CN =

(
C12

µ0c0

)N+1 δ
(N+1)(2−α)−1
∗(

1
2µ−c0

)1/α .

(4.10)

Ïðè 2− 1
N+1 < α < 2 ïîëó÷àåì:

|JN (ξ, ε)| 6 C′Nε
(N+1)(2−α)−α, 2− 1

N + 1
< α < 2,

C′N =

(
C12

µ0c0

)N+1 1(
1
2µ−c0

)(N+1)(2−α)/α
.

(4.11)

Èç òåîðåìû 4.3 è ñîîòíîøåíèé (4.8), (4.10), (4.11) âûòåêàåò ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 4.4. Ïóñòü âûïîëíåíû óñëîâèÿ (1.1), (1.2). Ïóñòü N ∈ N è 1 − 1
N < α < 2. Òîãäà

ïðè ε > 0 è |ξ| 6 δ∗(d, α, µ) ñïðàâåäëèâà îöåíêà∥∥∥(A(ξ) + εαI)−1 −
(
µ0c0|ξ|α + εα

)−1
P −

N∑
m=1

Km(ξ, ε)P
∥∥∥
L2(Ω)→L2(Ω)

6 C16(N)

{
ε1−α, 2− 1

N < α 6 2− 1
N+1 ,

ε(N+1)(2−α)−α, 2− 1
N+1 < α < 2.

(4.12)
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Çäåñü µ0 îïðåäåëåíî â (3.56), g0 � ìàòðèöà ñ ýëåìåíòàìè (3.91), ôóíêöèè Km(ξ, ε) çàäàíû
ñîîòíîøåíèÿìè

Km(ξ, ε) := (−1)m〈g0ξ, ξ〉m
(
µ0c0|ξ|α + εα

)−m−1
, m = 1, . . . , N.

Âåëè÷èíà C16(N) êîíòðîëèðóåòñÿ â òåðìèíàõ ïàðàìåòðîâ d, α, µ−, µ+, N .

Ââåäåì ýôôåêòèâíûé îïåðàòîð � ñàìîñîïðÿæåííûé îïåðàòîð â L2(Rd), ïîðîæäåííûé
ôîðìîé âèäà (1.3) ñ ïîñòîÿííûì êîýôôèöèåíòîì µ0, îïðåäåëåííûì â (3.56):

A0 := A(α, µ0) = µ0A0(α) = µ0c0(d, α)(−∆)γ , DomA0 = Hα(Rd). (4.13)

Ñ ïîìîùüþ óíèòàðíîãî ïðåîáðàçîâàíèÿ Ãåëüôàíäà îïåðàòîð A0 ðàñêëàäûâàåòñÿ â ïðÿìîé
èíòåãðàë:

A0 = G∗
(∫

Ω̃
⊕A0(ξ) dξ

)
G. (4.14)

Çäåñü

A0(ξ) = A(ξ;α, µ0) = µ0A0(ξ;α) = µ0c0(d, α)|D + ξ|α, DomA0(ξ) = H̃α(Ω); (4.15)

ñì. (1.12).
Íà îñíîâàíèè òåîðåìû 4.1 â [26, òåîðåìà 4.3] ïîëó÷åí ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 4.5 ([26]). Ïóñòü âûïîëíåíû óñëîâèÿ (1.1), (1.2) è 1 < α < 2. Òîãäà ïðè ε > 0 è

ξ ∈ Ω̃ ñïðàâåäëèâà îöåíêà∥∥(A(ξ) + εαI)−1 − (A0(ξ) + εαI)−1
∥∥
L2(Ω)→L2(Ω)

6 C1(α, µ)ε2−2α.

Ïîñòîÿííàÿ C1(α, µ) êîíòðîëèðóåòñÿ â òåðìèíàõ ïàðàìåòðîâ d, α, µ−, µ+.

Ìû ïîëó÷àåì áîëåå òî÷íóþ àïïðîêñèìàöèþ ðåçîëüâåíòû (A(ξ)+εαI)−1 ñ ïîìîùüþ òåîðåìû
4.4. Äëÿ ýòîãî, ñ÷èòàÿ, ÷òî 2 − 1

N < α < 2, ââåäåì êîððåêòîðû Km(ε), m = 1, . . . , N , �

îãðàíè÷åííûå îïåðàòîðû â L2(Rd), çàäàííûå ñîîòíîøåíèÿìè

Km(ε) := (div g0∇)m(A0 + εαI)−m−1, m = 1, . . . , N. (4.16)

Çàìåòèì, ÷òî Km(ε) ïðåäñòàâëÿåò ñîáîé ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð (ÏÄÎ)
îòðèöàòåëüíîãî ïîðÿäêà, ïîñêîëüêó 2m < (m+1)α ïðè m = 1, . . . , N â ñèëó óñëîâèÿ α > 2− 1

N .
Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ãåëüôàíäà îïåðàòîð Km(ε) ðàñêëàäûâàåòñÿ â ïðÿìîé èíòåãðàë:

Km(ε) = G∗
(∫

Ω̃
⊕Km(ξ, ε) dξ

)
G, m = 1, . . . , N. (4.17)

Çäåñü

Km(ξ, ε) := (−1)m
(
(D + ξ)∗g0(D + ξ)

)m
(A0(ξ) + εαI)−m−1, DomKm(ξ, ε)=L2(Ω). (4.18)

Òåîðåìà 4.6. Ïóñòü âûïîëíåíû óñëîâèÿ (1.1), (1.2). Ïóñòü N ∈ N è 1 − 1
N < α < 2. Òîãäà

ïðè ε > 0 è ξ ∈ Ω̃ ñïðàâåäëèâà îöåíêà∥∥∥(A(ξ) + εαI)−1 − (A0(ξ) + εαI)−1 −
N∑
m=1

Km(ξ, ε)
∥∥∥
L2(Ω)→L2(Ω)

6 C2(N,α, µ)

{
ε1−α, 2− 1

N < α 6 2− 1
N+1 ,

ε(N+1)(2−α)−α, 2− 1
N+1 < α < 2.

(4.19)

Çäåñü îïåðàòîðû A0(ξ) è Km(ξ, ε), m = 1, . . . , N, îïðåäåëåíû â (4.15) è (4.18) ñîîòâåòñòâåííî.
Ïîñòîÿííàÿ C2(N,α, µ) êîíòðîëèðóåòñÿ â òåðìèíàõ ïàðàìåòðîâ d, α, µ−, µ+, N .
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Äîêàçàòåëüñòâî. Ïðè |ξ| 6 δ∗ âîñïîëüçóåìñÿ îöåíêîé (4.12). Ïðè |ξ| > δ∗ îöåíêè òðèâèàëüíû:
êàæäûé ÷ëåí ïîä çíàêîì íîðìû â (4.12) ìîæíî îöåíèòü ïî-îòäåëüíîñòè. Â ñèëó (4.2)∥∥(A(ξ) + εαI)−1

∥∥ 6 (µ−c0δ
α
∗ )−1, ε > 0, ξ ∈ Ω̃, |ξ| > δ∗.

Î÷åâèäíî, ÷òî (
µ0c0|ξ|α + εα

)−1
6 (µ−c0δ

α
∗ )−1, ε > 0, ξ ∈ Ω̃, |ξ| > δ∗.

Ïðè 2− 1
N < α 6 2− 1

N+1 íàì íóæíà îöåíêà∥∥(A(ξ) + εαI)−1
∥∥ 6 (µ−c0δ

α
∗ )−1/α(µ−c0|ξ|α + εα)1/α−1 6 (µ−c0)−1/αδ−1

∗ ε1−α,

à ïðè 2− 1
N+1 < α < 2 � îöåíêà∥∥(A(ξ) + εαI)−1

∥∥ 6 (µ−c0δ
α
∗ )−(N+1)(2−α)/α(µ−c0|ξ|α + εα)(N+1)(2−α)/α−1

6 (µ−c0)−(N+1)(2−α)/αδ
−(N+1)(2−α)
∗ ε(N+1)(2−α)−α.

(Ìû ó÷ëè, ÷òî (N + 1)(2− α) < α ïðè ñäåëàííîì ïðåäïîëîæåíèè.) Òî÷íî òàê æå îöåíèâàåòñÿ

è îïåðàòîð
(
µ0c0|ξ|α + εα

)−1
P .

Îöåíèì òåïåðü |Km(ξ, ε)|, m = 1, . . . , N, ïðè |ξ| > δ∗. Ïðè 2 − 1
N < α 6 2 − 1

N+1 ñ ó÷åòîì

(3.92) èìååì:

|Km(ξ, ε)| 6 Cm12|ξ|2m

(µ−c0|ξ|α)2m/α
(µ−c0|ξ|α + εα)−m−1+2m/α

=
Cm12

(µ−c0)2m/α
(µ−c0|ξ|α + εα)1/α−1(µ−c0δ

α
∗ )−m+(2m−1)/α

6
Cm12

(µ−c0)m+1/αδ
m(2−α)−1
∗

ε1−α.

Àíàëîãè÷íî, ïðè 2− 1
N+1 < α < 2 ïîëó÷àåì îöåíêó

|Km(ξ, ε)| 6 Cm12

(µ−c0)2m/α
(µ−c0|ξ|α + εα)(N+1)(2−α)/α−1(µ−c0δ

α
∗ )−m+2m/α−(N+1)(2−α)/α

6
Cm12

(µ−c0)m+(N+1)(2−α)/αδ
(2−α)(N+1−m)
∗

ε(N+1)(2−α)−α.

Èç ïðèâåäåííûõ ñîîòíîøåíèé ñëåäóåò, ÷òî ñïðàâåäëèâ àíàëîã îöåíêè (4.12) ïðè ξ ∈ Ω̃, |ξ| > δ∗.
Â èòîãå ïðè âñåõ ξ ∈ Ω̃ è ε > 0 óñòàíîâëåíà îöåíêà∥∥∥(A(ξ) + εαI)−1 −

(
µ0c0|ξ|α + εα

)−1
P −

N∑
m=1

Km(ξ, ε)P
∥∥∥
L2(Ω)→L2(Ω)

6 C̃16(N)

{
ε1−α, 2− 1

N < α 6 2− 1
N+1 ,

ε(N+1)(2−α)−α, 2− 1
N+1 < α < 2.

(4.20)

Ïîñòîÿííàÿ C̃16(N) çàâèñèò îò d, α, µ−, µ+, N .
Äàëåå, ñïðàâåäëèâî î÷åâèäíîå ðàâåíñòâî

A0(ξ)P = µ0c0|ξ|αP,

à ïîòîìó

(A0(ξ) + εαI)−1P =
(
µ0c0|ξ|α + εα

)−1
P.

Àíàëîãè÷íî,

Km(ξ, ε)P = Km(ξ, ε)P, m = 1, . . . , N.
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Ïåðåïèøåì (4.20) â âèäå∥∥∥(A(ξ) + εαI)−1 − (A0(ξ) + εαI)−1P −
N∑
m=1

Km(ξ, ε)P
∥∥∥
L2(Ω)→L2(Ω)

6 C̃16

{
ε1−α, 2− 1

N < α 6 2− 1
N+1 ,

ε(N+1)(2−α)−α, 2− 1
N+1 < α < 2,

(4.21)

ïðè ε > 0 è ξ ∈ Ω̃.
Ñ ïîìîùüþ äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ôóðüå èìååì∥∥(A0(ξ) + εαI)−1(I − P )

∥∥ = sup
06=n∈Zd

(µ0c0|2πn + ξ|α + εα)−1 6 (µ−c0π
α + εα)−1.

Ìû ó÷ëè (1.14) è î÷åâèäíîå íåðàâåíñòâî |2πn + ξ| > π ïðè ξ ∈ Ω̃ è 0 6= n ∈ Zd. Ïðè 2 − 1
N <

α 6 2− 1
N+1 îòñþäà âûâîäèì íåðàâåíñòâî∥∥(A0(ξ) + εαI)−1(I − P )

∥∥ 6 (µ−c0π
α)−1/α(µ−c0π

α + εα)1/α−1 6 (µ−c0)−1/απ−1ε1−α,

à ïðè 2− 1
N+1 < α < 2 ïîëó÷àåì íåðàâåíñòâî∥∥(A0(ξ) + εαI)−1(I − P )

∥∥ 6 (µ−c0π
α)−(N+1)(2−α)/α(µ−c0π

α + εα)(N+1)(2−α)/α−1

6 (µ−c0)−(N+1)(2−α)/απ−(N+1)(2−α)ε(N+1)(2−α)−α.

Àíàëîãè÷íî, ñ ïîìîùüþ äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ôóðüå îöåíèì íîðìó ‖Km(ξ, ε)(I−P )‖
ïðè m = 1, . . . , N :

‖Km(ξ, ε)(I − P )‖ = sup
06=n∈Zd

|〈g0(2πn + ξ), 2πn + ξ〉|m(µ0c0|2πn + ξ|α + εα)−m−1

6
Cm12

(µ−c0)2m/α
(µ−c0π

α + εα)−m−1+2m/α.

Ïðè 2− 1
N < α 6 2− 1

N+1 îòñþäà âûâîäèì íåðàâåíñòâî

‖Km(ξ, ε)(I − P )‖ 6 Cm12

(µ−c0)2m/α
(µ−c0π

α)−m+(2m−1)/α(µ−c0π
α + εα)1/α−1

6
Cm12

(µ−c0)m+1/απ1−m(2−α)
ε1−α.

Ïðè 2− 1
N+1 < α < 2 ïîëó÷àåì íåðàâåíñòâî

‖Km(ξ, ε)(I − P )‖ 6 Cm12

(µ−c0)2m/α
(µ−c0π

α)−m+2m/α−(N+1)(2−α)/α(µ−c0π
α + εα)(N+1)(2−α)/α−1

6
Cm12

(µ−c0)m+(N+1)(2−α)/απ(N+1−m)(2−α)
ε(N+1)(2−α)−α.

Â èòîãå, èç ïðèâåäåííûõ îöåíîê äëÿ íîðì îïåðàòîðîâ (A0(ξ)+εαI)−1(I−P ) è Km(ξ, ε)(I−P ),
m = 1, . . . , N , è èç (4.21) âûòåêàåò èñêîìîå íåðàâåíñòâî (4.19). �

4.2. Àïïðîêñèìàöèÿ ðåçîëüâåíòû (A+ εαI)−1. Â [26, òåîðåìà 4.4] ñ ïîìîùüþ ðàçëîæåíèé
îïåðàòîðîâ A è A0 â ïðÿìûå èíòåãðàëû (ñì. (1.13), (4.14)) èç òåîðåìû 4.5 âûâîäèëñÿ
ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 4.7 ([26]). Ïóñòü âûïîëíåíû óñëîâèÿ (1.1), (1.2) è 1 < α < 2. Òîãäà ïðè ε > 0
ñïðàâåäëèâà îöåíêà∥∥(A + εαI)−1 − (A0 + εαI)−1

∥∥
L2(Rd)→L2(Rd)

6 C1(α, µ)ε2−2α.

Çäåñü A0 � ýôôåêòèâíûé îïåðàòîð, îïðåäåëåííûé â (4.13). Ïîñòîÿííàÿ C1(α, µ)
êîíòðîëèðóåòñÿ â òåðìèíàõ ïàðàìåòðîâ d, α, µ−, µ+.
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Ìû ïîëó÷àåì áîëåå òî÷íîå ïðèáëèæåíèå ðåçîëüâåíòû (A + εαI)−1 íà îñíîâå òåîðåìû 4.6.

Òåîðåìà 4.8. Ïóñòü âûïîëíåíû óñëîâèÿ (1.1), (1.2). Ïóñòü N ∈ N è 1 − 1
N < α < 2. Òîãäà

ïðè ε > 0 ñïðàâåäëèâà îöåíêà∥∥∥(A + εαI)−1 − (A0 + εαI)−1 −
N∑
m=1

Km(ε)
∥∥∥
L2(Rd)→L2(Rd)

6 C2(N,α, µ)

{
ε1−α, 2− 1

N < α 6 2− 1
N+1 ,

ε(N+1)(2−α)−α, 2− 1
N+1 < α < 2.

(4.22)

Çäåñü A0 � ýôôåêòèâíûé îïåðàòîð, îïðåäåëåííûé â (4.13). Êîððåêòîðû Km(ε), m = 1, . . . , N,
îïðåäåëåíû â (4.16). Ïîñòîÿííàÿ C2(N,α, µ) êîíòðîëèðóåòñÿ â òåðìèíàõ ïàðàìåòðîâ d, α,
µ−, µ+, N .

Äîêàçàòåëüñòâî. Èç ðàçëîæåíèé (1.13), (4.14) è (4.17) ñëåäóåò, ÷òî îïåðàòîð ïîä çíàêîì
íîðìû â (4.22) ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ãåëüôàíäà ðàñêëàäûâàåòñÿ â ïðÿìîé èíòåãðàë ïî

îïåðàòîðàì (A(ξ) + εαI)−1 − (A0(ξ) + εαI)−1 −
∑N

m=1 Km(ξ, ε). Ñëåäîâàòåëüíî,∥∥∥(A + εαI)−1 − (A0 + εαI)−1 −
N∑
m=1

Km(ε)
∥∥∥
L2(Rd)→L2(Rd)

= sup
ξ∈Ω̃

∥∥∥(A(ξ) + εαI)−1 − (A0(ξ) + εαI)−1 −
N∑
m=1

Km(ξ, ε)
∥∥∥
L2(Ω)→L2(Ω)

.

Ïîýòîìó îöåíêà (4.22) âûòåêàåò èç (4.19). �

� 5. Óñðåäíåíèå îïåðàòîðà òèïà Ëåâè

5.1. Îñíîâíîé ðåçóëüòàò. Ïðåäïîëàãàÿ âûïîëíåííûìè óñëîâèÿ (1.1), (1.2) è 1 < α < 2,
ðàññìîòðèì ñåìåéñòâî îïåðàòîðîâ Aε := A(α, µε), ε > 0, â L2(Rd). Çäåñü µε(x,y) := µ(x/ε,y/ε).
Òåì ñàìûì, Aε � ñàìîñîïðÿæåííûé îïåðàòîð â L2(Rd), ïîðîæäåííûé çàìêíóòîé êâàäðàòè÷íîé
ôîðìîé

aε[u, u] =
1

2

∫
Rd

∫
Rd

dx dy µε(x,y)
|u(x)− u(y)|2

|x− y|d+α
, u ∈ Hγ(Rd), ε > 0.

Ïóñòü ýôôåêòèâíûé îïåðàòîð A0 â L2(Rd) îïðåäåëåí â (4.13). Íàïîìíèì, ÷òî ýôôåêòèâíûé
êîýôôèöèåíò µ0 îïðåäåëåí â (3.56).
Ââåäåì ìàñøòàáíîå ïðåîáðàçîâàíèå (ñåìåéñòâî óíèòàðíûõ îïåðàòîðîâ):

Tεu(x) := εd/2u(εx), x ∈ Rd, u ∈ L2(Rd), ε > 0.

Íåòðóäíî ïðîâåðèòü ðàâåíñòâî

Aε = ε−αT ∗εATε, ε > 0.

Ñëåäîâàòåëüíî,
(Aε + I)−1 = T ∗ε ε

α(A + εαI)−1Tε, ε > 0. (5.1)

Äëÿ ýôôåêòèâíîãî îïåðàòîðà òàêæå âûïîëíåíî òîæäåñòâî

A0 = ε−αT ∗εA0Tε, ε > 0,

à ïîòîìó
(A0 + I)−1 = T ∗ε ε

α(A0 + εαI)−1Tε, ε > 0. (5.2)

Èç (5.1) è (5.2) ñ ó÷åòîì óíèòàðíîñòè îïåðàòîðà Tε âûòåêàåò ðàâåíñòâî

‖(Aε + I)−1 − (A0 + I)−1‖L2(Rd)→L2(Rd) = εα‖(A + εαI)−1 − (A0 + εαI)−1‖L2(Rd)→L2(Rd).

Îòñþäà è èç òåîðåìû 4.5 âûòåêàåò ñëåäóþùèé ðåçóëüòàò; ñì. [26, òåîðåìà 6.1].
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Òåîðåìà 5.1 ([26]). Ïóñòü âûïîëíåíû óñëîâèÿ (1.1), (1.2) è 1 < α < 2. Òîãäà ïðè ε > 0
ñïðàâåäëèâà îöåíêà

‖(Aε + I)−1 − (A0 + I)−1‖L2(Rd)→L2(Rd) 6 C1(α, µ)ε2−α. (5.3)

Çäåñü A0 � ýôôåêòèâíûé îïåðàòîð, îïðåäåëåííûé â (4.13). Ïîñòîÿííàÿ C1(α, µ)
êîíòðîëèðóåòñÿ ÷åðåç âåëè÷èíû d, α, µ−, µ+.

Ìû ïîëó÷àåì áîëåå òî÷íóþ àïïðîêñèìàöèþ ðåçîëüâåíòû (Aε + I)−1 íà îñíîâå òåîðåìû 4.8.

Òåîðåìà 5.2. Ïóñòü âûïîëíåíû óñëîâèÿ (1.1), (1.2). Ïóñòü N ∈ N è 1 − 1
N < α < 2. Òîãäà

ïðè ε > 0 ñïðàâåäëèâà îöåíêà∥∥∥(Aε + I)−1 − (A0 + I)−1 −
N∑
m=1

εm(2−α)Km

∥∥∥
L2(Rd)→L2(Rd)

6 C2(N,α, µ)

{
ε, 2− 1

N < α 6 2− 1
N+1 ,

ε(N+1)(2−α), 2− 1
N+1 < α < 2.

(5.4)

Çäåñü A0 � ýôôåêòèâíûé îïåðàòîð, îïðåäåëåííûé â (4.13). Êîððåêòîðû Km, m = 1, . . . , N,
çàäàíû ñîîòíîøåíèÿìè

Km := (div g0∇)m(A0 + I)−m−1, m = 1, . . . , N.

Ïîñòîÿííàÿ C2(N,α, µ) êîíòðîëèðóåòñÿ ÷åðåç âåëè÷èíû d, α, µ−, µ+, N .

Äîêàçàòåëüñòâî. Êîððåêòîðû Km ñâÿçàíû ìàñøòàáíûì ïðåîáðàçîâàíèåì ñ îïåðàòîðàìè
(4.16):

Km = T ∗ε ε
−m(2−α)+αKm(ε)Tε, m = 1, . . . , N. ε > 0. (5.5)

Èç (5.1), (5.2) è (5.5) ñ ó÷åòîì óíèòàðíîñòè îïåðàòîðà Tε âûòåêàåò ðàâåíñòâî∥∥∥(Aε + I)−1 − (A0 + I)−1 −
N∑
m=1

εm(2−α)Km

∥∥∥
L2(Rd)→L2(Rd)

= εα‖(A + εαI)−1 − (A0 + εαI)−1 −
N∑
m=1

Km(ε)‖L2(Rd)→L2(Rd).

Îòñþäà è èç òåîðåìû 4.8 âûòåêàåò èñêîìàÿ îöåíêà (5.4). �

5.2. Çàêëþ÷èòåëüíûå çàìå÷àíèÿ. 1. Èç òåîðåìû 5.2 ñëåäóåò, ÷òî ïîãðåøíîñòü O(ε2−α) â
îöåíêå (5.3) èç òåîðåìû 5.1 ÿâëÿåòñÿ òî÷íîé ïî ïîðÿäêó.
2. Ïðè ôèêñèðîâàííîì 1 < α < 2 ìîæíî âûáðàòü N ∈ N òàê, ÷òîáû 2 − 1

N < α 6 2 − 1
N+1 .

Òîãäà ïðè ó÷åòå ïåðâûõ N êîððåêòîðîâ ìû ïîëó÷àåì ïðèáëèæåíèå ðåçîëüâåíòû (Aε + I)−1 ñ
ïîãðåøíîñòüþ O(ε).
3. Èç âûðàæåíèé äëÿ ïîñòîÿííûõ â îöåíêàõ âèäíî, ÷òî ïîñòîÿííàÿ C1(α, µ) êîíòðîëèðóåòñÿ

÷åðåç âåëè÷èíû d, α, µ−, µ+; ïîñòîÿííàÿ C2(N,α, µ) çàâèñèò îò òåõ æå ïàðàìåòðîâ è îò N .
Ïðè ýòîì C1(α, µ)→∞, C2(N,α, µ)→∞ ïðè α→ 1 èëè α→ 2.
4. Òåîðåìû 5.1, 5.2 ñîõðàíÿþò ñèëó, åñëè ðåøåòêó ïåðèîäîâ Zd çàìåíèòü íà ïðîèçâîëüíóþ

ðåøåòêó â Rd. Òîãäà ïîñòîÿííûå â îöåíêàõ (5.3) è (5.4) áóäóò çàâèñåòü åùå è îò ïàðàìåòðîâ
ðåøåòêè.
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