PDMI Preprint — 05/2024

TpextiersieBass nepeHOPMUPOBKA KBAHTOBOTO J€iiCTBUS
JJIsI IITUMEPHOI CKaJISPHOU KyOMYecKoii MOoJeJn C MCHOJIb30BaHUEM
MeToa POHOBOTO IOJISI U PeryJisgpu3aliuu odpe3aHuem

A. B. IBanoB H. B. Xapyk

Camnkr-Tlerepbyprckoe ornesnenune Maremarnaeckoro uncruryra um. B.A.Crekyosa PAH,
Q®onranka 27, Cankr-Ilerepoypr, 191023, Poccus

Cankr-IleTepOyprekmit MexKIyHAPOIHBIN MaTeMATHIECKii HHCTUTYT uM. Jleonapaa ditiepa,
ITecounas wab. 10, Cankr-Ilerepbypr, 197022, Poccust

E-mail: regull@mail.ru
E-mail: natakharuk@mail.ru

09 ampesnsa 2024 r.

K 90-aemuwro JI./1. Daddeesa

AnsoTanus. B pa6oTe u3yvaeTcsa KBAHTOBOE NEHCTBHE I MATHIMEPHOI BelleCTBEHHON Teopuu ¢°
B CJIydae OOIIEero IOJIOyKeHUsI C MCIOJIb30BanneM meTona (oroBoro moss. IlpomsBogurcs TpexnerieBast
[IEPEeHOPMUPOBKA, C peryJispusanueii obpe3anneM B KOOPJMHATHOM ITIpejicTaBieHun. [Ipejcrasien siBHBII
BHJI IIEPBBIX TPeX KOIPMUIIMEHTOB [1IJIsi KOHCTAHT IepeHopMupoBKu. OOCYK1aeTCst OTCYTCTBUE HEJIOKAJIb-
HBIX CHUHTYJISIDHBIX BKJIAJIOB M YaCTUYHBbIE PE3YJIbTATHI JIJIsi YETBEPTOM IOIMPABKH.

KitoueBbie ciioBa 1 (ppas3bl: 1epeHOPMUPOBKA, KOHCTAHTA [IEPEHOPMUPOBKHU, CKAJISIPHAS MOJIEJb,
perynspusaius obpesannem, dyHKnusa ['puHa, KBAHTOBOE JeiiCTBHE, KBAHTOBOE YDaBHEHHUE JIBHUKEHUS,
guarpamma Deitamana, Tpu e, 3pEeKTUBHOE JefCTBIE, UMITYJILC 00PE3aHus, TEIJIOBOE SO, Je-
dopmarust, Kybudeckoe B3auMOJIEHCTBHE.



ITPEIIPTHTHI
Camnxkr-IlerepOyprckoro orjesenus
Maremartudeckoro nacturyta um. B. A. CrekioBa
Poccwuiickoit akajgemMnn Hayk

PREPRINTS
of the St. Petersburg Department of Steklov Institute of Mathematics

IJIABHBIM PEJAKTOP
C. B. Kucaakos

PEOKOJIJIETUSA
B. M. Babuu, M. A. Bcemupuos, A. . I'enepasios,
. A. 6parumos, JI. FO. Kosorunuua, FO. B. MarusiceBuy,
H. }O. Hemgeraes, C. U. Penun, I'. A. Ceperun

Yupenuresn: PeepabHOE TOCYAAPCTBEHHOE DIOJPKETHOE YUPEKICHAE HAYKU
Cankr-IlerepOyprckoe ornesienne MaremMaTndaeckoro HHCTATYTa,
uM. B.A.CrexyioBa Poccuiickoit akamemun Hayk

CBUJIETEIHCTBO O PECUCTPAIIH CPEJICTBA MaCCOBON MH(MDOPMAINH:
DJI NedC 77-33560 ot 16 okTsiopst 2008 1.
Boinano ®enepanbHoii CyK00i 110 HAJI30PY
B cdepe CBsI3U U MACCOBBIX KOMMYHUKAIIHIA

Konrakrnble jannbie:

191023, r. Cauxr-IlerepOypr, Habd. peku Ponranku, gom 27
restedonsr: (812) 312-40-58; (812) 571-57-54
e-mail: admin@pdmi.ras.ru
https://www.pdmi.ras.ru/preprint/

SaBeyroniasi mHGOPMAMOHHO-U31aTeIbCKUM cekTopoM B. H. Cumonosa



CopnepxxaHnne

1 Bsenenune 3
2 IlocraHoBKa 3aJa4u U pe3yJIbTAThI 4

2.1  OcHOBHASI QOPMYITHPOBKA . « « « o v e v v v e et e e et e e et e e e 4

2.2 Pe3yIBTATBI . . . . . . . .. 7
3 IlepBble ABe monpaBKu 8
4 Tperbs mompaBKka 10
5 O uerBepToOil meTiE 13
6 3akuodeHue 14
7 IlpunoxxkeHnue 15
8 Coucok Jinreparypbl 20

1 Bsenenue

Perynsipuszanusi 3aHAMAaeT BayKHOE IIOJOXKEHHE B KBaHTOBOI Teopun mosist [1, 2], ocobeHHO, Korja pedsb
UJEeT O MepTyPOATUBHOM IIOJIXO0JIE, B XOJe MPUMEHEHUsI KOTOPOT'O YaCTO MOSABJISIIOTCS PACXOJIAIINEC HHTE-
rpadisl [3,4]. K coxanenuio, B Teopun perysisipu3alyu He CyIIeCTBYeT YHUBEPCAJILHOIO PElenTa, KOTOPbIH
ObLT OB OJIMHAKOBO XOPOIII JIJIsT BCEX MOjeJsieil. DTo, B MEPBYIO 0Yepe/ib, 0OYCIOBIEHO TeM (HaKTOM, UTO
peryssipu3aliust HAlPsSIMYIo CBsi3aHa ¢ jedopMaliueil KJIacCHIeCKOro JAeWCTBHs, YTO B 00S3aTEIHHOM IO~
PsiJIKe IPUBOJIUT K IIOTEPEe TeX WJIM MHBIX CBONCTB M3ydaeMoil Mojen. Takoe MoJIoyKeHne JIejlaeT TEOPUIO
peryJsipu3alnuii aKTyaJbHOi U BOCTPEOOBAHHOM 00JIACTHIO UCCIIEIOBAHMI.

Januast paboTa MOCBSIIEHA U3YYEHUIO DETYIISPU3AIIN 00PEe3aHUEM B KOOPJAUHATHOM MPEICTABICHUN,
KOTOpas BIEPBbIe ObLTA TIPeJJIoXKeHa B pabote [5| m ycnemuo nmpumenena K psimy momeneit [6-9]. Kpome
sToro B paborax [10,11] 6buT U3yUeH psijl BAXKHBIX CBOWCTB JIAHHOTO T1071X0/1a. K mpuMepy, ObLIa Moty de-
Ha CB#A3b C TeOpHUeEHl yCPeIHEHMIA, BBIBEIEHO CIEKTPAJIHHOE IIPEJICTABIEHUE, & TAKXKE MOJIy9IeH KPUTEPHil
[IPUMEHUMOCTH. TaKume CBONCTBa JEJIAI0T IIPEJJIOKEHHYIO PEryJIspU3aliilo BeCbMa ITPUBJIEKATEIHHON 1
HADJISJIHOM C BBIYUCJIMTEBHON TOYKM 3PEHUsI.

B rekcre obcyXKmaeTcst TpexmeTieBas MepeHOPMUPOBKA MSITUMEPHON CKaJISPHON KyOMIecKoi MoJien
¢ mpuMeHeHreM MeTosa (DOHOBOTO IOJIsT M YIIOMSIHYTOM peryssipusarun. HecMoTpst Ha TO, 9TO Teopust
SIBJISIETCSl CyIIEPIIEPEHOPMUPYEMOil, n3ydaeMas 3a/ada siBJIsieTCsl HOBOW M akTyasbHOi. OHa 1O3BOJISIET
[IPOTECTUPOBATDH MPEJIOKEHHYIO Peryspu3annio. B qacTHocTH, ObLIO OKA3aHO, YTO CHHTYJISIPHBIE CJIa-
raeMble «HEJOKAJLHOTO» TUIA YCIEIHO COKPAIIAIOTCS, a PEe3YIbTaThl CONJIACYIOTCS ¢ paHee TOJTY YeHHbI-
mu. Takke paboTa COJEPKUT BayKHbIE BHIYUCJIEHUS TEXHUIECKOTO XapaKTepa, KOTOPhIE TPEIOCTABIISIOT
HOBBIE MHTErPAJIbHBIE COOTHOIIEHUSI U OCHOBBIBAIOTCSI HA HETPUBUAJILHBIX PACCYKICHUSX.

CrpykTypa paboThl MOXKeT OBITH OIHMCAHA CJIEYIONUM 00pa30M. B ceKmym 2 comepKuTcst HOCTAHOBKA
331491 C OIIMCAHNEM KBAHTOBOIO JIEHICTBUSI U IPABUJI PETYJISIPU3AIIH. B 3aK/IIOYNTEIbHON YaCT pas3/eia
GOpMYIMPYIOTCsT OCHOBHBIE Pe3yJibTaThl B Buie Teopembl 1. Jlaiee, B ceKiuu 3 MPOM3BOIUTCS IOJICUET
MEPBBIX JIBYX KBAHTOBBIX MOMPABOK, & B CEKIUU 4 N3ydaeTcsi TPEThsl MOMPABKA U JIOMOJHATEIbHBI METOJ
[IPOBEPKHU Pe3yJibTara. [Ipr 5TOM BBIUNCIEHUs] TEXHUIECKOTO XapaKTepa M0 HAXOXKJICHUI0 ACHMIITOTHIe-
CKUX DPa3JIOyKeHU Jiuist 6a30BbIX MHTEIPAJIOB BBIHECEHBI B OTJIEJIBHBIN pa3jes 7. B cekmum 5 mzydaercs
YaCTUYHBIA OTBET JIJIsl Y€TBEPTOI IIOIPABKU. B 3aKJIFOUEHNN COIEPKATCsI [T0JIe3HbIe KOMMEHTapuu u OJia-
TOJIAPHOCTH.



2 IlocraHoBKa 3a/la4u U Pe3yJabTAThI

2.1 OcHoBHas ¢dopMyIMPOBKaA

PaccMOTpUM cTaHjapTHOE 5-MepHoe eBKImIoBo mpocTpancTso R5. TlockoibKy B paboTe MCIOIb3yeTcs
perysisipusanys ¢ obpe3aHueM B KOODAMHATHOM MPEJICTABJICHUN, TO PA3MEPHOCTH IIPOCTPAHCTBA HA MPO-
TAYKEHUN BCeX BLIMMCICHUI OyJeT ocTaBaThest dbukcuposannoit (6e3 medopmarun). Drementsr R GymyT
0003HaYaTbCA OyKBaMU T, Y, 2 (C BO3MOXKHBIMH MHIEKCAMHE ), & UX OTIEJbHbIE KOMIOHEHTHI [IPH IIOMOIIU
I'pevdeCKux MHJIEKCOB L, V. TaK)Ke IIyCThb JIaTUHCKHNE MHJIEKCHI a, b, C IIpUHUMAIOT 3HAYECHNA B MHOXKECTBE
{1,...,n}, rme n € N. JTasiee onpejiesnM CKaJsipHOE BENECTBEHHOE HOJIE ¢4 (+) U Kilaccuueckoe nefcrBue
S[-] st KyOGuueckoit MOJIeJI B OOIIEM [TOJI0KEeHUH

abc

st = [ &b (twa(x) + 50a(@) (5 Ao(a) + M) (2) + gwa(wm(xm(x)), M

abc

rae Ao(z) = —0y,0pn — oneparop Jlannaca, u t, M ab g% — 110IHOCTBIO CUMMeTPUYHbIE KO3(MDMHUIUEHTEL.

Takzke oTMeTnM, 9T0 ¢*°° UrpaeT posrb KOHCTAHTHI CBSI3M.
[Tocsie popMyIMPOBKYU KJIACCHYECKON TeOpUHU IepeiijieM K KBaHTOBOMY JeiicTBuio. OHO OIpeiesisieTcst

caeayomuM GyHKIMOHATBHBIM HHTEIPAIOM
W/ :/ DepeSlel/n @)
H

rje h — nocrosinaas [Tnanka, H — GyHKIMOHAIBHOE TPOCTPAHCTBO, SJIEMEHTBI KOTOPOTO YIOBJIETBOPSIIOT
HEKOTOPBIM (PUKCUPOBAHHBIM IPAHUYHBIM YCJIOBHsIM. Kak n3BeCTHO, 0O0HEKT (2) COMEPKUT PACXOIUMOCTH,
KOTOpBIE IIpU epTypOaTUBHOM IIOIXO0/le IPOABISIOTCS HAJINIUeM PacXOJSIXcs HHTerpajoB B Koaddu-
[UEHTaX ACUMITOTHYECKOTO Psijia. JTO MPUBOANAT K HEOOXOJMMOCTU BBECTH PEry/ISIPU3AIMIO, KOTOpas B
paMKax JAHHOW pabOThbl 3aKJIOUAETCs B J0DABJIEHUN K KJaccuuaeckomy zeiicrsuio (1) peryisipusyromieit
nobasku S[p, A]. CoryiacHo UpeyIoKeHHOMY paHee MeToiy, cM. cekiuio 4 B [9], mobaBka umeer cieryio-
Ui BU

Slo.Al =

5 |, P ou(@)(45(x) — Ao(@))bue),

e A} (x) — medopmmposammeit oneparop Jlamaca, Takoit 9To oTBevaiontas emy bynkmus ['prma RE(-)
MOJTY9aeTCs IEPEXOI0M

1
82|z

AP 1 [ A3 |z < 1/A;

. A o 272
Ry(z) = = B @) = gt PA) + 55 Y s, o> 1A

(3)

3aecs A — pasmepHblil mapamerp peryisipusanuu, u f(-) — BconomoraresbHast perysisipu3yiomast byHKIHs.
OHa obJiajaer CjeyoIuMA CBOCTBAMUI
A—+
f() € C([Oa +OO),R), Supp(f()) C [Oa 1]7 AO(x)ASf(‘x - y|2A2) hi‘i} 0.
B wacrrOCTH, TOC/IEIHEE CBOICTBO rapaHTUPYET CXOIUMOCTH J1eOPMUPOBAHHON (hyHKIUN Ré\(~) K TIep-

BoHAwATBHON Ry (+), a Takwe kombmmamnmn Ay (z) R (x — y) k d(x — y) B cMbIcTe 0606meHHBX by HKITIT
na kacce Isapra S(R®). B nrore peryispusoBanHoe KBAaHTOBOE JEHCTBIE MMeeT BHT

“+o0o
W 2 WA] = —hin </ D¢ e<5["’”5[¢”"”/h> =D W,
H

n=1

T7e IUCJI0Bble KOI(DDUIUEHTHI Ky, OCYIIECTBIISIOT CABUT CHHTYISPHON IIJIOTHOCTH, HEe 3aBUCIIIEH OT rpa-
HUIHBIX yeaoBuit. Takoit 00bEKT yKe He COMEPKUT PACKXOSIMOCTEI, XOTsT UMeeT KOIDPUIMEHTDI, CHHTY-
Jsipable 110 napamerpy A. s Toro, 9Tobbl MX COKPATUTH, HEOOXOIUMO IIPOM3BECTU IIEPEHOPMHUPOBKY.



YVaureiBas TO, YTO KyOmdIecKast MOJIE/b B MATUMEPHOM ITPOCTPAHCTBE SIBJISIETCS CYIIEPIEPEHOPMUPYEMON,
cM. [12], mpone/typa HOCUT MyJIbTUILIMKATUBHBIA XapaKTep U 3aKII0YaeTCA B CIBUrE ABYX KOI(DHOUIMEHTOB

+o0 +o0
Bt =t Y R M o M= M+ REM (4)
k=1 k=1

B sToMm cydyae mepeHOPMUPOBAHHBIE JIEUCTBUSA MOTYyIAIOTCS B PEIYJILTATE IIEPEXOJIOB

peH.

S[¢] — Sten[o] = S[¢]

)
te—t%, Mab—Mab

+oo
W[A] ﬂ) Wren[A] — _hln <‘/H DQS 6—(S,-eu[¢]+SA[¢])/h> _ Z hnf{/n. (5)
n=1

Tocseaauit 0GbEKT y¥Ke He COAEPIKUT CUHTYISIPHBIX CJATAEMBIX, U ITIpeJenbHast BeamdanHa Wien[+00]
SIBJISIETCSI KOHEYHOIA.

Jis maxoxkaenusi KoaddunuenTos nepenopmuposku (4) KkBaurosoe neiictsue (5) yI00HO Pa3IOKUTh
B pa. it 9T0r0 BoCcmosb3yemMcs MeTomoM (POHOBOrO 110Jist [13—18], KOTOpbIil 3aK/II09aeTCs B CIBUTE

a(w) = Ba(z) + Vhoa(z),

rjie By (z) — doroBoe mose. OHO SABJIsIETCs PEIIEHNEM KBAHTOBOTO ypaBHeHust aBmkeHus Qq[B](x) =0 n
YJOBJIETBOPSIET IPAHUYIHBIM yCJIoBuaAM i pyHKuuii u3z H. CienoBaresbHo, KBaHTOBOE seficTBre Wien[A]
B JIEHCTBUTENHHOCTH ABJIAETCs QYHKIMOHATIOM Wien[B, A, 3aBucsiimum ot dbonosoro mosust B, (z).

R oA —
I's = Xi= —>¢%—

Puc. 1: DnemenTsl quarpaMMHON TEXHUKH.

BBe,ILeM P BCIIOMOTI'aTEJIbHBIX OHpe,ILe.HeHI/Iﬁ

abce

o] = [ @%(00(0) + B0 A @)000) + Bulo)MEP0n(0) + T Bul)Bulo)ena) ).

Ta4] = / B g™, (2) by () o),
RS
Sald = [ i u(a).
R5
Sunld] = / B o (2)tn(z),  Xild] = M2 S [4),
RS
Vab(l') — Mab -l—gabCBC(ZL'),
(AD(2)6% + V4 (2)) G (2, y) = 86(x — ). (6)

Taxzke orpeae/JimM 3JIEeMEHTBI ,HI/IaI‘pal\H\lHOIU/I TEXHUKU, KOTOPbIE IIpEeJCTaB/JIEHbI Ha Puc. 1. B namem CJIy-
Jae KBaHTOBO€ ypaBHEHUEC JIBUXKEHUA IIPEACTABIACTCA Cyl\/IMOfI BCeX CHJIbHO CBA3HBIX AUarpaMM C O,ILHOfI



BHeITHEH CBOOOJHON JIMHUEl, a KBaHTOBOE JEHCTBHE PABHO CYMME BCEX CHJIBHO CBSI3HBIX BaKyyMHBIX
JuarpaMM 7 IpeiCcTaBuMO (hOPMyJIOit

Wien|B, A] = Sien[B] — (Z Indet(G*) + hnl) -

1R, h1/2 G
— |hexp —§Zh Xild;) = =5 Taldy] et

k=1

1P

1 +oo
+zm4,
7=0 n=2

rae jq(z) — BcmomoraTesbHOE 10JIe, J;, (;) — BAPHAIMOHHAS IIPOU3BOIHAS 110 TOJIO jq (), I

glG*,j] = / / d°xd®y 4, (2) Gy (2,95, (1)
R5xR5

Takxke cumBon «1PI» o3Hagaer, 9T0 B CyMMe COXPAHSIIOTCS TOJIBKO CHJIBHO CBsi3HBbIE Auarpammbl. OOpa-
TUM BHUMAaHUE, 9TO 3a CYeT KBAHTOBOIO yPaBHEHWs JIBUXKEHUsS U3 IIpejcTaBjieHus (7) BbIIAIa BEPIIMHA
¢ onHo# nmameit T [-].

YuauTeiBas TO, UTO B IEPEHOPMUPOBAHHOM JeficTBIUN Wien[B, A] OTCYTCTBYIOT CHHIYIISIDHBIE CJIarae-
MBbI€, MOYKHO yTBEPIK/JATh, YTO OHH OTCYTCTBYIOT U B KasK/0M mopsake hF mo xoncrante Ilnanka. Takum
00pa30M TOJTyIAI0TCsT COOTHOIIEHUS st KO3 MUIIMEHTOB KOHCTAHT IEPEHOPMUPOBKY. B maHHOI pabore
OyJIyT UCCIIEJ0BATHLCS TIEepBble TPU COOTHOIIEeHUsT. OHU UMEIOT BT

1 1
t2,S.[B] + 5M;fl;sd,[B] "2 ;I det(G) + k1, (8)
a 1 ab S.p- 1
tT.72Sa[B] + iM Sab[ ] - 7d1 - 7Cd1 + K’Qa (9)
. 1. op. 1
t235q[B] + §Mr7l§Sab[B] £ TR ﬂd3 - chz + chg — §Cd4 + K3, (10)
rJie 3HaK S O3HAYAET PABEHCTBO CHHTY/ISAPHBIX dacTeil. Takrke 3/1eCh UCIOMB3YIOTCS O0O3HAYUEHUST JIJIsT

JuarpaMm, n3o0paxkeHHbix Ha Puc. 2, 3 u 4.

Puc. 2: Inarpamma d; u KoHTpauarpamma cds .

Puc. 3: Kourpauarpammer cda—cdy.

O6parnM BHEMAHME Ha OJJHO BasKHOE CBOMCTBO UCIOJIb3yeMOi peryisipusanuu. OHa COXpaHsieT CBsi3b
KBaHTOBOrO Jeficteust W[B] 1 KBaHTOBOrO ypasHeHus jasmxkenus Qq[B](x), cm. pasznen 4 B [9], Bujga

SW (B

m = Qu[B](w) (11)

KaK II0CJIe PEryJIspU3alini, TaK U 1Mocje mepeHopMupoBKu. CaMu COOTHOIIEHUST UMEIOT BHJT,

or. OW[B,A] en. Wien[B,Al o
(1) 2% ST = QulB Al(e) B TR RS = Qi (B, (). (12)




dy = d3

Puc. 4: Iuarpammer ds u d3.

CoxpaHeHune TaKOro BHJIA CBs3eil 00eCIeInBaeT IePEHOPMUPYEMOCTh KBAHTOBOTO YPABHEHUS JIBUKEHUS.
Jpyrumu ciaoBamu, HalijeHHbIe KOI(DOUIHEHTH KOHCTAHT MEPEHOPMUPOBKU YOEPYT CHUHTYJISIPHOCTH HE
TOJILKO B KBaHTOBOM JIECTBUM, HO ¥ B KBAHTOBOM ypaBHEHUH JBuKeHust. Jlst Toro, 9Tobbl yoe mThest
B CIIpaBeInBOCTHA 11epexooB (12), TOCTATOYHO MPOCIIEANTE, UTO COOTHOIIEHUS sl BADUAIIMOHHBIX [IPO-
U3BOIHBIX BCEX DJIEMEHTOB JIMArPAMMHON TEXHUU COXPAHSIIOT CBOW BHEIIHWI BUJ[ ITOCJIE PEryJIsipU3AIIAN
U MIEPEHOPMUPOBKH. Y YUTBIBas TOT (PaKT, UTO BEPIIUHBI HE TOJABEPrarTcs JdedopMannu, TOCTATOIHO
paccmorpers Jminb dbyakuuo ['puna. U3 ypasuenus (6) ciemyer cooTHONIEHUE

4 dce
mGab(x7y) - _Gad(x7z)g Geb(zuy)'

Toub3ysich coobpazkenusMu 13 paboThl [9] U IBHBIM BUIOM PA3JI0XKEHUSI 110 CTEINEHIM IHOTEHIMAJA, MOXKHO
yOeINThCsI B CIPABEJIMBOCTH PABEHCTBA

0 A — A dce ~A
ch(z) Gab(xay) o _Gad(CC,Z)g Geb(zay)v

KOTOpO€ U FapaHTUPYET BBIIOJIHUMOCTD 3asBJICHHBIX CBOICTB.

2.2 Pe3yabTarbl

OrmpefiesiuM psiJ BCIIOMOTaTEIbHBIX KOIDMUIMEHTOB

aipaz __ a1C1C2 ,G2C1C2 aiaza3 __ @1C1C2 ,A2C2C3 ,A3C3C1
hi*™ =g 9 9 =y g 9 )
hgulz — hilCZ.gClCSalgCZCBGQ h§1a2 — g?10102gc162a2
s .

Teopema 1. C yuemom 6ce20 GLIUEUIAOINCEHH020, CUHLYAAPHBIE CAG2GEMDIE OAA NEPELIT MPET KEAH-
MOBHIT NONPABOK NPONOPUUOHAALHYL AUHETHOT KOMOUHAUUY PYHKUUOHaN06 6uda S[B] u Sqp|B]. 3nave-
HuA 0as Koaduryuenmos xKonemanm neperopmuposky (4), ydosaemsopaowux coommoweruam (8)—(10),
umerom eud

@) = em. (20),  MP% — cm. (21),

4y = em. (27),  MPh — cm. (28),

@9 — cm. (59),  Mgh — cm. (60).

Qacmunmnvid omeem daa ty 4 npusodumea 6 opmyae (64). Taxoice t7 20w Mﬁl{ L0 dna i > 3.

OTmenbHO BBITAIIEM TaCTHBIH cIyuail, Korma n = 1, MY = m? u cymMmMupoBanme B KIacCHIecKOM Ieii-

crBun (1) orcyrcrsyer. dust ynobersa Oyem 3anuchBaTh Bee K03 duiueHTol 663 HHIEKCOB, TaK KAK OHU
IPUHUMAIOT OJIHO 3HadeHue. VICrosib3ysi IPUBEJIEHHBIE OTBETHI, JIJIs YIIPOIIEHHON MOJEN CIPaBEe/THBEI
paBeHCTBA

A3 2 B
ty = t+h( - TgRé(O) + %Aao(f) + tM)—F

3A2 3 9
28N ()= a2(6)) + Lao(®) T, + 2L
+h ( 4 (Oll(f) Ozo(f)) + D) Oé()(f)MT’l + 12(167T2)2 +tr,2>+
ALg® Ag® Ag .-
3(_ My _Ag-
o (24(167r2)2a0(f) & (02(f) + 209(6) + 204 (F)) + T ao(E) Myt
Lg?

— M, +1, O(rt
+12(167r2)2 1t ’3>+ (1),



) )
M, =m*+h| —ao(f) + M1 | + i ———= + M, 2 | + i°M,. 3, (13)
2 ’ 12(1672)2 ’ ’
rae L = In(A/o). Obparum BHEUMAaHWUE, YTO PE3YJIbTAT COMVIACYETCS C PaHee U3yUeHHBIM, cM. [5].

Cpasy ormernm, uro Borancienue o (f)—ou (f) ms koukpernoit dynkiun f(-) ABasgercs MeHee BayKHOI
3aj1a4ell, TIOCKOJIbKY TaKHhe YHC/Ia BXOJAT JIWINL B JIMHEHHOE caraemoe. B To ke BpeMs X MOJICIET He
ABJISIETCS TPUBHAJBLHBIM U TpeGyeT MPUMEHeHNs YUCJCHHBIX METOJIOB.

Pacemorpum agp(f). OHO BXOmUT B epeHOPMUPOBKY Macchl, cM. (21) u (13), u npescrasisiercst hop-
mysi0ii (19). C y4eToM mofCcTaHOBKU sIBHOTO BUJA JI€DOPMAIUH, [I0JIyIaeM

= [ = g (o [ 201 ) >

B naHHOM Coiyuae WHTEpeCHO 0OpATHTh BHUMAaHWE Ha JBa KOHKPETHBIX BbIGopa dbyrkimn f(-).

e Ilepsroiit onpenensiercs paBeHcTBOM f (52) = 0 u gBisieTcs HanbOJIee TPUBUAJIBHBIM. B 3TOM cityvae
ap(f1) = 1/(2072). Oanaxo Taxoit BLIGOP He YJIOBIETBOPSIET YCJIOBHIO MPUMEHEMOCTH OOPe3aHus B
KOODJIMHATHOM TIpeJicTaBiieHnt, cM. [11].

e Bropoii BEIOOP orpejiesisiercsi paBeHCTBOM fo (32) = 7—9s5+42s3. CoryiacHO pe3yiIbTaTaM U3 paboThI
[11] on yjoB/IeTBOpsieT KpUTEpHio MpUMeHIMOocTH. B aToM ciryuaae ag(fy) = 167/(231072) > ag(fy).

3 Ilepsbie aBe monpaBKU

Paccvorpum acumntoTraeckoe pasnoxkenue dbyHkinn ['puna G{l\b(x, y) okouso quaronasu x ~ y. Coruac-
HO paboram [5,9,19,20] psi uMeeT ey onmil BUL

Vab T +Vab
Gé\b(x,y) = Ré\(-’lf - y)éab - R?(a’; — y)M‘F

2
L Ry VOV VWV

rie nechopmuposantas dbyaknusa R (+) 6buta onpeseniena B (3), a 0CTATLHBIE OPE/IE/TIOTC PABEHCTBAMI

+PS{\ab(l'7y)a (14)

R)(z) = / & R ()R + ). (15)
Bi/o
R =2 [ Eay RE@RN+ )R+ ) - 20 (16)
Bi/6XB1/o
522// d®z2d’y Ro(x)Ro(z + y)Ro(y). (17)
Bi/oXB1/o

B noceaux dhopmynax By, — 3aMKHYTBI map ¢ IEHTPOM B HyJle n pajuycom 1 /0. Ilapamerp o asiiger-
cst BeriomorareibHbIM. OH pa3MepHbIil, KOHeuHbIi U duKcupoBanHblil. PyHKIMs ['puHa OT HEro He 3aBU-
curt. Paznoxenmue (14) crenuabHO BHITICAHO B CAMMETPUTHOH dhopme s yaobersa. Oyakmums PSP (x, 1)
COJIEPXKUT BCE OCTAJbHBIE HEBSI30UHBIE CJIaraeMble, KOTOPBIE B TOM YHCJIE O0DECIIEINBAIOT BBIIIOJIHUMOCTD
rpaHngHbIX yeaoBuit. Huzke Oyer mokasano, 9o Takast (DYHKINS He BXOJUT BO BKJIAJIBI C CHHTYJISPHBIMEI
KO3 durmenTamu.

Iepeitnem k nomacuery neppoii neriu. [Ipasast gactb (opmysbl (8) BBIpazKaeTcss B BUJE DsiJa, 3aBH-
csimero or dyuknuu Ipuna. C noMormmpio pasnoxkennst (14) dopmyna uz paborst [9,21,22] moxkeT ObITH
[IpEJICTABJICHA B BUJIE

1 op. 1
5 Indet <GA/GA\B:0) £ 733(0) /

+ i < /B 5 &y (Rg(y))2> /}R da (V“b(z)Vba(:zz) - Mabea). (18)

@ (Vo() — M)+



Beenem g1 ymobersa ciemyromniee ob03HaUeHTE

2 o
Alo) = / @ (B () = Aao(£) - , (19)
B, . 0 3(872)
Torga mpasast 9acTh (18) COMEePKUT CUHTYJISPHBIN BKJIA BT
1 1 1
181~ RO + SAE)M G ) + SulB]( {A)g" 5.
Takum 06pa30M KOHCTAHTHI U3 JICBOH 4acTu (8) UMEIOT CJIeLyIOIue PeICTABICHUST
A? A )
1 = A RE0) + Rao(®)Miege 72, 20)
ab A ab Crab
Mr,l = an(f)hl + Mr,lv (21)

rie fil u Mﬂl{ — cHUMMeTpUYHble KOHCTaHThl. OHM HOCAT BCIIOMOTATEIbHBIN XapaKTep, He COIep:KaT
CHHTYJISIPDHOCTEI M UTPAIOT POJIb «TPAHUYHBIX YCJIOBUI» P NEPEHOPMUPOBOYHON MPOTIEAype. 3aMeTuM,
49T0 06e KOHCTAHTHI UMEIOT CTeleHHoe MmoBejieHne mpu A — +o0o.

[lepeiiieM K M3y4eHUIO BTOPOil IOIPaBKHU. B 3TOM ciiydyae IMOMHUMO JHArPAMMBI di MMEETCs TaKXKe
KOHTpmarpamma cdi. MeTos ux mojicuera paHee GbI MHOTOKPATHO MOKa3aH, cM. [5,9], mosroMy orpanu-
9UMCs PE3yJIBTATOM sl CIydasi Halneil peryiaspusanuu. st quarpaMMbl di BbIpaKeHNE UMEET BT

31 (A,0)Sa[Blg;™
+315(A, ) (254 [Blgi"" ™MD + S0, [BIRS' )

+213(A, O') (25,1 [B]gab1b2Mb2b3 hligln + Sayay [B]h;1a2)

+3A(0) / d®z PSL, . (x,x)h{r?, (22)
RS

1a1a2

rae OBLIN BBEICHBI 0003HAYEHUST JJIgd BCIIOMOraTeJIbHBbIX HHTErpaJioB

o) = [ e (RY@) B, (23)
1/

(A, o) = /B iEn (R9(x))233(x), (24)
1/0

(A, 0) = /B Pz <R6\(x)>2R§\(x). (25)
1/0

Jasee, yaurbisas Tor daxt, uro RS (0) Bemer cebs kax A1, cm. (92), oTBeT /I CHHIY/ISPHO# 4acTH
KOHTDJMArPAMMBI IIPUHAMAET BU/T

1 bb “rbibs bibsa , L A
—iA(O)A(U)Sa[B]g‘f — A(0)Su[BIM,}? g™ 7" + §A(O) . d°z PSY, o, (z, ). (26)
s OKOHUATENLHOTO pPe3ysIbTaTa PACcCMOTPUM JIMHelHyoo KomOuHanuio di/12 — cdi/2. Bamernm, [urto
HesoKasbHble JacTh (22) u (26) cokpamarorcs. JIOKaJIbHBIE YKe YaCTH JAIOT BKJIAJ B KO3(MQUIMEHTHI
u3 siepoit wactu (9). C yuerom acumnrorndecknx pasioxkenuii (69), (70) u (73) orser BHIIHMCHIBaETCS
CJIETYFOIIM 00pa30M

A? A -
try == = (@ (6) — ad(£)) g + Jao(H)ML2g" 20+ (27)
L -
_|_ 12(167r2)2 (29(11b1b2Mb1b2 _ gab1b2Mb2b3 hll)gb1> _|_ tg727
Moy = L (2h‘““2 — h‘W) + Moy (28)
r,2 12(167_[_2)2 3 2 2

rae tyo u Mﬂ L%2 — JOMOJIHUTE IbHBIE KOHEIHBIE CHMMETPUIHBIE KOI(DMUIIHEHTHI.



4 Tperbsa nmonpaBKa

Haunem paccMoTpeHue TpeTbeil ompaBKu ¢ quarpaMmMbl do. st 3T0ro yuobHO BBECTH BCIOMOTaTe IbHBIM
WHTEerpaJl

p%b(xay) = /R" dSZgaalazGit\lbl (‘r?Z)GaAzbg(x,Z)gb1b2b3Gl/7\3b(Zvy)' (29)

flcHO, 9TO NIpU CHATHUYU PETYASTPUIAINI TAKOU MHTETPAJI PACXOJIUTCS, TTOCKOIbKY TEPBbIE JBa MHOKUATEJIS
B [IPaBOil 4aCTU IPOHOPIUOHAJBHBL [T — z|*6 npu r ~ z. Vcmons3yst 910 obo3HadeHne, guarpaMma do
nMeeT BUT

dy = / Bad®y pi(z, )i (4, ). (30)
R5xR5

Jtst aHa/IM3a Tako# JuarpaMMbl BOCIIOJIb3YEMCST METOJIOM J00ABJIEHUS W BBIMATAHUSA, IMOAPOOHO Pa3o-
GpaHHBIM I YeTBEPHOrO B3auMoJeiictsust B [9].
OrmpetesiuM IOMOTHUTEIBHYO BCIIOMOTATEIbHY0 (DYHKITAIO

o (@,y) = (AO)RS™ + 20015 ) Gy (2, y), (1)

torga npejcrasienue (30) juist auarpamMMel ds IproGpeTaeT BUJ

2 / d°xd®y pi®(z, y)pb*(y, ) — / d°xd®y s (x, y)ph*(y, 2)+
R5 xR5 R

5 RS
[ dady () - o) (10— o (:2))
R5 xRS

Takoe TpeCTABIEHIE TPAMETATEHLHO TEM, 9TO B HEM IEPBBIE JIBA CJIATAEMBIX B JICHCTBUTENLHOCTH SIB-
JisgioTest KouTpauarpammamu 4eds u —4eds. B sTom sterko y6enurbes, nogcrasus dbyakiuu (29) u (31).
Cute1oBaTeIbHO, OBIIO JOKA3AHO CJIEILYIONIEe COOTHONIEHUE

Sty an = [ @y () - ) () - ) + R (32
R xRS
rae K1 U Ko BBIYATAIOT PACXOAMMOCTH, He 3aBHUCIIIKe 0T (pOHOBOIO 1oJid. VIMEHHO Takas JuHeiiHasg KoMOu-
Halys nosBisgercs B upasoii uactu (10). CiiemoBareabHO, aHAJIU3 TPEX JUATPAMM CBOJUTCH K U3YICHUIO
unaTerpasa u3 (32).
Bsenem g5 ymobersa cieyiomniee mpeodpa3oBaHme

i) = [ @ (RW) Ry +a) - AORMz) (33

OcobeHHOCTh TaKOTO TPeo0pa30BaHusl 3aKJIYAETC B TOM, 4T0 TpaHChOpMUPOBaHHAs (DYHKIWUS CyIIle-
CTBYeT IIPU CHATHH PEry/IsPU3aIH, TAK KAK PACXOISMAsCs 0COOEHHOCTD BhranTaercs. Boee roro, RY (x)
umeer nosenenne suga |z 4, a R () ~ |z|72. Takxke 3amernm, 4T0 B IpaBoii yacTu (32) CHHIYISPHBIC
ciaraemble Gy/IyT MOABJIATLCS JIMIIb B TOM CJIydae, €CJM IIOTHOCTb OyjleT uMeTh moBeenue |x — y|=°
wn cuiibHee. 1109TOMy CIpaBeiIuB CJIeAYIOMHI Iepexo

8
P (@, y) — o8 (,y) = > p (@, ),
=3

rie
2 ~

@)= | (R = 2)) R ) ~ AW Y@ —y) = R} - )i, (30

p2b<x7 y) = _QMg,ZiR(j)\(x - y)7 (35)

P (x,y) = =R (@ — y)h{* """ By, (x), (36)
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p(x,y) = 2R} (x — y) M9 9" By, (x), (37)

P (a,y) = 2 /R Pz Rz~ )R — 2)RY (2 — y)g g1 By, (2)g" ", (38)

P8 ) = 2 / &z Rz — 2)R)(z — y)g™ 2 PSP, . (x,2)g""". (39)
R5

C HOMOIIBIO TOCJIETHAX OTIPe/IeJIeHH CHHTYIISPHYIO TaCTh JIMHEHHONW KoMOuHAImY (32), 3aBUCAILYI0 OT
(bOHOBOTO T0JIsT, MOXKHO IIPEJICTABUTH CJIETYIOIINM 00pa30M

d cd cd 2 s 2
2 2 3 ~  S.p. j : ) E B 40
—_ - — 4+ — + K1 = — : J31[B] J4’L[ ]3 ( )

e GbLIa MCIO/b30BaHa cUMMeTpIHOCTh P4l (2, y) m p3P(z,y) 1O MHjEKCAM M apryMeHTaM, W BBEJIEHO
obosHauenne s i, k € {3, ...,8}

Jir|B] = / dPPad®y p2(y, x + y) i (v, + y).
Bl/aXRS

B pomosirenue myis ymobcTBa OpeiesuM Cepruio CHHTYIISPHBIX HHTEMPAJIOB

LA, o) = /B e RM2) B @), (41)

I5(A,0) = /B . d°z RY (z) R (), (42)

Ig(A,0) = /B - d°zd®z RY (2) Ry (x — 2) R} (z — 2) R (2), (43)
I;(A,0) = /B o d°zd®z RY(2)RY (z — 2) Ry (2), (44)
Ts(A, ) = /B o RM2)BMa), (45)

Iy(A,0) = /131/ng5 d®zd®z RY (z) Ry (x — 2) Rz — 2) Ry (2). (46)

Torma ornesnbuble YacTu u3 dhopmysbl (40) MOXKHO I€penucaTh B BUJIE

Js5[B] £ —AS,[Blh{ "2 h{** g “>*ay (£), (47)

Tl B) " =y S BN (15)
a2 2((nastr) - XSOV, g, (19)
TslB)E — iy [ aPSly(ea)g o g, (50)
TalB] " iy Sl B g, (51)

TilB) % S Sul B (52)

rjie ObLM ncnosb3oBanbl pasencrsa (75), (82), (85) u (87).
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B urore ocrasiock paccMoTpeTh KOHTpanarpaMmy cdy u guarpammy ds. Hauuem c mepsoit. Vcmonb3yst
orser (28) st BToporo KoaduiuenTa u cxeMmy BbIYUCJICHUS Cd1, BHIIUCHIBAEM CUHTYJISPHYIO COCTABIIsI-
IOIIYI0, 3aBUCSIILYIO OT (DOHOBOTO IIOJIsA, B BUJIE

L 1042 ajaza L
T e A

L L
5 A o ab ab
+</de xPSlab(z,x)) ( 12(1671‘2)2h3 + 24(1671‘2)2h2 ), (54)

rhe K3 BBIYATAET CHHTYJISIPHYIO IUIOTHOCTH, HE 3aBHUCAILYIO OT GoHOBOro moss. Ilepeitmem K mociemneit
auarpamme ds. B meficTBUTEIbHOCTH OHA COMEPKUT TOJIBKO J[BA CUHTYJISPHBIX BKJIAJA, 3ABUCIIIAX OT
bOHOBOTO T10JIsI. DTO CBIA3aHO C TE€M, 9TO UHTErPAJ BHJIA

1 1 -~
—§Cd4 + k3 = A(0)S,|[B] ( 3 pgraz gaaza 2M7?’12azga1a2a) (53)

24(1672)

/}R5 - ddzd®y Ro(x)Ro(y)Ro(xz — y)Ro(z — 2)Ro(y — 2)

cxoquTest 1 nporioprinonasier |z|~°. Ilpu sTom sobas 3amena Ro(-) Ha Gosee Tiaaxyro GyHKIIO L
OCJIADHUT TOBejieHne B HyJle 1o repeMeHHoil z. [losromy B jmarpamme ds HEOOXOINMO COXPAHUTH IISIThH
bymkuuit R)(+), a mecryio BeGparh 6o pasuoit R (-), 6o emmmmmeir. Torma nomygaem

1 1 1
—ds + kg = —~T10(A, 0)Su[Blg**1 2 hg'* + fIll(Aa)/ dPz PSL, . (x,z)h3?, (55)
24 4 1 s a2
rue
ho(do) = [ 47:4%0d%y RV R (= — y) R (= — ) RY (0 — R @RY (W), (56)
B /o xR5XR?
(to) = | 4 2dad®y RA (= — y) R (2 — )R (z — y) R (2) R (9), (57)
B1/, xRS xXR?

U K4 BBIYATAET CHHIYJISPHYIO IIOTHOCTH, HE 3aBHUCAINLYIO OT (POHOBOrO moJs. VICIob3yst BBIYUCIEHHBIE
CHHTYJISIDHBIE CJIAracMBble JIst OCIEAHUX HHTErpaios, cM. (89) u (90), coorHomtenne (55) nepenucsBaeTcs
CJIEIYIOIIM 00pa3oM

1 . Aay(f)  L(A(c) — A(0)) L 5 A
—d =1 - - Su[BlgtH 2 h5t*? + ————= [ d’zPS hgt®2.
2 3+ Ky ( 4 12(1671'2)2 a[ }g 3 + 12(16772)2 /]RS T 1a1a2(‘rvz) 3
(58)
B urore, ¢ yaerom oretos (47)—-(52), B coorHomenusix (32), (53)—(54) u (58) mpe/cTaBIeHbl PE3yIbTATHI
JUUIsL CHUHIYJISIDHBIX BKJI&JIOB B OT/IeJIbHBIE THAIDAMMBI U UX JIMHeHHble KoMbuHarmmn. Cpady 3aMeTuM, 9To

HeJI0KaJIbHasd 4acTb PS{\ B CyMMe COKPAIIaeTcsd, TaKyKe KaK U JorapudMuiecKas PaCXOIUMOCTb, 3aBHUC -
I1asl CTeNeHHBIM 06PA30M OT BCIOMOIaTeILHOIO apamerpa o, To ectb LA (o). Tasee obparnM BHUMAHUE,
YTO MAaCCOBOE CJIaraeMoe He TpebyeT mepeHOpMUPOBKHU. Takoil pe3yIbTaT MOJTHOCTHIO COOTBETCTBYET OXKHU-
maHusaM u3 obrmieit reopun. CyMMuUpyst n3ydYeHHbIE BKJIAbI, TOLYIaeM

a ALaO(f) aala al1a aala aila
tT73 = 424(167-@)2 (29 1 2h31 2 _ g 1 2h21 2)7 (59)
a2(f) a1a21.a2a3 _a1a3a Oég(f) aias _ajasa O£4(f) aias ajasa Oé()(f) “raias _ajasa
_A( 3 h112h123913+ 1 h212912+ 1 h3 2g12 _ 5 M'T}22g12
L ~ ~ -
~ SIi6mY) (2h‘;1“2M321a3 grese — AN g?“za) + 13,

ab _ arab
Mr,3 - Mr,37 (60)
rae th s 1 Mﬁg — KOoHCTaHTHI. [loCKOBKY B TpeTbeil meTyie TePEHOPMHUPOBKA MACCOBOTO CJIATaeMOTO He
) )

Tpebyercsi, pa3yMHO BbIOPATH Mﬁg = 0. PaBHO kKak u nocyeayrornue K03 MUIUEHTH B CTAPIITNX TETIISIX.
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Crour cka3aTh HECKOJIBKO CJIOB O JIOMOJIHUTEJBHON MpoBepke. 3BeCTHO, 9TO PACXOIUMOCTH BUJIA
AFL™ u L™ e k > 0 u n > 0, MOXKHO TIOCYHTATD, UCIIOJIB3Ys JIHITL KOHTpAMArpaMmMbl. JleficTuTenn-
HO, TIPUMeHsIst orepaTop —od, K 0benm cropoHaM cooTHorenuii (8)—(10), GyayT nosydaTscst paBeHCTBa
JIJIsS. CUHTYJIsIpHBIX dacTeil. [Ipu aToM ¢ mpaBoil cTOpoHBI 0OpaTsTCs B HYJIb BCE JUArPAMMBI, TOCKOJIBKY
OHU HE 3aBUCAT OT [apaMeTpa o, & OCTAHYTCS JIWIIb KOHTPIUATPAMMBI, CO/epKaIiiue KO3MDOUIneHThI
[IEPEHOPMUPOBKH € ITAPAMETPOM 0.

B ciygae ucciemyemoit Mojiesn 0003HAYEHHBIE BBIIIE PACXOIUMOCTH COJEPYKATCS JIAIh B TPETheil
nerse, cM. (59). Cuenosarensro, nuddepennuposanne papeHcTsa (10) IPUBOIUT K HETPUBUAIBHOMY
COOTHOIIEHUIO

do do

KOTOPO€ B IIPABON YaCTU COJEPKUT MPOU3BOIHYIO OIHONU KOHTPAHArPAMMBI. TakuM 00pa3oM, mo1o0Hasd
[IPOBEPKA B CJIyYae MATHMEPHON KyOMYIEeCKO# MOJIean MaJOMHMOPMATUBHA, OCKOJIbKY OHA CBOJIUTCI K
muddepeHupoBaHuio OIHON KOHTpamarpaMMbl, cM. (53) u (54), KOTOpast BHOCUT TIPSAMO¥ BKJIAJ| B JI-
HeifHy0 YacThb, cM. (59), nponopiwonaabuyo AL.

d 1 s.p. d 1
—0— (t?’BSa[B] + 2Mﬁ§5ab[3]> £ —0— < - §Cd4 + Ii3>,

5 O gerBepTOii TIETJIE

Ha npumepe marmmepmnoit KyOudeckoit Mofenn ObLIO IMOKA3aHO, YTO KOHCTAHTA II€PEHOPMUPOBKH IS

MaccoBoro Koaddunuenta obprsiBaeTcs. To ecTh Ha OIpe/IeJIEHHOM ITIare IepeHOPMHUPOBKA MacCChl CTAHO-
o s.p.

BUTCS HEHy2KHOiI. B marrem cirydae 6bu10 mokasano, 4ro M2, =0, cMm. dopmymy (60). D10 cBa3aHO ¢

cyneprepeHopMupyeMocThio Teopun. IToxoxkmmM cBoiicTBoM 0bJaaeT u JIMHeHHbI Koaddunuent t¢ ;. 13
:

. s.p. . .
cooOpazkeHuil pa3MepHOCTH MOXKHO YTBEPXKIATh, 4To &, = 0 st Bcex ¢ > 5. OJHAKO B 4eTBEpPTOIl IeTiie
)
CHHTYJISIDHOCTH BCE €IIle TOSIBJISIIOTCST U UMEIOT JIOrapupMUIeCKUl XapakKTep. JTO O3HAYAET, ITO AH3AIL
JIJIsI IeTBEPTOl TMOMPaBKNU CJeayeT OpaTh B BUJE

N
= ) Lt (61)
k=1

rme N e Nu L =In(A/o).

Kak 6bLI7T0 yHOMSIHYTO pamee, BREIMHCIATH cuuryasproctu ¢ LFH mpu k > 0 moxno 6osee mpocTbim
MeTOJOM, M depeHupyst COOTHOIIEHUS Jjis KO3(M@MUIIMEHTOB KOHCTAHT IIEPEHOPMUPOBKH 110 BCIIOMOT'a~
TeJIbHOMY TapaMeTpy 0. B JeThIpexmerieBoM MOpsiJIKe UMeeM

N
d d
kia —
—0 E LFt: 4 1SalB] | = —U%(LL—X HeTJIeBbIe IMATPAMMBI 1 KOHTPIHATPAMMBI). (62)
k=1

Scno, uro npousBopHas 10 ¢ O6pPATUT B HyJb BCe JAMArDAMMbl U KOHTDIMATPAMMBI, HE COJAEPIKAIIHe
asyxueresoro kosddunuenta M. D10 03HAYACT, UTO OCTAHETCS JIMIID /B3 HOTPHBHAIBHBIX BK/IAIA.
CaenoBatesibHO, cooTHOIIEHNE (62) epenuchBaeTcsi B BUJIE

N d 1 1
kLF1%, = 00— — Zcds + =cd, i 63
kz_2 Ak Jda( 1645+ 5¢ 6)+/‘657 (63)

rJie K5 BBIYUTAET CUHTYJISIPHYIO IDIOTHOCTD, HE 3aBUCAIILYIO OT (DOHOBOTO TOJIsl, U KOHTPAUATPAMMEI cds 1
cdg m30bparkens! Ha Puc. 5.

$cuo, uro npousBogHas B npasoil yacru (63) Oymer JelicTBOBATH HA Mﬁg, [IO3TOMY JIJIst yI00CTBA
BBEJIEM BCIOMOraTeabHoe obo3HaueHne % = fa&,Mﬁ’g. YuaureiBasg TOT GaKT, 9TO M,‘}g JmHeiHo 1o L,
em. (28), To u® me zaBucuT oT A U KOHEWHO.

Bocnosbayemcest oboznadenusivu (21), (29) u (31). Torma npaByio 4acTh PABEHCTBA MOXKHO [EPEIUCATD

B BUJIC
1 i
—— /5 d°zd®y (Gﬁb(x,y)pi‘c(:&y)ubc — Gy (x,y)p5¢ (=, y)u”c) + Fs.
R5 xRS
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1
Cd5@ Cd(j_@;
5 2

Puc. 5: Konrpanarpammer cds u cdg.

Cpasy 3aMeTHM, 9TO B IIEPBOM CJIAraeéMOM CHHI'YJISIPDHOCTH MOTYT JIaTh TOJIBKO dacTh pi¢(z,y), comepxKa-
e

2
[ @z (R =) g Gilae)

— / d°z g““lazRé\(x — z)R{X(x — z)g®hesp, (x)g“laBbRé\(z —y).
RS

Bocnonbayemcs npeobpasosanuem (33). Torpa acts ¢ A(0) cokpaTuTcs ¢ CUHIYJISPHOCTBIO U3 pi€(x, y),
W B OTBeT BOWIYT "acTw, comepxamue R (1) m R) (). B repmunax dymxrmit (34), (36) u (38) nckombre
BKJIaIbI BBITUCHIBAIOTCS B BUJIE

1

- / o dady (Ré‘ (1)p8" (z,y + 2)u*® — R ()g***“ Ba, (2)p5" (2, y + 2)u+
R ><B]/(7

+ R () @,y + 2)u ),

a ¢ ucnosibzoBanueM dhopmyi (42), (45) u (46), onu peobpa3yoTces Tak

]. a1C C
— 150, [B]( — Tu(A, 0)hgPgP et — Ty (A, 0)g™ i — 21g(A, 0)gh ).

Vcnonb3yst acCUMITOTHYECKOE PA3JIOXKEHUE JJIsi BCIOMOTATE/IbHBIX HHTErPasioB (82), OKOHYATEIHLHO
nosyvaeM, 9to B (popmyie (61) napamerp N = 2 u uerBepTblit KO3hDOUIMEHT UMeeT BH/L

. _ _LQ (2hclblbgbach§a1 _ htlllbgbachgh _ 4gllla1ch§b + 2911)alch§b)
4 2532(1672)4

+ Lt} 0 + 10y, (64)

rje t%, — KoHcTaHTa. TakuMm oOpa3oM ObLI HaliJleH KBaIPATHYHBIN JorapudMuIecKuil BKJa/l B YeTBep-
ThIl K03 durment. Craraemoe, MIPOIOPIIMOHAIBLHOE [IEPBOIl cTerenn Jjiorapudma L, HeoOX0IUMO HCKATH
MPSIMBIMU BBIYUCJICHUSIMU Y€TBEPTOIl MMONPABKYU B IIOJTHOM O0bEME.

6 3akJirodyeHue

B pabore Oblia m3ydeHa Tpexmer/ieBas MOIMPAaBKAa B KBAHTOBOE JefCTBUE JJIsi CKAJSIPHOU KyOMYeCcKOi
MOZEJH B ciydae obmiero mojoxkerunst. OCHOBHbIE Pe3yabTaThl chOPMYJINPOBAaHbLI B TeopeMe 1 B paszeiie
2. OHM BKJIIOYAIOT OTBETHI [JIsi KOI(PPUIIMEHTOB KOHCTAHT IIEPEHOPMUPOBKU B IIEPBBIX TPEX IETJISAX, Ya-
CTUYIHBIN OTBET JIJIsT I€THIPEXIIETIEBOTO C/IaraeMoro, 00CyK/IeHre OTCYTCTBUSI HEJIOKAJIbHBIX C/IAraeMbIX, &
TaK2Ke CJICJCTBUE CYIIEePIIEPEHOPMUPYEMOCTU TEOPUU, KOTOPOE 3aKJII0YaeTCA B KOHCYHOM KOJIMYeCTBE CUH-
ryJsisipHbIX Ko3ddurmentos. Ilociie TeopeMsr ipecTaBIeHbl HEKOTOPhIE HHTEPECHBIE YACTHBIE CJIYYau.
Crout oTmeIbHO OOpPATHTH BHUMAHHUE, 9TO JJI TMEPEHOPMUPOBKH MACCOBOTO IapaMeTpa B JIeiCTBU-
TEJILHOCTH OBIJIO JOCTATOTHO PACCMOTPETH IMEPBLIE ABE MET/IN, MOCKOJIbKY HAYHHASA C TPETheil MeTan
CHUHTIYJISIPHBIE BKJIAJbl OTCYTCTBYIOT. DTOT (aKT JIErKO IIPOBEPUTH, MOJIb3YsICh METOIOM COIIOCTABJIEHUS
pa3mepHnocTeii. [TapameTp s JTUHEHHOrO CJIaraeMoro mpuoOpeTaeT CUHTYJISPHBIE BKJAJIBI O YeTBEp-
TOI TONPABKU BKJIOYUTENBHO. B 9acTHOCTH, MOJIB3YsCh MuddEpEHIINPOBAHIEM 10 BCIIOMOTATELHOMY
mapamMerpy, ObLjaa MCCIeOBaHA TOMPABKA M3 YeTBEPTOIl MET/IN, MPOIOPINOHAIbHAS L2, CM. pazjzien b u

dopmyay (64).
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Baarogapaoctu. Pabora dpunarcoBo momuepkana MuHUCTEPCTBOM HAYKY U BBICIIIETO 0OPA30BAHUS
P®, rpanr 075-15-2022-289, u dougom paspurtus teoperndeckoil duszuku u maremaruku «BA3UC»,
rpaut «Mosomas Maremaruka Poccnms.

ABTopnl BhIpaxkaioT ocodyio Osaromapuocts K.A.VBaHoBy 3a co3panue GJArONPUSATHONR U CTUMYJIU-
pyforreit 0OCTAHOBKHY JJIsi HATUCAHUS PabOTHI.

3asiBjieHrEe O JOCTYHHOCTH HaHHbIX. OOMeH JaHHBIMU HEIIPUMEHUM K JAHHON CTAThEe, ITOCKOJIb-
Ky B XOJIe TEKYIIEero MUCCJIeJIOBaAHUs He ObLIM CreHEePUPOBAHBI MJIM TPOAHAIN3UPOBAHBI HUKAKNE HAOOPDI
JAHHBIX.

3asiBiieHrEe 0 KOHQJIUKTE MHTEPECOB. ABTOPBI YTBEPKIAIOT, UYTO KOH(MIMKTa NHTEPECOB HET.

7 IlpunoxkeHue

Pacemorpum mozpcuer cHHTYISpPHBIX YacTeil JJIsi BCOOMOIATEIbHBIX MHTErPAJIOB. Jljisi 9TOr0 HAIIOMHUM
COOTHOIIIeHNE, CBsa3bIBaoniee dyuknuio ['puna 1ys csobomuoro omeparopa Jlamiaca ¢ ee ycpeaHeHHONR
Bepcuei
3
8? S4

L2yl <
d* Ro(ri +vy) = — ! ’ (65)
82 | Iyl % Iyl >,

IJle MCTO/Ib30BATIOCh MHTErPUPOBAHTE 0 YeThIPEeXMepHoi emanarol chepe S? ¢ menTpom B Hyse n co
cranmapTHOi Mepoit. 3xech & = x/|z| € S* C R® mwr > 0.

Ucnonn3yst coorHomenune (65), MPAMBIM MHTEIPUPOBAHUEM MOXKHO NIPOBEPHUTH CJIEJLYIONUHA Psiji pa-
BEHCTB

1

= [ dadyRo(@)Rola + 1)Ro(w) = 7 (66)
Bl/aXBl/a e
1 st —o |yl <1/o;

RAy‘ :/ d®z Ro(z)Ro(z +y) = —— ¢ IV 67
1( ) Astoo By, 0( ) ( ) 247T2 W’ |y| > 1/0_’ ( )
RQA(Z)‘ =2 / d®zd®y Ro(z)Ro(z + y)Ro(y + 2) — 262

A—+oo Bl/oXBl/a
_ 1 S8 Bolal < Vo .

OHU 110JI€3HBI IPH BBIYUCJIEHUN CUHTYJISPHBIX YacTeil JJIs BCIOMOraTeIbHBIX BeJUYNH, B YaCTHOCTH, JIJIsI
(24) u (25). JeficTBUTebHO, MOKHO 3aMeTHTh, uTo dynxmun Ry (z) u RY(x) B mnrerpamax I,(A, o) u
I;(A,0) MOXHO 3aMeHUTHh Ha TpeJieJbHbIe 3HAUEHUSI MpH A — +00. DTO CBA3aHO ¢ TeM (BAKTOM, UTO
HEPEeXOIbI

RMz) — R™(x), nna i=2,3,

MIPOUCXOAT 3a CUYeT JA00aBjeHusl (DYHKINU ¢ KOMIIAKTHBIM HOCUTEIEM K KaXKJIOMY Ré‘ B (15) u (16).
IlosTomy mHTErpasIBI

| @R ((R@) - R@)) v [ (@) (B @) - B (@)
Bi/,

Bi/o

kak bynknun napamerpa A xkomeunst mpu A — +oo. Takum 06pasom, moab3ysack pasercrsamu (67) n
(68), moydaem

1o 82 1 1 L
I, (A = dret— — )= —— 1
2(A, ) /1/A " TR 82y iy 2 +0() 3(1672)2 +O(), (69)
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Yo oo 82 1 r L
Is(A, o) = 427 - N 1).
3(A.0) /1/A drr=3 267r4r6( 327r2> +0@) 3(1672)2 +0@) (70)

Tepeiinem k pacemorpenuto unrerpajia I1(A, o). OH COIEPKUT CTEIEHHYIO PACXOAUMOCTD, IOITOMY [IPO-
[elypa ero aHaJIm3a OTJINYaeTCs. Boinuriem crepsBa siBHYIO (hOpPMYITy

2
LA, o) = / Pad®y (R (2)) RE () RA (y + 2).
Bi1/6XB1/s

O6parum BHUMaHUE, YTO B MHTETPaJIe 10 IepeMeHHoll ¥ 00j1acTh nHTerpuposanus By /, MOXKHO 3aMeHUTH
ma R®, Tak Kak B 9TOM ciydae j06aBiaseTcs KOHeIHbI naTerpan mo R° \ By /o OT dyHKIMN Ge3 cuHry-
ssipaocreit. /lonosHuTeIbHO 10OABUM U BBIYATEM AHAJOTAYHYIO OOJIACTD JjIs BTOPOTO MHTEIPUPOBAHUS,
TOT/1a IIOJIYYUM

L(Ao)= [ d°x (Rg(x))2< g d5yB’S(y)RoA(y+33)—/]R

RS d®y Ry (y) R (y + x)) +0(1). (1)

5\Bi1/o

Janee 3aMeTnM, ITO MHTETPAJT

/}RS &z (Rj(x))’ </RS\B1/G &y | (RS () = Ry ()R (v + w)}) (72)

CXOJIUTCS ¥ KOHEUeH IPU CHATUM peryigpuzanun A — +00. JleficTBUTeNBHO, I 10Ka3aTeIbCTBa, J0CTa-
TOYHO 3aMETUTh, 4TO B peruoHe |y| > 1/o u |z| < 1/0y npu A > o, riae dukcuposanHoe dnciao o1 > 0
yJoBiIeTBOpsieT HepaBeHCTBY 1/01 + 1/A < 1/0, BBIIOIHSAIOTCS COOTHOIIIEHHS

RYW) = Rolw). [ A% R+ lald) = Rofw).

1, TAKUM 00pa30M, CIIPABEJINBO PABEHCTBO

J

D10 o3Havaer, uro uHTerpas (72) NpU CHATHU PEryJIsIPU3AIUU CTPEMUTCA K KOHEIHOMY IHUCILY

/ &z (Ro(x)) (/ 4’y [(Ro(y))2 — Ro(y)Ro(y + w)]) :
R5\B,,, RS\B1 /4

CirenoBaTe/bHO, BBOJS BCIIOMOIaTe/IbHOE OILpEeIesIeHIe

&z (R (x))” </R5\B1/U @y |(RY (1))~ R ()R (y + x)}) —0.

1/o1

rlf) = [ da(B@)’ [ @y RwA -+

u macmrabupyst nepeMentbie & — /A u y — y/A B nepBom ciaraemom (71), momyaaem

Lo = ()~ [ o (mS@)" [y (RYw) o) =
1/0

= A?ay(f) — A(0)(A(0) — A(0)) + O(1). (73)

N3yunmM CHHTYJISIDHBIE CJIaraeMble BCIIOMOTATENbHBIX MHTerpasios (41)—(46) muist Tperbeil monpasku.
Haunewm ¢ I4(A, 0). B ganHOM cirydae cieayer oO6paTUTh BHUMAHME HA TO, YTO HAPAMETD O HOSIBIISIETCSI
B JIBYX MecTax: npu (bUHAIBHOM HHTerpuposanuu, cM. (41), u B onpenenennn dynxman RE(-), em. (15).
B obomx cmywasx o oTsedaeT 3a paamyc 1/o mapa By /,, 0 KOTOPOMY TTPOH3BOIUTCA HHTETPHPOBAHIE.
JlokazkeM, 9TO JOCTATOYHO PACCMATPHUBATE ciaydail o — +0.
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CrniepBa 1nokazkeM, 4TO MOXKHO 3aMeHUTh Bj/, Ha R® B ompenenenun R{‘() Paccmorpum pasnocthb
BU/IA

I4(A, 0) */B d®z Ry () (Rf(;z:)|0%+0) = /B B BMa) (I?ii\(:z:) B R?(I)LHJFO) s
/o "

rJie GBI UCTOB30BaH TOT dakT, uro KoMbumamus Ry (z) — R ()]s 40 HE COTEPHKAT CHHTY/ISPHOCTEH I
HelpepblBHA. B dacTHOCTH, OHA MMeeT KOHEUHBIH npeses npu & = 0.

Paccmorpum Terreps BTOpOit mapamerp o. Haumem ¢ dopmysnsr s Ré\(~). C yderoMm ormpejieseHust
(33) u dbopmyssr (65), npu |x| > 1/A dyHKunA MOKeT OBITH 3AIUCAHA B BUIE

RY@) = [ 02 (R (B} 2) = Role+ ) ~ AO(RYw) = Rol@)) ~ e (79

rJie JuIs peruona |xz| > 1/A Gblia MCIoIb30BaHA [EMOYKA PABEHCTB

Ro(x)z/R5 &z (R)(2))* (Ro(z + ) — Ry()) :/ @z (R (2))" (R (@) = Ry(@)) =

R5

1 / o (1 1 1
= o3 2 Tl e s T
B Jeowm,, © NP 2PEE) T T 16m)2faf?

Ipu |x| < 1/A BepHO cieayomee COOTHONEHNE

OTMeTHM, 94TO SUpp (Ré\() —Ro(-)) C By/a, mosTomy ]A%g(x) upu GOJIBIINX 3HAUEHUSIX || IMeeT B rIIaBHOM

nopsyike |2/ 4. Amasornuno nposepsiercs, uro R4 () mmeer nosenenue |z| 2. CiesoBaTensto, 3aMensis
By/s na R B (41), nobasyisieTcs UMb KOHEWHAs 9acTh. TaKuM 06pa3oM ObLIO MOKA3AHO, ITO

L(A, o) = A/

tad’s ([ (RY0) B+ )~ AORY) | Ri(o + )
R5 xRS R5

< ([ @u Ry R +2) - AORY:) ) = Aasts), (75)

rjae OBbLJIIO BLIIIOJIHEHO I\/IaCH_ITa6I/IpOBaHI/Ie IIepeMeHHbIX U UCIIOJIB30BaHO COOTHOIIIeHUEe

R{\(:E

| [ Cu R RS+ 0. (76)

[epeiigem k unrerpaiy I5(A, o) uz (42). Tonb3yach IpeAbLIyIUMA apryMEHTaAMU 3aMeHbl By /o HA
R® B onpenenennn R (+), nccnepyemas bynknus mepernucszaetcs B hopme

o) = [ @y R Ry + 9B + O, ()
Bajo XR®

rjie JOIOJIHUTEIHHO B IEPBOM CJIAraeMoM ObLIO ciesiano MaciirabupoBanue @ — /A u y — y/A. Hanee
samerum, urto byskmmn Ry(xr + y) u R}(y) moxuo samenuts Ha Ro(z + y) u Ro(y), Tak xak 3amena
POUCXOJAT 33 cUeT j100aBieHnst GyHKIUHN ¢ KOMIIAKTHBIM HACUTEIEM, KOTOpast n3MeHsieT uaTerpaJ (77)
Ha KOHEUHYIO (He CHHTYJISIpHYI0) BesimunHy. CirenoBaresibHO, nosb3ysick dopmystamu (67) u (74) u Tem
dakTom, uTo cunryaspaocrs B (77) sorapudmMudeckas, uMeem

s.p. d .
I(A,0) 2 L<AdA | @y R Ry +y>R0<y>>
Ao XR?

872 (A\° -
= (= 1 “+o00
< 3 (O’) RO(m)Rl (37) O'—>+O,IJ_A/O'>

A—+4o0
L
- = 78
6(1672)2 (78)
A—+o0
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ScnHo, uro unrerpada I7(A, o) pasen nmepsomy ciaraemomy u3 (77) U, CIeI0BATENBHO, OTBET JJIsi HETO
rakxke (78). Takxke, ¢ yueroMm dopmysnsl (76), He TPyAHO MOKa3aTh, 9T0 nHTErpas Ig(A, o) oramyaercs
or I7(A, o) na koneunyio Beauuuny. JIelCTBUTEIHHO, COPABEIJINBA CJIELYIOMAs NEMOYKa COOTHOIIEHU

Is(A,o) = / Ed®y R @) R« + ) R (y) + O(1) = (79)
Bl/aXRs
— L(Ao) + / Pad®y R (1) R (x + 1) R (y)— (80)
Bi/s x(R5\By,,)
- / d®zd®y Ry (x) Ry (x + y) Ry (y) + O(1) = I7(A, 0) + O(1). (81)
(R°\B1,5,)xB1 /o

Torma o6t 0OTBET MOXKHO BBLIIUCATEL B BUJIE

L

I5(4,0) ¥ To(A,0) F T(As0) = — s,

(82)
ITepeiijem k uarerpaiy Ig(A, o). B arom ciaydae Bocrosb3yemcst 00IIeil JIOTUKOI, IIPeUIOXKEHHOIT IpH
anasmze 14(A, o), To ecTh cBesEM ObsacT nHTErpUpoBaHus By Jo K R5. Haurem ¢ mapamMerpa B R{\ (z). B
orymame ot maTerpasa Iy(A, o), B Koropom Ry () Bxoaut wepes R4 (r) u, ceoBaTe/IbHO, CTPOUTCS Uepes
pasHocTs cornacto (33), B unterpaie Ig(A, o) nemsss samenuts By, na R® 6e3 coxpaHeHHs HEBS3KU. B
9TOM CJIydae HeOOXOJAUMO COXPAHUTD NEPBBIN MONPABOYHBIN YjieH. pyruMu cjioBaMu, MOXKHO IPOU3BECTH
3aMEHy BUJIA
A 5, pA A
Ri(z—2) = | PyRy(z—y)Ry(y —2) + (Alo) — A0)), (83)
R5
U TOJIYy9UTh

I6(A, o) = /B ; dzd®s Rg(x)Rg(x—z)(RlA(x—z)yH+O)Rg(z)+(A(a)—A(0))17(A,g)+0(1). (84)
1/0 XR?

Hanee, yaurbisas cpoiicTBo yObiBanus (byHKIMHU, UCIOIb30BAHHOE BbIIE, MOXKHO 3aMeHuTh B/, Ha R®
B mepBoM ciaraeMoM (84). 3aTeM, BBINOJIHSAST MaCIITAGMPOBAHNE U UCIIOJIB3Ys OTBET (82), mosyuaeM

A(o) — A(0))

IG(A, O’) = Aag(f) - L( 6(1)67'('2)2 + 0(1), (85)

re ObLIIO BBEAEHO 0O03HAMEHTE
aa(t) = [ drdyd®z R (2)RY(x — 2)R)(x — y) Ry — =) R ().
R5 xR5 xR®

Iepexons k moceneit dbynkmun (46), cpasy 3amerum, uto B Ri (2 — ) MOxKHO BHIGpaTh TOUKY 0 = 0.
Hecmorps Ha ToT dbakT, uto RY (2 —2) He BXOAUT B BHJIE PA3HOCTH, KaK 3T0 66110 B 14 (A, o), monpaBounbrii
wien (kak B (83)) orciiexkuBaTh He HYXKHO, IOCKOJBKY Ig(A, o) comepKuT sorapudMUIecKyo CHHTYIIsIP-
HocTh. B omymmume ot Ig(A, o), KOTOpBIH CONEPKUT CTENEHHYIO OCOOEHHOCTD, U IIONPABKA B HEM HIPAET
CYIECTBEHHYIO POJIb. TakuMm 00pasoM, Jieas JOTOJHATETHHYIO IEPECTAHOBKY MHOKUTEIEH, MMeeM

Iy(A, o) :/B . dedfszRg(x)Rg(erZ)Rg\(z)(RlA(z)\HM) +0(1).
1/0 X 5

Jlanee, mpuMeHss Tponeaypy, ananornamyio (79)—(81), ypexkeM o61acTh HHTErpEpoBanus 10 z ¢ R 10
Bi/s, a marerpan mo x gomommmm ¢ By, mo0 R5. B mrore mosy-mm

Io(A,0) = / ) 20 R (2) (R (2)], o) RO (@ + 2) R (2) + O(1). (86)
1/0 XR®
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Bamerum, 4TO B HHTErpase 1o x obpasosanach bynxmusa R (z) npu o = 0. UsmeHss mepsoe ciaraemMoe
B (86) Ha Komeumyto Besmummy, mepeiiiem or R (2) k R °(z). OkomuaTensno mMeenM mocie MacmTabu-
POBAHUST TEPEMEHHBIX

s.p- d 5, pl 400 2 _ L
lo(A,0) 2 L A~ Bl/adzRO(z)(Rl (z)ya%o) T (87)

B sonosmenne samernm, uto Ig(A, o) 2 Th(A, o).
ITepeiijieM K BBIYMCIEHUIO MHTEIDAJIOB, BOHUKAIONIMX B auarpamme dz, To ectb Lig(A, o) u I4(A, o)
3 (56) u (57). Haunem ¢ mocsiefHero, IIOCKOJIBbKY OH OyjieT ucnosnb3oarbest B 119(A, o). B pasencrse (57)
npejcraBieHa aBHag (HGOpMysia, OJHAKO OHa He ABJsgeTcs yInobHoH g nomacdera. CesaeM HECKOJBKO
npeobpaszopanuii. CriepBa COKPATHM 00JIaCTh HHTETPHPOBAHMS 0 IepeMeHHol 3 ¢ R® no By /o> & 00JIACTD
NI epeMenHoit 2 monoanM 10 R, TIpu stom 111 (A, 0) m3MeHUTCS HA KOHEIHYTO BEJTMHHHY, TIOCKOJIBKY
HMHTETPAJIBI

/ a2y R (2 — y) R (2 — 2)RA(x — y) R (2) RA(v),
Bl/ﬁr xXIR? x (RS\Bl/U)

/ @=dnd®y R (= — )R (= — 2)RY (& — ) R (r) RO (y),
(]R5\B1/a)><]R5><B1/U

CyIIECTBYIOT W KOHEYHBI, B TOM YHUCJIE U II0CJIe CHATUsI peryisipusanuu. Jlajiee 3aMeHuM dernipe (DyHK-
i RY(-) KkpoMe Toil, 4TO mMeeT apryMentT y, Ha npeeabibie Ro(-). IIpu 9ToM u3HAYaIBHbI HHTErPAT
M3MEHUTCS HA KOHEYHYIO BEJUYUHY, TIOCKOJIbKY MpeoOpa30BaHue BBIMTOJIHSIOCH JgobaBenueM (DyHKIHH ¢
KOMITAKTHBIMU HOCHUTEJISIMU. TaKyKe OTMETHM, 9TO MO I00HBIE MPe0OPA30BAHUSI SIBJISIIOTCS JIOMYCTUMbBIMH,
MTOCKOJIBKY CHHTY/ISIPHOCTH SBJIAETCA HamboJiee caaboii, To ecTh Jjorapudmudeckoii. Takxke jlerko yoe-
JUThCs (CIIeNIaTh OIEHKH), YTO HEBSA30UHBIE CjlaraeMble KOHEUHBI. B UTOre MOJIyvaeM MPOMEXKYTOTHBIN
OTBET B BUJE

Lii(A,0) = / d°2d%xd% Ry (2 — y)Ro(z — 2) Ry(x — y) Ry () Ry (y) + O(1). (88)
R5XR®x By /o
Hasee Bocnosbayemcst dbopmyiioii (67) B dopme
1
d°2 Ro(z —y)Ro(z — 2) = ——5—,
s 0( y) 0( ) 167T2|1'—y|

cresaeM 3aMeHy © — = + y B (88) u npumennm coorHomeHue (65), TOTIAa MHTErPAJ NEPENUChIBATCSI
CIIeJIYIOIIM 00pa30M

2 L z[72, Jyl <zl \ oo
I, A,a):/ Prddy ——— [ — RMy)+0(1) =
( RSxBy s (1672)2|z[* \ 872 | |y|=3, |y| > ||. o) )
L
-~ 1).
3(1672)2 +00) (89)

ITepexonst k unrerpaiy I1g(A, o) us (56), cpasy orMeTnM, 9To B HEM YI0OHO PACCMOTPETDH IIEPEXO0J] K
o = 40. IIpu arom, kak u B unTerpase Ig(A, o), mapamerp o B HEM HAXOAUTCsI B OOJIACTH MHTEIPUPOBAHMUSI
(Brermmeit, cM. (56)), n B dynxmum R (-). B mocaeanem ciiydae, Kak yre GBLIO OTMEHYEHO, HEOOXOIIMO
COXPAHUTD [OIPABOYHBIA WIEH, TO €CTh BOCIOJIB30BaThHCs 1epexogoM (83). O6JacThb Ke MHTErpUPOBAHU
(56) MOXKHO TPOCTO 3aMeHHTh Ha RS, Tak Kak Ha GECKOHEYHOCTH WHTETPA ABJISETCS CXOIANMMCH W,
CJIEZI0BATENILHO, CUHTY/IIPHAS 9aCcTh IIPH TaKOl 3aMeHe He u3MeHsiercsa. Takum o6pa3oM, Toc/ie JTOMOJHHU-
TEJIBHOTO MACIITAOMPOBAHUS IEPEMEHHBIX, MOJIy4aeM

110(A70') = Aa4(f) + (A(O’) — A(O))Ill(A, 0’) + O(l)
L(A(0) — A(0))

= AO[4(f) + 3(167‘(2)2

+0(1), (90)
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re
ay(f) = / Py dProd®r3d®ry R (21)RY(22) Ry (w1 — x2) Ry (11 — 23) Ry (22 — 23) Ry (23 — 24) RY(4).
R5x4

B pabote Taxyke mcronbsyercss ToT dakt (cM. Texcer jo (26)), uro RA(0) Bemer cebs xak A~! npm
A — +4o0. ITokaxkem sto. Bocrosnb3yemcest onpesenenusyu (16) u (17), Torma

RO =2 [ @y (RY@B) @+ B W) — Rl Role + ) Ro(w)
Bi/6XB1/s

Cuenaem macmrabuposanue x — /A u y — y/A, Torna dopmyna (27) nepenuinerca B Buje

2

Ry (0) =%

5,15 1 1 1
ad’y (B (@) Ry (0 + y) R () — Bo(@) Ry (@ + 1) Ro(w))- (91)
BA/(T X BA/o‘
3aMeTuM, 9TO MOJILIHTErPAJIHLHOE BBIPAYKEHUE IIEPEIICHIBACTCS B BUAJIE KOHETHON CyMMBI, B KaXKJIOM CJIa-
raeMoM KOTOPOIi cojiep:KuTes He Menee ofuolt dynkiuu RY(-) — Ro(+), Hocurens Kortopoit mexut B By.
CuennoBarenbuo, unrerpasi B (91) cxomurca npu A — +oo. Torma orser umeer Buj

2

Ry(0) = A foson
5>< 5

ded®y (R () Rb(w + ) R(y) — Ro(a)Ro(w + ) Roly)) +o(1/A).  (92)
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