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BBeneunune

[Ipemiaraemast paboTa IOCBAIEHA TEXHWKE BBIYUCIEHHS &-MHBAPDUAHTA 3—
MHOroo0Opa3uil, 3ToT HHBApUaHT ObLI mpejoxked MarseeBbiM, OBUNHHUKOBBIM,
CokosoBbim [? |. I3BeCTHO, YTO OH ABJSETCSI YACTHBIM CJIy9aeM MHBAPUAHTOB
TypaeBa—Bupo, a uMeHHO, £-MHBapUAHT COBIAJAET C TOMOJOIHYECKH TPUBHU-
aJIbHOI JacThio nHBapuanTa Typaesa-Bupo mopsizka 5. OpHako, B oyindne oT
unBapuanToB Typaesa-Bupo [? |, onpenesnsemMbIx Ipu mOMOIM PACKPACOK CIIe-
[UAJIBHOIO CIIaifiHa pacCMaTPUBAEMOT0 MHOIOOOpa3us, e-WHBAPUAHT JIOITYCKAET
9HCTO TEOMETPUIECKOE OIMCAHNE B TEPMUHAX IIPOCTHIX MOIIOJIASIPOB IIPOCTOTO
craiina (Teopusi IPOCTHIX U CHEIUAIBHBIX TIOJIUPOB B IIOJIHOM 00beMe U3JI0Ke-
Ha B [1], onpemesenus HOHATHI, UCIOIb3YEMbIX B JaHHON paboTe, [IPUBEIEHbI
HIZKe B naparpade 1).

CraHIapTHBIN HEIIOCPEJICTBEHHO BBITEKAIOIINN U3 OIPEJIEIeHUs] CIIOCO0 BbI-
YUCJIEHUsI 3HAYEHUs] £-MHBAPUAHTA 3aKJIOYAETCsI B CYMMHPOBAHUHU, TaK Ha3bI-
BAEMbIX, £-BECOB BCEX IMPOCTBHIX TOAMOMIIPOB HEKOTOPOrO IMIPOCTOrO CraifHa
paccMarpuBaeMoro MHOrooGpasus. Takoil MoIxo/ MOXKET OKa3aThCsl HECJIUII-
KOM YJI0OHBIM, €C/IM U3y4YaeTcs He KOHKPETHOe MHOrooOpasue, a 3aBUCAIIASI
0T KaKOro-TO Habopa mapaMeTpoB MHOXKECTBO MHOIO0OOpas3uii, HAIIPUMED, MHO-
2KeCTBO 3eiihepTOBbIX MHOrOOOpa3uii ¢ IMPOU3BOJILHBIMU ITapaMeTPaMUu OCOOBIX
cJ10eB, HO (DUKCHPOBAHHON 0a30i1, MM EePeCTPONKN TPEXMEPHOI cepbl BIOJ/Ib
dukcupoBanHoro yaia. I[lpuanaa B TOM, 9TO TPOCTBIX MOAIIOIUIIPOB OOBITHO
0YeHb MHOTO U X HaOOp MOXKET OYeHb CHJIbHO U3MEHATHCS MTPU U3MEHEHUN I1a-
paMeTpoB, UTO 3aTpyaHseT oOHapyKeHue KaKux-aubo 3akonoMepHocteit. [Ipu
U3yYEeHUH TapaMeTPUYecKuX CEPUil 4acTo yao0Hee coOMpaTh MHOrooOpasus u3
OJIOKOB, TaK, 9TOOBI OT IMapaMeTPOB 3aBUCEJ JIHUIIL CII0CO0 coeaumHeHnsT OJI0KOB
u/nim Jmb HauboJiee MpocTo yerpoennbie 6iaoku. Hanpumep, 1jist nepectpoex
BJIOJIb y3J1a B Ka4eCTBEe OJIOKOB €CTECTBEHHO OpaTh JIOTOJTHUTEHLHOE TPOCTPAH-
CTBO y3J/1a W TOJIHBIA TOP, OT MapaMeTpOB MEePEeCTPOWKN TOT/A 3aBUCHUT JIUIIh
c110co0 IPUKJIEHKH [TOJTHOI'O TOPa K JIOIOJHATEJIBHOMY IIPOCTPAHCTBY.

Hwxke MBI onmchiBaeM TEXHUKY peaju3alldd TOH WIeW NMPUMEHUTEIBHO K
BBIUUCJIEHUIO E-UHBAPUAHTA MHOr0OOpas3uil, MpeICcTaBIsgeMbIX B BUIE CKJICHKI
MIOJTHBIX TOPOB ¥ (PUKCHPOBAHHOIO MHOTOOOpa3us C TOPHIECKUM KpaeM. B oc-
HOBE IPEJJIaraeMoil TEXHUKH JIEXKUT IIOHSATHE [IPOCTOTO IMOJIM3Pa C KPAeM U
06001TIeHIe KOHCTPYKIMK E-UHBAPUAHTA, JJIs IIPOCTHIX TOJU3IPOB ¢ KpaeM. Ciie-
JyeT OTMETUTH, YTO ITOIMOOHBIE TIOIXO/IbI Y2Ke UCIIOJIb30BAJIMCH 1 J10 Hac. [Ipex e
BCEro 3/1eCh HAJ0 YIIOMSHYTh 00 nHBapuanTax 1TypaeBa-Bupo moamsnpos ¢ kpa-
menHbIM KpaeM [? |. B paborax Osununukosa [? | u [? | paspaborannas B [?
| TexHMKa MCMONB30BAIACH B YACTHOM CJTydae e-MHBApUAHTa. HOBBIM B OMMCHI-
BaeMOil HIKe TEXHUKE SIBJISIETCSI UJies] BBIPAXKATH 3HAYEHUsI HHTEPECYIOIINX HAC
[IOJIM3/IPOB C KPaeM 4Yepe3 JIEI'KO BBIYUC/IsIEMbIE 3HAYEHUSI E-MHBAPUAHTA JINH30-
BBIX IPOCTPAHCTB, YTO HE TOJIBKO CYIIIECTBEHHO O0JIErvaeT BBIYUCJIEHWS, HO U
JaeT yaoOHBI WHCTPYMEHT JIjis N3YYeHUs MHOYKECTBA 3HAYCHUN £-MHBAPUAHTA
JIJIsT MHOT0OOPA3Hil, pa3ImIAONIXCs CIIOCOOOM MPUKJIEHKN MOJHBIX TOPOB K TO-
PUYECKAM KOMIIOHEHTAM CBSI3HOCTHU Kpasi (DUKCHPOBAHHOIO MHOTOOODA3USI.



OrnuireM KpaTKo CTPYKTYpy IipeijiaraeMoii paborsl. B maparpade 1 npuso-
JIATCSI OIIPE/JIEJIeHUsI UCIOJIb3yeMbIX HoHdaTnil. B maparpade 2 uzydaercs mosm-
a1p U(p, q), UpeacTaBasgiomuii HeTPUBUAILHO PACCIOEHHOE MOJHOTOPUE. 31eCh
dbopMysIpyeTcs U I0Ka3bIBA€TCS OCHOBHOI PE3yJIbTAT CTaThU: Teopema 1, comep-
JKaHUEeM KOTOPOI fBJISIETCs sIBHOE BbIpayKeHue e-MHBapuanTos nosmsapa U(p, q)
Yepe3 e-WHBAPUAHTHI JIMH30BBIX IpocTpaHcTB. B maparpade 3 npeiaraemas
TEXHUKA IPUMEHSIETCs JIJIsI JIOKA3aTeIbCTBA TEOPEMbI O MHOYKECTBE 3HAUCHHUI £-
MHBapHUAHTA JTUH30BBIX IPOCTPAHCTB. DTOT PE3yJsIbTaT IpUHaIeKuT Marseesy,
OsunnnukoBy u CokosoBy, B [? | u B [1] upuBoguTcs b ero popmyupoBka,
JOKA3aTeIbCTBO, Hes KOTOPOrO BOCXOJUT K TOIOJOTMIECKONH KBAHTOBOW TEO-
puH 10JIst, TOKJIA/IBIBAJIOCh aBTOPAME Ha CEMHHAPaX, HO OIMYOJIMKOBAHO JI0 CHUX
op He O6bw10. B maparpade 4 nsy4yaercs 3aBUCHMOCTD 3HAYEHUI £-NHBAPUAHTOB
nosmdzapa U(p, g) or napaMeTpos p u q.

1 IlIpenBapurenbHble CBeJIeHUS

1.1 IIpocThie mou3aApPHI U CIIANHBI

Onpedenenue. KoMmmakTHbIA moausap P Ha3bIBAETCS NPOCMBIM NOAUIOPOM C
Kpaem, eCJaU JINHK KaXKJOH ero TOYKH TOMEOMOP(EH OIHOMY W3 CJIEIYFOIIUX
OTHOMEPHBIX TIOJIM3IPOB:

(a) okpyxkHOCTH (Takas TOYKA HA3BIBAETCA HEOCO0O0U);
(b) OKpY>KHOCTH ¢ JuaMeTpoM (Takas TOYKa Has3bIBAETCH Mpolnod);

(c) OKpPY’KHOCTH C TpeMsi paJycaMu (Takasi TOUKA HA3BIBACTCS UCTMUHHOU
sepuuHoll);

(d) orpesky (Takas TOYKa HA3BIBAETCHA Heocob0l moukol Kpas);

(e) GykeTy Tpex OTPE3KOB ¢ OOIIMM KOHIIOM (TaKas TOYKa HA3bIBAETCI Mpoti-
HOT MOYKOT Kpas).

MeuoxkecTBO TouYeK nosmdzapa P, He uMmeromux okpecraocreii tuna (a), (b),
(¢), HaspIBaeTCs Kkpaem monmaapa P u obosHavaercs yepes JP.

IIpocroit mosmsap ¢ KpaeM eCcTecTBEHHBIM 00pa3oM crparudunupoBad. B
91Ol crparuduKanyuu KaxKIplil crpar pasMepHoctd 2 (2-komnonenma) — 31O
CBsI3HAsT KOMIIOHEHTA MHOXKECTBA HeOCOObIX Touek. CTpaTsl pazMepHocTH 1 — 310
OTKPBIThIE WM 3aMKHYThIe TPOWHBIE JIMHUU U KOMIIOHEHTBI CBSI3HOCTH MHOYKe-
cTBa HEOCOOBIX TOYeK Kpasi. Crpars! paszmepHocTr ) — 9TO UCTUHHBIE BEPIITUHBI
¥ TPOIHBIE TOYKU KPAasi.

3ameuarue. OTMeTnM, UTO Kpait (eC/IM OH He MyCT) IPOCTOTO MOJIUPA MOKET
UMeTh KOMIIOHEHTAMU CBS3HOCTU OKPYKHOCTH, COCTOSIIIUE U3 HEOCOOBIX TOYEK
Kpasi, U peryjspHbie rpadnl crenenn 3. Bepmmuaamu 3tux rpadoB SBIISIIOTCS
TPOIHBIE TOYKY Kpasi, & PeOpaMi — KOMIIOHEHTBI CBI3HOCTH MHOXKECTBA HEOCO-
OBIX TOYEK Kpas.



Onpedenenue. Ilyctb M — KommnaxTHOe 3-MHOroobpasue u P C M — KOMIIAKT-
HBI JIByMepHBIH noauaap. Torma P HasbiBaercsa cnatinom MHOroobpasus M,
ecau MHoroo6pasue M \ P romeomopdro M x [0, 1).

Ecmu P nipu 3T0M SIBJISIETCST TPOCTBIM MTOJIU3APOM € IIyCTHIM KpaeM, To P Ha3bl-
BAETCS NPOCMbLM CNAtiHoM MHOTOOOpasmus M.

IIpuBenenHoe ornpeiesieHne HEIPUMEHIMO K MHOI000pa3usM, Kpail KOTOPBIX
nyct. YToObl paccMaTpuBaTh CIIAfHBI TAKUX MHOT0O00Opa3nii, HAJIO ITPEIBAPU-
TEeJIBHO YJIAJIUTh U3 HUX OTKPBITHIH IIap.

3amevarue. OTMedeHHOE BBIMIE OOCTOSITEILCTBO MPUBOIUT K CJIELYIOMIEMY.
ITycrs komMnakTHOE 3-MHOro0Opasue M u mosusap P C M rtakosbl, uro M \ P
romeomopduo S X [0, 1), rne S — 3T0 JU3BIOHKTHOE O0HEIMHEHNE N > 2 TBYMEp-
HbIx cdep. Torma rosopsit, uro P siBjsiercs: ciaiiiom M, U3 KOTOPOro yiaJleHbI
n — 1 OTKPBITHII IIIAP, TO €CTh B 9TOM KOHTEKCTE OTKPBITHIE IAPBI, YIAJISIEMbIE
W3 3aMKHYTOI'O0 MHOTOOODa3us, CANTAIOTCs, HaunHasi co Broporo. [lomaepkuenm,
9TO CKa3aHHOE He OTHOCUTCS K MHOTO0DOpa3msM, Kpail KOTOPBIX BMecTe co cde-
PUYECKUMU COAEPXKUT U HechepuuecKre KOMIIOHEHTHI CBSI3HOCTH.

IIpumepsb! POCTHIX CHAITHOB.

e Craitrom yrommennoro Topa T2 x [0, 1] sBasgeTcs 1ByMepHBIit TOD, HAIIPH-
mep, T% x {1}

o CmaitnoM Tpex-MepHoro mapa D? ssnserca nBymepras cdepa S2. 3necn
UrPaeT PoJib OOCTOSTEILCTBO, OTMEYEeHHOe Bhbime B 3amedannu 1.1. Muo-
roobpasue M, taxkoe aro M \ S? romeomopdbuo OM x [0,1), — 3T0 He
D3, a D? ¢ ynaleHHBIM OTKPBITBIM IITAPOM, T.e. S° ¢ AByMs y/IaJeHHBIMM
OTKprTI)HVII/I HIapaMI/I.

o CrnaifHOM TIOJTHOTO TOpa C YAAJEHHBIM OTKPBITHIM IAPOM SIBJISIETCS JIBY-
MEPHBIA TOP, K KOTOPOMY IPUKJIEEH JUCK BI0JIb HETPUBUAJILHOI IIPOCTON
3aMKHYTO# KPUBOIL.

1.2 e-mHBapuaHT

[Tycts P — npocroit noimsap ¢ kpaeM (BO3MOXKHO, mycTbiM). O6o3HaunM depe3
F(P) MHOXKECTBO BCEX IPOCTBIX MOJUIAPOB () ¢ KpaeM (BO3MOXKHO, IIyCTBIM),
st KoTopbix @ C P u 0Q C OP. lomuepkuem, uro F(P) comepKut mycroii
TTOJTUIP U caM oy ap P.

Slcno, uro, ecam OP = (), To F(P) coCTONT TOJBKO U3 TOJUIIPOB C MyCTHIM
kpaeM. Ecimm 0P # (), o F(P) 06a3aTebHO COMEPKUT KaK TOJUSIPEI C HEITy-
cThIM KpaeM (Hampumep, P), Tak W moJmsIphl, Kpail KOTOPBIX MyCT (HATpEMED,
ILYCTOM OJIUAD).

Becom npocroro nosmmszapa () ¢ kpaem (BO3MOYKHO, IIYCTHIM ) HA3BIBAETCS

w(Q) = (_1)11(62) EX(Q)—%X(aQ)_U(Q)’ (1)

rie v(Q) 06o3HAUAET YMCJIO UCTUHHBIX BEPIIUH II0Jaudapa (), a € — 310 Jroboi
13 KOpHell ypapHeHus r°2 = = + 1.



Onpedeaenue. e-MHBAPUAHTOM IIPOCTOrO mosmsapa P ¢ KpaeM (BO3MOXKHO, ITy-
CTBIM) HA3BIBAECTCH
(P = Y w@). (2)

QEFr(P)

Hnst caygas nommsnpoB P ¢ mycrbiv kpae Besnuusa t(P) moxpobHo pac-
cMorpena B [1]. B wacTHOoCTH TaMm JoKasbiBaercs, uro t(P) nHBapHaHTHA OTHO-
cuTe/IbHO peobpazoBanus 1 — npeobpaszoBanus Mareeesa-Ilueprosuman — u
00paTHOrO K HEMY, UTO JAeT IPABO TOBOPUTH O Heil Kak 00 MHBapUaHTE KJIacca
9KBHUBAJICHTHOCTH KOMIIAKTHBIX [IPOCTBIX IIOJIUAPOB (€ ILyCTHIM KPAeM) OTHOCHU-
TesipHO TIpeobpasoBanuit T, T~ u, cile0BaTeIbHO, HHBAPUAHTE KOMIIAKTHOIO
3-MHOr000pa3us, CafHAMI KOTOPOT'O SIBJISTFOTCS TIOJIU/IPHI U3 3TOTO KJIacca K-
BUBaJIeHTHOCTH. IIpu aToM e-unsapuanm 3-mmozoobpasus M oupenessercs Kak
t(P), rae P — npocToii moJusp ¢ MyCThIM KPaeM, ABJISIOMUiC CIaiiHOM MHO-
roobpaszust M.

Nusapuanraocts sesmaunbt ¢ P) ornocuresbo npeobpazosanmit T 5 ciry-
qae OP # () Toxke mMeeT MeCTO, HO MbI B HACTOSIIEH paboTe IOJIb30BATHCA €10
He OyzeM. YIIOMHUHAeM MBI 3/1eCh 00 9TOM (haKTe HCKIFOYUTEIBHO C TEM, 9TO-
ObI OOBSICHUTH WCIIOJIH30BAHNE HA3BAHUS «E-WHBAPUAHT» W B CJIyUYae IIPOCTBIX
MIOJTUIPOB C HEIIYCTBIM KPAeM.

IIpuBenem Ge3 moKa3aTENbCTBA UCIOJIB3YEMbIE B JTAIbHENINIEM CBONCTBA &-
MHBAPUAHTA.

Jlemma 1. (a) t(D?) = + 2, 2de D®> — mpexmeprwidi wap.
(b) t(ST) =1, 2de ST — noanwii mop ST = D? x S*.
(¢) Ilyemws My u My — xomnaxmmnwvie 3-mn02000pasus, mozda

t(M1#Ms) = t(My)t(Ms),

2de Mi# My obosnavaem ceasHyto cymmy mmoz2o006pasuti My, My. B wacmmno-
cmu, 0as 1106020 KOMNAKMH020 3-MH02000pasus M

t(M#D?) = t(M)(e + 2).

IynkTer (a) u (b) JlemMMbl 1 0Ka3BIBAIOTCS TPH MOMOIIHU TPEHABICHAST KOHKPET-
HBIX IPOCTBIX CIIANRHOB COOTBETCTBYIOMUX MHOr00Opasuii. [lyHkr (c) cremyer u3 Hau-
YUsI aHAJOTMYIHOTO CBOICTBa y MHBapuaHToOB Typaesa-Bupo u Toro, 9To e-MHBapUaHT
SIBJISIETCSI TOMOJIOTHYECKY TPUBHAJIBHON JacThbio MHBapuaHTa 1ypaesa-Bupo mopsiika
5 (em. [1]).

1.3 E-MHBAPUAHT IIPOCTOrO IToJin3/JZipa C Kpalli€eHHbIM KpaeM

IIycte G — peryasipubiit rpad cremenu 3. Packpackot rpada G HasbBaeTcs oTobpa-
JKEeHVEe MHOYKECTBa €ro pebep B MHOXKeCTBO 11BeToB: E(G) — {6eblii, uepHblii }, yaosie-
TBOPSIONIEE CJIeIyoeMy TpeboBaHuo: cpeay BepmuH rpada G He HalieTca Takoi,
KOTOPOH MHIMJIEHTHO POBHO OIHO (C YyIeTOM KPATHOCTH) 4YepHOoe pebpo. MuokecTBO
BCex packpacok rpada G 6yaer o6osnadarses depes col(G). Ecau ¢ € col(G), To yepes
black(c) o6osnaunm noarpad rpada G, obpasyeMsblii Bcemu (eC/in TAaKOBbIE NMEIOTC)



peGpamu, KOTOpbIe B PACKPACKE C ABJIAIOTCA YepHbIME, uiu black(c) = 0, ecan gepHBbIX
pebep B packpacke ¢ HeT.

$IcHO, 9TO paCKpPACKU M UX YEpHBIE MOArpadbl HAXOAATCS BO B3aMMHO OIHO3HAY-
HOM COOTBETCTBUH. BJiarojapsi 3ToMy MHOTJA MOXKHO YIPOINATH 3aIlUCh 3a CYeT HC-
[OJTb30BaHUs COBIIAIAIONMX 0O03HAYEHUH JJIsi PACKPACKU U OTBEYAIONIETO i YePHOro
noarpada.

B nmacrosimeii pabore B kadectse G Oy/IyT dallie BCErO PacCMaTPUBATHCs O-rpadbr.
HanmomuamMm, wro 0-zpagom (mmm 0-xpueoti) masbiBaerca rpad, COCTOANMI U3 JBYX
BEPIINH, COeJMHEHHBIX TPpeMsl pebpamu.

I3 npuBeIeHHOIO ONpeesIeHnsl PACKPACKH CJIEYET, YTO CyIIeCTBYET POBHO 5 I10-
[MapHO Pa3JIMYHBIX PACKPACOK O-KpUBOii:
c1: Bce Tpu pebpa Geasie, black(c1) = 0;
¢j,J = 2,3,4: onHo pebpo Gesoe, aBa npyrue depHble, black(c;) — OKpyKHOCTD;
cs: Bce Tpu pebpa uepubie, black(cs) — 9T0 Bea f-xpubas.

Cwmpbicn ¢hOpMYTMPOBAHHOTO BBINIE YCJIOBHUsSl Ha YEpHBIE MOArpadbl PACKPacOK
Kpast IPOCTOrO HOJIU3/Pa COCTOUT B TOM, 4To (cp. 3amevanue 1.1) ecam npocrble mosu-
31pbI ¢ KpaeMm P u @ Takosbl, uto Q C P,0Q C 0P u 0P aBnsercst 3-peryJisipHbIM rpa-
dom, To obazarenbHo Haligerca packpacka ¢ € col(JP), mis koropoii black(c) = 9Q.

Paccmorpum nipocroit nmonusap P ¢ memycrbiM Kpaem OP = 6, rae 6 sBisiercs
f-xpusoii, n 3aduxcupyem packpacky ¢ € col(dP).

O6o3zHaYMM
te,P)= Y  w@Q). ®3)
QEF(P),
dQ=black(c)

IomuepkueM, uro 0Q = black(c) o3madaer 37ech He M30MOPQHOCTH COOTBETCTBYIO-
mux rpadoB, a COBIAJIEHNe COOTBETCTBYIONINX IIOJAMHOYKECTB MHOXKecTBa OP. MHade
rOBODsl, UM€ETCsl B BUAY, 4TO B ciydae black(c) = () B cymme y9acTBYIOT TOJIBKO HO-
Jm3ApBl () ¢ mycThiM KpaeM; ecau ke black(c) # 0, To B cymMMe y4acTBYIOT TOJBKO
[IO/IIOJIMA/IPHI, BeIXOAsAIMe Ha OP 10 ero yepaomy mnoarpady.

Ilepenmiem onpenenenne e-MHBAPUAHTA (2) C UCIOJB30BAHUEM MOHATHS BECA MO~
JIN3/Pa ¢ KPAIIIEHHBIM KPaeM:

tPy= > t(cP). (4)

c€col(dP)

Yrobbl yCTAHOBUTH COBHAJEHHE NPABLIX dacTell paBeHCTB (2) u (4) mocTaTodHo 3a-
MeTHUTh, 4TO, ecau OP # (), To B 06oux cilydassx CyMMHUPYIOTCS Beca TOJHM3APOB N3
oxHOro u Toro ke Muoxecrsa F'(P), rossko B (4) F(P) pa3turo Ha 5 HOIMHOMXKECTB
TaK, 9TOOBI OIMAPLI B KAXKOM U3 9THX IIOJMHOXKECTB MMeJIM Kpaii, COBIAIAIOMINl C
4epHBIM rpadoM OHON U3 ISITH CYIIECTBYIOMIUX PACKpacoK OP.

PacnpocTpaHuM Temepb MOHSTHE £-WHBAPHAHTA IIPOCTOTO HOJIASZPA C KPAIIEH-
HBIM KpaeM Ha IIOJIM3/IPBI C KPAeM OKPY?KHOCTb. PacKpacok B 9TOM cilydae BCEro JBe:
BCsl OKPY?KHOCTH IIOKDAIIeHa GesIbIM WM BCsl OKPY?KHOCTB IHOKpallleHa YepHbIM. Bcee
OCTaJIbHOE, BKIIIOYAsi OLPEJIe/ICHNe E-MHBAPUAHTA [IOJIN3APA ¢ KPAIIEeHbIM KpaeM (3) u
paseHcTBo (4), B Kakux Obl TO HU ObLIO U3MEHEHUSX HE HYKJIAETCs.

1.4 ec-mHBapuUaHT CKJIEAKW II0JIN3POB

PaccmoTpum cBsizHbIE TPOCTHIE TOSMApEl P, P> ¢ kpaem: OP; = 05,5 = 1,2, e 65 —

-
0-xkpussble. Ilycrs v : 01 — 62 — romeomopdusm. O6o3naunm vepes Py U Ps cBsA3HBII



[TOJIM3P, MOJIyIaeMbIil B pe3ysbTare oToxaectsiennss 0Py ¢ P> no romeomopdusmy
5.

Jlemma 2. Ilycmv noauadpv Pi, Po u 2omeomopdusm v marue, Kok ONUCGHO 8blULE.

Tozda 5
HPLUPR) = > te, P)t(v(c), P2). (5)
cecol(f1)
Joxazameavcmeo. Oboznaunm P = P U P>. Kpait momusgapa P mycr, 3HAYWUT,

(em.pazgen 1.2) B cymme, cTosIel B IpaBOil 9acTH paBeHCTBa (2), yIaCTBYIOT TOJIBKO
[POCTBIE MOIIOIUIAPHI Toaudapa P, umeronme mycroii kpaii. Ilycrs @ C P — onun
n3 Takux mosmdapos. Oboznadnm Q; = Q N Pj,j = 1,2, u ybegumcs B ToM, <ITO

Qj € F(P])a .7 =12 (6)

HeitcrBurensbno, ecit G = Q1NOP, = (), o u Q2NOP; = (. OTKyna B cuity Ipenosio-

2KEHHsI 0 TOM, 9TO () — IIPOCTOM HOJIHSP C IIyCTHIM KpaeM uMeeM rmosmdap Q;,7 = 1,2,

Jm60 1ycT, b0 SIBJISIETCS IPOCTHIM HOJIU3APOM C IICTBIM KpaeM, CJieJoBaTelbHo, (6)

B 9TOM cJiydae BbINOJHsAeTcs. [Ipeanonokum renepb, uro G # (. Torna 0Q1 C 0P,

Tak KaK B IPOTUBHOM CJIydae HEIlyCThIM OKazaJicda Obl 0Q. 3uauut, Q1 € F(Pi). Auna-

JlorngHo nosydaeMm u Q2 € F(P,), sHaunt, (6) nmeer mecro u B caydae G # ().
Henocpencrsenno n3 papencrs

x(Q1UQ2) =x(Q1)+ x(Q2) — x(0Qn1),
V(Q1UQ2) =V(Q1)+V(Q2)

7 W3 OmpeJiesieHns Beca mosmaapa ¢ kpaem (1) caemyer, aTo
w(Q) = w(Q1UQ2) = w(Q1)w(Q2).
oTKyza, uctosib3ys (4), moaydaem (5). O

B komnre npeapiayiero paszesia Mbl OTMETHIIHN, 9TO IOHATHE E-WHBAPUAHTA C KPa-
[IEHHBIM KPaeM MOXKeT ObITh PACIPOCTPAHEHO W Ha MOJUIAPHI C KPAEM OKPYKHOCTb.
Huxecnemyromas geMMa sBJISI€TCS aHAJIOTOM JIeMMBbI 2 [j1s1 3TOro cirydasd.

Jlemma 3. ITycmov npocmuie noausdpor Qi, Q2 ¢ Kpaem maxosw, wmo 0Q; = s;, 2de
sj, 7 =1,2, — okpyotcnocmv; u nycmo o 1 s1 — Sz — 2omeomoppusm. Tozda

#(Q1 0 Qa) = (0, Q1)t(0, Q2) + t(s1, Q1)t(s2, Q2).

oxazamenvcmeo. Jlemma 3 mOKa3bIBaeTCSA MPU MOMOIIY TEX KE apryMEHTOB, UTO U
JlemMma 2 m emie TOro, 9TO Yy OKPYKHOCTH HMEIOTCsI TOJILKO JIBE PACKPACKH IIyCTasd,
KOTJIa OHA MOKPAIlleHa OeJIbIM, ¥ YepHasl. O

2  Tlomwaap U(p,q)

Sadukcupyem mapy (p, q) B3AHMHO-TIPOCTBIX (HEOOAZATETHHO OJIOKUTEIHHBIX ) TEJTBIX
THCeI.



2.1 TITocrpoenme moawmsapa U(p,q)

Paccmorpum nBymepnstit Top 1’ ¢ dUKCHPOBaHHOMN BIOXKeHHOM O-kpuBoii Oy C T Takoii,
aro T \ 6y romeomopdno orkpbrromy mucky. O6osmadnm uepes hi, he, hs nomapno
HEM30TOIHbIE OKPYKHOCTH, cozepxkaiuecss B . OpueHTHpyeM HX TakuM 00pasoM,
qrobbl hy umena tun (1,1) B 6asuce (hi, ha).

Iycts ¢(p, q) C T — OpueHTHPOBAHHAS IIPOCTAS 3AMKHYTasl KPUBAsT, HAXOIAIIAICST
¢ 0o B 061EeM TOSTOXKeHMU U uMeromas Tl (p, q) B 6asuce (hi, ha).

OmniieMm reneps npocroit nommaap U(p, ¢) ¢ kpaem; CobupaeTcst OH U3 Tpex Jacreil.

e Ilepsas gyacte — 310 TOp 1’ ¢ O-KpUBOIi Oy U KPUBOIi ¢(p, ¢) TAKUMHE, KaK OLHCAHO
BBIIIIE.

e Bropas wactb — yroumenHas §-xpusast § = 6y x [0,1], npukieeHHas cBOUM
HIDKHEM ocHoBaHueM K T’ Tak, uro 0y x {0} oroxkmecrsisiercs ¢ 6p C T

e Tperbst wacrs — 310 muck D(p, q), Kpait KoToporo oroxaectsieH ¢ ¢(p,q) C T.
Ipennonaraerca, aro Int D(p,q) uMeer mycToe mepecedeHme € PE3yIbTaTOM
CKJIEWKM TOpa U yTOJIIEHHON f-KPUBOIA, T.e., HepOPpMaIbHO TOBOPS, IUCK U YTOJI-
HieHHas f-KprBasl IPUKJIEHBAIOTCS K TOPY C Pa3HBIX CTOPOH.

Tosyuaemslit B pesysbrare nonusdap oboznauum U(p, ¢). DTO HpocToil moamsap ¢
kpaem OU (p,q) = 0 = O x {1}, re. kpaem U(p, q) siBisiercst f-Kpupasi, Ha KOTOPYIO
MOXKHO CMOTDPETh KaK Ha CJIBUT 3a(UKCUPOBAHHON U3HAYAIBHO O-Kpusoit Oy C T

YroGbl HE YCI0KHATH 0003HAYEHNI, ODHEHTHPOBAHHBIE OKDPYYKHOCTH, COJEPKAII-
ecs B 01, OymeM 0603HAYATH TaK YKe, KaK OKPYKHOCTU hi,ha, hs C 6y, nmest B By,
9TO COBNAIAIONIUE OOO3HAYEHUS MCIOIB3YIOTCS JIJIS M30TOMHBIX OKPYKHOCTEH.

2.2 ec-maBapmant noawmdapa U(p,q)

Borauenmy Tenepn 3HaMEHWs E-MHBAapHaHTa mosmdapa U(p, q) CO BCeMr BO3MOXKHBIMA
BapuaHTaMU PACKPACKM ero kpas (cM. paszen 1.3).

Teopema 1.

t(0,U(p,q)) = e+2, (7
t(hi,Up,)) = e (e+2)(Ugp) — 1), ®)
t(h2,U(p,q)) = e '(e+2)( ( q) —1), 9)
t(hs,U(p,q)) = e '(e+2)(Ulp—g,9) — 1), (10)
HOU(p, ), Up,q) = e*(e+2)(e+4— f(p,0)), (11)
20e l(r,s) = t(Lr,s) 0603Ha%aem E-UHBAPUAHM AUH306020 NPOCMPaHcmBa Ly s u
fp,q) =1(p,q) + g, p) +1(p — ¢, 9). (12)

Jloxazamenvbcmeso.

JIOKABATEJIbCTBO PABEHCTBA (7).

CorlacHO ONPEJIESICHUIO E-MHBAPUAHTA TIPOCTOTO TIOJUIPA ¢ KPAIIEHHLIM KPaeM
(em. (3)), t((/), U(p, q)) €CThb CyMMa BECOB ILyCTOT'O MOJIN3/Pa U UMEIOIIUX IyCTON Kpail
pPOCTBIX Moo pos nouusapa U (p, ). Ilocieane 06s13aTeIbHO He IIEpeceKaroTest
C BHYTPEHHOCTBIO YTOJIIIEHHON -KpuBoit 6 U, CJIEJOBATEJILHO, UX UMeeTCsl POBHO 2: T



u T'UD(p, q). Corsacuo onpenesnenuio (1), Bec mepBoro paseH 1, BeC BTOPOro paBeH €.
HamomuuMm, aTo Bec mycroro nmonmsapa paser 1. CiaemoBaTesbHO,

t(0,U(p,q)) = w(®) +w(T)+w(TUD(p,q)) =1+1+e=c+2.

JIOKABATEJILCTBO PABEHCTB (8)—(10).

Pebpa rpada 0y ob6ozHaunM depes €1, ez, es TAKUM 06pa3oM, 4TOOBI MPU KaXKJIOM
j =1,2,3, pebpo e; HE BXOAMIO B OKPY2KHOCTD ;. ITo mocTpoenuto, U (p, q) cocronut n3
YTOJIIIEHHON O-KpUBOA é, MPUKJIEEHHON K TOPY € BKJIEEHHBIM B Hero jguckom. Ha yToJi-
IIEHHYIO f-KPUBYIO MOYKHO CMOTPETH KaK Ha O0beIMHEHHEe TPeX UeTHIPEXYTOJbHUKOB
6= X1 UX2U X3, nne X; = ej x [0,1]. TIpu kaxzaom j okpy»HOcTh h; 0Gpasosana
nBymsi u3 pebep 6-rpada, Tperbe pebpo B Hee He BXOIUT. JHAUWT, JIOHOM IIPOCTOMN
nonmaap Q C U(p, q) ¢ kpaem, Takoit aro 9Q = hj, cogepxut Koubio h; X [0,1] u ze
COZIEPKUT YEeTHhIPpEXyTobHUKA X j. 3HAUUT, () ABJISETCS MTOAIOIMIAPOM MOJUIIPA

Uj(p,q) = cl(U(p,a) \ X;)

rze cl(-) obosHauaeT 3aMbIKAHUE.

Tommsap Uj(p, g) MOKHO JOCTPOUTH 0 ClafiHa HEKOTOPOIO JIMH30BOIO IIPOCTPAH-
CTBa ¢ yJaseHHbIM mapoM. s sToro mocrarouno npukientsb nuck k OU;(p, q) = h;.
[losy4uennslit B pe3yabTaTe MOIUSID (0603Ha,‘{I/IM ero U, (p, q) ) SIBJISIETCS IPOCTHIM II0-
JIM3IPOM C IIyCTHIM KpaeM. Ero cTpykTypa MoXKeT OBITH OIMCaHa TaK: 9TO JABYMEDHbIN
Top T, K KOTOPOMY TNPHUKJICEHBI JBA JUCKA, NMEPBbIi — 310 muck D(p,q), npukien-
BaeTcd 10 KpuBoil ¢(p,q), BTOpO# IUCK NPHUKJIEMBAETCA IO OKpyxKHocTH hj. Top ¢
JACKOM, IIPUKJICCHHBIM K HEMY IIO IIPOCTOW HETPUBHAJBLHON KPHUBOM, ABJIACTCA CIaii-
HOM TIOJTHOTOPHS C YIAAJEHHBIM OTKDPBITBHIM IIApPOM; BKJIEEHHBIN JIMCK SIBISIETCS ISt
STOTO MOJTHOTOPHS MEPUIAAHAIBHBIM. SHauuT, U; (p, q) sABJIsIeTcs CratHoM MHOTOOGPa-
3031, TOJIYYEHHOTO B PE3YJIbTATE OTOXKJCCTBJIECHUSI TOPUIECKAX KOMIIOHEHT Kpasl JIBYX
IIyHKTHPOBAHHBIX MOJHOTOPHUH, T.€. CIIAfHOM JIMH30BOTO MPOCTPAHCTBA C ABYMs yIa-
senapiMu mapamu. Ho (cm. 3ameuanue 1.1) ciaiiH B TaKON CUTyaluy CIUTAETCS ClAM-
HOM OTHOKPATHO MyHKTHPOBAHHOTO MHOT006pasus. Takmv o6pazom, nommsap U (p, q)
€CTh CHalH JIMH30BOTO MPOCTPAHCTBA C OJHUM y/IaJeHHBIM IapoM. IlapameTpsr aToro
JIMH30BOI'O IIPOCTPAHCTBA OIIPEIEIISIOTCS B3aUMHBIM PACIIOJIOKEHUEM KPHUBBIX, BIOJIb
KOTOPBIX IPUKJIECHBI MEPUIUAHAIbHBIE TUCKU IOJTHOTOPHI.

IIpuBenem bopMysbl, IPU TOMOIIN KOTOPBIX B MHTEPECYIOIINX HAC YaCTHBIX CJIyda-
SIX MOKHO BBIYHCJIATH ITapaMeTPhI JIMH30BOI'O IIPOCTPAHCTBA 110 TUIIAM KPHUBBIX, BI0JIb
KOTOPBIX IPHUKJIEEHBI MepU/NaHaIbHbIe JUCKH ABYX CKJIEEHHBIX IHoJHOTOpHil. Bo Bcex
MHTEPECYIONMX HAC CJIydasiX OJUH JUCK IPUKJIEUBACTCA 110 KpUBOH tuna (p, q), a 1py-
roit — o oxnoii u3 xkpusex: (1,0),(0,1),(1,1),(1,—1), (rpu nepsble ciydas OHAI0-
GsiTCsI HAM 3/1eCh, a YeTBePTHIN — HIDKe IIpH JloKa3aTeaberse Teopemst 2). B pesysbrare
MBI IIOJIyYHUM JIMH30BOE IIPOCTPAHCTBO L, ¢, apaMeTPhl KOTOPOIO PABHBI

(¢,p) s (1,0) = h
_ (p7 q) I (07 1) == h27
)= (p—q¢q) am(L,1)=h ()
( 1

p+q,q) s
Omyckast HEKOTOPBIE JIeTaJIN, MOYKHO CKa3aTh, UTO JJIsI JTOKA3aTEIbCTBA TPUBEICHHBIX
dopMysT HAJIO BBIYUCIATH KOOPIMHATHI OJIHOM U3 KPUBBIX B Oa3uce, B KOTOPOM ydacCT-

ByeT Japyrasd. 3arem JJIs TIOJTy9IeHU s UCKOMBIX ITapaMeTpOB JIMH30BOI'O IIPOCTPaHCTBa
HaJ0 IIOMEHATHh MEeCTaMMn Haﬁ,ﬂ[eHHbIe KOOpJAWHATDLI.
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B paccmarpuBaeMBbIX 4 CiIydasix HaJ0 BBIYHCIUTD KOOPJUHATHI KPUBOIL (P, ), COOTBET-
CTBEHHO, B CJIEJIYIOIUX Oa3mCax:

(koOpAMHATEI 6A3MCHBIX KPUBLIX 3AIMCAHBI B 9THX MATPUIIAX 1O cTosbnam). s sToro
HaJO YMHOXKHTBL (1), coorBercTBEHHO, Ha MATpUIbl, OOPATHBIE K NPUBEAEHHBIM, a
MMEHHO COOTBETCTBEHHO HA

(61), (F6), (L1), (%)

VlckoMble Taphbl MAPAMETPOB MOJTY YAI0TCSI TIEPECTAHOBKOM WHCET B MOy Y€HHBIX IMapax,
B MIPEJIIOCTETHEM CJIydae eIle HaJIO0 BOCIOJIB30BATHCS TE€M, UTO JIMH30BBIE MPOCTPAH-
crBa L, s u L_, s TOMeOMOpP(HBEL.

Cieyer OTMETUTD, YTO, KPOME JIMH30BBIX ITPOCTPAHCTB, B BUJE CKJIEHKN JIBYX ITOJI-
HBIX TOPOB MOXKHO IIPEJICTABUTE elrie Tpexmepuyio cdepy n S? x St. Ho mam yno6u0
HE OTIEJIATH ITH UCKJIIOYUTEIbHbIE CIydad OT OCTAJbHBIX U WCIIOIb30BaTh JJIsl HUX
0603HAYEHNUsI, AHAJIOTMYHBIE UCIOJb3yEMbIM JIJIsl JIMH30BBIX IIPOCTPAHCTB. A UMEHHO,
MBI HHOTZA OyseM TpexMepHyio cdepy obosnaudars L1, a S 2 x S oboznavaTs Lo
O6o3HaYEHNS 9TU HE SIBJISIIOTCS TPON3BOIbHBIME. OHM [TOJIHOCTBIO COIJIACYIOTCS € (POp-
mymamu (13), Tak Kak TpexmepHas cdepa MOIydaeTcsl, KOTJa JUCKU TPUKJIECHBAIOTCS
omuu 10 h1, apyroit — 1o ¢(0,1); 52 x S mosmywaercsi, Korjia JIUCKM IPUKIIENBAIOTCS
no hi u ¢(1,0).

ommsmp U, (p, q) siBAsieTcs cHaifHoM TyHKTHPOBAHHOTO JIMH30BOTO MPOCTPAHCTBA
L, s, 3aagur (cM. semmy 1(a,c))

t(Ui(p,q)) = t(Lrs)(e +2) = L(r, 5)(e + 2).

C Jpyroii CTOpPOHBI, KAK OTMEYaJsoCh BBIIIE, TOJUIIP Uj (p, q) SIBJIAETCsI pe3yJbTa~
TOM CKJIEHKH 1o Kparo rosmdapa U (p7 q) U JIACKA, T.€e. K HeMy IpuMeHuMa Jlemma 3,
COIVIACHO KOTOPOI

t(Uj(p.q)) = t(0, D")t(0,U;(p, q))+t(dD", D)t (hy, U;(p, q)) = e+2+et(hy, U;(p, q)),

rae D' obosmauaer auck. Mbr 31ech Bocmomb3oBasuch Tem, uro t((, D) = 1, u Tem,
aro t(OD, D') = w(D') = eX(P) = ¢.
IIpupaBHuBast TpaBble YacTU JBYX MOCJIEIHUX PABEHCTB, IMOJIyIaeM

et(h;,U;(p,q)) +e+2=1(r,s)(e + 2).

OTKy1a

t(hj7 Uj (pa q)) = 71(5 + 2)(1(1", S) - 1)'
Jnsi jokasarenbcra paseHcTs (8)-(10), ocranock sameruts, uto t(h;, Uj(p,q)) =
t(h;,U(p, q)) n Bocnonb3oBarbcs (13).

JIOKABATEJILCTBO PABEHCTBA (11).

Pacemorpum mosmmazap Y (p, ¢), KoTopsrit momywaercs us nmoausapa U (p, ¢) cnemyro-
mmM o6paszoM. Ilycrs T” — 3T0 elne oJuH ABYMEpHBIil TOP, IEPBLIi TOP, 0603HAYEHHBIIH
gepe3 T', MBI UCIOJIB30BAJU NIpH HocTpoeHun noaudapa U(p, q). K Hemy Mbl ¢ oqHOl
cropons mpukaenmn aquck D(p, q), ¢ apyroit — yrommennyio f-xpusyio 0. Beibepen na
T’ 0-xpusyto 0] takyio, urto T" \ 0] roMeoMOpPhHO OTKPLITOMY JMCKY, B OTOXKJIECTBAM
01 c O-xpusoit 01 = OU(p,q). B pesysbraTe MOSyYInM MOJUIIP C MYCTBIM KPaeM, KO-
TOPBIH ABIAETCA MPOCTHIM CHANHOM JBAXK/IBI ITyHKTAPOBAHHOTO MOJHOTOPHs. UTOOBI
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y6eInThCsT B 9TOM JOCTATOYHO 3aMETUTh, UYTO €ro MOJIIOJINdAP, COCTOAIMI U3 JABYX
Topos (T u T') u yTosmenHoit -KpIBoii, OJJHO OCHOBAaHWE KOTOPO# pa3pe3aeT 0 JIIC-
Ka OJIMH TOP, a JAPYroe — JIPYTOil, sIBJISI€TCS CIIAHOM IIyHKTUPOBAHHOT'O YTOJIIEHHOTO
Topa T X [0, 1]#D3. B pesynbraTe npukieiku pydukn UHAEKCA 2 BIOJb JIIOOOH HETPU-
BUAJILHON KPUBOH Ha JIIOOOM M3 OCHOBAHUH ITyHKTUPOBAHHOTO yTOJIIEHHOIO TOPA MbI
[OJIy9UM JIBaKJbI Iy HKTUPOBaHHOE 1ojtHoTopue. [loguepkHem, 4T0 B OTJIMYNE OT pac-
CMOTDPEHHOI'O paHee CHalHa JIBaXK/bl IyHKTHPOBAHHOI'O JIMH30BOIO IIPOCTPAHCTBA HA
TOT Pa3 Mbl UMEEM JIEJI0 C JBAXKbl IIyHKTUPOBAHHBIM MHOI00Opa3ueM C KpaeM TOp.
CueroBaressio (cMm. Sameuanne 1.1 u Jlemmy 1(b,c)),

HY (p,0) = (= +2)°. (14)

Borancimum renepb Ty ke esmamny ¢(Y(p,q)) Ho-Ipyromy, a MMEHHO, HIPH TI0-
Mot pasencTBa (5). s sroro npezacrasuM noausap Y (p, ) B BALe CKIEHKH JIBYX
CJIeTYTOIIIX TIOJTM3IpoB. Paspeskem Y (p, q) mo O-xpusoit ' = Oy x {%} Ouu u3 no-
JIyYUBIIUXCS B PE3YJIBTATE MOIUIAPOB (TOT, KOTOPBIH comepKuT Top 1T') romeomopden
nosmaapy U (p, q). Bropoit moyuusmmuiics nonusap (o6oznaunm ero X ) — aro Top 17,
K KOTOpOMY IIPHKJIGEHA BEPXHsIsl OJIOBHHA (Ta, koropast cogepxkur 6 = 0y x {1}).

BoraucinM, nosb3ysich onpezaenenueM (1), e-uHBapuanTbl MOaMdAPa X CO BCEMU
BO3MOKHBIMI BapUAHTAMU OKDACKH ero kpast. JIjisi 0603HaYeHUsI PACKPacoK Oyem
OIIATH UCIONB30BaTh (), hi, ha, hs, 6.

t(P, X) = 2, Tak Kax B CyMMe y9acTBYIOT TOJIBLKO ITyCTO# Tofmousap u Top 1".

t(h;, X) =1, =1,2,3, tak Kax y noausapa X HMeEeTCs POBHO OIMH MOZIIOJIIIID
(Q, BBIXOISAIIUIT HA Kpaif IO COOTBETCTBYIOINIEH OKPYKHOCTH — 9TO TOP T'7 K KOTOPOMY
[I0 IPOCTOH HETPUBHAJILHON KPUBOi IpukJIeeHo Koubio. s vero x(Q) = x(0Q) =
v@=0.

t0,X) = 3. JleficTBUTENIFHO, €UHCTBEHHBIN MOAIOJIMIIP TOJUSIpa X, BBIXO-
Jsnwii Ha ero kpaidi mo @ = 9X — sro cam X. s wero x(X) =0, x(0X) = —1. O6e
€ro BHyTPEHHHE BEPITUHBI — BEPINUHLI rpada 01 — ABJIAIOTCA UCTHUHHBIMHA, CJICJ0BaA-
renbro, v(X) = 2. Takum o6pasom, t(6, X) = (—1)*X) XX)=gx(@X)=v(X) — o~ F

B paccmarpuBaeMom ciydae paBeHCTBO (5) nmpuHMMAaeT BH/L

tY ()= D, te,X)t(eUp,q))

cEcol(6)

IToxcTaBuM B HETO TOJIBKO YTO BBIYHUCJIEHHBIE BEJIMIMHBI, & TAKXKE BOCIIOJIb3yeMCs YIKe
nokazanHbiMu paBercTBamu  (7)—(10). B pesynbrare mosyanm

t(Y(p,q) = t(@,X)t((D,U(p,q))+Zt(hjyX)t(hj,U(p,Q))+t(97X)t(9,U(p,q))=

= 2e+2) +e e+ 2(f(pg) —3) +e 2t(0,U(p,q)).

Cnegnosareinsro, (cM. (14))

esfgt(@7 U(p,q))

e+2°-2(+2) —e (e +2)(f(p,g) —3) =
= (e+2)(e+3 - f(p.9).
OTkyna
0. U(p,q)) =c? (e +2)(e* + 3~ f(p.q) == % (e +2)(e + 4~ [(p, ),

YTO U 3aBEPIIAET J[OKA3aTeIbCTBO paBeHcTBa (11).
HoxkazarenbcTrBo Teopembl 1 3aBepiieHo. O
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3 c-UHBApPUAHT JIMH30BBIX MIPOCTPAHCTB

Teopema 2 (Marsees, Opuunnukos, Cokonos [? |). Ha muooicecmse AuH3068b1T Npo-
empanems t(Lp q) npunumaem poeHo 4 nonapHo passudHuE 3HA%ENUA, KOTNOPbIE 3a-
daromes popmyaot

1

p

e+1 p=+42 (mod5),
p
p

t(Lp,q) = (15)

€+2 (mod 5),g =+1 (mod 5),
0 (mod 5),¢g = +2 (mod 5).

D10 yTBEPXKEHUE IPUBEJEHO 6e3 JI0Ka3aTeIbeTBa B [ | 1 3aTeM BOCIPOU3BEIEHO
B [1]. Ero gokasarenbcrBo, ocHOBaHHOe Ha uzpeosorun TQFT, nokianpeanocs aBro-
pamu Ha cemmHapax. [IpmBommMoe HIKE HOKA3aTEIBCTBO SBJISIETCST HOBBIM.

HokazarenbcTBo TeopeMbl 2 IpoBeiIeM B HECKOJILKO IIAroB, 0(POPMJIEHHBIX B BHU/IE
OTJIEJIbHBIX JIEMM.

IIpexx e Bcero mpusegem 6e3 TOKa3aTEILCTBA UCIOIb3yeMbIE B TaIbHEIIeM CBOIi-
CTBa JIMH30BBIX IIPOCTPAHCTB.

JIemma 4 (/IBa cBOICTBa JIMH30BBIX IPOCTPAHCTB.). (&) JIun3oeve npocmpar-
cmea Ly q, L_p g, Lp —q 20meomopprive dpye dpyey.

(b) JTunsoswvie npocmparncmea Ly q u Lp g+p 20Me0MOPHHDL.
B oboux nynkmax aemmvr 0ONYCKAOMCA 20Me0MOPPHUMBL, 00pauaouue opue-
mayuo.

JIlemMma 5.
[(1,00=1(1,1)=1, 1(0,1)=e+2, I(2,1)=ec+1.

Hoxasamenvcmeo. CornacHo HammM obo3HavdeHusIM L19 — 9TO TpexmepHasi cdepa.
Mockonbky S?#D? = D? u (em. Jlemmy 1(a)) ¢(D?) = e+2, To ¢ y4eToM U3/I0XKEHHOr0
B Bamevanun 1.1 mpaBuia ydera yaaJeHHBIX mapos momydaem [(1,0) = ¢(S%) = 1.

Pagencrso [(1,1) = 1 caexyer u3 [(1,0) = 1 u Jlemmsr 4(b).

Yepes 1(0, 1) Mer obozmagaem S x S*. D10 MHOr0OBpasie MOKET BBITH IIOIYICHO B
pe3yJIbTaTe CKJIEHKY JIBYX MOJHBIX TOPOB, TAKOH, IPU KOTOPOH Kpast MepuIuaHaIbHbBIX
JINCKOB CKJIEMBAEMBIX IIOJTHOTOPHI M30TOIMHBI HA X OTOXKECTBJICHHOM KpPae. 3HAUMT,
oHO obJtaziaeT ciemyromumM npoctbiM craitaom P. Ilycts T — nBymepHbIit TOp, Ha KO-
TOPOM BBIOPAHBI JIBE U30TOIHBIE, HO HE NIEPECEKAIOIINECs], HETPUBUAJIbHBIE 3AMKHY ThIE
KpuBbIe c1,c2. [lomuaap P cocrout u3z T m nByx gauckoB D1, Da, mpukiaeeHHbIX K T’
BJIOJIb KPUBBIX C1, C2. Borauciaum ¢(P) 1o onpegenennio (2), mpocyMMUPOBAB BECA, MO~
JU3APOB, yuacTBylomux B F(P):

. w®) =1,

o w(T)=1,

e 1BYX aByMepHBbIX cdep: w(D1 U A1 UDs) =w(D1UAzUD;) = e2=c+1, e
A1, Az — KoJIbIla, Ha KOTOPBIE C1 U C2 PA3Pe3aroT TOp,

® JIByX TOPOB C BKJIeeHHbIMH B HuX juckamu: w(T U D1) = w(T U D3) = ¢,

® BeCa BCero IoJimdapa U)(P) = 52

B HEM HET.

=e+1, Tak kax x(P) = 2 ¥ UCTUHHBIX BEPIINH
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[onyaum t(P) = 5¢ + 5 49T0, KaK HECJI0XKHO IMpoBepHTh, pasHo (& 4 2)%. Ho cxie-
WBaJM MBI TIyHKTUPOBAHHBIE TIOJTHOTOPHS, CJIEAOBATENBLHO, ¢ ydeToM 3aMedanus 1.1
nosxyaaem t(P) = 1(0,1)(e + 2).

JIurzoBoe MpocTpancTBO L2 1 —3TO MPOEKTUBHAS TIOCKOCTD. e IpocTeimmM mpo-
CTBIM CHANHOM SIBJISIETCS JWCK, Kpail KOTOPOTO JBYKPATHO HAMOTAH Ha OKPY?KHOCTD.
£-MHBApUAHT TAKOI'O IOJIM3/Ipa PaBeH CyMMe €JIMHUIILI — Beca IyCTOro II0JIU3Ipa —
U Beca BCEro Tosmdpa. llociennuii nMeeT 3iIepoBy XapaKTEePUCTUKY 1 U He mMeer
WMCTUHHBIX BEPIIHH, CI€JOBATEHHO, €0 BEC PABEH €. O

JIemma 6. [an 410600 napos (p, q) HEOMPUYAMENLHYIT B3AUMHO-TPOCTIOEL YEABIT U~
cen

p+q,9) =3—1p—q,9) +e(4—Xp,q) — (g,p))- (16)

Hoxazameavcmeo. 3abukcupyem napy (p,q) HEOTPUUATENBLHBIX B3aMMHO-IIPOCTHIX
IEeJIbIX YHUCEJI M PACCMOTPHUM IIPOCTOH moymdap P ¢ myCcTbIM KpaeM, KOTOPbIH KOH-
CTPYUPYETCsI CJIEAYIOMMIM 06pa30M.

o Ilycts 6 = 60 x [0,1] — yrommennas f-xpusas.

e Bioxum ee ocuoBanusa 0, = 6 x {k},k = 0,1, B nBymepuble Topbl T} TakuM
obpazoM, 9Tobbl T \ ) 6bLI0 TOMEOMOPGHO OTKPBITOMY JHCKY.

e O6GosHauuM 4epes hj,j = 1,2,3, OpUeHTHPOBaHHbIE OKPYKHOCTH, COJEPIKAIIU-
ecsd B 0 m M30TOIHBIE UM OKPY2KHOCTH, comepxkaiiuecs B O, k = 0,1. [Ipuaem
IIyCThb OKPY>KHOCTH OPUEHTHUDPOBAHLI M 3aHyMEDPOBAHBI TaK, YTO Ha Topax Tk
okpy»xkHocTb hg umeer tun (1,1) B 6asuce (hi, ha).

e Bribepem Ha T) IPOCTYIO 3aMKHYTYIO KPUBYIO Co, UMeoILyto Tull (p, ¢) B 6asuce
(h1, h2) m Haxomganytocsa ¢ Oy B OBIIEM TIOJIOKEHAN.

e O6ozmaunm depes Dy IUCK, Kpail KOTOPOTO OTOXKJIECTBJIEH C KPUBOW Co, TAKOMN
YTO €ro BHYTPEHHOCTb HE IIEPECEKAeTCsl C IIOCTPOEHHON Ha IPEIBILIYIINX MIAarax
9aCTBIO HOJIUIPA.

e Bribepem Ha T IPOCTYI0 3aMKHYTYIO KPUBYIO ¢1, uMerolyo tui (1, —1) B 6asuce
(h1, h2) n HaxXOmANTyIOCA € 01 B OBIIEM TIOJIOKEHUN.

e O6ozuaunm depe3 D1 IHUCK, Kpail KOTOPOTO OTOXKJIECTBJIEH C KPUBOW €1, TAKOM
YTO €ro BHYTPEHHOCTb HE [IEPECEKAeTCsl C IIOCTPOEHHON HA IPEIbIIYIINX MIarax
9aCTBIO IHOJIUIPA.

OTHOCHTEIBHO TaK TIOCTPOEHHOTO MOJM3Ipa P i HAC BAXKHBI CJIEJIYIONIAE JIBA
daxra.

Bo-11epBbIX, P sBIIsIeTCs PE3yIbTATOM CKJIEHKH IBYX IPOCTBIX IOJUAPOB C KPAEM.
A nmenno, paspexxem P mo f-kpusoit 6 x {3}. Iomywnm asa nommsapa: Uo, comep-
xammit To, u Uy, comepxkammii T7. CpaBHUBas ONMCAHHYIO TPOLEALYDPY MOCTPOECHUS
nosmdapa P ¢ npoueaypoiit nocrpoennst nommdapa U (cM. pasgen 2.1), jerko 3ame-
tuth, 9r0 Uy = U(p,q) u Uy = U(1, —1). Takum o6pasom,

P=U(p,q)UU(L —1), (17)

rze ckienBaomuii romeomopdusm vy : OU(p, q) — OU (1, —1) — 910 TOXKAECTBO.
Bo-BTOpBIX, P SBISETCS MTPOCTHIM CHANHOM JINH30BOTO TIPOCTPAHCTBA Lyt q,q C ABY-
Ms y/IaJeHHBIMA U3 HEro OTKPBITBLIMHU MiapaMu. JleficTBUTETHHO, CPeIHsAs 9acTh MOJIHU-
sapa P (a mmenno, To U U T4) aro cnaita yrosmuenHoro Topa Ty X [0, 1] ¢ yaaneHHBIM
OTKPBITBIM MAapoM. K TPaHWIHBIM TOpPaM 3TOTO YTOJIIEHHOTO TOPA MPHUKJIECHBAIOTCS
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JINCKM: C OJHON CTOPOHBI 10 KPUBOWU Co, C APYToit — 1o KpuBoi ci. [Ipuknieiika auc-
Ka BJIOJIb HETPUBHAJBLHON IMPOCTONH 3aMKHYTON KPUBOH O3Ha4YaeT NPUKJICHKY ITyHKTHU-
POBAHHOT'O IOJIHOI'O TOPa, MEPUANAHAJIBbHBIM JIMCKOM KOTOPOI'O IPUKJIEMBAEMBbIil JTUCK
sABjsieTcs. TakuM 06pa3oM, MHOr0OOpa3ue, CIIaltHOM KOTOPOI'O SIBJISETCS MOIudap P, —
39TO pe3yabTaT CKJIEHKU ABYX IOJIHBIX TOPOB C TPeMd yJaJeHHBIMUA OTKPBITHIMU MIapa-
My, T.e. (cM. 3amevanne 1.1) JIMH30BOE IPOCTPAHCTBO C JABYMs YAAJICHHBIMA IIAPAMU.
ITapameTpsl TMH30BOTO MPOCTPAHCTBA OIPENEIISIOTCS KPUBBIMU, BJIOJIb KOTOPBIX IIPH-

KJeeHsl mucku: ¢o = (p,q) m ¢1 = (1,—1). Cnenosarensuo (cm. (13)), P aBmsercs
cnaitHoM Ly g 4 ¢ IABYMs yasgeHHbIME mapaMu. Suauut (cM. Jlemmy 1(a,c))
t(P) =1Up+q,9)(c+2)". (18)

C ppyroit cropousl, u3 (17) u (5)
t(Py= > t(c,U(1,-1))t(c,U(p,q)). (19)
c€col(0)

3HaveHnsT BTOPBIX COMHOYXKHUTENEH BO BCEX CIaraeMbIX CYMMBI B MPaBOil YaCTU TOTO
paBencTBa manbl B Teopeme 1. [l ompesmesenusi 3HAUEHNUsT MEPBBIX COMHOXKUTETEH
IPUMEHNM 3Ty 2Ke TeopeMmy BMecte ¢ Jlemmamu 5 u 4 k nommsapy U(1, —1).

t(0,U(1,-1)) =e+2,

t(h1,U(1,-1)) = (e +2)(I(-1,1) = 1) = (e +2)(1 = 1) =0,
t(ho,U(L,—1)) =e (e +2)(I(1,-1) = 1) =e (e +2)(1 - 1) =0,

t(hs, UL, —1)) =e (e +2)(U(2,1) = 1) = (e +2)(e+1-1) = +2,
£(6,U(1,-1)) = %(a+2)(s+4—1(1,—1)—Z(—1,1)—Z(2,1)):

=t (e+2(e+d—1—1—(c+1)) =e2(c+2).
OTkyna

tP)=(e+2)(1+e ' Ulp—q0) - ) +e(e+4—1Up,q) —Ug.p)—lp—aqq
=(e+2)? (2+45—6 +14+eUp—q,q) —elp,q) +1(g,p) +1
=(e+2)" (e +3+<Up—a.9) —(llp,q) +Ua,p) +1

=(E+2°B-lp—aq9+c(d—1p,q) —Ugp))

MBI 3/16Ch BOCIIOJIB30BAJIICH TeM, 9T0 €2 = e+ 1me ' =¢ — 1.

IIpupaBHuBas IIOJIyYeHHOE BBIPA’KEHUE U IPaByio dacTh (18), mocie coxkpaleHust
a (e + 2)2, momy=aenm (16). O

O6ozHaunM Yepe3 v U w CIeAYoue Mpeodpa3oBaHusl Map MEIbIX IUCEJI:

vi(z,y) = (@+yy), w:(zy) = (wy+)

Kak wmsBectno, mobaa mapa (p,q) B3AUMHO-TIDOCTBIX HATYPAJBHBIX YUCET MOKET
6bITh TOTydeHa u3 mapbl (1,1) npuMeHeHHeM KOHEYHOrO YHCJa ITUX HPeoOpasoBa-
Huil. YrBepxkeHue TeopeMbl 2 j10Ka)KeM HMHIYKIMEH 110 . — YUCIY TPeOyIOInXCs
npeobpaszosanuii. B kauecTBe ocHoBanms mHAyKImH Bo3bMeM N = 0, T.e. camy mapy
(1,1). Ons Hee yTBep:KieHNE TEOPEMBI BEPHO, TaK Kak B cuiy Jlemmsr 5 [(1,1) =1 u
napa (1,1) nomajaer B nepsblii u3 4 ciaydaes, nepedancisiembix B (15).

Tar waayKIMHT 0ODOPMIUM B BUJIE JIEMMBI.
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JIemma 7. ITycmw pasencmeo (15) eepro das ecex nap (p, q), NOAYHGEMBT U3 NGPVL
(1,1) 6 pesyavmame npumernenua x Hel NPOUIBOALHOT NOCAEIOEAMEALHOCTIU OAUHDL
n > 0, cocmoawet us npeobpasosaruti v u w. Tozda pasencmeo (15) eepro u dan nap,
NOAYHAEMBIT 6 PEZYALMAME NPUMEHEHUS NOCALI0BAMEALHOCTNY OAUKDL N+ 1, m.e. das
nap (p+4,9) u (p,q+p).

Joxazameavcmeo. Ilycts mapa (p, q) nomygaerca u3 (1,1) B pesysabrare n—KpaTHOTO
nprMeHeHus npeobpasosanuii v u w. Torma no npeanosoxennio (p, q) ya0BIeTBOPSIET
pasencrsy (15).

B cuy Jlemmer 4(b) L(p, g + p) = I(p, q). Kpome Toro, mapa (p,q + p) orrOCHTCA
K TOMY ke u3 4 ciaydaes, nepedncisieMbix B (15), yro u napa (p, q). HeificrBurensro,
MIpU OTHECEHUW K JBYM IEPBBLIM CJIydasiM BTOPOI NapaMeTp 3HAUYCHWUs HE UMeeT, a B
nByx nocaeananx p = 0 (mod 5), cnenosarenbro, ¢ = ¢+p (mod 5). Buaunr, I(p, ¢+p)
TOXKe yJI0BJIeTBOPsieT paBeHCTBY (15).

Buauenue [(p + ¢,q) Moxxer GbITh BblUmcieHo npu nomomu (16). B npasoit ua-
CTH TOro paseHcTBa y4IacTBYIOT (p,q),l(q,p) u l(p — q,q). Ybeaumcs, aTo BCE TpH
yaosiersopsior (15).

st napst (p, ¢) 110 IIPEJIIIOJIOMKEHNIO CyIIeCTBYeT Hy KHasl [0CJIe0BATEIBbHOCTD X
JUIMHBL N, W, CJAEI0BATENBHO, [(p, ) yaosiaersopser (15).

ITapa (g, p) nonyvaercsa u3 napsl (1,1) B pesysbraTe BBIIOTHEHHS IOCIEI0BATEb
Hoctu Y JUIMHBI 1, KOTOPasi MOJLy9aeTCsd U3 MOC/IeA0BATEbHOCT X 3aMEHOH BCeX v
HA W M BCEX w Ha v. 3Ha4WT, (g, p) TOKe ymosaersopsier (15).

BamernM, 4TO NpeoBpPa30BaHUs ¥ U W ONPEJIETIEHbl TaK, YTO B PE3YJIbTaTe IPUMe-
HeHUs JI060r0 U3 HUX GOJBINAM B MOJYyYEHHOH Mape OKa3blBaeTCs WMEHHO TO 9HCJIIO,
KOTOpOe GhLIO M3MEHEHO: MepBoe st v | Bropoe ayis w. CremosaTensHo, ecia p > ¢,
TO TIOCJIETHUM NIPEOOPA30BAHUEM B MOCJIEI0BATEILHOCTH X SIBJISIETCA U, T.€. TIOCJIE BbI-
TIOJTHEHUST IPEJTIOCTIETHErO TPeObpa30BaHusl B TIOCAEIOBATEILHOCTH X ObLIA MOJTY ICHA
Kak pa3 napa (p — ¢, q). 3uaunT,B TOM CiIydae oHa nosydaerca u3 (1,1) B pesynbrare
BBINIOJTHEHUST TIOCJIE0OBATENBHOCTH JJIMHBL N — 1, U, CJIEJOBATENIBHO, IO MIPEJIITOJIONKe-
uuto, l(p — ¢, q) ynosuersopsier paseHcrny (15).

IIpeanonokum Teneps, aro g > p. B cuny Jlemmpr 4(b) I(p—q,q) = l(p—q,q+p—¢q) =
l(p—q,p), n B cuty Jlemmsl 4(a) (p—q,p) = I(¢g—p, p). IloBTOpPSIsT APTYMEHTBI, HCIOIIb-
30BaHHBIE B CIy9ae p > ¢, 3aKJIIOYAEM, ITO Tapa ¢ — P, P) MOJYIAETCA B PE3YJIbTATE
BBITIOJTHEHUS TTOC/IEIOBATEILHOCTH ¥, U3 KOTOPOH YIAJEHO caMoe MOCeIHee peodpa-
30BaHue, ClIe0BaTeNbHO, (¢ — p, p) ynosaersopsier (15).

OcTaoch mpoBepuTh, 9T Tapbl (p — ¢, q) u (¢ — p, p) MONATAIOT B OJWH U TOT K€ CJIy-
qait u3 4, durypupyromux B (15). HeiicrBurensuo, p—q = —(¢—p) (mod 5). 3nauur,
ecu p # ¢ (mod 5), To HE3aBUCUMO OT BTOPOro 4uciaa B napax (p — ¢,q) u (¢ — p,p)
OTHOCATCS K OJHOMY W TOMY K€ CIy9aio W3 JBYX HepBbix. Ecim p = ¢ (mod 5), To
paccMaTpuBaeMble TTaphl TMOMAJAI0T B OJWH U TOT YK€ CIy4ail U3 JABYyX MOCJIETHUX.

Urax, I(p, q),(q,p),l(p — q,q) ynosnersopsior (15). [IpoBepum Teneps, 4To B pe-
3yJIbTATE UX MOJICTAHOBKY B MPABYIO 9acTh paBeHCTBa (16) GymeT mosrydena BeJImInHa
Toxke yaosserBopsiiomas (15). Caesnars 9T0 MOXKHO 11EpeGOPOM BCEX BO3MOMKHBIX I1AD
(p, q). IIpudyeM 1OCTATOYMHO BBIIOJIHATH KOHEUHBIH repefop, Tak Kak napaMeTpsl B (15)
GepyTCst IO MOJIYJTIO 5.

Urak BoraucauM 3Hadenuwe npasoit gactu (16) zys Bcex map (p,q) Takwx, 49TO
0<p<5u0<q<5,3auckmovenueM napsl (0,0), KOTOpast SBJISIETCA HEJOIYCTUMOI,
MMOCKOJIBKY YHCTA, JENAIAecs Ha 5, He MOTYT OBITh B3aUMHO-TIDOCTHLIMH. llepBas u3
NIPUBEJIEHHBIX HUKE TaBJIUI] COJEPIKUT PE3YJIBTATHI COOTBETCTBYIOMINX BBHIYUCICHUA.
Bropas Tabiuia comepKuT HOMep BapuaHTa B paBeHCTBe (15), K KOTOPOMY OTHOCHTCS
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napa (p + ¢,q). Ctpoku B 06enx TabauLIax OTBEYAIOT IapaMeTpy p, & CTOIOIbI —
napaMmeTpy q.

Pe3ysibTaT NOACTAHOBKM Iaphl (p,q) B mpaBylo 4acTb (16)

p\q 0 1 2 3 4
0 1 e+1|le+1 1
1 1 e+1|e+1 1 e+2
2 e+1|le+1 1 0 1
3 e+1 1 0 1 e+1
4 1 e+2 1 e+1|e+1

Howmep BapuanTta B paBeHcTBe (15), K KoTOpoMy oTHOcuTcst napa (p + ¢, q)

p\g |0 ]1]2|3|4
0 11221
1 112213
2 212111411
3 [2|1(4]|1]2
4 113(1]2]|2

CpaBHeHne IPUBEIEHHBIX TabJIUIL TIOKA3BIBAET, 9TO [ (p+¢, ¢) IpK BCEX JIOMyCTUMBIX
apaMeTpax p, ¢ yAOBJIETBOpsieT paBeHcTBY (15). O

HokazarenbcTBo TeopeMbl 2 3aBepIIIeHO.

4 Orobpaxkenue u(p,q)

Paccmorpum oroGpaxkenue u(p, q) : Z X Z — R®, onpenenennoe mst Beex map (p, q),
kpoMe Takux, 9410 p = 0 (mod 5) u ¢ = 0 (mod 5). ITomoxxum

u(p,q) = (ur(p,q),-- - us(p,q)),

rie
ui(p,q) = t(0,U(p,q),
ui(p.q) = t(hj-1,U(p.q)), J =234,
us(p,q) = t(0,U(p,q)).
JIemma 8. Omobpaotcenue u(p, q) nepuoduseckoe ¢ nepuodom 5 no 06ouM c60uM ap-
aymenmanm. ITpunem pasencmeo u(p,q) = u(p’,q’) evinoanaemca mozda u moavko

mozda, Koz2da
aubo p=p (mod 5) ugqg=q (mod5),
aubo p+p =0 (mod 5) ug+¢ =0 (mod 5).

Jloxazameavcmeo. Kpait mommsnpa U (p, ¢) me 3aBucut ot napamerpos (p, q). U3z Teo-
pembr 2 u Teopemsr 1 coeayer, uro auist mo6oit packpacku ¢ € col(OU (p, q)

t(c,U(p,q)) = t(c,U(p',q')) ecmp=p" (mod5)ug=g (mod5).
TakuM 06pa3oM, JJIsl HAXOXKJIEHUsI BCEX BO3MOXKHBIX 3HadeHwit Bekropa U(p,q) mo-

CTATOYHO BBIYUCIUTH 3HAYEHUs NMpaBbix dacreil pasencts (7)—(11) mua map (p,q), B
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koTopblx 0 < p < 5u 0 < g < 5, uCKJI0Yas He BXOJIANLYIO B 00JIACTh OIIPE/IeJIEHUS IIApY
(0,0). PesynbTaThl 9THX BBIYUCICHWIT IIPUBEICHBI B IBYX HUKECJIECITYIONAX TabIAIAX.
B mepBoit B JekcukorpaduueckoM MOpsAKe MePEeYUCIeHbl BCe BO3MOXKHBIE MOMIAPHO
pasyindHble 3HaUeHus BeKTopa v(p, q), KoTopslii ¢ U(p, ¢) CBA3aH COOTHOIIECHAEM

U(p,q) = (e +2)v(p, q)-

CTpoKu U CTOJOIBI BTOPOii TabJIMITEI 3aHY MEPOBAHBI, COOTBETCTBEHHO, 3HAUEHUSIMU P U
g. B ee sueiikax ykazano kakoe 3nadenue sekropa v(k, ) n3 neppoit TabimIpr OTBETIAET
nape (p, q).

0 h1 ha h3 0

var 1] 0 0 1 e?
wi 1] 0 0 c 0
w1 | 1| 0 1 0 €2
vsa | 1] 0 1 1 | ez
w1 1] 0 c 0 0
vas | 1] 1 0 0 2
vg2 | 1 1 0 1 3
vrs | 1] 1 1 0 | ez
V7,2 1 1 1 —571 e %
Us,2 1 1 *671 1 e~ %
vrs | 1] =t 1 1 e 3
V1,0 1 13 0 0

q

Vo123 4

p

0 vo,1 | V5,2 | Vs,2 | Vo1

1| vi,0| ve1 | V4,3 | vo,2 | Va1

2l vrs | v2,1 | V72 | V73 | V31

3| vrs | V31 | vr3 | V72 | V21

4| vio | Va1 | Vo2 | V4,3 | Vs,1

V3 3TuxX TabauIy caeoyeT, 9TO IPUBEICHHOE B (POPMYIHPOBKE JIEMMDI YCAOBHE BELIIOJ-
nenns pasenctsa u(p,q) = u(p’, q') umeer mecTo. O

CanencrBue 1. Omobpasicenue u(p,q) Hna ceoeli obaacmu onpedeserus NPUHUMAEM,
posHo 12 nonapro pazauvHuT 3HAUEHUT.
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