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HACTOsIIIE paboTe Mbl YCTAHABIUBAEM JOCTATOYHBIE YCJIOBUSI MUHUMAJIBHOCTU
WJIeaTbHBIX TPUAHTYJISIUI ¢ TpeMsi pebpamMu.

KiroueBbie cioBa: TpexMepHOEe MHOI00Opa3ue, MUHUMAJIbHAS UileajbHas TPU-
AHTYJIAINAs, THBAPUAHTHI 1Typaesa-Bupo.

HCC.HG,QOB&HI/IG BBIIIOJIHEHO 3a CYeT I'paHTa Poccuiickoro HAaYy9IHOTO CbOH,ZLa

No. 22-21-00747



I[MTPEITPUHTHI
Cankr-IleTepOyprckoro orieseHust
Maremaruyeckoro uacruryta uM. B. A. Creksosa
Poccniickoit akamemun Hayk

PREPRINTS
of the St. Petersburg Department
of Steklov Institute of Mathematics

I'JIABHBII PEJTAKTOP

C. B. Kucnakos

PEAKOJIJIET A

B. M. Babuu, A. M. Bepmuk, M. A. Bcemupnos,
A. U. Tenepanos, 1. A. Ubparumos, JI. FO. Konoruiuna,
FO. B. Marusiceeuy, H. FO. Heuperaes, C. 1. Penun, I'. A. Ceperun



1 Bsenenue

B sT0it pabore MBI OrpaHUYUMCS PACCMOTDPEHUEM CBS3HBIX KOMIIAKTHBIX 3-
MHOroobpasuit M ¢ HemycTbiM KpaeM M WX WeajbHbIX TpuaHryssimii. Vme-
aJIbHasl TPUAHTYJISISA MHOrooopasus M Ha3bIBAETCA MUHUMAAGHOTU, €CITH OHA
COJIEP2KUT HAMMEHbBIIIEE YHCJIO TETPAIAPOB CPEIN BCEX MICAJBHBIX TPUAHTYJIs-
muit MuOro0Opasusa M. M3BeCcTHO JOBOIBHO MAJIO TPUMEPOB OECKOHEUHBIX Ce-
puit MUHIMAJIBHBIX UACAIBHBIX TPUAHTYIIATNN. MUHUMAIBHOCTD TPUAHTYIISAIINN
B CMBICJIE YMCJIa UCTUHHBIX BEPIIMH PABHOCUJIbHA €€ MUHUMAJBHOCTH B CMbIC-
Jte qucia pédep. IToaromy ycranoBsienne MUHUMAJILHOCTH TPHAHTYJISIUI [IPU
[IOCJIEIOBATENBHOM YBeJIMIEHUN Yuciaa 2-KoMionenT (1, 2, 3 u T.1,) aBisercs
MPABWJILHO TOCTABJIEHHON 3ajiadeii. VieaibHble TPUAHTYIISIMA C OJHUM Ped-
POM aBTOMATHIECKM MUHUMAJBLHBL. B padore [1] mokazaHo, 9To mr06ast U1eailb-
Hasl TPUAHTYJISIHA C 1 2> 2 TeTpasJpaMu U ¢ OJHUM pedpoM 3ajaer rutepbo-
JINYECKOe MHOroOOpas3ue ¢ BIIOJIHE Ie0JIe3NTECKUM KPAeM, a TaKKe IOCTPOEHDI
OGeCKOHEUHbIE Cepud TakKuX TpuanryJsiuii. [TosHbI oTBET HA BOIPOC O MUHU-
MAaJIbHOCTH MJICAJIbHBIX TPUAHTYJIANMN ¢ nByMs pebpamu Jau B [2]. A umento, B
3TOM paboTe JO0KA3aHO, UTO JI00ast uaea bHas TPUAHTYJIAIUS C AByMs pedpaMu,
He JIOIYCKAIOIasl YMEHBIMAIOIIero npeobpazopanus [laxuepa tuma 3-2, sBser-
csl MUHAMAJIbHOI. BeckoHeuHble cepun TaKUX TPUAHTYJISIIIAN THIIEPOOJIMIECKIX
MHOT000pa3uil ¢ BIOJIHE [e0JIe3MIECKUM KPaeM IOCTPoeHb! B [3, 4].

Kak oka3zasoch, mpocThie MOAIMOIUIAPHL ABYMEPHBIX IIOJIUIIPOB, TBOWCTBEH-
HBIX WJICAJIbHBIM TPHUAHTYJISIUSM, UTPAIOT CYIECTBEHHYIO POJIb IIPH JIOKa3a-
TeJIbCTBE MUHUMAJIBHOCTH TPUAHTYJIsIuil. B ciaydae TpuaHryismnuii poBHO ¢
TpeMsi pedpaMu 9UCI0 TAKUX COOCTBEHHBIX IOJIIOIUIIPOB HE IPEBLIIIAeT TPEX
(remma 1). MUHUMAIBHOCTD TPUAHTYJISIIUN PACCMATPUBAEMOTO KJIACca, JIBOM-
CTBEHHBIE TIOJIUIPHI KOTOPBIX HE COJEpKAT COOCTBEHHBIX MPOCTHIX OO/
pOB, J0oKa3aHa B [5].

Iycrs Tpoiika (£1,£2,&3) ectb (4,7,9). Ciuenyiomas TeopeMa, ONHCHIBAIO-
m@asi JIOCTATOYHbIE YCJIOBUSI MUHUMAJIbHOCTU UJIE€AJIbHBIX TPUAHTYJIAIANA POBHO
¢ TpeMsi pebpaMu, eCTh OCHOBHON Pe3yJIbTaT PabOTHhI.

Teopema 1. Ilycmo T3 — udeanvras mpuaHeysauus KOMNAGKMHOL0 CEA3HO-
20 3-mmoz2000pasus M ¢ nenycmowm kpaem, cocmoswas uz N mempasdpos u
umerowas posro 3 pebpa. Ilpednonoocum, umo cneyuarvrud noauadp Ps, deoti-
cmeennbll mpuareyasyuy T3, codepocum posHo k cobCEEHHBLT NPOCTbLT NOO-
noauadpos, 1 < k < 3. Ecau N > £ U “UCAO UCTNUHHBLE 8EPULUH 8 KAHCIOM
cobCMBEHHOM TPOCTNOM TOINoAUIIPe nosusdpa Ps cmpozo menvuwe N — &, mo
T3 — MUHUMAGALHAA MPUGHLYAALUA MH02000pa3us M .

Ora TeopeMa NEPEKPHIBAET PE3yJbTaThl pabor [6, 7], B KOTOPBIX HOCTPO-
eHbl JBe OECKOHEUYHBIE CEpUM WIEATHHBIX TPUAHTYJISANNAN TUIEPOOTUIECKAX 3-
MHOT000pa3uil C BIIOJIHE TeOHe3WYeCKHM KDAaeM M JOKa3aHA WX MUHUMAJIb-
HOCTE. [lepBas cepust COCTOMT M3 TaK HA3BIBAEMBIX ODODOIIEHHBIX MHOTOOOpa3mit
[MTaomroru-1uMMepmana, MOy YaeMbIX CKIIEIKAMU I'paHell YCeueHHbIX OUinpa-
M. Bropyto cepuio 06pa3yior 3-MHOrooOpasusi, 3aaBaeMble 4-peryssipHbIMI
rpadaMu ¢ TpeMsi MIEPOBBIMU ITUKJIAMHA.



KuroueByto posib B JIoKa3aTesbCTBe TeOpeMbl 1 UrpaeT Tak HA3BIBAEMBIil -
MHBapHUaHT 3-MHOrooGpasuii [8], mpesjcrapisonmii co60ii TOMOIOIrMIeCKH TPH-
BHAJIbHYIO YacTh HHBapuanTa Typaesa — Bupo [9] nsitoro nopsijka, u Tak Ha3bl-
Baemas Teopema llekenmopda: g060e HATYPATbHOE YUCIO0 MOXKET OBITH OJTHO-
3HAYHO TIPEJICTABJIEHO B BUJIE CYMMBI OJIHOTO MJIN HECKOJBKUX PA3JINIHBIX THCETT
PuboHATIN ¢ UHIEKCAMHI HE MEHDIIE 2 TAKUM 00pa30M, ITO CyMMa, He BKJIIOYAET
HUKaKUe J[Ba [TOCJIeI0BATEIbHBIX dncjia PuboHaddn.

2 llpeaBapuresibHble CBeAeHUS

2.1 WNpeanbHble TPUAHTYJIAIIAN

Ilycrs T — KJIeTOYHBIH KOMIUIEKC, 0Ty 9eHHbII HONAPHBIMI OTOXK ICCTBICHIAMI
BCEX JIBYMEPHBIX TPaHeH KOHETHOrO HaO0pa, 3-CHMILIEKCOB C TIOMOIILIO CHMILIN-
IUATBEHBIX OTOOParKeHHil. 3aMeTHM, UTO KOMILIEKC 7 Ha CAMOM JejIe MOMKET He
ObITH 3-MHOI000PA3HEeM, HOTOMY UTO JIMHKH €0 BEPIITHH MOTYT GBITH IPOU3BOJIb-
HBIMH 38MKHYTBIME IIOBEPXHOCTSIMHE, a JIMHKH CEPEJINH pebep — MPOEKTUBHBIMI
IJIOCKOCTSIMIL.

Ilycte M — KOMIAKTHOE 3-MHOrooOpasie C HeIyCThIM KpaeM. Ecim pas-
mocts T\ 7, tme T — myasmepusii ocros kommiexca 7T, romeoMopdHa,
BHYTPEHHOCTH MHOroobpasust M, To KoMIiuieKc T GyneM Ha3bIBATh U0eaabhol
mpuar2yssyuet Maoroodpasus M.

2.2 CrhenpaJjbHbIE CIIANHBI

HamomHnM ompeiesieHust MpOCTHIX U CIENUATIBHBIX TTOMu3apoB cienys [10]. Kom-
HAKTHBIA MOJU3Ap P Ha3bIBAETCS NPOCMbIM, €CIH JIMHK KayKJIOH €ro TOYKU
x € P romeomopdeH OJHOMY U3 CJEIYIONUX OJHOMEPHBIX MOJIMIIPOB: (a)
OKDYZKHOCTH (B 9TOM CJIydae TOYKa T Ha3bIBACTCs Heoco6oll); (b) 0ObeIMHEHIIO
OKDY?KHOCTH U JuaMeTpa (B 9TOM CjIydae TOYKA & HA3BIBAETCS MpolHot mo-
x0(); (¢) OObEeIUHEHNIO OKPYKHOCTH U TPEX PaJuycoB (B 9TOM CJIydae TOYKA
& HA3BIBACTCS UCTMUHHOU 6epuiutol). THIIMYHBIE OKPECTHOCTH TOYEK [IPOCTOIO
noJsim3Ipa okasane! Ha puc. 1. Touku tunos (b) u (¢) 6yemM Ha3bIBATD 0COGBIMU.
MHO2KeCTBO 0COOBIX TOYEK MPOCTOrO MOIUdIpa P Ha3bIBAETCI €ro 0co0biMm 2pa-
¢pom u oboznagaercs SP. B obmem ciaydae maOXKecTBO S P He siBjIsteTcst rpadoM
H& MHOXKECTBE MCTUHHBIX BEPIMMH 1oJmdapa P, Tak kak SP MOXeT ComepKaTh
3aMKHYTbIe TPOWHBIE JTMHAN 6€3 UCTUHHBIX BepUINH. EC/u ke 3aMKHYThIX TPOi-
HBIX JinHU Het, To SP siBisiercs 4-peryisipabiM rpadoM (Karxkjas BepIIrHA
MHIUECHTHA POBHO Y€ThIPpEM peGpaM), BO3MOXKHO, UMEIOIIUM [ETJIH U KPATHBIE
pebpa.

Kasx 1p1ii IpOCTOl IOTM3AP UMEET eCTECTBEHHYIO cmpamugurayuto. CTpaTh
pasMepHOCTH 2 (2-KoMNoHeHmvt) — 9TO CBA3HbIE KOMIIOHEHTHI MHOXKECTBA HEOCO-
6b1x Toyek. CTpaThl pasMepHOCTH 1 — 3TO CBA3HBIE KOMIOHEHTHI MHOKECTBA, TO-
vek Tuna (b). Crparel pasmepHocTu 0 — 3TO UCTUHHBIE BEpINUHBL EcTecTBeHHO
oTpebOBATDH, YTOOBI KAXK Bl CTPAT ABJISICs KjeTkoit. [Ipocroit mommsap P Ha-
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Puc. 1. Pa3periennbie TUIIBI OKPECTHOCTEH B MPOCTOM ITOJIASIPE.

3BIBAETCS CNEUUANDHBIM, €CIIA BHIIIOJHEHDBI CJIEIYIONINE YCIOBUSA:
(1) Kaskplit 0ZIHOMEPHBII CTPAT Mou3Apa P sBJsieTcsi OTKPBITON 1-KJIeTKOMA.
(2) Kaxkyiast 2-KOMIIOHEHTa, TOIU3Ipa P siBjIsieTcst OTKPBITON 2-KJIeTKOM.
OueBHIHO, YTO €cJin MPOCTON MOUAP P CBSI36H U COIMEPKUT XOTs ObI OJHY
UCTUHHYIO BEPIIUHY, TO BBIIOJHEHNE YCJI0BUs (2) BJIeUET BBIIOJHEHUE yCIOBHS
(1).

IIycts M — cBsi3HOE KOMIAKTHOE 3-MHOroobpasue ¢ HelyCcThIM KpaeM. Kowm-
MaKkTHBIN nosmmaap P C M HaseBaercsa cnatihom MHOTOOOpasust M, eciin pas-
Hoctb M\ P romeomopdua OM x (0, 1]. Cnaiin MHOrooGpasusi Ha3bIBAETCS Cne-
YUAADHBIM, €CITH OH SBJISETCH CIEMUATBHBIM MOI3apoM. HecsioxKHO BUIETH,
9TO CHENUAJIbHBINA CHANRH CBI3HOTO 3-MHOTO00ODA3Us CBSI3€EH.

2.3 /IBOiiCTBEHHOCTh MEXK/Iy U/1eaJIbHBIMU TPUAHTYJISIUSI-
MU ¥ CHEelMaJbHbIMU cHaiiHaAMu

Kaxnast nieanbHast TpUaHryssanust 7 CBS3HOTO KOMITAKTHOTO 3-MHOTOOODA3Usi
M c HenycThIM KpaeM eCTeCTBEHHBIM 00pa30M OIIpeJesiseT IBOMCTBEHHBIII Clre-
[UAJIBHBIA ClaliH. A UMEHHO, ITyCTh TPUAHTYJISIIUsT | I0JIyIaeTCsi CKJIENBAaHUEM
Terpadapos 17, ..., Ty. B kaxaom terpasape T; paccmorpum obbeauHenue L;
JIMHKOB BCEX YETBhIPEX BEPIIUH TeTpa’dapa 1; B €ro mepBoM OAPUIEHTPUICCKOM
nozapaszbuennu (cm. puc. 2). Ckiefika rerpasnpos 11, . . ., Ty UHAYIUPYET CKJIeil-
Ky 1osmm37poB Ly, ..., Ly, B pe3yjbrare KOTOPOI MBI II0JIy4IaeM CIIEINATbHBII
osimaap P = UililLi, ABJIATOIINNCA claitHoM MHoroobpasust M. Xoporno uns-
BecTHO [10], uro conocrasierne T — P MHAyIUPYeT GUEKIUIO MEXKIy U/easlb-
HBIMU TPUAHTYJISIUAMU MHOr00Opasust M (paccMaTpuBaeMbIMU ¢ TOYHOCTHIO 110
KOMOMHATOPHON SKBUBAJIEHTHOCTH) U CHEIUAJILHBIMU CIARHAMU TOrO Ke MHO-
roofpasus (paccMaTpUBaeMbIMU C TOYHOCTBIO 110 roMeoMopdu3moB). Bosee To-
ro, comnocrasieare 7 — P WMHAyIupyeT B3aUMHO OJHO3HAYHBIE COOTBETCTBUS
MeK]ly pebpaMu, TPaHsIMU U TeTPa’dlaMi TPUAHTYJIATANA ] U 2-KOMIIOHEHTAMH,
pebpaMy U UCTUHHBIMU BEPIUHAME JIBOUCTBEHHOI'O CIEIUAJBHOrO craiina P.
[Ipudem 3T COOTBETCTBUSA COXPAHSIIOT OTHOIIEHUS WHIMIEHTHOCTH.
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Puc. 2. JIBo#icTBEHHOCTD MJI€ATbHBIX TPUAHTYSINN U CHEIUAIBHBIX CIAHOB.

2.4 IlpocTble TOANOJANAPHI U c-UHBAPUAHT

st nokasaresnbcTBa TeopeM 1 M 2 MBI HCIOJIBb3yeM e-MHBapuant [8] 3-
MHOT000pa3uil, MPeJICTABISIONNNA COOOH TOMOJIOTHYECKN TPUBHAJIBHYIO YaCTh
nupapuanTa Typaesa — Bupo nsitoro mopsizika [9]. Hamomuum ero onpegeste-
nue caeays [10]. Ilycrs P — crenuaiibHbIA CHAfH CBSI3HONO KOMIIAKTHOTO 3-
muoroobpasus M ¢ HenycrbiM Kpaem. O603uaunm depes F (P) MHOKECTBO BCex
€ro MPOCTHIX TOIIOJIIMA/IPOB, BKOUas P u mycroe MHOXKecTBO. 3aduKcupyem
€ = (1++/5)/2 — ommo u3 pentenuit ypasnenns £2 = ¢+ 1. CoOnocTaBuM Kazk10My
pocroMy noamdapy @ € F(P) ero e-Bec

w.(Q) = (—=1)V@X(@)~VQ)

rue V(@) — 1uciio uctuHubIX Bepinud B @, X (Q)) — ero siluiepoBa XapaKTepUCTUKA.
s crrenmanbHOTO craiina P mogokuM

(P = 3 w(Q).

QEF(R)

Kak nokazano B [10], eciu Py u P; — 1Ba clienuajbHbIX CIAHA OHOTO U TOIO YK€
muoroobpasus M, o t(Py) = t(Ps). [Tosromy e-unBapuant t(M ) MHOr00Opa3ust
M zanaercs dopmysoii t(M) = ¢(P).

UccnenoBanne MUHUMAJILHOCTH HJICATBHBIX TPUAHTYIISIANR TOYHO C TPEMs
pebpamu ym00HO pa3buTh HA CIyYad B 3aBUCHMOCTHA OT YHCJIa COOCTBEHHBIX
MIPOCTHIX TIO/ITOJINIAPOB JIBOWCTBEHHBIX CHENUABHBIX CraitHoB. Hamomunm, 910
[IPOCTOI TIOAITOIIdAP () CHenuaIbHOrO craiiia P Ha3piBaeTcst COBCTBEHHBIM, €C-
mQ#0DuQ+#P.

O603HaunM 1yepe3 d(P) 4uciio 2-KOMIOHEHT CIEIUAIBHOro Hosndipa P.



Jlemma 1. Qucao cobemeennbr npocmuix nodnosusdpos CeA3H020 CNEeuUudsb-
no2o noausdpa P ne npesocrodum 24F)—1 — 1

Jloxasamesvemeo. B cuity KOMIIAKTHOCTH MTPOU3BOJIBHOTO MIPOCTOIO MOJIHIPA.
Q € F(P), eciiu OH COIEPKUT XOTsA ObI OJHY TOUKY KAKOU-JIMOO 2-KOMIIOHEHTHI
«, 10 o C Q. Takumm o6pa3oM, [Tt OMUCAHUS TPOCTOTO MOANOIMdApa B P 1o-
CTATOYHO YKa3aTh, KAKNE 2-KOMIOHEHTHI OJIMApa P OH COEPKUT, TOCKOIBKY
€ro TPOHHbIe TOYKU U UCTHHHBIE BEPIIHHDI 110 STON HHGOPMAIINH OIPEIEISIIOTCS
OJTHO3HAYHO.

HamoMHIM, 9TO MMeeT MecTo XapaKTepucTuueckoe oTobpakenne f : D? —
P, xotopoe ToMeoMopdHO 0ToGpazkaeT BHyTpeHHOCTD mucka D? ma a, a orpa-
Hraenne Kotoporo ma S' = dD? gpigercss MOKaJIbHBIM BioxKenmeMm. Kpubas
flop2 : OD* — P (u ee o6pas f|yp2(0D?)) maspiBaercs epanuymoti Kpueot
2-KOMIIOHEHTHI (v B 00603HavaeTcs Ja.

HecioxkHO 3aMeTHTH, YTO €Cjii COGCTBEHHOE TIOJMHOMXKECTBO S 2-KOMITOHEHT
mosimapa. P 3amaér mpocToit moamosnsap, To B nonmsape P Hadimercs pebpo,
IO KOTOPOMY T'DaHWYHBbIE KPHBBIE BCEX 2-KOMIIOHEHT HAaO0opa S MPOXOIST POBHO
J1Ba pa3a. DTO 03HAUYaeT, YTo MoxkecTBo F'\ S He 3a7aéT 1pPOCTOil HOMIOIUID,
U3 9Yero BBITEKAET YTBEPIK/ICHHE JIEMMBIL. O

3 VYcuijieHHasi Bepcus TeopeMbl 1 Ha 3bIKe MOJIU-
3APOB

Bwmecto Toro, 4Tobb! J10Ka3bIBAThL TEOpeMy 1, MBI JIOKaxKeM 0oJjiee CUIBLHBIH pe-
3yJIbTAT U3 KOTOPOI'O JIaHHASI TeopeMa OyJIeT CJIe0BATh.

JIBa crienuaIbHBIX MOJIMSIPA HA30BEM £-IKEUBAAECHMHbLMU, €CTTN Y HIX COB-
MajaoT DUIEePOBbl XaPAKTEPUCTUKN U 3HAYEHUS £-MHBApUAHTa. B dacTHOCTH,
JII00BIE CIeIaIbHbIE CIIANHBI OJTHOI'O M TOrO YK€ MHOT000OPa3us £-9KBUBAJIEHTHBI.

Teopema 2 (Ycusennas sepcust Teopemsl 1). Iyemo Py — c8asnoiil cneyuaab-
Hotll noAuIdp, umerowul poeno N ucmunnnx sepwun, k cobcmeennoix npo-
cmuz nodnoausdpos, 1 < k < 3, u mpu 2-komnonernmsi. Ilpednonoscum, wmo
N > & u noauadp P e-aKx6uBaAEHMEN CNEYUAAGHOMY NOAUIODY P ¢ menvuium
yucaom 2-komnonenm. Tozda 6 nosusdpe Py natidemes cobemeertviii npocmot
noonoauadp ¢ ne menwovwe, vem N — i UCTRUHHDLMU GEPULUHAMA.

Jlemma 2. Ymeeporcdenue meopemos 1 caedyem u3 meopemvs 2.

Hoxazamenvcmeo. Ilycrs Tpuanrymsius T3, momwsap Pz u unciaa N,k Kak B
ycsroBuu Teopembl 1. Paccykiast OT NPOTHBHOTO MPEIIIOIOXKIM, 9TO TPUAHTY-
Jisanust T3 He MuHUMaJjbHA. Torja cyliecTByeT TpUaHTyJisiiusi | MHOroobpa-
sust M ¢ mesbImmM 4ducjiom terpaeipoB. ObosHaunMm depes P crenuajbHBIN
noaudp, AsoiicrBennpiil Tpuanryssiuu 7. Torma V(P) < V(P3) = N u, tak
KaK IOMIOJUIPHI 33]al0T OJHO W TO Ke MHOroobpasme, TO mosmdap Ps e-
sKBUBaJIeHTEH omdapy P. Tak Kak 0coObIil rpad Crermua bLHOTo MOJIUdIpa, siB-
JITeTCs 4-peryIsspHbIM, TO IUCTO0 pebep B mosmdapax Ps u P B aBa pasa 6osbiie



qncsa UX UCTUHHBIX BepumH. 3HaunT d(P) —V(P) = x(P) = x(P3) =3— N, To
ectb d(P) < d(Ps). B cuiy Teopemsr 2 onmaap Ps nmeer coGCTBEHHBIH TIPOCTOM
TIO/IIONTUBIP ¢ He MeHee, YeM N — &), ICTUHHLIMA BEePITUHAMHE, 9TO TPOTUBOPETUT
YCJIOBUIO TEOPEMBI 1. O

3.1 O6 uaesax J0OKa3aTeJIbCTBA yCUJIEHHOIN Bepcuu

[Iycts mommanper Ps, P u wucna N, k kax B hopmyauposke Teopemsr 2. Torma,
COTJIACHO OIIPEJIEJIEHUIO £-9KBUBAJIEHTHOCTH, CIIPABEJINBO PABEHCTBO

t(P3) = t(P). (1)

Beimuimem BO3MOXKHBIN BHJji 06enx dacreil sToro paseHcrsa. Ciieyrorast
JieMMa OIMCHIBAET BHUJI IPaBoOil dacTn paBeHcTBa (1).

Jlemma 3. ITycmw noausdpot P, P u wucao N xax 6 popmyauposre meopemos 2.
Tozda 603MO2HCHDL MPU CAYHAA.

1. V(P) = N — 2, noauadp P umeem poeno odny 2-xomnonenmy u t(P) =
(_1)N—2 . 55—2N + 1’.

2. V(P) = N — 1, noauadp P umeem poero dee 2-KOMNOHEHMbL, HE UMEEM,
cobemeennvr npocmuir nodnoauadpos, u t(P) = (—1)N-1. g4=2N 4 1;

3. V(P) = N —1, noauadp P umeem po6ro d6e 2-KOMNOKEHMbL U COO0EPIAHCUN
Po6Ho 0dun cobemsentwill npocmoti nodnoauddp (06osnavum e2o uepes @),
ut(P) = (=1)N-1. 42N 1 ()V(@x(@)=V(@) 4 1,

Zoxasamesvcmeo. Taxk kak ocobblit rpad CHEINAIBLHOTO TOJII/IPa ABsIeTCs 4-
PeryJisipHBIM, TO YHCIO pebep B mojuanpax Ps u P B 1Ba pasa 0oJiblle ducia
ux ucrunubix BepumH. [Tostomy X (P3) = 3 — N u x(P) = d(P) — V(P). Tax
KaK £-9KBUBAJIEHTHOCTH 110yn3poB Ps u P Bieder pasencrso x(P) = x(Ps), To
V(P)=N—-2upud(P)=1uV(P) =N —1 upu d(P) = 2. Hucso cobcTBeHHbIX
MPOCTHIX TIOJNOIUAPOB B P M3BECTHO W3 JIEMMBI 1, UTO MO3BOJISIET BBINUCATH
dbopmyny mas t(P). O

Yrobel onmcaTh BHJ NpaBoil dacTu paseHcrsa (1) s Havasa 0603HATMM
MIPOCThIE TIOMIOAUIIPEI TTonm3apa P3 depes Rq,..., Rx. I3 mokasarenbcTBa
npebLayeit Jemmbl 3HaeM, uro X(Ps3) = 3 — N, Torga JieBas 4acTb paBeH-
crBa (1) upuHUMaeT cieryomuii Bu:

k
1(Py) = (~)VESTN 4 Y7 (- VIRV g, (2)

=1

Herpyznno Tenepb 3aMeTUTD, YTO [0 MOJLYJIIO IIEPEHOCA CIaraeMbIX (popMyIa
(1) umeer Bug

€ 4 et =M e, (3)



THE G1y---yQApy1, ..., 0 € Z,n,m € N. B ciemyromiem pazjese Mbl TOKaXKeM,
YTO IPU MaJIbIX 7 U M MEXKJy IOKa3aTessIMU CTeIeHeil a; u b; CyIecTBYIOT
OIIpe/IeJIEHHBIE COOTHOIIICHMSI.

4 CooTHollleHUsI Ha TIOKA3aTeTe I CTeleHel B pa-
BeHCTBE (3)

Jdemma 4. ITycmwv e =¥ 4 -+ + &b 2dem > 2 wa,by, ..., by, € Z. Tozda
CMPasedaUBdl CACOYOULUE YMBEPHCICHUS.

1. a > b; daa aobozo 1 <i < m;
2. ecau m = 2, mo wucaa by, by pasrora — 1 u a — 2.
3. maxi<j<m(a — b;) pasnaemca 4 npu m = 3; 6 npum = 4.

Jemma 5. ITyemo €™ + % = e + &P 20e ai,a9,b1,b0 € Z, npuuem
a1 < ag, by < bg,a1 < by. Toeda cnpasediuso 0dHo u3 08YxT cAIYOUWUT YMEED-
orcdenuti:

1. a1 =b1,a9 = by;
2. ap = a1 +3,by = by = ay + 2.

JIemMma 6. ITycmo €% + %2 = g0 4 b2 4 £b3 ) 20e ai,b; € 7, npuvem a; # b;
ona ecex i € {1,2},5 € {1,2,3}. Toeda maxX, yeia,,az,b1,b0,5} (T —Y) = 5.

Hanomunm, 9ro wuciamu Pubonauwy, HA3BIBAETCS IIOCIIEI0BATEIHLHOCTH
{F(i)}icz pekypentHo 3anannas coornoienusyvu F(1) = F(2) =1 u F(j) =
F(j—1)+F(j—2),j€Z.

JlJ1st I0Ka3aTeIbCTBa IPUBEIEHHBIX BBIIIE JIEMM BMECTO TOTO, YTOOBI pado-
TaTh ¢ paBeHcTBaMU Buja (3) HaMm OyjeT yg00HO epefiTh K paBeHCTBAM BUJIA

Fz1)+... + F(xn)=Fy) + ... + Fym)- (4)
CJIe,ILyIOHLaH JIeMMa, OIIMCBIBaAET 9TOT HepeXOL[.

Jlemma 7. Iycmo aq,...,a45,b1,...,b, € Z dosaemeopsem pasercmey (3),
moeada 0as 106020 s € 7 cnpasediuso paseHcmeo

Flay+s)+ -+ F(an+s)=Fb1+s)+-+ F(by + 9). (5)
Zloxasameavcmeo. HeTpymHo 0Ka3aTh 0 UHIAYKIIUU, YTO CTEIICHU € BhIpaXka-

IOTCsI KaK JIMHeHa st KoMOnHamys € u 1 ¢ koaddurierramu B uncaax Oubonadadu:

e"=F(r)-e+F(r—1),reZ (6)



Ucnonbayst bopmyny (6) 3aMeHNM Kaykmoe cjiaraemMoe B paseHCTBe (3) u
IIeperpyImnepyeM cjiaraemMble:

(F(a1)+... + F(an)) e+ (Fla1 = 1) +... + F(a, — 1)) =
=(F(b)+... +F(bw)) e+ (F(b1 = 1)+ ... + F(by, — 1))

Tak Kak € — UppaIMOHATIBLHOE UUCIO, TO CJAraeMble C € U 0e3 JTOJIKHBI ObITh
paBHbBI TI0 oTAeabHOCTH. [loyaaeM cucremy:

F(a1)+ +F(an)=F(b1)+ +F(bm)
Flai—1)+... 4+ F(ap,—1)=F(b; —1)+... + F(b,, — 1)

Taxum obpazom pasercrso (5) cupasemiuso upu s € {0,1}. CupasenyuBocTsb
9TOr0 PaBEHCTBA JJIsl IPOU3BOJIBHOTO § € Z JIETKO JOKA3bIBATCS IO MHJLYKIAH.

O

B coorBercTBUM C JileMMOiT 7 MBI MOXKEM JIOOUTBHCS CKOJIb YI'OJHO OOJIBIITNX
UHJIEKCOB B PaBeHCTBE (4), 4T0 I03BOJISET IPUMEHUTD TaK HA3BIBAEMYIO TEOPEMY
Hexennopda: 1000€e HATYPAJTBHOE THUCJIO T MOXKET OBITH OHO3HAYHO IIPEICTAB-
JIEHO B BUJI€ CyMMBI OJIHOTO MJIA HECKOJIBKUX Pa3audHbIX duces Pubonavqdn c
MH/IEKCAMU HE MEHbINe 2 TakuM 00pa30M, 4TO CyMMa He BKJIIOYAaeT HUKAKUE
JIBa TOCJIe0BaTe/IbHbIX unciaa PuboHauun. Takoe mpejcraBiieHne Ha3bIBaTe-
cs1 npedemasaenuem Lexendoppa wucaa r. Jucsio ciaaraeMbix B IPEJICTABICHUN
ekennopda naspiBaercs ero daunot u obosuagaerca £(r). Ilamee Mbl JJOKazKeM
HECKOJIBKO CBOUCTB JJIHBI 1ipe/ictasienns Llekenmopda, koTopbie monamodsiTes
[IpU J0Ka3aTeabcTBe jieMM 4, 5 u 6.

JIemma 8. ITycmo F(x1), F(x2) — wucaa Qubonayuwu, 2de x1,x2 € N, 3 < 1 <
xo, u C = F(x1) + F(x3). Toeda sepruvi caedyrousue ymeepircoeHus:

1. E(C) =1 mozda u moavko moada, koeda xo = x1 + 1;

2. €(C) = 2 moeda u Mmoavko mozda, Koeda AuO0 o — T > 2, AUbO To = X1;
3. ¢(C) <2.

Jokazameavcmeo. Ecim F(x1) + F(x2) asasierca npencrasiaenueM Llekenmop-
da, 10 {(C) =2 u x9 — 1 > 2. Unaue no reopeme Llekennopda aubo nuiex-
CBl T1 U T coBnagalT (B aroMm cayuae 2 - F(x1) = F(z1 —2)+ F(z1 + 1) n
£(C) = 2), mubo ABAAIOTCs TOCIeI0BaTeIbHBIMU (B 3TOM ciyuae C = F(x1 4 2)
ul(C)=1). O

JIemma 9. ITycmo F(x1), F(x2), F(x3) — wucaa Qubonanyu, 2de x1,x2, T3 €
N, 4 <z <<z, uC = F(x1)+ F(az) + F(x3). Toeda seprv, caedyroujue
YMEEPHCICHUA:

1. E(C) = 1 moezda u moavko moeda, kozda napa (T2, T3) npunadiescum
mmoorcecmey {(x1 + 1,21 + 1), (x1 + 1,21 + 3)}.
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2. £(C) = 2 mozda u moavko mozda, Kozda aubo napa (x2,r3) npuradae-
orcum mroorceemsy {(x1,x1), (x1,x1+2), (143, 214+3)}, aubo x5 = xo+1,
aubo T3 > 11 +4 uxe =21 + 1.

Jokxazamenvcmeo. TlockoibKy Hac HHTEpeCyoT ToJbKo caydait £(C) < 2, mo-
JKEM CUUTATh, 9TO BbIpaxkenue F(x1) + F(x2) + F(x3) He siBisieTcs IIpecTaB-
senanem lekenmopda uncia C. Torma uMeoTcs 18 BO3MOXKHOCTH.

Ecsm cpem MHIEKCOB X1, T2, T3 €CTh JIBa TOCJIEIOBATENBHBIX (0603HATIM
ux a u « + 1, tperuit ungekc obosznaumm ), ro C = F(a + 2) + F(B). B
CUJIy JIEMMBI 8, E(C) = 1 Torma u TOJBKO TOrma, Korma B = a + 1 wm g =
a + 3. DT0 PaBHOCUJIBHO TOMY, YTO Tapa (Tg,XT3) UPUHAIJIEKAT MHOKECTBY
{(z1+1,21+1), (z1+ 1,21 +3)}. B ocranpubix ciayvasx, korga jubo § < a+1,
aubo [ = a + 2, ubo S > « + 3, BBITOJHIETCS PABEHCTBO E(C) = 2. 910
PaBHOCHJILHO TOMY, 4TO JInOO Ty = x1 + 1 1 x3 = x1 + 2, mubo x3 = x2 + 1, 1060
r3>x1+4uma,=x1+ 1.

Eciu ke cpesiy MHAEKCOB T, Lo, T3 HET MOCJIEI0BATELHBIX, TO HARIY TCI KAK
MUHHMYM JIB& COBIAAaommx nHjaekca. OG03HAIMM Ba COBIAIAIONNX HHIIEKCA
gepes (v, TPETUil MHJIEKC 0003HAINM 4Yepes3 (3, IPU 9TOM, B CUJLY IIPEIIOTIOKEHNUS,
B # a £ 1. Torna umeem C = F(a — 2) + F(a + 1) + F(f). Iockonbky sT0
BbIparKeHNe TakzKe He siBJisiercs npejcrapiaenueM llekennopda ancia C, o § €
{a=3,a—2,a,a+ 2}. Bamernm, 9r0 caydaii § = o — 2 HAC HE UHTEPECYET, TaK
KakK TOrjaa Z(C’) = 3. B ocranmbHbIx cirygasx E(C) = 2, To ectb napa (T, x3)
IpuHATIERAT MHOXKeCTBY {(21,21), (x1, 21 + 2), (21 + 3,21 + 3)}. O

JIemma 10. Ilycmo F(x1), F(x3), F(x3), F(xs) - wucaa Qubonauwu, ede
x1,x2, 23,4 ENJA <11 <9 <3< a4, uC =F(x1)+F(x2)+F(x3)+F(x4).
Tozda £(C) = 1 moada u moavko moeda, kozda mpotixa wucea (Lo, T3, Ty) NPU-
nadaesrcum muoocecmsy {(x1 + 1,21 + 1,21 +2), (x1 + 1,21 + 1,21 + 4), (21 +
1,214+ 3,21 +3),(x1+ 1,21 + 3,21 + 5)}.

Joxasameavcmeo. TlockobKy Hac MHTepecyroT TosbKo caydait £(C) = 1, mo-
JKEeM CUYMTaTh, 9T0 Bhipaxkenue F(xq) + F(x2) + F(x3) + F(r4) He siBasiercst
npeacrasinerneM Lexenmopda aucna C. Torma uMeroTes 1Be BO3MOKHOCTH.

Ecmm cpemm WHIEKCOB 1, X2, X3, T4 €CTh JBA IMOCTEIOBATENBHBIX, TO €CTh
Haiinercs Takoe ¢, 1 < ¢ < 3, uyro x;11 = x; + 1, To 3amenum ciaraembie F(x;) u
F(z;41) B pasnoxkennn uncia C va F(z; +2) 1 n1epeo60o3HAUNM HHIEKCHL Yepe3
B1 < P2 < Bs. Torma C = F(B1) + F(B2) + F(B3). Hockomeky £(C) = 1, B
cuiry jiemmbl 9 mapa (82, 83) npunamiexur muoxkectsy { (61 + 1,61 + 1), (81 +
1,81 +3)}. Bospamasce K UCXOIHOI YeTBEPKe MHIEKCOB HOJIy9aeM, YTO TPOHKa
UHJIEKCOB (X9, T3, T4) upuHaaekur Muoxkecrsy {(x1 + 1, z1 + 1,21 + 2), (z1 +
lyxy+ 1,z +4), (1 + 1,21 + 3,21 +3), (1 + 1,21 + 3,21 + 5)}.

Eciu ke cpem MHIEKCOB X1, T2, T3, T4 HET TOC/IEI0BATEIHHBIX, TO HAN Ly TCSI
KaK MUHAMYM JBa COBIAJAIONMX MHJEKCA (0D03HAYUM UX (v, OCTABIIUECH JBA
nHjekca obosnaunM [ u 7). Iockombky £(C) = 1 nmeem

C=F{p)=F(a—2)+F(a+1)+ F(B8) + F(v), (7)

JIJ7IsT HEKOTOPOTO P > v + 2.
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Papenctso p = « + 2 B JeHCTBUTEJLHOCTH HEBO3MOXKHO, TAK KaK TOLJA
dopmyna (7) nepenuceiBaeTcsi BBUIE

Fla—1) = F(5) + F(v),

YTO B CHJLY JIEMMBI 8 IPOTUBOPEIHUT OTCYTCTBUIO TIOCJIETOBATEIBHBIX THUCEIT CPe-
1 MHIEKCOB L1, X2,X3,T4.
Paccmorpum pazsioxkenue F'(p) B cyMMy CJIe/LyONIero BUIA:

Fp)=F(p—-1)+Fp-3)+...+F(p—2r—1)+F(p—2r—2), (8

’ p—a—3
npu4deM ImapaMeTp pa3JIO2KCHHA 7" II0JIO?KUM PaBHBIM \‘72

3rech T momobpaHo Tak, uro Jmbo p — 2r — 1 = o+ 2, ymbo p — 2r — 2 =
a+ 2. 3ameTnM, 9TO BCe cjlaraeMble KpoMe o+ 2 B IpaBoii yacTu pasencTsa (8)
obpasyior npezcrasienue Llekenmopda aueet 7+ 1 HEKOTOPOro HATYPATIHLHOTO
qncia, Koropoe obosnaunMm depes S. Takum obpazom, st Jjoboro p > a + 3
nMeeM

F(p) = Fla+2)+S.

ITpupasuuBag npasbie dacru pasercts (7), (8) mosydaem
FB)+F(y)=Fla—-1)+5.

Tax Kak MHIEKCHI 3 U Y HE ABJSIOTCA OCJIEI0BATEIBHBIMA, TO JIEMMa 8 BJICUET
((F(B) + F(y)) = 2. IockoibKy MUHIMAJIBHOE CJaraemMoe B pasioxkenun Ile-
keHopda ancia S ectsb au60 F(a+1), mubo F(a+3), To {(F(a—1)+S5) = r+2,
orkyma ciemyer 7 = 0. Tak kak [ # « 110 jgemme 8, TO OIWH U3 UHJIIEKCOB [3, 7y pa-
BeH a — 1. 9TO IPUBOAUT K MOTUBOPEYHIO, TaK KaK CPEIN MHICKCOB X1, T2, T3, T4
HafiIyTcs IOCIeI0BaTe/IbHbIE. O

3amevwarue. Orpanundenus Ha rp cHu3y B jieMMax 8, 9 u 10 mpoJIuKTOBAHO UC-
KJIIOYNTeIbHO TeopeMoii Ilekeniopda, KoTopast BBIIOJIHAETCS TOJIHKO KOTJ[a NH-
nekchbl unces PuboHaTIN OOJIBINE €IMHUIIE.

Zoxaszameavcmeo aemmot 4. Ilo gemme 7 jjist 1i060ro § € Z BEPHO PABEHCTBO
Fla+s)=Fb1+s)+Fba+s)+ -+ F(by + s5). (9)

Bri6epem anciio s € N tak, arobet a+s > 4 u b;+s > 3 g scex i € {1,...,m}.
B cuiy Takoro Boibopa unciia s Bee dnciaa Pubonaudu u3 pasencrsa (9) crporo
IIOJIOYKUTEJILHBI, 9TO BJIEYET CIPAEIIMBOCTD IIyHKTa 1 HacTosmeil seMmbl. Jla-
Jlee, MyHKT 2 JAHHON JIEeMMBbI cjemyer u3 myHkTa 1 siemMbl 8. CripaBe iinBOCTh
IIYHKTa 3 cpa3y cjeayeT u3 IyHKTa 1 jgemMel 9 u semmsbl 10. O

Lloxazameavcmeo aemmnv, 5. Ecin Kakme-To nBa okasaTess CTelleHell Juces €
W3 JIEBOI W IIPaBOii YacTeil pABEHCTBA COOTBETCTBEHHO PABHBI MEXK Iy cODOii, TO
aliblﬂagibg.
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[IpeamonokuM, 9T0 paBHBIX IIOKa3aTejell CTeleHell Yucesl € B Pa3HBIX 4a-
crsix paBeHcTBa HeT. [lo jsiemme 7 jutst 1100010 S € 7 BEPHO PABEHCTBO

F(a; +s)+ F(az) = F(by + 8) + F(ba + ). (10)

Buibepem wmciio s € N tak, 9T00bI MHIEKCH a1 + S, a2 + S, b1 + S, by + s ObLIN
Goabirie 4. O6o3naunm epes Cs uuncio F(ay + s) + F(az + s).

st Hauasa 3amMeTuM, aro obe gactu pasercTsa (10) npegcrapaenusivm Lle-
KeH0pda sIBJISTHCA HE MOTYT, TaK Kak 1o Teopeme llekenmopda mHeKchl ObLn
OBbI PABHBI, 9YTO IIPOTUBOPEYUT IIPETIOIOKEHIIO.

Ecisin 06e yacru pasencrsa (10) e sBistiorcs npejcrasienusamu lekeHmop-
da, To o nmynkTam 1-2 jieMMbl 8 B 000MX HaCTAX PABEHCTBA TaK K€ CTOSAT
OJIMHAKOBBIE CJlaraeMble.

Eciu ke onna u3 gacreit pasencrsa (10) sisiercs npegcrasienuem [exen-
nopda, a apyrasi He SBJISIETCsS, TO B COOTBETCTBHUH C JIEMMOU 8 TOJIydaeM, 9TO
£(Cs) = 2 u name paBercTBo umeet Bug F(x)+ F(z) = F(x —2)+ F(z+ 1) ms
HEKOTOPOTO T, YTO COOTBETCTBYET PEIIeHHIO as = a1 + 3,01 = bs = a1 +2. O

Lloxazameavcmeo aemmu, 6. 1lo jevme 7 1jist 1106010 S € Z BEPHO PABEHCTBO
F(a1+s)+ F(ag+s) = F(by + 8) + F(ba + s) + F(bs + s). (11)

Bribepem uncio s € N Tak, 91006 UHAEKCH a1 + S, a2 + S, b1 + S,ba + S,b3 + s
6b1mm Gosbine 4. O6o3naunM depe3 Cy uncio F(ai + s) + F(az + s). Ilo mynxry
3 semmbl 8 umeeM, uro £(Cs) < 2. s kaxoro us suadenuii £(Cy) obe gactu
pasencrtBa (11) GymyT BbIpazkaThcs B TepMuHax npejcrasienus llekemmpopda
qnciia Cy o memmam 8 u 9. HecstozxHbIM 1epebopoM Beex BO3MOXKHBIX COUeTaHUI
TOJTy UM TpedyeMoe. O

Samevarue. [Ipon3BosbHBIN BEIOOD YKcIia S B ieMMax 4, 5 u 6 Ha caMOM JieJie He
BJIUSIET HA TIOJIyYeHHbIE Pe3yJIbTaThl, TAK KaK OHU (POPMYJIUPYIOTCS B TEPMUHAX
OTHOCHUTEJIbHOI'O PACIIOJIOXKEHNS MOKa3aTelell CTeleHell € Ha YUCJIOBON NPSAMOW,
9TO He 3aBUCHUT OT OOIIEro CABUTA UHIEKCOB.

CTouT OTMETHUTD, ITO XOTS JI0KA3aTEJIHCTBO JIeMM 4, 5 1 6 ujeT b B OJTHY
CTOPOHY, TO €CTh U3 PaBEHCTBa BBIBOJSATCS HEKOTOPBIE COOTHOIIEHNs, BEPHO U
oOpaTHOE yTBEP:KIEHNE, TO €CTh HANIEHHBIE COOTHOIIIEHNS [IOCTATOYHBI JIJIsT BbI-
noHeHus paBeHcTBa. OOpaTHast MPOBEPKA HE MPUBOJIUTCS, TAK KAK HE sIBJISETCS
HEOOXOIMMOM JIJTsT TOKA3aTeIbCTBA JAJTBHEHITNX YTBEPXKIACHNUI.

Wroro, Mbl cchopMyTupOBaIN PsiJi CBONCTB PABEHCTB BUJA 3 I MAJBIX N U
m. [Ipumenum ux JUIsT JJOKa3aTeIbCTBA TEOPEMBI 2.

5 Jloka3aTeJibCTBO T€OpeMbI 2

JJist foKa3aTeIbCTBA HAM TOHAI00SITCS CJIEIYIONIIE YTBEPKICHUSI.

Jlemma 11. ITycmov P — cea3Hbill cneyuasvroit noiusdp, a QQ — e2o cobecmeen-
Holll npocmot noonoauadp. Toeda x(Q) > 1 —V(P).
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Zoxasamesvcmeo. HamomuuM, 9TO crienuaibHbIN TOIM3Ip P nMeeT ecTecTBeH-
HOE KJIETOYHOE pa30ueHue: 2-KJAEeTKU — 3TO 2-KOMIIOHEHTHI; 1-KJIETKU — 3TO TPOi-
Hple jiuHUK; 0-KJIeTKH — 3TO UCTUHHBbIE BepIMHLI. KjerouHnoe pasbueHue Io-
Jmsapa P uHAynupyer K/eTodHoe pas3OueHHe ero IpoCTOro HoaunoJmdapa Q.
O6o3HaYMM Uyepe3 ¢; MHOXKECTBO i-MEPHBIX KJeTok mosmudipa (. Torma x(Q) =
co — c1 + ca. Tak Kak ¢1 < 2¢g, ¢g < V(P)uce > 1, 10 x(Q) > 1—-V(P). O

Jlemma 12. Ilyemv W — cneuyuaasvHuli moausdp posHo ¢ deyms 2-
Komnornermamu u U — ezo cobemsernvi npocmot nodnosusdp. Ecau V(W) > 2
uV(U) 2 V(W) =2, mo x(U) = x(W) — 1.

Zoxasameavcmeo. s mokaszaTeabCTBa HAM TOHAI00STCS JABa TPUBUAILHBIX
CJIEJICTBHS U3 OIIPEJIEJIEHUST TPOCTOTO TOIIOIHI/IPAL

(a) Iycts 0 HeKOTOpasi 2-KOMIIOHEHTa CIENUAILHOrO IOJUIPA, & U — ero
WCTUHHAS BepinuHa. Kcm mo ognoMy u3 pebep, MHIMIEHTHBIX BEPIUHE v,
rpaHnvHasi KpuBasi 0o MPOXOIUT POBHO TPH Pa3a, TO M0 KaxKJI0My pebpy,
WHITUEHTHOMY BEpIIIHE v, TPAHUYIHasT KPUBasi J0 MPOXOJNT XOTs ObI pa3;

(b) Ilycte o HEKOTOpasi 2-KOMIIOHEHTA CIIEIUATBHOIO IMOJIUIPa, & U — €ro
HUCTUHHAS BeplnHa. Kcau Haiizercs meTiis, NHIMAECHTHAS BEPIITHE U, 110
KOTOPOI rpaHnvIHas KpuBas J0 MPOXOIUT POBHO TPU Pa3a, TO M0 KaXKIOMY
pedpy, UHIMAEHTHOMY BEPINNHE v, FPAHUYHAs KpUBasi J0 MPOXOIUT XOTS
ObI JIBaXK/IbI.

Kax y»Ke yIoMHuHAJIOCH, TTPOCTOM TIOJIIOJIMIP CIEIUAILHOTO MOJIA3IPa OIHO-
3HAYHO 33J[aeTCsi HAOOPOM €ro 2-KoMroHeHT. OO03HAINM Yepe3 (¢ 2-KOMIIOHEHTY
nonmanpa W, npuraiiexantyro moamomsapy U, BTOPYIo ke 2-KOMIIOHEHTY 000-
snaqum ygepes 3, . ¢ U.

JlocTaTovYHO JIOKA3aTh, 9TO I'PAHUYIHAS KPUBas Oa MPOXOJIUT IO KaXKIOMY
pebpy ocoboro rpada SW. [leiicrBuTe/bHO, B TAKOM CJiydae moamomsap U Kak
KJIETOYHBIN KOMIIJIEKC TOJIydaeTcs u3 noamdyapa W ynasenneM poBHO OJTHON 2-
kierku, a suagut X(U) = x(W) — 1, uro u Tpe6oBaiocs.

Paccyx1iast 0T IPOTUBHOTO, TIPEJIITOJIOKNM, ITO HANIETCsl HEKOTOpoe Pebpo
€p IO KOTOPOMY He IPOXOJMT T'paHudHas Kpubas Oa. CHadaia JOKayKeM, 9TO
rpanngHast Kpusas OF NPOXOJUT POBHO IO JBYM MCTUHHBIM BepimuHam. Co-
IJIACHO YCJIOBHIO JIEMMBI B mosimdpe W cyrnecTByeT XoTs Obl O/IHA BEPIIUHA 110
KOTOPOIl HE MPOXOIUT rpannyHast Kpusas 0. Torna B cuty CBA3HOCTH MMOJIAI-
pa W mHaiinyTcs Takue coeuHEeHHbIE peOPOM BEPINUHBI Vg U ¥1, 9TO vy € O3, a
vy € 0. Obozunaumm pebpo vovy Uepe3 e1. 3aMeTUM, 9TO pebpo ey He MOXKET
ObITH MHIMJIEHTHO BEPIIUHE ¥, TAK KaK 9TO MPOTUBOpEUMsO Obl (a), a 3Ha-
YUT rpaHudHas KpuBasi 0 IPOXOIUT XOTs Obl 10 JBYM UCTUHHBIM BEpITHHAM
noymmdapa W. C npyroit CTOPOHBI MO YCJIOBUIO JIEMMbI TPAHUYHAS KpuBas O3
MpOXoauT He HoJiee, YeM IO BYM HUCTUHHBIM BepiumHaMm mojaumdapa W. 3Haqut
rpannvHasi KpuBasi 0f MPOXOJUT POBHO IO JBYM UCTHHHBIM BEPIIMHAM, 9TO U
TpebOBAJIOCH.

Pebpo ey 11pu 3TOM sBJIsIeTCs TIETIelH, MHIIMIECHTHON BTOPOH BEpIIUHE, KOTO-
pyio obo3HaYMM 4Yepe3 vo. Kpome Toro, B TaKOM cJiydae JOJIZKHO CYIIEeCTBOBATh
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pebpo v1vy, 0603HATNM €r0 uepes es. Torma ¢ OJHON CTOPOHBI, IpUMeHsst (a) K
pedpy €1, MHIMIEHTHOMY BEPIIUHE v1, UMEEM, YTO IpaHUYHAasi KpuBas Oq MPO-
xXoauT 10 pebpy es xora Obl pas. C apyroit croponbl, npumenss (b) K pebpy
€p, UHIWJIEHTHOMY pebpy g, UMeeM, 9TO MpaHuYIHasl KpuBasi Jf MPOXOJIUT TI0
pebpy €2 XOTs ObI JIBaXKJIbl. SHAYNT MPAHUIHAS KpUBas Jq TPOXOWJINAT 110 pedpy
€2 POBHO OJWH Pa3, YTO IPOTUBOPEYUT IIPOCTOTE mosmosndapa U. O

B messix yupormenusi n3Ji0KeHus JI0KA3aTEIbCTBO TEOPEMBI 2 Pa3/IeJIeHO B
3aBUCUMOCTH OT 3HAYEHU: K.

5.1 Caywuaii k=1

B coorsercrBun ¢ dopmyioit (2) u semmoit 3 paBeHcrso (1) npuHHMaeT ofHy
U3 CJIEeYIONuX (hopM:

i (_1)V(R)€X(R)7V(R) — (_1)N . 5472N

ii. (_1)V(R)Ex(R)—V(R) — (_1)N—1 . 85_2N

)

il (—1)N . 72N (=) x(R)—V(R) — (_1)U(@)x(@)-V(Q),

Pacemorpum ciryuait, korga paserctso (1) npunumaer dopmbl ¢ u ii. Boi-
paxenue X(R) — V(R) B aTux cirydasx OpuHAMaeT 3HadeHnst 4 — 2N u 5 — 2N
COOTBETCTBEHHO. Y TBEPKJIEHUE T€OPEMbI TOTJIA CJIeYeT u3 jeMMbl 11: neitcTBu-
resbHO, HepaBeHCTBO Y (R)—V(R) < 5—2N Bieder B cuity JieMMbl 11 yTBepKjie-
Hue Teopembl: V(R) > N —4 = N — &;. Takum 06pa3om jiajiee MOXKHO CIUTATh,
9TO

X(R) —V(R) > 5— 2N. (12)

ITepeiizeM K pacCMOTPEHUIO CIIydasi, Korjia paseHcTso (1) npuaunMaer dhopmy
i7i. B coorsercrBun ¢ semmoit 3 rorja V(P) = N — 1. PaBeHCTBO 4% MIEHTUIHO
PaBEHCTBY M3 yCJIOBHUSI JIEMMBI 4 €O 3HAUEHNEM ITapaMerpa m = 2. B cuity yTBep-
kyenuit 1 u 2 iemmsl 4, mokazarenn creneneit 5—2N, x(R)—V(R) n x(Q)—V(Q)
€ecTb [0C/Ie/[0BaTe b HbIe ncia. Janpaeiiiiee paccy K/ ieHue pa3buBaeTcs Ha CIIy-
Yau B 3aBHCUMOCTHU OT PACIOJIOXKEHHsI ITUX [OKa3aresel B mopsijike yObIBAHUS.
C yuerom HepaseHcTBa (12) BO3MOMKHBI CJIEyIOIINE TPHU CJIydasi.

1. Haubospmmm siBisiercst Boipazkenne x (R) — V(R), pasaoe 7 — 2N. Torna

X(Q)—V(Q)=6—2N u V(Q)=N —1(mod 2). (13)

[Mpumensis nemmy 11 mis mpocroro mogmosusapa () monumsdapa P momgydaem
ouenky V(Q) > N — 4. C apyroii CropoHbl, Tak KakK IOAIOIU3Ip () cob-
crBernsbiii, To V(Q) < V(P) = N — 1. Torna, B cuny (13), V(Q) = N —3 u
x(Q) = 3— N = x(P), 4ro nmpotusopednT jemme 12, MOCKONbKY U3 YCJIOBH
reopembl V(P) > 2.

2. Haubosbimmm sisgercs Boipazkenne X (R) — V(R), pasuoe 6 — 2N. Torga

X(Q)—V(Q)=4-2N n V(Q)=N —1( mod 2). (14)
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CuoBa npuMeHstst iemmy 11 mosyaaem mepasencto V(Q) > N — 2, uro npoTu-
Bopeunr (14), nockoneky V(Q)) < N — 1.
3. Haubosbimum asiisierca Boipazkenue x (Q) — V(Q), pasuoe 7 — 2N. Torma

X(R)—V(R)=6—2N u V(R) =N ( mod 2). (15)

[Ipumensia semmy 11 mra mopmonumsnpa R monmsnpa Ps; mosydaeMm OIEHKY
V(R) > N —5, aro ¢ yueroMm (15) Bieder V(R) > N —4. Ciuyuait k = 1 nokasas.

5.2 Cuywuaii k =2

B coorsercreuu ¢ dbopmynoii (2) u semmoit 3 pasercTso (1) npuHUMaeT oxHy
U3 CIemyonmx hopM:

1)V(B1) X (R1)—V(R1) 4 (— )V(RQ)gx(Rg—v(Rz) — (_1)N .gd—2N

)

1)V(B1) X (R1)—V(R1) 4 (— )V(RQ)gx(RQ)—v(RQ) — (_1)N—1 .gh—2N

)
)

DN - 2N (C)VEDX(R)V(RY) (] )V(R2)gx(Re)—V(R2)  —
)

)

(=
(=
E 1 V(Q)EX(Q) v(Q)

Paccmorpum  ciay4gaii, korma pasencrBo (1) upunumaer opmbl @ U id.
Hecitoxxno 3ameTuTh, 9TO paBEHCTBA ¢ U 1% UICHTUIHBI PABEHCTBY U3 YCJIOBUS
JeMMbI 4 co 3HaYeHHEeM mapamerpa m = 2. B cuny yrBepxkaenus 2 jeMMbl 4,
s Kaxkzoro i € {1,2} cupaeemyueo HepasenctBo X (R;) — V(R;) < 7 — 2N.
VTBepKIeHNE TeopeMbl TOIJa cjaedyeT U3 JIeMMBI 11: meficTBHUTEIBHO, CIpa-
BeJIMBOCTL Ooitee ciaboro mepasercrBa X(R;) — V(R;) < 8 — 2N xora 6o
misg opaoro j € {1,2} Biueder B cmity jemmbl 11 yTBep:KieHHE TeOpEMBbIL:
V(R;) > N —7= N — &. Takum o6pa3oM 1ajree MOKHO CIHTATh, ITO

X(R;) — V(R;) > 8 — 2N s xaxjoro i € {1,2}. (16)

ITepeiizeM K pacCMOTPEHUIO CIIydasi, Korjia paseHcTBo (1) npuaMaer dbopmy
i7i. B coorsercrBuu ¢ semmoii 3 rorpa V(P) = N — 1. IlepeHocsi ciaraemble Mbl
MOXKEM [PUBECTH PABEHCTBO 44 K Buiy (3) ¢ mapoit mapamerpos (n,m) 6o
pasHoii (1, 3), ub6o pasuoii (2, 2). PaccMorpum 911 j1Ba ciiydas 10 OTJE/IbHOCTH.

B mepBoM ciyvuae paBeHCTBO 44f WUIEHTUIHO PABEHCTBY W3 YCJIOBHS JIEM-
Mbl 4 co 3HadeHmeMm mnapamerpa m = 3. [lockonbKy onuH n3 mokasareseil
cTeneHeil paBeHCTBa 3 ecTb b — 2NN, U3 yTBEpXKJIeHUA 3 JeMMbI 4 CJeiyer,
9TO BCe IOKa3aTeJH CTeneHeidl paBeHcTBa 3 He mpuBocxoiar 9 — 2N. Torpa
X(R1) —V(R1) = x(R2) — V(R2) = 9 — 2N B cuny (16), 94T0 IpOTHBOPEYNT
YTBEPXKJIEHUIO 1 jieMMBbI 4.

Bo BTOpOM cirydae paBeHCTBO #4¢ UJIEHTHYHO PABEHCTBY U3 YCJIOBUSA JIEMMBI 5.
ITockonbKy omuH 13 NoOKa3aTesell CTeleHell paBeHCcTBa 3 ecTh O — 2N, HepaBeH-
crBo (16) mporuBopeduT yTBepXKIAeHUIO 2 JeMMbl 5. CJieI0BATEILHO CIIPaBe]l-
JITBO YTBEP:KJIEHNUE 1 JIEeMMBI 5, 9TO BJIEUET

X(Q)—V(Q)=5-2N uV(Q) = N ( mod 2). (17)
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IMpumensist remmy 11 st nogmosmaapa ) moamaapa P monywaem V(Q) > N —3.
C npyroit cTOPOHBI, TaK Kak IIOANOIU3AP () COOCTBEHHBIH, TO V( ) < V(P) =
N — 1. Torga, B cuuy (17), V(Q) = N — 2, u x(Q) = 3 — N = x(P), uro
MIPOTUBOPEYUT JieMMe 12, TTOCKOJIBKY U3 YCJIOBHUS T€OPEMBI V(P) > 2. Cinyyait
k = 2 nokaszaH.

5.3 Caywuaii k =3

B coorsercrun ¢ dopmysoit (2) u memmoii 3 paBeHCTBO (1) MOMXKET IPUHUMATH
ceyiomue Tpu GopMbI:

( 1 V(R1)§X2§1) V(R1) (— )V(Rz)EX(R2)—V(R2) + (_1)V(R3)5X(R3)—V(R3) —
1

)

N . 52N (_I)V(Rl)EX(Rl)—V(Rl) + (_1)V(R2)5X(R2)—V(Rz) +

)
)N
1)V(R1)5X Ra)=V(B1) 4 (—1)V(R2)ex(R2)=V(R2) 4 (_1)V(Ra)x(Ra)—V(Rs) —
)
1)
)V(Rz)gx (R3)=V(R3) — (_1)V(Q)x(Q)-V(Q),

(=
(=
(1N 2N
(=
(=

Paccmorpum cityuaii, korga pasenctso (1) npunumaer dopwmbl i u ii. [lepe-
HOCsl cJIaraeMble Mbl MOYKEM [IPUBECTU UX K By (3) ¢ napoii napamerpos (n,m)
6o (I) paenoit (1,3), 6o (II) pasroii (2,2). B cayuae (I) pasencrsa 1 u 2
UJIEHTUIHBI PABEHCTBY M3 YCJIOBUs JIeMMbI 4 CO 3HAYEHMEM mapamMerpa m = 3.
Torza B cuity yrBepKJeHust 3 geMMbl 4 jist Kaxkoro 4 € {1,2,3} cupasemso
HepaseHCTBO X (R;) —V(R;) < 9—2N. B cayuae (I1) paBeHCTBa i U 90 UIEHTHIHBL
PaBeHCTBY U3 yCJIOBHsA JeMMEI 5. IlosToMmy XoTa OBl a1 oHOTO TOMM3Apa I35,
J €{1,2,3}, cupaseyuso nepasencrso X (R;) —V(R;) < 7—2N. Yreep:Kienue
TEOPEMBI TOTJIA CJIe/LyeT U3 JeMMbl 11: JeiiCTBUTENBHO, CIIPABEJINBOCTE Hotee
ciaboro Hepaserctsa X (R;) —V(R;) < 10—2N xors 6bt m1a onmoro j € {1,2,3}
BJI€YET B CHIy JeMMBI 11 yrBepknenne teopeMsl: V(R;) > N —9 = N —&;. Ta-
KM 00pa30M Jlajiee MOXKHO CUUTATD, ITO

X(R;) —V(R;) > 10 — 2N ayiz kaxgoro i € {1,2,3}. (18)

ITepeiinem K pacCMOTPEHUIO CLydast, Koraa paseHcTso (1) npuaumaer dopmy
i7i. B coorsercTBun ¢ semmoit 3 torga V(P) = N — 1. IlepeHocs ciaraeMbie u
COKDpAIlasl paBHBIE CJIaracMble B PA3HBIX YaCTAX PABEHCTBA MBI MOYKEM IIPUBECTH
paBeHcTBO it K Buay (3) ¢ mapoii napamerpos (n,m) subo (a) pasuoit (1,4),
su6o (b) pasuoii (2, 3), 6o (¢) pasuoii (1,2). PaccMorpuM 9ti Tpu citydast 110
OTJIeJIbHOCTH.

B cayvae (a) paBeHCTBO 4if MIEHTUIHO PABEHCTBY M3 yCJIOBUS JIEMMBI 4 €O
3nadenueM napamerpa m = 4. IlockoybKy onuH U3 IOKa3arTesel cTelneHell pa-
BEHCTBA 9% €cThb b — 2N, U3 yTBepKAeHud 3 JIeMMBI 4 CJelyeT, IYTO BCe IMOKa3a-
TeJIn CTeneHeil paseHcTBa 41 He npuBocxoaar 11 —2N. Torma x(Ry) —V(Ry) =
X(Rz2) — V(R2) = x(R3) — V(R3) = 11 — 2N B cuy (18), uro mporusopednt
yTBep:KIeHnio 1 jtieMMbI 4.
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B cayuae (b) paBeHCTBO i4i WJEHTUIHO PABEHCTBY W3 YCJIOBUSI JIEMMBbI 6,
OJIHAKO 3aKJIIOUEHNE JIaHHOM JieMMbl BiiedeT HepaseHcTBO X(R;) — V(R;) < 10 —
2N nost Beex @ € {1,2,3}, 9T0 npoTHBOpeyunT Npe/noaoxKeHno (18).

Cayuail (¢) pasbuBaercs Ha JBa IOJCHY4Yas B 3aBUCUMOCTH OT TOrO, Obl-
JIO JIM CPeIy COKPAIIEHHBIX B paBeHcTse iii ciaraemoe £ 2V, Ecim Takoro
CJIAraeMOT0 He ObLIO, TO, COKPATUB PaBHbIE, ITOJIYYNM PABEHCTBO CYMMBI IBYX
cimaraeMbix onHomy. 1lo mpunmuny Iupuxie cpein 3TuxX cjaaraeMbIX €CTh XOTsI
661 oHo citaraemoe eX()=V(E) g mexoroporo j € {1,2,3} u ynomsnuyroe
somme ciaaraemoe e 2N, Torma mo IYHKTY 2 JIeMMBI 4 BBIOJHAETCS OIEHKA,
X(R;) —V(R;) < 7 — 2N, aro nporusopetnt npezmonoxernio (18). Ecan xe
CPeJIN COKPAIEHHBIX 6BLI0 ciiaraemoe €22V | 1o B ciTy HAIIEro Ipe o IoKeH st

X(Q) —V(Q) =5—2N 1 V(Q) = N ( mod 2). (19)

ITo nemme 11 st mogmosmaapa Q nonmsapa P rorna V(Q) > N — 3. C apyroit
CTODOHBI, TaK KakK IoAmoandap @ — coberenHsiii, To V(Q) < V(P) = N — 1.
Torna, B cuiny (19), V(Q) = N — 2, u x(Q) = 3— N = x(P), 9ro uporusopedur
JgemMMe 12 ocKoJIbKy U3 ycjoBus TeopeMbl V(P) > 2.

WToro mbI paccMoTpenn Bce TPU BO3MOXKHDLIX 3HadeHus k. Takum obpaszom
TeopeMa 2 JOKa3aHa.
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