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Abstract. PaccmarpuBaercss moHsiTHE MATPUIHOTO (TEH30PHOTO) pacIpesie-
JIEHUsT U3MEPUMOIN (DYHKIINU HECKOJIbKUX IIEPEMEHHBIX; C OJIHONW CTOPOHBI, 9TO WH-
BapUAHT 3TOH (DYHKIIMK OTHOCHUTEJIBHO HEKOTOPOIl I'DYIIIBI IpeoOpa30BaHMil Iepe-
MEHHBIX, & C APYrOil, — €CTh CIenua/IbHadA BEPOATHOCTHAsS MEpa B IIPOCTPAHCTBE
MaTpHuIL (TEH30POB), 00JIAIAI0NIAsS HHBAPUAHTHOCTLIO OTHOCUTEIBHO JAeHCTBUS ecTe-
CTBEHHBIX OECKOHEYTHBIX TPYII MOICTAHOBOK. CIJI0KHOE B3aMMOIEiCTBIE 00enX MH-
TepIpeTaIii MATPUYHBIX (TEH30PHBIX) PACIPEIeIeHnIT JIeJIaeT NX BayKHBIM 00beK-
TOM COBPEMEHHOI'0 (PYHKIIMOHAJIBHOIO aHasm3a. Mbl (hopMysmpyeM u JJOKa3bIBAEM
TEOPEMY O TOM, UTO IPH HEKOTOPBIX YCJIOBHUAX HA M3MEPUMYIO (DYHKIIMIO JABYX IIe-

PEMEHHBIX €€ MaTPpUIHOE pacCIIpe/JIe/ICHUE ABJIAETCA IIOJIHBIM NHBaAPUAaHTOM.
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1 BBEJIEHUE, TOCTAHOBKA BOITPOCA, OB-
30P OCHOBHBIX TTIOHATUN

1.1 OO6mue 3amMevanus

Marpuanoe pactpeesienne (GyHKINE k IEPEMEHHBIX €CTh Mepa Ha MHOXKEe-
CTBe TeH30pOB paura k (Marpur npu k = 2), win, ApyruME CJIOBaME, — CJIy-
gaiinasg marpuna win Tea3op. [Ipu k = 1 3To mpocTo 6epHy/LIMeBCKas Mepa
HAa MPOCTPAHCTBE TOC/IeI0BATEIbHOCTEH (HE3aBUCUMBIX ) 3HAYCHUTT (DYHKINN.
ITpu k = 2,3... s1a ciaydaiinas Marpuiia (TEH30p), CTPOUTCS 10 MHOTOMEP-
HOIt GEPHYJIJINEBCKOIl BEIOOPKE apryMEHTOB.

Bot npocreiimuit npumep mya k=2: ecau pyHKIUS €CTh METPUKA HA TMPO-
CTPAHCTBE C HEIPEPBIBHOIT Mepoii (MeTpuvecKas Tpoiika, CM. jajee u [2]), TO



€€ MaTPUTHOE PACIIPEIC/IEHNE €CTh Mepa Ha OTPAHNTIEHUIX METPUKN HA CIeT-
Hble OEPHYJUIMEBCKHUE CETKU TOYEK ITPOCTPAHCTBA, T.€ CIydaiiHAas METPHKA
Ha OEPHYJIJINEBCKOM CHYETHOM IIOJIMHOXKecTBe. B 0011ieM ciryydae, Kak Mbl yBU-
JIIM, JIJISE TOIO 9YTOOBI MATPUYIHOE Pacipesesienne yHKIINNA CTAJIO €€ TOJHBIM
NHBapuaHTOM OTHOCHUTEJ/IbHO 3aM€H IIepEMEHHDBIX, HeO6XO,ZLI/IMO CHa6ILHTb ero
JIOLOJIHUTEJIbBHON CTPYKTYPO.

BIIepB]::Ie MaTpU4dIHOE€ Dpaclipe/ie/iIeHrue BO3HHUKJIO 110 PAa3HbIM IIOBOJaM B
paborax Ouoca [16], I'pomosa (s merpuk) [1] u aBropa [8] (cm. gasee).
[Toske oHO paccMaTpuBasIoCh B psijie crarei: [6, 14, 15, 2|. Mbl yrounsiem u
06061IaeM mpeabIayIne paboThl U CTABUM DI 38729 CBA3AHHBIX C IIPHUJIO-
JKEHUSIMU TIPeJjIaraeMoil TEXHUKU.

1.2 Omnpenesienne nzoMmopdusmMa n3MepuMbIx QyHKITUN

[TpocTpancTBO ¢ HEIpPEPBLIBHON Mepoi, riae OyaeT 3a1aHa u3aMepuMasi pyHK-
M, KaK IPaBUJIO, BCErJa OJHO M TOXKE C TOYHOCTBIO JI0 m3oMOpdupMa a
HMEHHO, CTaHJIAPTHOE IIPOCTPAHCTBO C BEPOITHOCTHON MEpPOIA, POCTPAHCTBO
Jlebera, HO B 3TOM MPOCTPAHCTBE MOXKHO OIPEIEIATh PA3JIUIHBIE CHCTEMBI
CUTMAa-TIoaaredp, UX MPOU3BeIeHn 1 0TOXK ecTBaeHnil. TeM caMbIM TTOHSI-
THUIO OTIEJBHON IMEePEeMEHHOM TaeTCsl TOYHOE MCTOJKOBAHUE KaK IapaMerpa,
CBSI3AHHOTO C HEKOTOPOI CUTMAa-IoJaaredpoii B curma-ajrebpe obJactu 3a-
Janusg GYHKIUU. B raBHOM I HAC cIydae, KOTOPBI MbI TOJBHKO W pac-
CMATpPUBaeM, B IMPOCTPAHCTBE ¢ MEpOil, Ha KOTOPOM (DyHKIUs OIpee/ieHa,
3aJlaHa CTPYKTYPa MPAMO20 NPOU3EEIeHUA HEKOMOPO20 “UCAGL CMAHIAPM-
HOIT cuema-anzebp, N KaxKiaas mojgaaredbpa UMeeT CBOIO MePy U OIpPeesisieT
cBOIO TepemMeHHy0. Takum o0pa3om, 00/1aCTh 3aMaHns (PYHKIIMH IPEICTaB-
JIEHa KakK NPAMOE IPOM3BEIEHNE JIBYX WM KOHEYHOI'O YHC/Ia CTaHIAPTHBIX
npocrpancTs Jlebera ¢ HenpepbiBHbIMU MepaMu (X X, Xo X ... X, p1 X g X

- X pig). Curma-airebpa Bcex M3MEPUMBIX MHOXKECTB IIPOCTPAHCTBA €CTh
[IPSIMOE TIPOU3BEJIEHNE CUTMa-aJreop:

Ql:2l1><Ql2><...Q(k.

3aMeTnM, ITO 371eCh TEPEMEHHBIE HE3ABUCUMBI B CMBICIIE TEOPUHU MEPHI,
0060011eHNsT Ha GoJiee CJIOXKHBIE CIydan (KOTJa HE3aBUCHMbIE — B PACXOKEM
CMBICJIE — ITIEPEMEHHBIE HE SIBJISIOTCS HE3aBUCUMbBIME B BEPOSITHOCTHOM CMBIC-
Jie) TakxkKe yJ00HO CHCTeMATHYECKH OCMBICIMBATH B TE€PMUHAX Da3JIOKEHUSI
100/ IbHON cUTMa-aJiredpbl MPOCTPAHCTBA B TY WX UHYIO KOH(MUTYDAIIIIO
cuMrMa-rosanaredp. 37ech MOiJIeT Pedb O CAMOM IIPOCTOM CJIydae MPSMOro
MPOU3BEICHUS. Y MECTHO CKa3aTh, UYTO TEOPHs KOHEIHBIX HAOOPOB CHUIMa-



moaJIredp CTAHIAPTHOIO MPOCTPAHCTBA U X MHBAPUAHTOB 110 MHEHUIO aB-
TOpa JOJI?KHA CTATh TJIABHBIM IIPEJIMETOM NeOMETPUYECKON TEOPUU MEPHI.

Bsejsiem ecTecTBeHHOE 11151 TAHHON KATErOpUM MOHATHE H30MOPMU3Ma, U3~
MEpPUMBIX (DyHKIHIi:

Oupenenenne 1. Jlse usmepumve dyrnxuyuu fi(.,.,...,.),7 = 1,2 om k

NEPEMEHHBIT, 3G0GHHBIE COOMEEMCMEEHHO HA NPOU3EEOCHUAT NPOCTPAHCME
k iAo —

[[= (X5 m5) @ = 1,2 nasweaomea usomop@irvimu, ecau cyuecmeyiom

makue obpamumvie usmepumvie npeobpazosanua T : X} — X?, j =

1,2
L...k, Tjp; = pj, wmo
fo(Thzy ... Trwy) = fi(w1, 22, .. 2k)
npu NouMU 6cex HabOPaT NEePEeMEHHDLT.

DTO onpeiesieHne MOXKHO KOHKPETU3UPOBAT JIJIsT CIEITHATBHBIX CITYIAEB,
Hamnpumep, ecim dpukcuposan nuzoMmopdusm curma-aaredp 24, mex iy coboit,
To, nostaras 1; = T' 1pu Bcex j U paccMaTpuBas CUMMeTpUYHbIe (PYHKINH,
MBI OIIPEJIESIUM TOHATHE U30MPPU3Ma CUMMETPUIHBIX (DYHKITUH HECKOJIBKUX
nepeMeHHbIX. Omasumcs 3a0a4a HATONHCOEHUS UHBAPUAHMOE USMEPUMbBLT
PYHKUUT OMHOCUMENBHO NPUBEIEHH020 TLOHANMUA U3OMOPPUIMA PYHKUUT.
DakTHIecKH MBI TOBOPUM O JICHCTBUU TPYIIbI (UM IPOU3BEIEHUsI IPYIIII)
11peo0pa3oBaHmil, COXPAHSIOIINX MEPY Ha IIPOCTPAHCTBE KJIACCOB COBIIAIAIO-
MIUX TMOYTH BCIOAY U3MEPUMBIX (QYHKIHIA, 1 O Npocmpancmee opoum 3Toro
JeiicTBusi. Mbl mIpejijiaraeM HUYKe OIMCAHUE 3TOrO IPOCTPAHCTBA.

1.3 OpgHa UM HECKOJBKO MMepeMEeHHBIX

st omHOM TIepeMeHHO# pedb uaeT 06 n3oMopdusMe MeKIY AByMs U3MEPHU-
MbiMu byHKIAMEA 1, fo, 3aganaeivu Ha [0,1]: fo(Tz) = fi(x) ans nouarn
Bcex x, rie T ooparumoe mod 0 u3MepumMoe oToOparkeHne oTpe3ka Ha ceosl,
coxpaHsioree Jeb6eroBy Mepy. JdTa mpodseMa JaBHO PelleHa B TEPMUHAX TeO0-
pun u3MepuMbix pasouenuii Poxsmua (cm.[4]). IIpexe Bcero — oueBm/iHO,
9TO JJIsI I3MEPUMBIX, ITOUTH BCIOY OJHO3HAYHBIX (DYHKIIUN pacIpeeienne
dbyukuun f 1 X — R B 06b19HOM CMBICTE, (KAK Mepa Ha MHOYKECTBE 3HAUe-
Huii, T.e. Mepa f.(1)) ecrb moiHbIA HHBapUAaHT (GYHKIUH, & IPOCTPAHCTBO
OopesieBCKUX Mep Ha 00pas3e U eCTh IIPOCTPAHTCBO OPOUT IPOOIEMbI H30MOP-
¢usMa B3aUMHO OMHO3HAYTHBIX (DYHKIIHIA.

B ciydae He B3aMMHOMOIHO3HAYHBIX (DYHKIINN BO3HUKAET HU3MEPUMOE
pasbueHre Ha MpPoobpa3bl TOYEK (C yd4eToM KPaTHOCTH 3HAYEHU), K KOTO-
PBIM MOXKHO IIPUMEHHUTH TeopeMmy Poxinaa 06 00IeM BUe NHBAPUAHTOB M3-
Mepumoro pazduenusi. Takum obpazom, mpobiiema Kaaccuuxkaruu QyHKITi



OJIHOH IepeMEeHHOM IIOJIHOCTBHIO PelleHa, OINCAHbI CAMU I10JIHbIe NHBaAPUAHTDL
U UX IIPOCTPAHCTBO.

MO}KeT IIoKa3aTbCd, ITO ,uaaneﬁmee CBUAETEJILCTBYET O TOM, YTO U B
clyvdae HECKOJIbKUX HE3aBUCUMBIX ITIEPEMEHHBIX IIPODJIeMa TOXKE MOYKET OBITh
MOJTHOCTBIO periera. OMHAKO JJIsi Kyraccuukanun QyHKIMH 1ByX u OoJjiee
IIepEMEHHBIX TPEOYIOTCA COBEPIIIEHHO HOBbIE MJier. BO3MOXKHO, peIeHnst Mo-
IyT OBITH PA3JUYHBIMU: ¥ WHBAPUAHTBI, U UX IIPOCTPAHCTBA MOI'YT OBLITH
COBEPIIIEHHO PA3HBLIMHU. MBI Ke [JIs perneHnst MIpoOIeMbl KIaCCUPUKAIINN
byHKIMI HECKOJIBKUX [EPEMEHHBIX, IpejjlaraeM u3ydaTh (BMECTO pacipe-
JeeHusi caMoil (pyHKIMHU WJIU €€ IPOCTEHINX Ipeodpa30BaHmii, KaK B OI-
HOMEDHOM CJIydae) orpanndeHusi (DyHKIMU Ha CJIydaiiHble CYeTHbIE MOJMHO-
JKecTBa (CeTKH) ONPeJIeJIEHHOrO TUIIA. BepOsITHOCTHBIE pACIIPe/IeIeH ] STUX
OrpaHUYEHUN TO3BOJIAT 110 BEChbMa HETPUBHUAJBLHBIM MPUYUHAM IOJIYIUTH
MoJIHbIe WHBapuaHThl. [lo cyTu mesa 3TO MeTON anmmpoKCHUMAIUU (PYHKITHH
3aJaHHBIX HA KOHTUHYAJHLHOM MHOXKECTBE (PYHKIIUSIME Ha CIETHBIX ITOIMHO-
JKECTBaX C OIPEJIEJIEHHON CTPYKTYPbl —- OEPHYJIJINEBCKON WJIU TIOIOOHOI. C
DTO HAIIOMUHAET MOHME-KAPAOSCKUT N0JT00 K BbIYUCTeHUSM. JIT0OOIBITHO,
YTO JlaXkKe B OJIHOMEPHOM CJIydae OIpaBIaHUE ITOrO METOIA CBOJIUTCH K MH-
JIUBUTYaJIbHON 9ProIndecKoil TeopeMe, o KOTOPOil paciipeaesieHne Oy HKITNN
COBIIAJAET C IPEJIeJIOM SMIUpPUYIecKuX pactpenenennii. Ho B MHOromepuom
cJlydae CUTYyalllsl CJIOYKHee yKe IO TOMY, YTO HeT aHaJlora pPaclpe/eeHnusd
GYHKIUNT U 3aMEHOI €ro CIyKAT MMEHHO MATPUIHOE PacIpeeseHue.

1.4 CeTku B IpOCTPAHCTBAX C MepPOUl M YUCTOTA (PYyHKITUIA.

Haunem ¢ usmepuMbIx byHKIHMI ABYX IEpEMEHHBIX, 3aJaHHBIX Ha TPOCTPACTEE
¢ Mepoit. He ymaisst, oGIIHOCTE MOYKHO CIMTATh, 4TO PyHKIMA f 3a7aHa Ha
kBaapare [0, 1], cHabrkeHHOM J1e6eTOBO# Mepoit f12.

Onpepenenne 2. QPynryua (k = 2) nasweaemcs wucmoti, ecau npu gukca-
YUY NOYMU 1106020 3HAYEHUA 00HOT U3 NEPEMEHHDIT (T UAU Y ), 02PAHUYEHUA
dyrryuu na dpyeyro nepemennyro y — f(,y) (uauw x — f(x,.)) asamom-
CA 63AUMHO 00HOZHAYHDLMU NOYMU BCI00Y 0MOOPANCEHUAMY UHMEPBAAA U3~
MEHEHUA 00HOT, NEPEMEHHOT 68 NPOCMPAHCMEO KAGCCO8 PYyHKul om Jdpyaol
nepemenoti. Ouesudno, smo onpedeaenue 0b0bwaeEMm NOHAMUE 63AMHOT 00-
HOZHAMHOCTU PYHKYUL 0010 nepementot.

EcrecTBeHHO MTPOMOJIKUTD 9TO ompe/iesierne Ha dbyHKImun ot k, (k > 2)
[IEPEMEHHBIX, TPEOYsl TOTO K€ YCJIOBHUS OJHO3HAYUHOCTU NP (DUKCAITUU BCEX
[IepEMEHHBIX, KPOME OJIHOM, U B 9TOM C/Iydae TaKKe Ha30BeM ee (PyHKuuto



yucmot. OIHAKO, eCJIU TUCJIO IEPEMEHHBIX k GOJIBIIeE JBYX, TO, 3apUKCUPO-
BaB [OYTHU BCAKUI HAOOP KaKuX-aubo k — r mepemeHHbix, r = 1,2, ...k — 1,
MOKHO ITOTPE0OBATD, YTOOBI (DYHKIIUK OT T OCTAJIbHBIX TEPEMEHHBIX OBLIN ObI
Bce mod 0, 1 Ha3BaTh B 3TOM CJIydae UCXOJHYIO (PYHKIUIO K ITepEMEHHbBIX
r-aucroi. Mbl orpaHMYnMCs MOHATHEM 1-9uCThIX (DYHKIWI (HA3BIBAEMBIX
[IPOCTO YHUCTBIMH).

Harma ocnoBHnasi Teopema OYyJIe€T OTHOCUTBCS K YHUCTBHIM (pyHKIusM k,
k > 1 nepemenunix. Ilepenoc mosrydaeHubx (OpMYyIUPOBOK Ha 00IIIe (OyHK-
nuu k > 1 mepeMeHHBIX 0oJiee MJIM MEHee TaKOW Ke, KAK U aHaJOTHIHBII
IIEpEHOC Ha He B3aWMHOOJTHO3HAYHBIE (PYHKIUN OIHON MEepeMEeHHOH B Teo-
peme Poxsyinna. Harrte u3jioxkenne mpoBOJUTCS JJIst IUCTHIX (DYHKIMIA JBYX
[IEPEMEHHBIX, TaK KaK JJIs YUCThIX (PYHKIMI OOJIBIIEro YNC/Ia TEPEMEHHBIX
BCE PACCYkKJIECHUS OCTAIOTCS BepHbIMU. (Ouuujenuem Gynrkyuu JIByX Iepe-
menubIx f(.,.), 3amannoit Ha X7 X Xy HasbiBaercs, QyHKIUs f, 3amannas
Ha npocrpancTee X1/& X Xo /&, vae & — pasbuenue npocrpanTcBa X; Ha
MaKCHMaJIbHBIE KJIACCHI TOUYEK 110 KaXKJOW U3 IepeMeHHBIX C OJIMHAKOBBIMU
orpannvdeHusasMu QyHKIUHU f Ha IPYTyIo nepeMeHnyio. O4eBuIHO, YTO YUCTas
GYHKIIUST COBIIAIAET CO CBOUM OUHUIIECHUEM.

Paccmorpum dncTyio byHKIMIO ABYX IMEpPEeMEHHBIX f, 3aIaHHYyIO Ha MIPO-
usBeenuu npocrpancts Jlebera X = (X1 x Xo, ut x p?). Bee dynxmun Mot
CYUTAEM BEIECTBEHHBIMU JIMINb JIJIs y/00CTBa; 00/IAaCTh 3HAYEHUN MOXKET
OBITDH JIFOOBIM CTAHIAPTHBIM OOPEJIEBCKUM MTPOCTPAHCTBOM.

Bynem oroxiectisith comHokuresnn X1, Xo ¢ orpeskoum [0, 1], a obe me-
pbl cuntaTb Mepoit Jlebera. [locTpoerne nHBapuanTOB Takoit (pyHKIUU OT-
HOCUTEJIbHO n30MOpMu3Ma (CM. BBIIIE) OCHOBAHO HA U3yYE€HUN OIDAHUIEHUI
dyuknun f Ha HEKOTOPbIE CIyYaliHbIe CUeTHBIE TTOJIMHOXKECTBA, HA3bIBAEMbIE
TPaUIIOHHO cemxamu’ . Takum o6pa3oM, CeTKa eCThb 3J1eMEHT HPOCTPAHCTBA
(X x X)% = X°°x X, B onpejeseHun IpernoaraeTcsi, 970 IpOCTPAHCTBO
X = X x X3 3a1aH0 9BHO (KOPPEKTHOCTH 10 OTHONIEHUIO K OTOXKIECTBJIE
amio  mod 0 odeBuaHA).

Hawm monatobsitest gBa Tuiia ceTok. llepBolii Tl — GEpHYIIHEBCKHIE CEeT-
Ku: BbIOEpeM JiBe, BOODIIE TOBOPsi, Pa3Hble, IOCIEI0BATEIHHOCTh HE3aBUCH-
MBIX OJINHAKOBO PACHPEIEIEHHBIX TOYEK { Xy} 1 {Ym }m. COBOKyNHOCTH TO-
9eK {Tn, Ym }(n,) HAZOBEM Gepryaiuescroti cemkot. Eemm f cuvmerpudana n
U3y9aroTCs WHBAPUAHTBHI CUMMETPUYHBIX (GyHKIMA,— (Hampumep, eciu f-
MeTPHKA), TO HOCJIe0BATEIHLHOCTH COBIA/IBIOT U CETKa CUMMETPHIHA.

Hawm ymobGHeii paccmarpuBaTh ABYCTOPOHHEE CETKU {Zp tn, {Ym }m, T.€.
WHAYe TOBOPSI, CIUTATh, ITO N, 1M IPOOETatoT IpyIily Z, OJIHAKO BCe CKa3aH-

1XOTH UX poOJib MHas, 9€M POJIb CETOK B T€OPpUU BBIYMCJIEHUN



HO€ OCTAHETCs BEPHBIM U JIJI CJIy4alo HMOJIYIPYIIbL 1, m € Z4

OueBuIHO, UTO KaXK1ast [OCJIEI0BATEIbHOCTD BCIOMY TIOTHA B X1 n X3,
a cerka Bcrony miaotHa B X = X X Xo, u jiro0blie JiBe OEpHY/IINEBCKIE CETKU
B X u30MOpP(QHBI.

Bropoit Tum cerok, 0 KOTOPOM CKaKeM I1032Ke, — JIOKAJbHO KOHEUHBIE
CEeTKHU: 9TO BO3PACTAIOIINE IIOCEOBATEIHBHOCTH KOHEYHBIX ITOIMHOYKECTB
H, = H! x H2 C X = (X1 x Xg, npudem {H! },eny mpu i = 1,2 — pan-
HOMEPHO pacIpefeieHHble mocaeaoBareabHocTnn Ha X;,7 = 1,2. B oboux
Caydasix HAC WHTEPEMYIOT ACUMIITOTHYECKHE CBOMCTBA OTpAHUYCHUIN M3Me-
PUMBIX (DYyHKIUN HA CETKH.

2 MATPUYHBIE PACIPE/JIEJEHNA 1 KJIAC-
CUPUKATINS OYHKITAN

2.1 Omnpenesenue

[Tycre 3amana gucras Gyukuus f( ., .) aByx nepemenHbix Ha X = X1 X Xo
u dukcupoBana 6eprysmeBckas cetka ({Tp }n, {ym}m). Paccmorpum asy-
MEPHBIII MaCcCUB

Hf(xkvym)|‘(n,m)6227

KaK GECKOHEUHYIO (BEIeCTBEHHYIO C YeThIPbMsI OECKOHEUHOCTSIME) MATPHUILY.
TeMm caMbIM MBI BBOIUM OTOOparkKeHNe

Fr: X x X% — Matsoxso(R),

rie
Fr({zntn X {ym}tm) = | f @k ym)ll(n,m)ez2

Termepb MBI MOXKEM PaCCMOTPETDH ITO OTOOparKeHne Kak oTobpazkeHne 60-
PEJIEBCKOTO MPOCTPAHCTBA OEPHYJJIMEBCKUX CETOK B MPOCTPAHCTBE MEPOit
(™ X p° B mpocTpaHCTBO OeCKOHEYHBIX MATPHIL M atooxoo(R). DTO 0TO6-
paxkenue pUKCUpyeT Ha obpase JeliCTBIE IPYIIILI CIBUTOB.

[TockoMbKY B JajbHEHIIEM MBI UCTOIL3YEM WHIUBUIYAJLHYIO SPTOJIN-
YECKYI0 TeopeMy, OyJeM CUYMTATh, 4TO BCE PACCMaTPUBAEMbIE MU3MEpPUMBIE
dyukinn narerpupyeMol. [lepernoc yTBepkaeHuil 0 KaaccuUKAITIT HA TTPO-
MU3BOJIbHBIE M3MEPUMBbIE (DYHKITHE MOYKHO TPOBECTH PA3HBIMY UCKYCCTBEHHbI-
MU IIPUEMAMK; MbI HE OCTAHABJINBAEMCS Ha ITOM.

B obrieit Teopun 60pesieBCKux 0TOOparXKeHUit €CTh MOHSITHE 0TOOPAYKEHUS
GOPENIEBCKUX MEp, ACCOIUMUPOBAHHOIO ¢ OOPEJIEBCKUM OTOOPaYKEHUEM IPO-
crpaHcTB (cM., Hampumep, [12]) — onpenesnenue ucmoab3yer uaen o6paTHbIX



1poo6pa30B). B cooTBeTCTBUM € ITUM MOHATHEM MBI MOXKEM OIIPEJEJIUTH 00~
pa3 6epHYJINEBCKOM MepHI.

Onpenenenue 3. Paccmompum 0bpas bepryaiuesckoti mepos (1% X (4 om-
Hocumenvro omobpasicerua Fy:

Dy = (Fp)«(n™ x p)

nasosem mepy Dy na mrodicecmee GECKOHEUHDIT MAMPUY, — MAMPULHDLM
pacnpedenenuem wucmot gynryuy f.

HanomuuM, 9TO 3TO ONpejieieHne BO3HUKJIO B TEOPUH KJIACCH(DUKAIN
dbyukuuit B [6] n o6cyxuanocs B [14, 2|. Ho cam 310T 06bEKT, T10-BUAUMOMY,
BIIEpBbBIe BO3HUK B pabore [16] kak Mepa, "HBApUAHTHASI OTHOCUTEIHHO TPYII-
Bl OJICTAHOBOK, a TakKe (akTuvdecku B [1| KAk HHBAPHAHT METPUK B IIPO-
CTpPaHTCBaxX ¢ Mepoii (cM. Jasee).

O4eBuAHBIM 06pPa30M U3 OIPEIEICHI CIELYeT, YTO MATPUIHOE PACIIPE-
JIeJIEHHE €CTh Mepa B IIPOCTPAHCTBE MATPUIL, UHBAPUAHTHAS U SPrOJNIECKAst
OTHOCHUTENLHO JAeHCTBHS Tpymmbl Sz X Sz HMOJCTAHOBOK CTPOK W CTOOIIOB
(B cCUMMeTPUYECKOM Cilydae— OTHOCHTEeNIbHO Tpyiibl DI AG oHOBpeMeHHBIX
HOJICTAHOBOK CTPOK M CTOJIOIIOB).

Cuiestyroree yTBep:K/IeHIE OUE€BUIHO

JIemma 1. Mampuunoe pacnpedeaenue (kKax mepa Ha npocmparmcse mam-
PUY) ecmv UHBAPUAHM USMEPUMOT PYHKUUL OTVHOCUMEADLHO USOMOPPHUSMA
(usmepumuix GyHKuuG 08YT NEPMEHHHIT).

Hoxasameavemeso. Eciau nse GyHKIMH 130MOPQHBI, TO U3 OIPEIe/IEHN Cie-
JIyeT, 9TO CYIIeCTBYeT N30MOPMPU3M MEXKIy MPOCTPAHCTBAMU MaTPHI], KOTO-
PBIil [IEPEBOANUT MATPUYHOE PaclpeleeHne OTHOR (PYHKINK B MATPUIHOE
pacupegnesienne japyroi. [Ipu sTom umcnosbdyercs ToT dakT, ITO BCe Hep-
HYJUIMEBCKHE CETKH U30MOPQHBI MeXKy coboil. 3aMeTnM, UTO BCSIKHUIl U30-
MOp(hU3M IPOCTPAHCTB MATPHUIL 110 OIPEIEIEHII0 KOMMYTHUPYET C IPYIIION
ITOJICTAHOBOK CTPOK U CTOJIOIIOB. ]

2.2 TeopeMa BOCCTAHOBJICHHUA 1 IIOJIHOTA MHBAPUWHTOB

B dopmymupoBke jgemMMbl gucToTa (DYHKIUH He mpemnosaraercs. QueBuiHO,
9TO METPUYIECKOe paciipejiesieHne (PyHKIMU COBIAIAET C METPUIECKUM PAaC-
npesiesiHueM ee ouniienns. Ho riaBras mpobsiema KiaaccupuKaimm —B J0Ka-
3ATELCTBE NOAHOMbL NPEdAG2aemo20 unsapuanma. OKazbBaeTCs, Mpobaema
[IOJTHOTBI METPUYECKOTO PACIPEEICHs JTaXKe JIJIsi YUCTBIX PYHKIUN 6oJsiee



JIeJINKATHA: HEeJIOCTATOYHO PACCMATPUBATH MATPUIHOE PACIIPEJIE/IEHHE [PO-
CTO KaK Mepy Ha MOJIMHOYKECTBE MPOCTPAHCTBA MATPHUIL, 8AHCHO COTPAHUMD
HG NoOMHOMHCECMEE ewé 00HO deticmeue, undyuupyemoe 2pynnoti c08uz08
cemxu Z2, 110 06€MM IepeMeHHBIM, KOTOPast JIeiiCTBYeT Ha IPOCTPAHCTBE MaT-
puir (caBuraMu cTpok u cTosionos). leno B ToM, 4To GEpHYIINEBCKIE CeTKH
{zn} X {ym} B HAmEM cirydae MHBAPDHAHTHBI OTHOCUTEJBHO JIBYCTOPOHHETO
C/IBHTA, 110 OGEHM IePeMEeHHBIM T.e. I'PYHIBI Z2. (MM OTHOCHTEIHHO OJHOCTO-
POHHETO CJIBUTa 110 0GEHM TIePeMEHHBIM, eCilH Pedb HieT o moJyrpyie Z2 )

[TosTomy MaTpuvuHOE pacupejieieHre HaJl0 PACCMaTPUBATh, KAK MEpy Ha
MPOCTPAHCTBE MATPWIL BMECTe C JeicTBHeM Ha HeM 3To# rpymmbl, OaHa-
KO CTaHapTHOE Olpejie/ieHne obpa3a Mepbl He YUUTBIBAET JIOTIOTHUTETHHOE
JleficTBHE TPYIIT U MBI JIOJIPKHBI 0COD0 YIUTHIBATH €ro. MbI JI0KaXkeM, 9To
JIBE YUCTBHIX (DYHKIINU, ¥ KOTOPBIX COBIMAJIAIOT MATPUYHBIE PACIIPEIETCHIST
M COXpaHsieTcsl JeficTBUsl Ha HUX Tpymibl Z2— m3omopdubl. Bes sToro mo-
GaBJIEHUS TTOJTHOTY MATPUIHOTO PACIIPEIC/IEHUST KAK MHBPUAHTA YTBEPKIATH
Hesb3st.. OJIHAKO, BO MHOIMX (MOXKHO CKa3aTh [OYTH BO BCEX) TOH OrOBOPKU
He HaJI0, TaK YKA3AHHBIE MEHCTBUS 110 TEM WJIM WHBIM TPUIUHAM COBIIAIAIOT
aBTOMOATUYIECKHU.

Jlns mokazaTeabCTBa MBI HHYKJIAEMCsSl B OHOM CJICICTBUU U3 WHIUBU-
JlyaJIbHON SProJIYIecKOil TeOPEMBI JIJIsl SPTOMYeCKIX JeficTBril Tpymbl ZF,
KOTOPOE SIBJISIETCS PEITAIONIUM JI7IsT 3a7ad9 TOJ00HOTO THIA, OJHAKO ABTO-
Py 9TO CJIEJICTBUAE B JIUTEPATYPE MO IPrOJUIECKON TEOPUHU HE BCTPEYAIOCDH
(cp. [21]). Omno nossoasem odnosnauro soccmanosumy delicmeue 2pynnv Ha
npocmpancms ¢ Mepoti no ee deticmeuto na 00Hol (munuurol) mpaexmopuu
deticmeus u no HEKOMOopot CMmpPyKmype Mot MpPaeKmopuu.

Jemma 2. Pacemompum epynny G = ZF u uneapuarmmyro spzoduieckyro
mepy o na 1°(G). ITyemov xg € 1°(G) — muuunas mouka 048 Mepvi (1 m.e.
makas, 0 KOMOPOl 6bl0EACHHOE CUEMMHOE YUCAO NPEJEA0E CYWELCTEYEM,).
Tozda Ppyrxyuoran

E(¢) =lim|Qn|™" Y ¢(gz0) = ¢

geEAn

onpedener u 00HOZHAUHO ONPEEAALTN, MEPY [t KaK eOUHCMEEHHYIO MEPY Ha
npocmparcmee X pynruud na G, das Komopot

/ &(g0)dpt = 6.
X

3decwv @, nocaedosamenvrocms muoscecms Peavrepa, nanpumep, nocaedo-
BAMENBHOCTVD YEHMPANDHO-CUMMEMPUIHBLE kY006 6 epynne ZF co cmoporot
n, a |Qn| — wucio mouex 6 xybe.
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Joxazamesvemeso. CyIiecTBOBAHUE TIPENETOB €CTh MPSMOe CJIJCTBAE WH-
JUBHUAYATBHON 3PTrOANTIECKO TeOPEMBI, a INHCTBEHHOCTH MEPHI C JTaHHBIMA
pejieJlaMi BBITEKAET U3 TOTO, UYTO yKA3aHHOE MHOXKECTBO (DYHKIINI TOTAIb-
HO, CJIeJIOBATe/IbHO Mepa OJHO3HAYHO OIpeJieieHa. eCjin (DUKCUPOBAHbI WH-
TErpaJibl OT BCEX ITUX (PYHKITUIL. O

3ameuanue 1. OTBjIEKasiCb OT OCHOBHON JIMHUU, 3aMETUM, UTO ITPUBEJIEH-
Has JIeMMa MOKET PACCMaTPUBATHCH KaK CPEJICTBO U3ydYeHUs IPOOJIEMBI N30~
MopdauMa JielicTBuil amMeHabe/IbHBIX I'PYII, COXPAHSIOMNUX Mepy. YKa3aH-
HbIl DyHKIIMOHAJ F TuHeeH Ha HEKOTOPOM IPOCTpaHcTBe PG OrpaHmIeHHBIX
dbyukuumit Ha rpynne G (06pa3 KOTOPOro TOTAJE€H BO BCEX MPOCTPAHCTBAX
L'(G) 1o mHBapHAHTHBIM OTHOCHTETLHO CIBHTA proamaeckuM Mepam). Co-
BOKYITHOCTh 3HAYeHUI (PYHKIMOHAJIA €CTh METPUYECKUI MHBAPUAHT JIeii-
crBust (npu dukcaruu Boibopa npocrpancrea D), u, ecau ydecrsb, uro E
MOXKHO PacCMaTpHUBaTh KaK WHBPHAHTHOE CpejHee Ha T'PYIIEe, TO OTKPbI-
BAeTCs BOBMOYXKHOCTb M3y4YaTh COOTBETCTBHE MEXKJY HEKOTOPBIMU KJIACCAMU
WHBAPUAHTHBIX CPEJHUX Ha TI'PYIINIE U METPUYECKUMU THUIIAMU JIEUCTBUI €
WHBApPUAHTHON Mepoil. B MIupokoM KOHTEKCTE TOJ00HBIE JIEMMbI TO3BOJISI-
I0OT BOCCTAHABJINBATH KOHTUHYaJbHbIE OOBEKTHI 110 CIETHBIM I0JI00bEKTAM.
3aMeTuM, UTO CBA3b MEXKJy WHBAPUAHTHBIMY CPEJHUMEU Ha aMeHAOETbHBIX
CpyIIax U UHAWBUALYAJTBHBIMU SPTOAUIECKAMEI TEOPEMaMU s JIeHCTBHUI
Py U3yYeHa HEJOCTATOTHO.

CremcTBreM TIPebIAYINeH JIEMMBI SIBJISETCS CJIEAYIONIEe yTBEPKICHUE:

JIemma 3. ITyemov f — wucmas unmezpupyemas GyHKUUL 08YT NEPEMEH-
nox na [0,1)2. Mampuunoe pacnpedenenue dynxuyuu f, pacmampueaemoe
KK MEPG HA MHONCECTNEE MAMPUY, 8mecme ¢ delicmeuem 2pynnvl, c08u206
72, ocmasisouus Gyrkyuo funeapuanmmnoti, A6AAEMCA NOAHOT cucme-
MOT uHeapuaHmos gynruuu f.

Hoxazameavcmeo. s 10Ka3aTelbCTBa JOCTATOYHO HMCIOJIL30BATL CJIELY-
I0IIee OUEBH/[HOE XapaKTEePUCTUIECKOe CBOMCTBO uncThix (yHKIWmA (cM. [6,
14]): Mycrs f € L' — uncras mnrerpupyemas (OyHKIUA IBYX ITePEMEHHBIX
1 {Zn, Ym } (n,m) JBE TOCTIETOBATETLHOCTH HE3ABUCHMBIX, OMHAKOBO PaCTIPe-
nesiéanbix Touek B (X1, p) u (Xo, ). Torma jyist mouTn Becex Takux map Io-
CJIEJIOBATEILHOCTE COBOKYITHOCTD (DyHKIIMIA

Gz, () = f(@ns )y by, () = f( ym)

obpasyior ToTambHoe MHOKecTBO B L1 (X1 X Xo, 1 X p). O
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Kak jokaszano B [15] rpynna npeobpasoBaHuii, COXpaHsIIOIMX Mepy H
OCTaBJISTIONINX WHBAPUAHTHOW MPOU3BOILHYIO U3MEPUMYIO (PYHKIUIO, KOM-
[aKTHa, MM03TOMy (DAKTOPHU3AIMA 110 STOW I'PYIIE KOPPEKTHO OIPE/IETIeHA.
OHAKO MBI HE UCIOIB3YEM ITOT (DAKT, TIOCKOJILKY (PaKTOPU3AIUS O TPYII-
e CUMMETPHH MOYKET HapyIlaTh CTPYKTYPY IPSAMOrO MPOU3BEICHUs CUTMA-
ajreop.

Cummerpuu dbyuxiuu f onpenessitorest yeaosuem f(Tx, Sy) = f(x,y),
rme S, T — obparumble mpeobpazoBaHus, COXpaHsronme Mepy. Ecan 'nj ycio-
BHe BBITOJTHEHO TOJIBKO jijist S = Id, T = Id, To 6/5yeM TOBOPUTH, 9TO (hyHK-
yua f umeem mpusuasvryto (edunuunyio) epynny cummempuii. B srom ciry-
Jae, OroBOpKa B (POPMYJIMPOBKE JIEMMBI O T'PYIIE CJIBUTOB HE HYYKHA U MBI
[IOJTy YaeM

Teopema 1. (O soccmanosaenuu) Hoanotl cucmemotl uHBaAPUAGHMOE OM-
HOCUMEALHO USOMOPPUIME YUcOol uHmMe2pupyemots GYHKUUL ¢ MPUSUANDL-
HOT 2pynnotl CUMMEMPUT ABAAECNCA MAMPUUHOE pacnpedeseHrue, Kakx Mepa
6 npocmparcmee mampuy,. Boaee nodpobro, ecau dee unmezpupyemvie, 4u-
Ccmole PYHKUUL ¢ MPUBUANLHOT 2PYNNOT CUMMEMPUT UMENOM 00UHAKOBDLE
(m.e. usomopdroie) mampuunvie pacnpedeserus U pasHvie YCPEOHEHUSA MO
COOMBECNBYIOULUM NEPEMEHHBIM, MO OHU U3OMOPEHHDL.

HeTpuBraibHOCTH TEOPEMBI COCTOUT B TOM, UTO TPY/IHAsS MPOBEPKA U30-
Mopdu3Ma PYHKIMI CBOJIATCS K TPOBEPKE CPABHUTEIBHO OTHOCUTEIBHO JIer-
KO ITPOBEPSIEMBIZK COOTHOIIEHHI (paBeHCTBO nHTErpasion). ClipaBeyInBOCTh
YTBEPXKJIEHUsT TeOPEMbI B KOHIIE KOHIIOB OCHOBBIBAETCSI Ha WHIUBULYaJTbHON
IPTOIMIECKON TeopeMe.

[TouepkHeM, 9TO B YCJIOBUSX TEOPEMBI, MATPUYHOE PACIPEIEIeHIN, KaK
Mepe B TPOCTPAHCTBE MATPHUIL, HACTIELYET CTPYKTYPHI ITPOCTPAHCTBA MATPHII.
Ho B omtmaune ot pabor |6, 14] MbI He CTPOMM U He UCIIOJIb3YEM YHUBEPCAJIb-
HYIO MOJIEJIb M3MepUMOii (PYHKIMK 38 HEHAI0OHOCTBIO, XOTsI €€ MOCTPOEHHE
Kak mwioTHocTh Pajsiona—Hukoanma Ha 6€CKOHETHOM ITPOU3BEICHUNHT OUCBHU/I-
HO.

Mg kmaccudukanmn cuMMeTpuaHbix dyHKIWiE (M. nagee) dbopmyiiu-
POBKHU JOJIXKHBI OBITh HECKOJIBKO H3MEHEHBI.

2.3 HeobxomuMmbrii mpuMep

HerpuBnaabHOCTE TEOpPEMBI O BOCCTAHOBJIEHUN IPOSIBIIETCA yKe MPU Pac-
CMOTPEHHUH CAMBIX MPOCTBIX CUTYAIINil.
Paccmorpum mHBapuaHTbl cieayionieil (byHKIUU JBYX II€PEMEHHBIX
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(k=2): na egunmanom ksampare [0, 1)? sagana bynknus
flz,y)=z+y mod 1

. COOTBETCTBEHHO, PACCMOTPUM J[B€ [IOC/IE[0BATEILHOCTH HE3aBUCUMBIX { (Zn), (Ym )}
TOYEK ¥ IPOCTPAHCTBO Hap To4YeK {(Zp, Ym)}, (n,m € Z, T.e. ceTKy Ha KBa/I-

pate, U IPYIILy CABAIOB Ha OECKOHEYHOM IIPOU3BEJICHUN € OEPHYJIIINEBCKOl

mepoit 1/2,1/2 na (O, 1). Orobpazenune Fy TakoBo:

{(xTU ym)}n,m - {(xn + ym)}n,m

yTBep)K,ILeHI/Ie TeOpPEMbI 1B JaHHOM CJIy9a€eMbl COCTOUT B TOM, 9YTO 3TO
orobpazkenue obparumo mod 0, ¥ 9TO MOKHO BOCCTAHOBUTH KaKJI0€ CJiara-
emoe (T.e. (PyHKIUIO), 3HAsI UX CyMMy (T.e. MarpudHoe pacupejesnenue). Ho
HMEHHO TaKoe MHOYKECTBO MepbI 1, Ha KoTopoM oTobpazkenue Fy obparnmo,
cymecrsyer (!): Vn,m € N

T T

(@) 5 Y 771" () = (20, 0), T > (s ) = (0,3m) .

r—00
k=1 k=1

Tor daxTt, uro ero mepa paBHa 1, ciemayer U3 3aKOHA OOJIBIITUX UTUCET
(sprogmaeckoii Teopembl). OUEBUIHO, YTO MPH BCEX M, M W 33JAHHON CyMMe
Ty + Ym, ClIaTaEMbIe OJIHOSHATHO BOCCTAHABIMBAKOTCH.

Kax MbI BusiuM, B 9TOM cilydae orobpazkenue Iy 0OpaTumo, T.e. AB/IsAeTcs
uzomopdusmom  mod 0). JIro6ONnbITHO, UTO 3/1eCh HA IIPOCTEHIIIEM TIPUMEDE
MTOKA3aHO, KAK C IMOMOIIBIO SPTOJMIECKON TeOPEMbl MOYKHO BBIIEIUTDH IO/~
MHOKECTBO, "TIpaBbIX YacTeil"KaKnX-TO ypaBHEHUIA, J1jIsI KOTOPBIX OJHO3HAY-
HO perraercst cucreMa ypashenuii (z +y = C). B s10M ciyuae nocrpoenue
OYeHb IIPOCTOE, U I OOpalleHusl eCTh (popMyJIa, HO pasyMeeTcs, B CIydae
HpOI/I3OB.HI)HOI/Ul beHKL[I/II/I MBI ITIOJIy9a€eM JIMIIb TeopeMy O CyHieCTBOBaHUU Ta-
KOO MHOYKECTBA M sIBHOI'O IIOCTPOEHHME OOPaTHOIO OTOOpaKeHUsT HET.

Sameyanue 2. Cieayer IOMHUTH, 9TO BCE PACCMATPUBAEMBIE MATPUIHBIE
pacripejiesienns KaK MOJMHOYXKECTBA B IIPOCTPAHCTBE MATPUIL CHAOXKEHBI Ce-
MEMCTBOM YCJIOBHBIX IPEIEIbHBIX PaCIpeIeeHnil BCeX CTPOK U CTOJIOIOB;
yTBEp:KIeHH " IBa MaTPUYHBIX PacIpeIe/eHus COBIaIal0T " BKII0YaeT COB-
najienne 3tux mpeaesioB. Crennduka MaTPUIHBIX PACIPEIEIEHUI Kak Mep
Ha MPOCTPAHCTBE MATPUIL, COCTOUT B TOM, UTO IIPUBLITYHOE OITMCAHUE MEP C
MIOMOIIILI0O KOHEYHOMEPHBIX pacupeeieHnit HeadPEeKTUBHO, XOTS ITO OIU-
caHue sIBHO yKaszaHo (cM. ciemytonuii pasmesn —Teopusi Osmoca).l13 nero
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HETIOCPE/ICTBEHHO HE CJIe/yeT HU CYIeCTBOBOBaHWE, HU OIMCAHUE yCJIOBHBIX
[IpefeIbHBIX PAaCIpeeeHuil CTPOK M CTOJIOIOB I IOYTH BCEX MATPHIL.
Buaumo, B 9TOM COCTOUT HOBU3HA MAaTPUYHBIX PACIIPE/IE/IeHNl, KAaK Mep B
IIPOCTPAHCTBAX OECKOHEYHBIX MATPHII.

2.4 Csa3b c Teopumeit Osmoca

Hanomuum, aro Ougoc (cm. [16, 17, 18]), obobiast Kiaccuueckyro Teope-
My Jle @ureTTn 0 Mepax BepHyim njis mocsenoBaTe/bHOCTER Ha CITydai
MaTpuil, chOpMyIUPOBAT U JIOKA3AJI CJIEIYIONLYI0 TeopeMy (MbI IPUBOIUM €6
B HECKOJIbKO MHBIX, [I0 CPABHEHUIO ¢ OPUTUHAJILHBIMUA. TEPDMUHAMHU): BCsIKAsI
SproAmyecKas Mepa Ha MHOXKECTBE OECKOHEUHBIX BeleCTBeHHbIX MATPUIIL, MH-
BapHaHTHAsA OTHOCHTEJILHO JII000I U3 TPy

1) Sy x Sy — rpylia Beex MOJCTAHOBOK CTPOK U CTOJIOIOB MATPHUIL

2)DIAG Sy — rpymma oJMHAKOBBIX IIOJICTAHOBOK CTPOK ¥ CTOJIOOB MaT-
pui,

€CTh BEPOATHOCTHAsI OOpEJIeBCKass Mepa Ha HMPOCTPAHCTBE MATPHIIL,
(I1f (&, mj, Nij)lliz), 3amaBaembix m3MepuMoil (DyHKIUEH OT Tpex IHepeMeH-
HBIX f, KayKJiasi U3 KOTOPBIX poberaer orpe3ok [0, 1] u Bbraucisiercs: B y3iaax
GepHYIHEBCKOlT ceTKU (B ciIydae 1), ¢ JOMONHUTEILHBIM YCIOBHEM 1) = &
(B ciryuae 2); 31ech &, 15, Ai,j — HE3aBHCHMBbIE II0CJIE0BATEIBHOCTH HE3ABH-
CUMBIX CJIydafiHbIX BEJIMYMH PABHOMEDHO paclpejieleHHbIX Ha oTpeske [0, 1].

HaMm BazkeHn 9acTHBIA CIydail 3TOro pesyJsbrara, IpU KOTOPOM IIepeMeH-
Hast \; j OTCyTCTBYET U CBsI3b C KiacCudUKammeil BHINISINT TaK:

IIpengioxkenue 1. Besakxas mepoe Oadoca ¢ Hyaesvm A) cymov mampuinoe
pacnpedesenue UIMePuMot GyrnKuuuL 06YT nepemenmur, 3adarowet Imy
mepy 4 Pynruu0 Modcno cuumamy wucmol. B cayuae 2 umeemcesa 6 eudy
MAMPUIHOE Pacnpedeserue CUMMEMPUeckoll Gynkuuy (cm o Hem 6 caedy-
wuam napazpagpe).

Baeck Mbl He 0bcyxkuaeM cam pesysbrar Ouioca Bo BCellt ero o0mHocTn
WM JjazKe B YKA3aHHOM cjIydae (B OTCYTCTBHE A), HO IIOAYEPKHEM, UTO OH
COCTOUT B JIOKA3aTEJIbCTBE TOTO, YTO UCKOMbIE HHBAPUAHTHbIE MEPbI Ha MaT-
PUIIAX OIMUCHIAIOTCS Ye€pe3 u3MepuMble (DYHKIINH, B TO BPeMsI KaK MbI XOTHUM,
Ha00OPOT, MCIOAB30BATH MEPhI Ha MATPUIAX, KAK MHBAPUAHTHI (DYHKIWH 1
onuchiBaeM CBoiicTBa 3Ttux Mep. Jlo cux mop, Kak OyJaTo TAKOTO OIUCAHUS He
6b110 caesano. Bosee mogpobHBIil aHAINS, BKIIIOUAIONIUIT HONBITKY JTOKA3aTh
reopemy OJ1j10ca ¢ IIOMOIIBIO SPrOJNIECKOr0 METOJIa aBTOPa U CBsI3aTh 0be
3aj1aqu OyJieT cuesian B gpyrom mecre. Ciydait A = () sABjIseTcs BBIPOXK I€H-
HbIM B Teopeme Ouiioca (9ror ciayda 6w mpomyireH B [5]), Ho oH Hanbosee
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UHTEPpEeCEeH NUMEHHO ITIOTOMY YTO, IPUBOJIUT K ME€paM (l\/IanI/ILIHbH\/I pacipeaesi-
HHSIM ), HEIIOXOYKHM II0 CBOMM CBOWCTBAM, Ha XOPOIIIO N3yYeHHBIE CIIyIaiiHble
MaTpHUIIbl C HE3aBUCUMbIMU KOg(beI/H_H/IeHTaMI/I U COOTBETCTBYIOIIUM Cﬂyqaﬁ—
HBIM CIIEKTPOM (CM. jaJiee).

3 CUMMETPNUYHOE MATPUYHOE PACIIPE-
AEJEHUE CYTH IIOJIHBEINI MHBAPUAHT
METPUYECKUX TPOEK

3.1 Omnpenesenue

Knaccudukaius n3MepuMbiXx CUMMETPUIHBIX (DYHKIINI MHOTUX II€PEMEH-
HBIX, B YaCTHOCTH, METPUK B IIPOCTPAHCTBaX C MEPOIi, HECKOJIbKO OTJINYaET-
csi OoT obImeit KiraccupuKanun MPOU3BOJIBHBIX U3MEPUMBIX (DYHKITUNH B IPO-
CTPAHCTBAaX C MEPOIA.

JleranbHOe U3/I0yKEHNE COBMECTHON aKCUOMATUKU CTPYKTYPBI ITPOCTPAHCTB
C MEpOi M METPUKON CM. B [1, 2] U B UTUPYEMOH TaM JIuTepaTrype IO 9TO-
My Bompocy. Peub mjer o Tak Has3blBaeMbIX MeTpuueckux Tpoiikax (X, i, p)
(IpocTpaHCTBO, Mepa, MeTPHKA), & UMEHHO, O II0JIbCKUX IPOCTpaHcTBax X ¢
OOpEJIEBCKOM, HEIIPEPBIBHON MEPOU 4, UMEIOIEHl TOJIHBI HOCUTEIh OTHOCHU-
TE€JIbHO METPUKHU p. BOHpOC O IIOJIHOM CHUCTeEMe NHBapnaHTOB OTHOCHUTEJIBHO
IPYIIBI H30METPHIA, COXPAHSAIONINX MEPY, JJIsd TAKUX TPOEK OBbLI MOCTABJIEH
u perter I'pomMoBbIM B [1]; mocsieyioriee 10Ka3aTeIbCTBO 9TOIO PE3YJIbTATA
ABTOPOM FHCIIOJIB30BAJIO JPYTUe (SProJuecKre) MeTO/Ibl, B 9aCTHOCTH, CBsi-
3aHHbBIE ¢ Kiaaccudukaimeir GyHKIN HECKOIBKIX IePEMEHHBIX B IIPOCTPAaH-
crBax Jlebera. Oba JokazaTenbCTBa NpUBEeHB! B [1| 1 craThax asropa [§],
cM TakKke [2|.

Ompefiesienne MATPUIHOTO PACTIPEIECTCHIS, TIPUBEIEHHOE BBITIE U NCTIO -
3yIolllee IPOU3BOJIbHBIE JIByMEpPHbIE CETKU, MOXKHO IIPUMEHUTh K MEeTPHUKaM,
9TO JaeT HOJIHBI MHBAPUAHT METPHUK B Kjacce oOmux (yHKIMA JIBYX Iie-
pemenubIx. OHAKO OIPeie/IeHe MATPUIHOIO PACIIPEJIE/IEHUsT €CTECTBEHHOE
MEHSETCS NP 3aMEHe MOHATHUS U3MOpdu3Ma, B YACTHOCTHU, €CJIU PACCMaT-
pHUBaTh CUMMETPHUYHBIE (DYHKIMU JIBYX HJIU DOJiee IePEMEHHbIX (HAIPUMED,
METPHUKH Ha IIPOCTPACTBAX C Mepoﬁ), TO €CTECTBEHHO BBECTHU CIICIIUAJILHDIC
CeTKHU JIJIsi PACCMOTPEHUS] MHBAPUAHTOB CUMMETPUYHBIX (DYyHKIWH k 1epe-
MEHHBIX OTHOCHUTEJILHO OANHAKOBBLIX Hpeo6pa3OBaHm71 IIEepEMEHHBIX!

fQ(Txl,. . Tq:k) = fl(xl .. J}k)
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Oupe/ieieHrie MATPUYHOIO PACIpe/iesieHns: B 910ii curyanuu (kK = 2) ecre-
CTBEHHO OCHOBBIBATH HA CETKAX BHIA {Ty, T frm.

Onpenenenue 4. Mampuurvim pacnpedesenuem Cummempuanot GyHKyuL
08YT NEPEMEHHBLL HAZDIGAECTNCA MEPA 8 NPOCTPAHCNEE DECKONEUHBLL MATMPULY,
ABAANOWAACA 00PA30M NPU 0MOOPAHCEHUL,

Ff({xn}n X {Zmtm) = |’f(33ka$m)”(n,m)ez%

onpedeasemas Gopmyroti:
D, = (Fp)u(u* x p.

B wacmnocmu, mampuyunoe pacnpedesenue Mempuru Kok uamepumol
Pyrryuu p na npocmpancmee ¢ mepot (X, p) ecmv mepa na npocmparcmee
QUCTNAHYUOHHBLT MATNPUY, M. €. MEMPUK HA CHEMHOM Npocmparcmee (7 ue-
ABLT HUCEN UAY HAMYPAAOHHIET YUCEA 8 CAYHAE 0OHOCTNOPOHHUL CEMOK),

3aMerTnM, 9TO HE BCSAKAs SProjuveckasl I WHBAPUAHTHAS, OTHOCUTEb-
HO OJTHOBPEMEHHBIX II0JICTAHOBOK, Mepa Ha MHOXKECTBE MaTPHI, PacCTOAHNAN
(=/MCTAaHIIMOHHBIX MATPHUIL) MOXKET ObITh MATPUIHBIM PACIIPEJIEIEHIEM HEKO-
TOpOit MeTpuyeckoit Tpoiiku. Hampumep, m1st 6epHYIINEBCKON MePhI Ha, CHM-
mMerpuubbix (-1 Marpunax, onpejensorieil ciaydaitubii (yHUBepCabHBbII)
rpad, HEPABEHCTBO TPEYIOJIbHUKA BBHIIIOJHEHO aBTOMATHYECKU, M 3Ta Mepa
HE sIBJISETCSI MATPUUIHBIM PACIPEIEIEHUEM KAKOW-TN00 METPUIECKONU TPOii-
KM, [IOCKOJIbKY, B YACTHOCTH, HE BBIIOJHEHO SHTpONUiiHOe yciioBue (CM. Ja-
JIee).

3.2 mm-=-aHTPpPOoIINnA MEeTprUuIeCKUX TpPOoeK

JlJisT BCAKOTO METPHUYECKOr'O IPOCTPAHCTBA C MEpOil OIPEIesicHO IMOHSITHE
MM=3HTPOINUN; ITO (DYHKIHUA OT €:

H(e) = min{r € N : u(U Vie,z)) > 1 — €},
i=1

3zech V (€, ) — map pajpyca € ¢ IeHTPOM B TouKe x. KKOHeIHOCTD j1j1st MeT-
pUUeCKNX TPOEK IIPU KOHEYHBIX € OUeBUJIHA, U NHTEPEC IIPEJICTABIISIET POCTOK
910l DYHKIMUK B HYyJIE€, KOTOPBIN U €CTh BayKHAS XapaKTEPUCTUKA METpUYe-
CKOil TpOKU. ABTOPOB 9TOI0 OIIPEJIeJIEHNsI, TOBUIUMOMY, HECKOJIBKO, OJTHIM
U3 HUX ABAJISAETCA aBTOP CTaTbU, UCIIOJb30BABIIUI 3TO IOHATUE JJIA OIIpe-
JeJIeHUsl, TaK HA3bIBA€MOIl MacCIITaOMPOBAHHON SHTPOIUU aBTOMOP(MU3MOB
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¥ KaTaJINTHIECKUX HHBAPHAHTOB, O0OOIIAIONIMX SHTPOIMIO JHHAMIYECKIX
cucrem lennona-Kosmoroposa (cm [7, 2]). Ho okazamoch, uro Illennon
B [13| B mpmiokeHnu K 3HAMEHHTON CTaTbe IO TeopuH MHMOPMAINN TazKe
OIPEJIEJIHII 9TO MM-IHTPOIUIO METPUK C MepOii, XOTsl Ha €ro Olpe/ieeHne
JloJIroe BpeMst He 65110 obparieno gospknoro suumanus. (cM. |7]) Herpyauo
HOHATD, YTO MM-IHTPONUSA METPUICCKON TPOHKU BBIYUCIISETCS 110 MATPHY-
HOMY PACIIPE/IeIEHNIO TPOIKH KaK [IPEeIesl HEKOTOPBIX (DYHKIIMOHAIOB OT €ro
KOHEYHOMEPHBIX (parmenToB. Bosee cymecrBenHo, Kak MoKa3aHo B [2], 4ro
KOHEYHOCTD [IPEJIEJIA €CTh JOCTATOYHOE YCIOBUE Ha PIOAUIECKYIO, HHBAPU-
AHTHYIO Mepy Ha JUCTaHI[MOHHBIX MATPHIAX, YTOObI OHA ObLIa MATPHIHBIM
PaCIpeIeIEHNEM METPUKN.

3.3 O conocraBjieHUM JI0OKA3aTEJILCTB TEOPEMBI O BOCCTAaHOB-
aennd I'pomoBa-Bepnmka

'pomos B [1] oka3biBaeT cieyolLyo TeopeMy (TeopeMy BOCCTAHOBJIEHHUST) B
HECKOJIBKO U3MEHEHHBIX TepMUuHAX: [[oanot cucmemoti uHeapuanmos Mem-
puseckot mpotiku (X, [, p) ommocumeavbro 2pynnol usomempud, coOrpaHsI0-
WUT MEPY MU, ABAACMCA MEPa HA MHONCECTNEE BECKOHEUHLT OUCTNAHUU-
OHHBLT MAMPUY, ABAAOUAACA OUHCTNEEHHDIM CAADBIM NPEIENOM MED Ha T~
MEPHBLL QUCTNAHUUOHHILT MAMPUUAT, OMEEUAIOUUT CAYHATHBIM HABOPAM U3
N HE3ABUCUMBLT 00UHAKOBO PACTPEIEAEHHBIT NO 3a0aHHOT MEPe MOYEK NPO-
CMPaHcmaa.

Haunbosee TpyaHast 9acTb — 3TO JI0KA3aTEJBCTBO IMOJHOTHI, T.e. €JIMH-
CTBEHHOCTH (BOCCTAHOBJICHUST) METPUYIECKON TPOIKH 110 33 JaHHOMY CaaboMy
IpeJiesly CIydailHbIX JUCTAaHIIUMOHHBIX MaTpuil. Cjiabblil pees, 0 KOTOpoOM
UJIET PeUb, MOYKHO Ha3BATH MATPUIHBIM PACTIPEICTIEHNEM OTHOCUTETHHO TIPe-
JieJia, TI0 KOHEYHBIM ceTKaM. Pazymeercs, JI0Ka3aTeIbCTBO BOCCTAHOBJIEHUS
TpebyeT OIEHOK THIIA METO[a MOMEHTOB, MCIIOJIb30BaAHHBIX B [1].

Jlpyroit ojIxo/T COCTOUT B TOM, YTO PacCMaTPHUBAIOTCS cpa3y GecKoHed-
HbIE OEPHYAAUEECKUE CEMKU U UX TUCTAaHIIMOHHBIE MaTpuIlbl. DOKyC COCTOUT
B TOM, 9TO MOYTH BCsiKasi (TUIMYHAST) CETKA MO3BOJISET BOCCTAHOBUTH METPU-
YECKYI0 TPOWKY, IOTOMY UTO Cpa3y sICHO, 9TO METPHUKA BOCCTAHABJIUBAELTCSI
0 MeTpUKe Ha TJIOTHOM IOJMHOYXKECTBE; W JAJbIlle IPrOJUIHOCTh HYyXKHA
TOJIBKO JIjIsI BOCCTAHOBJIEHUsT Mepbl. HO cI1ocob BOCCTAHOBJIEHUsI IO OJIHOM
TPaeKTOPUH, KAK MBI BUIE/N, BOSMOXKEH 1 6€3 CChLIKU Ha CBONCTBa MeTpU-
KW, 110 6osiee riaybokuM "wHauBMya bHEIM " ipuanHaM. Pojib 9proauieckoit
TeOpeMbI CyIIeCTBEHHA U JIEMMa, 3, BBITEKAIONAsl U3 WHUBUJILYAJHLHON TEO-
pPeMBI, OObSICHSIET, MOYeMy BOCCTAHOBEHUE BO3MOXKHO B 0DOIeM ciydae 6e3
MIPUBJIEYEHNsT KOHKPETHBIX CBOWCTB (OYHKITHH.
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Ocraercst BOIIPOC — COBIIAIAET JIM YTO CJIaObIi IpeIes Mep, BO3HUKAIO-
muit B "KoneunoM "moaxoe ['poMoBa ¢ MATPUYHBIM PaCIIpeIe/IeHIEM, OIIpe-
JIEJIEHHOM BBIIIIE C TOMOIIBbIO OECKOHEUHBIX OepHY/IINEBCKUX ceToK ! He Bxost
B JI€TaJId, MBI IIPEJIIOJaraeM, 9To 9TO TaK, ¥ CTaBUM 0OoJjiee 00IImii BOIIpoC:

ITpobaema 1. CoBnagaioT Jm s 3aaHHON H3MepuMoil byHKIN (HAIPU-
Mep, METPUKHU Ha MPOCTPAHCTBE C MEPOii) MATPUUHBIE PACIHPE/IEJICHUsT, KaK
MEpBI B IIPOCTPAHCTBE MATPHUI], HOCTPOCHHBIE 110 1)6epHYILINEBCKIM CETKAM
2)JI0KaJIbHO KOHEYHBIM CETKaM 3)II0 CEeTKAM, MOCTPOEHHBIM IO CTAI[OHAD-
HBIM TIOCJIEJIOBATEIIHHOCTSM, YIOBJAeTBOpSIomeit 3akony 0 — 1.

3.4 IlpumeHeHWEe MATPUIHOTO pacHpeeieHusI METPUK

b OTobparkeHune, COMOCTABJISIONIEE METPUIECKONH TPORKE MATPUIHOE PACIIPE-
JleJIEHE, MOXKET HCIIOJIB30BAThCsI P U3YIEHUN PA3JIMIHBIX CBOWCTB MeT-
puk. JlunmmumesocTs 3roro orobparkenus gokasana B [19]. Cxopumocts (1o
Xaycnopdy-I'poMOBY) METPUIECKUX IPOCTPAHCTB ¢ MEPOil MOXKeT ObITH BbI-
pakeHa B TEPMUHAX CXOIMMOCTH MATPUYHBLIX pacrpesenennit. K coxase-
HUO, UMEETCsI MAJIO IMPUMEPOB sIBHBIX Bbluucjeruii. CyIecTBeHHO paciiu-
PUTH OTIpeIeJIeHre MATPUIHBIX PACIPEIEIeHUIT Ha TPOCTPAHCTBA CO CTPYK-
Typoii, boJstee GeHOM, YeM MeTpuUecKast Tpoiika. TUIHIHBIN IpUMeEp: MyCTh
JIJTST TIOCJIETOBATETLHOCTH METPUIECKUX TPOEK TIOCTIETOBATETHLHOCTE COOTBET-
CTBYOIINX MATPUYHBIX PACIPEIEJIEHNN CXOIUTCS KAaK IMOCJIeI0BATEIbHOCTD
Mep B MIPOCTPAHCTBE MATPHUIL K HEKOTOPOI Mepe, KOTOpas He SBISETCS MaT-
PUYHBIM pacipejiesiearneM. 1o MOXKHO cKa3aTh o mpejeie Tpoek ! Tpebyercs
OIHUCATh TAKUE IIPEJIEJIB.

3.5 CnoekTp MaTpUYHOrO pacnpejiejeHust

B zakuiovyenne 3aTpoHeM KPaTKO BayKHBIN /1T IPUJIOYKEHIIT BOIIPOC O CIIEK-
Tpe MATPUYHBIX pacrpejeneHnii. PaccMorpuM MaTpudHOe pacipejieieHne
METPHYECKON TPOWKHU B cMbIcse pasjena 3.1. 91o Mepa Ha JUCTAHIINOHHBIX,
T.€.CUMMETPUYHBIX U YJIOBJIETBOPSIONINX HEPABEHCTBY TPEYTOJIbHUKA, HEOT-
PHUIIATETBHBIX MaTpuiiax. MoKHO CTaBUTH BOIPOC O IOBEJIECHUU CIIEKTPOB
KOHEYHBIX (DPArMEHTOB MATPUYIHOIO PACIPE/IEICHNUST, KAK CIyYallHbIX BEKTO-
POB, COCTOSAIINX M3 COOCTBEHHBIX (BeleCTBeHHBIX) urcest. OCOOEHHO BasKHBI
X ACUMIITOTHYECKHE CBOICTBA.

Ecsin marpuvnoe pacupefiejieHne eCTh MOJMHBI HHBAPHAHT METPUKH, TO
€CTECTBEHHO CIIPOCUTH, HACKOJIBKO ACHMITOTHIECCKHE CIIEKTPAIbHBIE CBOIi-
CTBa MOTYT OBITH MOJHBIMH. DTOT aHajor Bompoca M. Kama "Moxkuo su
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yeabmaTh (popmy bapabana?" mjis ClIEKTPOB METPUIECKUX TPOEK aBTOP CTa-
Bust B [8]. Ecrb psin Habmonennit o crieKTpax METPHUK, MHTEPECHBIE KCIIe-
PUMEHTHI C KJIACCHIECKUMHU METPUYECKUMU [IPOCTPAHCTBAME ITPOBEJIEHBI 110
uHUIEaTHBe aBTopa B padore [9]. Ho ckoIbKO-HUOY/Ib SICHON KAPTUHBI OKA
HeT. BaxKHO mceieqoBaTh AaCHMIITOTHKY CIIEKTPOB HE CaMUX JIMCTAHITHOHHBIX
MATPHUIL, & MATPUIHBIX PACTIPEIETICHNH, T.€. ACHMITOTHKY METPUIECKUX TPO-
€K.

EcrecTBenno mpesmonaraTtb, 9TO METPUKA BCETTa WHTErpUpyeMa, HO He
KBaJIPATUIHO WHTEIPUPYEMa 10 MEPE. B CIydae KBaJ[PATUIHON UHTErPUpye-
MOCTH TIPEIETHHBIN CIIEKTP MATPUIHOTO PACITPEIENIEHUST BCETIA TeTEPMUHNI-
pOBaH U ONpPEJJIAETCs CIEKTPOM MHTETPATBHOTO OllepaTopa, siipo KOTOPOTO
ectb Merpuka (cM. [20]). Buaumo, nepBblii n3BeCTHBIN IIPUMED METPUIECKOT
TPONKM CO CIyUYailHBIM MPEJIeJIbHBIM CIIEKTPOM IpuBeieH B [10] 910 9BKIIN-
JI0Ba MeTPHUKA Ha, MOJIyIpsiMoii ¢ mepoit Korm.

Baxkublit BOIpoc — HACKOJBKO OJU3KUM K MOJYKPYTOBOMY 3aKOHY MO-
JKeT OBbITH MPEJEIbHBIN CIIEKTP MATPUUYHBIX PACHpEeIeeHIil MeTPHIECKUX
MpOCTpaHCTB. HampumMep, xaxo6v, npedeavhvle CRexmpvs MEMPUKY Ha YHU-
BEPCANLHOM NPOCMPAHCNGEA Y PoiCcOHa, OTHOCUTEIBHO BEPOSITHOCTHBIX Mep B
3TOM IIPOCTPAHCTBE?!
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