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Â L2(Rd;Cn) èçó÷àåòñÿ ñèëüíî ýëëèïòè÷åñêèé ñàìîñîïðÿæåííûé äèôôåðåíöèàëüíûé
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àïïðîêñèìàöèÿ ðåçîëüâåíòû (Aε + I)−1 ïî îïåðàòîðíîé íîðìå â L2(Rd;Cn):

(Aε + I)−1 = (A0 + I)−1 +

2p−1∑
j=1

εjKj,ε +O(ε2p).

Çäåñü A0 � ýôôåêòèâíûé îïåðàòîð ñ ïîñòîÿííûìè êîýôôèöèåíòàìè, à îïåðàòîðû Kj,ε,
j = 1, . . . , 2p− 1, � ïîäõîäÿùèå êîððåêòîðû.
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Ââåäåíèå

Ðàáîòà îòíîñèòñÿ ê òåîðèè óñðåäíåíèÿ (ãîìîãåíèçàöèè) ïåðèîäè÷åñêèõ
äèôôåðåíöèàëüíûõ îïåðàòîðîâ (ÄÎ). Çàäà÷àì óñðåäíåíèÿ ïîñâÿùåíà îáøèðíàÿ
ëèòåðàòóðà; â ïåðâóþ î÷åðåäü óêàæåì ìîíîãðàôèè [BeLP, BaPan, ZhKO].

0.1. Îïåðàòîðíûå îöåíêè ïîãðåøíîñòè â òåîðèè óñðåäíåíèÿ. Ïóñòü Γ ⊂ Rd �
íåêîòîðàÿ ðåøåòêà, Ω ⊂ Rd � ýëåìåíòàðíàÿ ÿ÷åéêà ýòîé ðåøåòêè. Ïóñòü ε > 0 � ìàëûé
ïàðàìåòð. Äëÿ âñÿêîé èçìåðèìîé Γ-ïåðèîäè÷åñêîé ôóíêöèè F (x) èñïîëüçóåì îáîçíà÷åíèå
F ε(x) := F (ε−1x).
Â ñåðèè ðàáîò Áèðìàíà è Ñóñëèíîé [BSu1, BSu2, BSu3, BSu4] áûë ïðåäëîæåí è ðàçâèò

òåîðåòèêî-îïåðàòîðíûé (ñïåêòðàëüíûé) ïîäõîä ê çàäà÷àì óñðåäíåíèÿ. Â óïîìÿíóòûõ
ðàáîòàõ èçó÷àëñÿ øèðîêèé êëàññ ñàìîñîïðÿæåííûõ ìàòðè÷íûõ ÄÎ âòîðîãî ïîðÿäêà,
äåéñòâóþùèõ â L2(Rd;Cn) è çàäàííûõ â ôàêòîðèçîâàííîì âèäå

Aε = b(D)∗gε(x)b(D), D = −i∇. (0.1)

Çäåñü g(x) � îãðàíè÷åííàÿ è ðàâíîìåðíî ïîëîæèòåëüíî îïðåäåëåííàÿ Γ-ïåðèîäè÷åñêàÿ

(m × m)-ìàòðèöà-ôóíêöèÿ â Rd; b(D) =
∑d

j=1 bjDj � (m × n)-ìàòðè÷íûé ÄÎ ïåðâîãî

ïîðÿäêà. Ïðåäïîëàãàåòñÿ, ÷òî m > n è ñèìâîë b(ξ) =
∑d

j=1 bjξj èìååò ðàíã n ïðè âñåõ

0 6= ξ ∈ Rd. Ïðîñòåéøèé ïðèìåð îïåðàòîðà (0.1) � ñêàëÿðíûé ýëëèïòè÷åñêèé îïåðàòîð
−div gε(x)∇ (îïåðàòîð àêóñòèêè); îïåðàòîð òåîðèè óïðóãîñòè òàêæå äîïóñêàåò çàïèñü â
âèäå (0.1).
Â [BSu1] áûëî ïîêàçàíî, ÷òî ïðè ε→ 0 ðåçîëüâåíòà (Aε + I)−1 ñõîäèòñÿ ïî îïåðàòîðíîé

íîðìå â L2(Rd;Cn) ê ðåçîëüâåíòå ýôôåêòèâíîãî îïåðàòîðà A0 = b(D)∗g0b(D), ãäå g0 �
ïîñòîÿííàÿ ïîëîæèòåëüíàÿ ýôôåêòèâíàÿ ìàòðèöà. Áûëà ïîëó÷åíà îöåíêà

‖(Aε + I)−1 − (A0 + I)−1‖L2(Rd)→L2(Rd) 6 Cε. (0.2)

Â [BSu2, BSu3] áûëà íàéäåíà áîëåå òî÷íàÿ àïïðîêñèìàöèÿ ðåçîëüâåíòû (Aε + I)−1 ïî
îïåðàòîðíîé íîðìå â L2(Rd;Cn):

‖(Aε + I)−1 − (A0 + I)−1 − εK(ε)‖L2(Rd)→L2(Rd) 6 Cε
2. (0.3)

Â [BSu4] áûëà ïîëó÷åíà àïïðîêñèìàöèÿ ðåçîëüâåíòû (Aε + I)−1 ïî íîðìå îïåðàòîðîâ,
äåéñòâóþùèõ èç L2(Rd;Cn) â ïðîñòðàíñòâî Ñîáîëåâà H1(Rd;Cn), ñ îöåíêîé

‖(Aε + I)−1 − (A0 + I)−1 − εK1(ε)‖L2(Rd)→H1(Rd) 6 Cε. (0.4)

Îïåðàòîðû K1(ε) è K(ε) � òàê íàçûâàåìûå êîððåêòîðû. Êîððåêòîð K1(ε) çàäàåòñÿ
âûðàæåíèåì [Θε]b(D)(A0 + I)−1Πε è ñîäåðæèò îñöèëëèðóþùèé ìíîæèòåëü Θε, ãäå Θ(x)
� ïåðèîäè÷åñêîå ðåøåíèå âñïîìîãàòåëüíîé çàäà÷è íà ÿ÷åéêå Ω. Êðîìå òîãî, îí ñîäåðæèò
âñïîìîãàòåëüíûé ñãëàæèâàþùèé îïåðàòîð Πε (ñì. (5.9)). Ïðè ýòîì ‖K1(ε)‖L2→H1 = O(ε−1).
Êîððåêòîð K(ε) èìååò áîëåå ñëîæíóþ ñòðóêòóðó: K(ε) = K1(ε) + K1(ε)∗ + K3, ãäå K3 íå
çàâèñèò îò ε. Ïðè ýòîì ‖K(ε)‖L2→L2 = O(1).
Îöåíêè (0.2)�(0.4) òî÷íû ïî ïîðÿäêó; ïîñòîÿííûå êîíòðîëèðóþòñÿ â òåðìèíàõ äàííûõ

çàäà÷è. Ïîäîáíûå ðåçóëüòàòû ïîëó÷èëè íàçâàíèå îïåðàòîðíûõ îöåíîê ïîãðåøíîñòè â
òåîðèè óñðåäíåíèÿ. Ìåòîä èññëåäîâàíèÿ â [BSu1, BSu2, BSu3, BSu4] îñíîâàí íà ìàñøòàáíîì
ïðåîáðàçîâàíèè, ðàçëîæåíèè îïåðàòîðà A = b(D)∗g(x)b(D) â ïðÿìîé èíòåãðàë (ñ ïîìîùüþ
ïðåîáðàçîâàíèÿ Ãåëüôàíäà) è àíàëèòè÷åñêîé òåîðèè âîçìóùåíèé. Ïðè ýòîì áûëî âûÿñíåíî,
÷òî ðåçîëüâåíòó îïåðàòîðà Aε ìîæíî àïïðîêñèìèðîâàòü â òåðìèíàõ ñïåêòðàëüíûõ
õàðàêòåðèñòèê îïåðàòîðà A íà êðàþ ñïåêòðà. Òåì ñàìûì óñðåäíåíèå � ýòî ïðîÿâëåíèå
ñïåêòðàëüíîãî ïîðîãîâîãî ýôôåêòà.
Òåîðåòèêî-îïåðàòîðíûé ïîäõîä ïðèìåíÿëñÿ ê óñðåäíåíèþ ïàðàáîëè÷åñêèõ óðàâíåíèé

âòîðîãî ïîðÿäêà â ðàáîòàõ [Su2, Su3, V, Su5]; áûëè ïîëó÷åíû àíàëîãè îöåíîê (0.2)�(0.4)
äëÿ ïîëóãðóïïû e−Aετ , τ > 0. Åùå áîëåå òî÷íûå àïïðîêñèìàöèè ðåçîëüâåíòû è ïîëóãðóïïû
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îïåðàòîðà (0.1) (ïðè ó÷åòå ïåðâîãî è âòîðîãî êîððåêòîðîâ) áûëè íàéäåíû â [VSu1, VSu2].
Â äàëüíåéøåì ñ ïîìîùüþ òåîðåòèêî-îïåðàòîðíîãî ïîäõîäà áûëè ïîëó÷åíû îïåðàòîðíûå
îöåíêè ïðè óñðåäíåíèè íåñòàöèîíàðíûõ óðàâíåíèé òèïà Øð¼äèíãåðà è ãèïåðáîëè÷åñêîãî
òèïà â Rd (ñì. [BSu5, M, Su9, D, Su16, DSu1, DSu2]), ïðè óñðåäíåíèè ñòàöèîíàðíîé è
íåñòàöèîíàðíîé ñèñòåìû Ìàêñâåëëà â R3 (ñì. [Su1, Su4, DSu3]), à òàêæå ìíîãèå äðóãèå
ðåçóëüòàòû. Íåäàâíî ýòîò ïîäõîä áûë àäàïòèðîâàí è ê èçó÷åíèþ óñðåäíåíèÿ íåëîêàëüíûõ
îïåðàòîðîâ [PiSlSuZ].
Äðóãîé ïîäõîä ê ïîëó÷åíèþ îïåðàòîðíûõ îöåíîê (òàê íàçûâàåìûé ìåòîä ñäâèãà) áûë

ïðåäëîæåíÆèêîâûì [Zh] è ðàçâèò â äàëüíåéøèõ ðàáîòàõÆèêîâà è Ïàñòóõîâîé; â [ZhPas1],
[ZhPas2] ýòîò ìåòîä ïðèìåíÿëñÿ ê óñðåäíåíèþ ýëëèïòè÷åñêèõ è ïàðàáîëè÷åñêèõ óðàâíåíèé
âòîðîãî ïîðÿäêà. Ñì. òàêæå îáçîð [ZhPas3] è öèòèðîâàííóþ òàì ëèòåðàòóðó. Ìåòîä ñäâèãà
îñíîâàí íà àíàëèçå ïåðâîãî ïðèáëèæåíèÿ ê ðåøåíèþ è ââåäåíèè â çàäà÷ó äîïîëíèòåëüíîãî
ïàðàìåòðà (ñäâèãà íà âåêòîð èç Ω).
Îòäåëüíûé èíòåðåñ ïðåäñòàâëÿåò çàäà÷à óñðåäíåíèÿ äëÿ ïåðèîäè÷åñêèõ ýëëèïòè÷åñêèõ

ÄÎ âûñîêîãî ÷åòíîãî ïîðÿäêà. Ê ìàòðè÷íûì ýëëèïòè÷åñêèì îïåðàòîðàì ïîðÿäêà 2p (ãäå
p > 2) òåîðåòèêî-îïåðàòîðíûé ïîäõîä ïðèìåíÿëñÿ â ðàáîòàõ Âåíèàìèíîâà [Ve] è Êóêóøêèíà
è Ñóñëèíîé [KuSu]. Â ïåðâîé ðàáîòå èçó÷àëñÿ îïåðàòîð âèäà (Dp)∗gε(x)Dp, ãäå g(x) �
òåíçîð-ôóíêöèÿ ïîðÿäêà 2p, îãðàíè÷åííàÿ, ïîëîæèòåëüíî îïðåäåëåííàÿ è ïåðèîäè÷åñêàÿ;
òàêîé îïåðàòîð ïðè p = 2 âîçíèêàåò â òåîðèè óïðóãèõ ïëàñòèí (ñì. [ZhKO]). Â [Ve]
áûë ïîëó÷åí ñòàðøèé ÷ëåí ïðèáëèæåíèÿ ðåçîëüâåíòû ïî îïåðàòîðíîé íîðìå â L2(Rd)
è óñòàíîâëåí àíàëîã îöåíêè (0.2). Â ðàáîòå [KuSu] èçó÷àëèñü áîëåå îáùèå ìàòðè÷íûå
îïåðàòîðû ïîðÿäêà 2p âèäà

Aε = b(D)∗gε(x)b(D), b(D) =
∑
|β|=p

bβD
β. (0.5)

Çäåñü g(x) � îãðàíè÷åííàÿ è ðàâíîìåðíî ïîëîæèòåëüíî îïðåäåëåííàÿ Γ-ïåðèîäè÷åñêàÿ
(m×m)-ìàòðèöà-ôóíêöèÿ â Rd; b(D) � (m×n)-ìàòðè÷íûé ÄÎ ïîðÿäêà p. Ïðåäïîëàãàåòñÿ,

÷òî m > n è ñèìâîë b(ξ) =
∑d
|β|=p bβξ

β èìååò ðàíã n ïðè âñåõ 0 6= ξ ∈ Rd. Â

[KuSu] áûëî ïîêàçàíî, ÷òî ïðè ε → 0 ðåçîëüâåíòà (Aε + I)−1 ñõîäèòñÿ ïî îïåðàòîðíîé
íîðìå â L2(Rd;Cn) ê ðåçîëüâåíòå ýôôåêòèâíîãî îïåðàòîðà A0 = b(D)∗g0b(D), ãäå g0 �
ïîëîæèòåëüíàÿ ýôôåêòèâíàÿ ìàòðèöà. Áûëà ïîëó÷åíà îöåíêà

‖(Aε + I)−1 − (A0 + I)−1‖L2(Rd)→L2(Rd) 6 Cε. (0.6)

Êðîìå òîãî, â [KuSu] áûëà íàéäåíà àïïðîêñèìàöèÿ ðåçîëüâåíòû (Aε + I)−1 ïî
�ýíåðãåòè÷åñêîé� íîðìå, òî åñòü ïî íîðìå îïåðàòîðîâ, äåéñòâóþùèõ èç L2(Rd;Cn) â
Hp(Rd;Cn). Óñòàíîâëåí àíàëîã îöåíêè (0.4):

‖(Aε + I)−1 − (A0 + I)−1 − εpK(ε)‖L2(Rd)→Hp(Rd) 6 Cε. (0.7)

Êîððåêòîð K(ε) èìååò ñòðóêòóðó, àíàëîãè÷íóþ ñëó÷àþ îïåðàòîðà âòîðîãî ïîðÿäêà: K(ε) =
[Θε]b(D)(A0 + I)−1Πε; ïðè ýòîì ‖K(ε)‖L2→Hp = O(ε−p).
Òàêæå òåîðåòèêî-îïåðàòîðíûé ïîäõîä ïðèìåíÿëñÿ ê óñðåäíåíèþ ïàðàáîëè÷åñêèõ

óðàâíåíèé âûñîêîãî ïîðÿäêà: àíàëîãè îöåíîê (0.6), (0.7) äëÿ ïîëóãðóïïû e−Aετ , τ > 0,
áûëè íàéäåíû â [MilSu]. Óñðåäíåíèå óðàâíåíèé òèïà Øð¼äèíãåðà è ãèïåðáîëè÷åñêîãî òèïà
ñ îïåðàòîðîì Aε âûñîêîãî ïîðÿäêà èçó÷àëîñü â [Su14] è [Su15].
Ìåòîä ñäâèãà ïðèìåíÿëñÿ ê óñðåäíåíèþ îïåðàòîðîâ âûñîêîãî ïîðÿäêà â ðàáîòàõ

Ïàñòóõîâîé [Pas1, Pas2], ãäå áûëè ïîëó÷åíû îöåíêè âèäà (0.6), (0.7).
Îïåðàòîðíûå îöåíêè èçó÷àëèñü íå òîëüêî äëÿ çàäà÷è îá óñðåäíåíèè ýëëèïòè÷åñêîãî

îïåðàòîðà Aε â Rd, íî è äëÿ êðàåâûõ çàäà÷ â îãðàíè÷åííîé îáëàñòè. Â [Zh, ZhPas1]
äëÿ îïåðàòîðîâ âòîðîãî ïîðÿäêà ïðè óñëîâèÿõ Äèðèõëå èëè Íåéìàíà áûëè óñòàíîâëåíû
îïåðàòîðíûå îöåíêè ïîãðåøíîñòè ïîðÿäêà O(ε1/2) ïî L2 → L2 è L2 → H1 íîðìàì;
îöåíêè óõóäøàþòñÿ èç-çà âëèÿíèÿ ãðàíèöû îáëàñòè. Áëèçêèå ðåçóëüòàòû áûëè ïîëó÷åíû
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Ãðèçî [Gr1, Gr2] ñ ïîìîùüþ àíôîëäèíã-ìåòîäà äëÿ ñêàëÿðíîãî ýëëèïòè÷åñêîãî îïåðàòîðà â
îãðàíè÷åííîé îáëàñòè ïðè óñëîâèÿõ Äèðèõëå èëè Íåéìàíà; â [Gr2] âïåðâûå áûëà äîêàçàíà
òî÷íàÿ ïî ïîðÿäêó îöåíêà ïîãðåøíîñòè (ïîðÿäêà O(ε)) ïðè àïïðîêñèìàöèè ðåçîëüâåíòû
ïî îïåðàòîðíîé íîðìå â L2. Àíàëîãè÷íûå ðåçóëüòàòû äëÿ ýëëèïòè÷åñêèõ ñèñòåì áûëè
íåçàâèñèìî ïîëó÷åíû â ðàáîòàõ [KeLiS] è [PaSu, Su6, Su7]. Îïåðàòîðíûå îöåíêè ïðè
óñðåäíåíèè íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé èçó÷àëèñü â ðàáîòàõ
[MSu, GeS]. Äëÿ ñòàöèîíàðíîé ñèñòåìû Ìàêñâåëëà â îãðàíè÷åííîé îáëàñòè ïðè êðàåâûõ
óñëîâèÿõ èäåàëüíîé ïðîâîäèìîñòè òàêèå îöåíêè íàéäåíû â [Su10, Su12], à äëÿ îïåðàòîðîâ
âûñîêîãî ïîðÿäêà â îãðàíè÷åííîé îáëàñòè � â ðàáîòàõ [Su8, Su11, Su13].
Â ïîñëåäíèå ãîäû îïåðàòîðíûå îöåíêè ïîãðåøíîñòè â ðàçëè÷íûõ çàäà÷àõ ãîìîãåíèçàöèè

äëÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ïðèâëåêàþò âíèìàíèå âñå áîëüøåãî ÷èñëà
èññëåäîâàòåëåé; ïîëó÷åíî ìíîãî ñîäåðæàòåëüíûõ ðåçóëüòàòîâ. Òàêèå îöåíêè èçó÷àëèñü
äëÿ ñèñòåìû Ñòîêñà [Gu], äëÿ îïåðàòîðîâ ñ ëîêàëüíî ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè
[Bo, PasT1, PasT2, Se1, Se2, Se3], â çàäà÷àõ ñ âûñîêèì êîíòðàñòîì [ChCo, ChEKiN, ChEKi],
â çàäà÷àõ ñ áûñòðî îñöèëëèðóþùåé ãðàíèöåé èëè ñ ÷àñòîé ñìåíîé òèïà ãðàíè÷íûõ óñëîâèé
[BoCFPe, BoSh, BoCDu], è âî ìíîãèõ äðóãèõ çàäà÷àõ. Çäåñü ìû íå ïðåòåíäóåì íà ïîëíîòó
îáçîðà.

0.2. Îñíîâíûå ðåçóëüòàòû. Â íàñòîÿùåé ðàáîòå ìû ïðîäîëæàåì èçó÷åíèå îïåðàòîðîâ
ïîðÿäêà 2p âèäà (0.5) ïðè p > 2. Îñíîâíîé ðåçóëüòàò (òåîðåìà 5.1): íàéäåíà àïïðîêñèìàöèÿ
ðåçîëüâåíòû (Aε+I)−1 ïî îïåðàòîðíîé íîðìå â L2(Rd;Cn) ñ ó÷åòîì êîððåêòîðîâ ðàçëè÷íûõ
ïîðÿäêîâ è îöåíêîé ïîãðåøíîñòè ïîðÿäêà O(ε2p):∥∥∥(Aε + I)−1 − (A0 + I)−1 −

2p−1∑
s=1

εsKs,ε
∥∥∥
L2(Rd)→L2(Rd)

6 Cε2p. (0.8)

Ýôôåêòèâíûé îïåðàòîð è êîððåêòîðû îïèñûâàþòñÿ â òåðìèíàõ ïåðèîäè÷åñêèõ ðåøåíèé
íåêîòîðûõ âñïîìîãàòåëüíûõ çàäà÷ íà ÿ÷åéêå Ω. Êîððåêòîðû ðàâíîìåðíî îãðàíè÷åíû
(ïî îïåðàòîðíîé íîðìå â L2(Rd;Cn)) è âûðàæàþòñÿ ÷åðåç ðåçîëüâåíòó ýôôåêòèâíîãî
îïåðàòîðà è íåêîòîðûå äèôôåðåíöèàëüíûå îïåðàòîðû ñ ïîñòîÿííûìè êîýôôèöèåíòàìè,
îòäåëüíûå ÷ëåíû êîððåêòîðîâ ñîäåðæàò áûñòðî îñöèëëèðóþùèå ìíîæèòåëè, à òàêæå
âñïîìîãàòåëüíûé ñãëàæèâàþùèé îïåðàòîð Πε. Ïðè ýòîì ïåðâûå íåñêîëüêî êîððåêòîðîâ
(à èìåííî, K1, . . . ,Kp−1) íå çàâèñÿò îò ε. Îòìåòèì, ÷òî îöåíêà (0.8) äàåò ïðåäåëüíóþ
òî÷íîñòü, êîòîðîé ìîæíî äîáèòüñÿ, èñïîëüçóÿ àíàëèòè÷åñêóþ òåîðèþ âîçìóùåíèé âáëèçè
êðàÿ ñïåêòðà (ñì. çàìå÷àíèå 1.13).
Ìû âûïèñûâàåì òàêæå �ïðîìåæóòî÷íûå� ïðèáëèæåíèÿ ñ ó÷åòîì êîððåêòîðîâ Ks,ε ñ s =

1, . . . , J è ïîãðåøíîñòüþ O(εJ+1) (ãäå J 6 2p− 1).
Ïðè íåêîòîðûõ óñëîâèÿõ ñãëàæèâàþùèé îïåðàòîð Πε â âûðàæåíèÿõ äëÿ êîððåêòîðîâ

ìîæíî �óñòðàíèòü� (çàìåíèòü òîæäåñòâåííûì îïåðàòîðîì), ñì. òåîðåìó 5.4. Ýòî âñåãäà
âîçìîæíî, åñëè d 6 2p+ 2.
Äëÿ îïåðàòîðîâ âûñîêîãî ïîðÿäêà íàáëþäàåòñÿ èíòåðåñíûé ýôôåêò: â �ñêàëÿðíîì

âåùåñòâåííîì� ñëó÷àå (êîãäà n = 1 è êîýôôèöèåíòû îïåðàòîðà âåùåñòâåííû) ïåðâûé
êîððåêòîð îáðàùàåòñÿ â íîëü, à ïîòîìó âûïîëíÿåòñÿ îöåíêà∥∥(Aε + I)−1 − (A0 + I)−1

∥∥
L2(Rd)→L2(Rd)

6 Cε2. (0.9)

Ñì. ïðåäëîæåíèå 5.10. Àíàëîãè ýòîãî ÿâëåíèÿ èìåþò ìåñòî è ïðè àïïðîêñèìàöèè
ïîëóãðóïïû e−Aετ , τ > 0 (ñì. [MilSu]), à òàêæå ïðè óñðåäíåíèè óðàâíåíèé òèïà Øð¼äèíãåðà
è ãèïåðáîëè÷åñêîãî òèïà ñ îïåðàòîðîì Aε (ñì. [Su14, Su15]). Äëÿ îïåðàòîðà âòîðîãî ïîðÿäêà
òàêîãî ýôôåêòà íåò.
Ðåçóëüòàòû ðàáîòû â ñëó÷àå îïåðàòîðîâ ÷åòâåðòîãî ïîðÿäêà (òî åñòü ïðè p = 2) áûëè

àíîíñèðîâàíû â çàìåòêàõ [SlSu1, SlSu2].
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Îòìåòèì, ÷òî áëèçêèå ðåçóëüòàòû áûëè íåäàâíî ïîëó÷åíû Ïàñòóõîâîé [Pas3, Pas4, Pas5] ñ
ïîìîùüþ ìåòîäà ñäâèãà. Â [Pas3, Pas4] óñòàíîâëåíà àïïðîêñèìàöèÿ ðåçîëüâåíòû îïåðàòîðà
ïîðÿäêà 2p ïî (L2 → L2)-íîðìå ñ ïîãðåøíîñòüþ O(ε2); áûëà îòìå÷åíà îöåíêà (0.9) â
�ñêàëÿðíîì âåùåñòâåííîì� ñëó÷àå. Â [Pas5] äëÿ îïåðàòîðà ÷åòâåðòîãî ïîðÿäêà â �ñêàëÿðíîì
âåùåñòâåííîì� ñëó÷àå ïîëó÷åíà àïïðîêñèìàöèÿ ðåçîëüâåíòû ñ ïîãðåøíîñòüþ O(ε3), òî åñòü
O(ε2p−1) (÷òî íà ïîðÿäîê ñëàáåå, ÷åì â (0.8)). Êðîìå òîãî, â [Pas5] íàéäåíà àïïðîêñèìàöèÿ
ðåçîëüâåíòû â ýíåðãåòè÷åñêîé íîðìå (ò. å. (L2 → H2)-íîðìå) ñ ïîãðåøíîñòüþ O(ε2).

0.3. Ìåòîä. Ìû îïèðàåìñÿ íà òåîðåòèêî-îïåðàòîðíûé ïîäõîä. Ñ ïîìîùüþ ìàñøòàáíîãî
ïðåîáðàçîâàíèÿ âûÿñíÿåòñÿ, ÷òî èìååò ìåñòî óíèòàðíàÿ ýêâèâàëåíòíîñòü:

(Aε + I)−1 ∼ ε2p(A+ ε2pI)−1,

ãäå A = b(D)∗g(x)b(D). Ïîýòîìó âîïðîñ îá àïïðîêñèìàöèè ðåçîëüâåíòû (Aε + I)−1

ñ ïîãðåøíîñòüþ O(ε2p) ñâîäèòñÿ ê çàäà÷å ïðèáëèæåíèÿ ðåçîëüâåíòû (A + ε2pI)−1 ñ
ïîãðåøíîñòüþ O(1). Óæå îòñþäà ÿñíà �ïîðîãîâàÿ� ïðèðîäà çàäà÷è: òî÷êà λ = −ε2p áëèçêà
ê íèæíåìó êðàþ ñïåêòðà λ0 = 0 îïåðàòîðà A. Ïîýòîìó ïðèáëèæåíèå ê ðåçîëüâåíòå
(A + ε2pI)−1 óäàåòñÿ ïîñòðîèòü â �ïîðîãîâûõ� òåðìèíàõ: âàæíû òîëüêî ñïåêòðàëüíûå
õàðàêòåðèñòèêè îïåðàòîðà A íà êðàþ ñïåêòðà.
Äàëåå, ñ ïîìîùüþ óíèòàðíîãî ïðåîáðàçîâàíèÿ Ãåëüôàíäà îïåðàòîð A ðàñêëàäûâàåòñÿ

â ïðÿìîé èíòåãðàë ïî îïåðàòîðàì A(k), äåéñòâóþùèì â ïðîñòðàíñòâå L2(Ω;Cn)
è çàâèñÿùèì îò d-ìåðíîãî ïàðàìåòðà k (êâàçèèìïóëüñà). Îïåðàòîð A(k) çàäàåòñÿ
âûðàæåíèåì b(D + k)∗g(x)b(D + k) ñ ïåðèîäè÷åñêèìè ãðàíè÷íûìè óñëîâèÿìè. Ñëåäóÿ
[BSu1], ìû âûäåëÿåì îäíîìåðíûé ïàðàìåòð t = |k|, îòíîñèòåëüíî êîòîðîãî ñåìåéñòâî
A(k) ïðåäñòàâëÿåò ñîáîé ïîëèíîìèàëüíûé îïåðàòîðíûé ïó÷îê ñòåïåíè 2p. Óäîáíî âðåìåííî
àáñòðàãèðîâàòüñÿ îò çàâèñèìîñòè îò ïàðàìåòðà θ = k/|k| è èçó÷àòü âîçíèêàþùèé
ïîëèíîìèàëüíûé ïó÷îê A(t) â ðàìêàõ àáñòðàêòíîé òåîðåòèêî-îïåðàòîðíîé ñõåìû, îïèðàÿñü
íà àíàëèòè÷åñêóþ òåîðèþ âîçìóùåíèé [Ka].
Íóæíàÿ àáñòðàêòíàÿ ñõåìà áûëà ðàçâèòà â ðàáîòàõ [Ve, KuSu], à â íåäàâíåé ñòàòüå

àâòîðîâ [SlSu3] ïîëíîñòüþ ïîäãîòîâëåí àáñòðàêòíûé òåîðåòèêî-îïåðàòîðíûé ìàòåðèàë, íà
êîòîðûé îïèðàåòñÿ íàñòîÿùàÿ ðàáîòà.

0.4. Ïëàí ñòàòüè. Ðàáîòà ñîäåðæèò 6 ïàðàãðàôîâ. Â �1 êðàòêî ïðèâîäèòñÿ íåîáõîäèìûé
àáñòðàêòíûé ìàòåðèàë. Â �2 ââîäèòñÿ èçó÷àåìûé êëàññ îïåðàòîðîâ A ïîðÿäêà 2p,
äåéñòâóþùèõ â L2(Rd;Cn), è îïèñûâàåòñÿ ðàçëîæåíèå îïåðàòîðà A â ïðÿìîé èíòåãðàë
ïî ñåìåéñòâó îïåðàòîðîâ A(k), äåéñòâóþùèõ â L2(Ω;Cn). Â �3 ñåìåéñòâî îïåðàòîðîâ
A(k) = A(t,θ) âêëþ÷àåòñÿ â àáñòðàêòíóþ ñõåìó è íà îñíîâå àáñòðàêòíûõ ðåçóëüòàòîâ èç �1
ïîëó÷àåòñÿ àïïðîêñèìàöèÿ ðåçîëüâåíòû (A(t,θ)+ε2pI)−1 ïðè t 6 t0. Îòñþäà â �4 âûâîäèòñÿ
àïïðîêñèìàöèÿ ðåçîëüâåíòû (A + ε2pI)−1 (òåîðåìà 4.6). Â �5 ñ ïîìîùüþ ìàñøòàáíîãî
ïðåîáðàçîâàíèÿ èç òåîðåìû 4.6 âûâîäèòñÿ îñíîâíîé ðåçóëüòàò ðàáîòû (òåîðåìà 5.1) �
àïïðîêñèìàöèÿ ðåçîëüâåíòû (Aε + I)−1 ñ ïîãðåøíîñòüþ O(ε2p). Îáñóæäàþòñÿ óñëîâèÿ,
ïðè êîòîðûõ ìîæíî èçáàâèòüñÿ îò ñãëàæèâàþùåãî îïåðàòîðà â êîððåêòîðàõ (òåîðåìà
5.4), à òàêæå ðàññìàòðèâàþòñÿ ñïåöèàëüíûå ñëó÷àè. Çàêëþ÷èòåëüíûé �6 ïîñâÿùåí ñëó÷àþ
îïåðàòîðîâ ÷åòâåðòîãî ïîðÿäêà, êîòîðûé íàèáîëåå âàæåí äëÿ ïðèëîæåíèé.

0.5. Îáîçíà÷åíèÿ. Ïóñòü H,H∗ � êîìïëåêñíûå ñåïàðàáåëüíûå ãèëüáåðòîâû ïðîñòðàíñòâà.
Ñèìâîëû (·, ·)H è ‖·‖H îçíà÷àþò ñîîòâåòñòâåííî ñêàëÿðíîå ïðîèçâåäåíèå è íîðìó â H; ñèìâîë
‖·‖H→H∗ îçíà÷àåò íîðìó ëèíåéíîãî îãðàíè÷åííîãî îïåðàòîðà èç H â H∗. Èíîãäà ìû îïóñêàåì
èíäåêñû. Ïðîñòðàíñòâî ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ èç H â H∗ îáîçíà÷àåòñÿ ÷åðåç
B(H,H∗); ïðè H = H∗ ïèøåì ïðîñòî B(H). ÅñëèX � ëèíåéíûé îïåðàòîð èç H â H∗, òî DomX
� åãî îáëàñòü îïðåäåëåíèÿ, KerX � åãî ÿäðî. Äëÿ çàìêíóòîãî ëèíåéíîãî îïåðàòîðà A â
H ÷åðåç σ(A) îáîçíà÷èì åãî ñïåêòð. Åñëè Ai, i = 1, . . . , k, � ëèíåéíûå îïåðàòîðû â H,

òî ñèìâîëîì
∏k
i=1Ai îáîçíà÷àåòñÿ èõ ïðîèçâåäåíèå â ïîðÿäêå âîçðàñòàíèÿ èíäåêñà, ò. å.∏k

i=1Ai := A1A2 · · ·Ak. Àíàëîãè÷íîå îáîçíà÷åíèå èñïîëüçóåòñÿ äëÿ ïðîèçâåäåíèÿ ìàòðèö.
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Åñëè N � ïîäïðîñòðàíñòâî â H, òî ñèìâîë N⊥ îçíà÷àåò åãî îðòîãîíàëüíîå äîïîëíåíèå.
Åñëè P � îðòîïðîåêòîð ïðîñòðàíñòâà H íà N, òî P⊥ = I − P � îðòîïðîåêòîð íà N⊥.
Ñêàëÿðíîå ïðîèçâåäåíèå è íîðìà â Cn îáîçíà÷àþòñÿ ÷åðåç 〈·, ·〉 è | · | ñîîòâåòñòâåííî,

1n � åäèíè÷íàÿ ìàòðèöà. ×åðåç Mm,n(C) îáîçíà÷èì ìíîæåñòâî ìàòðèö èç m ñòðîê è n
ñòîëáöîâ ñ êîìïëåêñíûìè ýëåìåíòàìè. Åñëè a ∈ Mm,n(C), òî |a| îçíà÷àåò íîðìó ìàòðèöû a
êàê ëèíåéíîãî îïåðàòîðà èç Cn â Cm.
Êëàññû Lq, q ∈ [1,∞], âåêòîð-ôóíêöèé â îáëàñòè O ⊂ Rd ñî çíà÷åíèÿìè â Cn îáîçíà÷èì

÷åðåç Lq(O;Cn). Êëàññû Ñîáîëåâà Cn-çíà÷íûõ ôóíêöèé â îáëàñòè O ïîðÿäêà σ > 0
îáîçíà÷àþòñÿ ÷åðåç Hσ(O;Cn). Àíàëîãè÷íûé ñìûñë èìåþò îáîçíà÷åíèÿ Lq(O; Mm,n(C))
è Hσ(O; Mm,n(C)) äëÿ êëàññîâ ìàòðè÷íîçíà÷íûõ ôóíêöèé. Ìû ÷àñòî ïîëüçóåìñÿ
óïðîùåííûìè îáîçíà÷åíèÿìè Lq(O),Hσ(O) (åñëè ýòî íå ïðèâîäèò ê íåäîðàçóìåíèÿì). Åñëè

f(x) � èçìåðèìàÿ ìàòðèöà-ôóíêöèÿ â Rd, òî ñèìâîë [f ] îçíà÷àåò îïåðàòîð óìíîæåíèÿ íà
ýòó ôóíêöèþ.
Èñïîëüçóåì îáîçíà÷åíèÿ x = (x1, . . . , xd) ∈ Rd, iDj = ∂j = ∂/∂xj , j = 1, . . . , d;D = −i∇ =

(D1, . . . , Dd). Äàëåå, åñëè α = (α1, . . . , αd) ∈ Zd+ � ìóëüòèèíäåêñ è k ∈ Rd, òî |α| =
∑d

j=1 αj ,

kα = kα1
1 · · · k

αd
d ,Dα = Dα1

1 · · ·D
αd
d . Äëÿ ìóëüòèèíäåêñîâ α, β çàïèñü β 6 α îçíà÷àåò, ÷òî βj 6

αj , j = 1, . . . , d; äëÿ ÷èñëà ñî÷åòàíèé èñïîëüçóåì îáîçíà÷åíèå Cβα = Cβ1α1 · · ·C
βd
αd . Ïîëîæèì

B(r) :=
{
k ∈ Rd : |k| 6 r

}
, r > 0.

×åðåç C, c, C,C (âîçìîæíî, ñ èíäåêñàìè è çíà÷êàìè) îáîçíà÷àþòñÿ ðàçëè÷íûå ïîñòîÿííûå
â îöåíêàõ.

0.6. Áëàãîäàðíîñòè. Àâòîðû ïðèçíàòåëüíû À. È. Íàçàðîâó çà ïîëåçíûå îáñóæäåíèÿ.

� 1. Òåîðåòèêî-îïåðàòîðíàÿ ñõåìà

Â ýòîì ïàðàãðàôå ìû êðàòêî èçëàãàåì ðåçóëüòàòû àáñòðàêòíîé òåîðåòèêî-îïåðàòîðíîé
ñõåìû, ðàçâèòîé â [Ve, �3,4], [KuSu, �1�3] è â íåäàâíåé ðàáîòå àâòîðîâ [SlSu3].

1.1. Ïîëèíîìèàëüíûå íåîòðèöàòåëüíûå ïó÷êè. Ïóñòü H, H∗ � êîìïëåêñíûå
ñåïàðàáåëüíûå ãèëüáåðòîâû ïðîñòðàíñòâà. Çàäàíî ñåìåéñòâî îïåðàòîðîâ

X(t) =

p∑
j=0

Xjt
j , t ∈ R, p ∈ N, p > 2.

Îïåðàòîðû X(t), Xj äåéñòâóþò èç ïðîñòðàíñòâà H â ïðîñòðàíñòâî H∗. Ïðåäïîëàãàåòñÿ, ÷òî
îïåðàòîð X0 ïëîòíî îïðåäåëåí è çàìêíóò, îïåðàòîð Xp îïðåäåëåí íà âñåì ïðîñòðàíñòâå H
è îãðàíè÷åí. Äîïîëíèòåëüíî íàêëàäûâàþòñÿ ñëåäóþùèå óñëîâèÿ.

Óñëîâèå 1.1. Ñïðàâåäëèâû ñîîòíîøåíèÿ

DomX(t) = DomX0 ⊂ DomXj ⊂ DomXp = H, j = 0, . . . , p, t ∈ R.
Óñëîâèå 1.2. Ñïðàâåäëèâû îöåíêè

‖Xju‖H∗ 6 C0‖X0u‖H∗ , u ∈ DomX0, j = 0, . . . , p− 1, (1.1)

ãäå ïîñòîÿííàÿ C0 > 1 íå çàâèñèò îò j è u.

Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ îïåðàòîð X(t) çàâåäîìî çàìêíóò, åñëè âûïîëíåíî
íåðàâåíñòâî |t| 6 (2(p− 1)C0)−1. Èç óñëîâèÿ (1.1) âûòåêàþò âêëþ÷åíèÿ

KerX0 ⊂ KerXj , j = 1, . . . , p− 1. (1.2)

Îñíîâíûì îáúåêòîì àáñòðàêòíîé ñõåìû ÿâëÿåòñÿ ñåìåéñòâî íåîòðèöàòåëüíûõ ñàìîñî-
ïðÿæåííûõ îïåðàòîðîâ â H (ïîëèíîìèàëüíûé íåîòðèöàòåëüíûé ïó÷îê)

A(t) = X(t)∗X(t), t ∈ R, |t| 6 (2(p− 1)C0)−1.

Îáîçíà÷èì A(0) = X∗0X0 =: A0 è ïîëîæèì N := KerA0 = KerX0. ×åðåç P îáîçíà÷èì
îðòîïðîåêòîð ïðîñòðàíñòâà H íà ïîäïðîñòðàíñòâî N.
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Óñëîâèå 1.3. Ïðåäïîëàãàåòñÿ, ÷òî òî÷êà λ0 = 0 � èçîëèðîâàííàÿ òî÷êà ñïåêòðà

îïåðàòîðà A0, ïðè÷åì n := dimN <∞.

Îáîçíà÷èì ÷åðåç d0 ðàññòîÿíèå îò òî÷êè λ0 = 0 äî σ(A0) \ {λ0}. ×åðåç F (t, h)
îáîçíà÷èì ñïåêòðàëüíûé ïðîåêòîð îïåðàòîðà A(t), îòâå÷àþùèé îòðåçêó [0, h]. Çàôèêñèðóåì
ïîëîæèòåëüíîå ÷èñëî δ 6 min{d0/36, 1/4} è âûáåðåì ÷èñëî t0 > 0, óäîâëåòâîðÿþùåå
óñëîâèþ

t0 6 δ1/2C−1
1 , ãäå C1 = max{(p− 1)C0, ‖Xp‖}. (1.3)

Îòìåòèì, ÷òî t0 6 1/2. Îïåðàòîð X(t) àâòîìàòè÷åñêè çàìêíóò ïðè |t| 6 t0, ïîñêîëüêó
t0 6 (2(p− 1)C0)−1. Â ðàáîòå [Ve, ïðåäëîæåíèå 3.10] ïîêàçàíî, ÷òî ïðè |t| 6 t0 âûïîëíåíî

F (t, δ) = F (t, 3δ), rankF (t, δ) = n.

Ýòî îçíà÷àåò, ÷òî ïðè |t| 6 t0 íà ïðîìåæóòêå [0, δ] îïåðàòîð A(t) èìååò ðîâíî n
ñîáñòâåííûõ çíà÷åíèé (ñ ó÷åòîì êðàòíîñòåé), à ïðîìåæóòîê (δ, 3δ) ñâîáîäåí îò ñïåêòðà. Äëÿ
óäîáñòâà áóäåì èñïîëüçîâàòü ñîêðàùåííîå îáîçíà÷åíèå F (t) := F (t, δ). ×åðåç Dδ îáîçíà÷èì
ãèëüáåðòîâî ïðîñòðàíñòâî DomX0 ñ (ãèëüáåðòîâîé) íîðìîé ‖ · ‖2δ := ‖X0 · ‖2H∗ + δ‖ · ‖2H.

1.2. Àíàëèòè÷åñêèå âåòâè ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ âåêòîðîâ
îïåðàòîðà A(t) â îêðåñòíîñòè íóëÿ. Ñîãëàñíî àíàëèòè÷åñêîé òåîðèè âîçìóùåíèé (ñì.
[Ka], à òàêæå [Ve] è [KuSu]) ïðè |t| 6 t0 ñóùåñòâóþò âåùåñòâåííî-àíàëèòè÷åñêèå ôóíêöèè
λj(t) (âåòâè ñîáñòâåííûõ çíà÷åíèé) è âåùåñòâåííî-àíàëèòè÷åñêèå H-çíà÷íûå ôóíêöèè ϕj(t)
(âåòâè ñîáñòâåííûõ âåêòîðîâ) òàêèå, ÷òî

A(t)ϕj(t) = λj(t)ϕj(t), j = 1, . . . , n, |t| 6 t0, (1.4)

è íàáîð {ϕj(t)}nj=1 îáðàçóåò îðòîíîðìèðîâàííûé áàçèñ â ïîäïðîñòðàíñòâå F (t)H ïðè

|t| 6 t0. Äëÿ äîñòàòî÷íî ìàëîãî t∗ ∈ (0, t0] èìåþò ìåñòî àáñîëþòíî ñõîäÿùèåñÿ ñòåïåííûå
ðàçëîæåíèÿ

λj(t) =
∞∑
s=0

λ
(s)
j ts, j = 1, . . . , n, |t| 6 t∗; (1.5)

ϕj(t) =
∞∑
s=0

ϕ
(s)
j ts, j = 1, . . . , n, |t| 6 t∗. (1.6)

Ïîñëåäíèé ðÿä ñõîäèòñÿ ïî íîðìå â H. Ñëåäóþùåå óòâåðæäåíèå ïðîâåðåíî â [SlSu3,
ïðåäëîæåíèå 1.4].

Ïðåäëîæåíèå 1.4 ([SlSu3]). Ïóñòü âûïîëíåíû óñëîâèÿ 1.1, 1.2 è 1.3, è t∗ ∈ (0, t0]
äîñòàòî÷íî ìàëî. Òîãäà ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1) ϕ
(s)
j ∈ DomX0, s ∈ Z+, j = 1, . . . , n; ðÿä (1.6) àáñîëþòíî ñõîäèòñÿ â Dδ ïðè |t| 6 t∗.

2) λ
(s)
j = 0, s = 0, . . . , 2p− 1; λ

(2p)
j > 0, j = 1, . . . , n.

3) ϕ
(s)
j ∈ N, s = 0, . . . , p− 1, j = 1, . . . , n.

1.3. Ðàçëîæåíèå â ñòåïåííîé ðÿä îïåðàòîð-ôóíêöèé F (t) è A(t)F (t) â îêðåñòíîñòè
íóëÿ. Ñ ó÷åòîì (1.4) ñïðàâåäëèâû ïðåäñòàâëåíèÿ

F (t) =

n∑
j=1

(·, ϕj(t))Hϕj(t), |t| 6 t0; (1.7)

A(t)F (t) =
n∑
j=1

λj(t)(·, ϕj(t))Hϕj(t), |t| 6 t0. (1.8)
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Ïîäñòàâëÿÿ â (1.7) è (1.8) ðàçëîæåíèÿ (1.5), (1.6) è ó÷èòûâàÿ ïðåäëîæåíèå 1.4, ïîëó÷àåì

F (t) =

∞∑
s=0

Fst
s, |t| 6 t∗; (1.9)

A(t)F (t) =
∞∑
s=2p

Gst
s, |t| 6 t∗. (1.10)

Ðÿäû (1.9), (1.10) àáñîëþòíî ñõîäÿòñÿ ïî íîðìå â B(H); êðîìå òîãî, RanFs ⊂ DomX0,
s ∈ Z+, è ðÿä (1.9) àáñîëþòíî ñõîäèòñÿ ïî íîðìå â B(H,Dδ).
Ñëåäóþùåå óòâåðæäåíèå óñòàíîâëåíî â [SlSu3, ïðåäëîæåíèå 1.5].

Ïðåäëîæåíèå 1.5 ([SlSu3]). Ïóñòü âûïîëíåíû óñëîâèÿ 1.1, 1.2 è 1.3. Òîãäà äëÿ

êîýôôèöèåíòîâ ðÿäà (1.9) ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

F0 = P, Fk = F ∗k , k ∈ Z+; (1.11)

Fk = 0, k = 1, . . . , p− 1; (1.12)

Fk = PFkP
⊥ + P⊥FkP, k = p, . . . , 2p− 1;

Fk = PFkP
⊥ + P⊥FkP −

k−p∑
s=p

PFsP
⊥Fk−sP +

k−p∑
s=p

P⊥FsPFk−sP
⊥, k = 2p, . . . , 3p− 1.

1.4. Ðàçðåøàþùèå îïåðàòîðû äëÿ âñïîìîãàòåëüíûõ çàäà÷. Êîýôôèöèåíòû Fs ïðè
s = p, . . . , 3p − 1 è Gs ïðè s = 2p, . . . , 4p − 1, âû÷èñëÿþòñÿ â òåðìèíàõ ðàçðåøàþùèõ
îïåðàòîðîâ íåêîòîðûõ âñïîìîãàòåëüíûõ çàäà÷. Ïóñòü D = DomX0 ∩ N⊥, è ïóñòü u ∈ H∗.
Ïðè êàæäîì i = 0, 1, . . . , p íàéäåì ýëåìåíò vi ∈ D òàêîé, ÷òî âûïîëíåíî òîæäåñòâî

(X0vi, X0ζ)H∗ = (u,Xiζ)H∗ ïðè âñåõ ζ ∈ D. (1.13)

Î÷åâèäíî, D ñî ñêàëÿðíûì ïðîèçâåäåíèåì (·, ·)D := (X0·, X0·)H∗ ÿâëÿåòñÿ ãèëüáåðòîâûì
ïðîñòðàíñòâîì; ñîîòâåòñòâóþùóþ íîðìó íà D îáîçíà÷èì ‖ · ‖D. Îòìåòèì, ÷òî íîðìû ‖ · ‖D
è ‖ · ‖δ ýêâèâàëåíòíû íà D. Â [SlSu3, ïðåäëîæåíèå 2.1] ïðîâåðåíî ñëåäóþùåå óòâåðæäåíèå.

Ïðåäëîæåíèå 1.6 ([SlSu3]). Ïðè êàæäîì i = 0, 1, . . . , p è u ∈ H∗ çàäà÷à (1.13) èìååò
åäèíñòâåííîå ðåøåíèå vi ∈ D. Îïåðàòîð Mi : u 7→ vi ÿâëÿåòñÿ ëèíåéíûì îãðàíè÷åííûì

îïåðàòîðîì èç H∗ â D, ïðè÷åì ñïðàâåäëèâû îöåíêè

‖Mi‖H∗→D 6 C2, ‖Mi‖H∗→H 6 6−1δ−1/2C2, i = 0, 1, . . . , p,

ãäå C2 := max{C0, 6
−1δ−1/2‖Xp‖}.

Íèæå äîãîâîðèìñÿ ñ÷èòàòü, ÷òî Xk = 0, Mk = 0 ïðè k > p+ 1.

1.5. Âû÷èñëåíèå îïåðàòîðîâ Fs. Ââåäåì îáîçíà÷åíèÿ

A (r) := −MrXp, r ∈ Z+; (1.14)

B(r) := −
r∑
i=0

MiXr−i
∣∣
D, r ∈ N. (1.15)

Îòìåòèì âêëþ÷åíèÿ A (r) ∈ B(H,D) è B(r) ∈ B(D).
Äàëåå, ïðè r = 1, . . . , 2p− 1 îïðåäåëèì îïåðàòîðû C (r) ∈ B(D) ñîîòíîøåíèÿìè

C (r) :=

r∑
s=1

∑
J∈Ns:|J |=r

BJ , ãäå J = (j1, . . . , js) ∈ Ns, |J | = j1 + · · ·+ js,

BJ := B(j1) · . . . ·B(js).

(1.16)
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Èç (1.15) è (1.16) âûòåêàåò óäîáíîå ïðåäñòàâëåíèå

C (r) =

r∑
s=1

(−1)s
∑

α ∈ Ns :
|α| = r

∑
β ∈ Zs+ :
β 6 α

Mβ1Xα1−β1 · · ·MβsXαs−βs
∣∣
D, r = 1, . . . , 2p− 1. (1.17)

Íàêîíåö, ââåäåì îïåðàòîðû D(r) ∈ B(H,D), r = 0, . . . , 2p− 1, ñîîòíîøåíèÿìè

D(0) = A (0), D(r) =
r∑
i=0

C (i)A (r − i), r = 1, . . . , 2p− 1 (ñ÷èòàÿ C (0) = I). (1.18)

Èç (1.14), (1.17) è (1.18) ñëåäóþò ðàâåíñòâà

D(0) = −M0Xp, D(r) = −MrXp+

+
r∑
i=1

i∑
s=1

(−1)s+1
∑

α ∈ Ns :
|α| = i

∑
β ∈ Zs+ :
β 6 α

Mβ1Xα1−β1 · · ·MβsXαs−βsMr−iXp,

r = 1, . . . , 2p− 1. (1.19)

Ñëåäóþùåå óòâåðæäåíèå óñòàíîâëåíî â [SlSu3, òåîðåìà 2.7].

Òåîðåìà 1.7 ([SlSu3]). Ïóñòü âûïîëíåíû óñëîâèÿ 1.1, 1.2 è 1.3. Ïóñòü îïåðàòîðû D(r) ∈
B(H,D), r = 0, . . . , 2p − 1, îïðåäåëåíû ðàâåíñòâàìè (1.19). Òîãäà äëÿ êîýôôèöèåíòîâ ðÿäà

(1.9) ñïðàâåäëèâû ñîîòíîøåíèÿ

P⊥FkP = P⊥D(k − p)P, k = p, . . . , 3p− 1.

Èç ïðåäëîæåíèÿ 1.5 è òåîðåìû 1.7 âûòåêàåò ñëåäñòâèå (ñð. [SlSu3, ñëåäñòâèå 2.8]).

Ñëåäñòâèå 1.8 ([SlSu3]). Ïóñòü âûïîëíåíû óñëîâèÿ 1.1, 1.2 è 1.3. Òîãäà äëÿ

êîýôôèöèåíòîâ ðÿäà (1.9) ñïðàâåäëèâû ðàâåíñòâà

F0 = P ; Fk = 0, k = 1, . . . , p− 1;

Fk = P⊥D(k − p)P +
(
P⊥D(k − p)P

)∗
, k = p, . . . , 2p− 1;

Fk = P⊥D(k − p)P +
(
P⊥D(k − p)P

)∗ − k−p∑
s=p

(
P⊥D(s− p)P

)∗
P⊥D(k − s− p)P+

+

k−p∑
s=p

P⊥D(s− p)P
(
P⊥D(k − s− p)P

)∗
, k = 2p, . . . , 3p− 1.

(1.20)

Çäåñü îïåðàòîðû D(r) ∈ B(H,D), r = 0, . . . , 2p − 1, îïðåäåëåíû ðàâåíñòâàìè (1.19); ïîä
ñîïðÿæåíèåì ïîíèìàåòñÿ ñîïðÿæåíèå îãðàíè÷åííîãî îïåðàòîðà èç H â H.

1.6. Âû÷èñëåíèå îïåðàòîðîâ Gs. Ðÿä (1.9) àáñîëþòíî ñõîäèòñÿ ïî íîðìå â B(H,Dδ) ïðè
ìàëûõ t, à ïîòîìó ðÿä

X(t)F (t) =
∞∑
q=0

Hqt
q (1.21)

ïðè ìàëûõ t àáñîëþòíî ñõîäèòñÿ ïî íîðìå â B(H,H∗). Èç ñîîòíîøåíèé (1.2), (1.11), (1.12)
âûòåêàþò ðàâåíñòâà

Hq = 0, q = 0, . . . , p−1; Hp = XpP +X0Fp; Hq =

q−p∑
r=0

XrFq−r, q = p+1, . . . , 3p−1. (1.22)

Íàêîíåö, èç ðàâåíñòâà A(t)F (t) = (X(t)F (t))∗(X(t)F (t)) è èç (1.21), (1.22) ñëåäóåò
ïðåäñòàâëåíèå äëÿ êîýôôèöèåíòîâ ðÿäà (1.10); ñð. [SlSu3, ïðåäëîæåíèå 2.9].
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Ïðåäëîæåíèå 1.9 ([SlSu3]). Ïóñòü âûïîëíåíû óñëîâèÿ 1.1, 1.2 è 1.3. Òîãäà ñïðàâåäëèâû
ðàâåíñòâà

Gs =

s−p∑
q=p

H∗qHs−q, s = 2p, . . . , 4p− 1. (1.23)

Çäåñü îïåðàòîðû Hq, q = p, . . . , 3p− 1, îïðåäåëåíû â (1.22).

Ñëåäóþùèå ñâîéñòâà îïåðàòîðîâ Gs îòìå÷åíû â [SlSu3, çàìå÷àíèå 2.10].

Çàìå÷àíèå 1.10. 1◦. Âûïîëíåíû ñîîòíîøåíèÿ Gs = PGsP , s = 2p, . . . , 3p − 1, ò. å.
îïåðàòîðû G2p, . . . , G3p−1 íåòðèâèàëüíî äåéñòâóþò òîëüêî â ïîäïðîñòðàíñòâå N.
2◦. Ñïðàâåäëèâî ðàâåíñòâî X∗0Hp = 0. Ïîýòîìó ïðè âû÷èñëåíèè îïåðàòîðà H∗qHp =(∑q−p

r=0XrFq−r

)∗
Hp, q = p+ 1, . . . , 3p− 1, ìîæíî îòáðîñèòü ñëàãàåìîå ñ r = 0.

3◦. Ðàññìîòðèì îïåðàòîð G2p = H∗pHp è îáîçíà÷èì S := G2p|N. Îïåðàòîð S ÿâëÿåòñÿ

ñàìîñîïðÿæåííûì îïåðàòîðîì â n-ìåðíîì ïðîñòðàíñòâå N è íàçûâàåòñÿ ñïåêòðàëüíûì

ðîñòêîì îïåðàòîðíîãî ñåìåéñòâà A(t) ïðè t = 0. (Ñì. [Ve, �3], [KuSu, �1].) Â òåðìèíàõ

êîýôôèöèåíòîâ ñòåïåííûõ ðàçëîæåíèé (1.5), (1.6) îïåðàòîð G2p èìååò âèä

G2p =

n∑
j=1

λ
(2p)
j (·, ϕ(0)

j )Hϕ
(0)
j . (1.24)

Êîýôôèöèåíòû λ
(2p)
j è ϕ

(0)
j ÿâëÿþòñÿ ñîáñòâåííûìè çíà÷åíèÿìè è ñîáñòâåííûìè

âåêòîðàìè ñïåêòðàëüíîãî ðîñòêà: Sϕ
(0)
j = λ

(2p)
j ϕ

(0)
j , j = 1, . . . , n.

Èç (1.20) è (1.22) íåòðóäíî âûâåñòè ðàâåíñòâà

HpP = XpP +X0D(0)P, HqP =

q−p∑
r=0

XrD(q − p− r)P, q = p+ 1, . . . , 3p− 1. (1.25)

1.7. Àïïðîêñèìàöèÿ ðåçîëüâåíòû îïåðàòîðà A(t). Â ýòîì ïóíêòå ìû îïèñûâàåì
ïðèáëèæåíèå äëÿ ðåçîëüâåíòû (A(t) + ε2pI)−1 ïðè ìàëîì ε, ïîëó÷åííîå â [SlSu3, �4].
Íàëîæèì äîïîëíèòåëüíîå óñëîâèå íà îïåðàòîð A(t); ñð. [Ve], [KuSu] è [SlSu3, óñëîâèå 4.1].

Óñëîâèå 1.11. Ïðè |t| 6 t0 ñïðàâåäëèâî íåðàâåíñòâî
A(t) > c∗t

2pI. (1.26)

Âñþäó íèæå ïðåäïîëàãàþòñÿ âûïîëíåííûìè óñëîâèÿ 1.1, 1.2, 1.3 è 1.11.
Óñëîâèå 1.11 ðàâíîñèëüíî òîìó, ÷òî

λj(t) > c∗t
2p, j = 1, . . . , n, |t| 6 t0.

Ñëåäîâàòåëüíî, λ
(2p)
j > c∗, j = 1, . . . , n. Ñ ó÷åòîì (1.24) ýòî îçíà÷àåò, ÷òî

G2p > c∗P. (1.27)

Èç (1.26) âûòåêàåò îöåíêà

‖(A(t) + ε2pI)−1‖ 6 (c∗t
2p + ε2p)−1, |t| 6 t0, ε > 0.

Çäåñü è äàëåå ìû îïóñêàåì èíäåêñ â îáîçíà÷åíèè îïåðàòîðíîé íîðìû â H.
Îáîçíà÷èì äëÿ êðàòêîñòè

R̂0(t, ε) := (t2pG2p + ε2pI)−1P, t ∈ R, ε > 0. (1.28)

Îöåíêà (1.27) âìåñòå ñ ñîîáðàæåíèåì, ÷òî îïåðàòîð G2p ñàìîñîïðÿæåí è íåòðèâèàëüíî
äåéñòâóåò òîëüêî â ïîäïðîñòðàíñòâå N (ñì. çàìå÷àíèå 1.10), ïðèâîäÿò ê íåðàâåíñòâó

‖R̂0(t, ε)‖ 6 (c∗t
2p + ε2p)−1, t ∈ R, ε > 0.
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Ïåðåéäåì ê îïèñàíèþ êîððåêòîðîâ Ks(t, ε), s = 1, . . . , 2p − 1; ñì. [SlSu3, (4.40), (4.43),
(4.80), (4.84)�(4.86)]. Ïîëîæèì

ÑM := {2p+ 1, . . . , 2p+ 1 +M}, M ∈ Z+, (1.29)

è

∆γ(t, ε) := R̂0(t, ε)
k∏
i=1

(
GγiR̂0(t, ε)

)
= R̂0Gγ1R̂0· · ·GγkR̂0,

γ ∈ Zk+, 2p+ 1 6 γi 6 4p− 1, i = 1, . . . , k, k ∈ N; t ∈ R, ε > 0.

(1.30)

Äëÿ êðàòêîñòè çäåñü è íèæå ïèøåì R̂0 âìåñòî R̂0(t, ε).
Ïðè s = 1, . . . , p− 1 êîððåêòîðû çàäàþòñÿ âûðàæåíèÿìè

Ks(t, ε) :=

s∑
k=1

(−1)kt2pk+s
∑

γ∈(Ñs−k)k:
|γ|=2pk+s

∆γ(t, ε), s = 1, . . . , p− 1. (1.31)

Êîððåêòîð Kp(t, ε) çàäàí âûðàæåíèåì

Kp(t, ε) := tp(FpR̂0 + R̂0Fp) +

p∑
k=1

(−1)kt2pk+p
∑

γ∈(Ñp−k)k:

|γ|=2pk+p

∆γ(t, ε). (1.32)

Ïðè s = p+ 1, . . . , 2p− 1 îïðåäåëèì êîððåêòîðû

Ks(t, ε) := ts
(
FsR̂0 + R̂0Fs

)
− t2p+sR̂0G2p+sR̂0 +K′s(t, ε) +K′′s (t, ε) +K′′′s (t, ε). (1.33)

Çäåñü

K′s(t, ε) :=

s−p+1∑
k=2

(−1)kt2pk+s
∑

γ∈(Ñp−2)k:
|γ|=2pk+s

∆γ(t, ε) +
s∑

k=s−p+2

(−1)kt2pk+s
∑

γ∈(Ñs−k)k:
|γ|=2pk+s

∆γ(t, ε), (1.34)

K′′s (t, ε) :=

s−p∑
k=1

(−1)kt2pk+s
s−k∑
l=p

∑
γ∈(Ñs−p−k)k:

l+|γ|=2pk+s

(Fl∆γ(t, ε) + ∆γ(t, ε)Fl) , (1.35)

K′′′s (t, ε) :=

s−p+1∑
k=2

(−1)kt2pk+s
2p+1+s−k∑

i=3p

k−1∑
j=0

∑
γ∈(Ñp−2)k−1:
i+|γ|=2pk+s

Ξ
(k)
i,j,γ(t, ε). (1.36)

Îïåðàòîðû Ξ
(k)
i,j,γ(t, ε) çàäàíû ñîîòíîøåíèÿìè

Ξ
(k)
i,0,γ(t, ε) := ∆η1(t, ε), η1 = η1(i, γ) = (i, γ1, . . . , γk−1), k > 2,

Ξ
(k)
i,k−1,γ(t, ε) := ∆η2(t, ε), η2 = η2(i, γ) = (γ1, . . . , γk−1, i), k > 2,

Ξ
(k)
i,j,γ(t, ε) := ∆η3(t, ε), η3 = η3(i, j, γ) = (γ1, . . . , γj , i, γj+1, . . . , γk−1),

k > 3, j = 1, . . . , k − 2.

(1.37)

Îñíîâíîé àáñòðàêòíûé ðåçóëüòàò � ñëåäóþùàÿ òåîðåìà, óñòàíîâëåííàÿ â [SlSu3, òåîðåìà
4.13].



13

Òåîðåìà 1.12 ([SlSu3]). Ïóñòü îïåðàòîðíûé ïó÷îê A(t) îïðåäåëåí â ïóíêòå 1.1, ïðè÷åì
âûïîëíåíû óñëîâèÿ 1.1, 1.2, 1.3 è 1.11. Òîãäà ïðè |t| 6 t0 è ε > 0 ñïðàâåäëèâû ïðåäñòàâëåíèÿ

(A(t) + ε2pI)−1 = R̂0(t, ε) + Z(0)(t, ε),

(A(t) + ε2pI)−1 = R̂0(t, ε) +
J∑
s=1

Ks(t, ε) + Z(J)(t, ε), J = 1, . . . , 2p− 1. (1.38)

Îïåðàòîð R̂0(t, ε) îïðåäåëåí â (1.28). Êîððåêòîðû Ks(t, ε) ïðè s = 1, . . . , p, îïðåäåëåíû â

(1.31) è (1.32), à ïðè s = p+ 1, . . . , 2p− 1 êîððåêòîðû Ks(t, ε) îïðåäåëåíû ñîãëàñíî (1.33)�
(1.37). Âûïîëíåíû îöåíêè

‖Ks(t, ε)‖ 6 C(p)c
−s/2p
∗ (1 + c−1

∗ )sC
(2p+1)s
T ε−(2p−s), s = 1, . . . , 2p− 1, t ∈ R, ε > 0.

Îñòàòî÷íûå ÷ëåíû ïîä÷èíåíû îöåíêàì

‖Z(J)(t, ε)‖ 6 C(J)ε−(2p−J−1), |t| 6 t0, ε > 0, J = 0, 1, . . . , 2p− 1,

C(0) = (3δ)−1/2p + C(p)c
−1/2p
∗ (1 + c−1

∗ )C2p+1
T ,

C(J) = (3δ)−(J+1)/2p + C(p)c
−(J+1)/2p
∗ (1 + c−1

∗ )J+1C
(p+1+J/2)2

T , J = 1, . . . , 2p− 1.

×èñëî t0 ïîä÷èíåíî óñëîâèþ (1.3), ïîñòîÿííàÿ CT çàäàíà ñîîòíîøåíèåì

CT := pC2
0 + ‖Xp‖2δ−1,

c∗ � ïîñòîÿííàÿ èç óñëîâèÿ 1.11, C(p) � íåêîòîðàÿ ïîñòîÿííàÿ, çàâèñÿùàÿ òîëüêî îò p.

Çàìå÷àíèå 1.13. 1◦. Îòìåòèì, ÷òî àïïðîêñèìàöèè ðåçîëüâåíòû èç òåîðåìû 1.12
èìåþò ñàìîñîïðÿæåííûé âèä, ïîñêîëüêó R̂0(t, ε)∗ = R̂0(t, ε) è Ks(t, ε)∗ = Ks(t, ε), s =
1, . . . , 2p− 1.
2◦. Ïðè J = 2p − 1 àïïðîêñèìàöèÿ (1.38) íàèáîëåå òî÷íàÿ, ïîãðåøíîñòü èìååò ïîðÿäîê

O(1). Ýòî ïðåäåëüíàÿ òî÷íîñòü, êîòîðóþ ìîæíî ïîëó÷èòü ñ ïîìîùüþ àíàëèòè÷åñêîé

òåîðèè âîçìóùåíèé âáëèçè êðàÿ ñïåêòðà. Äîêàçàòåëüñòâî òåîðåìû 1.12 îïèðàåòñÿ íà òî,
÷òî ‖(A(t) + ε2pI)−1F (t)⊥‖ = O(1), à ïîòîìó äîñòàòî÷íî ïðèáëèçèòü îïåðàòîð R̂(t, ε) =
(A(t) + ε2pI)−1F (t).

� 2. Ïåðèîäè÷åñêèå äèôôåðåíöèàëüíûå îïåðàòîðû â L2(Rd;Cn).
Ðàçëîæåíèå â ïðÿìîé èíòåãðàë

2.1. Ôàêòîðèçîâàííûå îïåðàòîðû ïîðÿäêà 2p â Rd. Â ïðîñòðàíñòâå L2(Rd;Cn)
ðàññìàòðèâàþòñÿ äèôôåðåíöèàëüíûå îïåðàòîðû, ôîðìàëüíî çàäàííûå âûðàæåíèåì

A = b(D)∗g(x)b(D).

Çäåñü g(x) � ðàâíîìåðíî ïîëîæèòåëüíî îïðåäåëåííàÿ è îãðàíè÷åííàÿ èçìåðèìàÿ ìàòðèöà-
ôóíêöèÿ ðàçìåðà m × m (â îáùåì ñëó÷àå g(x) � ýðìèòîâà ìàòðèöà ñ êîìïëåêñíûìè
ýëåìåíòàìè):

c′1m 6 g(x) 6 c′′1m, x ∈ Rd; 0 < c′ 6 c′′ <∞. (2.1)

Îïåðàòîð b(D) èìååò âèä

b(D) =
∑
|β|=p

bβD
β, (2.2)

ãäå bβ � (m × n)-ìàòðèöû ñ ïîñòîÿííûìè ýëåìåíòàìè, âîîáùå ãîâîðÿ, êîìïëåêñíûìè.
Ñ÷èòàåì, ÷òî m > n, à ñèìâîë

b(ξ) :=
∑
|β|=p

bβξ
β, ξ ∈ Rd, (2.3)
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îïåðàòîðà b(D) èìååò ìàêñèìàëüíûé ðàíã, òî åñòü

rank b(ξ) = n, 0 6= ξ ∈ Rd.

Ïîñëåäíåå óñëîâèå ðàâíîñèëüíî îöåíêàì

α01n 6 b(θ)∗b(θ) 6 α11n, θ ∈ Sd−1; 0 < α0 6 α1 <∞, (2.4)

ñ íåêîòîðûìè ïîëîæèòåëüíûìè êîíñòàíòàìè α0, α1. Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî
ñ÷èòàòü íîðìû ìàòðèö bβ îãðàíè÷åííûìè êîíñòàíòîé

√
α1:

|bβ| 6
√
α1, |β| = p. (2.5)

Ñòðîãîå îïðåäåëåíèå îïåðàòîðà A äàåòñÿ ÷åðåç êâàäðàòè÷íóþ ôîðìó. Èç óñëîâèé (2.1)
ñëåäóåò, ÷òî ìàòðèöó g(x) ìîæíî ïðåäñòàâèòü â ôàêòîðèçîâàííîì âèäå

g(x) = h(x)∗h(x),

ïðè÷åì h, h−1 ∈ L∞(Rd). Íàïðèìåð, ìîæíî ïîëîæèòü h(x) = g(x)1/2.
Ðàññìîòðèì îïåðàòîð X : L2(Rd;Cn)→ L2(Rd;Cm), äåéñòâóþùèé ïî ïðàâèëó

(Xu)(x) = h(x)b(D)u(x), DomX = Hp(Rd;Cn),

è êâàäðàòè÷íóþ ôîðìó

a[u,u] = ‖Xu‖2L2(Rd) =

∫
Rd

〈g(x)b(D)u(x), b(D)u(x)〉 dx, u ∈ Hp(Rd;Cn). (2.6)

Ïðîâåðèì ñëåäóþùèå íåðàâåíñòâà

c0

∫
Rd

|Dpu(x)|2 dx 6 a[u,u] 6 c1

∫
Rd

|Dpu(x)|2 dx, u ∈ Hp(Rd;Cn), (2.7)

ãäå |Dpu(x)|2 :=
∑
|β|=p

|Dβu(x)|2. Âî-ïåðâûõ, â ñèëó ðàâåíñòâà Ïàðñåâàëÿ

‖g−1‖−1
L∞

∫
Rd

|b(ξ)û(ξ)|2 dξ 6 a[u,u] 6 ‖g‖L∞
∫
Rd

|b(ξ)û(ξ)|2 dξ, u ∈ Hp(Rd;Cn),

ãäå û(ξ) � Ôóðüå-îáðàç ôóíêöèè u(x). Îòñþäà è èç (2.4) ñëåäóåò, ÷òî

α0‖g−1‖−1
L∞

∫
Rd

|ξ|2p|û(ξ)|2 dξ 6 a[u,u] 6 α1‖g‖L∞
∫
Rd

|ξ|2p|û(ξ)|2 dξ, u ∈ Hp(Rd;Cn). (2.8)

Íàêîíåö, ïðè ïîìîùè ýëåìåíòàðíûõ íåðàâåíñòâ

c′p
∑
|β|=p

|ξβ|2 6 |ξ|2p 6 c′′p
∑
|β|=p

|ξβ|2, ξ ∈ Rd, (2.9)

ãäå ïîñòîÿííûå c′p è c
′′
p çàâèñÿò òîëüêî îò d è p, ïðèõîäèì ê èñêîìûì ñîîòíîøåíèÿì (2.7) ñ

ïîñòîÿííûìè

c0 = c′pα0‖g−1‖−1
L∞
, c1 = c′′pα1‖g‖L∞ . (2.10)

Ñëåäîâàòåëüíî, ôîðìà (2.6) çàìêíóòà è íåîòðèöàòåëüíà. Ïî îïðåäåëåíèþ, A åñòü
ñàìîñîïðÿæåííûé îïåðàòîð â L2(Rd;Cn), îòâå÷àþùèé ôîðìå (2.6).
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2.2. Ðåøåòêè Γ è Γ̃. Â äàëüíåéøåì ìàòðèöû-ôóíêöèè g è h ïðåäïîëàãàþòñÿ
ïåðèîäè÷åñêèìè îòíîñèòåëüíî íåêîòîðîé ðåøåòêè Γ ⊂ Rd. Ïóñòü a1, . . . ,ad � áàçèñ â Rd,
ïîðîæäàþùèé ðåøåòêó Γ, òî åñòü,

Γ =
{
a ∈ Rd : a =

d∑
j=1

νjaj , νj ∈ Z
}
,

è ïóñòü Ω � ýëåìåíòàðíàÿ ÿ÷åéêà ðåøåòêè Γ:

Ω =
{
x ∈ Rd : x =

d∑
j=1

κjaj , 0 < κj < 1
}
.

Áàçèñ b1, . . . ,bd â Rd, äâîéñòâåííûé ê a1, . . . ,ad, îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè 〈bj ,al〉 =
2πδjl. Ïîðîæäåííàÿ èì ðåøåòêà

Γ̃ =
{
b ∈ Rd : b =

d∑
j=1

ζjbj , ζj ∈ Z
}

íàçûâàåòñÿ äâîéñòâåííîé ê ðåøåòêå Γ. Ðàññìîòðèì öåíòðàëüíóþ çîíó Áðèëëþåíà
äâîéñòâåííîé ðåøåòêè:

Ω̃ :=
{
k ∈ Rd : |k| < |k− b|, 0 6= b ∈ Γ̃

}
. (2.11)

Îáëàñòü Ω̃ ÿâëÿåòñÿ ôóíäàìåíòàëüíîé îáëàñòüþ ðåøåòêè Γ̃. Îáîçíà÷èì |Ω| = mes Ω, |Ω̃| =
mes Ω̃ è çàìåòèì, ÷òî |Ω||Ω̃| = (2π)d. Îáîçíà÷èì ÷åðåç r0 ðàäèóñ íàèáîëüøåãî øàðà,

ñîäåðæàùåãîñÿ â clos Ω̃. Îòìåòèì, ÷òî

2r0 = min |b|, 0 6= b ∈ Γ̃,

|k + b| > r0, k ∈ clos Ω̃, 0 6= b ∈ Γ̃. (2.12)

Ïîä H̃σ(Ω;Cn), σ > 0, ïîíèìàåòñÿ ïîäïðîñòðàíñòâî ôóíêöèé èç Hσ(Ω;Cn), Γ-
ïåðèîäè÷åñêîå ïðîäîëæåíèå êîòîðûõ íà Rd ïðèíàäëåæèò Hσ

loc
(Rd;Cn).

Ñ ðåøåòêîé Γ ñâÿçàíî äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå {v̂b}b∈Γ̃
7→ v:

v(x) = |Ω|−1/2
∑
b∈Γ̃

v̂be
i〈b,x〉, x ∈ Ω,

êîòîðîå óíèòàðíî îòîáðàæàåò l2(Γ̃;Cn) íà L2(Ω;Cn):∫
Ω

|v(x)|2 dx =
∑
b∈Γ̃

|v̂b|2.

2.3. Ïðåîáðàçîâàíèå Ãåëüôàíäà. Ïåðâîíà÷àëüíî ïðåîáðàçîâàíèå Ãåëüôàíäà U
îïðåäåëÿåòñÿ íà ôóíêöèÿõ èç êëàññà Øâàðöà S(Rd;Cn) ôîðìóëîé

ṽ(k,x) = (Uv)(k,x) = |Ω̃|−1/2
∑
a∈Γ

e−i〈k,x+a〉v(x + a), v ∈ S(Rd;Cn), x,k ∈ Rd,

à çàòåì U ðàñïðîñòðàíÿåòñÿ ïî íåïðåðûâíîñòè äî óíèòàðíîãî îòîáðàæåíèÿ:

U : L2(Rd;Cn)→
∫
Ω̃

⊕L2(Ω;Cn) dk =: H. (2.13)
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Ñîîòíîøåíèå v ∈ Hp(Rd;Cn) ýêâèâàëåíòíî òîìó, ÷òî ṽ(k, ·) ∈ H̃p(Ω;Cn) ïðè ïî÷òè âñåõ

k ∈ Ω̃ è ∫
Ω̃

∫
Ω

(
| (D + k)p ṽ(k,x)|2 + |ṽ(k,x)|2

)
dx dk <∞.

Îïåðàòîð óìíîæåíèÿ íà îãðàíè÷åííóþ Γ-ïåðèîäè÷åñêóþ ôóíêöèþ â L2(Rd;Cn) ïîä
äåéñòâèåì ïðåîáðàçîâàíèÿ Ãåëüôàíäà ïåðåõîäèò â îïåðàòîð óìíîæåíèÿ íà òó æå ôóíêöèþ â
ñëîÿõ ïðÿìîãî èíòåãðàëàH èç (2.13). Äåéñòâèå îïåðàòîðà b(D) íà v ∈ Hp(Rd;Cn) ïåðåõîäèò

â ïîñëîéíîå äåéñòâèå îïåðàòîðà b(D + k) íà ṽ(k, ·) ∈ H̃p(Ω;Cn).

2.4. Ôîðìû a(k) è îïåðàòîðû A(k). Ïîëîæèì H = L2(Ω;Cn), H∗ = L2(Ω;Cm).
Ðàññìîòðèì îïåðàòîð X (k) : H→ H∗, k ∈ Rd, îïðåäåëåííûé ñîîòíîøåíèÿìè

(X (k)u)(x) = h(x)b(D + k)u(x), DomX (k) = H̃p(Ω;Cn). (2.14)

Ðàññìîòðèì êâàäðàòè÷íóþ ôîðìó

a(k)[u,u] = ‖X (k)u‖2L2(Ω) =

∫
Ω

〈g(x)b(D+k)u(x), b(D+k)u(x)〉 dx, u ∈ H̃p(Ω;Cn). (2.15)

Ñ ïîìîùüþ äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ôóðüå è ñîîòíîøåíèé (2.1) è (2.4) ëåãêî ïðîâåðèòü,
÷òî ïðè âñåõ k ∈ Rd âûïîëíåíû îöåíêè

α0‖g−1‖−1
L∞
a∗(k)[u,u] 6 a(k)[u,u] 6 α1‖g‖L∞a∗(k)[u,u], u ∈ H̃p(Ω;Cn), (2.16)

ãäå

a∗(k)[u,u] =
∑
b∈Γ̃

|b + k|2p|ûb|2, u ∈ H̃p(Ω;Cn). (2.17)

Îòñþäà ñ ó÷åòîì (2.9) ïîëó÷àåì

c0

∫
Ω

|(D + k)pu|2 dx 6 a(k)[u,u] 6 c1

∫
Ω

|(D + k)pu|2 dx, u ∈ H̃p(Ω;Cn),

ãäå ïîñòîÿííûå c0, c1 îïðåäåëåíû â (2.10). Ñëåäîâàòåëüíî, îïåðàòîð X (k) çàìêíóò, à ôîðìà
(2.15) çàìêíóòà è íåîòðèöàòåëüíà. Ñàìîñîïðÿæåííûé îïåðàòîð â L2(Ω;Cn), îòâå÷àþùèé
ôîðìå a(k), îáîçíà÷èì ÷åðåç A(k). Ôîðìàëüíî ìîæíî çàïèñàòü

A(k) = b(D + k)∗g(x)b(D + k).

2.5. Ïðÿìîé èíòåãðàë äëÿ îïåðàòîðà A. Îïåðàòîðû A(k) ïîçâîëÿþò íàì ÷àñòè÷íî
äèàãîíàëèçîâàòü îïåðàòîð A â ïðÿìîì èíòåãðàëå H (ñì. (2.13)). Ïóñòü ũ = Uu, u ∈ Dom a.
Òîãäà

ũ(k, ·) ∈ Dom a(k) = H̃p(Ω;Cn) ïðè ïî÷òè âñåõ k ∈ Ω̃, (2.18)

a[u,u] =

∫
Ω̃

a(k)[ũ(k, ·), ũ(k, ·)] dk. (2.19)

Íàîáîðîò, åñëè ũ ∈ H óäîâëåòâîðÿåò (2.18) è èíòåãðàë â (2.19) ñõîäèòñÿ, òî u ∈ Dom a
è (2.19) âûïîëíåíî. Òàêèì îáðàçîì, ïîä äåéñòâèåì ïðåîáðàçîâàíèÿ Ãåëüôàíäà îïåðàòîð
A ïðåâðàùàåòñÿ â ïðÿìîì èíòåãðàëå H â óìíîæåíèå íà îïåðàòîðíîçíà÷íóþ ôóíêöèþ

A(k), k ∈ Ω̃. Âñ¼ ýòî ìîæíî êðàòêî âûðàçèòü ôîðìóëîé

UAU−1 =

∫
Ω̃

⊕A(k) dk. (2.20)
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� 3. Ïðèìåíåíèå ðåçóëüòàòîâ àáñòðàêòíîé ñõåìû

ê ñåìåéñòâó îïåðàòîðîâ A(k)

3.1. Âêëþ÷åíèå îïåðàòîðîâ A(k) â àáñòðàêòíóþ ñõåìó. Äëÿ k ∈ Rd ïîëîæèì

k = tθ, t = |k|, θ =
k

|k|
,

è áóäåì ñ÷èòàòü t îñíîâíûì (îäíîìåðíûì) ïàðàìåòðîì. Â òî æå âðåìÿ âñå ïîñòðîåíèÿ áóäóò
çàâèñåòü îò ïàðàìåòðà θ ∈ Sd−1 è ìû äîëæíû çàáîòèòüñÿ î ðàâíîìåðíîñòè îöåíîê ïî ýòîìó
ïàðàìåòðó.
Ïðèìåíÿÿ ìåòîä, îïèñàííûé â �1, ïîëîæèì H = L2(Ω;Cn) è H∗ = L2(Ω;Cm). Ñîãëàñíî

(2.2) è (2.14), èìååì:

X (k) = h
∑
|β|=p

bβ(D + k)β = h
∑
|β|=p

bβ
∑
γ6β

Cγβk
β−γDγ =

= h
∑
|β|=p

bβ
∑
γ6β

Cγβ t
|β−γ|θβ−γDγ .

Ñëåäîâàòåëüíî, îïåðàòîð X (k) äîïóñêàåò çàïèñü â âèäå

X (k) = X(t,θ) = X0 +

p∑
j=1

tjXj(θ).

Çäåñü îïåðàòîð

X0 = h
∑
|β|=p

bβD
β = hb(D)

çàìêíóò íà îáëàñòè îïðåäåëåíèÿ DomX0 = H̃p(Ω;Cn), �ïðîìåæóòî÷íûå� îïåðàòîðû
Xj(θ), j = 1, . . . , p− 1, çàäàíû ñîîòíîøåíèÿìè

Xj(θ) = h
∑
|β|=p

bβ
∑

γ6β, |γ|=p−j

Cγβθ
β−γDγ

íà îáëàñòÿõ îïðåäåëåíèÿ DomXj(θ) = H̃p−j(Ω;Cn), à îïåðàòîð

Xp(θ) = h
∑
|β|=p

bβθ
β = hb(θ)

îãðàíè÷åí èç L2(Ω;Cn) â L2(Ω;Cm). Ïîëîæèì (â ñîîòâåòñòâèè ñ àáñòðàêòíîé ñõåìîé)
Xj(θ) = 0, j > p+ 1.
Àíàëîãè÷íî ìîæíî âûïèñàòü ðàçëîæåíèå

b(D + k) =

p∑
j=0

Bj(k,D), B0(k,D) = b(D),

Bj(k,D) =
∑
|β|=p

bβ
∑

γ6β, |γ|=p−j

Cγβk
β−γDγ , j = 1, . . . , p− 1,

Bp(k,D) = b(k). (3.1)

Íàì áóäåò óäîáíî ñ÷èòàòü Bj(k,D) = 0, j > p+ 1. Òàêæå íàì ïîíàäîáèòñÿ ïðåäñòàâëåíèå

Bj(k,D) =
∑
|ν|=j

kν
∑

β>ν,|β|=p

bβC
ν
βD

β−ν =
∑
|ν|=j

kνB̂ν(D), j = 0, . . . , p. (3.2)

Ðàâåíñòâî Bj(k,D) =
∑
|ν|=j k

νB̂ν(D) ìîæíî ñ÷èòàòü âûïîëíåííûì è ïðè j > p+1, ïîëàãàÿ

B̂ν(D) = 0 ïðè |ν| > p+ 1.
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Ðàçóìååòñÿ, Bj(k,D), B̂ν(D), |ν| = j, j = 0, . . . , p, � äèôôåðåíöèàëüíûå îïåðàòîðû
ïîðÿäêà p− j ñ ïîñòîÿííûìè êîýôôèöèåíòàìè; ñïðàâåäëèâû ðàâåíñòâà

Xj(θ) = hBj(θ,D), Bj(tθ,D) = tjBj(θ,D), θ ∈ Sd−1, t > 0, j ∈ Z+.

Âèäíî, ÷òî óñëîâèå 1.1 âûïîëíåíî:

DomX0 ⊂ DomXj(θ) ⊂ DomXp(θ) = L2(Ω;Cn), j = 1, . . . , p− 1.

Â ñèëó (2.4) ñïðàâåäëèâà îöåíêà

‖Xp(θ)‖ 6 α1/2
1 ‖g‖

1/2
L∞
. (3.3)

Ñîãëàñíî [KuSu, ïðåäëîæåíèå 5.1] ÿäðî îïåðàòîðà X0 èìååò âèä

N := KerX0 = {u ∈ L2(Ω;Cn) : u(x) = c ∈ Cn}, (3.4)

à ïîòîìó dimN = n. Èç [KuSu, ïðåäëîæåíèå 5.2] âûòåêàåò âûïîëíåíèå óñëîâèÿ 1.2, à èìåííî:
ïðè j = 1, . . . , p− 1 ñïðàâåäëèâû îöåíêè

‖Xj(θ)u‖L2(Ω) 6 C̃j‖X0u‖L2(Ω), u ∈ H̃p(Ω;Cn), (3.5)

ãäå

C̃j = α
1/2
1 α

−1/2
0 ‖g‖1/2L∞

‖g−1‖1/2L∞
(2r0)−j

(∑
|β|=p

∑
γ6β, |γ|=p−j

Cγβ

)
. (3.6)

Îòìåòèì, ÷òî ïîñòîÿííûå C̃j íå çàâèñÿò îò ïàðàìåòðà θ ∈ Sd−1, à çàâèñÿò ëèøü îò d, p, j,
‖g‖L∞ , ‖g−1‖L∞ , α0, α1 è r0. Íåðàâåíñòâà (3.5) ïîçâîëÿþò â êà÷åñòâå ïîñòîÿííîé C0 èç (1.1)
ïðèíÿòü

C0 = max{1, C̃1, . . . , C̃p−1}, (3.7)

ãäå êîíñòàíòû C̃j îïðåäåëåíû â (3.6). Ïîñòîÿííàÿ C0 çàâèñèò ëèøü îò d, p, ‖g‖L∞ , ‖g−1‖L∞ ,
α0, α1 è r0.

Â ñèëó êîìïàêòíîñòè âëîæåíèÿ Dom a(0) = H̃p(Ω;Cn) â ïðîñòðàíñòâî L2(Ω;Cn) ñïåêòð
îïåðàòîðà A(0) äèñêðåòåí. Òî÷êà λ0 = 0 ÿâëÿåòñÿ èçîëèðîâàííûì ñîáñòâåííûì çíà÷åíèåì
îïåðàòîðà A(0) êðàòíîñòè n, ñîîòâåòñòâóþùåå ñîáñòâåííîå ïîäïðîñòðàíñòâî N îïèñàíî â
(3.4). Òåì ñàìûì, âûïîëíåíî óñëîâèå 1.3.
Èñïîëüçóÿ âàðèàöèîííûå ñîîáðàæåíèÿ, ñ ïîìîùüþ íèæíåé îöåíêè (2.16) è (2.17) ëåãêî

îöåíèòü ðàññòîÿíèå d0 îò òî÷êè λ0 = 0 äî îñòàëüíîãî ñïåêòðà îïåðàòîðà A(0) (ñì. [KuSu,
(5.17)]):

d0 > α0‖g−1‖−1
L∞

(2r0)2p. (3.8)

Ñëåäóÿ àáñòðàêòíîé ñõåìå, çàôèêñèðóåì ïîëîæèòåëüíîå ÷èñëî δ 6 min
{
d0

36 ,
1
4

}
. C ó÷åòîì

(3.8) ïîëîæèì

δ = min

{
α0r

2p
0

4‖g−1‖L∞
,
1

4

}
. (3.9)

Ïîñòîÿííàÿ C1(θ) = max {(p− 1)C0, ‖Xp(θ)‖} (ñì. (1.3)) ñåé÷àñ çàâèñèò îò θ. Ñ ó÷åòîì
(3.3) (çàâûøàÿ êîíñòàíòó) ïðèìåì çíà÷åíèå

C1 = max
{

(p− 1)C0, α
1/2
1 ‖g‖

1/2
L∞

}
,

íå çàâèñÿùåå îò θ. Â ñîîòâåòñòâèè ñ (1.3), ïîëîæèì

t0 = δ1/2C−1
1 =

δ1/2

max
{

(p− 1)C0, α
1/2
1 ‖g‖

1/2
L∞

} . (3.10)

Îòìåòèì, ÷òî t0 6 1, ïîñêîëüêó (p− 1)C0 > 1 è δ 6 1. Ñëåäîâàòåëüíî,

t0 6 (t0)1/p 6 δ1/2pα
−1/2p
1 ‖g‖−1/2p

L∞
6 4−1/2pα

1/2p
0 α

−1/2p
1 ‖g‖−1/2p

L∞
‖g−1‖−1/2p

L∞
r0 < r0.
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Â ïîñëåäíåì ïåðåõîäå èñïîëüçîâàíû î÷åâèäíûå íåðàâåíñòâà α0 6 α1 è ‖g‖L∞‖g−1‖L∞ > 1.
Òàêèì îáðàçîì, øàð B(t0) íàõîäèòñÿ âíóòðè øàðà B(r0) è òåì ñàìûì öåëèêîì ñîäåðæèòñÿ

â Ω̃.

3.2. Íåâûðîæäåííîñòü ñïåêòðàëüíîãî ðîñòêà. Èç íèæíåé îöåíêè (2.16) è (2.17) ñ
ó÷åòîì (2.11) âûòåêàåò íåðàâåíñòâî

a(k)[u,u] > α0‖g−1‖−1
L∞
|k|2p‖u‖2L2(Ω), u ∈ H̃p(Ω;Cn), k ∈ clos Ω̃.

Òåì ñàìûì,

A(k) > c∗|k|2pI, k ∈ clos Ω̃, (3.11)

ãäå
c∗ = α0‖g−1‖−1

L∞
. (3.12)

Ýòèì ïðîâåðåíî âûïîëíåíèå óñëîâèÿ 1.11.
Òàêèì îáðàçîì, ìû óáåäèëèñü, ÷òî îïåðàòîðíîå ñåìåéñòâî A(k) =: A(t,θ) óäîâëåòâîðÿåò

âñåì ïðåäïîëîæåíèÿì àáñòðàêòíîé ñõåìû. Ñóùåñòâåííî, ÷òî δ, t0 è c∗ íå çàâèñÿò îò θ (ñì.
(3.9), (3.10), (3.12)).
Ñåé÷àñ àíàëèòè÷åñêèå (ïî t) âåòâè ñîáñòâåííûõ çíà÷åíèé λj(t,θ) è àíàëèòè÷åñêèå âåòâè

ñîáñòâåííûõ ôóíêöèé ϕj(t,θ), j = 1, . . . , n, |t| 6 t0, îïåðàòîðíîãî ñåìåéñòâà A(t,θ) (ñì.
ïóíêò 1.2) çàâèñÿò îò θ. Èç (3.11) ñëåäóþò íåðàâåíñòâà

λj(t,θ) > c∗t
2p, j = 1, . . . , n, t = |k| 6 t0. (3.13)

Ðàçëîæåíèÿ (1.5), (1.6) ïðèíèìàþò âèä

λj(t,θ) =
∞∑
s=2p

λ
(s)
j (θ)ts, j = 1, . . . , n, |θ| 6 t∗(θ), θ ∈ Sd−1, (3.14)

ϕj(t,θ) =
∞∑
s=0

ϕ
(s)
j (θ)ts, j = 1, . . . , n, |θ| 6 t∗(θ), θ ∈ Sd−1.

Ïóñòü F (t,θ) � ñïåêòðàëüíûé ïðîåêòîð îïåðàòîðà A(t,θ), îòâå÷àþùèé èíòåðâàëó [0, δ].
Ðàçëîæåíèÿ (1.9), (1.10) ïðèíèìàþò âèä

F (t,θ) =
∞∑
s=0

Fs(θ)ts, |θ| 6 t∗(θ), θ ∈ Sd−1, (3.15)

A(t,θ)F (t,θ) =

∞∑
s=2p

Gs(θ)ts, |θ| 6 t∗(θ), θ ∈ Sd−1. (3.16)

Èç (3.13) è (3.14) ñëåäóåò, ÷òî λ
(2p)
j (θ) > c∗, j = 1, . . . , n. Îòñþäà âûòåêàåò (ñì. (1.24),

(1.27)), ÷òî ðîñòîê S(θ) = G2p(θ)|N ñåìåéñòâà A(t,θ) íåâûðîæäåí ïðè âñåõ θ è âûïîëíåíà
îöåíêà

S(θ) > c∗IN, θ ∈ Sd−1. (3.17)

3.3. Âñïîìîãàòåëüíûå çàäà÷è íà ÿ÷åéêå. Ïîñêîëüêó ÿäðî îïåðàòîðà X0 ñîñòîèò èç
êîíñòàíò, çàäà÷à 

b(D)∗g(x)b(D)Λj(k,x) =
(
P⊥Bj(k,D)∗g

)
(x),∫

Ω

Λj(k,x) dx = 0
(3.18)

èìååò åäèíñòâåííîå (ñëàáîå) ðåøåíèå Λj(k, ·) ∈ H̃p(Ω; Mn,m(C)) ïðè ëþáûõ k ∈ Rd, j ∈ Z+.
Îòìåòèì ðàâåíñòâà

Λj = 0, j > p+ 1; Λj(k,x) =
∑
|ν|=j

kνΛ̂ν(x), Λ̂ν(·) ∈ H̃p(Ω; Mn,m(C)).
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Ìû ó÷ëè (3.2). Â ÷àñòíîñòè, Λ0(k,x) = Λ̂0(x) íå çàâèñèò îò k.
Îïåðàòîðû Mj , â àáñòðàêòíûõ òåðìèíàõ îïðåäåëåííûå â ï. 1.4, ñåé÷àñ çàâèñÿò îò θ.

Ïðåäëîæåíèå 3.1. Ñïðàâåäëèâû ñîîòíîøåíèÿ

Mj(θ)Xp(θ)P = [Λj(θ, ·)]b(θ)P, θ ∈ Sd−1, j ∈ Z+. (3.19)

Äîêàçàòåëüñòâî. Ïðè j > p + 1 ðàâåíñòâî (3.19) î÷åâèäíî. Ïðè j = 0, . . . , p îáîçíà÷èì
ñòîëáöû ìàòðèöû Λj(θ,x) ÷åðåç v1

j (θ,x), . . . , vmj (θ,x), è ñòîëáöû ìàòðèöû h(x) ÷åðåç

h1(x), . . . , hm(x). Ñðàâíèâàÿ (1.13) è (3.18), ïîëó÷àåì ðàâåíñòâà

vlj(θ, ·) = Mj(θ)hl, l = 1, . . . ,m.

Äàëåå, ïðè ëþáîì u ∈ L2(Ω,Cn) âåêòîð-ôóíêöèÿ w(θ) = b(θ)Pu = (w1(θ), . . . , wm(θ))t �
ïîñòîÿííûé âåêòîð èç Cm. Ñëåäîâàòåëüíî, ñïðàâåäëèâû ñîîòíîøåíèÿ

Mj(θ)Xp(θ)Pu = Mj(θ)hb(θ)Pu = Mj(θ)

m∑
l=1

wl(θ)hl =

m∑
l=1

wl(θ)vlj(θ, ·) = Λj(θ, ·)b(θ)Pu.

�

Àíàëîãè÷íî, äëÿ ëþáîé ìàòðèöû-ôóíêöèè Λ ∈ H̃p(Ω; Mn,m(C)) è ïðîèçâîëüíûõ k ∈ Rd,
α, β ∈ Z+ ñóùåñòâóåò åäèíñòâåííîå (ñëàáîå) ðåøåíèå çàäà÷è

b(D)∗g(x)b(D)Σ(α, β,Λ;k,x) =
(
P⊥Bα(k,D)∗gBβ(k,D)Λ

)
(x),∫

Ω

Σ(α, β,Λ;k,x) dx = 0, Σ(α, β,Λ;k, ·) ∈ H̃p(Ω; Mn,m(C)).
(3.20)

Îòìåòèì, ÷òî åñëè α > p+ 1 èëè β > p+ 1 èëè Λ = 0, òî Σ(α, β,Λ;k, ·) = 0.
Àíàëîãè÷íî ïðåäëîæåíèþ 3.1 ïðîâåðÿåòñÿ ñëåäóþùåå óòâåðæäåíèå.

Ïðåäëîæåíèå 3.2. Äëÿ ëþáîé ìàòðèöû-ôóíêöèè Λ ∈ H̃p(Ω; Mn,m(C)) è ïðîèçâîëüíûõ

α, β ∈ Z+, θ ∈ Sd−1 èìååò ìåñòî ðàâåíñòâî

Mα(θ)Xβ(θ)[Λ]b(θ)P = [Σ(α, β,Λ;θ, ·)]b(θ)P. (3.21)

Òåïåðü äëÿ ïðîèçâîëüíûõ j ∈ Z+, s ∈ N, α, β ∈ Zs+ îïðåäåëèì ìàòðèöó-ôóíêöèþ

Λα,β,j(k, ·) ∈ H̃p(Ω; Mn,m(C))

ñëåäóþùèì îáðàçîì:

à) ïðè s = 1 ïîëîæèì Λα,β,j(k, ·) = Σ(α, β,Λj ;k, ·), j, α, β ∈ Z+, k ∈ Rd;
á) åñëè ïðè íåêîòîðîì s ∈ N îïðåäåëåíû Λα̂,β̂,j(k, ·), j ∈ Z+, α̂, β̂ ∈ Zs+, k ∈ Rd, òî

Λ(α1

α̂

)
,
(β1
β̂

)
,j

(k, ·) := Σ(α1, β1,Λα̂,β̂,j ;k, ·), j, α1, β1 ∈ Z+, k ∈ Rd.

Îòìåòèì ñîîòíîøåíèÿ

Λα,β,j = 0, åñëè j > p+ 1 èëè α ∈ Zs+ \ {0, . . . , p}s èëè β ∈ Zs+ \ {0, . . . , p}s;

Λα,β,j(k,x) =
∑

|ν|=|α|+|β|+j

kνΛ̂α,β,j,ν(x), Λ̂α,β,j,ν(·) ∈ H̃p(Ω; Mn,m(C)).

Ïðîèòåðèðîâàâ ðàâåíñòâî (3.21), ïðèõîäèì ê ñëåäóþùåìó óòâåðæäåíèþ.

Ïðåäëîæåíèå 3.3. Äëÿ ëþáûõ j ∈ Z+, s ∈ N, α, β ∈ Zs+, θ ∈ Sd−1 ñïðàâåäëèâî ðàâåíñòâî

Mα1(θ)Xβ1(θ) · · ·Mαs(θ)Xβs(θ)Mj(θ)Xp(θ)P = [Λα,β,j(θ, ·)]b(θ)P. (3.22)

Îïåðàòîðû D(r), â àáñòðàêòíûõ òåðìèíàõ îïðåäåëåííûå â (1.19), ñåé÷àñ çàâèñÿò îò θ.
Ñðàâíèâàÿ (1.19) è (3.19), (3.22), ïðèõîäèì ê ñëåäóþùåìó óòâåðæäåíèþ.
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Ïðåäëîæåíèå 3.4. Ïðè âñåõ r = 0, . . . , 2p− 1 ñïðàâåäëèâû ðàâåíñòâà

D(r,θ)P = P⊥D(r,θ)P = [Θ(r;θ,x)]b(θ)P, θ ∈ Sd−1, (3.23)

ãäå

Θ(0;k,x) = −Λ0(k,x) = −Λ̂0(x), Θ(r;k,x) = −Λr(k,x)+

+
r∑
i=1

i∑
s=1

(−1)s+1
∑

α ∈ Ns :
|α| = i

∑
β ∈ Zs+ :
β 6 α

Λβ,α−β,r−i(k,x),

k ∈ Rd, x ∈ Ω, r = 1, . . . , 2p− 1. (3.24)

Îòìåòèì ñîîòíîøåíèÿ

Θ(r;k,x) =
∑
|ν|=r

kνΘ̂ν(x), k ∈ Rd, x ∈ Ω, r = 0, . . . , 2p− 1;

Θ̂ν ∈ H̃p(Ω; Mn,m(C)),

∫
Ω

Θ̂ν(x) dx = 0, |ν| = r, r = 0, . . . , 2p− 1. (3.25)

Â ñîîòâåòñòâèè ñ ðåçóëüòàòàìè �1, èíòåðåñóþùèå íàñ êîýôôèöèåíòû Fs(θ), s = 0, . . . , 2p−1,
è PGs(θ)P , s = 2p, . . . , 4p−1, âûðàæàþòñÿ â òåðìèíàõ ìàòðèö-ôóíêöèé Θ(r;θ, ·), θ ∈ Sd−1,
r = 0, . . . , 2p − 1. Îòìåòèì, ÷òî âû÷èñëåíèå ìàòðèö Θ(r;k,x) ïðè ïîìîùè ðàâåíñòâ (3.24)
âåñüìà íåóäîáíî, òàê êàê òðåáóåò çíàíèÿ áîëüøîãî êîëè÷åñòâà ìàòðèö Λβ,α−β,r−i(k,x).
Ñëåäóþùåå óòâåðæäåíèå äàåò óäîáíóþ ðåêóððåíòíóþ ôîðìóëó äëÿ ìàòðèö Θ(r;k,x).

Ïðåäëîæåíèå 3.5. Ìàòðèöà-ôóíêöèÿ Θ(0;k,x) ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì èç

êëàññà H̃p(Ω; Mn,m(C)) çàäà÷è

b(D)∗g(x)b(D)Θ(0;k,x) = −b(D)∗g(x),

∫
Ω

Θ(0;k,x) dx = 0. (3.26)

Ïðè âñÿêîì r = 1, . . . , 2p − 1 ìàòðèöà-ôóíêöèÿ Θ(r;k,x) ÿâëÿåòñÿ åäèíñòâåííûì

ðåøåíèåì èç êëàññà H̃p(Ω; Mn,m(C)) çàäà÷è
b(D)∗g(x)b(D)Θ(r;k,x) = −

(
P⊥Br(k,D)∗g

)
(x)−

r∑
j=1

(
P⊥Ej(k, ·,D)Θ(r − j;k, ·)

)
(x),

∫
Ω

Θ(r;k,x) dx = 0.

(3.27)

Çäåñü Ej(k,x,D) =
j∑
l=0

Bl(k,D)∗g(x)Bj−l(k,D), j = 1, . . . , 2p− 1.

Äîêàçàòåëüñòâî. Ïåðâîå óòâåðæäåíèå ïðÿìî ñëåäóåò èç ðàâåíñòâà Θ(0;k,x) = −Λ0(k,x) è
çàäà÷è (3.18) ïðè j = 0.
Äëÿ ëþáîãî r = 1, . . . , 2p− 1 â ðàâåíñòâå (3.24) âûäåëèì â îòäåëüíóþ ãðóïïó ñëàãàåìûå

ñ ìóëüòèèíäåêñàìè α, β äëèíû s = 1:

Θ(r;k,x) = −Λr(k,x) +

r∑
i=1

i∑
β=0

Λβ,i−β,r−i(k,x)+

+

r∑
i=2

i∑
s=2

(−1)s+1
∑

α ∈ Ns :
|α| = i

∑
β ∈ Zs+ :
β 6 α

Λβ,α−β,r−i(k,x).
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Â ïîñëåäíåé ãðóïïå ñëàãàåìûõ âûäåëèì ñóììèðîâàíèå ïî ïåðâûì êîìïîíåíòàì
ìóëüòèèíäåêñîâ α è β:

Θ(r;k,x) = −Λr(k,x) +
r∑
i=1

i∑
β=0

Λβ,i−β,r−i(k,x)+

+

r∑
i=2

i∑
s=2

(−1)s+1
i−s+1∑
α1=1

α1∑
β1=0

∑
α̂ ∈ Ns−1 :
|α̂| = i− α1

∑
β̂ ∈ Zs−1

+ :

β̂ 6 α̂

Λ(β1
β̂

)
,
(α1−β1
α̂−β̂

)
,r−i

(k,x).

Ìåíÿÿ ïîðÿäîê ñóììèðîâàíèÿ â ïîñëåäíåé ãðóïïå ñëàãàåìûõ, ïîëó÷àåì:

Θ(r;k,x) = −Λr(k,x) +
r∑
i=1

i∑
β=0

Λβ,i−β,r−i(k,x)+

+
r−1∑
α1=1

α1∑
β1=0

r∑
i=α1+1

i−α1+1∑
s=2

(−1)s+1
∑

α̂ ∈ Ns−1 :
|α̂| = i− α1

∑
β̂ ∈ Zs−1

+ :

β̂ 6 α̂

Λ(β1
β̂

)
,
(α1−β1
α̂−β̂

)
,r−i

(k,x). (3.28)

Âû÷èñëÿÿ âûðàæåíèå b(D)∗g(x)b(D)Θ(r;k,x) ñ ïîìîùüþ (3.28) è ó÷èòûâàÿ (3.18), (3.20),
(3.24) è îïðåäåëåíèå ìàòðèö-ôóíêöèé Λα,β,j , ïîëó÷àåì òðåáóåìîå óòâåðæäåíèå. �

Äëÿ îöåíîê ðåøåíèé âñïîìîãàòåëüíûõ çàäà÷ íàì ïîíàäîáèòñÿ ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 3.6. Ïóñòü f ∈ L2(Ω;Cm) � ïðîèçâîëüíàÿ ôóíêöèÿ, σ ∈ Zd+, è v ∈ H̃p(Ω;Cn) �
ñëàáîå ðåøåíèå çàäà÷è 

b(D)∗g(x)b(D)v(x) =
(
P⊥B̂σ(D)∗f

)
(x),∫

Ω

v(x) dx = 0.
(3.29)

Çäåñü îïåðàòîð B̂σ(D) ïðè |σ| 6 p îïðåäåëåí â (3.2), à ïðè |σ| > p+ 1 ïîëàãàåì B̂σ(D) = 0.
Ñïðàâåäëèâû îöåíêè

‖v‖Hp(Ω) 6 C(p, d, σ, r0)α−1
0 α

1/2
1 ‖g

−1‖L∞‖f‖L2(Ω), (3.30)

‖B̂µ(D)P⊥v‖L2(Ω) 6 C(p, d, σ, µ, r0)α−1
0 α1‖g−1‖L∞‖f‖L2(Ω), µ ∈ Zd+. (3.31)

Äîêàçàòåëüñòâî. Â ñèëó íåðàâåíñòâ (2.5) ñïðàâåäëèâà îöåíêà

‖B̂ν(D)P⊥v‖L2(Ω) 6 C(p, ν, d)α
1/2
1 ‖v‖Hp(Ω), ν ∈ Zd+. (3.32)

Èíòåãðàëüíîå òîæäåñòâî äëÿ çàäà÷è (3.29) èìååò âèä

a(0)[v,w] =

∫
Ω
〈f(x), B̂σ(D)P⊥w(x)〉 dx, w ∈ H̃p(Ω;Cn).

Ñëåäîâàòåëüíî, ñïðàâåäëèâà îöåíêà

a(0)[v,v] 6 ‖f‖L2(Ω)‖B̂σ(D)P⊥v‖L2(Ω).

Ñ ó÷åòîì (3.32) îòñþäà ñëåäóåò, ÷òî

a(0)[v,v] 6 C(p, σ, d)α
1/2
1 ‖f‖L2(Ω)‖v‖Hp(Ω). (3.33)

Èç (2.16), (2.17) è (3.33) âûòåêàåò íåðàâåíñòâî∑
b∈Γ̃

|b|2p|v̂b|2 6 C(p, σ, d)α−1
0 α

1/2
1 ‖g

−1‖L∞‖f‖L2(Ω)‖v‖Hp(Ω). (3.34)
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Îñòàåòñÿ çàìåòèòü, ÷òî ïðè óñëîâèè
∫

Ω v(x) dx = 0 ñïðàâåäëèâî (ñì., íàïðèìåð, [KuSu],
ñëåäñòâèå 5.8) íåðàâåíñòâî

‖v‖2Hp(Ω) 6 C(p, d, r0)
∑
b∈Γ̃

|b|2p|v̂b|2. (3.35)

Èç (3.34), (3.35) âûòåêàåò (3.30); îöåíêà (3.31) ñëåäóåò èç (3.30) è (3.32). �

Èç ëåììû 3.6 è ïðåäëîæåíèÿ 3.5 âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.

Ñëåäñòâèå 3.7. Ïóñòü Θ̂ν(x) � ìàòðèöû-ôóíêöèè èç ïðåäñòàâëåíèÿ (3.25). Ïðè âñåõ

ν ∈ Zd+, |ν| 6 2p− 1, µ ∈ Zd+, ñïðàâåäëèâû îöåíêè

‖Θ̂ν‖Hp(Ω) 6 C(p, d, ν, α0, α1, ‖g‖L∞ , ‖g−1‖L∞ , r0, |Ω|),

‖B̂µ(D)Θ̂ν‖L2(Ω) 6 C(p, d, ν, µ, α0, α1, ‖g‖L∞ , ‖g−1‖L∞ , r0, |Ω|),

‖Θ(r;k, ·)‖Hp(Ω) 6 Cr|k|r, r = 0, . . . , 2p− 1, k ∈ Rd. (3.36)

Ïîñòîÿííàÿ Cr çàâèñèò îò p, d, r, α0, α1, ‖g‖L∞ , ‖g−1‖L∞ , r0, |Ω|.

3.4. Âû÷èñëåíèå êîýôôèöèåíòîâ Fs(θ)P è PGs(θ)P . Â ñèëó (1.20) è (3.23)
ñïðàâåäëèâû ðàâåíñòâà

Fs(θ)P = [Θ(s− p;θ,x)]b(θ)P, θ ∈ Sd−1, s = p, . . . , 2p− 1. (3.37)

Èç (1.25) è (3.23) âûòåêàåò ïðåäñòàâëåíèå

Hq(θ)P = [h(x)Υq(θ,x)]b(θ)P, θ ∈ Sd−1, q = p, . . . , 3p− 1, (3.38)

ãäå ìàòðèöû-ôóíêöèè Υq(k,x) îïðåäåëÿþòñÿ ðàâåíñòâàìè

Υp(k,x) := 1m + b(D)Θ(0;k,x), x ∈ Ω, k ∈ Rd, (3.39)

Υq(k,x) :=

q−p∑
r=0

Br(k,D)Θ(q − p− r;k,x), x ∈ Ω, k ∈ Rd, q = p+ 1, . . . , 3p− 1. (3.40)

Îòìåòèì ñâîéñòâî

Υq(k,x) =
∑
|ν|=q−p

kνΥ̂ν(x), Υ̂ν ∈ L2(Ω; Mm,m(C)), |ν| = q − p, q = p, . . . , 3p− 1. (3.41)

Â ÷àñòíîñòè, Υp(k,x) = Υ̂0(x) íå çàâèñèò îò k. Â ñèëó ñëåäñòâèÿ 3.7 ñïðàâåäëèâû îöåíêè

‖Υ̂ν‖L2(Ω) 6 C(p, d, ν, α0, α1, ‖g‖L∞ , ‖g−1‖L∞ , r0, |Ω|), |ν| = 0, . . . , 2p− 1. (3.42)

Ñðàâíèâàÿ (3.38) è (1.23), ïîëó÷àåì ïðåäñòàâëåíèå äëÿ êîýôôèöèåíòîâ PGs(θ)P :

PGs(θ)P = b(θ)∗gs(θ)b(θ)P, s = 2p, . . . , 4p− 1, θ ∈ Sd−1. (3.43)

Çäåñü ìàòðèöû gs(k), k ∈ Rd, çàäàíû ðàâåíñòâàìè

gs(k) = |Ω|−1

∫
Ω

s−p∑
q=p

Υq(k,x)∗g(x)Υs−q(k,x) dx, s = 2p, . . . , 4p− 1, k ∈ Rd. (3.44)

Èç (3.41) âûòåêàåò ðàâåíñòâî

gs(k) =
∑

|ν|=s−2p

ĝνk
ν , ĝν :=

∑
κ6ν
|Ω|−1

∫
Ω

Υ̂κ(x)∗g(x)Υ̂ν−κ(x) dx,

|ν| = s− 2p, s = 2p, . . . , 4p− 1, k ∈ Rd. (3.45)

Â ÷àñòíîñòè, ìàòðèöà g2p(k) = ĝ0 íå çàâèñèò îò k. Ýòî òàê íàçûâàåìàÿ ýôôåêòèâíàÿ

ìàòðèöà äëÿ îïåðàòîðà A. Â ïóíêòå 4.1 ìû îáñóäèì ñâîéñòâà ýôôåêòèâíîé ìàòðèöû
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ïîäðîáíåå; ñðàçó îòìåòèì, ÷òî îíà ïîëîæèòåëüíî îïðåäåëåíà. Èç (3.42) è (3.45) âûòåêàþò
îöåíêè

|ĝν | 6 C(p, d, ν, α0, α1, ‖g‖L∞ , ‖g−1‖L∞ , r0, |Ω|), |ν| = 0, . . . , 2p− 1,

|gs(k)| 6 Čs|k|s−2p, s = 2p, . . . , 4p− 1, k ∈ Rd. (3.46)

Ïîñòîÿííàÿ Čs çàâèñèò îò p, d, s, α0, α1, ‖g‖L∞ , ‖g−1‖L∞ , r0, |Ω|.

Çàìå÷àíèå 3.8. Ïðè âû÷èñëåíèè ìàòðèö (3.44) ñ s > 2p + 1 ïîëåçíî ó÷èòûâàòü

ñëåäóþùåå. Âûäåëèì ñëàãàåìûå â (3.44) ñ q = p è q = s− p. Ïîëîæèì

fs(k) := |Ω|−1

∫
Ω

(Υp(k,x)∗g(x)Υs−p(k,x) + Υs−p(k,x)∗g(x)Υp(k,x)) dx.

Â ýòîì âûðàæåíèè ìîæíî çàìåíèòü Υs−p(k,x) íà

Υ̌s−p(k,x) :=

s−2p∑
r=1

Br(k,D)Θ(s− 2p− r;k,x), (3.47)

ïîñêîëüêó∫
Ω

(Υp(k,x)∗g(x)b(D)Θ(s− 2p;k,x) + (b(D)Θ(s− 2p;k,x))∗g(x)Υp(k,x)) dx = 0

â ñèëó óðàâíåíèÿ (3.26) íà Θ(0;k,x) è ðàâåíñòâà (3.39). Òàêèì îáðàçîì,

fs(k) = |Ω|−1

∫
Ω

(
Υp(k,x)∗g(x)Υ̌s−p(k,x) + Υ̌s−p(k,x)∗g(x)Υp(k,x)

)
dx.

Òåì ñàìûì, äëÿ âû÷èñëåíèÿ ìàòðèöû gs(k) ïðè s > 2p + 1 íåîáõîäèìî çíàòü ìàòðèöû-

ôóíêöèè Θ(j;k,x) ïðè j = 0, . . . , s−2p−1, à çíàíèÿ ìàòðèöû Θ(s−2p;k,x) íå òðåáóåòñÿ.

Ìû äîêàçàëè ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 3.9. Ïóñòü âûïîëíåíû óñëîâèÿ (2.1), (2.4) è ìàòðèöû-ôóíêöèè g(x) è h(x)
ïåðèîäè÷íû ñ ðåøåòêîé ïåðèîäîâ Γ. Ïóñòü A(t,θ) = A(k) � ñàìîñîïðÿæåííûé

îïåðàòîð â L2(Ω;Cn), ïîðîæäåííûé êâàäðàòè÷íîé ôîðìîé (2.15). Ïóñòü F (t,θ) �

ñïåêòðàëüíûé ïðîåêòîð îïåðàòîðà A(t,θ), îòâå÷àþùèé îòðåçêó [0, δ]. Ïóñòü Fs(θ) è

Gs(θ) � êîýôôèöèåíòû ðàçëîæåíèé (3.15), (3.16). Òîãäà îïåðàòîðû Fs(θ)P , θ ∈ Sd−1,

s = p, . . . , 2p− 1, è PGs(θ)P , θ ∈ Sd−1, s = 2p, . . . , 4p − 1, äàþòñÿ ðàâåíñòâàìè (3.37)
è (3.43). Ïðè ýòîì êîýôôèöèåíòû gs(θ) îïðåäåëÿþòñÿ ðàâåíñòâàìè (3.44), ìàòðèöû-
ôóíêöèè Υq(θ,x) äàþòñÿ âûðàæåíèÿìè (3.39) è (3.40) â òåðìèíàõ ïåðèîäè÷åñêèõ ìàòðèö-
ôóíêöèé Θ(r;k,x), ÿâëÿþùèõñÿ ðåøåíèÿìè âñïîìîãàòåëüíûõ çàäà÷ (3.26), (3.27).

3.5. Àïïðîêñèìàöèÿ ðåçîëüâåíòû îïåðàòîðà A(t,θ). Â ñîîòâåòñòâèè ñ òåîðåìîé 1.12
ïðè t ∈ [0, t0], θ ∈ Sd−1 è ε > 0 ñïðàâåäëèâû ïðåäñòàâëåíèÿ

(A(t,θ) + ε2pI)−1 = R̂0(t,θ, ε) + Z(0)(t,θ, ε), (3.48)

(A(t,θ) + ε2pI)−1 = R̂0(t,θ, ε) +
J∑
s=1

Ks(t,θ, ε) + Z(J)(t,θ, ε), J = 1, . . . , 2p− 1. (3.49)

Êîððåêòîðû è îñòàòî÷íûå ÷ëåíû ïîä÷èíåíû îöåíêàì

‖Ks(t,θ, ε)‖ 6 C(s)ε
−(2p−s), t > 0, θ ∈ Sd−1, ε > 0, s = 1, . . . , 2p− 1; (3.50)

‖Z(J)(t,θ, ε)‖ 6 C(J)ε−(2p−J−1), t ∈ [0, t0], θ ∈ Sd−1, ε > 0, J = 0, 1, . . . , 2p− 1. (3.51)

Êîíñòàíòû C(s) è C
(J) çàâèñÿò îò p, s, J , ‖g‖L∞ , ‖g−1‖L∞ , α0, α1, r0 è íå çàâèñÿò îò t, θ,

ε. Ìû ó÷èòûâàåì, ÷òî â âûðàæåíèÿõ äëÿ êîíñòàíò èç òåîðåìû 1.12 ñåé÷àñ ïàðàìåòðû δ,
c∗ è C0 íå çàâèñÿò îò θ (ñì. (3.6), (3.7), (3.9), (3.12)), à íîðìó ‖Xp(θ)‖ ìîæíî çàìåíèòü íà
α

1/2
1 ‖g‖

1/2
L∞

, èñïîëüçóÿ (3.3).
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Â ñîîòâåòñòâèè ñ (1.28) ñïðàâåäëèâî ðàâåíñòâî

R̂0(t,θ, ε) = (t2pG2p(θ) + ε2pI)−1P, t > 0, θ ∈ Sd−1, ε > 0. (3.52)

Ó÷èòûâàÿ, ÷òî îïåðàòîð G2p(θ) íåòðèâèàëüíî äåéñòâóåò òîëüêî â ïðîñòðàíñòâå N, à òàêæå
ðàâåíñòâî (3.43), ïîëó÷èì ïðåäñòàâëåíèå

R̂0(t,θ, ε) = (A0(k) + ε2pI)−1P, k = tθ, t > 0, θ ∈ Sd−1, ε > 0, (3.53)

ãäå

A0(k) = b(D + k)∗ g2p b(D + k), DomA0(k) = H̃2p(Ω;Cn), k ∈ Rd. (3.54)

Àíàëîãè÷íî, èç (3.43) ñëåäóåò ðàâåíñòâî

tsPGs(θ)P = b(D + k)∗ gs(D + k) b(D + k)P, k = tθ, t > 0, θ ∈ Sd−1. (3.55)

Çäåñü

gs(D + k) :=
∑

|ν|=s−2p

ĝν(D + k)ν , Dom gs(D + k) = H̃s−2p(Ω;Cn), k ∈ Rd,

ãäå ĝν � ìàòðèöû èç ïðåäñòàâëåíèÿ (3.45).
Îïåðàòîðû (1.30) ñåé÷àñ ïðèíèìàþò âèä

∆γ(t,θ, ε) = R̂0(t,θ, ε)
k∏
i=1

(
Gγi(θ)R̂0(t,θ, ε)

)
,

γ ∈ Zk+, 2p+ 1 6 γi 6 4p− 1, i = 1, . . . , k, k ∈ N; t > 0, θ ∈ Sd−1, ε > 0.

(3.56)

Èç (3.53), (3.55), (3.56) âûòåêàþò ñîîòíîøåíèÿ

t|γ|∆γ(t,θ, ε) = ∆γ(D + k, ε)P,

γ ∈ Zk+, 2p+ 1 6 γi 6 4p− 1, i = 1, . . . , k, k ∈ N; k = tθ, t > 0, θ ∈ Sd−1. (3.57)

Çäåñü ∆γ(D + k, ε) � ÏÄÎ ïîðÿäêà |γ| − 2p(k + 1), çàäàííûé ðàâåíñòâîì

∆γ(D + k, ε) = (A0(k) + ε2pI)−1
k∏
i=1

(
b(D + k)∗ gγi(D + k) b(D + k)(A0(k) + ε2pI)−1

)
,

γ ∈ Zk+, 2p+ 1 6 γi 6 4p− 1, i = 1, . . . , k, k ∈ N; k ∈ Rd. (3.58)

Íàïîìíèì, ÷òî ìíîæåñòâî ÑM îïðåäåëåíî â (1.29). Â ñîîòâåòñòâèè ñ (1.31) è (3.57) ïðè
s = 1, . . . , p− 1 êîððåêòîðû Ks(t,θ, ε) äàþòñÿ ðàâåícòâàìè

Ks(t,θ, ε) =

s∑
k=1

(−1)k
∑

γ∈(Ñs−k)k:
|γ|=2pk+s

∆γ(D + k, ε)P, k = tθ, t > 0, θ ∈ Sd−1, s = 1, . . . , p− 1.

(3.59)
Äàëåå, îïðåäåëèì ÄÎ

Θ(r;D + k,x) :=
∑
|ν|=r

Θ̂ν(x)(D + k)ν , k ∈ Rd, x ∈ Ω, r = 0, . . . , 2p− 1,

ãäå Θ̂ν(x) � êîýôôèöèåíòû èç (3.25). Èç (3.37) è (3.53) ñëåäóåò ðàâåíñòâî

tsFs(θ)R̂0(t,θ, ε) = Φs(k, ε)P, k = tθ, t > 0, θ ∈ Sd−1, s = p, . . . , 2p− 1. (3.60)

Çäåñü Φs(k, ε) � ÏÄÎ ïîðÿäêà s− 2p, çàäàííûé âûðàæåíèåì

Φs(x,D + k, ε) := Θ(s− p;D + k,x)b(D + k)(A0(k) + ε2pI)−1,

k ∈ Rd, x ∈ Ω, s = p, . . . , 2p− 1. (3.61)
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Ââåäåì òàêæå ÄÎ Ψs(k) ïîðÿäêà s, çàäàííûé âûðàæåíèåì

Ψs(x,D + k) := Θ(s− p;D + k,x)b(D + k), Dom Ψs(k) = H̃s(Ω;Cn),

k ∈ Rd, x ∈ Ω, s = p, . . . , 2p− 1. (3.62)

Èç (1.32), (3.57) è (3.60) âûòåêàåò ïðåäñòàâëåíèå

Kp(t,θ, ε) = Φp(k, ε)P + (Φp(k, ε)P )∗ +

p∑
k=1

(−1)k
∑

γ∈(Ñp−k)k:

|γ|=2pk+p

∆γ(D + k, ε)P,

k = tθ, t > 0, θ ∈ Sd−1.

(3.63)

Â ñîîòâåòñòâèè ñ (1.33)�(1.37) ïðè s = p+ 1, . . . , 2p− 1 êîððåêòîðû Ks(t,θ, ε) äàþòñÿ
ðàâåíñòâàìè

Ks(t,θ, ε) = Φs(k, ε)P + (Φs(k, ε)P )∗ −∆2p+s(D + k, ε)P +K′s(t,θ, ε)+

+K′′s (t,θ, ε) +K′′′s (t,θ, ε), k = tθ, t > 0, θ ∈ Sd−1. (3.64)

Çäåñü

K′s(t,θ, ε) =

s−p+1∑
k=2

(−1)k
∑

γ∈(Ñp−2)k:
|γ|=2pk+s

∆γ(D + k, ε)P +
s∑

k=s−p+2

(−1)k
∑

γ∈(Ñs−k)k:
|γ|=2pk+s

∆γ(D + k, ε)P,

(3.65)

K′′s (t,θ, ε) =

s−p∑
k=1

(−1)k
s−k∑
l=p

∑
γ∈(Ñs−p−k)k:

l+|γ|=2pk+s

(Ψl(k)∆γ(D + k, ε)P + (Ψl(k)∆γ(D + k, ε)P )∗) ,

(3.66)

K′′′s (t,θ, ε) =

s−p+1∑
k=2

(−1)k
2p+1+s−k∑

i=3p

k−1∑
j=0

∑
γ∈(Ñp−2)k−1:
i+|γ|=2pk+s

Ξ
(k)
i,j,γ(t,θ, ε)P. (3.67)

Îïåðàòîðû Ξ
(k)
i,j,γ(t,θ, ε) çàäàíû ñîîòíîøåíèÿìè

Ξ
(k)
i,0,γ(t,θ, ε) := ∆η1(D + k, ε), η1 = η1(i, γ) = (i, γ1, . . . , γk−1), k > 2,

Ξ
(k)
i,k−1,γ(t,θ, ε) := ∆η2(D + k, ε), η2 = η2(i, γ) = (γ1, . . . , γk−1, i), k > 2,

Ξ
(k)
i,j,γ(t,θ, ε) := ∆η3(D + k, ε), η3 = η3(i, j, γ) = (γ1, . . . , γj , i, γj+1, . . . , γk−1),

k > 3, j = 1, . . . , k − 2.

(3.68)

Ìû ïîëó÷èëè ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 3.10. Ïóñòü âûïîëíåíû óñëîâèÿ (2.1), (2.4) è ìàòðèöû-ôóíêöèè g(x) è h(x)
ïåðèîäè÷íû ñ ðåøåòêîé ïåðèîäîâ Γ. Ïóñòü A(t,θ) = A(k) � ñàìîñîïðÿæåííûé îïåðàòîð

â L2(Ω;Cn), ïîðîæäåííûé êâàäðàòè÷íîé ôîðìîé (2.15). Òîãäà ïðè t ∈ [0, t0] (t0 îïðåäåëåíî

â (3.10)), θ ∈ Sd−1 è ε > 0 ñïðàâåäëèâû ïðåäñòàâëåíèÿ (3.48) è (3.49). Îïåðàòîð R̂0(t,θ, ε)
îïðåäåëåí â (3.53). Êîððåêòîðû Ks(t,θ, ε) ïðè s = 1, . . . , p, îïðåäåëåíû â (3.59) è (3.63), à ïðè
s = p+ 1, . . . , 2p− 1 êîððåêòîðû Ks(t,θ, ε) îïðåäåëåíû ñîãëàñíî (3.64)�(3.68). Êîððåêòîðû

è îñòàòî÷íûå ÷ëåíû ïîä÷èíåíû îöåíêàì (3.50), (3.51). Êîíñòàíòû C(s) è C(J) çàâèñÿò

îò p, s, J, ‖g‖L∞ , ‖g−1‖L∞ , α0, α1, r0 è íå çàâèñÿò îò t, θ, ε.
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� 4. Àïïðîêñèìàöèÿ ðåçîëüâåíòû îïåðàòîðà A

4.1. Ýôôåêòèâíàÿ ìàòðèöà. Â ñîîòâåòñòâèè ñ (3.26) (n×m)-ìàòðèöà-ôóíêöèÿ Θ(x) :=
Θ(0;k,x) íå çàâèñèò îò k è ÿâëÿåòñÿ (ñëàáûì) Γ-ïåðèîäè÷åñêèì ðåøåíèåì çàäà÷è

b(D)∗g(x) (b(D)Θ(x) + 1m) = 0,

∫
Ω

Θ(x) dx = 0. (4.1)

Êàê óæå îòìå÷àëîñü, (m × m)-ìàòðèöà (3.44) ïðè s = 2p íå çàâèñèò îò k; îáîçíà÷èì ýòó
ìàòðèöó ÷åðåç g0. Èç (3.39) è (3.44) âûòåêàåò ðàâåíñòâî

g0 := g2p = |Ω|−1

∫
Ω

(b(D)Θ(x) + 1m)∗ g(x) (b(D)Θ(x) + 1m) dx. (4.2)

Ìàòðèöà (4.2) íàçûâàåòñÿ ýôôåêòèâíîé ìàòðèöåé äëÿ îïåðàòîðà A. Ñ ó÷åòîì (4.1)
ñïðàâåäëèâî òàêæå ïðåäñòàâëåíèå

g0 = |Ω|−1

∫
Ω
g(x) (b(D)Θ(x) + 1m) dx.

Îòìåòèì íåêîòîðûå ñâîéñòâà ýôôåêòèâíîé ìàòðèöû; ñì. [KuSu, ïðåäëîæåíèÿ 5.3, 5.4,
5.5].

Ïðåäëîæåíèå 4.1 ([KuSu]). Îáîçíà÷èì

g := |Ω|−1

∫
Ω
g(x) dx, g :=

(
|Ω|−1

∫
Ω
g(x)−1 dx

)−1
.

Ýôôåêòèâíàÿ ìàòðèöà g0 óäîâëåòâîðÿåò íåðàâåíñòâàì

g 6 g0 6 g. (4.3)

Â ñëó÷àå, êîãäà m = n, èìååò ìåñòî ðàâåíñòâî g0 = g.

Îöåíêè âèäà (4.3) èçâåñòíû â òåîðèè óñðåäíåíèÿ äëÿ êîíêðåòíûõ ÄÎ êàê âèëêà Ôîéãòà�
Ðåéññà. Èç íèõ âûòåêàþò îöåíêè íîðìû ýôôåêòèâíîé ìàòðèöû è îáðàòíîé ê íåé:

|g0| 6 ‖g‖L∞ , |(g0)−1| 6 ‖g−1‖L∞ .

Âûäåëèì òåïåðü ñëó÷àè, êîãäà â (4.3) êàêîå-ëèáî èç íåðàâåíñòâ ïðåâðàùàåòñÿ â ðàâåíñòâî.

Ïðåäëîæåíèå 4.2 ([KuSu]). Ïóñòü gk(x), k = 1, . . . ,m, � ñòîëáöû ìàòðèöû g(x).
Ðàâåíñòâî g0 = g ðàâíîñèëüíî ñîîòíîøåíèÿì

b(D)∗gk(x) = 0, k = 1, . . . ,m. (4.4)

Ïðåäëîæåíèå 4.3 ([KuSu]). Ïóñòü lk(x), k = 1, . . . ,m, � ñòîëáöû ìàòðèöû g(x)−1.

Ðàâåíñòâî g0 = g ðàâíîñèëüíî ïðåäñòàâëåíèÿì

lk(x) = l0k + b(D)vk(x), l0k ∈ Cm, vk ∈ H̃p(Ω;Cn); k = 1, . . . ,m. (4.5)

Çàìå÷àíèå 4.4. Ïðè óñëîâèè (4.5) âûïîëíåíî ñîîòíîøåíèå g(x)(b(D)Θ(x) +1m) = g0 = g.

4.2. Ýôôåêòèâíûé îïåðàòîð. Ñîãëàñíî (3.43) ñ s = 2p ñïåêòðàëüíûé ðîñòîê S(θ) =
G2p(θ)|N çàäàåòñÿ ìàòðèöåé

S(θ) = b(θ)∗g0b(θ), θ ∈ Sd−1.

Ïîëîæèì

S(k) := t2pS(θ) = b(k)∗g0b(k), k ∈ Rd. (4.6)

Ýòî ñèìâîë äèôôåðåíöèàëüíîãî îïåðàòîðà

A0 = b(D)∗g0b(D) (4.7)
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ñ ïîñòîÿííûìè êîýôôèöèåíòàìè, äåéñòâóþùåãî â L2(Rd;Cn) íà îáëàñòè îïðåäåëåíèÿ
H2p(Rd;Cn) è íàçûâàåìîãî ýôôåêòèâíûì îïåðàòîðîì äëÿ îïåðàòîðà A. Èç (3.17) è (4.6)
âûòåêàåò îöåíêà äëÿ ñèìâîëà ýôôåêòèâíîãî îïåðàòîðà:

b(k)∗g0b(k) > c∗|k|2p1n, k ∈ Rd. (4.8)

Ïî àíàëîãèè ñ (2.20) îïåðàòîð A0 ðàñêëàäûâàåòñÿ â ïðÿìîé èíòåãðàë:

UA0U−1 =

∫
Ω̃

⊕A0(k) dk.

Çäåñü A0(k) � îïåðàòîð â L2(Ω;Cn), çàäàííûé âûðàæåíèåì (3.54) ñ ïåðèîäè÷åñêèìè
ãðàíè÷íûìè óñëîâèÿìè. Òî åñòü,

A0(k) = b(D + k)∗g0b(D + k), DomA0(k) = H̃2p(Ω;Cn). (4.9)

4.3. Àïïðîêñèìàöèÿ ðåçîëüâåíòû (A(k)+ε2pI)−1 ïðè |k| 6 t0. Â ñèëó òåîðåìû 3.10 ïðè
t = |k| 6 t0 äëÿ ðåçîëüâåíòû (A(k) + ε2pI)−1 ñïðàâåäëèâû ïðåäñòàâëåíèÿ (3.48) è (3.49) ñ
îöåíêàìè (3.50), (3.51). Ïîêàæåì, ÷òî â ïðåäåëàõ äîïóñòèìîé ïîãðåøíîñòè ìîæíî çàìåíèòü

ñòàðøèé ÷ëåí àïïðîêñèìàöèè R̂0(t,θ, ε) = (A0(k)+ε2pI)−1P íà (A0(k)+ε2pI)−1. Èñïîëüçóÿ
äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå è îöåíêó (4.8), óáåæäàåìñÿ, ÷òî∥∥(A0(k) + ε2pI)−1P⊥

∥∥
L2(Ω)→L2(Ω)

= sup
0 6=q∈Γ̃

∣∣∣(b(q + k)∗g0b(q + k) + ε2p1n
)−1
∣∣∣

6 sup
06=q∈Γ̃

(
c∗|q + k|2p + ε2p

)−1
6
(
c∗r

2p
0 + ε2p

)−1
, k ∈ Ω̃.

Ìû ó÷ëè (2.12). Ñëåäîâàòåëüíî, ïðè âñåõ J = 0, 1, . . . , 2p− 1 ñïðàâåäëèâû îöåíêè∥∥(A0(k)+ε2pI)−1P⊥
∥∥
L2(Ω)→L2(Ω)

6 c−(J+1)/2p
∗ r

−(J+1)
0 ε−(2p−J−1), k ∈ Ω̃, J = 0, 1, . . . , 2p−1.

(4.10)
Àíàëîãè÷íûì îáðàçîì ìîæíî �óñòðàíèòü� ïðîåêòîð P â òåõ ÷ëåíàõ êîððåêòîðîâ, êîòîðûå

ïðåäñòàâëÿþò ñîáîé ÏÄÎ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Ðàññìîòðèì ñèìâîë îïåðàòîðà
(3.58):

∆γ(q + k, ε) =
(
b(q + k)∗g0b(q + k) + ε2p1n

)−1×

×
k∏
i=1

(
b(q + k)∗gγi(q + k)b(q + k)

(
b(q + k)∗g0b(q + k) + ε2p1n

)−1
)
, q ∈ Γ̃, k ∈ Ω̃.

Çäåñü γ ∈ Zk+, 2p+ 1 6 γi 6 4p− 1. Ñ ó÷åòîì (2.4), (3.46) è (4.8) âûïîëíåíà îöåíêà

|∆γ(q + k, ε)| 6 Cγ |q + k||γ|
(
c∗|q + k|2p + ε2p

)−(k+1)
, k ∈ Ω̃, q ∈ Γ̃, (4.11)

ãäå Cγ = αk1Čγ1 · · · Čγk .
Ïîêàæåì, ÷òî êîððåêòîðû Ks(k, ε) = Ks(t,θ, ε) ïðè s = 1, . . . , p − 1 ìîæíî çàìåíèòü íà

îïåðàòîðû

K̊s(k, ε) :=
s∑

k=1

(−1)k
∑

γ∈(Ñs−k)k:
|γ|=2pk+s

∆γ(D + k, ε), k ∈ Ω̃, s = 1, . . . , p− 1. (4.12)
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Äëÿ ýòîãî îöåíèì íîðìó îïåðàòîðà ∆γ(D+k, ε)P⊥ ïðè |γ| = 2pk+s. Ñ ó÷åòîì (4.11) èìååì:∥∥∆γ(D + k, ε)P⊥
∥∥
L2(Ω)→L2(Ω)

= sup
0 6=q∈Γ̃

|∆γ(q + k, ε)|

6 sup
06=q∈Γ̃

Cγ |q + k|2pk+s
(
c∗|q + k|2p + ε2p

)−(k+1)

6 Cγc
−k−s/2p
∗ (c∗r

2p
0 + ε2p)−1+s/2p 6 Cγc

−k−(J+1)/2p
∗ r

−(J+1−s)
0 ε−(2p−J−1),

γ ∈ (Ñs−k)k : |γ| = 2pk + s, k = 1, . . . , s, s = 1, . . . ,min{p− 1, J}, J = 1, . . . , 2p− 1, k ∈ Ω̃.

Òåïåðü èç (3.59) è (4.12) âûòåêàåò, ÷òî

‖Ks(k, ε)− K̊s(k, ε)‖L2(Ω)→L2(Ω) 6 C(s, J)ε−(2p−J−1),

s = 1, . . . ,min{p− 1, J}, J = 1, . . . , 2p− 1, k ∈ Ω̃.
(4.13)

Çäåñü

C(s, J) =
s∑

k=1

∑
γ∈(Ñs−k)k:
|γ|=2pk+s

Cγc
−k−(J+1)/2p
∗ r

−(J+1−s)
0 . (4.14)

Àíàëîãè÷íûì îáðàçîì ìîæíî ïîêàçàòü, ÷òî êîððåêòîð Kp(k, ε) = Kp(t,θ, ε) ìîæíî
çàìåíèòü íà îïåðàòîð

K̊p(k, ε) := Φp(k, ε)P + (Φp(k, ε)P )∗ +

p∑
k=1

(−1)k
∑

γ∈(Ñp−k)k:

|γ|=2pk+p

∆γ(D + k, ε), k ∈ Ω̃, (4.15)

à êîððåêòîðû Ks(k, ε) = Ks(t,θ, ε) ïðè s = p+ 1, . . . , 2p− 1 ìîæíî çàìåíèòü íà îïåðàòîðû

K̊s(k, ε) := Φs(k, ε)P + (Φs(k, ε)P )∗ −∆2p+s(D + k, ε) + K̊′s(k, ε)+

+K′′s (k, ε) + K̊′′′s (k, ε), s = p+ 1, . . . , 2p− 1, k ∈ Ω̃. (4.16)

Çäåñü

K̊′s(k, ε) :=

s−p+1∑
k=2

(−1)k
∑

γ∈(Ñp−2)k:
|γ|=2pk+s

∆γ(D + k, ε) +
s∑

k=s−p+2

(−1)k
∑

γ∈(Ñs−k)k:
|γ|=2pk+s

∆γ(D + k, ε), (4.17)

K̊′′′s (k, ε) :=

s−p+1∑
k=2

(−1)k
2p+1+s−k∑

i=3p

k−1∑
j=0

∑
γ∈(Ñp−2)k−1:
i+|γ|=2pk+s

Ξ
(k)
i,j,γ(k, ε). (4.18)

Îïåðàòîðû K′′s (k, ε) = K′′s (t,θ, ε) è Ξ
(k)
i,j,γ(k, ε) = Ξ

(k)
i,j,γ(t,θ, ε) çàäàíû ñîîòíîøåíèÿìè (3.66) è

(3.68) ñîîòâåòñòâåííî.
Ïî àíàëîãèè ñ (4.13), èñïîëüçóÿ (3.63)�(3.68), (4.15)�(4.18) è ó÷èòûâàÿ (4.11), ïîëó÷àåì∥∥Ks(k, ε)− K̊s(k, ε)∥∥L2(Ω)→L2(Ω)

6 C(s, J)ε−(2p−J−1),

s = p, . . . , J ; J = p, . . . , 2p− 1; k ∈ Ω̃.
(4.19)

Ïîñòîÿííàÿ C(p, J) îïðåäåëåíà ñîãëàñíî (4.14) ïðè s = p; ïîñòîÿííûå C(s, J) ïðè s =
p + 1, . . . , 2p − 1 èìåþò àíàëîãè÷íûé âèä è ïðåäñòàâëÿþò ñîáîé ñóììó ñëàãàåìûõ âèäà

C2p+sc
−1−(J+1)/2p
∗ r

−(J+1−s)
0 , Cγc

−k−(J+1)/2p
∗ r

−(J+1−s)
0 , ãäå |γ| = 2pk + s (çíà÷êè k è γ

ïðîáåãàþò ìíîæåñòâà èç ñóììû (4.17)), è Cηc
−k−(J+1)/2p
∗ r

−(J+1−s)
0 , ãäå |η| = i+ |γ| = 2pk+ s

(çíà÷êè k, i, j, γ ïðîáåãàþò ìíîæåñòâà èç ñóììû (4.18), à η = η1, η2, η3; ñì. (3.68)). ßñíî, ÷òî
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ïîñòîÿííûå C(s, J) ïðè âñåõ s = 1, . . . , J , J = 1, . . . , 2p − 1, çàâèñÿò òîëüêî îò p, d, s, J ,
‖g‖L∞ , ‖g−1‖L∞ , α0, α1, r0, |Ω|.
Òåïåðü èç òåîðåìû 3.10 è îöåíîê (4.10), (4.13), (4.19) ïðè |k| 6 t0 ïîëó÷àåì ïðåäñòàâëåíèÿ

(A(k) + ε2pI)−1 = (A0(k) + ε2pI)−1 + Z̊(0)(k, ε), (4.20)

(A(k) + ε2pI)−1 = (A0(k) + ε2pI)−1 +
J∑
s=1

K̊s(k, ε) + Z̊(J)(k, ε), J = 1, . . . , 2p− 1. (4.21)

Îñòàòî÷íûå ÷ëåíû ïîä÷èíåíû îöåíêàì∥∥Z̊(J)(k, ε)
∥∥ 6 C̊(J)ε−(2p−J−1), |k| 6 t0, ε > 0, J = 0, 1, . . . , 2p− 1. (4.22)

Ïîñòîÿííûå C̊(J) çàâèñÿò òîëüêî îò p, d, J , ‖g‖L∞ , ‖g−1‖L∞ , α0, α1, r0, |Ω|. Èñïîëüçóÿ îöåíêè
(3.50), (4.11) è âûðàæåíèÿ äëÿ êîððåêòîðîâ Ks(k, ε) è K̊s(k, ε), ëåãêî ïðîâåðèòü îöåíêè∥∥K̊s(k, ε)∥∥ 6 C̃sε−(2p−s), k ∈ Ω̃, ε > 0, s = 1, . . . , 2p− 1. (4.23)

Êîíñòàíòû C̃s çàâèñÿò òîëüêî îò p, d, s, ‖g‖L∞ , ‖g−1‖L∞ , α0, α1, r0, |Ω|.

4.4. Àïïðîêñèìàöèÿ ðåçîëüâåíòû (A(k)+ε2pI)−1 ïðè âñåõ k ∈ clos Ω̃. Ðàñïðîñòðàíèì
òåïåðü ðåçóëüòàòû íà âñå çíà÷åíèÿ k ∈ clos Ω̃. Ïðè k ∈ clos Ω̃ \ B(t0) îöåíêè òðèâèàëüíû:
êàæäûé ÷ëåí îöåíèâàåòñÿ ïî-îòäåëüíîñòè. Ñ ó÷åòîì (3.11) ñïðàâåäëèâà îöåíêà∥∥(A(k) + ε2pI)−1

∥∥
L2(Ω)→L2(Ω)

6
(
c∗|k|2p + ε2p

)−1
6
(
c∗(t

0)2p + ε2p
)−1

6 c−(J+1)/2p
∗ (t0)−J−1ε−(2p−J−1), J = 0, 1, . . . , 2p− 1, k ∈ clos Ω̃ \ B(t0).

(4.24)

Èñïîëüçóÿ äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå è îöåíêó (4.8), ñ ó÷åòîì (2.11) ïîëó÷èì
àíàëîãè÷íîå íåðàâåíñòâî äëÿ ýôôåêòèâíîãî îïåðàòîðà:∥∥(A0(k) + ε2pI)−1

∥∥
L2(Ω)→L2(Ω)

= sup
q∈Γ̃

∣∣∣(b(q + k)∗g0b(q + k) + ε2p1n
)−1
∣∣∣

6 sup
q∈Γ̃

(
c∗|q + k|2p + ε2p

)−1
6
(
c∗|k|2p + ε2p

)−1
6
(
c∗(t

0)2p + ε2p
)−1

6 c−(J+1)/2p
∗ (t0)−J−1ε−(2p−J−1), J = 0, 1, . . . , 2p− 1, k ∈ clos Ω̃ \ B(t0).

(4.25)

Äëÿ îöåíêè êîððåêòîðîâ íàì ïîíàäîáèòñÿ ñëåäóþùåå íåðàâåíñòâî, âûòåêàþùåå èç (4.11):∥∥∆γ(D + k, ε)
∥∥
L2(Ω)→L2(Ω)

= sup
q∈Γ̃

|∆γ(q + k, ε)| 6 Cγ sup
q∈Γ̃

|q + k|2pk+s(c∗|q + k|2p + ε2p)−(k+1)

6 Cγc
−k−s/2p
∗ (c∗|k|2p + ε2p)−(1−s/2p) 6 Cγc

−k−s/2p
∗ (c∗(t

0)2p + ε2p)−(1−s/2p)

6 Cγc
−k−(J+1)/2p
∗ (t0)−(J+1−s)ε−(2p−J−1),

γ ∈ Zk+, |γ| = 2pk + s, s = 1, . . . , J, J = 1, . . . , 2p− 1, k ∈ clos Ω̃ \ B(t0).
(4.26)

Îòñþäà è èç (4.12) íåïîñðåäñòâåííî ñëåäóåò îöåíêà äëÿ êîððåêòîðîâ ïðè s = 1, . . . , p− 1:∥∥K̊s(k, ε)∥∥L2(Ω)→L2(Ω)
6 C̃(s, J)ε−(2p−J−1),

s = 1, . . . ,min{p− 1, J}, J = 0, 1, . . . , 2p− 1, k ∈ clos Ω̃ \ B(t0).
(4.27)

Çäåñü

C̃(s, J) =

s∑
k=1

∑
γ∈(Ñs−k)k:
|γ|=2pk+s

Cγc
−k−(J+1)/2p
∗ (t0)−(J+1−s).
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Äàëåå, îöåíèì íîðìó îïåðàòîðà Φs(k, ε)P ïðè s = p, . . . , 2p − 1 (îäíîãî èç ÷ëåíîâ,

âõîäÿùèõ â K̊s(k, ε)). Ïóñòü u ∈ L2(Ω). Òîãäà ñîãëàñíî (3.61)

Φs(k, ε)Pu = Φs(k, ε)Pu = Θ(s− p;k,x)b(k)(b(k)∗g0b(k) + ε2p)−1Pu.

Îòñþäà ñ ó÷åòîì (2.4), (3.36) è (4.8) ïîëó÷àåì∥∥Φs(k, ε)Pu
∥∥
L2(Ω)

6 α1/2
1 |k|

p(c∗|k|2p + ε2p)−1|Pu|
(∫

Ω
|Θ(s− p,k,x)|2 dx

)1/2

6 α1/2
1 |Ω|

−1/2|k|p(c∗|k|2p + ε2p)−1Cs−p|k|s−p‖u‖L2(Ω).

(4.28)

Ñëåäîâàòåëüíî,∥∥Φs(k, ε)P
∥∥
L2(Ω)→L2(Ω)

6 Cs−pα
1/2
1 |Ω|

−1/2|k|s(c∗|k|2p + ε2p)−1

6 Cs−pα
1/2
1 |Ω|

−1/2c
−s/2p
∗ (c∗(t

0)2p + ε2p)−(1−s/2p)

6 Cs−pα
1/2
1 |Ω|

−1/2c
−(J+1)/2p
∗ (t0)−(J+1−s)ε−(2p−J−1),

s = p, . . . , J, J = p, . . . , 2p− 1, k ∈ clos Ω̃ \ B(t0).

(4.29)

Ðàçóìååòñÿ, íîðìà ñîïðÿæåííîãî îïåðàòîðà (Φs(k, ε)P )∗ äîïóñêàåò òàêóþ æå îöåíêó.
Îöåíèì òåïåðü íîðìó îïåðàòîðà Ψl(k)∆γ(D+k, ε)P ïðè s = p+1, . . . , 2p−1, l+|γ| = 2pk+s

(òàêèå ÷ëåíû âõîäÿò â K′′s (k, ε), ñì. (3.66)). Ïóñòü u ∈ L2(Ω). Ñ ó÷åòîì (3.62) èìååì

Ψl(k)∆γ(D + k, ε)Pu = Θ(l − p;k,x)b(k)∆γ(k, ε)Pu.

Ïî àíàëîãèè ñ (4.28), (4.29) ñ ó÷åòîì (2.4), (3.36) è (4.11) èìååì∥∥Ψl(k)∆γ(D + k, ε)P
∥∥
L2(Ω)→L2(Ω)

6 Cl−pα
1/2
1 |Ω|

−1/2Cγ |k|2pk+s(c∗|k|2p + ε2p)−(k+1)

6 Cl−pα
1/2
1 |Ω|

−1/2Cγc
−k−s/2p
∗ (c∗(t

0)2p + ε2p)−(1−s/2p)

6 Cl−pα
1/2
1 |Ω|

−1/2Cγc
−k−(J+1)/2p
∗ (t0)−(J+1−s)ε−(2p−J−1),

γ ∈ Zk+, l = p, . . . , s− k, k = 1, . . . , s− p, l + |γ| = 2pk + s,

s = p+ 1, . . . , J, J = p+ 1, . . . , 2p− 1, k ∈ clos Ω̃ \ B(t0).

(4.30)

Ðàçóìååòñÿ, íîðìà ñîïðÿæåííîãî îïåðàòîðà (Ψl(k)∆γ(D + k, ε)P )∗ äîïóñêàåò òàêóþ æå
îöåíêó.
Êîìáèíèðóÿ (4.26), (4.29), (4.30) è îïðåäåëåíèå êîððåêòîðîâ K̊s(k, ε) ïðè s = p, . . . , 2p−1,

ïîëó÷àåì ∥∥K̊s(k, ε)∥∥L2(Ω)→L2(Ω)
6 C̃(s, J)ε−(2p−J−1),

s = p, . . . , J, J = p, . . . , 2p− 1, k ∈ clos Ω̃ \ B(t0).
(4.31)

Îòìåòèì, ÷òî ïîñòîÿííûå C̃(s, J) â (4.27) è (4.31) çàâèñÿò òîëüêî îò p, d, J , s, ‖g‖L∞ ,
‖g−1‖L∞ , α0, α1, r0, |Ω|.
Â èòîãå, èç (4.24), (4.25), (4.27) è (4.31) âûòåêàåò ñïðàâåäëèâîñòü ïðåäñòàâëåíèé âèäà

(4.20), (4.21) ïðè k ∈ clos Ω̃ \ B(t0) ñ îöåíêàìè îñòàòî÷íûõ ÷ëåíîâ∥∥Z̊(0)(k, ε)
∥∥
L2(Ω)→L2(Ω)

6 2c
−1/2p
∗ (t0)−1ε−(2p−1), k ∈ clos Ω̃ \ B(t0),

∥∥Z̊(J)(k, ε)
∥∥
L2(Ω)→L2(Ω)

6
(

2c
−(J+1)/2p
∗ (t0)−(J+1) +

J∑
s=1

C̃(s, J)
)
ε−(2p−J−1),

J = 1, . . . , 2p− 1, k ∈ clos Ω̃ \ B(t0).

Îòñþäà è èç (4.20)�(4.23) ïîëó÷àåì ñëåäóþùèé ðåçóëüòàò.
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Òåîðåìà 4.5. Ïóñòü âûïîëíåíû óñëîâèÿ (2.1), (2.4) è ìàòðèöû-ôóíêöèè g(x) è h(x)
ïåðèîäè÷íû ñ ðåøåòêîé ïåðèîäîâ Γ. Ïóñòü A(k) � îïåðàòîð â L2(Ω;Cn), ïîðîæäåííûé

êâàäðàòè÷íîé ôîðìîé (2.15). Ïóñòü A0(k) � îïåðàòîð (4.9). Ïóñòü êîððåêòîðû K̊s(k, ε),
s = 1, . . . , 2p − 1, îïðåäåëåíû ñîãëàñíî (4.12), (4.15)�(4.18), (3.66) è (3.68). Òîãäà ïðè âñåõ

k ∈ clos Ω̃ è ε > 0 ñïðàâåäëèâû ïðåäñòàâëåíèÿ

(A(k) + ε2pI)−1 = (A0(k) + ε2pI)−1 + Z̊(0)(k, ε),

(A(k) + ε2pI)−1 = (A0(k) + ε2pI)−1 +
J∑
s=1

K̊s(k, ε) + Z̊(J)(k, ε), J = 1, . . . , 2p− 1.

Îñòàòî÷íûå ÷ëåíû ïîä÷èíåíû îöåíêàì∥∥Z̊(J)(k, ε)
∥∥
L2(Ω)→L2(Ω)

6 CJε−(2p−J−1), k ∈ clos Ω̃, J = 0, 1, . . . , 2p− 1.

Ïîñòîÿííûå CJ çàâèñÿò òîëüêî îò p, d, J, ‖g‖L∞ , ‖g−1‖L∞ , α0, α1, r0, |Ω|. Êîððåêòîðû
ïîä÷èíåíû îöåíêàì (4.23).

4.5. Ïðèáëèæåíèå ðåçîëüâåíòû (A+ ε2pI)−1. Âåðíåìñÿ ê îïåðàòîðó A, äåéñòâóþùåìó
â L2(Rd;Cn). Â ñèëó ðàçëîæåíèÿ (2.20) âûïîëíåíî

(A+ ε2pI)−1 = U−1
(∫

Ω̃
⊕(A(k) + ε2pI)−1 dk

)
U . (4.32)

Àíàëîãè÷íîå ðàçëîæåíèå èìååò ìåñòî è äëÿ îïåðàòîðà (A0 + ε2pI)−1.
Ââåäåì òåïåðü êîððåêòîðû Ks(ε), s = 1, . . . , 2p − 1, � îãðàíè÷åííûå îïåðàòîðû â

L2(Rd;Cn). Ïðè s = 1, . . . , p− 1 êîððåêòîðû çàäàíû ñîîòíîøåíèÿìè

Ks(ε) :=

s∑
k=1

(−1)k
∑

γ∈(Ñs−k)k:
|γ|=2pk+s

∆γ(D, ε), s = 1, . . . , p− 1. (4.33)

Çäåñü ∆γ(D, ε) � ÏÄÎ â Rd ïîðÿäêà |γ| − 2p(k + 1), çàäàííûé âûðàæåíèåì

∆γ(D, ε) := (A0 + ε2pI)−1
k∏
i=1

(
b(D)∗ gγi(D) b(D)(A0 + ε2pI)−1

)
,

γ ∈ Zk+, 2p+ 1 6 γi 6 4p− 1, i = 1, . . . , k, (4.34)

à gj(D) � ÄÎ ïîðÿäêà j − 2p ñ ñèìâîëîì gj(k) (ñì. (3.44)).

Ïóñòü Φs(ε) � ÏÄÎ â Rd ïîðÿäêà s− 2p, çàäàííûé âûðàæåíèåì

Φs(x,D, ε) := Θ(s− p;D,x)b(D)(A0 + ε2pI)−1, x ∈ Rd, s = p, . . . , 2p− 1. (4.35)

Çäåñü

Θ(r;D,x) =
∑
|ν|=r

Θ̂ν(x)Dν , (4.36)

êîýôôèöèåíòû Θ̂ν(x), èçíà÷àëüíî îïðåäåëåííûå íà ÿ÷åéêå Ω, ñ÷èòàþòñÿ ïåðèîäè÷åñêè
ïðîäîëæåííûìè íà Rd äî ýëåìåíòîâ èç Hp

loc
(Rd; Mn,m(C)). Ââåäåì òàêæå ÄÎ Ψs â Rd

ïîðÿäêà s, çàäàííûé âûðàæåíèåì

Ψs(x,D) := Θ(s− p;D,x)b(D), Dom Ψs = Hs(Rd;Cn), s = p, . . . , 2p− 1. (4.37)

Íàì ïîòðåáóåòñÿ òàêæå îïåðàòîð Π := U−1[P ]U , äåéñòâóþùèé â L2(Rd;Cn). Çäåñü [P ]
� îïåðàòîð â H (ñì. (2.13)), äåéñòâóþùèé ïîñëîéíî êàê îïåðàòîð P . Ëåãêî âèäåòü (ñì.
[BSu3, (6.8)]), ÷òî Π åñòü ÏÄÎ ñ ñèìâîëîì χ

Ω̃
(ξ), ãäå χ

Ω̃
� õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ

ìíîæåñòâà Ω̃, ò. å.

(Πu)(x) = (2π)−d/2
∫

Ω̃
ei〈x,ξ〉û(ξ) dξ.
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Îòìåòèì, ÷òî Π � ñãëàæèâàþùèé îïåðàòîð.
Äàëåå, ââåäåì êîððåêòîðû Ks(ε) ïðè s = p, . . . , 2p− 1:

Kp(ε) := Φp(ε)Π + (Φp(ε)Π)∗ +

p∑
k=1

(−1)k
∑

γ∈(Ñp−k)k:

|γ|=2pk+p

∆γ(D, ε),
(4.38)

Ks(ε) := Φs(ε)Π + (Φs(ε)Π)∗ −∆2p+s(D, ε) +K′s(ε) +K′′s (ε) +K′′′s (ε), s = p+ 1, . . . , 2p− 1.
(4.39)

Çäåñü

K′s(ε) :=

s−p+1∑
k=2

(−1)k
∑

γ∈(Ñp−2)k:
|γ|=2pk+s

∆γ(D, ε) +
s∑

k=s−p+2

(−1)k
∑

γ∈(Ñs−k)k:
|γ|=2pk+s

∆γ(D, ε), (4.40)

K′′s (ε) :=

s−p∑
k=1

(−1)k
s−k∑
l=p

∑
γ∈(Ñs−p−k)k:

l+|γ|=2pk+s

(Ψl∆γ(D, ε)Π + (Ψl∆γ(D, ε)Π)∗) , (4.41)

K′′′s (ε) :=

s−p+1∑
k=2

(−1)k
2p+1+s−k∑

i=3p

k−1∑
j=0

∑
γ∈(Ñp−2)k−1:
i+|γ|=2pk+s

Ξ
(k)
i,j,γ(ε). (4.42)

Îïåðàòîðû Ξ
(k)
i,j,γ(ε) çàäàíû ñîîòíîøåíèÿìè

Ξ
(k)
i,0,γ(ε) := ∆η1(D, ε), η1 = η1(i, γ) = (i, γ1, . . . , γk−1), k > 2,

Ξ
(k)
i,k−1,γ(ε) := ∆η2(D, ε), η2 = η2(i, γ) = (γ1, . . . , γk−1, i), k > 2,

Ξ
(k)
i,j,γ(ε) := ∆η3(D, ε), η3 = η3(i, j, γ) = (γ1, . . . , γj , i, γj+1, . . . , γk−1),

k > 3, j = 1, . . . , k − 2.

(4.43)

ßñíî, ÷òî ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ãåëüôàíäà ââåäåííûå êîððåêòîðû Ks(ε)
ðàñêëàäûâàþòñÿ â ïðÿìûå èíòåãðàëû ïî îïåðàòîðàì K̊s(k, ε):

Ks(ε) = U−1
(∫

Ω̃
⊕K̊s(k, ε) dk

)
U , s = 1, . . . 2p− 1. (4.44)

Òåïåðü ñ ïîìîùüþ ðàçëîæåíèÿ (4.32), àíàëîãè÷íîãî ðàçëîæåíèÿ äëÿ ðåçîëüâåíòû
ýôôåêòèâíîãî îïåðàòîðà è ðàçëîæåíèé (4.44) èç òåîðåìû 4.5 íåïîñðåäñòâåííî âûòåêàåò
ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 4.6. Ïóñòü âûïîëíåíû óñëîâèÿ (2.1), (2.4) è ìàòðèöû-ôóíêöèè g(x) è h(x)
ïåðèîäè÷íû ñ ðåøåòêîé ïåðèîäîâ Γ. Ïóñòü A � îïåðàòîð â L2(Rd;Cn), ïîðîæäåííûé

êâàäðàòè÷íîé ôîðìîé (2.6). Ïóñòü A0 � îïåðàòîð (4.7). Ïóñòü êîððåêòîðû Ks(ε), s =
1, . . . , 2p− 1, îïðåäåëåíû ñîãëàñíî (4.33), (4.34), (4.38)�(4.43). Òîãäà ïðè ε > 0 ñïðàâåäëèâû

ïðåäñòàâëåíèÿ

(A+ ε2pI)−1 = (A0 + ε2pI)−1 + Z(0)(ε),

(A+ ε2pI)−1 = (A0 + ε2pI)−1 +
J∑
s=1

Ks(ε) + Z(J)(ε), J = 1, . . . , 2p− 1.

Îñòàòî÷íûå ÷ëåíû ïîä÷èíåíû îöåíêàì∥∥Z(J)(ε)
∥∥
L2(Rd)→L2(Rd)

6 CJε−(2p−J−1), J = 0, 1, . . . , 2p− 1.
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Ïîñòîÿííûå CJ çàâèñÿò òîëüêî îò p, d, J, ‖g‖L∞ , ‖g−1‖L∞ , α0, α1, r0, |Ω|. Êîððåêòîðû
ïîä÷èíåíû îöåíêàì∥∥Ks(ε)∥∥L2(Rd)→L2(Rd)

6 C̃sε−(2p−s), ε > 0, s = 1, . . . , 2p− 1.

Êîíñòàíòû C̃s çàâèñÿò òîëüêî îò p, d, s, ‖g‖L∞ , ‖g−1‖L∞ , α0, α1, r0, |Ω|.

� 5. Óñðåäíåíèå îïåðàòîðà Aε
5.1. Îïåðàòîð Aε. Ìàñøòàáíîå ïðåîáðàçîâàíèå. Äëÿ âñÿêîé Γ-ïåðèîäè÷åñêîé
èçìåðèìîé ôóíêöèè ϕ(x) â Rd èñïîëüçóåì îáîçíà÷åíèå

ϕε(x) := ϕ(ε−1x), x ∈ Rd, ε > 0.

Â L2(Rd;Cn) ðàññìîòðèì îïåðàòîð Aε, ε > 0, ôîðìàëüíî çàäàííûé äèôôåðåíöèàëüíûì
âûðàæåíèåì

Aε = b(D)∗gε(x)b(D), ε > 0. (5.1)

Êàê îáû÷íî, ñòðîãîå îïðåäåëåíèå îïåðàòîðà Aε äàåòñÿ ÷åðåç ñîîòâåòñòâóþùóþ çàìêíóòóþ
êâàäðàòè÷íóþ ôîðìó

aε[u,u] =

∫
Rd

〈gε(x)b(D)u(x), b(D)u(x)〉 dx, u ∈ Hp(Rd;Cn). (5.2)

Ôîðìà (5.2) ïîä÷èíåíà îöåíêàì, àíàëîãè÷íûì (2.8):

α0‖g−1‖−1
L∞

∫
Rd

|ξ|2p|û(ξ)|2 dξ 6 aε[u,u] 6 α1‖g‖L∞
∫
Rd

|ξ|2p|û(ξ)|2 dξ, u ∈ Hp(Rd;Cn).

Ïðè ìàëîì ε êîýôôèöèåíòû îïåðàòîðà (5.1) áûñòðî îñöèëëèðóþò. Òèïè÷íàÿ çàäà÷à
óñðåäíåíèÿ äëÿ îïåðàòîðà (5.1) ñîñòîèò â àïïðîêñèìàöèè ðåçîëüâåíòû ïðè ìàëîì
ε. Èñïîëüçóÿ ðåçóëüòàòû �4 è ìàñøòàáíîå ïðåîáðàçîâàíèå, ìû âûâîäèì òåîðåìó îá
àïïðîêñèìàöèè ðåçîëüâåíòû (Aε + I)−1.
Ïóñòü Tε � óíèòàðíûé â L2(Rd;Cn) îïåðàòîð ìàñøòàáíîãî ïðåîáðàçîâàíèÿ, çàäàííûé

ñîîòíîøåíèåì
(Tεu)(x) = εd/2u(εx), x ∈ Rd, ε > 0.

Ëåãêî ïðîâåðèòü ñëåäóþùåå òîæäåñòâî:

(Aε + I)−1 = ε2pT ∗ε (A+ ε2pI)−1Tε. (5.3)

Àíàëîãè÷íîå òîæäåñòâî âåðíî è äëÿ îïåðàòîðà A0:

(A0 + I)−1 = ε2pT ∗ε (A0 + ε2pI)−1Tε. (5.4)

5.2. Àïïðîêñèìàöèÿ ðåçîëüâåíòû (Aε + I)−1. Ââåäåì òåïåðü êîððåêòîðû äëÿ
ïðèáëèæåíèÿ ðåçîëüâåíòû (Aε + I)−1. Ïóñòü ∆γ(D) � ÏÄÎ â Rd ïîðÿäêà |γ| − 2p(k + 1),
çàäàííûé âûðàæåíèåì

∆γ(D) := (A0 + I)−1
k∏
i=1

(
b(D)∗ gγi(D) b(D)(A0 + I)−1

)
,

γ ∈ Zk+, 2p+ 1 6 γi 6 4p− 1, i = 1, . . . , k, k ∈ N, (5.5)

à gj(D) � ÄÎ ïîðÿäêà j − 2p ñ ñèìâîëîì gj(k) (ñì. (3.44)). Íàïîìíèì îáîçíà÷åíèå ÑM , ñì.
(1.29).
Êîððåêòîðû Ks ïðè s = 1, . . . , p− 1 íå çàâèñÿò îò ε è çàäàþòñÿ âûðàæåíèÿìè

Ks :=
s∑

k=1

(−1)k
∑

γ∈(Ñs−k)k:
|γ|=2pk+s

∆γ(D), s = 1, . . . , p− 1. (5.6)
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Ïóñòü Φε
s � ÏÄÎ â Rd ïîðÿäêà s− 2p, çàäàííûé âûðàæåíèåì

Φs(x/ε,D) := Θ(s− p;D,x/ε)b(D)(A0 + I)−1, x ∈ Rd, s = p, . . . , 2p− 1. (5.7)

Çäåñü

Θ(r;D,x/ε) =
∑
|ν|=r

Θ̂ν(x/ε)Dν .

Ââåäåì òàêæå ÄÎ Ψε
s â Rd ïîðÿäêà s, çàäàííûé âûðàæåíèåì

Ψs(x/ε,D) := Θ(s− p;D,x/ε)b(D), Dom Ψε
s = Hs(Rd;Cn), s = p, . . . , 2p− 1. (5.8)

Íàì ïîòðåáóåòñÿ òàêæå îïåðàòîð Πε � ÏÄÎ ñ ñèìâîëîì χ
Ω̃/ε

(ξ), ãäå χ
Ω̃/ε

�

õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ìíîæåñòâà Ω̃/ε, ò. å.

(Πεu)(x) = (2π)−d/2
∫

Ω̃/ε
ei〈x,ξ〉û(ξ) dξ. (5.9)

Êîððåêòîðû Ks,ε ïðè s = p, p+ 1, . . . , 2p− 1 çàâèñÿò îò ε è çàäàþòñÿ âûðàæåíèÿìè

Kp,ε := Φε
pΠε + (Φε

pΠε)
∗ +

p∑
k=1

(−1)k
∑

γ∈(Ñp−k)k:

|γ|=2pk+p

∆γ(D),
(5.10)

Ks,ε := Φε
sΠε + (Φε

sΠε)
∗ −∆2p+s(D) +K′s +K′′s,ε +K′′′s , s = p+ 1, . . . , 2p− 1. (5.11)

Çäåñü

K′s :=

s−p+1∑
k=2

(−1)k
∑

γ∈(Ñp−2)k:
|γ|=2pk+s

∆γ(D) +

s∑
k=s−p+2

(−1)k
∑

γ∈(Ñs−k)k:
|γ|=2pk+s

∆γ(D), (5.12)

K′′s,ε :=

s−p∑
k=1

(−1)k
s−k∑
l=p

∑
γ∈(Ñs−p−k)k:

l+|γ|=2pk+s

(Ψε
l∆γ(D)Πε + (Ψε

l∆γ(D)Πε)
∗) , (5.13)

K′′′s :=

s−p+1∑
k=2

(−1)k
2p+1+s−k∑

i=3p

k−1∑
j=0

∑
γ∈(Ñp−2)k−1:
i+|γ|=2pk+s

Ξ
(k)
i,j,γ . (5.14)

Îïåðàòîðû Ξ
(k)
i,j,γ çàäàíû ñîîòíîøåíèÿìè

Ξ
(k)
i,0,γ := ∆η1(D), η1 = η1(i, γ) = (i, γ1, . . . , γk−1), k > 2,

Ξ
(k)
i,k−1,γ := ∆η2(D), η2 = η2(i, γ) = (γ1, . . . , γk−1, i), k > 2,

Ξ
(k)
i,j,γ := ∆η3(D), η3 = η3(i, j, γ) = (γ1, . . . , γj , i, γj+1, . . . , γk−1),

k > 3, j = 1, . . . , k − 2.

(5.15)

Ëåãêî âèäåòü, ÷òî îïåðàòîð ∆γ(D) ñâÿçàí ìàñøòàáíûì ïðåîáðàçîâàíèåì ñ îïåðàòîðîì
(4.34):

∆γ(D) = ε2p(k+1)−|γ|T ∗ε ∆γ(D, ε)Tε. (5.16)

Îòìåòèì î÷åâèäíûå òîæäåñòâà

Φε
s = ε2p−sT ∗ε Φs(ε)Tε, (5.17)

Ψε
l = ε−lT ∗ε ΨlTε, (5.18)

Πε = T ∗ε ΠTε. (5.19)
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Èç (5.16)�(5.19), âûðàæåíèé äëÿ êîððåêòîðîâ (5.6), (5.10)�(5.15) è (4.33), (4.38)�(4.43)
ñëåäóåò, ÷òî

Ks = ε2p−sT ∗εKs(ε)Tε, s = 1, . . . , p− 1, (5.20)

Ks,ε = ε2p−sT ∗εKs(ε)Tε, s = p, . . . , 2p− 1. (5.21)

Òåïåðü, ïðèìåíÿÿ ñîîòíîøåíèÿ (5.3), (5.4), (5.20), (5.21), èç òåîðåìû 4.6 âûâîäèì íàø
îñíîâíîé ðåçóëüòàò.

Òåîðåìà 5.1. Ïóñòü âûïîëíåíû óñëîâèÿ (2.1), (2.4) è ìàòðèöû-ôóíêöèè g(x) è h(x)
ïåðèîäè÷íû ñ ðåøåòêîé ïåðèîäîâ Γ. Ïóñòü Aε � îïåðàòîð â L2(Rd;Cn), ïîðîæäåííûé

êâàäðàòè÷íîé ôîðìîé (5.2). Ïóñòü A0 � îïåðàòîð (4.7). Ïóñòü êîððåêòîðû Ks,ε := Ks,
s = 1, . . . , p−1, è Ks,ε, s = p, . . . , 2p−1, îïðåäåëåíû ñîãëàñíî (5.6) è (5.10)�(5.15). Òîãäà ïðè
ε > 0 ñïðàâåäëèâû ïðåäñòàâëåíèÿ

(Aε + I)−1 = (A0 + I)−1 + Z(0)
ε ,

(Aε + I)−1 = (A0 + I)−1 +
J∑
s=1

εsKs,ε + Z(J)
ε , J = 1, . . . , 2p− 1. (5.22)

Îñòàòî÷íûå ÷ëåíû ïîä÷èíåíû îöåíêàì∥∥Z(J)
ε

∥∥
L2(Rd)→L2(Rd)

6 CJεJ+1, J = 0, 1, . . . , 2p− 1. (5.23)

Ïîñòîÿííûå CJ çàâèñÿò òîëüêî îò p, d, J, ‖g‖L∞ , ‖g−1‖L∞ , α0, α1, r0, |Ω|. Êîððåêòîðû
ïîä÷èíåíû îöåíêàì ∥∥Ks,ε∥∥L2(Rd)→L2(Rd)

6 C̃s, ε > 0, s = 1, . . . , 2p− 1.

Êîíñòàíòû C̃s çàâèñÿò òîëüêî îò p, d, s, ‖g‖L∞ , ‖g−1‖L∞ , α0, α1, r0, |Ω|.

5.3. Î âîçìîæíîñòè �óñòðàíåíèÿ� ñãëàæèâàþùåãî îïåðàòîðà â êîððåêòîðàõ.
Ïðè s = p, . . . , 2p − 1 íåêîòîðûå ÷ëåíû êîððåêòîðîâ Ks,ε ñîäåðæàò ñãëàæèâàþùèé
îïåðàòîð Πε. Ðàññìîòðèì âîïðîñ î âîçìîæíîñòè çàìåíû Πε òîæäåñòâåííûì îïåðàòîðîì
â âûðàæåíèÿõ äëÿ êîððåêòîðîâ ñ ñîõðàíåíèåì òåõ æå ïîðÿäêîâ ïîãðåøíîñòåé. ×åðåç
M(Hσ(Rd;Cm);L2(Rd;Cn)) îáîçíà÷èì ïðîñòðàíñòâî ìóëüòèïëèêàòîðîâ èç Hσ(Rd;Cm) â
L2(Rd;Cn).

Ëåììà 5.2. Ïóñòü Θ̂ν(x) � Γ-ïåðèîäè÷åñêèå (n×m)-ìàòðèöû-ôóíêöèè èç ïðåäñòàâëåíèÿ
(3.25). Ïðåäïîëîæèì, ÷òî

Θ̂ν ∈M(H2p−s(Rd;Cm);L2(Rd;Cn)), |ν| = s− p,
ïðè íåêîòîðîì s ∈ {p, . . . , 2p− 1}. Òîãäà ñïðàâåäëèâà îöåíêà

εs
∥∥Φε

s(I −Πε)
∥∥
L2(Rd)→L2(Rd)

6 Čsε
2p, ε > 0, (5.24)

à ïîòîìó òàêæå âûïîëíåíû îöåíêè

εs
∥∥Φε

s(I −Πε)
∥∥
L2(Rd)→L2(Rd)

6 Čsε
J+1, 0 < ε 6 1, J = s, . . . , 2p− 1. (5.25)

Ïîñòîÿííàÿ Čs çàâèñèò îò p, s, ‖g‖−1
L∞
, α0, α1, r0 è îò íîðì

∥∥[Θ̂ν ]
∥∥
H2p−s(Rd)→L2(Rd)

ïðè

|ν| = s− p.

Äîêàçàòåëüñòâî. Â ñèëó (5.17) è (5.19) âûïîëíåíî

εs
∥∥Φε

s(I −Πε)
∥∥
L2(Rd)→L2(Rd)

= ε2p
∥∥Φs(ε)(I −Π)

∥∥
L2(Rd)→L2(Rd)

. (5.26)

Ñîãëàñíî (4.35) è (4.36),

Φs(ε) =
∑
|ν|=s−p

[Θ̂ν ]Dνb(D)(A0 + ε2pI)−1.
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Ñëåäîâàòåëüíî,∥∥Φs(ε)(I −Π)
∥∥
L2(Rd)→L2(Rd)

6
∑
|ν|=s−p

∥∥[Θ̂ν ]
∥∥
H2p−s(Rd)→L2(Rd)

∥∥Dνb(D)(A0 + ε2pI)−1(I −Π)
∥∥
L2(Rd)→H2p−s(Rd)

. (5.27)

Ñ ó÷åòîì (2.4) è (4.8), èñïîëüçóÿ ïðåîáðàçîâàíèå Ôóðüå, ïðè |ν| = s− p ïîëó÷àåì:∥∥Dνb(D)(A0 + ε2pI)−1(I −Π)
∥∥
L2(Rd)→H2p−s(Rd)

= sup
ξ∈Rd\Ω̃

(1 + |ξ|2)(2p−s)/2 ∣∣ξνb(ξ)(b(ξ)∗g0b(ξ) + ε2p1n)−1
∣∣

6 α1/2
1 sup

ξ∈Rd\Ω̃
(1 + |ξ|2)(2p−s)/2|ξ|s(c∗|ξ|2p + ε2p)−1

6 α1/2
1 c

−s/2p
∗ sup

ξ∈Rd\Ω̃
(1 + |ξ|2)(2p−s)/2(c∗|ξ|2p + ε2p)−(2p−s)/2p

6 α1/2
1 c−1

∗ (1 + r−2
0 )(2p−s)/2.

Ìû ó÷ëè, ÷òî |ξ| > r0 ïðè ξ ∈ Rd \ Ω̃. Âìåñòå ñ (5.26) è (5.27) ýòî âëå÷åò îöåíêó (5.24) ñ
ïîñòîÿííîé

Čs = α
1/2
1 c−1

∗ (1 + r−2
0 )(2p−s)/2

( ∑
|ν|=s−p

∥∥[Θ̂ν ]
∥∥
H2p−s(Rd)→L2(Rd)

)
.

Îöåíêè (5.25) ïðè âñåõ J = s, . . . , 2p− 1 ïðÿìî ñëåäóþò èç (5.24), ïîñêîëüêó ε2p 6 εJ+1 ïðè
0 < ε 6 1. �

Ëåììà 5.3. Ïóñòü s ∈ {p + 1, . . . , 2p − 1}, k ∈ {1, . . . , s − p}, l ∈ {p, . . . , s − k}, γ ∈
(Ñs−p−k)k è l + |γ| = 2pk + s. Ïóñòü Θ̂ν(x) � Γ-ïåðèîäè÷åñêèå (n×m)-ìàòðèöû-ôóíêöèè
èç ïðåäñòàâëåíèÿ (3.25). Ïðåäïîëîæèì, ÷òî

Θ̂ν ∈M(H2p−s(Rd;Cm);L2(Rd;Cn)), |ν| = l − p.

Òîãäà ñïðàâåäëèâà îöåíêà

εs
∥∥Ψε

l∆γ(D)(I −Πε)
∥∥
L2(Rd)→L2(Rd)

6 C′s,l,γε
2p, ε > 0, (5.28)

à ïîòîìó òàêæå âûïîëíåíû îöåíêè

εs
∥∥Ψε

l∆γ(D)(I −Πε)
∥∥
L2(Rd)→L2(Rd)

6 C′s,l,γε
J+1, 0 < ε 6 1, J = s, . . . , 2p− 1. (5.29)

Ïîñòîÿííàÿ C′s,l,γ çàâèñèò îò p, d, s, ‖g‖L∞ , ‖g‖−1
L∞
, α0, α1, r0, |Ω| è îò íîðì∥∥[Θ̂ν ]

∥∥
H2p−s(Rd)→L2(Rd)

ïðè |ν| = l − p.

Äîêàçàòåëüñòâî. Â ñèëó (5.16), (5.18) è (5.19) âûïîëíåíî

εs
∥∥Ψε

l∆γ(D)(I −Πε)
∥∥
L2(Rd)→L2(Rd)

= ε2p
∥∥Ψl∆γ(D, ε)(I −Π)

∥∥
L2(Rd)→L2(Rd)

. (5.30)

Ñîãëàñíî (4.36) è (4.37),

Ψl∆γ(D, ε) =
∑
|ν|=l−p

[Θ̂ν ]Dνb(D)∆γ(D, ε).

Ñëåäîâàòåëüíî,∥∥Ψl∆γ(D, ε)(I −Π)
∥∥
L2(Rd)→L2(Rd)

6
∑
|ν|=l−p

∥∥[Θ̂ν ]
∥∥
H2p−s(Rd)→L2(Rd)

∥∥Dνb(D)∆γ(D, ε)(I −Π)
∥∥
L2(Rd)→H2p−s(Rd)

. (5.31)
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Ñ ó÷åòîì (2.4) è (4.11), èñïîëüçóÿ ïðåîáðàçîâàíèå Ôóðüå, ïðè |ν| = l − p ïîëó÷àåì:∥∥Dνb(D)∆γ(D, ε)(I −Π)
∥∥
L2(Rd)→H2p−s(Rd)

= sup
ξ∈Rd\Ω̃

(1 + |ξ|2)(2p−s)/2 |ξνb(ξ)∆γ(ξ, ε)|

6 Cγα
1/2
1 sup

ξ∈Rd\Ω̃
(1 + |ξ|2)(2p−s)/2|ξ|2pk+s(c∗|ξ|2p + ε2p)−k−1

6 Cγα
1/2
1 c

−k−s/2p
∗ sup

ξ∈Rd\Ω̃
(1 + |ξ|2)(2p−s)/2(c∗|ξ|2p + ε2p)−(2p−s)/2p

6 Cγα
1/2
1 c−k−1

∗ (1 + r−2
0 )(2p−s)/2.

Âìåñòå ñ (5.30) è (5.31) ýòî âëå÷åò îöåíêó (5.28) ñ ïîñòîÿííîé

C′s,l,γ = Cγα
1/2
1 c−k−1

∗ (1 + r−2
0 )(2p−s)/2

( ∑
|ν|=l−p

∥∥[Θ̂ν ]
∥∥
H2p−s(Rd)→L2(Rd)

)
.

Îöåíêè (5.29) ïðè âñåõ J = s, . . . , 2p − 1 ïðÿìî ñëåäóþò èç (5.28) ñ ó÷åòîì îãðàíè÷åíèÿ
0 < ε 6 1. �

Ïîëîæèì

K0
p,ε := Φε

p + (Φε
p)
∗ +

p∑
k=1

(−1)k
∑

γ∈(Ñp−k)k:

|γ|=2pk+p

∆γ(D),
(5.32)

K0
s,ε := Φε

s + (Φε
s)
∗ −∆2p+s(D) +K′s +K′′0s,ε +K′′′s , s = p+ 1, . . . , 2p− 1, (5.33)

ãäå

K′′0s,ε :=

s−p∑
k=1

(−1)k
s−k∑
l=p

∑
γ∈(Ñs−p−k)k:

l+|γ|=2pk+s

(Ψε
l∆γ(D) + (Ψε

l∆γ(D))∗) , (5.34)

à îïåðàòîðû K′s è K′′′s îïðåäåëåíû â (5.12) è (5.14) ñîîòâåòñòâåííî.
Êîìáèíèðóÿ òåîðåìó 5.1 è ëåììû 5.2, 5.3, ïîëó÷àåì ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 5.4. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 5.1. Ïóñòü Θ̂ν(x) � Γ-ïåðèîäè÷åñêèå
(n × m)-ìàòðèöû-ôóíêöèè èç ïðåäñòàâëåíèÿ (3.25). Ïðåäïîëîæèì, ÷òî ïðè íåêîòîðîì

J ∈ {p, . . . , 2p− 1} âûïîëíåíî óñëîâèå

Θ̂ν ∈M(H2p−J(Rd;Cm);L2(Rd;Cn)), |ν| 6 J − p.
Ïóñòü êîððåêòîðû K0

s,ε, s = p, . . . , J, îïðåäåëåíû ñîãëàñíî (5.32)�(5.34). Òîãäà ñïðàâåäëèâî
ïðåäñòàâëåíèå

(Aε + I)−1 = (A0 + I)−1 +

p−1∑
s=1

εsKs +

J∑
s=p

εsK0
s,ε + Z̃(J)

ε , 0 < ε 6 1, (5.35)

è îöåíêà ∥∥Z̃(J)
ε

∥∥
L2(Rd)→L2(Rd)

6 C0
Jε
J+1, 0 < ε 6 1. (5.36)

Ïîñòîÿííàÿ C0
J çàâèñèò îò p, d, J, ‖g‖L∞ , ‖g−1‖L∞ , α0, α1, r0, |Ω| è îò íîðì∥∥[Θ̂ν ]

∥∥
H2p−J (Rd)→L2(Rd)

ïðè |ν| 6 J − p.
Åñëè J < 2p− 1, òî ñïðàâåäëèâû òàêæå ïðåäñòàâëåíèÿ

(Aε + I)−1 = (A0 + I)−1 +

p−1∑
s=1

εsKs +
J∑
s=p

εsK0
s,ε +

Ĵ∑
s=J+1

εsKs,ε + Z̃(J,Ĵ)
ε ,

Ĵ = J + 1, . . . , 2p− 1, 0 < ε 6 1,

(5.37)
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è îöåíêè ∥∥Z̃(J,Ĵ)
ε

∥∥
L2(Rd)→L2(Rd)

6 C0
J,Ĵ
εĴ+1, Ĵ = J + 1, . . . , 2p− 1, 0 < ε 6 1. (5.38)

Ïîñòîÿííûå C0
J,Ĵ

çàâèñÿò îò p, d, J, Ĵ , ‖g‖L∞ , ‖g−1‖L∞ , α0, α1, r0, |Ω| è îò íîðì∥∥[Θ̂ν ]
∥∥
H2p−J (Rd)→L2(Rd)

ïðè |ν| 6 J − p. Êîððåêòîðû ïîä÷èíåíû îöåíêàì∥∥K0
s,ε

∥∥
L2(Rd)→L2(Rd)

6 C̃0
s , ε > 0, s = p, . . . , J. (5.39)

Êîíñòàíòû C̃0
s çàâèñÿò îò p, d, s, ‖g‖L∞ , ‖g−1‖L∞ , α0, α1, r0, |Ω| è îò íîðì∥∥[Θ̂ν ]

∥∥
H2p−J (Rd)→L2(Rd)

ïðè |ν| 6 J − p.

Âûäåëèì íåêîòîðûå ñëó÷àè, êîãäà óñëîâèÿ òåîðåìû 5.4 çàâåäîìî âûïîëíÿþòñÿ.
Ñëåäóþùàÿ ëåììà ÿâëÿåòñÿ àíàëîãîì ëåììû 6.7 èç [BSu3]; äîêàçàòåëüñòâî ëåììû ëåãêî
ñëåäóåò èç òåîðåì âëîæåíèÿ.

Ëåììà 5.5. Ïóñòü σ > 0 è Ξ(x) � Γ-ïåðèîäè÷åñêàÿ (n × m)-ìàòðèöà-ôóíêöèÿ â Rd,
ïðè÷åì

Ξ ∈ Lq(Ω; Mm,n(C)), q = 2 ïðè d < 2σ, q > 2 ïðè d = 2σ, q =
d

σ
ïðè d > 2σ.

Òîãäà ìàòðèöà-ôóíêöèÿ Ξ(x) ÿâëÿåòñÿ ìóëüòèïëèêàòîðîì èç Hσ(Rd;Cm) â L2(Rd;Cn),
ïðè÷åì

‖[Ξ]‖Hσ(Rd)→L2(Rd) 6 c‖Ξ‖Lq(Ω),

ãäå c = c(d, σ,Ω) ïðè d 6= 2σ è c = c(d, q,Ω) ïðè d = 2σ.

Ñëåäñòâèå 5.6. Ïóñòü ïðè íåêîòîðîì J ∈ {p, . . . , 2p− 1} âûïîëíåíî óñëîâèå d 6 6p− 2J .
Òîãäà âûïîëíåíû ñîîòíîøåíèÿ (5.35)�(5.39), ïðè÷åì ïîñòîÿííûå â îöåíêàõ çàâèñÿò

òîëüêî îò d, p, J, Ĵ , ‖g‖L∞ , ‖g−1‖L∞ , α0, α1, r0 è Ω. Â ÷àñòíîñòè, åñëè d 6 2p + 2,
òî ñîîòíîøåíèÿ (5.35), (5.36) ñïðàâåäëèâû ïðè âñåõ J = p, . . . , 2p− 1.

Äîêàçàòåëüñòâî. Â ñèëó ñëåäñòâèÿ 3.7 ïðè âñåõ |ν| 6 p−1 âûïîëíåíî Θ̂ν ∈ H̃p(Ω; Mm,n(C)),

ïðè÷åì íîðìà ‖Θ̂ν‖Hp(Ω) îöåíèâàåòñÿ êîíñòàíòîé, çàâèñÿùåé îò d, p, ν, ‖g‖L∞ , ‖g−1‖L∞ , α0,
α1, r0, |Ω|.
Âîñïîëüçóåìñÿ íåïðåðûâíûì âëîæåíèåì Hp(Ω) ⊂ Lq∗(Ω), ãäå q∗ =∞ ïðè d < 2p, q∗ <∞

ïðè d = 2p, q∗ = 2d/(d−2p) ïðè d > 2p. Ñëåäîâàòåëüíî, ìàòðèöà-ôóíêöèÿ Θ̂ν àâòîìàòè÷åñêè
óäîâëåòâîðÿåò óñëîâèÿì ëåììû 5.5 ïðè σ = 2p− J , åñëè d 6 2p èëè d > 2p è 2d/(d− 2p) >
d/(2p − J), òî åñòü d 6 6p − 2J . Ïðè ýòîì íîðìà

∥∥[Θ̂ν ]
∥∥
H2p−J (Rd)→L2(Rd)

îöåíèâàåòñÿ â

êîíå÷íîì ñ÷åòå â òåðìèíàõ
∥∥Θ̂ν

∥∥
Hp(Ω)

. Îñòàåòñÿ ñîñëàòüñÿ íà òåîðåìó 5.4. �

5.4. Ñïåöèàëüíûå ñëó÷àè. Îáñóäèì ñïåöèôèêó îáùèõ ðåçóëüòàòîâ â ñëó÷àÿõ, êîãäà g0 =
g èëè g0 = g.

Ïðåäëîæåíèå 5.7. Ïóñòü g0 = g, òî åñòü âûïîëíåíû ñîîòíîøåíèÿ (4.4). Òîãäà ïåðâûé
êîððåêòîð îáðàùàåòñÿ â íîëü: K1 = 0, à ïîòîìó ñïðàâåäëèâà îöåíêà

‖(Aε + I)−1 − (A0 + I)−1‖L2(Rd)→L2(Rd) 6 C2ε
2, ε > 0. (5.40)

Êðîìå òîãî, âûïîëíåíû ðàâåíñòâà Φε
p = 0, Ψε

p = 0, K′′p+1,ε = 0.

Äîêàçàòåëüñòâî. Èç (4.4) ñëåäóåò, ÷òî ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è (4.1) ðàâíî íóëþ:
Θ(x) = Θ(0;k,x) = 0. Ñîãëàñíî (3.44) è çàìå÷àíèþ 3.8 èìååì

g2p+1(k) = |Ω|−1

∫
Ω

(
Υp(k,x)∗g(x)Υ̌p+1(k,x) + Υ̌p+1(k,x)∗g(x)Υp(k,x)

)
dx = 0. (5.41)

Ïîñëåäíåå ðàâåíñòâî âûòåêàåò èç òîãî, ÷òî Υ̌p+1(k,x) = B1(k,D)Θ(x) = 0.



40

Òåïåðü èç (5.5) è (5.41) ñëåäóåò, ÷òî

∆2p+1(D) = (A0 + I)−1b(D)∗g2p+1(D)b(D)(A0 + I)−1 = 0, (5.42)

à òîãäà è (ñì. (5.6))

K1 = −∆2p+1(D) = 0. (5.43)

Îöåíêà (5.40) ïðÿìî âûòåêàåò èç (5.22), (5.23) ïðè J = 1 ñ ó÷åòîì (5.43).
Äàëåå, èç ðàâåíñòâà Θ(x) = Θ(0;k,x) = 0 è ñîîòíîøåíèé (5.7), (5.8) ñëåäóåò, ÷òî Φε

p = 0,
Ψε
p = 0, à òîãäà è K′′p+1,ε = 0 (ñì. (5.13)). �

Ïðåäëîæåíèå 5.8. Ïóñòü g0 = g, òî åñòü âûïîëíåíû ñîîòíîøåíèÿ (4.5). Òîãäà ïåðâûé
êîððåêòîð îáðàùàåòñÿ â íîëü: K1 = 0, à ïîòîìó ñïðàâåäëèâà îöåíêà (5.40).

Äîêàçàòåëüñòâî. Â ñèëó çàìå÷àíèÿ 4.4 âûïîëíåíî ðàâåíñòâî

g(x)Υp(k,x) = g(x)(b(D)Θ(x) + 1m) = g0.

Îòñþäà è èç (3.44) è çàìå÷àíèÿ 3.8 ñëåäóåò, ÷òî

g2p+1(k) = |Ω|−1

∫
Ω

(
Υp(k,x)∗g(x)Υ̌p+1(k,x) + Υ̌p+1(k,x)∗g(x)Υp(k,x)

)
dx

= |Ω|−1

∫
Ω

(
g0B1(k,D)Θ(x) + (B1(k,D)Θ(x))∗ g0

)
dx.

Ïîñêîëüêó èíòåãðàë ïî ÿ÷åéêå Ω îò ïðîèçâîäíûõ Γ-ïåðèîäè÷åñêèõ ôóíêöèé ðàâåí íóëþ,
ïðèõîäèì ê âûâîäó, ÷òî g2p+1(k) = 0.
Àíàëîãè÷íî (5.42), (5.43), ðàâåíñòâî g2p+1(k) = 0 âëå÷åò K1 = −∆2p+1(D) = 0. Îòñþäà è

èç (5.22), (5.23) ïðè J = 1 ñëåäóåò îöåíêà (5.40). �

Çàìå÷àíèå 5.9. Êàê ïðîâåðåíî â [KuSu, ïðåäëîæåíèå 7.10], ïðè óñëîâèè g0 = g

èìååò ìåñòî âêëþ÷åíèå Θ ∈ L∞(Rd), ïðè÷åì íîðìà ‖Θ‖L∞ êîíòðîëèðóåòñÿ ÷åðåç

d, p, ‖g‖L∞ , ‖g−1‖L∞ è ïàðàìåòðû ðåøåòêè Γ. Òîãäà èç ëåìì 5.2, 5.3, 5.5 ñëåäóåò, ÷òî

â àïïðîêñèìàöèÿõ èç òåîðåìû 5.1 ìîæíî çàìåíèòü êîððåêòîð Kp,ε íà K0
p,ε è K′′p+1,ε íà

K′′0p+1,ε.

Ïðèìåð. Ïðè q ∈ N ðàññìîòðèì îïåðàòîð Aε = ∆qgε(x)∆q, ãäå ∆ � îïåðàòîð Ëàïëàñà,
à g(x) � Γ-ïåðèîäè÷åñêàÿ îãðàíè÷åííàÿ è ïîëîæèòåëüíî îïðåäåëåííàÿ ôóíêöèÿ. Â ýòîì
ñëó÷àå p = 2q, m = n = 1. Ñîãëàñíî ïðåäëîæåíèþ 4.1 âûïîëíåíî g0 = g. Òîãäà â ñèëó
ïðåäëîæåíèÿ 5.8 ïåðâûé êîððåêòîð ðàâåí íóëþ è ñïðàâåäëèâà îöåíêà (5.40).

Îáñóäèì òåïåðü �ñêàëÿðíûé âåùåñòâåííûé� ñëó÷àé, òî åñòü ñëó÷àé, êîãäà n = 1 è
îïåðàòîð èìååò âåùåñòâåííûå êîýôôèöèåíòû.

Ïðåäëîæåíèå 5.10. Ïóñòü n = 1 è ìàòðèöû g(x), bβ, |β| = p, èç (2.3) èìåþò

âåùåñòâåííûå ýëåìåíòû. Òîãäà ïåðâûé êîððåêòîð îáðàùàåòñÿ â íîëü: K1 = 0, à ïîòîìó
ñïðàâåäëèâà îöåíêà (5.40).

Äîêàçàòåëüñòâî. Åñëè p � íå÷åòíîå ÷èñëî, òî ïåðèîäè÷åñêîå ðåøåíèå Θ(x) çàäà÷è (4.1)
� ÷èñòî ìíèìîå, à ìàòðèöà g̃(x) := g(x)(b(D)Θ(x) + 1m) èìååò âåùåñòâåííûå ýëåìåíòû.
Ìàòðèöà Υ̌p+1(k,x) = B1(k,D)Θ(x) èìååò ÷èñòî ìíèìûå ýëåìåíòû. Èç ñêàçàííîãî ñ ó÷åòîì
(3.44) è çàìå÷àíèÿ 3.8 ñëåäóåò, ÷òî ýðìèòîâà ìàòðèöà

g2p+1(k) = |Ω|−1

∫
Ω

(
g̃(x)∗Υ̌p+1(k,x) + Υ̌p+1(k,x)∗g̃(x)

)
dx

èìååò ÷èñòî ìíèìûå ýëåìåíòû. Òîãäà (1 × 1)-ìàòðèöà (÷èñëî) b(k)∗g2p+1(k)b(k) ÿâëÿåòñÿ
ýðìèòîâîé è ÷èñòî ìíèìîé. Ñëåäîâàòåëüíî,

b(k)∗g2p+1(k)b(k) = 0,
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à ïîòîìó

∆2p+1(D) = (A0 + I)−1b(D)∗g2p+1(D)b(D)(A0 + I)−1 = 0.

Òîãäà (ñì. (5.6)) K1 = −∆2p+1(D) = 0.
Àíàëîãè÷íî ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà p � ÷åòíîå ÷èñëî. Â ýòîì ñëó÷àå Θ(x) è

g̃(x) := g(x)(b(D)Θ(x) + 1m) � âåùåñòâåííûå ìàòðèöû; Υ̌p+1(k,x) èìååò ÷èñòî ìíèìûå
ýëåìåíòû. Â ðåçóëüòàòå ìàòðèöà g2p+1(k) îïÿòü îêàçûâàåòñÿ ÷èñòî ìíèìîé, ÷òî ïðèâîäèò
ê ðàâåíñòâó K1 = 0. �

Ëåãêî ïðèâåñòè ïðèìåð ñêàëÿðíîãî îïåðàòîðà Aε ñ êîìïëåêñíîé ýðìèòîâîé ìàòðèöåé
êîýôôèöèåíòîâ, â êîòîðîì ïåðâûé êîððåêòîð îòëè÷åí îò íóëÿ. Ñì. ïóíêò 6.2 íèæå.

� 6. Ñëó÷àé îïåðàòîðà Aε ÷åòâåðòîãî ïîðÿäêà

Ââèäó âàæíîñòè ñëó÷àÿ îïåðàòîðà Aε ÷åòâåðòîãî ïîðÿäêà äëÿ ïðèëîæåíèé (òàêîé
îïåðàòîð âîçíèêàåò â òåîðèè óïðóãèõ ïëàñòèí), â ýòîì ïàðàãðàôå ìû �ðàñøèôðóåì� îáùèå
ðåçóëüòàòû ïðè p = 2. Ýòè ðåçóëüòàòû áûëè àíîíñèðîâàíû â çàìåòêàõ [SlSu1], [SlSu2].

6.1. Àïïðîêñèìàöèÿ ðåçîëüâåíòû îïåðàòîðà Aε ÷åòâåðòîãî ïîðÿäêà. Ïðè p = 2
ðàçëîæåíèå (3.1) ïðèíèìàåò âèä

b(D + k) = b(D) +B1(k,D) + b(k).

Êàê è â îáùåì ñëó÷àå (ñì. (4.1)), (n × m)-ìàòðèöà-ôóíêöèÿ Θ(x) := Θ(0;k,x) ÿâëÿåòñÿ
Γ-ïåðèîäè÷åñêèì ðåøåíèåì çàäà÷è

b(D)∗g(x) (b(D)Θ(x) + 1m) = 0,

∫
Ω

Θ(x) dx = 0. (6.1)

Ñîãëàñíî (3.39), Υp(k,x) = Υp(x) = b(D)Θ(x) + 1m. Ïîëîæèì

g̃(x) := g(x)Υp(x) = g(x) (b(D)Θ(x) + 1m) . (6.2)

Êàê è â îáùåì ñëó÷àå, (m×m)-ìàòðèöà (3.44) ïðè s = 2p îáîçíà÷àåòñÿ ÷åðåç g0, íàçûâàåòñÿ
ýôôåêòèâíîé ìàòðèöåé è èìååò âèä

g0 := g2p = |Ω|−1

∫
Ω
g̃(x) dx. (6.3)

Â ñîîòâåòñòâèè ñ (3.27) ìàòðèöà-ôóíêöèÿ Θ(1;k,x) ÿâëÿåòñÿ Γ-ïåðèîäè÷åñêèì ðåøåíèåì
çàäà÷è

b(D)∗g(x)b(D)Θ(1;k,x) = −B1(k,D)∗g̃(x)− b(D)∗g(x)B1(k,D)Θ(x),

∫
Ω

Θ(1;k,x) dx = 0.

Ñïðàâåäëèâî ïðåäñòàâëåíèå

Θ(1;k,x) =

d∑
j=1

Θ̂j(x)kj , (6.4)

ãäå Θ̂j(x) � ïåðèîäè÷åñêèå ìàòðèöû-ôóíêöèè.
Ìàòðèöà-ôóíêöèÿ Θ(2;k,x) ÿâëÿåòñÿ Γ-ïåðèîäè÷åñêèì ðåøåíèåì çàäà÷è

b(D)∗g(x)b(D)Θ(2;k,x) = −b(k)∗
(
g̃(x)− g0

)
− b(D)∗g(x) (B1(k,D)Θ(1;k,x) + b(k)Θ(x))

−B1(k,D)∗g(x) (b(D)Θ(1;k,x) +B1(k,D)Θ(x)) ,

∫
Ω

Θ(2;k,x) dx = 0.
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Äàëåå, ñîãëàñíî (3.40), (3.47) èìååì

Υp+1(k,x) = b(D)Θ(1;k,x) +B1(k,D)Θ(x),

Υ̌p+1(k,x) = B1(k,D)Θ(x),

Υp+2(k,x) = b(D)Θ(2;k,x) +B1(k,D)Θ(1;k,x) + b(k)Θ(x),

Υ̌p+2(k,x) = B1(k,D)Θ(1;k,x) + b(k)Θ(x),

Υ̌p+3(k,x) = B1(k,D)Θ(2;k,x) + b(k)Θ(1;k,x).

Îïðåäåëèì òåïåðü ìàòðèöû (3.44) ïðè s = 2p + 1, 2p + 2, 2p + 3, ó÷èòûâàÿ çàìå÷àíèå 3.8.
Ïåðâàÿ ìàòðèöà îäíîðîäíà ïî k ïåðâîé ñòåïåíè è çàäàíà ñîîòíîøåíèåì

g(1)(k) := g2p+1(k) = |Ω|−1

∫
Ω

(
Υp(x)∗g(x)Υ̌p+1(k,x) + Υ̌p+1(k,x)∗g(x)Υp(x)

)
dx

= |Ω|−1

∫
Ω

(g̃(x)∗B1(k,D)Θ(x) + (B1(k,D)Θ(x))∗g̃(x)) dx,

(6.5)

Âòîðàÿ ìàòðèöà îäíîðîäíà âòîðîé ñòåïåíè è ïðèíèìàåò âèä

g(2)(k) := g2p+2(k)

= |Ω|−1

∫
Ω

(
Υp(x)∗g(x)Υ̌p+2(k,x) + Υp+1(x)∗g(x)Υp+1(k,x) + Υ̌p+2(k,x)∗g(x)Υp(x)

)
dx

= |Ω|−1

∫
Ω

(g̃(x)∗ (B1(k,D)Θ(1;k,x)+b(k)Θ(x)) + (B1(k,D)Θ(1;k,x)+b(k)Θ(x))∗ g̃(x)) dx

+ |Ω|−1

∫
Ω

(b(D)Θ(1;k,x) +B1(k,D)Θ(x))∗ g(x) (b(D)Θ(1;k,x) +B1(k,D)Θ(x)) dx.

Òðåòüÿ ìàòðèöà îäíîðîäíà òðåòüåé ñòåïåíè è çàäàíà ñîîòíîøåíèåì

g(3)(k) := g2p+3(k)

= |Ω|−1

∫
Ω

(
Υp(x)∗g(x)Υ̌p+3(k,x) + Υ̌p+3(k,x)∗g(x)Υp(x)

)
dx

+ |Ω|−1

∫
Ω

(Υp+1(x)∗g(x)Υp+2(k,x) + Υp+2(x)∗g(x)Υp+1(k,x)) dx

= |Ω|−1

∫
Ω
g̃(x)∗ (B1(k,D)Θ(2;k,x) + b(k)Θ(1;k,x)) dx

+ |Ω|−1

∫
Ω

(B1(k,D)Θ(2;k,x) + b(k)Θ(1;k,x))∗ g̃(x) dx

+ |Ω|−1

∫
Ω

(b(D)Θ(1;k,x) +B1(k,D)Θ(x))∗ g(x)×

× (b(D)Θ(2;k,x) +B1(k,D)Θ(1;k,x) + b(k)Θ(x)) dx

+ |Ω|−1

∫
Ω

(b(D)Θ(2;k,x) +B1(k,D)Θ(1;k,x) + b(k)Θ(x))∗ g(x)×

× (b(D)Θ(1;k,x) +B1(k,D)Θ(x)) dx.

Ïóñòü g(1)(D) � (m×m)-ìàòðè÷íûé ÄÎ ïåðâîãî ïîðÿäêà ñ ñèìâîëîì g(1)(k), g(2)(D) �

(m×m)-ìàòðè÷íûé ÄÎ âòîðîãî ïîðÿäêà ñ ñèìâîëîì g(2)(k) è g(3)(D) � (m×m)-ìàòðè÷íûé

ÄÎ òðåòüåãî ïîðÿäêà ñ ñèìâîëîì g(3)(k). Ïîëîæèì äëÿ êðàòêîñòè

R0 := (A0 + I)−1.

Êîððåêòîðû K1, K2,ε, K3,ε îïðåäåëÿþòñÿ ñîãëàñíî îáùèì ïðàâèëàì (5.6), (5.10), (5.11)�
(5.14). Ïåðâûé êîððåêòîð íå çàâèñèò îò ε è ïðèíèìàåò âèä:

K1 = −R0b(D)∗g(1)(D)b(D)R0. (6.6)
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Âòîðîé êîððåêòîð ñîäåðæèò ñëàãàåìûå ñ áûñòðî îñöèëëèðóþùèì ìíîæèòåëåì Θε(x) =
Θ(x/ε) è ñãëàæèâàþùèì îïåðàòîðîì Πε è çàäàåòñÿ ðàâåíñòâîì

K2,ε = K̃2,ε + K̂2,

K̃2,ε = [Θε]b(D)R0Πε + ([Θε]b(D)R0Πε)
∗,

K̂2 =−R0b(D)∗g(2)(D)b(D)R0 +R0b(D)∗g(1)(D)b(D)R0b(D)∗g(1)(D)b(D)R0.

(6.7)

Òðåòèé êîððåêòîð òàêæå ñîäåðæèò ÷ëåíû ñ áûñòðî îñöèëëèðóþùèìè ìíîæèòåëÿìè è
ñãëàæèâàþùèé îïåðàòîð:

K3,ε = K̃3,ε + K̂3,

K̃3,ε =
d∑
j=1

[Θ̂ε
j ]Djb(D)R0Πε +

d∑
j=1

(
[Θ̂ε

j ]Djb(D)R0Πε

)∗
− [Θε]b(D)R0b(D)∗g(1)(D)b(D)R0Πε −

(
[Θε]b(D)R0b(D)∗g(1)(D)b(D)R0Πε

)∗
,

K̂3 = −R0b(D)∗g(3)(D)b(D)R0

+R0b(D)∗g(1)(D)b(D)R0b(D)∗g(2)(D)b(D)R0

+R0b(D)∗g(2)(D)b(D)R0b(D)∗g(1)(D)b(D)R0

−R0b(D)∗g(1)(D)b(D)R0b(D)∗g(1)(D)b(D)R0b(D)∗g(1)(D)b(D)R0.

(6.8)

Ñëåäóþùèé ðåçóëüòàò ïðåäñòàâëÿåò ñîáîé ÷àñòíûé ñëó÷àé òåîðåìû 5.1.

Òåîðåìà 6.1. Ïóñòü p = 2, âûïîëíåíû óñëîâèÿ (2.1), (2.4) è ìàòðèöû-ôóíêöèè g(x) è

h(x) ïåðèîäè÷íû ñ ðåøåòêîé ïåðèîäîâ Γ. Ïóñòü Aε � îïåðàòîð â L2(Rd;Cn), ïîðîæäåííûé

êâàäðàòè÷íîé ôîðìîé (5.2). Ïóñòü A0 � îïåðàòîð (4.7). Ïóñòü êîððåêòîðû K1, K2,ε è K3,ε

îïðåäåëåíû ñîãëàñíî (6.6)�(6.8). Òîãäà ïðè ε > 0 ñïðàâåäëèâû îöåíêè∥∥(Aε + I)−1 − (A0 + I)−1
∥∥
L2(Rd)→L2(Rd)

6 C0ε,∥∥(Aε + I)−1 − (A0 + I)−1 − εK1

∥∥
L2(Rd)→L2(Rd)

6 C1ε
2,∥∥(Aε + I)−1 − (A0 + I)−1 − εK1 − ε2K2,ε

∥∥
L2(Rd)→L2(Rd)

6 C2ε
3,∥∥(Aε + I)−1 − (A0 + I)−1 − εK1 − ε2K2,ε − ε3K3,ε

∥∥
L2(Rd)→L2(Rd)

6 C3ε
4.

Ïîñòîÿííûå CJ , J = 0, 1, 2, 3, çàâèñÿò îò d, ‖g‖L∞ , ‖g−1‖L∞ , α0, α1, r0, |Ω|. Íîðìû
êîððåêòîðîâ ðàâíîìåðíî îãðàíè÷åíû êîíñòàíòàìè, çàâèñÿùèìè îò òåõ æå ïàðàìåòðîâ.

Àíàëîãè÷íî, ñëåäóþùèé ðåçóëüòàò âûòåêàåò èç òåîðåìû 5.4.

Òåîðåìà 6.2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 6.1. Ïóñòü Θ(x) � ïåðèîäè÷åñêîå

ðåøåíèå çàäà÷è (6.1) è Θ̂j(x), j = 1, . . . , d � ïåðèîäè÷åñêèå ìàòðèöû-ôóíêöèè èç

ïðåäñòàâëåíèÿ (6.4).
1◦. Ïðåäïîëîæèì, ÷òî

Θ ∈M(H2(Rd;Cm);L2(Rd;Cn)), j = 1, . . . , d.

Ïîëîæèì
K0

2,ε = K̃0
2,ε + K̂2,

K̃0
2,ε = [Θε]b(D)R0 + ([Θε]b(D)R0)∗,

Òîãäà ïðè 0 < ε 6 1 ñïðàâåäëèâû îöåíêè∥∥(Aε + I)−1 − (A0 + I)−1 − εK1 − ε2K0
2,ε

∥∥
L2(Rd)→L2(Rd)

6 C0
2ε

3, (6.9)∥∥(Aε + I)−1 − (A0 + I)−1 − εK1 − ε2K0
2,ε − ε3K3,ε

∥∥
L2(Rd)→L2(Rd)

6 C0
2,3ε

4. (6.10)
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Ïîñòîÿííûå C0
3 è C0

2,3 çàâèñÿò òîëüêî îò d, ‖g‖L∞ , ‖g−1‖L∞ , α0, α1, r0, |Ω| è îò íîðìû

‖[Θ]‖H2(Rd)→L2(Rd). Íîðìà êîððåêòîðà K0
2,ε ðàâíîìåðíî îãðàíè÷åíà êîíñòàíòîé, çàâèñÿùåé

îò òåõ æå ïàðàìåòðîâ.

2◦. Ïðåäïîëîæèì, ÷òî

Θ, Θ̂j ∈M(H1(Rd;Cm);L2(Rd;Cn)), j = 1, . . . , d.

Ïîëîæèì

K0
3,ε = K̃0

3,ε + K̂3,

K̃0
3,ε =

d∑
j=1

[Θ̂ε
j ]Djb(D)R0 +

d∑
j=1

(
[Θ̂ε

j ]Djb(D)R0

)∗
− [Θε]b(D)R0b(D)∗g(1)(D)b(D)R0 −

(
[Θε]b(D)R0b(D)∗g(1)(D)b(D)R0

)∗
.

Òîãäà ïðè 0 < ε 6 1 ñïðàâåäëèâà îöåíêà∥∥(Aε + I)−1 − (A0 + I)−1 − εK1 − ε2K0
2,ε − ε3K0

3,ε

∥∥
L2(Rd)→L2(Rd)

6 C0
3ε

4. (6.11)

Ïîñòîÿííàÿ C0
3 çàâèñèò òîëüêî îò d, ‖g‖L∞ , ‖g−1‖L∞ , α0, α1, r0, |Ω| è îò íîðì

‖[Θ]‖H1(Rd)→L2(Rd), ‖[Θ̂j ]‖H1(Rd)→L2(Rd), j = 1, . . . , d. Íîðìà êîððåêòîðà K0
3,ε ðàâíîìåðíî

îãðàíè÷åíà êîíñòàíòîé, çàâèñÿùåé îò òåõ æå ïàðàìåòðîâ.

Ñîãëàñíî ñëåäñòâèþ 5.6 óñëîâèÿ ïóíêòà 1◦ òåîðåìû 6.2 çàâåäîìî âûïîëíåíû â
ðàçìåðíîñòè d 6 8, à óñëîâèÿ ïóíêòà 2◦ � â ðàçìåðíîñòè d 6 6.

Ñëåäñòâèå 6.3. Ïóñòü p = 2. Åñëè d 6 6, òî âûïîëíåíû îöåíêè (6.9) è (6.11), ïðè÷åì
ïîñòîÿííûå â ýòèõ îöåíêàõ çàâèñÿò òîëüêî îò ‖g‖L∞ , ‖g−1‖L∞ , α0, α1, r0, |Ω|. Åñëè d 6 8,
òî âûïîëíåíû îöåíêè (6.9) è (6.10), ïðè÷åì ïîñòîÿííûå â ýòèõ îöåíêàõ çàâèñÿò òîëüêî

îò ‖g‖L∞ , ‖g−1‖L∞ , α0, α1, r0, Ω.

Ðàçóìååòñÿ, ïðè p = 2 ïðèìåíèìû òàêæå ïðåäëîæåíèÿ 5.7, 5.8 è 5.10. Â ÷àñòíîñòè,
â ñêàëÿðíîì âåùåñòâåííîì ñëó÷àå ïåðâûé êîððåêòîð îáðàùàåòñÿ â íîëü è âûïîëíÿåòñÿ
îöåíêà (5.40).

6.2. Ïðèìåð. Â çàêëþ÷åíèå ýòîãî ïàðàãðàôà ïðèâåäåì ïðèìåð ñêàëÿðíîãî îïåðàòîðà Aε
÷åòâåðòîãî ïîðÿäêà ñ êîìïëåêñíîé ýðìèòîâîé ìàòðèöåé êîýôôèöèåíòîâ, â êîòîðîì ïåðâûé
êîððåêòîð îòëè÷åí îò íóëÿ.
Ïóñòü d = 2, p = 2, n = 1, m = 3, Γ = Z2,

b(D) =

 D2
1

D1D2

D2
2

 , g(x) =

 1 if ′′(x1) 0
−if ′′(x1) 1 0

0 0 1

 ,

ãäå f(x1) � ãëàäêàÿ 1-ïåðèîäè÷åñêàÿ âåùåñòâåííàÿ ôóíêöèÿ, ïðè÷åì∫ 1

0
f(x1) dx1 = 0, 1− (f ′′(x1))2 > 0.

Î÷åâèäíî, âñå óñëîâèÿ ïóíêòîâ 2.1, 2.2 âûïîëíåíû.
Âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî ïåðèîäè÷åñêîå ðåøåíèå Θ(x1) çàäà÷è (6.1) èìååò âèä

Θ(x1) =
(
0 if(x1) 0

)
,

ìàòðèöà (6.2) çàäàíà ðàâåíñòâîì

g̃(x1) =

 1 0 0
−if ′′(x1) 1− (f ′′(x1))2 0

0 0 1

 .
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Ñîãëàñíî (6.3),

g0 =

1 0 0
0 1− 〈(f ′′)2〉 0
0 0 1

 ,

ãäå 〈(f ′′)2〉 :=
∫ 1

0 (f ′′(x1))2 dx1.
Äàëåå, îïåðàòîð B1(k,D) èìååò âèä

B1(k,D) =

 2k1D1

k1D2 + k2D1

2k2D2

 .

Âû÷èñëÿÿ g(1)(k) ïî ôîðìóëå (6.5), ïîëó÷àåì

g(1)(k) = 2k2

0 0 0
0 −〈f ′(f ′′)2〉 0
0 0 0

 .

Îòñþäà âûâîäèì ðàâåíñòâî

b(k)∗g(1)(k)b(k) = −2k2
1k

3
2〈f ′(f ′′)2〉.

Âû÷èñëÿÿ ïåðâûé êîððåêòîð ïî ôîðìóëå (6.6), èìååì

K1 = −2〈f ′(f ′′)2〉R0D
2
1D

3
2R0.

Òàêèì îáðàçîì, K1 6= 0, êîëü ñêîðî 〈f ′(f ′′)2〉 6= 0.
Ëåãêî ïðèâåñòè êîíêðåòíûé ïðèìåð, êîãäà ýòî óñëîâèå âûïîëíåíî. Åñëè f(x1) =

c
4π (sin 4πx1 − 2 cos 2πx1), ãäå c 6= 0 äîñòàòî÷íî ìàëî, òî 〈f ′(f ′′)2〉 = −3π2c3 6= 0.
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