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AHHOTAIINA

OnunchIBAIOTCS OHOMEDHBIE TIEHTPAJIBHBIE MEPBI Ha HyMeparusax (TabJiu-
1ax) UIEAJOB YACTHYHO YIOPsIOUEHHBIX MHOXKeCTB (moceros). B kadectse
OCHOBHOTO TIPUMEPA HMCCIELYETCS TTOCET Zi u rpad ero KOHEIHBIX WIea-
JioB, MHOTOMepHBIX Tabsmit FOura; npu d = 2 3ro obwrussii rpad FOura.
HenTpasbabie Mephbl CTPATU(MUIIMPOBAHBI 110 PA3MEPHOCTH; B paboTe jiaeT-
Cs1 TIOJTHOE OTIMCAHUE OJHOMEPHOI CTPATHI U JTOKA3BIBAETCS, UTO BCIKAS -
roJnvecKas OJIHOMEPHAasi TEeHTPAJbHAST Mepa OIHO3HAYHO 3aJ1aeTCsH CBOMMU
qactotamu. [IpemmaraeMblit METOJI, B YACTHOCTH, JIaeT MEePBOE INCTO KOMOH-
HATOPHOE JIOKA3aTEeIbCTBO TeopeMbl D.ToMa JJisi OTHOMEPHBIX IEHTPATBHBIX
Mep, OTJIMYHBIX OT Mepbl [LnaHmiepess (KoTopasi uMeeT pa3MepHOCTh [BA).
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1 KomOumHaTOpHOE BBE/IeHNE

1.1 Oo6mue omnpenenenud. IloceTsl, njaeanbl, HyMepaluu

PaccmarpuBatoTcss 9acTHYHO yHODsI0UeHHble MHOXKecTBa (nocerst) (P, >-).
Bynem B majbHeiinieM mpemmoiaraTh MX KOHEYHOCTh, 8 BO BCEX HETPUBU-
AJIBHBIX PUMEPAX CYETHOCTH, U, KPOME TOT'0, KOHEYHYIO 33/[AaHHOCTD: CyIIie-
CTBYET, HIOPOXKJIAIOIIee OCET, KOHEYHOE MHOXKECTBO IOIAPHO He CPABHUMBIX
a7ieMeHTOB. [ljist ynobcTBa cauTaeM, 9TO B HOCETE CYIIECTBOBYET HAMMEHB-
[N 3JICMEHT.

Unean (HuKHUIT) — 9TO MOJAMHOXKECTBO IIOCETA, COJEPIKAIIEE BMECTE CO
BCSIKUM 3JIEMEHTOM BCE dJIEMEHTBI, MeHbINE ero. Munumasvroum beckone-
HBLM UDCaNOM Ha3v6aemcsa udeas, nepecmarowuti 6oims udeasom npu ydare-
HUU 1200020 U3 €20 2nemenmos. MHOXKECTBO BCeX KOHEUHBIX UJIEAJIOB I10CEeTa,
P ectb ducmpubymusnan pewemxa I'(P); o Teopeme Bupkoroda BepHO 1
obpaTHOe: BCsiKas KOHEYHOIIOPOXKeHAas JUCTPUOYTUBHAS PEIIeTKa eCTb pe-
IeTKa UIEAJT0B HEKOTOPOTO 1oceTa. N-rpajyupoBaHHblil rpad, COOTBETCTBY-
IONMit 9TOM pererke (Wim auarpammy Xacce penierku) Gyjem o603HAYATH
rakzke depe3 ['(P).

Hywmepayuet nocema P, (uau ezo udeana I), nasvieaemes omobpascenue
U : N — P,(coomeemcmeenno ¥ : N — T ) ydosaemesopatowee ycaouro
MOHOMOHHOCTU.! T > Y BAECHEM \If_l(:n) > \If_l(y); 3AMEMUM, MO ECAU
x =Y(n+1) = ¥U(n) =y, mo x nenocpedcmeenno ciedyem 6 cmuvicae
nopadka, 3a Yy, unave 2060pa, unmepsan (Y, r)— nycm.

O6pa3s nymepanuu ¥ (um ee 9acT J0 HEKOTOPOI'O HOMEPA 1) €CTh UJIeall
nocera, obosnadaembiii yepes W(IN), coorsercreerro ¥(n

Hywmepanust ecrecrsenno onpesessier nyts B rpade ['(P). Tlo ananoruu
¢ TepmuHoJiorueit reopun rpacda FOura, orseuatomiero mocery P = Zi, ecre-
CTBEHHO HA3BIBATL WUIEANbI Tpada JuazpamMmam, 6 HYMEPGUUL UOEar08 —
MabAUUGMU, IMUL JUGZDAMMDL.

Hac 6ymyT nHTEpECOBATD UEHMPAALHBIE CAYUATHDIE HYMEPAUUL, T.€. 6e-
DOAMHOCTVHBIE MEPDBL HG HYMEPAUUAT UAU, IKEUBAAEHIMHO, MEPDL HG NPO-
cmpancmee nymet epaga I'(P); OHU ONpeeIsiIoTcs KaK CJIydailHble HyMe-
pAaIyy, JIjIsi KOTOPBIX YCJIOBHAS BEPOATHOCTD Ha KOHEYHOM YHUCJIE BCEX Iy Tell,
BeJlyIuX B JaHHyto Touky W(n), ecrb paBHOMepHasi Mepa. Takum obpazom,
3Ta Mepa dBjsiercs Mepoil "¢ Hanbosbineil saTponueii”.



1.2 IIpocTpaHcTBa OZHOMEPHBIX U/I€AJIOB 1 OJHOMEPHBIE HY-
Mepanumn

MHO2KeCTBO HEIYCThIX MUHUMAJILHBIX HIEAJIOB CIETHOTO II0ceTa 00pa3yeT B
CBOIO OYepe/Ib MOCET 0 BKJIOUEHUI0, obosHadaeMblii yepe3 Min(P).

O0HOMEPHBIM MUHUMANDHBLM U0CAAOM B TIPOU3BOJILHON pellleTKe Ha3bl-
BAETCs UeasI, KOTOPBIH KaK MHOYKECTBO €CTh 00beInHEeHNe KOHETHOI'O THC/Ia
merneii.

MHo2K€eCcTBO BCEX OJHOMEPHBIX MUHUMAJIHHBIX UIEAJIOB C ITOPSIKOM, HH-
JlyIUpOBaHHBIM 13 MHOXKecTBa Min(P) Bcex MUHUMAJBHBIX HJIEATIOB, 060-
sHaunM depes ming (P).

OnwuireM 3T0 MHOYKECTBO JIJII OCHOBHBIX IIPUMEDOB.

a) M m(Zi) €CTh MHOYKECTBO BCEX AP HATYPAJILHBIX UHUCEJ, KPOMEe HyJie-
Boit mapsr: Z2 {(0,0)} | oo; a umenno, nmape (t1,t2) # (0,0) oTsevaer uiead,
COCTOSIINI U3 t] MEPBBIX OECKOHETHBIX €€ CTPOK PEIIeTKN Z%r u to IEPBBIX ee
OECKOHEYHBIX €€ CTOJIOIOB, & CHMBOJI 0O COOTBETCTBYET BCEMY IIOCETY, MazKo-
pUpyIOIeMy BCe MUHMMAJIbLHBIE HAea/ bl B 9TOM mnpuMmepe Bce COOCTBEHHDIE
MUHUMaJIbHBIE Wbl OJTHOMEPHBI.

b) I[TpocTpaHCTBO OJHOMEPHBIX, MUHUMAJIBHBIX HJICAJIOB PEIIEeTKH Zi pu
d > 2 ycTpoeHno 6oJiee CJI0KHO.

Ono napamerpusyercs HabopoMm u3 d guarpamm FOHra v; pazmepHOCTH
d—11441=1,2...,d Ecmum Bce nmarpaMMbl, KpOMe OIHO# ¢-TOM, IIyCTHI,
TO 3TOT HJIeasl €CTh IMOAMHOXKECTBO PEIIETKHU, COCTOSAIIEE U3 3JIEMEHTOB,i-Tas
KOODJIMHATA, KOTOPBIX — IIPOM3BOJIbHA (T.€ HEOTPHUIATELHOE IeJI0e YUCIIO),a
ocTaJibHble d — 1 KOOpAMHAT 3a0al0T BEKTOP, JIEXKAIuil B i-T0il d — 1-MepHOit
muarpamme FOHra v;. Taknme ogHOMEpHBIE Hjeajbl MBI HA3BIBAEM HENPUBO-
Jumvimu. OB OIHOMEPHBI MUHUMAJbHBIA Mjeasl B 3TOH PEIIeTKe eCThb
obbeIHeHne HeCKOJIBKIX (He 6osiee, UeM d) HEIPUBOAUMBIX HICATIOB, OTBE-
JAOIINX PA3JINIHBIM ITOAMHOMKECTBAM MHOXKecTBa 1,2, ... d momraocT d — 1.

MuHuMaIbHBIE UIea bl pa3MEpPHOCTH OoJibIle eIuHuIbl 2,3,...,d — 1
CTPOSITCS aHAJIOTUIHO. B 3T0it paboTe 0 HUX pedb He MOWIET 38 UCKIIOICHIEM
naparpada "Kommenrapun'.

¢) B cayuae npouseoavrozo nocema P MUHUMAJBHBIH Uieas Kak MHO-
JKeCTBO IIeleil ompejiesisier HeKOTOPbIM 00pa30M KOHEUYHBIM Mieajl B JOIOJI-
HUTEJILHOM T10ceTe (1t (hakTop 110ceTe) K OJJHOMEPHBIM KOMIIOHEHTAM IIPO-
CTPaHCTBE Ieneil. ABTOpYy HEM3BECTHO, PACCMATPUBAJIICH 3TU IHOHATHS B 00-
et TEOPUU MMOCETOB UM TEOPUU PEITeTOK.

Hywmepanus (Tabsuma) ugeana HA3bIBAETCS 00HOMEPHOT, €CIIH, JTHOO caMm
U1 ABJISETCS OTHOMEPHBIM (T.€. KOHEUHBIM YIIOPSIOYC€HHBIM 00be [HHEHN-
eM Ieleii ), OO OH SIBJISIETCs GECKOHEUHBIM YIIOPSIOU€HHBIM 00beINHeHneM



nereil, a HyMepalisl B €CTECTBEHHOM CMBICJIe COIVIACOBAHA C 9TUM YIOPSIIO-
JEHUEM.

Hamnpumep, nymeparius Bceit permeTku Zi, paccMaTpruBaeMoil Kak JIMHeT-
HO YIOPsiZIOUEHHOE O0beMHEHNE €€ TOPU30HTAIBHBIX (UM BEPTUKAIHHbIX )
IeIIeii, sIBJISIeTCsS OJHOMEPHOI, XOTsI Ha CaMOi pelleTKe, KaK Ha HeCOOCTBEH-
HOM Hjleajie CyIIecTByeT He OJHOMEpHBbIE HyMepalluu.

AnajormganivM 06pa3soM OLPEIesIaeTcs PasMEPHOCTh IPOU3BOJILHLIX HY-
Mepanuii yIops1o9eHHbIX MHOXKeCTB. (cM. KomMmenTapun).

Mot 6ydem usyuams cayuatinoe 0OHOMEPHBIE HYMEPAUUL, M.€. GEPOAM-
HOCTIVHbBLE MEPBL HO MHOHCECTNEE 00HOMEPHBLLT HYMepayuti. OCHOBHbIM TMOHA-
MUEM ABAAECMCA NOHAMUE YEHMPAALHOCTU MeD (CM.8vWeE), a 6 Kauecmese
0CHOBHOT 3a0a4U CMABUMCA 360444 ONUCAHUA UCHMPANLHBLT MEP HA 0OHO-
MEPHBLL HYMEPAUUAL NOCEMOS.

1.3 YacrToTbl

PaCCCMOTpHM OJHOMEPDHYIO HyME€paluio U OIIpeAe/JIMM IIOHATHE TaCTOThI IIe-
IINn.

Onpenenenune 1. I[lycmo ¥ : N — P — nexomopaa Hymepayus nocema P u
I npousgosvHas Uend M.e. AUHETHO YNOPACOYEHHOE CHEMHOE NOOMHOHCECTEO
6 P. Yacmomot uenu | nasweaemea npedea (ecau on cywecmeyem,)

lim #{k:k<n,¥U(k)el} _

n n

AL

Cayuatinot nymepayuy ¥ omeenaem Mmepa fp Ha NPOCMParHcmee 00Ho-
MEPHBIT HYMepauut. Lan noumu ecexr unoUuBUIYANLHDIT HYMEPAUUT, U OAA
Kaotcdol yenu, 8To0AWUT 68 MY HYMEPAUUI (UL YUCA0 HE Bosee Yem CHem-
HO), cywecmsyem 4acmoma 3motl UenowKU; COBOKYNHOCTY wacmom. (He 6o-
AEE UEM CHEMHAA) NO BCEM UENAM HA3BIBAETNCA CNEKMPOM MEDDL.

W3 ob6mux coobparkeHnii SProgudeckoil TEOPUH BBITEKAET, UTO JJIs SPIro-
JUYECKUX IEHTPaJIbHBIX MepD 4acTOThbI, T.€. CIEKTpP, CYyILIeCTBYeT. T.€. BCAKas
IeHTpaJIbHasg Mepa 3aJaeT CHeKTp. B cuiIy Toro, 4To OJHOMEPHLIN wumealt
ecTb O0beIMHEHNe Ieleil, cyMMa KOHeYHas) 4acTOT JJis OJHOMEDPHOIl Tab-
JIATE JIOJ2KHA OBITh paBHa eauuuiie. st ciiydasi CI€THOTO YUCIA 9aCTOT
peJlosiaraeTcd Takoe Ke yCJIOBUe Ha CyMMY.

Tereps MbI MOXKeM cHOPMYJIMPOBATH OCHOBHO BOIIPOC: OIPEIEIISETCS JIn
BCSTKasT OHOMEPHAsT MEHTPATbHAS CIyIaiiHasT HYMEPAIs CBOUM CIIEKTPOM !
HazoBeM criekTp HEBBIPOXKJIEHHBIM, €CJIM BCE YACTOTHI PA3JIUIHBI.

Harmr ocHoBHO# pe3ysibTaT COMEPKUTCI B CIIEIYIONIEN TeopeMe:



Teopema 1. Beakut nesvipostclernnol koneurod cnexmp (m.e. KonewHbil
HAbOP PABAUNHBLT 4aACMOMm) onpedesiem eOUHCMEEHHYI0 0OHOMEPHYIO P20~
JUUECKYIO UECHMPANLHYIO MEPY C IMUMYU YACTNOMAMU.

VeaoBusl HEBBIPOXKIEHHOCTH M KOHEYHOCTH CIIEKTpa OyIeT CHATO B CJIie-
Jyroreil pabore.

Ilepen moKa3aTeIbCTBOM TEOPEMBI CAEIAEM eIIE OAHY PeayKIINIo IpobIie-
MBI, OTHOCSI €€ TOJILKO K MHTepecyfomnmM Hac permerkam Z&4, d > 1.1

Penykums cocrour B cienyromem. OgHOMEPHBIE MUHUMAJIbHBIE HIEAJIBI
B 9THUX [IOCETaX SIBJISIIOTCS O0bEINHEHNEM HEIPUBOIUMBIX HeaioB. OQueBu/I-
HO, YTO IIepeceveHre Pa3/JNYHBIX HEIPUBOLUMBIX HJIEAI0B €CTh KOHEJIHBIN
npeast. 110CKOJIBKY 9aCTOTHI IEMOYeK He MEHSIOTCS IPH KOHETHBIX M3MeHe-
HUAX, TO O0bEIUHEHNE YACTOT BCEX HEIPUBOAMMBIX KOMIIOHEHT COBIIAJAET
¢ HabOpPOM YacTOT MCXOAHOTO MHUHHUMAJbHOro nuaeasa. CieaoBaTesbHO, HE
yMaJiasi ODIIHOCTH, MOXKHO PacCMaTPUBATh B OTAEJbHOCTH HEIPUBOIUIMBIE
MUHUMAJIbHBIE HIeaJIb.

To ke coobparkeHne OTHOCUTCA W K OOIIUM OJHOMEPHBIM HYMEPaIldsiM
— T.e. K CJIy9al0 CYETHOIO YHC/Ia IEHOYEeK M COOTBETCTBEHHO CYETHOI'O UHC-
Jta 9acToT. TakuM 0O6pa3oM TeopeMy eIMHCTBEHHOCTH, JOCTATOYHO JTOKA3aTh
JIJIsI KaXKI0M IIEHTPaIbHOM, OJHOMEPHOI HyMEpaIii HEIIPUBOIUMOIO UIEaIA.
IToce sToro 3amedyaHUs MOXKHO COPMYJIUPOBATH OKOHUYATEIBHYIO ITOCTa-
HOBKA, BOIIPOCA B BUJE BEPOITHOCTHON 3a/1a41 O KOHEUHBIX II0ceTax. TeopeMa
1 HeIoCPeICTBEHHO CJleflyeT U3 TeopeMbl 2 (CM. HUXKe), TOUHee, U3 MOJIO0KH-
TEJIBLHOI'O OTBETa Ha IIOCTABJIEHHBIA BOIPOC, ITOCTABJIECHHBIA B CJIELyIOINIEM

maparpade.

2 lIleuTpaJjbHble Mepbl Ha peNIieTYaThIX II0CJIeI0Ba-
TEeJIbHOCTSIX

Crenyromast IIOCTAHOBKA 3aadll HUKAK HE CBI3aHA C IIPEIIEeCTBYOMINME
PacCMOTPEHUSIMHI U MOXKET BOCIIPHHUMATLCS M30JIMPOBAHHO.

Pacemorpum Koreunsiit mocer P u mpocTpaHcTBO P°° Beex OECKOHETHBIX
[IOCIeJOBATEILHOCTEH CUMBOJIOB U3 sToro mocera P. Hazoeem mociemoBa-
TesibHOCTh {X,} € P pewemuyamoti, eciau OHa yIOBJIETBOPSIET CJIELyTOIIe-
MY YCJIOBHIO: IS JIIOOBIX ABYX 9JIEMEHTOB a,b € P, Takux,q9To a > b, u jjist

1 Bo3aMOXKHO, PELYKIMHS UMEET CMBICT /IS HPOM3BOIBHBIX MOCETOB, HO, BUIHMO, IS
9TOr0 HEOOXO/IMM CEPBE3HBIN SKCKYPC B ODIIYIO TEOPHUIO MIOCETOB, €CJIN TAKOBAs CYIIECTBY-
erT.



sio6oro . € N BBITIOJIHEHO HEPABEHCTBO:
#{k:k<n,z=a}>#{k: k<n,z, =b}

. MHOKeCTBO BCeX peIIeTdaThIX MOCienoBaTebHocTel obosnaanm RE C
P>,

Ounpenenum pasbuenne jge Puuertu Ha IpocTpaHcTse P 1 Ha ero mnoji-
vmokectse RY . Jlee nocaedosamenvrocmu {x,}, {zl,} aesrcam 6 odnom x.aac-
ce 9Mo20 Pas3bueHus, ecat OHY NPUHAOAEHCAM 00HOT opbume cuemmoti cum-
mempuneckol epynnvt SN, KoTopas aeiicTByeT Ha P°° ¢ HOMOIILIO IepecTa-
HOBOK KOOPJMHAT; WHAUe NOBOPsI, OTPE3KHU IIOCIEI0BATEIbHOCTH OT 1 JI0 1
MMEIOT OJIMHAKOBEIl COCTaB, U T, = &, npu m > n. 3amerum, uro RY xak
ITOJIMHOXKECTBO B P°° HeMHBapWaHTHO OTHOCUTEJBHO JeiicTBHUs SN, HO, TEM
He Menee, pasbuemnne /e ®uuerTn KoppekTHO onpenereno na RY. O6osma-
YUM 3TH JBa pa3buenus depes {pe U {pp; BTOPOE €CTh OI'DAHUYEHUE IIEPBO-
ro va RT. Kak MbI yBHIMM, 9TO IIPOCTOE 3aMeUBAHIE UTPAET B JaJIbHEIlIIeM
IPUHIANAATILHYIO POJIb.

IenTpasbhoit Mepoii Ha P> u na RY masbBaercs (IuIIMHApUYecKast) Be-
POATHOCTHAsS Mepa 00JIaalomas TeM CBOWCTBOM, UTO IJjIs BCIKOIO N yCJIOB-
Hasl Mepa Ha HaYaJIbHOM OTpe3Ke {1, ... Ty, } TO0CIIeI0BATEIbHOCTHU TIPH YCJIO-
Bun ukcarmuu "xBocra'oc/Ie10BaTeIbHOCTH { Ty 41, ... } (MHOXKecTBO "Ha-
vaJi"KOHEYHO) sIBJISIeTCsl PaBHOMepHOI Mepoil. Tem caMmbIM HOHsITHE IeH-
TPAJBLHOCTU BLLIEISIET COBOKYIIHOCTHL MEp Ha JI0OOM IIPOCTPAHCTBE IIOCJIE-
JoBaTebHOCTE. Pasymeercst, caMu eHTpaJIbHBIE MEDPBI PA3JIMIHBI JIJIsT pas3-
JIMUHLIX IIPOCTPAHCTB.

Ipeoduueckoli mepotli Ha IIPOU3BOJILHOM IIPOCTPAHCTBE IIOCJIEI0BATE b
HOCTell Ha3bIBaeTCs JII00ast Mepa [, Jjisl KOTOPOi TPUBUAIBHO IepecevueHue
curma-aareop [, As°

mn
pble 3aJIAI0TCA YCAOBUSIM Ha, KOOPAWHATHI C HOMEPAMU, OOJILIITUMUA 7.

e CI/IFMa-aJIFe6pa Q[%o COCTOUT M3 MHO2KECTB, KOTO-

Knaccuaeckast reopema jie QUHETTH yTBEPKIAELT, UTO BCSIKAS IPTOIUIE-
cKag IeHTpajbHas Mepa Ha P ecTh IIpou3BeieHNe HE3ABUCUMBIX, T.€. Mepa
Bepuymmu. Harra 3aiada — onucaTh 3proindeckue MeHTPabHbIE MEPBI Ha
RP

IIpexme Bcero, misi Jir00O 3ProInvecKoil MEHTPaJbHON Mepbl Ha P
u, B uacTHOCTH, Ha R MOMXKHO OmpeiennTh 4acTOTHI Ap Ul KarKJIOrO W3
CUMBOJIOB p € P

#k<n:zp=0p
lim ( ) =Xy € [0,1]

n n

; TIPH 9TOM ZpeP Ap =1



Jl1st TIpOCTpAHCTBA, PeIeTIaTeX noceaosarenbaocreii RY ecrecrsenno
IIPEIIIOTIOKUTD, 9TO YACTMOMbL CO2AACO8AHYL ¢ NOPAIKOM: P = P\ = Ay > Ay }

Hanommum, wmo mmoHcecmso 6cex 3p200Uuteckus UeHmparvHoir Mep (0al
epagpa, Oasn epynnovl u m.0.) HA3LIBAELNCA AOCONOTMOM.

Harrre riiaBHOE TEXHUYECKOE YTBEPXKICHUE TAKOBO.

Teopema 2. Jlaa 410600 cucmemvs NONGPHO HEPAGHHLL HEOMPUUGNEAOHHLT
wacmom N = Xp,p € P, coznacosannoti ¢ nopadkom, cyujecmeyem edur-
emeennasn apzoduneckan uewmparvas mepa (in ma RY. Mwoocecmso mep
LA UCUEPNDIBAETM GOCOMOM.

Teopema, TakuM 00pa3zoM, YTBEPAKIAELT, ITO MHOXKECTBO CIIEKTPOB, COTJIA~
COBAHHBIX C TIOPSIIKOM €CTh abcosoT npocrpancTsa RY peméraarsx mocie-
JIOBATEJIbHOCTEHN U, TeM CaMbIM, OIpejesieHa OueKIus Mexk 1y Mepamu bep-
HYJUIH U TeHTPaJbHbBIMI Mepamu Ha R

loxasameavcmeo. 1. Ilpeskme Bcero 3amernM, 4To, ecii P KOHEUHO, U ec-
JIM BCE YACTOTHLI T.e. BepoaTHOCTH B cxeMe Bepmymmn) A = {\,};p € P —
Pa3IMYHLL, TO MHOKecTBO RY perrerdarsix mocseoBaTesbHOCTEl IMeET 1o-
noxkurenbuyio Mepy Bepmymmu g (RP). Heiicrsurensno, nockoipky P ko-
HEYHO, TO JIOCTATOYHO IIPOBEPUTDH ITOT (PAKT sl ABYXTOYECIHOIO Iocera P,
7 3aTeM Iepecedb MHOXKECTBa, II0 BCEM IapaM 3JIEMEHTOB MCXOIHOTO IIOCeTa.

IIycrs P cocTonT u3 ABYX 2JIEMEHTOB — @ U b, mpu sTOM A, > Ap IIpume-
HUB HEPABEHCTBO eDObINIeBa K CJIyIailHO# 0C/Ie10BaTEeIbHOCTH, ITPUHUMAIO-
mieit 3Hadernst 1 m 0 COOTBETCTBEHHO B @ U b, IOy YnM, 9TO MaTeMaTHIECKOE
OXKUJAHNE KOHEYHBIX €CYMM IIOJIOXKUTEJILHO H, CJIEIOBATE/ILHO, HA MHOXKE-
CTBE IOCJIE0BATEILHOCTEH MOJIOXKUTEIHHOM MePhl PElIeTdaToCTh UMEET Me-
cro. Takum obpasom na R 3amama nrgyrmpoBamHas Mepa,KoTOpasi ¢ TOU-
HOCTB JI0 HOPMHUPOBKH COBIAIAET C [LA.

2. Orpanmuenue GepHy/IMEBCKO Meph i Ha RY (MHoxecTBo mosoxKu-
TeJIbHON MepbI) eCTh ProjinvecKas eHTpaibHas Mepa. JleficTBuTebHO, KakK
CKa3aHO BBIIIE, OIPAHUYECHNE IIEHTPAIbLHON Mepbl, KAKOBOU SBJISIETCS Mepa
pa HA P Ha RP taxike sIBIISIETCS SPrOAMYECKON U IEHTPAILHOM (B cMbIC-
ae Rp). IIposepum, uTo Apyrux Takux Mep Her. [[jisi 95T0ro BOCHOJIb3yeMcst
TeM, UTO JUIsl OUTH Beex (B cMbIciIe obenx Mep) Touek MuozkecTsa RY kiace
Touknu 10 pasbuennio Jeduuertu B cmbicie RY ornmuaercs or kimacca Toro
JKe pasOHeHMsi 9TOW TOYKH, HO B CMbIcie P°° Ha KOHEYHOE MHOMKECTBO (a
UMEHHO, Pa3JIndue HECKOJIbKO IIEePBBIX 3HAKOB). MOXKHO cKa3aTh, 4T0 6OJIb-
A KJIACC PACC/IOEH HaJT MEHBIINM, U CJIOH paccjioeHust KoHedeH. [Ipu sTom
YCJIOBHAs Mepa Ha MHOYKECTBE JONOJHHUTEIbHBIX TOYEeK paBHOMepHa. [losro-
My HeHTpasbHyio Mepy Ha R Kak Mepy Ha 6a3e MOMKHO €IMHCTBEHHBIM



00pa3oM MOIHATH 0 IEHTPaIbHON Mephl Ha P, a oHa 3proawdHa u 0ds3a-
Ha, TeM CaMbIM, ObITh GepHy/IneBckoil. T.e. ycraHoBIeHa OHEKIUST MEXKILY
SPrOAMYECKIMH IEHTPAIBHBIME Mepamu mpocrpancTs R u P>,

0

B cuny paccmorpenwmit mpembiayiiero maparpada, teopeMa 1 siBIsieTCs
IIPSIMBIM CJIEJCTBHEM TEOPEMBI 2.

Kak yka3biBaaoch, TeopeMbl 1 1 2 OCTAIOTCS CIIPABEIJIMBLIMUA U JJIsI CJIY-
qasi OECKOHEYHBIX P, M JjIsI cIydasi KpaTHBIX T.€. PaBHBIX 4YacTOT. B 06o-
X CIyYasgxX MHOYKECTBO PEIeTIaThIX OC/IeI0BaTe/ILHOCTEN He 00s3aTeIbHO
MMeeT IOJIOKUTEIbHYIO OepHY/IMEBCKYIO Mepy. Bojsiee Toro yzke B caMoMm
POCTOM CJlydae JIBYX paBHbIX dacToT 1/2,1/2 npocrpancrso Rp umeer Gep-
HYJIMEBCKYIO Mepy Hy/b. Kak mokasbiBaeT 60jiee TIIATEJIbHBIA aHaIn3, TEeM
He MeHee, OMeKIMsI, O KOTOPOil CKa3aHO B JI0KA3aTEIbCTBE, CYIIECTBYET.

IIpuem, UCIIOIBL30BAHHBIN B IOKA3TE/ILCTBE UMEET, KOHEYIHO, OOIIYIO IIPHU-
pozny. A IMeHHO, CBOICTBO EHTPAILHOCTU BO-IIEPBLIX HACJIELYETCS IIPU Orpa-
HUYEHUN Ha MHOXKECTBA IOJIOKUTEILHON MEPBI W, BO-BTOPBIX, COXPaHSIETCS
[IPY IPOIOJIZKEHIH [IEHTPAJILHBIX Mep Ha HaKPLIBAIOIIee IIPOCTPAHCTBO, €CJIN
CJIOU KOHEUHDI.

SamMeudarenbHas TeopeMa Toma 00 OINMCAHMEM XapaKTepoB OECKOHEYHOM
CAUMMETPHUIECKON TPYIIIEI, epedOpMyIUpPyeTcs, KaK TeopeMa 00 OIUCAHIN
[IEHTPaJIbHBIX Mep Ha IyTsx rpada HOHra. usBecTHble J0Ka3aTe/ILCTBa STOM
repeOpMY/IUPOBKH B TEPMHUHAX IIEHTPAJIBHBIX MED, OIMUPAIOTCS Ha MTO/CTe-
TBI 9KCJIa TAOJIUIL U CBSI3aHBI ¢ TEOpHE cuMMeTpudecKux dyHkimii. [Ipuse-
JICHHOE JTIOKA3aTeIbCTBO ABJISIETCS He AIlIIPOKCUMAIIMOHHBIM, 8 KOMOMHATOPHO-
BeposITHOCTHBIM. [losToMy OHO momyckaeT oOoOIeHme Ha apyrue rpadbl,
HalpuMep, HelIpepbIBHBIE IpalyupoBaHHble Ipade Tuia rpada lenbhania-
Hermuna cM. ([2, 4]).

3 KommeHnTapun

3.1 3ajavya o HeHTPaJIbHBIX MepaM c 00Ieil TOUkKu 3peHus

3ajiava ONMUCAHUsT EHTPAJBHBIX MEp eCThb YacTHBIN ciIydail obIeil mpobire-
MBI ITIOUCKA Mep 10 3aJIAHHBIM YCJIOBHBIM WJIM ITICEBIOYCJIOBHBIM MepaMm. B
JpyTroit (pOPMYIUPOBKE 9TO 3a/1a4a OMUCAHUS MapPKOBCKUX Mep, T. €. UX IIe-
PEXOIHBIX BEPATHOCTEN 10 M3BECTHBIM kKonepexrodnvim eepoammocmanm. 1lo-
npobree (cm. [1]) Obmiast cxema COCTOUT B MCIOJIB30BAHUU IIPOCTPAHCTBA C
Mepoii, B KOTOPOM 3aJIaHO TUIIEPKOHEYHOE pa3bueHue, u KOIUKIL (T.e. yCI0B-
HOW CUTMa-KOHEYHON Mepoﬁ) JUIS HaXOXKIEHUs IeHTPaJbHbIX Mep, Crernn-



duKa pacCMOTPEHHOTO MPUMEPA B TOM, UTO THIEPKOHEYHOE pa3OueHme st
OJIHOMEPHBIX IIEHTPAJIBHBIX Mep O4eHb npocroe (pasbuenue je Punerru, uiu
pasbueHne Ha OPOUTHI JEHCTBUS CUMMETPUYEKOHl IPYIIbBI), YTO YIPOIIAeT
JeJIo.

3.2 CBa3b c OPOYHOBCKMMH MeaHIpaMu

Camplit ipocroii ciryuait (P cocrouT u3 JBYX 3J€MEHTOB) HAIIOMHHAET W3-
BECTHYIO BEPOSITHOCTHY KOHCTPYKITHIO MeaHapos. B sTom ciaydae mocer P
ecrb —1,+1, npuyem +1 > —1; peméryarocTsb MOCIEI0BATENILHOCTH {Zy, }
O3HAYAeT, YTO YHUCJIO ILIIOC-€JUHUI] B JIIOOOM IIepBOHAYAIHLHOM OTPE3KE II0-
CJIETOBATEILHOCT IPEBLIIIET YUCJIO MUHYC-€JINHUIL, T.€. COOTBETCBYIOIIIEE CITY-
JajiHoe OJIyzKJIaHie IIPOUCXOIUT B HOJIOKUATEIHLHON HoJyIsiockocT Eciu Be-
POSITHOCTB CUMBOJIA +1 OOJIbIIIEe WK PABHBI IOJIOBIHE, TO IEHTPAJIbHAS Mepa
-eITMHCTBEHHA M MOXKET WHTEPIPETHPOBATHCS KaK Mepa, OTBedaroIiasl IeH-
TPAJILHOMY CJIyUYaiiHOMY OJIy>KIAHUIO0 B JIByMepHO# Kamepe Beits.

Ecin P nenw, To ciaydaiinas HyMmepalus COOTBETCTBYET K CJIyYalHOMY
OJIy2KJIAaHUIO B MHOTOMEPHOI Kamepe Beitist.

Caywait A = 1/2 cooTBercTByeT IUCKPETHOMY AHAJOLY MOHSATUS OpO-
yrosckux mearndpos. OHAKO, HoJiee eCTeCTBEHO UCKATH HElPEPBIBHBIN (aud-
(by3roHHBII) aHAJIOr TOHSITHUST IEHTPAIBHON MephbI, [TOKa TAKO aHAJIOT HEM3-
Bected. Ciryvail paBHBIX BEPOSTHOCTEH Jjisi TIoceTa C OOJBIIUM TeM JIBa
3JIeMEHTa 0COOEHHO MHTepeceH. [lepexoiHbie BEPOSITHOCTH COOTBECTBYIOIIETO
MAapKOBCKUH Tportece BbipazkatoTca depe3 dyukmun [lypa.

3.3 Mepa Ilnanmepenst u GUE(rayccoBckuii yHuTapHbIii aH-
camM0JIb)

[IpenenbHbll TIEpeXos, IPY YBEIUIEHNN JUCIa JIEMEHTOB 1oceTa P npu pas-
HBIX BEPOSITHOCTEH He BO3MOKEH, OH 00peTaeT CMBIC/ TOJIBKO, €CJIH TuarpaM-
My FOHra ¢ ogHMME CTpOKaM#u pacCMaTpPHUBATL BMECTE AUATPAMMAME C Ta-
KM YK€ KOJIMIEeCTBOM CTOJIOIOB, W TOLMA MPeeIbHbIA [epexol MpUBeIeT K
mepe Ilrarnwepensn. PaxTUdecKn, TaKOM IMpeme/bHBINA Iepexon W ObLI clie-
jgag B Hamux paborax ¢ C.B.KeposbiM, IpeienbHblii MAPKOBCKUIA IIPOIECC
no1po6HO onmcad B pabore |7]. Ho Bosimyomuii Borpoc — Kak mpsiMo UCTOJI-
KOBaTh 9TOT IIPEIEIbHBIN IEPEeX0ol, OTIPABJISISICH OT KOHETHOTO CIydasi, a He
HCXOMsI M3 TOTOBOM Mephbl [lnaHImepesis, — ocTajics HEBBIICHEHHBIM. Boiree
TOrO, 3TOT MEPEXOJT JOJ?KEH UMETh TOT K€ XapaKTep, ITO U IpeIeIbHbIE I1e-
PEXOBI OT YHUTAPHO-UHBAPUAHTHBLIX MEP Ha IOJIOXKUTEIBHO OIPEeaeIEHHBIX
95pMuTOBBIX MaTpuiax (or yurmaprosbix Mep)— K GUE. Ilapasuiens cocrour
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B TOM, 4YTO B3aMMOJECTBUE JUArDAMM CO CTPOKAMHU M CTOJIOIAMHU, IIPUBO-
auT K Mepe [lnanmrepesiss aHAJOTHYIHO TOMY, UTO MEPHI Ha IOJIOXKHUTETLHO-
U OTPUIATESLHO- OIPEJEIEHHBIX SPMUTOBBIX MaTPUIAX HPHUBOJAT K MeEpe
GUE. Peub uner o HoBoMm onucanuu mep [Lnanmepenss u GUE, Bkiouas nx
limit shape u npyrue xapaxTepucTuKu.

3.4 MHoromepHble IIEHTPaJbHbIE MePhI

W3i0xkeHnble BbIIIe KOMMEHTaApUN HUMEIOT IIPsSIMOe OTHOIIEHHE K COIeprKa-
HHIO JTaHHOM paboTsl. Ho,ecim B 3T0if paboTe onucanbl Bce 00HOMEPHbBLE UCH-
MPAALHLE MEPDL, TO CKA3AHHOE BBIIE OTHOCUTCS K OIMCAHUIO yXKe deymep-
HOT Uenmpasvhoir mep. B ciydae rpada HOnra m HenpepniBHOTO Ipada
lesnbpanga-lleruua (cMm.[2]) mBymMepHBble MHBapHaHTHBIE MePBI €CTh COOT-
BercTtBeHHO Mephl [Lnanmupens u GUE. Jlns ux npumoro omucaHus pac-
CMOTPEHHBIH BbINIe MeTon HempumenuMm. st caydas Zi upu d > 2 BO3-
HHUKaeT emé OoJiee CIIOXKHAasT MPoOJIeMa OIMMCaHUsT TPeX- U T.J. 10 d-MEpPHBIX
IEHTPAJIBHBIX Mep. B dacTHOCTH, y2Ke JaBHO CTOUT UCKJIIOUUTEIHHO BaXKHBII
BOIIPOC O EJIMHCTBEHHOCTH d-MEPHOI IEHTPaJIbHON Mepoil (aHajaore Mephbl
[Tnanmepesns st d = 2) nis Z4% . u amajora eé JJIsi TEH30POB IIPOM3BOJIb-
HOI'O paHra.

3.5 Mepsl Bepuynan n anroputm RSK

B [6] Bce menrpasbhble Mepbl s rpada HOHra Gbuin MpecTaBiIeHbl Kak
npoektun Mep Beprysmm ornocuTebHO oTobparkenus Pobuncona-Illencrena-
Kuyra (RSK). B sroit crarbe u B (cM.[2]) 3amedeHo, 9TO 0fHOMEpHBIE ICH-
TpaJibHbIe MEPHI MOI'YT OBITh IIPEICTABIEHBI KaK OIPAaHUIEHUs] OEPHYJ/IINEB-
CKUX Mep Ha IIOJMHOYKECTBa WJIM MOYTH IOJMHOMKECTBa (B CIydae PaBHbBIX
gacToT). B mannom ciaydae cioBo "orpanndenne IOHUIMAETCS B CMBICIIE TIO/T-
pasbuenuii, a He (KaK B TEOPHM WHBAPUAHTHIX Mep), OrDAHMYCHUE HA WMH-
BapUaHTHOE IOJMHOXKECTBO. BO3MOYKHO, IMEHHO M3-38 9TOT0 Pa3IHIHsS CaM
3TOT (PaKT He ObLI 3aMedeH JoJroe BpeMs. Ho Torma BOZHHKaET BOIPOC: KaK
HUCTOJKOBATh aJropuT™M RSK, Kak mpoekTop Ha MHOXKECTBO PEIIETIATHIX II0-
ce0BaTeILHOCTER; He eCTh JI 9T0 abcTpakTHoe ero omnpenenenue? o cux
[TOP OH OIPEEJISJICSI TOJIBKO KaK aJrOPUTM.
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