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6 Perynasapable mpocTpaHcTBa U peryJagpHbIe 0TO0-
pakKeHus

Mebr panee onpenenwin B [AB4] agdexmuenyro cucmemy cuucienus Kak
HEKOTOPBI €11ocob MpeIcTaBIeHusT YUCesI ¢ MOMOIILI0 OECKOHEYHBIX CJIOB B
KOHedHOM asibasure D (MHOXKecTBe TdD), TAKAM 06pa30M, 9TOOBI CIIOKe-
HIe, BBIYUTaHUE W IIPOBEPKa HA PABEHCTBO BBIOIHSINCH 3(DMEKTUBHO, T.€.
¢ noMouIpio Konednsrx asroMaros (cM. [AB4][4.4.10). Bosee Toro, B [AB4]
ObLIN TIpUBEIEeHBI pUMephl 9P (HEKTUBHBIX CHUCTEM CUYUC/IEHH, TaKue, Kak
n30bITOYHAS JBOMYHast cucreMa ¢ rmudpavu {—1,0,1} u cucrema ¢ ocHoBa-
HIeM ¢ nim — u asyMs mmdpamvu {0, 1}. Mer 661 xoTesnn gath 6osee TOU-
HOe ompejieserne 3OPEKTUBHBIX CUCTEM CUYNUCIEHUS U KJIACCU(DUIUPOBATH
ux. OJHaKO mepes 9TUM HaM HaJI0 U3YUUTh OoJiee OOITHit Kiaace sddexmus-
HOLT 0MobpasiceHul, T.e. OTOOParKEHUl, KOTOPbIE MOTYT OBITh BBIYUCJIEHBI C
MOMOIIBIO KOHEYHBIX aBTOMATOB (BepHee, TPAHCIYKTOPOB), a TaKyKe TeXHU-
qeckn 60J1ee YI0OHBIN KIACC Pe2YAAPHHLT 0Modpatcerul, T.e. OTOOPAXKEHMIT,
rpaduK KOTOPhIX MOXKET OBbITh paclio3HaH KOHEUYHBIM aBTOMaToM. Mbl Had-
HEM C PACCMOTPEHNsT PETYJITPHBIX OTOOPAYKEHU U PEry/IsipHBIX TPOCTPAHCTB.
3areM B OJIHO# U3 MOC/IEIYIONIIX PADOT MbI OT/JIE/IHHO U3YIUM (P DEKTUBHBIE
0TOOpaKEeHUsI.

6.1 PerynasapHble oTHOIIEHUs 3KBUBAJIEHTHOCTH

st Toro, 9ToOBI B JaJIbHEMIeM MOXKHO OBLIO JaTh CTPOrOe OIpeIe/IeHne
9 HEKTUBHON CUCTEMBI CUUCIEHUs, U3YUUM PEryJsipHble MOJMHOXKECTBA U
peryJigpHble OTHOIIEHUsT SKBUBAJEHTHOCTH = Ha OECKOHEYHBIX cjioBax DY,
ITIOCKOJIBKY TaKO€ OTHOIIEHIE SKBUBAJEHTHOCTU SIBJIAETCA BasKHOM KOMIIO-
HEHTOI 3 PEeKTUBHOI CUCTEMBI CINCIECHU.

6.1.1. (Ornommenust Ha GECKOHEYHBIX CIOBaX, 3a/laHHblE KOHEIHBIMU aBTO-
matamu.) [Tycth D — KonedHoe MHOxKecTBO, D = DNo — MHozkecTBO Gecko-
HEYHBIX CJI0B HaJ[ asdaBuToM D, T.e. MOCIeI0BATeIbHOCTEN & = (T))n>0 =
Tox1 ... cxy, € D. Ilyers G = (5, 80, E) — demepmunuposarnviil KoHeuHbil
asmomam ¢ (KOHEIHBIM ) MHOZKECTBOM COCTOSTHU .S, HAIaTbHBIM COCTOSTHUEM
So € S, MHOXKeCTBOM ItepexofoB F u BxomabIM ajipasuroMm D x D. Nnaue
rogops, E cocrout us tpoek (s, ry,t), s, t € S, zy = (z,y) € D? xoto-
phIe MbI OOLIYHO 3aIlUCHIBACM B BHJIC § — ¢ I M300pakaeM B BHje pebpa
OPHEHTHPOBAHHOIO I'pada U3 BEPIINHBI § B BEPIINHY ¢ ¢ METKOH Xy, a de-
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MEPMUHUPOSANHOCTNS ABTOMATA O3HAYaeT, UTo JId joboro s € S u xy € D?
cymecrByer He 6osiee ofHOrO t € S, Takoro, uro (s, xy,t) € E. MoxHO Tak-
JKe cKa3aThb, 910 F spisercsd rpauKoM JacTHYIHO 338/ IaHHOIO OTOOparKeHUsI
v : S x D? -——s S. MnI 6yzneM roBoputh, uto apToMar G onpedessem W
3adaém otHomenune R nHa mMHOXKecTBe DY, myim uro G pacnosnaém R, ecnn
xRy, re. (x,y) € R, B TOM 1 TOJIbKO TOM CJIydae, ecin aBromar (G HUKOTIa
HE OCTaHABJIMBAETCS HA BBOJIE, COCTOSINEM U3 TIOCIEI0BATE/ILHOCTY TTap CUM-
BOJIOB (Zo,Y0), (Z1,%1), - . .. VIHage roBopsi, € RY B TOM ¥ TOJBKO TOM CJIydae,
eCJIM CYIIECTBYET MOCIE0BATEbHOCTD COCTOsTHU s, € S mpu n > 1 (¢ o
pPaBHOMY HAYAJLHOMY COCTOSHHUIO), Takast, YT0 (Sp, Tnln, Sni1) € E 1y1st Beex
n > 0.

6.1.2. (MbI paccMarpuBaeM TOJIBKO CHHXPOHHBIE aBrTOMaThl.) CyIlecTBeH-
HBIM SIBJISIETCSI TO OTPAHUYEHUE, UTO IPU OIPEJICIEHUN PEryIsaPHBIX OTHO-
mennit R C A¥ x AY wim peryiagpabix coorBercTBuit S C AY X BY Huxe
B [6.1.4] MBI paccMaTpuBaeM TOJIBKO CUHTPOHHbIE KOHEUHbIE ABTOMATBI, “H-
Taforme 06a BXOJIHBIX MOTOKA & = ToTi... U Y = Yol ... C OJUHAKOBOM
CKOPOCTBIO: Ha N-OM IlIare YuTaeTcs T, 1 U Y, 1. B IPUHIUIIE MBI MOTJTH ObI
pPaccMOTpeTh KOHEYHBIE ABTOMATHI, KOTOPhIE HEe 00sI3aTeIbHO C/IBUTAIOT 00€
BXO/IHBIE JIEHTHI Ha OJHY IO3WUIMIO BIIPABO IPU KaxKJIOM Iepexoje. Bmecto
9TOr0, HAIIPUMED, MOXKHO ObLIO OBl yKa3bIBATD JJId KaXKJIOTO IEPEXo/ia JIBa
JIOTOJTHATEIBHBIX HapameTpa 0, u d, € {0, 1}, mokaspiBaiomniue, HyzKHO I
[IPOJIBUTATH COOTBETCTBYIOILYIO BXOIHYIO JIEHTY. Takoro poja acMHXpPOHHBIE
ABTOMATBI, BOOOIIE FOBOPSI, HE CBOJATCS K CHHXPOHHBIM (CM. TipuMep B(6.6.7))
1 TPeOYIOT OTJIeJIbHOI0, O0JIee CJIOKHOI0, PACCMOTPEHHUSI.

Onpepenenne 6.1.3 (Perymspusie orHomennst Ha D*.) Iycrs D — koHed-
HOe MHOXKecTBO. Bysem roBoputhb, 4To oTHollenune R na D¥ peryasspHO,
eCJIi OHO PACIIO3HAETCsI (CHHXPOHHBIM) KOHEYHBIM ABTOMATOM.

6.1.4. (O600611eHE: pery/spHbIe OJIMHOXKECTBA 1 PETYJISIPHBIE COOTBETCTBHS. )
MpbI MOXKEM HECKOJIBKO O0OOIIUTE MIPEIBIIYINEE OIIPeIeIeHIe CIe YoM 00~
pasoMm. Bymem rooputh, uro nommuo)kectBo R C A“ pacnosnaémes (de-
MEPMUHUPOSAHHbIM) KoHewHbim asmomamom G = (S, sg, F) (cO BXOTHBIM
asasurom A), e sg € S, E C S x A x S, eciiu R — 5T0 MHOXKECTBO
BCceX OECKOHEYHBIX CTPOK & € AY, Ha KOTOpbiXx (G HUKOTJA HE 3aBepIiaeT
paboTy m3-3a HEBO3MOYKHOCTH COBEPINUTH OUYepeHoit mepexos. Vuade ro-
BOpsI, € = XoT1... € R B TOM W TOJIBKO TOM CJIydae, €CJIU CyIIeCTByeT
GeCKOHETHAsT MTOCJIEI0BATEIBHOCTD COCTOSAHUN { Sy }n>1, S, € S, Takas, 9TO
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(Sn, Ty Sna1) € E st Bcex n > 0. Ecoim R C A% pacnosHaércst KOHEUHBIM
aBTOMAaTOM, MbI OYJeM TOBOPHUTH, 9T0 R — pezyaaproe nodmmosrcecmseo AY.
Hamnee, mockonbky (A x B)¥ = AY x BY, GyJeM TOBOPHTH, YTO COOTBET-
ctBue R mexiay AY u BY peeyaapro, ecau R peryasipHO Kak ITOIMHOYKECTBO
R C A“x B = (Ax B)“; B 9ToM citydae R pacro3Haércss HEKOTOPBIM KOHEY-
HbIM aBTomMaroM HaJ ajdasurom A X B. [Ipu A = B = D cHoBa nojy4aem
HOHATHSL PeryJisipHoro orHomenns R va D* n3[6.1.3| u pacnosuatomero ero
(CHHXPOHHOI0) KOHEYHOIO aBTOMATA.

Takoro pojia 00o0IIEeHUS YIOOHBI T€M, UTO B JIEHCTBUTEILHOCTH MHOT'UE
CBOMCTBA PEryagpPHbIX OTHONIEHUH BBIIIOJHEHBI U JIJIsi PEryJIAPHBIX COOTBET-
CTBUIl U PEryasapHBIX OJIMHOYKECTB, U IIPOIIE BCEIO JOKA3BIBAIOTCS NUMEHHO
B KOHTEKCTE PEryJIsPHBIX TOJIMHOXKECTB.

6.1.5. (IIpumepsr: mycroe mMHOXKecTBO U BCcE A“ peryisipabl.) B kadectse
TPUBUAJIBHOTO TIPUMEPA PETyISPHBIX MOoAMHOKecTB R C AY mpuseném my-
CTOE TIOJIMHOXKECTBO &, a Takyke BCEé AY. Oba OHM PACIIO3HAIOTCA KOHETIHBIM
ABTOMATOM C €JIMHCTBEHHBIM COCTOsIHUEM *, Oe3 mepexoJioB B ciaydae R = &
760 C HEPEXOJIAME % — % JIJIst BCEBO3MOXKHBIX & € A B ciyuae R = A,

6.1.6. (MuoxkecTBa GECKOHEUHBIX CJIOB, 3a/laHHBIE HEJIETEPMUHIUPOBAHHBIMU
KOHEYHBIMU aBTOMATAMU, PEryJisipHbl.) OTMeTUM, YTO HPEBIIYIIIE OlIpe/Ie-
Jlenusg popMaJIbHO TOJAATCA U JJIsi HEJICTEPMUHUPOBAHHBIX KOHEYHBIX aBTO-
matoB G = (5,8, F), T.e. He 06Jaa0MUX JOTOJHUTEIbHBIM CBOHCTBOM,
gro (s,x,t) € E & (s,z,t') € E = t = t'. Onnako pacrupocTpaHeHue
IPEJIBLIYIIUX OIIPE/ICJIEHUI HA HeJIeTePMIUHUPOBAHHbIE (CUHXPOHHbBIE KOHEY-
HbIE) aBTOMATHI HE PACHIUPSET KJIACC PACIIO3HABAEMBIX MOJMHOXKECTB, OT-
HOIIICHUI MJIM COOTBETCTBUI, IMOCKOJIBLKY JII000N HEJIEeTEPMUHUPOBAHHBIN aB-
TOMAT MOXKeT OBbITh CTAHJIAPTHBIM 00pa30M IIpeoOpa30BaH B JeTEPMHUHUPO-
BaHHbI. COCTOSAHUS TAKOTO JIETEPMUHIPOBAHHOIO aBTOMATa COOTBETCTBYIOT
HEITyCTBIM MOJIMHO)KeCTBAM v C S COCTOSTHUIT MCXO/IHOI'O aBTOMATa; HATa b
HBIM COCTOAHMEM fABIACTC {so}, a mepexon o — (3 IPUCYTCTBYET B TOM I
TOJIBKO TOM CJIydae, ecii & U 3 — HeIyCcTble TMOJMHOXKEeCTBa S, TaKue, ITO
g={teS|3Ise€a:(sat) e E} lomyuupmuiicsa TeTepMAHIPOBA-
HBII KOHEYHBII aBTOMAT PACIO3HAET OeckoHedHbe cjioBa & € AY, objaa-
IOIIUE T€M CBONCTBOM, YTO CKOJIb YT'OJHO JIIMHHBIE NPEPUKCHI T PaCIO3HA-
IOTCS UCXOJIHBIM HEJIETEPMUHUPOBAHHBIM aBTOMATOM; HECJIOXKHO BUJIETH, YTO
9TO PABHOCUJIBHO TOMY, UYTO U BCE & PACIIO3HACTCA MCXOIHBIM aBTOMATOM,
HalpuMep, TpuMeHuB JiemMy KEHWra mam SKBUBaJEHTHBIN eif dakT Herry-
CTOTBI TPOEKTUBHOTO Tpejieia P = lim,, P, 1ocie0BaTe IbHOCTH HEIyCThIX
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KOHEYHDHIT MHOZKECTB {Pn}, 1€ B KadeCTBe Pn MOZKHO B34Tb BC€ II0CJIeJ0Ba-

xo Tn—1
TEJILHOCTHU MIEPEXOJ0B Sg — S| — *++ — Sp_1 — Sy, JUIMHBL 1. B UCXOJHOM
aBToOMaTe, HAUMHAIOIINECd ¢ HAa9aJbHOTO COCTOSIHUSI U TaKue, 9TO UX METKU
00pa3yioT npeduKe Toxy . .. T, 1 OECKOHEIHOIO CJIOBA &.

6.1.7. (D¥ — noJbCKuit KOMITAKT.) BBEIEM IHCKPETHYIO TOIOJIOTHIO Ha KO-
HEIHOM MHOXKecTBe [, 1 3aTeM TOIIOJIOTUIO IIPSIMOTO IIPOu3BeieHust Ha DY =
Do 1 D¥ x D¥; torma D¥ — 9T0 MeTpu3yeMEbIil KOMITAKT. B KatuecTse MeT-

PUKHN MO2KHO B34Tb
d,(x,y) = p~ "0 enFun) (6.1.7.1)

JIJIS TIPOU3BOJILHOTO (PUKCUPOBAHHOTO BEIECTBEHHOTO p > 1.

6.1.8. (Perymsipubie mommuokecTBa R C A“ Beerja 3aMKHYTHL.) OTMeTnM,
YTO pe2yaapHbvie nodmnoscecmsea R C AY ecezda 3amkHymo, 6 monoio2u
npamozo npouseedenus na AY. B camom jere, HaJ0 TPOBEPUTDH, UTO €CJIH
x € A¥ rakoBo, uro g Jqoboro n € N cymecrByer y € R, coBnajaro-
1mee ¢ & 1O MEPBBIM N cuMBoJiaM, TO u & € R. OpHaKO 3TO OYEBUIHO U3
ormcanus R ¢ MOMOIIbIO KOHEYHOro aBTroMaTa (G: JaHHOE YCJIOBUE TapaHTH-
pyert, aro aBroMaT (G mpopaboTaeT Ha BBOJIE & KAK MUHHMYM 7 IATOB JjId
KaKJI0r0 HATYPAJbLHOTO 7, & 3HAYNT, HUKOI/Ia HE OCTAHOBUTCS.

6.1.9. (Perynsipabie orTnOmenus 3aMKHYTBHl B TomoJioruu DY x D“.) Kak
CIe/ICTBUE, pe2ysapnve omuowenus R C DY X DY samknymo. 6 monoaozui
npoussedenus D X DY, TIOCKOJBbKY OHU SIBISIOTCSA PErYJIAPHBIMUA TTOIMHO-

xkecrBamu (D x D)¥ = D x D¥.

6.1.10. (ITomosrennsrit koneunslit apromar G, pacnosnatomuii R.) Ilycrs
G = (S, so, F) — KOHeuHbIi aBTOMAT, PACHO3HAIOIIIN PEryJIsipHOE HOMHO-
xkecrBo R C A¥. Torma R cocrouT u3 Beex GECKOHEUYHBIX CJIOB, HA KOTOPBIX
aromMar (G HUKOIJIa HE OCTAHABJIMBAETCS U3-38 HEBO3MOYKHOCTHU COBEPIIHUTH
odepeiHOM Tepexo. Mbr MoxkeM 1peobpazoBaTb G B NONOAHEHHVIT aA8MO-
mam G|, B KOTOPOM €CTh JONOJHUTEIbHOE owubounoe cocrosane L, u mo-
GaBJIeHbI BCE paHee OTCYTCTBOBABIIHUE [IEPEXOIbl, Tak, YTOObI OHU Besn B L.
Torga © € R, ec/iu 1 TOJILKO eCjii KOHeUHbI aBToMar (G| HUKOI/IA He OKa3bl-
BAETCsl B OMMOOYHOM COCTOSIHUU L B IIpoIiecce YreHns: GeCKOHETHOIO CJI0Ba &.

6.1.11. (Cea3b peryisipHbIX HOAMHOKeCTB R C AY ¢ perysisipHbIME sI3bIKa-
mu.) OTMeruM, 9To peryisgpHble mojMHOKecTBa R C AY TeCHO CBsi3aHBI C
peryiaapHbIME a3bikaMu R C A, roe A* =| | ., A" obo3HaTaeT MHOXKECTBO
BCEX KOHEUYHBIX CJIOB HaJ ajiaBUTOM A, WM, eCM yrojHo, CBOOOIHLIN MO-
HOWM,T, IOPOXKIEHHBIN A. Hampumep, MHOXKeCTBO Bcex MpeUKCOB BCEX CJIOB
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x € R obpasyer HEKOTODBIl pery/sipHblii 36k R C A*, u HAobopor, ecin
R C A* — npou3BOJILHBIN PErYJISPHBII S3bIK, TO MHOXKECTBO R Bcex & € A¥,
BCe TIPePUKCHI KOTOPBIX MTPUHAIEKAT R, SBIISIETCS PEryIsPHBIM.

Jpyroit crocob cBa3aTh peryJspHbie moaMuHoxkectBa R C A% ¢ pery-
JIIPHBIMU s3bIKaMU TakoB. Ilycts (G| — MOMOJIHEHHBINT KOHEYHBIIT aBTOMAT,
pacnosnamommit R, u myctb R C A* — peryisipublii s3bIK, PACIO3HABAEMBIIl
G|, ecom cumrarh | KOHEUHBIM cocrosiHEeM. Torja R COCTOMT B TOUHOCTH
13 BCEX KOHEYHBIX CJIOB, HE SBJISIIONIUXCA MpeduKcaMn HUKAKNX OECKOHEeU-
HBIX ¢JI0B 13 R, a R cocTonT u3 Bcex OECKOHEYHBIX CJI0B, HUKAKUE MPEeOUKCHI
KOTOPBIX He HomaaoT B R. Bosee Toro, moboii peryigapueii a3uk R C A*
oIpeJiesIsieT TaKUM 0Opa30M peryssipHoe TOAMHOXKecTBO R C AY.

6.1.12. (MuHMMaIbHBI KOHEYHBIN aBTOMAT, PACIIO3HAIOIINIT 38/ [aHHOE OTHO-
[IEHNe WA MOJMHOYKECTBO.) 3aMeTHM, YTO CPEJIH BCEX JIeTEPMIUHUPOBAHHBIX
(CMHXPOHHBIX ) KOHEYHBIX aBTOMATOB, PACIIO3HAOIINX JIAHHOE PErYIISIPHOE OT-
vomrenne R wa D, uau, Oojiee 0OOINO, JJAHHOE PEryJIAPHOE ITOIMHOXKECTBO
R C A¥, ecrb HaMMeHBINHNIA, T.e. 0OJIAJAIOMNNE MIHUMAIbHBIM KOJIMIECTBOM
COCTOSTHUI, IPUYIEM OH €JMHCTBEHHBI C TOYHOCTBHIO JI0 n3oMopdusma (Ie-
penmeHoBaHust coctosumit). 13 moboro koneunoro aBromara G = (5, s¢, ),
pacnosHalomero 2, MoxkHo 3(pHEeKTUBHO MOCTPOUTH MUHUMAJIBHBIN. {151 9TO0-
ro HaJI0 BBIOPOCUTH U3 S COCTOSHUS, HEJOCTHKUMBIE N3 HAYAJBHOTO CO-
CTOAHUSA Sg, 8 TaKKe COCTOSAHUS, U3 KOTOPBIX HEe HAYMHAIOTCS OECKOHETHO
JUTMHHBIE TyTH (JJIs1 9€r0 MOYKHO BBIKMHYTb BCE COCTOSIHWSI, OTJIMYHBIE OT
Ha4yaJIbHOI'O, M3 KOTOPBIX HET HU OJIHOI'O IIepexojia, a 3aTeM IOBTOPATH ITY
IIPOIIeyPy CHOBA M CHOBA JIO TEX IIOP, MOKa TaKUX COCTOSIHUI HE OCTaHeTCH,
BO3MOYKHO, 38 UCKJIIOYEHNEM HAYaJIbHOIO COCTOSHMS ). 3aTeM HAJI0 PacCMOT-
peThb BCce OTHOIICHUS SKBUBAJIEHTHOCTHU ~ Ha .S, 00J1a1a0IIIe TeM CBOHCTBOM,
qro eciin (s, a,t) € Eus ~ s, 1o cymecrsyer t' € S, takoe, uro (s, a,t') € E
ut ~ t'. Hano Boibpars Hanboblnee n3 BCeX TaKUX OTHOIICHUN SKBABAJICHT-
HOCTH (9TO B JIEHCTBUTEILHOCTH MOYKHO IIPOJeaaTh 3(PMOEKTHBHO ¢ TIOMOIIBIO
onmcanus n3[6.1.13; s ~ s’ B TOM U TOJIBKO TOM CJTydae, eC/Iu KOHEIHbIE aBTO-
MaThl, TOJIyYeHHbIE U3 UCXOQHOIO 3aMEHON HavYaIbHOIO COCTOSTHUS Ha S U S,
OTIPEJIEJISIIOT OJIHO U TO K€ PEry/IsipHOE MHOXKECTBO, UTO MOKHO 3(DPHEKTUBHO

IIPOBEPUTDH C TTOMOIIIBIO 6.1.21E|, u 3amennth S Ha S = S/ ~.

LCaMprii IpocToil cIIoco6 BBIYNUCIICHHUS TPAbUKa ~ — IOCTPOUTH IIPSIMOE IIPOU3BEICHIE
G| X (G| TmONOJIHEHHBIX aBTOMATOB Kak B [6.1.18|mmm [6.1.19|u Haiitu B HEM Bce COCTOSHUST

(s,s') € S x S, u3 KOTOPBIX HEJTOCTUAKHUMO HU OHO cocrosaue Buaa (t, L) mmm (L, t) ¢
t# 1.
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6.1.13. (EquHCcTBEHHOCTH MUHUMAJIBLHOTO ABTOMATA, PACIIO3HAIOIIETO JTaAHHOE
peryJisipHoe OTHOIIEHUE UJIH TI0JIMHOYKECTBO. ) FInHCTBEHHOCTh MUHUMAIBHO-
0 KOHETHOT'O aBTOMATa CJIelyeT U3 TOro paKTa, I9TO OH JAOIYCKaeT HeIloCPe/I-
CTBEHHOE OIMCAHIe B TEPMHHAX PACIIO3HABAEMOIO MM IOJAMHOXKecTBa R. A
NMEHHO, COCTOAHNS IIOIOJIHEHHOTO MIHIMAJIBHOIO aBTOMAaTa — 3TO BCE MHO-
MHuozxkecrtsa R C AY Buaa

a\R :={x € A | ax € R} (6.1.13.1)

st BeeBo3MOKHBIX @ € A*. Ilepexon R’ — R" upucyTcTByeT B MUHU-
MaJIbHOM aBTOMAaTe B TOM ¥ TOJBKO TOM ciydae, ecan R’ = a\R/, T.e. ecom
ax € R & x € R". HauanbHoe cocrosgnue — 310 camo R, a ommbodHoe
cocTosiHre | — 3TO &) €CIM €ro BBIKUHYTH, HMOJYIUTCS MUHUMAIbHBIN KO-
HEYHBIA aBTOMAT.

6.1.14. (Kpurepuii peryjaspHOCTH 3aMKHYTOrO MOJMHOXKeCTBa.) [Ipebiiy-
Ias KOHCTPYKIUS TTO3BOJIAeT HaM chOPMYJINPOBaTh yI00HbBIH KpuTepuil pe-
IYJIAPHOCTH: nodmmodxcecmeo R C AY peeyaapro 6 mom u MoAbKO MOM
cayuae, ecau R samxnymo 6 AY u mmoocecmeo Sg := {a\R | a € A*} xo-
Heuro. B 9ToM citydae Mbl MOYKEM HCIIOJIB30BATH S KAK MHOMKECTBO COCTOSI-
HU#i TOMOJTHEHHOIO MUHUMAJIBLHOIO KOHETHOTO aBTOMAaTa, paclo3Haiomero R
(cm.6.1.13)). Ilycroe MHOKECTBO & SIBJISIETCST TOT/IA OMIUOOIHBIM COCTOSHIEM
9TOr0 aBTOMATa; €CJIU €r0 BBIKUHYTH, MOJYUYNTCA HEIOIOJHEHHbIH aBToMaT
(ecou Bapyr & ¢ Sk, To R = A“, 1 MUHUMAJIbHBII aBTOMAT 00J1a/1aeT €/iH-
CTBEHHBIM COCTOSTHIEM U BCEBO3MOYKHBIMU MEPEXOJIaMU U3 HETO B cebsT; eCin
JKe OImubOYHOe COCTOsSTHIE & COBIAaeT ¢ Hada bHbIM COCTOsIHEEM R, TO ero
HeJIb3sT BBIKUJIBIBATD, HO Torja R = &).

Scno, uro chopMyIMPOBaHHDIH BbIIIE KPUTEPUI SBJIAETCA HEOOXOUMBIM
YCJIOBUEM PEryJIspHOCTH, OCKOJIBKY BCE PEryJIsPHbIE MHOXKECTBA, 3aMKHYTHI
10[6.1.8) u ecim G| = (S, S, E)) — IpOU3BOIIBHBIIT IOIOIHEHHBIH KOHETHBIIT
aBroMar, pacrosnaomuit R, n ecom s(a) € S obo3HadaeT cocTosiHAE, B KO-
TOPOE OH HEPEXOJNT Iocie ureHns ciaoBa « € A*, to u3 s(a) = s(f) caeayer
a\R = P\ R, u moromy card Sg < card S < +oo. Haobopor, tpemmosoxmm,
yTo Sp KoHeuHo. Torma yciosue, 4To KOHEUHDIH aBTOMAT ¢ COCTOSTHUAMU Sp,
nocrpoenusiii B [6.1.13], He okasbiBaeTca B OMMOOYHOM cocTosHMn | = &
[OCJIe YTEHUsI TIEPBLIX 1 CUMBOJIOB X . .. T, 1 OECKOHEYHOro cjioBa & € AY,
ecTh
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9TO paBHOCHUJIBHO
To... Tn 1 ANR+ D (6.1.14.2)

[MockombKy xg ... x, 1 AY 00pa3yorT OyHIAMEHTAIBLHYIO CUCTEMY OKPECTHO-
creit Toukn x € A“, mpeablaylee yCIOBUE BBITOJHEHO Jijist Bcex n > 0 B
TOM U TOJIBKO TOM CJIy4ae, eCclid & € R. Vlnade roBopsi, IIOCTPOEHHbI KOHEY-
HBIII ABTOMAT PACIO3HAST B TOYHOCTH R, Tak 4TO 3aMbIKaHue R PETYJISTPHO.
[TockobKy R 110 TIp€e/IIOIOYKEHUIO 3aMKHYTO, PEryIsdpHO u R = R.

6.1.15. (Ilpenperymnsipubie muOX)ecTBa R C A u ux 3amblKaHus.) Byaem
TOBOPUTH, YTO MOJAMHOXKeCTBO R C AY npedpe2yssapHo, eclii MHOXKECTBO
Sgp = {a\R | « € A*} u3 koneuno. Torya O3HAYAET, UTO
3AMKEHYMBIE NPEIPeYAAPHBIE NOOMHOMCECMEa AY — Mo 6 MouHOCU pe-
eyaaprvie nodmmoscecmsa. Bomee Toro, eciim R C A% npejiperyssipHo, TO
KOHEUHBI aBroMar ¢ cocrosuusamu Sg, nocrpoeHuslil B [6.1.13] pacnosnaér
3aMbIKaEne R C A, Kak 9TO ObLIO IIOKA3aHO B . [TosTomy samwvika-
nue R npedpezyaspnozo nodmmoscecmsa R C AY peeyaapro.

6.1.16. (IIpumep: KOppeKTHBIE JIBOMYHBIE 3alUCH 0OPa3yIOT MPEIPeryJisp-
HOe, HO He PeryJisipHoe MHOKecTBO.) [IpuBeém mprumMep T0CTaToqHO IIPOCTO-
I'0 ¥ €CTECTBEHHO BOZHUKAIOIIET'O MHOYKECTBA, HE SIBJISIONIETOCH PETY/ISIPHBIM.
[Iycrs D = {0, 1}, u paccmorpum BayTpu D* mojamuoxkecTBo X BCEX KOp-
PEKTHBIX JIBOUYHBIX 3ammceil ances u3 orpeska [0, 1). Muadge rosopst, X co-
CTOUT U3 & = XoTp--- € DY, B KOTOPBIX BCTpeYaeTcsd OECKOHEYHO MHOTO
nyseit. Hecstioxkno Buyiets, uro X C D ne gBiigercd peryasgpHbIM, HAIIPU-
Mep, TIOTOMY 9TO OHO He 3aMKHYTO (CM. . MozkHO TakzKe JIOKa3aTh 9TO
C TIOMOITIBIO MIPSIMBIX KOMOMHATOPHBIX paccyxiaennit. Eciu G = (S, 5o, E) —
JeTepMUHUPOBAHHBIN KOHEYHBIH aBTOMAT, pacro3Haiomuii X, To IOCMOTPHUM
HAa II0CJIEJIOBATEILHOCTD €r'0 IePexo/I0B Ha beckonewuHoit ctpoke 1% = 111 ---.
[TockoJibKy 9Ta CTpPOKa He MPUHAIEKUT X, aBTOMAT JIOJIZKEH OCTAHOBUTLCS
Ha KAKOM-TO IIare, CKazkKeM, I0cJie N-0To rmepexojia. 1orjga oH OCTAaHOBUTCS U
npu o6paborke cTpoku 17710 € X, uro mempasnibno. TakmM obpazom, X
He PEeryJ/IsipHO; TeM He MeHee, OHO HPePeryssapro B cmbicse [6.1.15] mockoss-
Ky a\X = X jig jo60oii KoHeuHoit ctpoku « € D*, u noromy Sy = {X}
KOHEYHO.

Hecnoxkmno BujieTh Takke, 9To JionogHenne DY — X | T.e. MHOXKECTBO BCex
HEKOPPEKTHBIX JIBOUTHBIX 3aIUCEl, TAKKE He ABJISI€TCS PEryJIAPHBIM, HAITPHU-
Mep, MMOTOMY YTO PACIIO3HAIONIUI €ro KOHEUYHBI aBTOMAT JIOJIZKEH ObLI OB
ocraHaB/IUBaThcA Ha crpoke 0° € X, a snaunt, n Ha 0"T11° & X g mo-
CTATOYHO OOJIBIIOTO N, YTO HEIPABUILHO.
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6.1.17. (Oneparuu R — a\Ru R — aR nepeBojsT peryJisipHbie MHOYKECTBa
B peryisipubie.) Ormernm, 9To Jjijist Jiro0oro peryssipaoro R C AY u jio6oro
cioBa € A* nmopMHOKeCTBO '\ R SIBJISIETCsI PErYJISIPHBIM: B CAMOM JIeJIe,
OHO PACIIO3HAETCsI TeM Ke KOHedIHbIM aBroMaToMm G = (S, s, E), uro u R, HO
C JIPYTUM HAYAJILHBIM COCTOSIHHEM S(, & IMEHHO, TeM COCTOSIHHEM, B KOTOPOE
HCXOJTHBIIT ABTOMAT MEPEXOJIUT TIOCIe TIPOUTEHNUsI CJIOBA (v (€CJIH TAKOTO COCTO-
smud ner, o o\ R = &). Kpome roro, muoxkectso aR = {ax: © € R} Takxe
PeryJIsipHO: PACIO3HAIOIINI ero KOHeTHbI aBToMaT G, CONEPKUT n = |a 10-
MOJIHUTEIbHBIX COCTOSHUH S, ..., S_1 1O cpaBHEeHUIO ¢ (7, a TaK¥XKe JIOTOJI-
HUTEJbHBIE TIEPEXOIBL S_p 4 N SepripiIipu 0 <4 < n, T O = Qg+ * * QU1
[IPU 3TOM HaYaJbHBIM cOcTOgHueM (7, SBIISETCT S_j.

6.1.18. (Ilepeceuenne perymsipHbIX MOAMHOXKECTB.) Feau Ry u Ry — peey-
AAPHBLE NodmHootcecmsea AY, mo ux nepecevenue RN Ry maxotce peeyaapro.
B wacrrOCTH, nepecevenue dsyx peeyaaproir ommuouenus Ha DY peayaapro.
B camom nene, ecim G; = (55, sj0, Ej) pacnosuaér R;, j =1, 2, o Ry N Ry
pacro3Haércs (BHYTPEHHUM ) MPSIMBIM [TPOU3BEICHIEM ITUX KOHEYHBIX ABTO-
matoB G = G X Gg, T.e. KoHeUHbIM aBTOMaTOM G = (5] X Sy, S0, F), 1716
50 = (s10,800) 1 E = | x4 Ey; unade rosops, mepexos (s1,5y) — (t1,ts)
npucyreryer B Gy X G, eciim u TOJBKO eciin s; — t; npucytcreyer B G
npu 7 = 1, 2. Kpome Toro, 3To paccykjeHne MoKa3bIBAET, YTO KOHEYHBIN
aBToMarT, pacrnosnamonmit R M Ry, MoxkeT ObITh 3PHEKTUBHO BBIUUCIEH C
[IOMOIIBIO HEKOTOPOT'O JIFOPUTMA 110 KOHEIHBIM aBTOMATAM, PACIIO3HAIOIIIM
Ry n Ry (u 3areM MOxkeT ObITh MUHUMU3UPOBaH). VHade roBopsi, omeparst
[epecevenHnsi PEryJIsipHBIX MTOJIMHOXKECTB, & TaKyKe PEryJsipHbIX OTHOITEHU
U PEry/IsipHBbIX COOTBETCTBUI, 3 peKTUBHA.

6.1.19. (OO6benuHeHne perysIsipHbIX MOJAMHOXKECTB.) HyTh MeHee 0YeBH/HO,
qT0 obsedunerue RyU Ry peeysapnvix nodmmoscecms Ry u Ry C A maxorce
pezyaapro. MOXKHO J0Ka3aTh 9TO, HAIpUMED, 3aMeTuB, 410 o\ (Ry U Ry) =
(a\R1)U(a\ R2) myst mo6oro KorewHoro ciosa o € A*. TTosromy MHOKeCTBO
SR,uR, 13 (6.1.14] comepKUTCS BO MHOXKECTBE, COCTOSINEM M3 BCEBO3MOXKHBIX
obobemunennit R U R", R € Sg,, R" € Sg,, u noromy KoHedHO, eciau Sg,
u Sk, KOHEUHBI; KpoMe Toro, 1 U Ry 3aMKHYTO. MOXKHO TaKKe HAIPIMYIO
IIOCTPOUTH IIONOJIHEHHBINT KOHEUHBIN aBTOMAT, pacuosHaomit R U Ry, Kak
IPSIMOE [IPOU3BE/ICHIE TIONOIHEHHBIX KOHEYHBIX aBToMaTos Gy | 1 Go |, pac-
nosHaomux 1 m Ry, COOTBETCTBEHHO.

6.1.20. (ITposepka R; C Ry.) Ilycts Ry u Ry — peryJsipHble IIOJMHOYKE-
crBa A¥. Ilokaxkem, uro Britouenue Ry C Ry (r.e. ummukanust Ry = Rs B
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cJlydae peryJisipHbIX OTHOIIEHU T Ui COOTBETCTBHI) MOKeT ObITh 3(heKTuB-
HO IIPOBEPEHO, MCXO/IsI M3 KOHEUIHBIX aBTOMaTOB (71 1 (G, pacmo3Haomux [y
u Ry. JleiicrBurensro, monosanM aromar Gy = (Sa, So0, F2) 10 aBTOMaTa
(2,1 C IOMOIIBIO JIOIOTHATEIBLHOTO OMINOOYHOIO COCTOSHUA L, KaK OIIICAHO
B[6.1.10} u 3aTem nocrponm npaMoe npousseenue Gy X Gy, 1, Kak B[6.1.18]
BBIKUHEM B [TOJIY YUBIIUMCH ABTOMATE COCTOAHUS, HEJOCTUKIUMBIE U3 HAYAIb-
HOIO, a TaKKe COCTOSIHUs, U3 KOTOPLIX HEe HAYMHAIOTCH OECKOHEYHDLIC IIYTH,
Kak B[6.1.12| Eciu B ”TOrOBOM aBTOMATE OCTAJIOCH XOTh OHO COCTOSTHIE BH-
na (s, L) cs €S, 10 Ry ¢ Rs, TOCKOJIBKY MBI MOXKEM HOCTPOUTH KOHEIHBbII
yTh C METKAMU Tq, ..., T, 1 U3 HAYAIBHOIO COCTOAHUS (S10,S20) B (s, L),
U 3aTeM MPOJIOJIKUTH €ro JI0 GECKOHEYHOIO MyTH C METKAMU Ty, Tpil, - - -
Tor1a OECKOHETHOE CJIOBO & = XoXq ... € A¥ TakoBO, 4T0 € R, HO * & R».
Hamnporus, ecim cocrostauii Buma (s, L) He ocranocsk, To Ry C Rs.

6.1.21. (Ilposepka Ry = Ry.) B wacTHOCTH, MBI MOYKEM TIPOBEPSATH JBA Pe-
IYJISIPHBIX [OJMHOYKECTBa (B TOM YHCJIE JIBA DEryJsipDHBIX OTHOIIEHUS) Ha
PABEHCTBO € IOMOIIBLIO UX KOHEUYHBIX aBTOMATOB, IIOCKOJIbKY Ry = Ry pas-
HocuibHO (Ry C Rs) & (R C Ry). Bupouewm, uyTh Gostee adbderTuBHO cpasy
[IOCTPOHUTH IPSIMOE HPOU3BEICHNUE IONOIHEHHBIX aBToMaToB G| X G | n
[POBEPUTH, €CTh JI B HEM cocTostHusA Bua (s1, L) win (L, o) ¢ s1, s9 # L,
JIOCTUZKUMBIE M3 HAYAJBHOIO; TEePeJl STUM HaJl0 MUHUMU3UpoBarh G u G
WM XOTsl OBl yJAJUTh U3 HUX COCTOSIHUS, U3 KOTOPBIX HE HAYMHAIOTCHA Oec-
KOHEUHDIE ITyTH.

6.1.22. (IIposepka pedekcusrocru R.) [Tockosbky pasencTso Ha D* siBJisi-
eTCsl PeryJIsiPHBIM OTHOIIEHNEM SKBUBAJIEHTHOCTH (OHO 33/1a8TCsT AaBTOMATOM
C CIMHCTBEHHBIM COCTOSHHUEM * M TICPEXOJAME * — % 1Id BeeX & € D), MbI
MozkeM 3hHEKTUBHO MPOBEpsITh BKIOUeHne [=| C R, T.e. pedJIeKCHBHOCTh
peryagapHoro orHomieHus K.

6.1.23. (IIposepka cummerpuanoctn R.) 3aMeTwM, 9TO €cjin OTHOIIeHue 1R
pery/IgapHO, TO U CUMMETPUYHOE eMy oTHomenue R~ TaxkxKe perysigpHo, mo-
CKOJIBKY OHO PACIIO3HAETCA TEM K€ KOHEYHBIM aBTOMATOM, 4TO u R, ecin
B HEM 3aMEHUTH BCE METKH I1€PEXOJIOB Xy Ha cuMMerpuunble yr. [losTomy
MIPOBEPKa CUMMETPUIHOCTHU PETYIISPHOro oTHOIeHns R Takxke apdeKkTuBHA,
TaK KaK OHa PaBHOCHUJIbHA IPOBepKe BKouenusa R C R7L.

6.1.24. (O6pa3 u mpoobpas peryisgpHoro MuOxkectBa.) Ecim f @ A — B
— IPOM3BOJILHOE OTOOPaKEHUE KOHEUHBIX MHOYKECTB, TO WHIYIIUPOBAHHOE
oTobparkeHne OECKOHEYHBIX cjIoB [« : AY — BY obiagaer TeM CBOMCTBOM,
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aro obpas f(R) peeyaspen 6 BY, ecau R C AY peeyaapno, u Ha00OPOT,
ecau S C B* peeyaapno, mo u npoobpas (f)1(S) C A¥ maxowce peeyan-
pen. Bosee 061110, eciin ® — PONUBBOILHOE COOTBETCTBUE MEYK/1y KOHETHBIMU
mHozkecTBaMu A n B, n ®¥ — MHIyIMpOBaHHOE COOTBETCTBHE MeXIy A“ n
B“, to obpaz ®¥(R) C B“ peryisapen mis jroboro peryiaspraoro R C AY,
IpUYEM KOHEYHBII aBTOMAT, 3aJal0luil 3T0T 06pas, JIErKO CTPOUTCH 110 KO-
Heunomy aBromary G = (5, sg, ), E C Sx Ax S, pacnosnatoriemy R: HOBbIi
asromar G® = (S, s9, E®) obmasaer Tem ke MHOKECTBOM COCTOsTHHIT S 1 Ha-
JaJIbHBIM COCTOSIHUEM S, OJJHAKO ero mepexojipl apyrue: (s,b,t) € E® B Tom
1 TOJIBKO TOM CJIy4ae, eCjIi (s,a,t) € FE jus mekoroporo a € A, Taxoro,
aro (a,b) € ®. [onyvatomuiicst asromar G®, ouesuno, pacnoznaér ®(R),
OJIHAKO OH HEJETEPMUHHMPOBAH; €0 MOXKHO 1peobpa3oBaTh B JETEPMUHUPO-
BaHHBI CTaHIAPTHBIM 06pa3oM, cM. [6.1.6]

6.1.25. (IIpumep: mpoekius perysisipHOro MHOYKeCTBa peryisipHa.) B dact-
HocTH, ecin R C AY x BY = (A x B)¥ — pery/iasipHOoe COOTBETCTBUE, TO
pry(R) C AY u pry(R) C B — peryssipHble IOJMHOKECTBA.

6.1.26. (IIpsimoe mpomsBejieHMEe PEryJISIPHBIX MHOXKECTB perysisipao.) Ecim
R C AY u S C BY — peryasipable MHOXKECTBa, TO UX IIPIMOE IIPOU3BEICHIE
R x S C A¥ x B¥ = (A x B)“ Takxke peryusipHo. B caMom jiejie, KOHEUHBII
aBToMaT GRyg, pacrnosnaonmiit R X S, ecTb BHEIIHee MPSIMOe TPOU3BEICHNE
Gr X Gg aBromaroB Gr u Gg, pactoznamomux R 1 S coOOTBETCTBEHHO.

6.1.27. (Kommosunus S o R perynsgpHbix coorBercTBuit R u S perynspHa.)
[Iycte R C AY x B¥ u S C BY x C* — peryJisipuble COOTBETCTBUs. Toraa
ux Kommosumnusa S o R C A¥ x C¥, 3amaHHas cTaHIAPTHBIM 00pa30M

SoR={(x,z) | y: (x,y) € R& (y,2) € S} (6.1.27.1)

SIBJIIETCSI PEryJIsIpPHBIM cooTBeTcTBHEM. /leiicTBuTebHO, S 0 R siBjisiercs 00-
pa3oM 1poobpasa IpIMOro npousseennsd R X S:

SoR=p“((AY)" (R x S)) (6.1.27.2)

rJie upsimoe npomssejenue R x S C (A x B x B x C)“ peryspro 1o [6.1.26]
A =idy xAp xidg : AXx Bx(C — Ax B x B x C unaynupoBaHO JuaroHa-
JIBIO, & P = Pryg : AX Bx C — A X C — upoekius, Tak 4To S 0 R peryiasipHo
coryiacto [6.1.24] BoJiee Toro, Koneunnlit aBToMaT, pacio3Haiomuii S o R, Mo-
’KeT OBITH 3 (MEKTUBHO MIOCTPOEH 110 KOHEYHBIM aBTOMAaTaM, PACIIO3HAIOIIIM

RusS.
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6.1.28. (ITposepka TpamsutusaocTu R.) Terepb Mbl TOTOBBI 00CYAUTH 3]~
(EKTUBHYIO IMPOBEPKY TPAH3UTUBHOCTHU PEryJIsiDHOIO OTHoIIeHus R Ha DY.
JL71s1 9TOTO 3aMETUM, YTO TPAH3UTUBHOCTD SKBUBAJIEHTHA BKIIOUeHUIO R0 R C
R, v ipu 3TOM KoMIio3uniusg Ro R MoxkeT ObITh 3(PEKTUBHO BhIYUCIEHA 110 R
coryiacHo [6.1.27], mocyie gero Briodenne Ro R C R MmoxkeTr O6bITh 3hdeKTUB-

HO IIpoBepeHo 110 [6.1.20]

6.1.29. (Perynsipubie orHOIIEHUS 9KBUBAJCHTHOCTH.) By/ieM roBopuTh, 410
oTHoIIeHNe = Ha D¥ — pe2yaaproe omuowerue IK6USAAECHMHOCTU, €CITH OHO
OJIHOBPEMEHHO PETYJISIPHO U SIBJISETCS OTHOIIEHNEM SKBUBAJIEHTHOCTH. Takoe
OTHOIIIEHNE KBUBAJIEHTHOCTU BCET/Ia 3a/Ia€TC HEKOTOPHIM KOHEYHBIM aBTO-
MaTOM, KOTOPBIii IIPH 2KeJIAHUU MOXKHO BCEria MUHUMU3UPOBATH (CM. ;
KpPOMe TOr0, 110 KOHETHOMY aBToMaTy HaJl ajidasurom D X D MoxKHO 3D dek-
TUBHO IIPOBEPUTH, SIBJISETCS JIN 3aJJaHHOE UM DeryJisipHOe OTHoIeHue Ha DY
OTHOIIIEHUEM SKBuBajeHTHOCTH (cM. [6.1.22]6.1.23( 1 [6.1.28|).

Onpepenenne 6.1.30 (Perysipabie orobpazkenust.) Ilycts A u B — Ko-
HedHble MHOXKecTBa, R C A¥ u S C BY — peryspurble moqMHOX«KecTBa. By-
JIEM I'OBOPHUTH, 4TO oTobpazkenue [ : R — S peryisisipHO, ecii ero rpauk
[y C R xS CAYx BY — perymnsapuoe coorsercrpue B cMpbicie [6.1.4]

6.1.31. (Kommosunust perymsipHbix orobpaskennii.) 113 HEMe [JIEHHO
CJIeJTyeT, ITO KOMIIO3UIINs PEry/IsipHbIX OTOOparkeHmii perysispraa. Kpome to-
ro, u3 [6.1.22| ciienyer, uro idg : R — R — pery/iasipHoe oTobpakeHue Jijis
JII0OOro peryiagapHoro Muoxkecrsa R C AY.

6.1.32. (IIpumep perysisipHOro OTOOpaXKeHUs: o, : € — ax Jjsd a € A.)
[Iycts A — KOHEYHOE MHOXKECTBO, 3adUKCUpyeM a € A U paccMOTPUM OTOO-
paXkeHne KOHKATEHAIUU 0, : & > aX. IDTO oTobparKeHnue perysisipuo. [leii-
CTBUTEJIHO, MHOXKECTBO BCeX Tap (&,Y) ¢ Y = & MOXKHO DACIO3HATH C
MTOMOIIBI0 KOHETHOT'O aBTOMATa, COCTOSHHSA KOTOPOIO — 3TO 3JIeMEHTHI A,
HAYAJILHOE COCTOSHIE — 9TO @ € A, a HepexXoubl — 910 Y —— & JIIs BCEX T,
y € A.

6.1.33. ([Ipumep perymsipHOro 0TOOpazKeHUs: 0y @ & — ax g o € A*.)
[Ipeapbrymit ipuMep MOXKHO 0000IUTE: eciin o € A* — Mpou3BOJILHOE KO-
HEYHOE CJIOBO, TO O, @ & +— € — PEryJsdpHoe oToOpazkKeHue. DTO CJIe/Ty-
er, Hanpumep, n3 [6.1.32 n [6.1.31] HOCKOIBKY 04 = 0gy O -+ + 0 0, _,, €CTN
a = ag...a, 1. MOXXHO Tak»Ke HAIPAMYIO TOCTPOUTH KOHEUHBIN aBTOMAT,
pacrio3Harommii mapel (&, y), rakue, 9ro y = ax. CoCTOSHUS TOTO ABTO-
Mara — 9TO BCeBO3MOxKHbIe cyioBa 3 € A™ ¢ |f| = n = |a|, navanbuoe
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Ty _
COCTOSIHIE — 3TO CJIOBO (v, & Hepexoibl — 310 Y3 — Bx anga seex B € AP,
x,y € A

6.1.34. (OrobpazkeHre OoTOpACHIBAHUS [EPBONO CUMBOJIA T © TolLy:-: >
x1Tg - -+ peryispro.) Orobpaxkenne oTOpachiBaHUs MEPBOIO CHMBOJIA T
AY — AY (1(x))n = Tpi1, TAKIKE PErYISIPHO, HAIIPUMED, IIOTOMY UTO €rO
rpadpuk cumMMerpudeH obbenuHenuio rpadpukoB Beex o,, a € A. Kak n B
HPEIbIYIINX IIPUMEPaX, MOXKHO HAIIPAMYIO IIOCTPOUTH KOHEYHBIN aBTOMAT,
pacnosnaomumii rpacduk [';: cOCTOSHISA 3TOr0 KOHETHOrO aBTOMATa — CJIOBA,
JUIAHBL He GoJsiee 1, HAUaIBHOE COCTOSTHHME — IyCTOE CJIOBO (), a mepexombr —
0 yuxr—L y s seex x, y € A.

6.1.35. (®akroprupocrpancreo K := D/ = — nonbekuii kKomnakt.) [lycrs
JIAHO PeryJisipHOe OTHOIIEHME SKBUBAJIEHTHOCTH = Ha KoMmIiakTe D¥. Torma
dakroprupocrpancTeo K = D“/ = oraennmo (pa3 rpaduk = 3aMKHYT CO-
raceo [6.1.9)), a snauut, 1 KoMmakTHO. HAmOMHEM, ITO KOMIAKT SIBJIAETCH
HOJIbCKUM (T.€. METPU3YEMbBIM TOIOJIOTHYECKUM IIPOCTPAHCTBOM, O0JIaJIaI0-
UM CYETHBIM BCIOJLY IJIOTHBIM MHOXKECTBOM) B TOM M TOJIbKO TOM CJIydae,
eC/IM OH METPHU3YeM, & TAK¥Ke B TOM ¥ TOJIbKO TOM CJIydae, eCjii OH YJIOBJIe-
TBOPSAET BTOPOI aKCHOMe CYETHOCTHU, T.e. 00Ja/IaeT CYETHON 0a30if TOMOJIO-
run. OTcrofia cpasy CJIeIyeT, 9TO OTIeTuMOe (DAKTOPIPOCTPAHCTBO MOJTBCKO-
ro KOMIIAKTa sIBJISIeTCsl TIOJBCKUM KOMIAKTOM; B dactHocTH, K = D¥/ =
— noJibekuit komnakt (eciau {V, }ney — cuérnas 6asa Tonosiorun D) 1o B
KavecTBe CYETHOH 6asbl Tonojorun K MOXKHO B3ATh CEMEHCTBO MHOXKECTB
Wy = K —7m(D¥ = J,cq Vn), Te A npoberaer BCEBO3MOMKHbIC KOHEUHBIC
nonmuo)kectBa N, a m @ DY — K = D¥/ = ob6o3HauaeT KaHOHUIECKYIO
npoeknuio). B uwacraoctu, komnakrT K merpusyem. OJHAKO $IBHO yKa3aTh
paccrostaue Ha K (HampuMep, ¢ moMoIbio ¢hopMysibl, anajgornanoit (6.1.7.1)),
3ajiaoleil paccrosiaue Ha D*) He Beerja mpocTo.

6.1.36. (I"'panuria u oo IHEHNE BHY TPEHHOCTH PErYIISIPHOIO MHOYKECTBA, pe-
ryaspabl.) Jlokaxkem, aro epanuya OR = R —Int R u donoanenue enympen-
nocmu AY —Int R, uau, umo 00no u mo orce, aamvikarue donoanerus AY — R
pea2yaaprozo mmuoocecmea R C AY peeyasaprv. OTMETHM, 9TO eIBa JIT MOXK-
HO OXKUJIATH PEryJIAPHOCTH caMoil BHyTpeHHOoCTH Int R, TOCKOIbKY OHAa, BOOO-
ITie TOBODsI, He 3aMKHYTA, a 3HAUNT, U He perysipHa (cMm. [6.1.8]); anamormaroe
3amMedaHue BepHO u Jiyis jgoronHerns AY — R. Jlaa nokazarenbeTa 3aduKCH-
pyeM MUHHMAaJbHbIH KoHeuHblil aBromar G = (5, s, E) Hax andaurom A,
pacriozuatomuit R. [lycts S;,y C .S — Te cocrosnus, ITpu UCIOJIB30BAHUT KO-
TOPBIX B KAYeCTBE HAYAJBbHBIX PACIIO3HAIOTCA Bee ciioBa u3 AY. MHOXKeCTBO
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Sint MOXKHO 9 (PEKTUBHO BBIYUC/IUTD, IIOCKOJIBKY S, — 9TO B TOYHOCTU BCE
COCTOSIHUSI IIOIOJTHEHHOIO KOHEeYHOro asromara GG (cMm. , 3 KOTO-
PBIX HEJIOCTHKIMO oImbouHoe cocrosame L. Ecmm sg € S;,, To R = A¥
U yTBepKJeHne TpUBHAJIbHO, T.K. OR = AY — Int R = @. [lostomy Oyjem
CIUTATh, ITO Sg & Sint. BoibpocuM u3 G Bce COCTOSHUSA U3 Siyy, & TaKKe
BCe IIePEXO/Ibl, BEyIIe B TaKue COCTOSTHUSA WIn n3 HuX. [losrydnBimiicss Ko-
HevyHblii aBromMar 0G pacrno3HaéT Te 6ecKOHedHbIe CTPOKU & € A%, KoTopble
PACIIO3HAIOTCS UCXOIHBIM aBTOMATOM (G TaKHUM 00pa3oM, UTO OH HUKOIIA He
OKa3bIBAETCSI B OJTHOM U3 COCTOSTHUI Sy ; WHaMe ToBOps, OG pacmo3HaéT pe-
I'YJISIPHOE MHOKECTBO

R/ = {$ =Tox1-"- € R | Vn € No, Tolq .- .In_lAw ¢ R} (61361)

DTO ycjioBHE O3HAYAET, YTO & € R TAKOBO, YTO HUKAaKas €ro OKPECTHOCTH
HE COJEPYKUTCA MEJUKOM B R, T.e. ur0 & € OR. DTO JIOKA3BIBACT PErYJIsip-
HocTh rpanuiiel OR. Perynsprocts AY — Int R j1oKa3bIBaeTCs aHAJIOTUIHO:
9TO MHOYKECTBO PACIO3HAETC KOHEUHBIM aBToMaToM G| IOy dalouMest 13
MOTIOJTHEHHOTO aBToMaTa (G BBIOpACBIBAHUEM COCTOSHUI U3 Sy, TOCTE IeT0
OIMMOOYHOE COCTOSHWE | WHTEPIPEeTHPYyeTCs KaK OJTHO U3 OOBIYHBIX COCTO-
STHUI HOBOrO aBroMara. HecyioxkHo Buerh, uro G pacro3HaéT B TOYHOCTH
Te * € A¥, KoTOpBIE JTMOO BOBCE HE PACIIO3HAIOTCS UCXOJHBIM aBToMaToM (7
(r.e. G| mepexoUT Ha HUX Yepe3 KOHETHOEe YHC/IO MaroB B coctosguue L u
ocTaéTrcst B HEM HaBcerja), Jnbo KOTOPble PACIO3HAIOTCS UM, HO Tak, 910 GG
HUKOIJIa HE OKa3bIBAETCS B COCTOSAHUAX U3 Sin:. ITO osHadaeT, yro G pac-
nosuaér muoxkectBo R’ = (AY — R) UOR = A¥ — Int R, Tak uro A* — Int R
PEryJspHo.

6.2 PerynasapHble nmojacucreMbl

Perynsipabie nogmuoxkectsa R C AY, u3ydeHHbIE B MPEJIBLIYIIEM OIPA3/Ie-
Jie, B KAKOI-TO CTEleHN aHAJOTUYHbI 3aMKHYTBIM 110 3aPUCKOMY ITOJIMHOYKE-
crBaM acddunaHOoro mpocrpancTsa. Mbl XOTUM ONPENETUTD pe2yaaphvie noo-
cucmemv, R C A¥, aHa/JIOruaHble 3aMKHYTBIM I0/ICX€MaM TOTO Ke adduH-
HOTO IPOCTPAHCTBA. [aKWMM 00pa3oM, KaKJ0il perysspHOil mojcucreMe IR
COIIOCTaBJIIETCS HEKOTOPOE PETYJISIPHOE MOJMHOYKECTBO — a UMEHHO, €€ HO-
cumens |R|, 0JIHAKO OJHOMY M TOMY YK€ DEryJIsiPHOMY HOJMHOZKECTBY MOTYT
COOTBETCTBOBATH PA3JINYHbIE PETYIAPHBIE CUCTEMBI.

6.2.1. (IIpoexmnuu pr A" -5 A" npu 0 <m < n <w.) lycrs 0 <m <

n—sm
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n < w — opauHaJbl, A — IPOU3BOJILHOE MHOXKECTBO (00bI9HO KOHEUTHOE). To-
rj1a MBI MOZKEM OIIPEJICJIUTh 0mobpasicenue npoexyuy pr, ., = A" — A™, ne-
PEeBOJISAIIee KOHETHYIO MOCIE0BATEILHOCTD (T;)o<icn € A™ B €€ orpanntenne
(@1)0<i<m, WM, €CJIH YTOJHO, CJIOBO T(X] . . . Tp—1 B €I0 NPEPUKC LTy . . . Tpy—1
JUIHBL M. MOXKHO Tak»Ke cKa3aTb, UTO Pr,_,,, — 9T0 A™7" T.e. pe3yabrar
npuMenenns Konrpasapuantaoro dynkropa AT = Homges(—, A) K Bi1oxke-
HUIO opjHa0B m — n. fcno, uro pu 0 < m < n < p < W BBIIOJHEHO
PaBEHCTBO PI,,_,,, O PI,_,, = PI)_,,,, TaK ITO {An,prmtc0<m<n<uw
00pa3yIoT IPOEKTUBHYIO CHCTEMY, & PI,,_,, OIPEIeNdI0T ONeKTHBHOE OTOOpa-
skerne AY 5 l'glneNO A™ 3 A¥ B IPOEKTUBHBII IIPEJIET 3TOI CUCTEMBL.

6.2.2. (Vceuenusi R, u orpyGsenus R, = W, (R) 1pou3BOJLHOTO HOJIMHO-
xkecrBa R C AY.) Ilycrs A — koneunsrit andasut, R C AY — npousBosibHOE
nommuozKectso. O6osmaunM R, = pr, ., (R) C A" u R, := prL, (Ry); Oy-
JIeM TOBOpUTS, 1T0 R,, — n-oe ycewenue R, a R, — n-oe ozpybaenue R. Ecin
R 3aMKHYTO, TO R OTOXKJIECTBIISIETCS ¢ MIPOEKTUBHBIM IIPEIEIOM 1'&1” R, C
@n A" =2 AY; B obuieM ciydae 9TOT IPOEKTUBHBIA IIpeiel paBeH 3aMbl-

kaamio R. Kpome toro, ecim W, — OKpyKeHme pPaBHOMEPHOUW CTPYKTYPBI
kommakTa A¥, takoe, aro W,y B TOM M TOJILKO TOM CIydae, €CJU T U
y € AY coBIaJAIoT MO MEPBBIM 1 CUMBOJIAM, T.e. pr,_,.(x) = pr,_,,(y), T0
R, = W,(R). fcno, uto R, 0HOBPEMEHHO OTKPBITO # 3aMKHYTO B A”, 1 410
{R,}n>0 — yObIBaIOmIAs OCIIEI0BATEILHOCTH KOMIIAKTOB B AY, mepeceuenne
YJIEHOB KOTOPOi PaBHO 3aMBIKAHMIO R MCXOJIHOrO MHOXKecTBa R.
[Tpenpiayiye KOHCTPYKIUU MPUMEHUMBI TaKzKe K COOTBeTCTBUAM R C
A% x BY e B — emé 0oJIHO KOHETHOE MHOYKECTBO, TIOCKOJIbKY AY X BY &
(A x B)¥, u x ornomenusam R C A¥ X AY, HOCKOJBbKY MbI MOYKEM B34Thb
B = A. Kpome Toro, BCé 9T0 NPUMEHUMO K PEryJIsIPHBIM IOJMHOXKECTBaM,
COOTBETCTBUSAM M OTHOIIEHUSIM. B 9aCTHOCTH, pe2yAspHoe NOOMHONCECTNEO
R C A¥ noanocmuio onpedessemces nocaedosamesbHOCIGI0 CEOUT YceueHull
R, uau ozpybaenudi R, MOCKOIBKY 9TO BEPHO IS IPOU3BOJIBHBIX 3aMKHY-
THIX mojMHOXKecTB R C A (torma R = ﬂnZO R, = lﬁln R,); 9T0 Ke BepHO
U JJIs pery/sipubix coorBercTsuit R C AY X B“ u pery/isipHbIX OTHONICHUN
R C A¥ x A¥,
6.2.3. (KBasmyceuenns n KBasuorpybJ/ieHusi, 33/ [aHHbIE KOHEUHBIM aBTOMa-
ToM, pacrniosnaomum R.) [Tycte R C AY — peryssipHOe MOJIMHOYKECTBO, Pac-
[O3HAYaeMOe HEKOTOPBIM KOHEIHBIM aBromaToM G = (S, sg, F) (cm. [6.1.1
1/1. B sTom ciryuae G onpeiessier HEKOTOPBIE O IMHO)KeCTBa Re ,, C A"
u R, := pr,L,,, (Ra.n), KOTOPBIE MOXKHO HA3BATH NCE600YCEUCHUAMU T NCEG-
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doozpybaernusmu R, onpenenénnbivu apromarom G. A mmenHo, R, cocro-
UT W3 BCEX CTPOK @ = XToT1:: Tp_q1 € A" HAJIUHBI N, paclIOo3HaBaECMbIMU
G (T.e. TakKUMHU, [T KOTOPBIX CYIIECTBYET MOCJIEI0BATETHHOCTD EPEXO/IOB
ZXj .
s;i— 81 BGupn 0<j<n-—1 tmes; €95). fdcHo, a0 R 0TOXKIECTBIISA-
ercd ¢ lim Rg, C ljmn A™ = A% (310 ciejlyer HEMOCPEJICTBEHHO U3 OIIPeJIe-
(AR

JIEHUSI .1)), 5o Ipm 3TOM R, HE 00sI3aHO coBHAIATE ¢ R, a MOXKeT OBITH
HECKOJILKO Goutbiie. Amasorndno, ncespoorpyonenust Re, = pr,k,, (Ran)

cojiepkat orpyosienns R,,, HO, BOOOIIEe TOBOPs, HE COBITQIAIOT ¢ HUMHU, OJIHAKO
pu 3ToM [ ,5¢ Ran = R. OTMeTnM, 01HaKO, 9TO €C/Iu U3 KazKJI0IO COCTO-
Hug aBToMara (G HaUMHAeTCsT OeCKOHEYHAasl I0C/Ie0BATEIbHOCTD IIEePEX0I0B,

Harpumep, ecin G munnmanen (cm. [6.1.12), to Rg, = pr,,,(R) = R,

u Rg, = R,. Takum obpasom, nociaegoBarensnocts R = {Rgptn>0 Win
{ R n }n>0 TIOTHOCTHIO ONPE/IENIET PErYIAPHOE MHOMKECTBO R, HO COEPIKHT
6osibie MH(MOPMAIMN; B HEKOTOPOM CMBIC/IE 3TO AHAJOTUYHO CHTYAllud B
aJiredpanvdecKoil reoMeTpun, IJie HA OJHOM U TOM K€ 3aMKHYTOM IIOJIIPO-
crpaHcTBe Y cxeMbl X MOIYT CYIIECTBOBATH Pas/MvHble (HENPUBEICHHDIE)
CTPYKTYPHI TOJICXEMBI.

IIpensioxkenune 6.2.4 (CpasHenne nceBoorpybieHmil peryaspHbIX TO[MHO-
kectB R C S.) ITycts R C S C AY — peryJisipHble IOJMHOXKECTBA, PACIIO3HA~
BaeMble KoHeuHbIME aBroMatamu G u G’ (He obsizaTe/IbHO MHHUMAJIBHBIMI),
H IIyCTh fBG,n u ng,n — COOTBETCTBYIOIIHE MICEBI0OrDYOICHUST (CM.
Torzna cymecrByer ¢ € Ny, Takoe, dro st Bcex n. € Ny BBIIIOJTHEHO RG,nJrE -
S¢ir n, WIH, ITO PABHOCHIBHO, DT, vton(Rante) C Ser . B wacrrOCTH, CyIe-
crByer ¢ € Ny, Takoe, 910 E’Gm“ C S, st Beex n € Ny, 410 paBHOCHIBHO
Py rsn(Rente) C Sp. B KadecTBe { MOXKHO B3$Th, HAIIDHMED, KOJIMIECTBO
cocrosiauii aBromata G.

JokazareabcTBo. Ecim B3gTh B KayecTse G’ MUHUMAJILHBIA aBTOMAT, PaC-
O3HAOIMIMI S, TO IHceBI0OTrpPyOIeHTe SGQ” COBIIAIA€T C OOBITHBIM OIpyOJIe-
HUEM S’n, TaK 9TO BTOPOE YTBEP:KJICHHE IIPEIJIOKEHHSI JIeHCTBUTEILHO SBJIsI-
eTCsl 9aCTHBIM CjIydaeM OCHOBHOro. C Jpyroit CTOPOHBI, TTOCKOJIBKY BCErJIa
S, C ng,n, JIOCTATOYHO JIOKA3aTh BTOPOE yTBEPXKJEHUE, T.€. MOXKHO IIPE/I-
noyiararh G MuHEMAJbLHBIM. Kpome Toro, mockojbky uz R C S cienyer
R, C S, 10CTATOMHO JOKA3aTh 3TO yTBepkKJeHne B ciaydae S = R, T.e. Ji0-
KasaTh cyiiectBoBanue { € Ny, Takoro, 4o RG,nH - én 11 Becex n € Ny.
[TosTomy 6ymem cunrarhb, uro S = R u uro apromar G’ munumasien. BosbMém
B KadecTBe { KOJMIECTBO COCTOAHUI aBToMaTa (5, U3 KOTOPLIX He HAYMHAET-
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Csl HU OJIHOTO OECKOHEYHOro IyTu (mim Jiroboe GoJiblliee YIncyio, HAIpUMED,
obIriee KoJImuecTBo cocrosuuii apromara ). Ecnu @ € ngn+g, to aproMar (¢
PACIIO3HAET KOHEUHYIO CTPOKY ToXq . ..ZTnpi¢—1- 1IyCTH S, — COCTOSHHE aB-
toMmara (G mocje YTeHus IEPBBIX 11 CUMBOJIOB &, U BbIOEpeM HamOOJIbIIEe
0 <m < n+{, Takoe, 9TO U3 COCTOAHUS S, HAUNHAETCS OECKOHEUHBIHN ITyTh
B (G (ec/in TAKOTO M HET, T.e. €CJIM JIa’Ke U3 HAYATBHOTO COCTOSHUS Sy HET
6eCKOHEYHOTO TIyTH, TO 10JIoKUM m = —1). Ecim m > 0, u y — mocJjieioBa-
TEeJIbHOCTH METOK IIPOU3BOJILHOTO OECKOHEYHOTO Ty TH, HATMHAOIIEIOCA B S,y ,
TO Zg ... Tm1Y € R, orkyna @ € W,,(R) = R,,. Cortacuo BeIGOPY m, HU U3
KaKOro u3 n + £ — m COCTOAHUN Sy, i1, Sma2, - - - Spi¢ HE HAUUHAECTCA OECKO-
HEYHBI IIyTh, & 3HAYHUT, BCE 9TH COCTOSHUS Pa3/IndHbl (ecim ObL §; = §; IIPH
m < i< j<n+/l, 1o u3 s; HAUNHAJICA Obl OECKOHEIHBIN IIyTh C IUKINIECKOT
METKO# (%41 - .. xj—1)%). BBuay Bebopa £ 310 03Ha4aeT, 4o n+{—m < ¢,
OTKYJIa M > N U T € Rm C Rn, YTO 3aBepIaeT J0Ka3aTeJIbCTBO BKIIOYEHUA
—ﬁfc,mre C fin B ocHOBHOM ciydae m > 0. Ecian Ke m = —1, To HEpaBEHCTBO
m > n UPUBOJIUT K IPOTHUBOpEYHIo, T.e. & € Rg ¢ HEBO3MOXKHO, OTKY/a
noJydaeM TpedbyemMoe BKJIIOUCHHE RGWH — @ C R, u B 3TOM caydJae.

6.2.5. (ITomcucrembl, win w-noanpeanyakn R C A“.) OToxKIecTBIM Op-
JINHAJT W, T.e. MHOXKECTBO HEOTPHUIATETHHBIX IEJIBIX YHUCeN ¢ €CTECTBEHHBIM
HOPSAJIKOM, C COOTBETCTBYIOIIEH KaTeropueii, 1 pacCMOTPUM KaTEropuio w =
Funct(w®, Sets) mpeirydKoB MHOXKECTB Ha w. [Ipu 9TOM MBI Tak:Ke OTOXK-
JIECTBUM HATYPaJIbHOE YHCIO0 (KOHEYHBINH OPJMHAT) N € W € MHOXKECTBOM
BCEX MEHBIIUX OPJMHAJIOB, T.€. CO CTAHJAPTHBIM KOHEYHBIM MHOXKECTBOM
n ={0,1,...,n — 1}. Torga MOXKXHO OTOXKJIECTBUTH MOPMDUIM M — N B W
npu 0 < m < n ¢ KAHOHUYECKUM BJIOKEHUEM MHOXKECTB 11 <% M, U CIUTATh,
YTO W — MOJKATErOPHs KATerOprur MHOXKECTB Sets.

st mpousBoIbHOTO MHOXKECTBa A 0003Ha4NM Uepe3 A% mpenydok n ~
A", gBisiomuiicss orpaHndeHneM Ha w C Sets IpejcTaBUMOro (PyHKTOpa
ha = Homges(—, A) 1OCTE yIOMSIHYTOTO BBIIIE OTOXKIECTBICHUS OObHEK-
TOB n : w ¢ KOoHeuHbIMH MHOXKecTBamu . = {0,1,...,n — 1}. Orobpa-
wkeuust AY(m — n) 1 A" — A™, noaydaiomuecss TpuMeHeHneM (hyHKTO-
pa A¥ K mopdusmMam m — M B W — ITO B TOYHOCTU IPOEKIUU Pr, .. .
u3(6.2.1} orobpazkarorue (g, 1, ..., Ty_1) B HAGOP U3 MEPBIX 1M KOMIIOHEHT
(0, X1, ..., Tm—1). [losTOMY MIOCTIETOBaTEBHOCTH OrpyOIenuit R = { R, }n>0,
R, C A", us m win nceppoorpybsennit R = {Rgn}ns0, Ran C A",
u3 [6.2.3| npejicraBisiior u3 cebst w-noanpeanyakn R C A% r.e. moadyHKTO-
pbl byHKTOpa A“ (MM ero mojgoObLEKTH B KATErOPUI W ).
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Bosee ob6mro, 6yaem ropoputh, uro R = {R, },>0 dBasercsa (npoexmues-
noti) nodcucmemots nm w-nodnpednywrom A“, ecim R C A% B kareropuu @,
Te. ecmm R, C A" u pr, 1, (Ru41) C R, mas Becex n > 0. OGBIMHO MBI
IPUMEHSIEM 3Ty TEPMUHOJIOIHMIO TOJIBKO JIJIsl KOHEIHBIX MHOXKeCTB (ajdanu-
ToB) A; Torya Bee R, C A™ Tak:ke KOHEUHBI.

6.2.6. (Hocurens |R| mogcucremsr R C A¥. Cucrema R Kak JIOHOJIHATEIb-
Hasd CTPYKTypa Ha 3aMKHYTOM MHOXKecTBe |R|. MunnMasabHble HOICHCTeMBI
¢ JaHHBIM HocuTesaeM.) Kaxaptit w-nompenyaok R C A% sBisercs mojcu-
cTeMoii IpoeKTUBHOM cructeMbl { A™, pr,_,,. }, pPacCMOTpEHHO{T patee, U IIOTO-
MY €My MOXKHO COIIOCTaBUTH €r0 ITPOEKTUBHBIN TIpe eI l&n R C l&n AY = AY,
T.€. HEKOTOPOE 3AMKHYMOE IOIMHOKECTBO B A¥; MbI Oy/IeM TaK»Ke FOBOPUTb,
uro lim R — 3T0 mocumens cucteMbl Win w-lipejnydka R u obo3navaThb
ero depe3 |R|. OjHoMy M TOMY »Ke 3aMKHYTOMY IOJMHOXKecTBY R C A¥
MOI'YT COOTBETCTBOBATH pasimunsle R C A“, rakue, uro |R| = R; Takum
06pa30oM, MOXKHO CUUTaTh, 4TO cucmemae R — smo wexomopas donoanu-
MENOLHAA CMPYKMYPA HA 3AMEHYMOM nodmuoocecmee R C A¥. U3 Beex
cucreM R C A% ¢ dukcuposanubiM HocuresieM |R| = R ecTb HanMeHbIIad,
a MMEHHO, CHCTeMa, cocTaBIeHHas u3 npoekiwmit {pr, ., (R)},>0. Mbr Oymem
TOBOPUTH, ITO TaKas CHCTEMA ABJIACTCS MUHUMAALHOT WIN npueedénnotl. B
9aCTHOCTH, 044 4100020 3amKEHYymMo20 nodmnodcecmea R C A% cywecmeyem
KaK MUHUMYM 00nG nodcucmema ¢ wocumenem R, a UMEHHO, IOCTpOEHHasI
BBIIIe MUHIMaIbHas cucreMa {pr,,_,,.(R)},>o. B mnrepecyromen nac ciyqae
A xoreuHo, u Torja cucmema R C A% murnumarora 6 mom u moavko mom
cayuae, ecau ece e€ moppusmo, nepexoda R,.1 — R, cropsexmuervl, m.e.
ecat Pry, 1y (Ryt1) = Ry, 0aa ecex n > 0.

6.2.7. (Yeeuenust R,, C A™ u orpybieHust R, C A, oupeseséunbie cucTe-
moit R C A“.) Ecom R = {R,},>0 C A¥ — mpou3BOJIbHAS IOJICUCTEMA,
TO MBI MOZKEM II0 aHAJIOTHU C pacemarpusath R, = R(n) C A" (re.
sHaveHns npeinydka R : w — Sets Ha o0beKTax N @ w) KaK YCEUCHUs
cucrembl R, a OTKpBITO-3aMKHYTHIE moaMEOKecTBa R, = priL (R,) C A¥
— Kak oepybaenus R. Zcno, aro {Rn}nZO — yOBIBaOmAas MOCIEI0BATE b
HOCTBb OTKPBITO-3aMKHYTBIX ITOJIMHOXKECTB B A%, mepecedenne KOTOpOoil paBHO
Hocuresmo |R[, m 9T0 3TO TOC/TEI0BATEILHOCTD OIHO3HAYHO onpesenser R,

nockosbKy R, = pr, ., (R,).

6.2.8. (Perynapubie cucrembl R = {Rgntn>0 C A, 3a1aHHbIe KOHETHBIM
apromaroM G man andasurom A.) [lycrs G = (5,59, E) — xoneunstii (ne
00s13aTeIbHO JIETEPMUHUPOBAHHBII) aBTOMAT HAJI KOHEYHBIM ajihaBuToM A.

w—n
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IIycts Rg,, — MHOXKECTBO BCEX CJIOB & = Ty ...Z%,—1 € A", pacrosHasa-
eMbIx (4, T.e. TaKuX, 4TO CyIIecTBYIOT coctognud s; € S, 1 < j < n, n
HepexoJibl S; BN sjq1 w3 B, 0 < j < n — 1. Unage rosops, Rg, — 3T0O
[ICEB/IOYCeYeHNs, OIPe/Ie/IEHHbIe KOHeIHBIM aBToMaToM (G B cMmbice [6.2.3]
Torna pr,, 1, (Rant1) C Rap, 1 motomy G onpeiesisieT HEKOTOPYIO CHCTe-
My Re = {Rgn}tnso C A“. Msl Gyiem rosopurb, uro cucrema R C AY
pezyaapra, ecin R = Rg Ui HEKOTOPOTO KOHEIHOTO aBToMara (G, KOTOPBIit
[IpH >KEJAHUH MOYKHO CUNTATh JIETePMUHHUPOBAHHBIM, IIPH HEOOXOIUMOCTH
1peoOpa30BaB ero CTaHIapPTHLIM obpa3oM us3 [6.1.6

6.2.9. (Hocurenn perynsproit cucrembl Rg — 9T0 pery/sipHoe MHOXKECTBO,
pacnosnaBaemoe (G. PeryisipHasi cucreMa Kak JIONOJIHUTEIbHAS CTPYKTypa
Ha pery/aspHoM MHOXkKecTBe.) Ormernm, uto HOocuTesb |Rg| perynspHoii cu-
creMbl R, 3a1aHHO# KOHEYHBIM aBTOMATOM (G — 9TO B TOYHOCTHU PEryJIIPHOE
MHOX)KecTBO R C AY, pacnosnaBaemoe G B cmbicie [6.1.4. HaoGopor, ecim
MHOXKecTBO R C AY perynasapHO, TO U MUHUMaJbHAs PeryJjsipHas CHCTEMa
¢ HocuresieM R (cMm. TaKKe peryjsgpHa, HAIIPUMep, MIOTOMY YTO OHA
COBIIQJIAET C PEryJIAPHONW CHCTEMO, 3aJJaHHOW MUHHMAJIBHBIM aBTOMAaTOM,
pacnosnatonuM R. [TosToMy nMeeT ¢MBIC pacCMAaTpPUBATH PEryJIAPHYIO CH-
cremy R Kak HEKOTOPYIO JIOTOJHUTE/IHHYIO CTPYKTYPY Ha PEryJisipHOM MHO-
xkectBe |R|. MoKHO TakKe OTOXKIECTBIISITH PEryJIspHOe MHOXKECTBO R ¢ co-
OTBETCTBYIOIIEHl MUHUMAJIBLHON pery/sipHoii cucremoit. B sTom cmbiciie pe-
ryJasipHbIe TOJAMHOXKecTBa, R C A aHaJOrMYHBI 3aMKHYTBIM 110 3apUCKOMY
OIMHOXKeCTBaM a(PUHHOTO IPOCTPAHCTBA, & PerydpHble cucrembl R C AY
— 3aMKHYTBIM TIOJICXeMaM TOro ke ad@UHHOTO MPOCTPaHCTBA.

6.2.10. (Kpurepuii perynsipaoctu cucrembl R C A“ w1 MUHUMAJIbHBIH aBTO-
mat, pacrosuaontuit R.) s mo6oit cucremer R = { R, }n>0 C A“ u moboro
KOHETHOro cioBa @ € A* obosnaunm depe3 o\ R cucremy

a\R = {0\ Ry (o }nz0 C A (6.2.10.1)
rie, Kak 0OBIYHO, I J1I000Tr0 moaMHoxKecTBa 1 C A*
a\T={peA": apeT} (6.2.10.2)
Paccmorpum s cucrembr R C A“ MHOXKeCTBO

Sr:={a\R: a€ A"} (6.2.10.3)
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Hecnoxno Bumers no anasoruu c [6.1.14) aro cucmema R C A“ peeyaapna
8 MOM U MOALKO TOM CAYUAE, ECAU MHOACECME0 SR KOHEUHO, U 9TO B STOM
ciaydae Sp MOXKHO DACCMATPUBATH KaK COCTOSHUs (IIOMOJHEHHOTO) MUHI-
MaJILHOIO KOHEYHOI0 aBTOMara, pacrosHaiomiero R. HadajibHoe cocrosiHue
sroro apromara — 310 camo R = ()\ R, a nepexogpt — T = 2\T'; omu6o4-
HOE COCTOSTHHE — 9TO IIyCTad cucreMa &, NHUIMAILHBI 00bEKT KATerOPUH .
Ecu HyKeH HErnmomoTHeHHbII aBTOMAT, MOYKHO BBIKMHYTH OIIHOOYHOE COCTO-
sTHUE.

OrmernM, 91O KpUTepuit peryasipuocTu st cucrem R C A% oka3biBa-
eTcsl Jlazke Ipolne, deM kpurepuii peryssaproct [6.1.14] qyrs moqvuoxKecTB
R C A, moCKOJIBKY TOCIeIHUI JIOIOJHATEIHLHO TpebyeT TakKe 3aMKHY-
ToCcTh R.

Teneps MoxkHO nepedopmyupoBars [6.2.4] cieryromum o6pazoM:

IIpennoxxenune 6.2.11 (Bkirouenue peryjasipHbIX CHCTEM H HX OTDYOJICHUI]. )
Ecmn R, S C A¥ — perymsipasie mojcucreMsl, Takne, 9ro |R| C |S| B A,
to cymectByer { € Ny, Takoe, 94T0 BKJIIOYeHHe OrpyO/IeHHIT Rn+£ C S, Bb-
moJiHeHo i Bcex n > (.

6.2.12. (Oneparun nepecevenns: 1 06beIMHEHNsI DErYIISIPHBIX cucteM. ) Ecin
R u S C A¥ — pery/sipHble MOJICUCTEMBI, TO uX nepecedenne RN S u RU
S, omnpejenéHnble, HalpUMep, KaK X HIKHsIS U BepPXHdAdA I'paHb B PEHIETKE
110/100beKTOB A% | 6O ¢ TIOMOIIBIO SIBHBIX MOKOMIIOHEHTHBIX hopmyit (R N
S)y =R,NS,, (RUS), :=R,US,, peryispusl B A¥. D10 yTBEpKICHIE
apisercs obodmenueM [6.1.18| u [6.1.19] u j10ka3bIBaeTcs POBHO TaK Ke, C
[TOMOIIHIO TeX K€ KOHCTPYKIIN ¢ KOHEIHBIMI aBTOMATaMMU, JIHOO C ITOMOIIHIO
dbopmynr a\(RNS) = (a\R) N (a\S) u a\(RU S) = (a«\R) U (a\S) u
kpurepus [6.2.10]

6.2.13. (Ilpamoe mpomsse/ieHHe DEryISIPDHBIX CHCTEM.) AHAJIOIMYIHO, €CJn
R C A¥Y u S C BY¥ peryasapHbl, TO 1 UX IpsaMoe rnpoussejeane R x S C
A¥ x B¥ = (A x B)¥, onpejesiéanoe Jinb0 KaTeropHo BHYTPH W, JUOO TI0-
KOMIOHEHTHO ¢ momornpio (R x S), := R, x S,, C A" x B" = (A x B)",
CHOBA PEryJIPHO, 9TO YCTAHABIUBAETCS C MIOMOIIHIO BHEIITHErO IIPSIMOT'O TIPO-
U3BEJCHAA COOTBETCTBYIOIINX KOHEYHBIX aBTOMATOB, KaK B Jmbo ¢
HOMOIIBIO KPUTEPHA u dopmyist (a, f)\(R x S) = (a\R) x (5\S)

JUTs JTIOOBIX v € A, f € B* oMHAKOBOIl JIJTIHBI.

6.2.14. (O6pa3 u mpoobpas peryaspHbIX CHCTEM OTHOCHTENbHO @¥ : AY —
B“.) dcno, uro korcrpykimst A ~» A“ dynkropuaibia mo A, u moromy
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JI000e 0TOOpaKeHe KOHETHBIX MHOXKECTB ¢ : A — B unjpynupyer Mmopdusm
¥ AY — B“. JlokaxeM, 9TO 00pa3bl U IPO0OPa3bl OTHOCUTENBHO (0 pery-
JISIPHBIX TI0jicHcTeM CHOBa peryssipabl. Kak u B[6.1.24] nokazkem GoJtee obree
YTBEPKJICHNE, & UMEHHO, 9TO JIJIs IPOU3BOJILHOIO coorBeTcTBUst ¢ C A X B
coorBercTBEe P¥ C A¥ X B“ mepeBoautr peryiaspaoe R C A“ B peryisp-
Hoe ®“(R) C B“ ¢ xommonentamu ¢*"(R,,) C B", a 3aTeM IPUMEHUM 5TO
yreepxeHne K ® = o u ® = ¢!, JJokazaTejbCTBO CHOBA POBHO TAKOE IKe,
kak B[6.1.24} jocTaTouHO B35Th J€TePMIHIPOBAHHBIN KOHEUHbIH aBroMar G,
pacrnozHaonmit R, HOCTPOUTD 110 HeMy HeJleTepMUHUPOBaHHbI aToMar GP,
pacnosnatonuit *(R), a 3aTeM cTaHJIapTHHIM 06pa3oM Ipeobpazosath G
B JICTEPMUHUPOBAHHBII ABTOMAT.

6.2.15. (Yacrublil ciaydaii: MpOeKIUU ¥ TTOKOMIIOHEHTHAs KOMIIO3uIusl.) B
Ka4uecTBe YACTHOIO CJIydasl MPUMEHEHUS IIPEIbIIYIUX KOHCTPYKIIUI OTMe-
THM, 9TO ecym cucrema R C AY X B peryiisipaa, TO 1 €€ npoekiun pry(R) C
A“ u pry(R) C B“ peryisipHbI, a TakKe 9TO ecyu cucreMbl R C A“ x B¥
n S C BY x C¥“ peryiagpubl, TO U UX <IIOKOMIOHEHTHAs KOMIIO3UIIHA»
SoR={S,0R,}n>0 C AY x C* Takke peryisipHa, IIOCKOJIbKY

So R =pry;(((ida xAp x ide)?) (R x S)) (6.2.15.1)
(em. Takxke [6.1.25)).

6.2.16. (Ouepanuu ¢ peryysipHbIMI CHCTEMAMU COTJIACOBAHBI C COOTBETCTBY-
IONMMU OIIEPAIUAME C PEryJsapHbIME MHOKecTBaMu.) OTMETHM, 9TO OIpe-
JICJIEHHBIE BBIIIE ONEPAIN C PETYISAPHBIMA CHCTEMAaME, TaKue, KaK 00ben-
HeHue, IiepeceveHne, MpsaMoe IPou3BejieHne, obpas, Ipoodpas u KOMIIO3UIIHS,
0600IIAIOT COOTBETCTBYIOIINE ONEPAIUY C PErYIAPHBIME MHOKECTBAMUI B TOM
CMBICJIE, UTO OHM IIEPECTAHOBOYHBLI C onepaiueil B3artus HocurTens. Hanpu-
vep, |[R x S| = |R| x|S], [RN S| = |[R|N|S], [RUS| = |[R|U|S],
()] = ¢RI [(2*) ()] = (¢) (| RI) u | RoS| — |Rlo|S|. Moo
JIOTIOJTHUTD 5TH (bopMysibl pasencrBoM |RUS| = |R|U|S| auist U3 bIOHKTHBIX
obbeunenuit, tae RUS C (AUB)Y g R C AY u S C B“. Bee atu dop-
MyJIbI B JIEfiCTBUTEILHOCTH BEPHBI JIJId [IPOU3BOJIbHBIX Tojicucrem R C A¥
u S C BY, He 006s13aTEJILHO PETYJISIPHBIX, OJHAKO JIJIsi HEKOTOPBIX ONEPAIii
TpebyeTcss KOHeYHOCTh MHOKecTB A n B.

JInsg Tex M3 mepeunc/eHHBIX ONeparyii, 9TO BBIPA’KAIOTC KOHEUHBIMU
npegesnamu, T.e. N, X 1 @~ (nockosmbky (¢¥) H(R) = Rxpw A® nia g : A —
Bu R C B¥), a1 ¢hopMyJibl BEPHbI B MAKCUMAJILHON OBIHOCTH (JIa7Ke Jist
6eckoneunbiXx A u B), MOCKOJIbKY (DYHKTOP |-| BBIUUC/ICHUS] HOCUTEIA — 9TO
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dbyuKTOD @ BBLIYHC/ICHNAS [TPOEKTUBHOIO IIpejesia, KOTOPbId, KOHEYHO Ke,
COXpAHAET IIPOU3BOJILHLIE IIpeaesnbl. Dopmyiia Iy o clleyeT U3 OCTAIbHBIX,
IIOCKOJILKY O BBIPAXKAeTCS 9epe3 B3ATHE IIPSIMOr0 IPOU3BeIeHus, Ipoobpasa
u obpasa ¢ nomompio (6.2.15.1). @opmysna A1 IU3BIOHKTHOIO O0beLHHE-
HUS IIPOBEPSETCs HEIOCPEICTBEHHO, IOCIe 9ero hopMyJa s 00beMHeHI
caenyer u3 popMyJIbl g obpasa, IOCKOILKY npu R, S C A BbIIoIHEHO
RUS=VYRUS)u |R|U|S|=VY(R|U|S|), tne V4: AUA - A —
KOJMArOHAJIb.

Taxum oOpa3zoM, ocTaéTcs TOJBKO JIOKA3aTh (DOPMYJTY JIJIsi HOCUTE A 00-
pasa nojcucrembl R C A orHocurenbHo ¢ : AY — B¥: 31ech Mbl OyjemMm
pe/mo/araTb KOHeYHOCTh MHOKecTB A m B. 3ameruM, 9TO BCe KOMIIOHEH-
Tl Mopdusma R — S = ¢¥(R), UHIYIUPOBAHHOIO ¢“, CIOP'HEKTUBHBI,
U TIPU 3TOM Bce MHOXKecTBa R, KOHEUHBI, ITIOCKOJIBKY (DYHKTOD an IepeBo-
JINT CIOPBbEKTUBHBIC MOP(MU3MBI IPOCKTUBHBIX CHCTEM KOHEYHHLT MHOMKECTB
B CIOPBHEKTHBHBIE OTOOpazKeHMsl MHOXKeCTB, otobpaxenue |R| — |S| ciopb-
ekTHBHO, oTKy/a | S| = ¢“(|R]).

6.2.17. (Ouepanuu, COXpaHsIONIE MIHIMAILHOCTD PErYIISIPHBIX CHCTEM: 00b-
eIMHEHNE, MIPSIMOe MPOU3BE/ICHIE 1 00pa3 OTHOCUTEIHHO ¢*.) OTMeTHM, UTO
HEKOTODbIe, HO He BCe U3 [EePEUNCIeHHbIX BBIIIE OIePaInii COXPAHSIOT MITHI-
MAaJIbHOCTH (T.€. TIPUBEJEHHOCTE) (peryasapHbix) cucrem. A mmenno, R U S,
RUS, Rx S u ¢p¥(R) muaumasbhbl, ecjim R u S 6bli MUHUMAJIBHBI,
OJIHAKO 3TO, BoobIe roBopst, nesepno jiua RN .S, (¢*) ' (R) u S o R. [Ina
JIOKA3aTe/IbCTBA STUX yTBepxKAeHuil 3amernM, 410 R = {R,, },,>0 MEHIMAIDL-
HO B TOM U TOJILKO TOM CJIydae, ecjii Bce MopdusMmbl nepexoga R, 1 — R,
ciopbexkTusEbl (cM. [6.2.6]), oTKyzna HememIeHHO BBIBOAUTCS Tpebyemoe, Mo-
CKOJIbKY U, LI, X 1 06pa3 OTHOCHTENILHO ¢ BBIMUC/IAIOTCS TOKOMIOHEHTHO U
COXPAHAIOT CIOPBEKTUBHOCTH OTOOparkeHnit MHOKeCTB. KonTprpumMepst s
onepanuii, He COXPAHAIONINX MUHUMAJBLHOCTD, TAKXKE JIETKO CTPOSATCS, Ha-
upumep, 11 RN S MoxkHO B3Th B KadecTBe R 1 S MuHNMAbHbBIE CHCTEMBI
B A¥ :={0,1}* ¢ HemepeceKalONMMUCS OJHOTOYeIHbIMU HOCHTEsiME {0}
u {01°°}, rorga RN S uMeer 1mycToit HOCHTEb, HO He PABHA MHUIUAILHOMY
obbekTy &, mockosbky (RN S); = R NS, = {0} # &. Orciona Tak-
JKe CcJIeflyeT U KOHTPIIPHMED /Il TPoodpa3a OTHOCHTEIBHO ¥, MOCKOJIBKY

RNS = (A%)"Y(RxS).

6.2.18. (O6pa3z u mpoobpa3 peryysipHOil CHCTEMBI OTHOCHTEIBHO DEryJsip-
HOTO COOTBeTCTBUsI Wi otobpazxkenus.) Ecim R C AY u & C A¥ x B“, to0
MBI OIIpeIeInM «00pa3 cucreMbl R OTHOCUTEIbHO CUCTEMbBI-COOTBETCTBUsS P »
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KaK

®(R) :=pry (@ N (pry) ' (R)) (6.2.18.1)

fAcno, uro Torna (@(R))n = ®,(R,). Pesynsrars [6.2.12}6.2.14| 1 [6.2.16]
nokasbiBaioT, uro cucrema ®(R) peryispHa, eciim ® 1 R peryaspHbl, # 9TO
|®(R)| = |®|(|R|). DTa KOHCTPYKIMs IPUMEHUMA, B TACTHOCTH, B TOM CJIy-
qae, ecyim & C AY X B¥ — npou3BoJibHOE peryJisipHoe (Hn j1azke 3aMKHYTOe)
coorBercTBre Mexy AY u B¥ a ® — MUHUMAJIbHAS CHCTEMA C HOCHUTEJIEM,
paBabIM P; B sTOM cityuae mbl nunieMm P(R) Bmecto ®(R) u roBopnm, UTO
®(R) — 510 06pas (peeyasproti) cucmemvs R C A“ ommocumenvno (pe-
eyaaprnozo) coomsememeus ® C AY x BY. Jlanee, ecm f : AY --» BY —
JaCTUIHO 33J]aHHOE Pery/sgpHoe oTobpazkenne, T.e. rpaduk [y C AY x BY pe-
rysspet, To Met nuireM f(R) Bmecto I'f(R) u HasbiBaeM €ro 00pasom cucme-
Mo R ommocumenvro pezyasprozo omobpascenus f; eciu |R| comepurcst
B obnactu onpezererns f, To |f(R)| = f(|R|). Ananormino, Mbl mumem
f~Y(R) BmectoO I‘;l(R) (e reepp R C BY) u Ha3bIBaeM €ro npoobpasom
cucmemv, R ommuocumenvro peeyaaprozo omobpascernus f. Dt onpesene-
HIsI 0D00OIAIOT PacCMOTPEHHBIE PpaHee IOHATHA obpas3a W IIpoodOpasa OTHO-
cuTesibHO MopdusmoB Buja ¥ @ AY — BY g ¢ : A — B u obiajaior
AHAJIOPMIHBIMU CBOHCTBAMU.

IIpensioxkenune 6.2.19 (Kommosurmst orpy6sennii.) [lyctb peryisipable cu-
crembl R C AY x BY, § C BY xC¥ uT C A“ x C¥ TakoBbl, 9TO
|S| o |R| C |T|. Torga cymectsyer ¢ > 0, Takoe, 9T0

SpivoRye C T, st Bcex n >0 (6.2.19.1)

e orpy6uenns R,,, Sy, T, OLpeLe/IeHb KAK B m
B wacrraOCTH, ecotn peryssipabie coorBercTBrust R C A X B, S C BYx(C%
uT C A¥ x C¥ takoBel, uro So R C T, o cymecrByer £ > 0, /1s1 KOTOPOIro
BBIIIOJTHEHO
§n+g o Rn+z c T, s Beexn >0 (6.2.19.2)

e orpybosenns Ry, S, T,, onpesejeHbl Kak B m
Amnajtormanble popMyJIbI BepHBI H /1T KOMIO3UIIHI 60sIee JIMHHBIX IIe-
IIOY9EK pPEryJisApHbIX CUCTEM HJIN DEIr'YJIAPDHDIX COOTBETCTBUH.

Hoka3zarenabcTBo. Bropoe yrBeprkienue JefHCTBUTEILHO SBJISETCA YacT-
HBIM CJIy9aeM IIepBOro, MOCKOJIbKY B KadectBe R, S u T MOXKHO B34Tbh MU-
HUMAJIbHbIE DEeryJIsdpHble cucreMbl (cM. [6.2.6]) ¢ manabiMu HOCHTENsIMU R,



6.3. Kareropust cranapTHBIX PErVJISIDHBIX MTPOCTPAHCTB 25

S u T, coorercrBento, toraa R, = R, u . LI 10Ka3aTebeTBa Iep-
BOro yrsepxzenus 3amerum, uto |S o R| = |S| o |R| cornacuo [6.2.16] u
noromy |S o R| C |T|, Tak 9T0 MBI MOXKEM HPUMEHHUTH K peryasp-
HbiM cucreMaMm S o R u T'. Takum obpasowm, cymectyer £ > (0, Takoe, 9TO

—_— N ~
(SoR),., C T, nna scex n > 0. IIockoIbKY KOMIOZHIAA PEryIapHLIX CH-
CTeM OIpeJIesIseTcs TMOKOMIIOHeHTHO, uMeeM (S o R), = S, o R,, oTKy1a
—_

HoJydaeM paBeHCTBO orpyOsennit (SoR) = S, o R,. Ilogcrasus B 910
paBeHcTBO N + ¢ BMecTO n, nojiydaeM Tpedyemoe BKodenue (6.2.19.1)).

CaencrBue 6.2.20 (KasurpaH3uTHBHOCTH OTDYOJICHUI TPDAH3UTHBHBIX PE-
rysspHabIX otHOmewnii. ) Ilycrs R C A¥ X AY — perysisipHasi cucteMa, Takasl,
qro R := |R| sB/siercst TpaH3HTHBHBIM (PETYJIspHBIM) OTHOIIEHHEeM Ha AY.
Torza cymecrByer ¢ > 0, Takoe, 9T0

Roig C R, s Beex n > 0. (6.2.20.1)

n

e orpybsaennst R, C AY x A% onpenesieHbl KaK B m
B wacruocrn, st 11060ro TpaH3UTHBHOI'O PETryJISIPHOIO OTHOIIeHHs R
Ha A“ cymecrByer ¢ > 0, Takoe, 9TO

R, CR, amscexn >0 (6.2.20.2)
st orpy6nennii Ry, onpenenéunbix B6.2.2]

HokazarenbcrBo. Tpamsurusnocts | R| o3nagaer, uro |R|o|R| C |R|, Tax
YTO JIAHHOE CJIeJICTBUE SABJISIETCA JaCTHBIM ciaydaeM [6.2.19upy R=S =T
nm R=5=T.

6.3 Kareropusa ctanJjapTHbBIX PETryJasSpPHBIX IPOCTPAHCTB

[IpomokuMm Hallle U3ydeHue PeryasspHbIX MHOYXKECTB M COOTBETCTBUM, II0O-
CTPOUB KaTEroOpuIo PeryadapHbIX cooTBeTcTBUil RegRel n eé nojgkareropuio —
KaTeropuio CTaHIAPTHBIX PETYISIPHBIX MPOCTpaHCcTB Reg.

6.3.1. (Kareropusi coorsercreuii Rel.) Hanomuum, 4ro xamezopus coom-
semcmeuti Rel — 310 Kareropusi, o0beKTaMi KOTOPOIl SBJISAIOTCA OOBITHBIE
MHOXKECTBA, a8 MOP(MU3MBI — 3TO COOTBETCTBHUA MEKJy HUMH; KOMIIO3UIINS

MOPdU3IMOB — 3TO 0ObIMHAs KoMmIosuius coorBercTuil (6.1.27.1). Karero-
pusi Rel obiajilaer MHUIUAIBHBIM U (DUHAIBHBIM O0OBEKTOM — 3TO IyCTOE
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MHOYKECTBO &; TaM TaK:Ke CYIIECTBYIOT OMHADHBIE MPOU3BEEHUsT U KOIIPO-
U3BEJIEHUsI, KOTOPbIE COBIAJIAIOT U 3aJIaI0TCsI U3 bIOHKTHBIM O0'beINHEHIEM
MHOX)KecTB. Kpome Toro, Rel dBjsieTcsi MOHOUIAIBHONM KATEropueil OTHOCH-
TesibHo A ® B := A X B (nekapToBa MPOM3BEJIEHNS MHOYKECTB), U JIAXkKe *-
aBTOHOMHOIl KaTeropwmeii: 1BoiicTBeHHBIM AL K MHOKecTBYy A ABIAETCA OHO
camo, a ecii R € Rel(A, B) — mopdusm B Rel, T.e. coorBercrBue R C AX B,
To R+ — 310 cumMerpanoe coorBercTBEe R~ C B X A, aBjsiomneecs Mop-
busmom R+ € Rel(Bt, AL). MyabTunimkaTuBHas JU3BHIOHKINA 2 COBIa-
JIaeT ¢ ®, T.€. C JIEKAPTOBBIM ITPOU3BEICHUEM MHOYXKECTB, ITOCKOJILKY BCETIa
A% B = (At @ BY)*, a suyrpennnit Hom(A,B) = (A — B), T.e. ju-
HeltHasg MMIUIIKAIMs, 330aéTcsa oobranoii hopmyioit (A — B) = AT % B =
(A® BY)*, T.e. cHoBa coBIasAeT C JIGKAPTOBLIM TIPOU3BEICHIEM MHOYKECTE
A u B. MynbTuiinkaTuBHas eIMHUIA 1 — 3TO OJIHOTOYETHOE MHOYKECTBO, 1
Ayasmasupyionuit oobekt L co cpoficrBom AT 22 (A —o 1) — 370 TOXKE OHO.

6.3.2. (CummeTpuvHble TPAH3UTUBHBIE OTHOIIEHUS KaK MJIEeMIOTeHTh B Rel.
Hacruunoe uiemnorentaoe pacimpenne Rel,.) Ilyers R — cummverpudnoe
TPaH3UTUBHOE OTHOIIEHNE Ha HEeKOTOpoM MHOxKecTBe X. Oboznaumm X, =
dom R = pry(R) = {x € X | Jy: xRy}. Ecom xRy, T0 110 cuMMeTPHIHOCTH
yRx, orkyma mo tpansutuBHocTH rRxr m yRy. D10 mokaswiBaer, uto rRx
it moboro x € Xy, m uro xRy = (x € Xy) & (y € Xo). Unaue rosops,
R C Xy X Xy, u R aBjgercs OTHOIIIEHNEM SKBUBAJEHTHOCTH Ha, ITOJIMHOXKE-
crBe Xo C X. Takum 00pasoM, CuMMEMPUUHBLE MPAH3UMUBHBLE OMMHOULEHUA
Ha MHOHCECTIBE X — MO MO JHCE CAMOE, YMO U OMHOUWEHUA IKEUBANEHI -
HOCTNU HG BCEBO3MONCHBIT Nodmmoscecmeaxr Xog C X. Eciim R — Takoe ot-
HOIIleHNe, TO, o4eBuaHO, R o R = R; sro o3navaer, uro R € Rel(X, X) —
MJIEMIIOTEHTHBIH H10Mopdu3M X B Kareropuu coorBerctBuii Rel. ITosTo-
My MBI MOYKEM PacCMOTPETDH MOJIHYIO MojKaTeropuio Rel, MaeMIOTEeHTHOTO
nonojinerust Kareropun Rel, cocrosiyio u3 oobekros (X, R) Takoro poja,
T.€. U3 MHOYXKeCTBa X M CUMMETPUYHOI'O TPAH3UTUBHOTO OTHOIIEHUS R Ha X .
Mopdusmbt Rely ((X, R), (Y, S)) — sro, xak o6brano, F € Rel(X,Y'), raxne,
qro S o F o R = F, 9ro paBHOCWIHHO Tape paBeHCTB So ' = F = F o R,
nockoJibky Ro R = Ru S oS = 5. Onnako B HalreM cjydae KaTeropus
Rel, oxa3biBaeTcs 9KBUBAJIEHTHA MCXOMHON KaTeropuu Rel, MOCKOIbKY 00b-
et (X, R) u3 Rel, okaseiBaercs mzomopden dakropmuoxectBy Xo/R (rae
Xo = dom R), paccmaTpuBaeMoMy Kak 00beKT Rel, ¢ MOMOINIBIO TPUBHATIH-
Horo uiaemnoTenta idx,/r = Ax,/r-

6.3.3. (O6oznavenne X /R i CAMMETPUIHOIO TPAH3UTUBHOIO OTHOIICHUS
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R na X.) [lycte R — cuMMeTpHYHOE TPAH3UTHBHOE OTHOIIEHUE HA MHOXKE-
cTtBe X, WK, 9YTO OJIHO U TO K€, OTHOIIEHNE SKBUBAJIEHTHOCTU Ha HEKOTOPOM
nonmuo)kectBe Xy = dom R C X. O6osnaunm 1epes X/R dakropmHo-
xkectBo dom R/R. Vuade rosopst, X/R — 9T0 MHOXKECTBO BCEX HEILYCTBIX
muO)KecTB Buja R(x), x € X. Ecom X — Tomosiornvieckoe mpocTpancTBo, TO
BBeIEM Ha X/ R = X/ R dakTopTono/oruo, HHIYIMPOBAHHYIO TOIOJIOTHeH
rognpocrpancTsa Xg C X.

6.3.4. (*x-aBTOHOMHasI KATErOPHUsI PETYIAPHBIX cooTBeTcTBUiT RegRel, Mex 1y
A%.) Ilycrs reneps RegRel, — kaTeropust perysisipHbIX COOTBETCTBHIA MeK-
Jty MHOXKecTBaMu Buja AY, rjge A MoXKeT ObITb JTIOOBIM KOHEIHBIM MHOXKE-
crBoM. Takum obpasom, obbekTsl RegRel, — 510 BeeBozmoxkubie A% (1m0
IPOCTO KOHEYHbIE MHOXKecTBa A), a MOP(MU3MBI — 9TO pEryJsipHbIE COOT-
BerctBust R C AY x BY B cwmbicie [6.1.4] Kommosuriusi 1ByX peryJisipHbIX
COOTBETCTBUI peryisgpHa 1o [6.1.27| a ToxkecTBeHHbIlt MOpdu3M id gw, T.€.
oTHOIIeHne paBeHcTBa Ha A“, perysspen 1o [6.1.22] tak aro RegRel, neii-
CTBUTEJIHLHO Kareropus. [Ipu KelaHuy Mbl MOXKEM OIUCATDH 3TY KaTerOPHIO
OY€Hb SIBHO M KOHCTPYKTHBHO, 3ajaBast 00bEKThI A ¢ MOMOIIBI0 KOHETHOTO
MHO)KecTBa A, a MOpduU3MbI, T.e. peryagpHbie coorBercTBusa R C A“Y x B¥
— € TIOMOIIBI0 MIHIMAJILHOT'O KOHETHOI'O aBTOMATa HaJl KOHEIHBIM ajihaBu-
ToM A X B, pacnosnaroniero R. fcno, uro RegRel, — 3T0 ®-10/1KaTErOpHs
kareropuu coorserctsuii Rel, ¢ AY @ BY = (AXx B)*uc R®S =R xS,
[IOCKOJIBKY JIEKAPTOBO IIPOU3BE/IEHUE PETYJISPHBIX COOTBETCTBUIl PETyISPHO
10 Bosee Toro, RegRel, — *-aBronomuas mnojkareropust Rel, ¢ Toii
ke sBoiicTennocTbio (AY)T = A u Rt = R™! na mopdusmax.

6.3.5. (*-aBTOHOMHAasI KaTeropusi peryisipHbix coorBercTBuit RegRel kak
JaCTUIHOE HJIeMIIOTeHTHOe nonosnenne RegRel).) Pacemorpum Tenepnb 4a-
CTUYHOE nJleMnoTenTHOe mnonosHenne RegRel kareropun RegRel,, onpeje-
JIEHHOE C TIOMOIIIBIO PEryJIIPHBIX CUMMETPUIHBIX TPAH3UTUBHBIX OTHOIIEHU
R no ananmornm c [6.3.2] Takum obpazom, ecsim R — cUMMeTpUYHOE TpaH-
3UTUBHOE PEryJspHOe OTHOIeHne Ha AY JijIsi HEKOTOPOro KOHETHOTO MHO-
)KecTBa A, WM, 9TO OJIHO M TO K€, PEryJIApHOE OTHOIICHWE SKBUBAJICHT-
HOCTU HA HEKOTOPOM peryjsipHoM mnojMHokectBe dom R C AY (ormernm,
gro dom R = pr,(R) HEOOXOAMMO pEryssipHO 110 , To RoR=R, n
noromy (A%, R) — HEKOTODBIN OOBEKT UIEMIIOTEHTHOIO MTOMOTHEHUS KATero-
pun RegRel,. Hama noBaa xkareropus RegRel — 3To nojiHas nogkaTeropus
NJIEMIIOTEHTHOTO HOTIOJTHeHNsI Kareropun RegRel,), oOpa3oBaHHass 00beKTaMn
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(A“, R) ykazaHHOrO BBIIIE BUia. B qacrtHOCTH,

RegRel((A“, R),(B“,S)) = {F € RegRely(A”,B*): So FoR=F}
(6.3.5.1)
Dra KaTeropus Mo-IpeKHeMy J0IyCKaeT OueHb SBHOE OIUCAHUE C IOMOIIBIO
KOHEYHBIX MHO2KCCTB 1 MUHUMaJIbHBIX KOHCYHbIX aBTOMaTOB; OTMETUM, 4YTO
CUMMETPUIHOCTD U TPAH3UTUBHOCTH OTHOIIeHNs R Ha A%, paBHO Kak u CBOIi-
crBo SoFoR = F, moryT 6uITh 3¢bdeKTuBHO nposepensl, cM. [6.1.23] [6.1.28],
u [6.1.21]

6.3.6. (Kareropuss RegRel siBisiercst x-apronomuoit.) Kareropusi RegRel,
Oy/LydH IIOJIHOM IOJIKATeropueil nieMIIOTeHTHOIO ITOIIOJIHEHUS *-aBTOHOMHOI
kareropun RegRel,, Takzke *-aBroHOMHa. Hanpumep, ® 3amaérca na RegRel
C TIOMOIIBIO

(A“,R)® (B¥,S) = ((Ax B)*,R x S) (6.3.6.1)

31eCh CYIEeCTBEHHO, UTO JIEKAPTOBO Ipom3BeieHue R X S HO-TIPerKHEMY CHM-
METPHUYIHO, TPAH3UTUBHO U PEIYJISIPHO, CM. . Kpowme Toro, (A¥, R)* =
(A“, RY) = (A%, R), nockonbky Rt = R™! = R no cummerpuunoctu R, Tax
YTO BCe OOBEKTHI *-aBTOHOMHON Kareropnn RegRel KAHOHNYECKH CaMOIBOMH-
crBennbt [

6.3.7. (Koneunsie mpomsseenns n Koupoussedenus B RegRel.) B karero-
pun RegRel, B otimmane ot RegRel,, cymecTByIOT KOHEUHBIE ITPOU3BE/ICHU
U KOIIPOM3BE/IEHNA, IPUTIEM OHU COBIIAJIAIOT, Kak U B Rel. A nmento,

(A“,R) & (B*,S) = (A R) @ (B*,S) = (AUB)*,RUS)  (6.3.7.1)

rie & u @ — obo3HaueHUs J1J1s GUHAPHOIO IPSIMOTO IPOU3BEJICHUs U KOIIPO-
U3BEJICHUs], WJIM, YTO OJHO U TO Ke, Jjis aJIUTUBHON KOH'LIOHKIIUU U aJl-
JIATUBHOMN JIM3BIOHKINY U3 JIMHEHHOM sjoruku. Mer BocrosibzoBasucs [6.1.19]
9T00BI YCTAHOBHUTD, YTO 00beuHene RUS perymspHo B (AUB)“ x (AUB)~.

6.3.8. (Oyukrop ¢ u3 RegRel B Rel.) ITockosbKy Kazpiit 06bekT (AY, R)
kareropuu RegRel siBiisiercst Takzke o6beKTOM Kareropuu Rel, , paccMoTpen-
Hoit B [6.3.2] u msomopden ram daxropmuoxkecrsy AY/R := dom R/R, mbl
nostydaem ecrecrBeHHbiit byHKTOp ¢ : RegRel — Rel, (AY, R) — A“/R
B 0603HaueHusIX [6.3.3] 3abbBaolmil JONOIHUTEBLHYIO CTPYKTYDPY HA MHO-
xkecrBax AY W PeryasgpHOCTb UCIOJIb3yeMbIX OTHOIIEHUl IKBUBAJIEHTHOCTU

2B 9TOM IIJIaH€ OHM YeM-TO IIOXOXKH Ha FI/IJIb6epTOBI)I IIPOCTpaHCTBa HaJ II0JIeM U3
OJHOI'O dJIEMEHTa.



6.3. Kareropust cranapTHBIX PErVJISIDHBIX MTPOCTPAHCTB 29

u coorerctuii. [Tpu sToM @ sBisercs: (cuabHBIM) ®-(DYHKTOPOM U COXPa-
HeET KOHEYHbIC IIPOU3BEJICHUA U KOIIPOU3BEICHNUA, & TAKXKE JBOMCTBEHHOCTD
*-aBTOHOMHOI KaTeropuu.

6.3.9. (Kareropus cranIapTHBIX pery/sipHbIX mpoctpascTs StdReg nmmn Reg.)
Byunem rosoputh, uro mopdusm F € RegRel ((A“’, R),(B“,S )) SIBJISIETCS pe-
2YAAPHBLM 0MOOPAdICEHUEM, €CITH UHIYIIMPOBAHHOEe uM cooTBercTBre O (F) €
Rel(A“/R, B¥/S) saBisiercst orobpazkeHneM MHOXKeCTB (T.e. rpaduKoM 0To6-
paKeHUs] MHOJKECTB). YICHO, UTO 3TO yCJIOBHE PABHOCHILHO ToMy, uTo F'~!o
F D RuFoF! C S, 9ro MmoxeT 6BITL IIpoBepeHo 3MhEKTHBHO; 3TO
cJIejyeT U3 TOro HabJoAeHus, 9To coorBeTcTBue R C X X Y gBigercs rpa-
dukom Hekoroporo orobpazkenus X — Y B TOM U TOJBKO TOM CJIydae, eCin
R'oRDidy u Ro R~ Cidy.

O6osznaunm 1depe3 Reg nian uepe3 StdReg kareropuio (CTaHIapTHBIX) pe-
IYJIAPHBIX TPOCTPAHCTB — mojikaTeropuio RegRel, cocrosiyio n3 Bcex 00b-
ekToB (AY, R) u u3 peryasipHbix orobpazkenuii Mexxy Humu. OObEKThbI Ka-
teropun Reg, mim, 9T0 OJHO U TO »Ke, 00beKThl Kareropuu RegRel, OymyT
HA3BIBATHCS (CTAHOAPMHBLMU) PE2YAAPHbLMU npocmpancmeamu. VIX He HAI0
[yTaTh C PEryJISPHBIMU TOIOJOIMIECKUMU ITPOCTPAHCTBAME, T.€. TOIIOJIOIH-
YECKUMHU TIPOCTPAHCTBAME, B KOTOPBIX BBIMOJTHEHA aKCHOMAa OTIEJTUMOCTH T3
(7r060€ 3aMKHYTOE TOJMHOYKECTBO SBJISETCS TIePeceIeHneM BCEX CBOUX 3a-
MKHYTBIX OKPECTHOCTEIH ).

6.3.10. (MbI paccmaTpuBaeM TOJIBKO CTAHJIAPTHBIE PEryJIsipHbIE TPOCTPAH-
crBa.) B masibHeiineM Mbl 3aMEHUM KATErOPHIO CTAHIAPTHBIX PEryJISIPHBIX
npoctpancTB StdReg Ha SKBHBAJEHTHYIO eif, HO OoJiee yI00HYIO KaTeropuio
peryJisipHbIX pocTpascTB Reg (cM. , KOTOPBIE OY/IyT OIpe/ie/IeHbl Kak
TOTIOJIOTUYECKHUE TTPOCTPAHCTBA C JIOTMOJTHATETHHON CTPYKTYPOU, TT0 aHAJIOTUN
¢ kareropueil (adpdUHHBIX MPUBEJIEHHBIX) CXeM B aJrebpamdeckoil reoMer-
pun. OHAKO JI0 KOHIA CJIEIYIONIEro oIpa3/Iesia Mbl pACCMATPUBAEM TOJIBKO
CTAHAPTHDBIE PETYJISIPHBIE TPOCTPAHCTBA B CMBICJIE JIAHHOTO BBIIIIE OIIPeIesie-
Hus [6.3.9] u Ha3BIBaEM UX IIPOCTO PEryJISPHBIME IIPOCTPAHCTBAMH, CUUTAS,
qro Reg = StdReg.

6.3.11. (Odynkrop @ : Reg — Sets.) 3amerum, uro dyukrop P : RegRel —
Rel, nepesojgammuii (A%, R) B A¥/ R, nepeBoaut nojkareropuio Reg C RegRel
B nojgkareropuio Sets C Rel, n moromy uamaymupyer dyakTop Reg — Sets,
KOTOPBII MbI 0003HAYNM TO# 2Ke OyKBOiT P.

6.3.12. (Oyuxropsr ¢ : RegRel — Rel u Reg — Sets ctporu n KoHcepBa-
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tuBHbBL ) OT™MeTnM, 9T0 062 BapuanTa dhyHKTopa ® crporu (T.e. HHbEKTUBHBI
Ha MOp(dU3Max) 1 KOHCEPBATUBHBL. DTO CJIEYET U3 TOTO, YTO H30MOPMOU3MbBI
B Rel, paBHO Kak n B Sets — 9T0O OMEKINKM MHOYKECTB, W U3 TOTO, UTO €CJIN
F € RegRel((A“, R), (B, S)) unaynupyer Guekumo ®(F) : A%/R = B¥/S,
to F~! — obparubiii Mopdusm xk F B RegRel; 31ech CylmecTBeHHO TO, YTO
coorsercTre 1 perynsapno, ecimu peryispao F.

6.3.13. (Kareropus Reg comep:KuT peryisipHble MHOKECTBA U PEryJsipHbIE
orobpazkenns mexky Humu.) Ecou X C A“Y — peryisipHOoe HOJMHOKECTBO,
o (A¥idyx) = (A¥ Ayx) — obberr Kareropun Reg (r.e. peryiasipHoe mpo-
crpaHcTBo), npuiaém @ nepeBouT 10T 06beKT B AY/Ax = X/Ax = X, Te.
«B camo X ». Mbl Moxkem oroxiectButh X C A“ ¢ srum o6bekToM B Reg.
Ecin Y C BY — em@ omHO pery/asgpHoe mojMHOKecTBO, T0 Reg(X,Y) —
9TO B TOYHOCTH peryJsipHble orobpazkenus u3[6.1.30] T.e. Haie HoBoe ompe-
JIeJICHIE PEryJIsIPHBIX OTOOPAXKEHMiT COIVIACOBAHO CO CTAPBIM U PACIIUPSAET
ero.

6.3.14. (Tomosorus na nosnbckom kommakre A“/R.) Ilycrs (AY, R) — pe-
I'yJISpHOE IIPOCTPAHCTBO, T.e. 00beKT Kareropun RegRel niu Reg. Nnade
roBopst, A — KOHEYHOe MHOXKEeCTBO, & R — CHMMETPUIHOE TPAH3UTHBHOE
perysproe orrorrenne na AY. Torma AY — mosbekuit KoMnakT (OTHOCH-
TEJILHO TOIOJIOTHHU IIPSIMOTO IIPOM3BEICHNUS), & 3HATUT, €r0 PEryJspHOe MO/l
muOKecTBO dom R C AY TakKe $BJIAETCS MOJBCKUM KOMIIAKTOM, OyLydu
saMkHYTBIM B A¥ 1o [6.1.8] Otrcrona ciemyer, uro u GakTOpIpoCTPAHCTBO
A¥/R = dom R/R rakxe sSBISeTCS IOIbCKIM KoMuakToM (cu. [6.1.35)).

6.3.15. (OyukTOp reomerpuueckoil peasmsanuu |-| : Reg — Cpt.) Oupee-
JM 2eomempuyeckyto peasusayuto | Xo| perynasgproro noamuoxkectsa X C
A¥ Kak MHOXkKeCTBO X BMECT€ C TOIIOJIOTUEH, NHAYIMPOBAHHON TomoJIorueii
psiMoro npousseenns Ha AY. Kpome Toro, eciu R — perynsgpHoe cCUMMeT-
PUYHOE TPAH3UTUBHOE OTHOIIEHUE Ha A%, T.e. PeryJsipHOe OTHOIICHUE SKBH-
BaJIEHTHOCTH Ha HEKOTOPOM PETyJISIPHOM TIoMHOKecTBe X := dom R C AY,
to |AY/R| nwmm |(A¥, R)| — sro dakropmuoxecrso AY/R = Xy/R ¢ dakrop-
tonosiorueit u3[6.3.14] Tem camMbIM MBI OJIyIaeM GYHKMOP 2e0MeMPUHECKOT
peasusayuy |-| : RegRel — CptRel u3 KaTeropun peryasgpHbIX COOTBETCTBHI
RegRel B kaTeroputo KoMmakTHBIX cooTBeTcTBUl CptRel, 00beKThI KOTOPOi
— KOMIIAKTHBIE TOIIOJIOTHYECKUE IIPOCTPAHCTBA, & MOP(MU3MBI — KOMIAKTHBIE
COOTBETCTBUSI MEXKJLy HUMHU, T.€. COOTBETCTBHUSI, I'PpaprK KOTOPHIX KOMIIAKTEH
KaK IOJIPOCTPAHCTBO MPAMOro Npoussejenus. [ToCKoMbKY BegKas Herpe-
pbIBHAsE OUEKIIUST MEXKJLy KOMIIAKTaMU ABJISIETCSI TOMEOMOPQU3MOM, MO/ IKATe-
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ropusi CptRel, cocTosiiiasi n3 TexX KOMIAKTHBIX COOTBETCTBUI, UTO SIBJISIOTCS
rpadukamMu 0ToOparKeHmii, 0TOXK AeCTBIsIeTCs ¢ Kareropueit Cpt KOMIIAKTHBIX
IIPOCTPAHCTB U MX HENPEPBIBHLIX oToOpaxkenuii. [losromy dbyHKTOp Teomer-
pHUYECKOil peasmsalu orpanudnBaercs 10 GyHkropa |-| : Reg — Cpt u3
KaTeropuy PETyJIsPHBIX IIPOCTPAHCTB B KATETOPHUIO KOMIIAKTHBIX TOIIOJIOTH-
YEeCKUX MPOCTPAHCTB (U Jlazke MOJTbCKUX KOMIIAKTOB).

6.3.16. (OyHKTOp reOMeTPHYECKON Peasn3alyi |- | cTpor u KOHCEepBaTH-
Ber.) Oba BapuaHTa (byHKTOpPa T€OMETPHUIECKON peasm3alui CTporu (T.e.
MHDbEKTUBHBI Ha MOPGhU3MaxX) U KOHCEPBATUBHBI, MOCKOJIBKY 9TO BEPHO JIJIst
ux Kommosuruu ¢ 3adbiBatonmM pyakropom CptRel — Rel unmu Cpt — Sets,

cM. 10.3.12

6.3.17. (O6oznavenne A¥/R st obbekra (AY, R) kareropun Reg mim RegRel
U JIUIS TOJIbCKOro KoMmakTa |(A“, R)|.) B nambreiitmenm (Ho He B 9TOM pasje-
JIe) MBI 3a9acTyIo 3J0ynorpebisgem TeM, 9ro dhyHKTOpl P u || sBisirorcs
crporumu (HO He BIIOJIHE CTPOTUMHU) U KOHCEPBATHBHBIME, U 0003HAYAEM Ue-
pes A“/R cam obbekt (A, R), a He ToabKo ero obpas ®((A%, R)) = A“/R
B KaTEropuu MHOXKECTB WJIU OTHOIIEHWi orHOocuTebHO dynkTopa ®. Bosee
TOrO, MBI MojipasyMeBaeM, 4to Ha A“/R BBejeHa onmncaHHas Bbiiie (axk-
TopTonoJiorusi, Tak 4ro A“/R OTOXKIECTBIISIETCST U C MOJIBCKHM KOMITAKTOM
|(A“, R)| B xareropun Cpt nim CptRel.

Cremyer, 0JHAKO, YIUTBIBATH TO, YTO B TAKUX CUTYaIUsAX caM 110 cebe
KOMIIAKT WJIM MHOXKeCTBO A“/R He MOMHUT JIONOJTHUTEIBHYIO CTPYKTYPY, C
HOMOIIBIO KOTOPOH €ro IOCTPOMIIN, IIOITOMY B JIEfiCTBUTEILHOCTH HAJIO ITOM-
HUTb U MCXOMHBbIH 00bekT (A%, R). Unadue rosopsi, dyukropsr ® u |-| He
SIBJIAIOTCSL BIOJTHE CTPOTUMHU, M IIOTOMY MBI Ha CAMOM JI€JIe HE MOYKEM OTOK-
nectBUThL Reg ¢ mosnoit nojkareropueit Sets uiaun Cpt. KoppekTnoe TormoJio-
rUuecKoe, BepHee, reoMerpuieckoe onncanue Reg Gyner nano nasee s [6.5]

6.3.18. (PeryssipHoe orHorerne R mim pacHo3HAIONMI ero KOHEYHbI aB-
TOMAT IOJHOCTBIO OIPEJIENISIIOT peryisipuoe npoctpancTBo (AY R).) Same-
M enig, uro obbekT (AY, R) kareropun RegRel uiu Reg, T.e. peryiaspHoe
npoctpancTBo (A%, R), KoTopoe Mbl 3a9acTyio obo3HadaeMm 1pocro AY/ R, B
JIHiCTBUTE/IBHOCTH [IOJTHOCTBIO OIPEJIE/ISIeTCs (¢ TOYHOCTBIO JI0 U30MOP(hu3-
Ma) PEryjadpHbiM OTHOIICHHUEM R 1 paciioO3HaroIIuM €ro KOHEYHbIM aBTO-
marom. B camom gese, cymecTByeT HaMMeEHbIIee KOHEIHOEe MHOXKECTBO Ag,
takoe, uro R C AY x AY; torna Ay C A, n (4§, R) usomopduo (A¥, R) B
Reg. Bouiee Toro, eciin R pacrosHaérest (MUHUMAIBHBIM) KOHEUHBIM aBTOMa-
ToM Gr = (5,80, F), e S — KOHEYHOE MHOXKECTBO COCTOSIHU, Sg € S —
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HavaIbHOe cocTosane, 1 B C S X A X AX S, 10 Ay HOIHOCTBIO OILIPEIeIIsIeT-
Cs1 9TUM KOHEYHBIM aBTOMATOM, IIOCKOILKY Ao = pry(E) U pry(E) = pry(E).
[TosToMy B A€HCTBHTEIBLHOCTH MBI MOXKEM IOJHOCTBIO 3aJaTh DEryJIsipHOE
npocrpancTBo (A, R) orHomenneM R MM MHHEIMAJIbHBIM KOHETHBIM aBTO-
maroMm Gg.

6.4 Perynaspable noAnpocTpaHCTBa U KOHEYHbIE MHpe/e-
Jbl B Reg

[IpofosmzkiM Hallle u3ydeHre KaTeropuu (CTaHIAPTHBIX) PEryJIsiPHBIX IPO-
crpanctB Reg. [/Ijg 9TOro Mbl JlajiuM sSBHOE OIKMCAHUE MOJ00HEKTOB B 9TOMN
KATErOpUH M BOCIIOJIb3YEMCS MM JIJIs JOKA3aTeIbCTBA CYIECTBOBAHUS pac-
CJIOCHHBIX ITPOU3BEICHUI U IIPOM3BOIBLHBIX KOHEUHBIX IpejiesioB B Reg. Kak
U B IPEJIBIIYIIEM pa3iese, Mbl CINTaeM BCe PErysipHbIe ITPOCTPAHCTBA CTaH-
JapTHBIME U oToxecTBisieM Reg ¢ StdReg (cu. [6.3.9|1(6.3.10)).

Onpepenenne 6.4.1 (Perymsipasie nogupocrparctsa.) Ilycrs X = (A, R)
— peryJisipHoe 1poctpancTBo. Mbl ropopum, aro Y — peryiasipHoe MoAIpo-
crpasctBo X, u mumem Y C X, ecin Y = (A¥,S) u npu srom S C R u
Ro S =S5. B srom ciyyae KAaHOHUYECKOe BJIOXKeHmue 1y : Y — X — 910

moppusm S € Reg((A¥,S), (A%, R)).

6.4.2. (Peryasipabie noanpocrpancra Y C X onpeensor mogo0bekThl X
B Reg.) OrmerumMm, uto cBoiictBo Ro S = S u3 m pasrocnabno S~ o
R =571 1re. SoR =S, nockosibky R n S oba cummerpuunbl. [Tosro-
My SoSoR =S, rak uro geiictsureasno S € Reg((A“,S), (A%, R)) u
iy : Y — X koppektHo omupeaeneHo. CpoiictBo R o S = S Tak:ke o3HaYaeT,
9TO JII00OI HeIyCcTol Kiaace S-9KBUBaJeHTHOCTH S(x) R-HACBHIIEH, T.e. sAB-
JeTcst 00 beIMHEHNEeM KJIACCOB R-9KBUBAJIEHTHOCTH; TOCKOJIbKY, KPOME TOTO,
S C R, 910 03HAYAET, UTO BCSKHI HEILYCTOMN KJIacC S-9KBUBAJIEHTHOCTH SIBJIst-
ercst KiiaccoM R-skBuBasenTHoctH, Tak aro ¢(Y) = AY/S C ¢(X) = AY/R
(mamomuMM, 9T0 A¥/R — 9T0 B TOYHOCTH MHOXKECTBO BCEX HEITYCTBIX KJIAC-
coB R(zx)). Obparto, HECIOKHO BUAETH, 9TO €CJAH BCAKUII HEIyCTON KIIACC
S-3KBUBAJIEHTHOCTH SIBJISIETCS KJIACCOM R-9KBUBAJEHTHOCTH (T.e. GyKBAJIbHO
ecm O(Y) C ®(X) kak mHOXKecTBa), T0 S C R u Ro S = S. naue ro-
Bops, Y C X ecau u moavko ecau (Y) C (X). B stom coayuae P(iy) —
510 Biaoxkerne P(Y) — &(X); B gacrnocru, P(ix) MHBEKTUBEH, a 3HAUNT,
iy : Y — X — monomopdusm B Reg (tak kak ¢ crpor), T.e. Y moorcem 6vimo
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omooicdecmenén ¢ nexomopuim nodobsexmom X 6 Kamezopuu pe2ysapHvis
npocmparcme (Mbl ToKazKeM 1o3xe B [6.4.16] uro B geficTBuTeBHOCTH Bee
noo6bekThl X B Reg BO3HUKAIOT TakuM 00pa3oM). Kpome Toro, mockoibKy
liy| - |Y| — | X| — unbekTuBHOE HEpepbIBHOE 0TOOpaXKeHne KOMIAKToB, |Y|
0MONCIECNEAAECA € 3AMEHYMBIM nodnpocmpancmeom komnaxma | X |.

6.4.3. (AyibTepHATUBHOE OIMCAHUE PErYJIsIPHBIX MOJAMPOCTPAHCTB Yepe3 Ha-
CBINIIEHHBIE PEry/IspHble ToAMHOKecTBa.) [lycTs mo-npexkaemy X = (AY, R)
— peryJspHoe MPOCTPAHCTBO, U mycTh Xy := dom R C A¥ — nocuresnsb R,
peryssproe nogmuoxecrso B AY; torga ®(X) = Xo/R. Ecm Y = (A“,S)
— peryJgpHoe moanpocrpaictBo X, 1o Yy := dom S — TakxkKe peryisp-
HOe noaMHOKeCTBO AY copepxkameecs B X (moromy uro S C R), upu-
4éM R-Hachblilennoe (J1eficTBUTEbHO, Yy — 00beIMHEeHNe BCeX HEMyCThIX S-
KJIACCOB 9KBUBAJEHTHOCTH S(T), & Mbl BUJIEJIN, UTO KaxK bl Takoil Kiaacc R-
HACHIIIEH). Mbl MOZKeM BOCCTaHOBUTH S 110 Yy, TOCKOIbKY S = RN (Y, x Yp).
Bosee Toro, ecim Y, C Xy — npomsBosbHOE R-HACBIIIEHHOE DETYJIsAPHOE
noxmuo)KecTBO, To S := RN (Y X Yy) — cuMMeTpudHOEe TPaH3UTUBHOE pe-
ryasipHoe otHormenne Ha AY, nmpuaém dom S’ = Yy, S C Ru Ro S = 9,
tak aro Y' := (A¥,S’) — perymnsproe nommnpocrparctBo X. Tem cambim
Y = (A%, S) — dom S onpedeasem buexyuto mesncoy pezyiapHuimu noonpo-
cmpanemeamu Y C X U R-HacoiueHHbmu pe2yisproiMu noOMHONCECTEAMU
Yy C Xo. Koneuno xe, npu stom ®(Y) C ®(X) oroxkmecrsisiercs ¢ obpa-
3oM Yy C X orHocuresnbHO ciopbeknmn Xg — Xo/R = ®(X). Ormernm
eme, 910 R-nacviwentvie peeyaiaproie nodmmoocecmsea Yy C Xg — amo 6
MoYHOCTU Pe2YAAPHBIE Nodmnodcecmea Yo C AY, cosnadarowsue co ceoumu
R-nacviwenuamu R(Yp).

6.4.4. (Peryngpuble mOAIIPOCTPAHCTBA PETYISPHBIX HOAIPOCTPAHCTB.) OT-
METHUM, YTO €CJIK Z — PeryjaspHOe IOJIPOCTPaHCcTBO Y, a Y — peryusp-
HOEe IOAIIPOCTPAHCTBO X, TO Z SABJISIETCS TaKrKe PEry/IsipHBIM IIOAIPOCTPAH-
cTBoM X ; B 3TOM ciydae Mbl rumiem Z C Y C X. Kpome toro, eciin Z C X
nY C X — peryngpuble OAIPOCTPaHCTBa X, Taknue, YTo 4 C Y Kak IOJI-
o6bexTsl X B Reg, mim, uro pasnocusbho, ¢(Z) C ®(Y) suyrpu ¢(X), 10 Z
SIBJISIETCSI PETYJISIPHBIM IIOIIIPOCTPAHCTBOM Y, TaK YTO MCIIOJIH30BAHIE OTHOM
U TOM XKe 3anucu 4 C Y I BKIIOYEHUsS HOTO0OBEKTOB U IJIsT 0003HAYEHMS
PEryJIsSIPHBIX MOIPOCTPAHCTB HE MPUBOIUT K MPOTUBOPEIHIO.

6.4.5. ([uctpubyTuBHAs PEIMIETKA PETYIAPHBIX MOIPOCTPAHCTB DPeryJisip-
Horo mpoctpancTBa X .) IlockosbKy peryssipabie mognpocrpanctsa Y C X
SIBJISTIOTCs TTOA00BbEeKTaMu X, Ha MHOYKECTBE PEryJIsipHBIX ITOAIIPOCTPAHCTB
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{Y:Y C X} ecrb ecrecrBeHHBIi YaCTUUHBI HOPAJOK C, MHJLYIMPOBAH-
HBIl BKJIIOUEHUEM COOTBETCTBYIOIIUX I10JJ00BEKTOB; MBI TOJIBKO UTO BUJICIIH,
910 Z C Y PaBHOCWIBHO TOMY, 9TO Z SIBJISIETCS PETYJISIPHBIM MOPOCTPAH-
creoM Y. Kpome toro, Z C Y B TOM 1 TOJIBKO TOM citydae, ecian $(Z) C O(Y)
BHyTpu MHO)KecTBa P(X); B uactaoctu, ®(Z) = (V) Breuér Z =Y. Eciu
Y = (A, S) u Z = (A¥,T) — perynsapusie nonupocrpancrsa X = (AY, R),
ToYNZ:= (A SNT)uY UZ :=(AY, SUT) — Takke pery/spHble MoJ-
npocTpancTBa coracho 6.1.18/u(6.1.19, npuuém (Y NZ) = &(Y)NP(Z) u
(YUZ) = o(Y)UP(Z); orciona crenyer, uro Y NZ u Y UZ — 970 HIZKHAA 1
BEPXHss I'paHb Y U Z B PENIETKe PeryasipHBIX TompocTpancTs X . bosee To-
0, pewémra peeyrapuoir noonpocmpancms X Jucmpubymuena, HOCKOJIbKY
¢ Y — O(Y) oupenensier eé Biaoxenne B pemérky P(P(X)) mommHOKeCTB
muoxkecTBa O (X).

6.4.6. (Perynspubie moampocrparctea X u RegRel(1,X).) B kareropun
muOoKecTB MHO)kecTBO P(X) = {Y : Y C X} Beex mogmuokects uK-
CHPOBAHHOTO MHOYKeCTBa X JIONYCKAET TPU PA3HBIX OIMCAHUS: TEOPETUKO-
muOzkecTBerHOoe (J(X) cocrout m3 Bcex MHOXKeCTB Y, Takux, 4ro u3 y € Y
caenyer y € X), B pamkax kareropun MHOKeCTB (P(X) — 910 MHOXKECTBO
nomobbekToB X B Sets) m B pamkax kareropum coorBerctBuii (P(X) =
Rel(1,X)). Mbl XOTHM IPOBEPHUTH, UTO PEryJISPHbBIE TOIIPOCTPAHCTBA JI0-
IIyCKAIOT aHaJOrnYHble onucanus B kKareropusx Reg m RegRel. lokaxkem
CHaJaJIa, 9TO pe2yaipHvie nodnpocmparcmea Y C X Haxodamcs 60 63aum-
no odnosanarom coomeememeuu ¢ RegRel(1, X). 3aech 1 = 1gey — MyiIb-
tuiinkaTuBHas equnnna Reg u RegRel, r.e. ({x}*,id). s sroro 3aduk-
cupyem X = (A%, R) u 3amernm, uro RegRel(1, X) 1o onpenenennto ecth
MHOKECTBO BCeX peryssipHbix F C {x}¥ x AY = A¥ rakux, uto Ro F = F
re. R(F) = F, eciim oToXK1ecTBUTH F' ¢ pEryJsipHbIM TTOJIMHOXKeCTBOM A%,
OpHako 9TO ycjaoBue o3HadaeT, 4To [ gaBjsiercss R-HaCBHIEHHBIM ITOIMHO-
xecTBoM HOcuTest Xy = dom R, a MBI TOJTBKO 4TO Bujeau B [6.4.3, 9To
TaKue peryssipuble nojmMuozkecTBa F' C Xy HAX0AdaTCd BO B3AMMHO OTHO3HAY-
HOM COOTBETCTBHUH C PETYJIAPHBIMEU TojmnpocTpancTtBamu Y C X, a UMEHHO,
Y = (A%, RN(F x F)). Takuum oGpasom, RegRel(1, X)) neiicrBurebao Haxo-
JINTCST BO B3AUMHO OJIHO3HAYHOM COOTBETCTBUHU C MHOYKECTBOM PEryJISPHBIX
nognpocrpancts Y C X. Ilpu stom dpyukrop ® : RegRel — Rel unmuy-
mupyer orobpazkenne RegRel(1,X) — Rel(1, (X)) = PB(P(X)), xoropoe
MOKHO OTOXKJIECTBUTH ¢ OTOOParKEHUEM, IEPEBOIANIUM PETYIIIPHOE TTOIIPO-
crpanctBo Y C X B perymsproe noamuoxkectso ¢(Y) C ¢(X).
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6.4.7. (O6pa3 u npoobpas pery/IspHOro MoIPOCTPAHCTBA OTHOCUTEILHO Pe-
IYJISIPHOIO cooTBeTcTBUs Win orobpaxkenust.) [Tycrs X' C X — peryssipaoe
noxnpocrpanctBo u F' € RegRel(X,Y) — perymsiproe coorserctsue. [lo-
ckosibky X' C X coorBercrByer HeKoTOpoMmy Mopdusmy RegRel(1, X)), kom-
no3uitusi 3Toro mopdusma ¢ F' B RegRel onpejielisieT HEKOTOPOE PEryJIsipHOe
nogpocrpancTso Y/ C Y, koropoe Mbl obo3HaunmM depe3 F'(X') u HazoBéM
obpazom X' ommocumenvno F. Ilockonbky dynkrop @ : RegRel — Rel co-
[JIACOBAH C HCIOJIb3yeMbIMU oToXtecTBirenusamu, ¢ (F(X')) C ®(Y) cosma-
naer ¢ obpasom noxmuoxkectBa P(X') C $(X) oTHOCHTEIBHO COOTBETCTBHS
O(F) mexuy ©(X) u ¢(Y).

DTH KOHCTPYKIUU MPUMEHUMbBI, B YACTHOCTH, K PEryJIsIpPHOMY OTOOpa-
xernto f € Reg(X,Y) C RegRel(X,Y), a takke k f~' € RegRel(Y, X).
Tem cambIM oIIpejie/ieHbI MTOHATUsSI oOpa3a W Ipoobpas3a pPeryaspHOro Iojl-
[IPOCTPAHCTBA OTHOCHUTE/IHLHO Ji0Ooro Mopdusma B Reg, nmpudém ST MOHS-
THs coryiacoBanbl ¢ pynkropom ® : Reg — Sets. Hanpumep, ecoim X' C X,
10 ®(f(X') = ®(f)(®(X) C &), aecm Y' C Y, ro ®(f 1Y) =
2(f)7 (V")) € B(X).

6.4.8. (Kanonuueckoe pasiiokenne peryJsipHoro orobpazkenus.) B wactHo-
ctu, Jisa Jroboro peryisipaoro orobpakenus f : X — Y omnpenenén obpas
f(X) C Y, re. obpaz X Kak peryasgpHOro MOAMPOCTPAHCTBA CaMOro ceds.
IIpu stom ®(f(X)) = @(f)(P(X)) C ®(Y). Jokazkem, 4o f npouyckaercs
gepe3 MoHOMOpbU3M i = if(x) : f(X) < X, Te. uro cymecTByeT pasioze-

aue f: X 5 f(X) < Y. Heiicrsurensuo, ecmn X = (A, R)u Y = (B¥,S),
to Reg(X,Y') cocrout u3 perynsgpusix coorsercruii F' C AY X BY, takux,
yro SoFoR=F, F'oF D RuFoF! cS. Tlosromy f: X =Y
— 3TO TO¥Ke Takoe peryinapnoe coorsercrsue F. Ilomoxum S’ = F o F~1;
S" — perynsipaoe orHomerue 10 [6.1.27], cuMMeTpUYHOE 0 MOCTPOEHUIO.
Torma 8" € Su SoF = SoSoFoR = SoFoR = F, orkyia
SoS =SoFoFt'=FoF1!=¢"Buyacraocru, 0S5 C SoS =9,
tak aro S’ tpamsutusHo. Nnave rosops, Y’ := (B¥,S") — 510 perymsipaoe
noanpocrpancrso B Y = (BY, S). Ilpusrom F1oF C Ru FoF~! =5 Tax
gro F' onpenensier mopdusm p : X — Y. Jlanee, mockoJbKy iy: @ Y — Y
samaérea S, a Takke S’ o F = FoF'oF D FoR = F u ogHospe-
mertno S’ o FF C So F = F, orkyna 8" o F = F, u noromy iy op = f
B Reg. Ocrasocs npoBeputh, uro Y/ — s1o meiicrBuresbro f(X). st aro-
ro MbI 3aMETHM, YTO MOCTPOEHHOE HaMU p O0JIaJIaeT TeM CBOWCTBOM, UTO
®(p) : AY/R — B¥/S’ CIOpPBEKTHBHO, 9TO HEIOCPECTBEHHO CIIEyeT U3 pa-
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Bencrsa S’ = F o F~1, xoTopoe 1mo3Bo/isieT HOCTPOUTE IIPO0OPa3 HEIyCTOro
S’'-x1acca sKBUBajieHTHOCTH TIpU oMot F' 1 ockosibky ®(iy+) nHbeKTHB-
1o ¢ obpazom O(Y') C O(Y) u O(f) = P(iys) o ®(p), orcrona ciegyer, 4ro
O(Y') = o(f)(P(X)) = (f(X)), orkyma Y’ = f(X) kak peryssipHbie M0JI-
IIPOCTPAHCTBA Y .

ITomyTHO MBI JI0Ka3aJIH, ITO HOCTPOEHHOE pasiiokeHne f = ijyy o p 00-
J3JIaeT TeM CBOHCTBOM, 4To ®(p) ciopbekTuBHO, a P (if(y)) NHBEKTHBHO; II0-
ckosibKy @ cTpor, oTcioa cieiyer, 4To p — snumopdusm B Reg, a ify) —
MOHOMOPhU3M.

6.4.9. (Kpurepwuii Toro, urober f : X — Y mpomyckascst gepes Y/ C Y.)
IMycrs f : X — Y — mopdusm B Reg u Y/ C Y — perynspuhoe moampo-
crpanctio. Torma [ nponyckaemes wepes monomopdusm iy @ Y' — Y 6
MOM U MOABKO MOM cAyae, ecau obpas P(f) codeporcumen 6 ®(Y') C O(Y),
m.e. ecau P(f) nponyckaemes wepes P(iy:). D10 ycioBue TakKe paBHOCHIIb-
HO Tomy, uto f(X) C Y’ Kak pery/isipHble MOIIPOCTPAHCTBA Y, WJIH UYTO
F71Y") = X; sr0 Tak m3-3a TOro, 4ro 00pa3bl U IPOOOPA3BI PETYIISPHBIX
HOJIIPOCTPAHCTB coriacoBanbl ¢ ¢gpyukropom . fcno, uro paccMarpubae-
MOE YCJIOBHE HEOOXOIMMO; JOCTATOYHOCTH K€ CJICAYeT M3 CYIIEeCTBOBAHHA

pasioxkenuss X — f(X) LGN T 6.4.8, nockoibky npu f(X) C Y’
aproMaTuaecku f(X) sBIsieTCs TaKKe PEeryssipHBIM OIPOCTPAHCTBOM Y
(cMm. , a smaunt, Kommozmmms f ¢ X 5 f(X) < Y’ maér mckomoe
pazsoxkenue f.

6.4.10. (Kpurepuii Toro, 4ro peryispHoe orobpazkenue u3oMopdHO BJIOXKe-
HUIO PEryJIsipHOro Mo/ pocTpancTsa.) Kpome Toro, u3 1 KOHCEPBaTHUB-
voctu yuakropa ¢ Hememmenuo ciaemayer, ato moppusm f: X — Y 6 Reg
UBOMOPPEH KAHOHUMECKOMY BA00CEHU0 Ty @ Y < Y mexomopozo peayaap-
Ho20 nodnpocmpancmea Y' CY 6 mom u MoAbko MoM CAyHae, ecau omoo-
pasicenue P(f) unsexmusno. eiictBuresibHo, B 9TOM ciiydae MOPGhU3M P
u3 pasJioxkenus [6.4.8| 6yner takum, aTo P(p) OIHOBPEMEHHO MHBEKTUBHO U
CIOPBEKTHUBHO, a 3HAYUT, P — U30MOP(MU3M U3-3a KOHCEPBATUBHOCTH P.

6.4.11. (ITpoobpas perymsipHOroO MOKOOBEKTA OUPEETIAET JEKAPTOB KBaJl-
par.) Ilycrs reneps f @ X — Y — peryasapusiit mopdusm, Y C Y — pe-
ryasipuoe nomanpocrpanctso, X' = f~1(Y') C X — npooGpas peryaspHoro
nojpocrpatncrsa Y/ ornocurenso f B embicie [6.4.7} Torga ciemyromuit
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KBa/JIpaT AEKapTOB:

XXX (6.4.11.1)

1.

ygL Y

BoJtee To4HO, cymecTByeT eauHCTBeHHbIH MopdusM f 1 X' — Y| Takoit, uTo
iyr o f = f 0ixs, HOCIE YEro 3TOT KBAJIPAT CTAHOBUTCA JICKAPTOBBIM. st
JIOKA3aTe/IbCTBA JOCTATOYHO 3aMETHTD, 9TO COITacHo Kpurepuio [6.4.9] mop-
dusm g : Z — X obiagaer TeM cBoiicTBOM, 9T0 fo g : Z — Y mporyckaercs
depes iy: 1 Y/ < Y, B ToM 1 TOMBKO TOM ciydae, eciu (f o g) N (Y') = Z,
Te. g L (f71(Y") = Z, uro pasnocunbHo g Y(X') = Z, Te. Tomy, 4TO ¢
npomyckaercs depes iy : X — X.

6.4.12. (/lekapTOBbI POM3BEJIECHNS PErYIISIPHBIX MPOCTPAHCTB.) 3aMeTuM,
aro hyHKTOp ® 3 RegRel, 3amanusiii (A¥, R)® (BY,S) = (Ax B)¥, Rx S)
(cMm. [6.3.6)), onpesiesnisier TakKe mpsimoe npousBejieHne B Reg. Jlokazaresb-
cTBO 3TOTO (haKTa Mpo mnojkareropuio Reg x-apronomuoit kKareropun RegRel
JIOCJIOBHO TaKoOe 2Ke, KaK JIOKa3aTeTbCTBO COOTBETCTBYIONIEro (haKTa Mpo MOJI-
kareropuio Rel, = Sets x-aprononomuoii kareropuu Rel. B wacraocru, eciun
X =AYR),Y = BYS), Z=CT),nf: 72— X,9g:72 =Y
3aJIaHbl perysipHbiMu cooTBercTBusimu F C C¥ x AY, G C C¥ x B¥, 10
h=(f9):Z— X xY sanaérca H := pry, (F)Npri3 (G) C C¥ x A x BY;
CYIIECTBEHHBIM 37eCh ABjIgeTcs To, uto H perymspno 1o [6.1.24) u [6.1.18]
[Tpu stom P(X X YV)ZP(X) x ¢(Y)u | X x Y| = |X| x|Y].

6.4.13. ([qunaronanb Ay : X — X X X uzsomMopdHa BIOKEHUIO PETYJISIPHOIO
nogpocrpancTsa. ) [lycrs Tereps X — nponsBoJibHOE peryJsisipHOe IIPOCTPaH-
crBo. Torma mmaronans Ay : X — X x X obiamaer TeM CBOMCTBOM, UTO
®(Ax) UHBEKTUBHO (HOCKOIBKY Ax — paCHICNIAIONIICa MOHOMOPdH3M),
a 3HaIuT, Ay M30MOPQHA BJIOKEHUIO Pery/IspHoro mojmnpocrparcTsa A x (X))

B X x X cormacuo |6.4.10|

6.4.14. (Paccioennbie mpousBeJieHUsT CYIIECTBYIOT B Reg W COXpaHSIIOTCS
dbyurropamu ¢ u |-|.) Temepb MBI MOKeM JI0Ka3aTh, 9TO 6 Kamezopuu Reg
CYWECMBYIOM NPOUIBOALHBIE DACCAOEHHBLE Npoudsedenud. JeficTBUTENbHO,
ecmup: X —Zuq:Y — Z — upousBosbHble MOPMU3MBI, TO MBI MOXKEM
[IOCTPOUTH PaCCJIOEHHOE Ipou3BejieHne X Xz Y ¢ IIOMONIBIO BCIIOMOTATE b
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HOI'O J€KapTOBa KBaJ/JpaTa

Xx;Y —=XxY (6.4.14.1)
T
AN/

KOTODBI cymecTByeT coriacHo [6.4.11] moromy 4TO HEKH:AS CTPeJIKa U30-
MopdHa BIIOXKEHUIO peryssipHoro mojipocrpancrsa 1o [6.4.13] Kpowme roro,
U3 9TOf KOHCTPYKIMH cjejiyer, 9to gynkmopo.  : Reg — Sets u ||

Reg — Cpt coxpansrom paccaoenmvie npoussedenus. IIocKoIbKY OHU Tak-
7K€ COXPAHSIOT JIEKAPTOBBI IIPOU3BEICHUsT U (PUHATBHBINA OOBEKT, Mbl MOYKEM
3aKJIIOUUTh, 9TO Pyrnkmopo. P : Reg — Sets u || : Reg — Cpt mounw caesa.

6.4.15. (MonomopdusMbl peryispHbIX mpocTpancTs.) [lockoabKy Mopdusm
f X — Y B kaveropum ¢ pacC/IOEHHBIME TPOW3BEICHUSIMI SIBJISIETCST MO-
HoMopdusMoM, ecam u TonbKo ecim Ay 1 X — X xy X nzomopdusm, a
dyurTOop ® : Reg — Sets ToueH cjeBa W KOHCEPBATUBEH, Mbl BUJIUM, 9TO
moppusm pezyaapuuir npocmpanems [ X — Y asasemca monomopdhus-
MOM ecau U moavko ecau P(f) unsexmueno, WM, 9TO OIHO U TO XKe, €CAlU
e20 2eomempuueckas peasusayus |f| | X| = |Y| unsexmusna.

6.4.16. (Perynspubie moampocrparcTsa Y C X — 9T0 B TOYHOCTH MOT00bEK-
et X B Reg.) [Ipeapaymas kinaccudukanus Mmoromopdusmos B Reg Bmecte
¢ kpurepueM [6.4.10| mokasbiBaior, uro nodobsexmu X 6 Reg — amo 6 mou-
Hnocmu peayaaproie noonpocmpancmsa Y C X emecme ¢ ux KAHOHUYECKUMU
saooicenuamu vy - Y — X. Takum obpaszom, MbI, HAKOHEIl, 3aBEPIIIIA JI0-
Ka3aresbeTBO 31Toro dakra, Hadaroe B [6.4.6] Orciona BBuy cIIesIyer,
q10 nodobsexmu, Y C X, m.e. peeyaaprvie nodnpocmparncmea Y C X, 06-
pasyrom ucmpubymuHY1O PEWEMKY.

6.4.17. (Koupoussenenusi B Reg — 910 Ju3blOHKTHBIE 00beuHenus.) OT-
MeTHM, ITO KOHEYHbIE KOIIPOM3BEICHNUs TaKKe CYIIeCTBYIOT B Reg u coBra-
nator ¢ rakoBeiMu B RegRel (cm. [6.3.7). Mnade rosops, ecn X = (A%, R)
nY = (B*S), 10 XUY = ((AUB)*,RUS), rae obbeaunerne R U S Bbl-
ancistercs BuyTpu (A LU B)* (em. [6.1.19). 13 sToro onmncanus HemeIeHHO
caenyer, uto | X UY| = |X| U Y], Te. ynxmop 2eomempuneckotis pearusa-
yuu || : Reg — Cpt, pasno xax u dynkmop ¢ : Reg — Sets, coxpanaem
KoHeuHbvle Konpouseedernus. 11oaTomy Mbl OymeM TakrKe Ha3bIBATH KOHEUHBIE
KOIIPOM3Be/ieHus B Reg U3 BbIOHKTHBIMI 00beIMHEHUSAMHA.
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6.4.18. (ParTOPOBHEKTHI OTHOCUTEIHHO OTHOIIECHU SKBUBAJIEHTHOCTH U I'PYTI-
nowyioB B Reg.) JleiicrByst 110106HBIM 00pa30oM, MOXKHO JIOKa3aTh, YTO B Reg
CYIIECTBYIOT (DaKTOPOOBEKTHI OTHOCUTETHHO TTPOU3BO/ILHBIX OTHOIIEHW K-
BUBAJIEHTHOCTH (B KATETOPHOM CMbIC/IE) U Jaxe rpymmongos (cm. [6.5.19),
npuaém yHrTOpel ® U || coxpansitor 3t HaKTOPOOBEKTHI. 3/eCh CYIIle-
CTBEHHO TO, 9TO 00pa3 peryjsipHOr0 MHOYKECTBa OTHOCHUTEIHLHO PEryJIspHO-
o COOTBETCTBUs peryJisipeH. Kpome TOro, MOXKHO JI0Ka3aTh, 9T0O MOPMU3IM
f X — Y gasiserca koypaBauTeeM CBoell siepHoil mapel X Xy X = X
T.e. 3 GeKTUBHBIM SMUMOPMU3MOM, ecyin 1 TOJIbKO ecau P( f), wiu, aro oxHO
u TO ke, |f| cropbekTuBHO (CM. Huzke). TakuMm 06pa3oM, KAaHOHUYIE-
ckoe paszyioxkenue f = iop u3[6.4.8 — 310 B AeHCTBUTEILHOCTH PA3/IOKEHNE
Mopdu3Ma B KOMITO3HUITHIO 3 HEKTUBHOrO sruMopdu3mMa 1 MOHOMOPdU3Ma,
U TIOTOMY OHO €JIMHCTBEHHO.

Jlemma 6.4.19 (Kpurepuii Toro, 4ro g npoiyckaercst 4epes [ ¢ CIOpbeKTHB-
weiM D(f).) Ilyers f: X — Y uwg: X — Z — mopdusmbl (craHmgapTHBIX)
PeryJIsipHbIX IpocTpaHcTB, takue, aro P(f) ciopwekrusno, a ®(g) npomyc-
kaercst yepes ®(f). Torga g nporyckaercs: depes f.

HokazarenscrBo. Ilycts X = (A“R), Y = (B¥,S), Z = (C¥,T) B
StdReg; Torna f u g 3a1ai0TCs1 peryagapHbIMU cooTBeTcTBUIMU F C AY X B¥
u G C AY x C¥, rakumu, ato S o F o R = F (4ro paBHOCHIBHO S 0 F' =
F=FoR), ToGoR=G, F'oF DR FoF'CS G'oG DR,
GoG~! C T. Ciopbekrusnocts ®( f) oznagaer, uro FoF'~1 = S. Kpowme Toro,
®(g) npormyckaercst gepe3 O ( f) B TOM ¥ TOJILKO TOM CJIydae, eCjiu OTHOIIEHUE
skBuBasienTHocTH HA P(X) = AY/R, nnpynuposanuoe ( f), ciabee oTHOMIIE-
HUS SKBUBaJIeHTHOCTH, 3ajanHoro ®(g), re. F~1 o F C G o G. Tlonoxum
H := Go F! C B¥ x C¥ 5T0 peryigapHoe COOTBETCTBHE MO . Mpur
XOTHUM JI0Ka3aTh, uTo H 3ayaét Mmopdusm h : Y — Z, takoii, uto ho f = g.
J1s sToro najo nposeputh, 4to ToHoS =H, H'oH D> S, HoH ' CT
u uro H o F' = (. JlefictBuresnbro, uz F' = S o F' 110 cuMMeTpun 1ojrydaemM
F~!' = (SoF)™' = F~1oS, unoromy ToHoS = ToGoF oS = GoF~! = H;
natee, H1oH = FoG l'oGoF ' D FoF loFoF!'!=808=9;
HoH'=GoF 'oFoG!'CGoG 1 toGoG™ CToT =T; nakonern,
HoF =GoF ''oF DGoR=Guomospementio Ho F =GoF1oF C
GoGloGCToG=G, orkyna HoF =G.

6.4.20. (9ddexrusnbie stmmopdusmbl B Reg.) Jlokazkem yHOMIHYTOE BbIITIe
yTBepKaeHne, a uMeHHO, 910 f : X — Y asasemcs sdexmusrvim snumop-
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Pusmom (T.e. KOypaBHUTEIEM CBOeii sijiepHOil mapel p,q @ X Xy X = X)
8 MOM U MOALKO MoM cayuae, ecau omobpascenue P(f) @ ¢(X) — d(Y)
CIOpBeRMuUEHo, Ik, 9To paBHOCHILHO, ecau |f| @ | X| — |Y| cropsexmusno.
[TpoBepuM cHavdaIa JOCTATOIHOCTH ITOTO YCJIOBHUA. B caMoM sie/te, OCKOJIbKY
dynkrop ® Touen ciesa (cu. [6.4.14), on nepeoauT sepHYyIO HApy [ B sA1€ep-
uyto napy ®(f), a snauur, gop = goq, pasaocusbuoe D(g)o®(p) = ®(g)od(q)
no crporocru P, oKasbiBaeTcs PABHOCUIBLHO Takke Tomy, uro $(g) mporyc-
kaercst depes P(f), uaro cormacHo gemme PaBHOCHJIBHO TOMY, 9TO ¢
poITycKaeTcs depes3 f, HeoOXOIMMO eIMHCTBEHHBIM 00pa3oM (CHOBA IO CTPO-
roctu ®); 510 Kak pa3 ozHavaer, uro f = coeq(p,q: X Xy X = X), T.e. uto
f — sddexrusnbii stumopdusm. Ilociie Toro, Kak JTOCTATOYHOCTH JIOKA3a-
Ha, MbI BUJIAM, 9TO KAaHOHUYECKOe pasjoxkenue f = 1o p' us SIBJISIETCSI
Pas3/IoyKeHneM B KOMIIO3UINIO 3(hMEKTUBHOrO snuMopdusMa p’ 1 MOHOMOP-
dbuzma i, mockoabKy P(p') cropberTusHO; e f — 3hHEKTUBHBIN STIMOD-
dbusm, To aaepubie napel p’ u f = i o p’ coBumamaior, a moromy p’ coBHagaeT
¢ fu ®(f) rakke CIOPBHEKTUBHO. DTO JIOKA3BIBAET HEOOXOAUMOCTD CIOPbHEK-
tusaocTH D(f).

6.4.21. (Perynspusie coorsercrBus I € Reg(X,Y) — 910 perynspHbie moji-
npoctparctBa F' C X x Y.) [ekaproBo mpousseienne X X Y u3
[O3BOJISIET HAM OTOXKJECTBUTDH Pery/spHble coorBercTusi F' € Reg(X,Y) ¢
perysipbIME ToanpocTpancTBamu ' C X X Y, win, 9T0 OfHO M TO K€,
¢ nojobbekramMu ' C X X Y wam ¢ KiaccaMu u30MOP(HOCTH JIHArPAMM
X & F % Y, rakux, 4ro mapa MOphU3MOB p U ¢ MOHOMOPQHA, T.€. YTO
onpeieeHnblit eit Mopdusm (p,q) : F'— X X Y — mMoroMopdusm.

g nokasarenbcrBa sroro dakra mojgokum X = (AY R)uY = (BY,S);
torga F € RegRel(X,Y') paBrocwibHO ToMy, uto F' C A¥ X BY — pery-
JISIpHOE COOTBeTCcTBUE, Takoe, 94To S o F'o R = F. IlockoybKy Jijist JTIOOBIX
coorsercrBuil R € Rel(X', X), FF € Rel(X,Y) u S € Rel(Y,Y") BbinosizeHo
paserctBo SoFoR = (R*®S)(F), ycnosue SoFoR = F paBHOCHIIBHO TOMY,
uro (R® S)(F) = F, Tak kak B namewm ciydae R = R™1 = R 1o cummer-
puuanoctu R. Nnade roops, F' € RegRel(X,Y') paBHocuibHO TOMY, uTo F —
(R ® S)-HacblieHHOe peryssipHOe moaMHOKecTBo AY X BY; coracho [6.4.3]
rTakue F' HaXo[ATCs BO B3AUMHO OJHO3HAYHOM COOTBETCTBUU C PErYJIAPHBIMU
nojiupocTpancTeaMu B X ® Y = ((A X B)*, R ® S), T.e. ¢ peryasgpHbIMU
[IO/IITPOCTPAHCTBAMH TIPsIMOTo Tipou3Besicand X X Y B Reg.
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6.5 T'eomerpuyeckast KaTeropus peryJjsipHbIX IPOCTPAHCTB

BBeéMm 1oHsiTHE PEryJIAPHOTO IpPEICTaBIeHUsT KOMIIAKTA, WM, 9TO OJIHO U
TOYKE, PEryJIAPHON CTPYKTYPHI Ha, TOMOJIOTHYECKOM ITpocTpancTse. [locte aTo-
ro M3MEHUM HAIly TOYKY 3PEHUsl Ha PeryjadpHble MPOCTpaHCTBa Ha OoJee
reOMETPUIECKYIO: TelepPb 3TO OyIyT TOIOJOIMYECKHEe ITPOCTPAHCTBA, HaJe-
JIEHHBIE PETYJIAPHOI CTPYKTYPOIt.

6.5.1. (Peryssiproe npejicrasjienue komnakra K. PeryispHo npejcras/ieH-
HbIe KOMIIAKTHI U Pery/IsipHble 0ToOpazkeHus Mexk 1y Humu. ) [lycts K — Kom-
[MAKTHOE TOIOJIOIMIeCKOe TTPOCTPAHCTBO. OpesesiuM pe2yaaproe npedcmas-
AeHue Komnarma K Umm pe2ysapryio cmpyxmypy Ha monoso2ueckom npo-
cmpancmee K kak napy (6, X), cocTodIyio u3 craHIapTHOTO PEryJsipHOTo
npoctpancTBa X = (A%, R) B CMbICJIE OLIPEICTCHIST u romeoMopdus-
ma 0 @ |X| = K wmexiy reomerpuueckoil peanmmzanmeit X (cM. u
ToroorndeckuM mpocrpancTBoM K. Takmm obpasom, A — KoHeIHOE MHO-
JKEeCTBO, R — peryisgpHoe CMMMeTPUYHOE TPAH3UTUBHOE OTHOIIEHHe Ha AY| a
6 — romeomopdusm |A¥/R| = K. Ecimu perynsapnoe npeicrasienue (A, R, 0)
koMmnakTa K 3aduKcHpoBaHO, OyaeM rOBOPUTH, 9T0 K — peayasapno npeod-
cmasaenrvlli komnaxm. Eciun K u L — peryJisipHO 1pe/icTaBIeHHbIe KOMITaK-
TBI, TO UMEET CMBICJI TOBOPHUTDH O PETYIAPHBIX oToOpaxkenusx f : K — L u
peryaspHbIX cooTBeTcTBUAX R C K X L.

HAcno, uro ecim K jomnyckaeTr peryssipHoe mpejcTraBjienne, To K — moJjib-
cKuil KoMIakT. Y OJfHOro u Toro ke K, BooOIe roBopsi, MOIyT ObITH HEU30-
MOpdHBIE PEryJIsipHbIe MIpeicTaBeHus. JI10boe n3 Takux mpeJicTaBJIeHuil MO-
JKeT OBITH MCIOJIB30BAHO JIJIs 9(PDEKTUBHOIO KOMOMHATOPHOIO onucanus K
(coracHo , B Ka4eCcTBe TAKOBOI'O MOYKHO B3STh MUHMMAJILHBII KOHEY-
HBIIl AaBTOMAT, PACIIO3HAIONINN CUMMETPUIHOE TPAH3UTUBHOE PErYJISIPHOE OT-
Homerne R), a TakzKe HEKOTOPBIX €r0 HEIPEPBIBHBIX OTOOPAYKEHUI B JIPYTIHe
KOMIAKTHBIE IIPOCTPAHCTBA, JIOIYCKAIOIINE PETY/IsipHbIE IIpejicTaBjieHus. Ta-
KIM 00pa30M, TeOpHUs PEryJasapHO MMPEICTAaBICHHBIX KOMIIAKTOB — 9TO (par-
MEHT KOHCTPYKTHUBHOW MaTeMaTUKHU, MO3BOJIAIONMI 3hdeKTuBHO paboTaTh
C HEKOTOPBIMU KOMITAKTAMH.

6.5.2. (Peryssipable mpocTPaHCTBA KAK TOMOJOMMYECKHE IPOCTPAHCTBA C Pe-
DYJISIPDHON CTPYKTYpOit.) V3MeHuM Hallly TOUKY 3peHUsl Ha PEry/ispHbIe TPo-
crpaHcTBa. BysieM roBoputh, 9to pezyasapnoe npocmpancmeo K = (K0, X)
— 2mo monoaozuueckoe npocmpancmeo K, crabocérnnoe pe2ysapnoti cmpyx-
mypoti (0, X). Moppusm pezysaprolx npocmpancme, Wi pezyiapHoLl Mop-
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Pusm, wim peeyaapnoe omobpasicenue f: K = (K, 0, X) — L = (L,0.,Y)
— sto napa (f, @), cocrosiias u3 HenpepbiBHOro orobpaxkenus f : K — L u
mopdusma ¢ : X — Y B StdReg, takux, uaro f ol = 0 o|p|. Takum obpa-
30M MBI TIOJIy4aeM HOBYIO KATErOPUIO PEryJIsIPHBIX IMPOCTPAHCTB Reg, KOTo-
pas, BIPOYEM, SKBUBaJIEHTHA CTApPOii, KOTOPYIO MbI Telleph Oy1eM 0003HavYaTh
StdReg m Ha3bIBATL Kamez2opueti CIaHIaPMHLT PELYAAPHBIT NPOCTMPAHCNE.

Oupeiesiénnas TaKUM 0Opa30M KATErOpHUs PEryJIAPHBIX IPOCTPAHCTE Yy Th
OoJiee ecTeCTBEHHA C T€OMETPUYIECKO TOUKM 3penus. MoxkHo cpaBuuth Reg
¢ Kareropueit apPUHHBIX cxeM B anrebpamdeckoit reomerpun, a StdReg — ¢
Kareropueil cxem Bujia Spec R, rie R — KOMMYyTaTUBHOE KOJIBIIO, UJTH JIazKe C
KaTeropueil, mpoOTUBOIIOJIOKHOM KaTeropun KOMMYTATUBHBIX KoJiell. Bee a1n
KaTeropuu SKBUBAJEHTHBI, OJHAKO KaTeropus ap@UHHBIX cxeM 0oJjiee ecTe-
CTBEHHA U yJ00HA C T€OMETPUYECKON TOUKU 3peHus.

6.5.3. (OyHKTOpP TeOMeTPUYECKON pean3aini CTaHOBUTCS (hYHKTOPOM 3a-
ObiBaHus peryssipHoii cTpykTypbl.) Eciu X = (X, 0x) — peryiaspHoe mpo-
CTPAHCTBO B HOBOM CMBICJIE, TO MOYKHO CUUTATh, 9T0 | X | — 910 TOmOI0OTHYE-
CKOE€ IIPOCTPAHCTBO, MOJTydeHHOe 13 X 3a0bIBAaHUEM PETYJISIPHON CTPYKTYPHI.
Hossrit dynkrop |-| : Reg — Cpt C Top nepexoaur B crapblii (byHKTOP
reoMeTpryeckoil peasmsanui |-| : StdReg — Cpt, eciin B3dTh €ro KOMIIO3H-
IUIO ¢ 9KBUBAJEHTHOCTLIO KaTeropuit StdReg — Reg, 1 IOTOMY MX MOMKHO
OTOKJIECTBUTb.

6.5.4. (Perynspubiit mopdusm f : X — Y 0JHO3ZHAYHO ONpEIEIseTCst COOT-
BETCTBYIOIIUM HelpepbIBHbIM oToOpazkenneM.) OTMeTUM, 9TO pery/ispHbIil
Mopdusm f = (f, ) OMHOZHAYHO ONPEETISIeTCS COOTBETCTBYIOMINM HEIpe-
poiBHBIM OoTOOpazkenuem [ : X — Y (re. |f| : |X| — |Y]), nockosnbky
byHKTOP reoMeTpuvecKoii peas3aIyd |-| CTpor U KOHCepBATUBEH (Ha Kare-
ropun StdReg 110 , a 3HAYUT, ¥ HA SKBUBAJIEHTHOIl Kareropuu Reg).
[TosTOMYy MOXKHO TOBOPHUTH O PErYJISPHBIX MOpPGU3MaX KaK O HEKOTOPBIX —
a UMEHHO, PEeryJIsIPHBIX — HEIPEPBIBHBIX OTOOPAKEHUSIX COOTBETCTBYIOIINX
TOTIOJIOTUIECKUX [TPOCTPAHCTB.

6.5.5. (Perynsipubie nognpocrpancrea Y C X.) [yers X = (X, 0x : [ X'| =
X)) — pery/asgpHOe IPOCTPAHCTBO. ByjieM roBOPUTH, 9TO 3aMKHYTOE MOIMHO-
KecTBO Y C X ABISETCH PE2YAAPHOIM NOONPOCMPAHCTNGOM, €CIIH CYIIe-
cTByeT pery/sipHoe noamnpocrpanctBo Y/ C X' B cmbicie 6.4.1] Takoe, 1To
Y = 0x(|Y’]). B s1om ciyuae Ha Y BO3HHKaeT eCTeCTBEHHAs DerysisipHast
crpykrypa Oy : |Y'| 5 Y, nonyuennast orpaHuueHHeM DPEryJisipHON CTPYK-
Typbl X, U MBI BCEIJIa PACCMATPUBAECM UMEHHO 9Ty PEryJIAPHYIO CTPYKTYDPY
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Ha Y. /pyrumu ciioBaMu, WHIYIIMPOBaHHAsI PeryadpHas CTPYKTypa Ha 3a-
MKHYTOM TOJMHOXKecTBe Y C X — 9TO €IMHCTBEHHas PeryssdpHas CTPYK-
Typa, OTHOCUTE/ILHO KOTOPOI 3aMKHYTOe BjoxKeHue iy : Y <> X dBider-
cd PEryasgpHBIM MOPGMU3MOM, U TaKas pPeryaspHas CTPYKTypa CyIIecTBYeT
B TOM U TOJBKO TOM CJIydae, ecqu Y — PeryasgpHoe HOJIpOCTpaHcTBO X.
Pezysibrarsr [IOKA3BIBAIOT, YTO PEryJspHbIE TOIIPOCTPAHCTBA (PUKCUPO-
BAHHOI'O PEryJIAPHOrO MPOCTPAHCTBA X 00Pa3yIoT JUCTPUOYTUBHYIO PEIIET-
Ky, KOTOpas OTOXKJIECTBJIAETCA C IOJPEIIETKON PENMIETKA 3aMKHYTBIX IO
MHOXKECTB X, W YTO 3Ta JUCTPUOYTUBHAS PEIIETKAa — ITO HA CAMOM Jiejie
peniéTka BcexX Mo/ I00beKToB X B KaTeropun peryasgpHbIX TPOoCTpaHcTB Reg.

6.5.6. (nbekTHBHOCTD, GUEKTUBHOCTH U CIOPbEKTHBHOCTD PEIYJISIPHBIX MOP-
dbusmoB.) Byem roeoputs, uro peryisapubiit Mopbusm f @ X — Y unbexTn-
BEH, CIOPbEKTUBEH HJIA 6I/IeKTI/IBeH7 ecJjil OH O6.Ha,ﬂaeT 3THUM CBOMCTBOM KaK
HEIPEPBIBHOE 0TOOPAYKEHNE TOMOJOMMIECKUX TIPOCTPAHCTB (HJIH, €CJI yTOJI-
HO, ecsn | f| obsamaer sTuM CBOMCTBOM). AHAJIOTUYHO JIJIsi CBOMCTBA OBITH
3aMKHYTBIM OTOOPasKeHHEM, FOMEOMOPMU3MOM U [IPOYIUX CBOUCTB HEIPEPHIB-
HBIX 0TOOpazKeHuil TOmoIoOrnIecKux npocrpancTs. Torua:

e f GuekruBeH < f — romeomopdusm < f — uzomopdusm B Reg (310
ciiejlyer u3 KoHcepsarusHocTH | f|, eM. [6.3.16] a Takxke n3 KOMIAKTHO-
CTH BCEX PErYJISIPHBIX MPOCTPAHCTB).

e [ WHDBEKTHBEH < f — 3aMKHYTOE€ BJIOXKEHHE TOIOJOTHIECKUX IPO-
crpancts < f — monomopdusm B Reg < f — uzomopdusm ¢ pery-
JISIPHBIM [IOJ[IIPOCTPAHCTBOM 0ObOpa3a (IepBasi S9KBUBAJEHTHOCTh CHOBA
cJle/lyeT U3 KOMIIAKTHOCTH, a OCTaJbHbIe JBe — 970 [6.4.15(16.4.10)).

e f ciopbekTuBer < f — sddexruBHblii stumopdusm B Reg (e [6.4.20)).
B stom citygae Tonosiorus Ha Y sBisieTcs: (paKTOPTOIOIOTUE TOTIOI0-
run X.

e Jlioboit peryssipubiii Mmopdusm f : X — Y oxHo3HAYHO (C TOUHO-
CTBIO JI0 M30MOp(dU3Ma) PACKIIAIBIBACTCS B KOMIIO3UIHIO 3(DDEKTHB-
HOTO 31rMOpdu3Ma (T.e. CIOPBEKTUBHOTO PETYISAPHOrO MOpdusMa) p :
X — f(X) u monomopdusma (T.e. HHHEKTHBHOIO PETYJISPHOTO MOP-
dbuzma) i : f(X) = Y (cm.[6.4.8).

6.5.7. (Qunanbnblii 00bekT 1 Kareropuu Reg. EauncrBennas peryssipHast
CTPYKTypa Ha OJIHOTOYETHOM TOIMOJOIUIECKOM ITpocTpancTie.) [TockoibKy B



6.5. [eomerpuiecKasi KaTeropusi peryJisipHbIX MPOCTPAHCTB 44

kareropun StdReg ectb buHaIbHLIN 00beKT lgidres = ({*}*,1d), a0 Bep-
HO M B KBUBaJIEHTHO# Kareropuu Reg. B kadecTBe punabHOTO 00HEKTA
Reg MOXKHO B34ITb reoMeTpHYecKyio peanu3anuio 1 := |lgireg|. Torma 1
— OJIHOTOYEYHOE TOIOJIOTHYECKOE MPOCTPAHCTBO C HEKOTOPOM PerysspHOil
cTpyKTypoit. OTciofa cpasy caeyeT, 9To Ha A1000M 00HOTOYEULHOM MONONAO-
euveckom npocmpancmee P cywecmeyem eduncmeennas (¢ mownocmuvio do
UBOMOPPUIMA) PELYAAPHAA CIMPYKMYPA, U NOCAE NADEACHUA IMOT CIMPYKMY-
poti P cmanosumes punaronvm obsexmom xamezopuu Reg. JleficTBure -
HO, CYIIECTBOBAHNUE CJIeIyeT U3 CYIEeCTBOBanNA ek P — 1 ¢ TTOMOIIbIo
[IepEeHOCca CTPYKTYPbI; €IUHCTBEHHOCTb CJeyeT U3 Toro, 4ro eciu P — oj-
HOTOYEUHOE PEryJsipHOe IMPOCTPAHCTBO, TO KaHOHUYecKnit Mmopduzm P — 1

u3 P B puHabHBIN 00bEKT OMEKTUBEH, U IIOTOMY SIBJISETCS U30MOP(MU3MOM
110 16.9.6l

6.5.8. (Paccioennbie n npsimble nipoussesiennsi B Reg.) Hamomumm, aro co-
riacHo [6.4.14] B StdReg, a 3HadnT, 1 B KBUBaJEHTHON Kareropuu Reg,
CYIIECTBYIOT PACC/IOCHHDBIE TTPOU3BEICHU, IPUIEM OHU COXPaHSIOTCA (DYHK-
TopoM ||, Te. | X xz Y| = |X| X|z |Y|. naue rosops, s I00BIX perysp-
HbIX MopdusmoB p : X — Z u q : Y — Z Ha TONOJIOTMYECKOM PACC/IOCH-
HOM IpousBeieHnn X Xz Y CyIecTByeT €JMHCTBEHHAs peryJisdpHas CTPYK-
Typa, IpeBpalawlasg ero B paccjoeHHoe mpoussejenne X um Y Haa Z B
Reg. Anajiornanoe yTBepzKjieHrne BEpHO U Jjisi OMHAPHBIX MPSIMBIX IIPOU3Be-
aenuit (cu. [6.4.12)), a takxke a5t punanbaoro obbekta (cM. [6.5.7), orkyzna
MBI 3aK/I09aeM, 9T0 6 Reg cywecmsytom xoneunvie npedeavl, npuvém oHu
coxpanaomes 3abumearouum dynrmopom |-| : Reg — Top.

6.5.9. (O6pas u npoobpas peryssipHbix nojnpocrpascTs.) [ycrs f: X — Y
— peryusipabiit Mopdusm. Eciou Y/ C Y — peryissipaoe 1o ipocTpancTBo, TO
u [~HY’) C X — peryusipHOe HOIIIPOCTPAHCTBO, HOCUTE/Ib KOTOPOIO COBIIA-
JIaeT ¢ TeOPETHUKO-MHOXKECTBeHHLIM T1poobpasom. IIpu stom f~1(Y”) orox-
JIECTBIIIETCS ¢ PAcCJIoeHHBIM nponssesennem Y/ Xy X (cu. [6.4.11). Kpome
toro, ecsim X' C X — peryiasipHoe IOAINPOCTPAHCTBO, TO COrJIAcHO [6.4.7
f(X") C Y — moxke perysisipHOe THOAIPOCTPAHCTBO, Yeil HOCHTENb COBIIA-
JIA€T C TEOPETHKO-MHOXKECTBEHHBIM 00pa3oM, U f O iy/ IIPOIyCKaeTCs Yepes

ixr) s f(X') = X cormacuo [6.4.8|

6.5.10. (/[usbroHKTHBIE 00BEMHEHNST PErYISIPDHBIX TpocTpaHcTs.) Ecmnm X
n Y — perysgpHble TPOCTPAHCTBA, TO HA WX JUIBIOHKTHOM OOBLEINHEHUN
X UY cymiecTByeT eJIMHCTBEHHAs PeEryJIsApHAs CTPYKTYpa, OTHOCUTETHHO KO-
Topoit X n Y gaBigiorcs peryiagpHbiME nognpocrpanctBamMu X LY, u Torja
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X UY cranoBurca xonpomssesiennem X u Y B kareropum Reg. Ilocnen-
Hee yTBEp:K/IeHNe, PABHO KaK U CYIIECTBOBAHME TAKOW PEryJIgpHON CTPYKTY-
pbl, caenyior u3 [6.4.17} e MHCTBEHHOCTD TOT/A CJIe/lyeT U3 YHUBEPCAIBHOIO
CBOIICTBa KOIPOU3BE/IEHNS U U3 TOrO (DaKTa, YTO BCE PEryJspHble ONEeKITNN —
uzoMopdusmbl, ¢M. [6.5.6] Mbr 06bran0 Gyiem HagenaTs X LY sroii peryssp-
HOI CTPYKTYPOI U HA3bIBATH €r0 U3BIOHKMHBM 005e0UHEHUEM DELYAADHHLET
npocmpancmse X u Y.

6.5.11. (ITycroe perymsipHoe mpoctparcTBo &.) OTMETHM €Ig, YTO Ha IIy-
CTOM MHOYKECTBe & CYIIECTBYET €IMHCTBEHHAS CTPYKTYPa PEryJIsipHOTO IIPO-
crpaHcTBa (ONpe/ie/IéHHasl, HAPUMED, ¢ TIOMOIIbIO CTAHIAPTHOIO pPeryJisip-
HOTO TpoCTpaHcTBa (@¥, &); €JIUHCTBEHHOCTh CHOBA CJIJLYE€T U3 TOIO, UTO
BCe peryJsipable Ouekimu — u3oMopdusMbl). TeM caMbiM OHpeIesIeHo ny-
CMOE PE2YAAPHOE NPOCMPAHCME0 &, OUEBUIHO, SBJISIONECECT MHAIUATLHBIM
obbekToM Reg (mampumep, moromy uro (¥, ) — MHUIUAIBHBIA OOBLEKT
StdReg). Orciona u u3 MBI 3aKJjodaeM, 9T0 6 Reg cywecmsyrom
KOHEUHDBLE KONPOU3GEOCHUA, NPUUEM OHU COTPAHANOMCA 3a0bIEAI0ULUM HYHK-
mopom |-| : Reg — Top.

6.5.12. (T'eomerpudeckasi KaTeropusi peryasgpHbIX cooTBercTBuil RegRel.)
[TockobKy MBI I3MEHIIN OIpesiesIeHre PETYISPHBIX IPOCTPAHCTB Ha OoJiee
reOMeTPUYECKOe M TeM CaMbIM 3aMEHUJIN KATErOPUIO CTAHIAPTHBIX PEryJisdp-
HbIX 1pocTpancTB StdReg Ha SKBUBAJIEHTHYIO €if, HO 60JIee eCTECTBEHHYIO Ka-
TErOpUIO PEryJISAPHBIX IPOCTPAHCTB Reg, eCTeCTBEHHO MEePEONPeIeUTh aHa-
JIOTUYIHBIM 00pa30M M KATEropwio PeryasapHbIx cooTBeTcTBuili RegRel. [lis
storo BosbMéM Ob RegRel = Ob Reg, T.e. 00beKThI HOBOII (reOMeTpIYIeCKOil )
KaTeropuu PeryasgpHbIX COOTBETCTBUN OY/yT BCE Te Ke peryasgpHble IIpo-
CTPaHCTBA B CMbICJIe ompejesenus [6.5.2) u onpegemnm RegRel(X,Y) kak
MHOXKECTBO BCEX PEryJIsipHBIX MojnpocTpancTB R C X X Y'; MbI OyJjieM Ha3bI-
BaThb TAKUE PEryJIsiDHBIE IIOJIIPOCTPAHCTBA PE2YAADHBIMU COOMBEMCMEUAMU
meorcdy X u Y; moxuHO Takxke onpegernts RegRel(X,Y) Kak MHOXKeCTBO
Ki1accoB msoMmopduocrtn muarpamM X +— R —= Y B Reg, Takux, 4ro
napa (p,q) moromopdua. Cormacto [6.4.21] Mbl nomyunm rakum obpasom
KATeropuio, SKBUBAJIEHTHYIO CTApPOil KATErOPUH PEryJIsSPHBIX COOTBETCTBUIA.
Kowmmozunust S o R coorBerctBuit R C X XY u S CY X Z oupenensercs
0OBIMHBIM 00pa3oM, a nMeHHO, S o R = pryg(priy (R) Npra; (S)), rae mepece-
YeHIe Pery/IsApHbIX MOITPOCTPAHCTE Priy (R)Npry; (S) Bhraucasercs BHyTpH
X XY xZ.

6.5.13. (Kanonuueckas pery/isipHasi CTpyKTypa Ha PEryJisipHBIX II0IMHOKE-
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creax X C A“.) Ilycte A — roneunoe mHO)KecTBO, X C AY — peryiisipHoe
[IOJIMHO2KECTBO B cMbIcie [6.1.4] Harmomunm, uro X — 3aMKHYyTOE TIOJIMHOZKE-
crBo KommakTa AY = AN rax uro ma X yrKe ecTh ecTeCTBEHHAS TOIOJIOTHUS,
u X gBJisieTCsi KOMIAKTOM OTHOCHUTEIBHO 9TOH TOMoJIOruu. BoJee Toro, reo-
MeTpuueckast peasmsanus |(AYidx)| craHIapTHOTO PerysisipHOro mpocTpaH-
crBa (AY)idy), tne idy = Ax € X x X C A x AY — jumaronanbp X,
oToxgecTBiagercd ¢ camuM X . [losromy na X Bo3HUMKaeT KaHOHUYECKAs pe-
IyJIsSpHas CTPYKTypa. B j1eficTBUTEIBHOCTH 3TO €ro pery/sipHast CTPYKTypa
KaK peryssgpHoro mnojmnpocrpanctsa X C A%, U peryssipHble MOAIPOCTPaH-
crBa AY — 9T0 B TOYHOCTH Pery/sgpHble nojnmuoxkectsa X C AY (s j1oka-
3aTeIbCTBA MTOCJIEIHEr0 YTBEPKICHUST IOCTATOIHO TpuMeHnTs [6.4.3] k cran-
JIADTHOMY pEryJisipHOMY TpocTpaHcTBy (AY, A sw)).

6.5.14. (Kanonuueckoe HaKpbITHE CTaHJAPTHOIO PErYJISIPHOIO MPOCTPAH-
crea.) Ilycte X = (AY, R) — crangapTHOe Pery/sipHOe IPOCTPAHCTBO, T.€.
A — KOHeIHOe MHOXKeCcTBO, a R C AY X A¥ — cuMMeTpuvIHOe TPaH3UTUBHOE
peryJisipHoe oTHomlenue. Toraa Ha reomeTpuyeckoil peasmsanuu | X | = AY/R
CyIIECTBYeT KaHOHIYecKad pery/dpHas cTpyKTypa id|x|, KoTopyio Mbl Oyiem
BCEr/la pacCMaTpUBaTh BIIpeb. Mbl Takxke oboznaunm | X | Toit ke OykBoit X .

[Iycts Tenmeps Xy := dom R C A“ — peryasipHOe MHOXKECTBO, HOCUTEJIb
orHomenns R. Torna X = Xy/R, Tak 4ro0 CyIecTByeT KaHOHIIECKasl CIOPb-
exmus 7w : X — X, u Tonosiorns Ha X sBjsIeTCs (DAKTOPTOIOJIOTHEH TOIO-
jorun X, MHIYIUPOBAHHON ¢ A, IIPOCTO 10 OIPeIe/IEHAI0 T€OMETPUIECKO
peau3aun Nuave roops, m : Xy — X — HenpepbiBHAdA CIOPb-
eKIUsI, U HECJOXKHO BHUJETb, YTO OHA SIBJISETCS PEryIsSPHBIM MOPMU3IMOM,
noromy uro R 3amaér coorsercrBytomuii Mopdusm u3 (A¥ Ay,) B (AY, R)
B KQTerOpuu CTaHIAPTHBIX PETrYIAPHBIX ITPOCTPAHCTB.

Takum 06pa3oM, MBI TOJIYININ KAHOHHIECKNI CIOPHEeKTUBHBIN PeryJisip-
ubiit Moppusm 7 : Xg — X U3 perysasgpHOro MHOXKECTBA, T.€. PEryJsipHOTIO
nosipocTpancTBa Xg C AY) B cTaHIAPTHOE PEry/IsipHOE TPOCTPAHCTBO X , 3a-
narnoe (A, R). ITockosbKy BCsSIKOe peryssipHoe IpocTpancTBo X u30Mopd-
HO CTaHJIAPTHOMY, 048 8CAK020 PE2YAAPHO20 npocmpancmsea X Cyu,ecmsyem
Koneurnoe mroscecmeo A, peeyaaproe nodnpocmparncmeo Xg C A u crops-
exmueHvItl pe2yaaphoit mopdpusm m : Xo — X . B Takoit curyanun Mbl Oyaem
TOBOPHUTH, UTO 7 : Xg = X ¢ Xg C A — peeyaaproe naxpwmue X . Orme-
THM, OJTHAKO, IYTO U30MOP(MHBIE PETrYISPHBbIE CTPYKTYPhI MOTYT COOTBETCTBO-
BaTh, BOOOIIE TOBOPsI, HEM30MOP(HBIM PEry/ISIPHBIM HAKPBITHAM.

6.5.15. (Hakpoitue 7 : Xy — X OJIHO3HAYHO ONpPEJIE/ISET PeryJisipHYIO
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cTpyKTypy Ha X.) 3aMeTuM, 9TO CIOPBHEKTUBHOE oToOpaykenue 7 : Xg —» X
BKYIIE C PEryJISPHONl CTPYKTYPOil peryssipHoro mojnpocrpancrsa Xy C A%,
[TOJTHOCTBIO OTIPeJIesisieT Pery/spHyio cTpykrypy Ha X. Bojsee Touno, ecin
Xy C A¥ — perysisipHOe MTOJIIPOCTPAHCTBO, U 7 : Xo —» X — CIOPBEKTUBHOE
oTobpazkeHune, To Ha X CyIIEeCTBYeT He DoJiee OJIHOM PeryssipHOil CTPYKTYPHI,
JIJIst KOTOPOIL T SIBJISIETCSI pery/isipHbIM oToOpazkenneMm. JleficTBuresbHo, eciin
Takas CTPYKTypa €CTb, TO, BO-TIEPBBIX, TOMOJIOTUs Ha X SBJIETCS (DAKTOP-
TOIOJIOTHEH TOMOJIOTUN KOMIIAKTa X U IMOTOMY OJHO3HAYHO OIPEJIEeSIeHA; a
BO-BTOPBIX, T : Xg — X Torma okasbiBaeTcsd 3(M@HEKTUBHBIM SIIMOPGUIMOM
cornacHo [6.5.6] u sapo m — 310 R := Xy Xx Xg C Xg x Xy C A¥ x AY,
KOTOPOE OKa3bIBACTCS PEryJsipHBIM mojpocTpancTBoM AY X A% (Tak Kak
Xox xXo = Xox Xy — AYx AY — monomopdusmber B Reg), T.e. peryisgpHbiM
TOIMHO2KeCTBOM. Jlajiee, MocKoIbKy T — 3 (PeKTUBHBIN STMMOpMU3M, OH sB-
JITeTCsl KOypaBHUTEJIEM CBOeil sjiepHoil mapol p, ¢ : R = Xy xx Xo = X,
a 3HAYUT, ONPEJIEIEH OJHO3HATHO C TOYHOCTHIO 710 m3oMopdusma. Vnade ro-
BODsI, peryJsgpHas cTpyKTypa Ha X OJIHO3HAYHO BOCCTAHABIMBAETCI M3 U30-
mopdmsma X = Coeq(p,q : R = Xj), re Ha peryaspHOM MOJMHOYXKECTBE
R C Xgx Xy C AY x AY BBOJINTCS perysspHas CTPYKTYpa, UHIyTHPOBAHHAST
c AY x A“.

Bouiee Toro, 3o paccykeHne mokasbisaer, 9ro Ha X cyuecmeyem (Heob-
TOOUMO eQUHCMBEHHAA) PE2YAAPHAL CMPYKMYPG, Oas Komopol 7 : Xog —» X
ABAACMCA PELYAAPHOIM MOPPHUIMOM, €CAU U MONDKO ecau onpedeaénnoe T
omnowenue axsusarenmuocmu R C Xg X Xog C AY x AY saeasemcea peey-
AAPHBM N0IMHOoHcecmeom. OTeBUIHO, B 3TOM caydae X n30MOPQHO reoMeT-
pudeckoil peanmsaiuu |(AY, R)| craHmapTHOrO peryssipHoro mpoCTpPaHCTBA

(A“, R).

6.5.16. (Perymisipnoe npejicraBienne Kommakta K OJHO3HAYHO ONPEIessier-
Cel PEryJISPHBIM HAKPBITUEM — CIOPBbEKTHUBHBIM HEIPEPBIBHBIM OTOOPAXKEHU-
em 7 : Xo — K.) Kak ciencrsue, peryiisipaoe npejicraBjienue g HEKOTOPOro
koMmmakTa K (T.e. peryisipHast cTpyKTypa O Ha KoMmakTe K ) OJHO3HATHO
OTIPeJIeJIsIeETCS HENPEPBIBHBIM CIODBHEKTUBHBIM OTOOparkenneMm 7 @ Xg —» K,
e Xg C AY — peryssipHoe MOJMHOXKeCTBO A“ Jiisi KAaKOro-HUOY/ b KOHEU-
noro maOXKecTBa A. Bojiee Toro, Takoe T JIeficTBUTEIBHO 3a1aET PEryJIspHOE
npejicraBieane K B TOM M TOJIBKO TOM CJIydae, €CJId ero d/ipo =, T.€. OTHO-
menne € =, Yy < w(x) = 7(y) Ha Xy u vHa AY D X, ABISETCS PEryIsiPHBIM.
B sToM citydae peryisipHas cTpyKTypa umeer Buj Ok : |(Xo, =1)] = K.

6.5.17. (Peryssipubie nakpoirust 7 : Xg — K, Xo C AY, co 3HaueHUsIMU B
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npou3BobHOM KoMmiakTe K .) Ilpenbuiyinue paccy K ieHust O3BOJISIIOT 0600-
IIIUTH OTIPEJIe/IEHNE PEry/IsiPHOTO HAKPBITUS CJIe Ty oM obpaszom. Kcu nano
PeryJsipHOe MPOCTPAHCTBO X , TO MbI TIO-TIPEXKHEMY OIPEJIETISIeM PEryIspHOe
HakpbiThe ™ : X9 — X, Xg C A% KaK CIOpBEKTUBHBIN pPEry/asipHbIii MOp-
¢usM n3 HEKOTOPOro peryispHoro mogmHoxkecrBa Xog C AY B X. C apyroii
CTOPOHBI, €CJI U3HAYAJIBHO JIAH KOMIAKT (UJIM OTJEJIUMOE TOIOJIOTTIECKOe
npocTpaHcTBo) K 6e3 pery/spHoil CTPYKTYPhI, TO MBI TOBOPUM, UTO PE2YAAD-
Hoe naxpoimue ™ Xg —» K, Xg C AY — amo cropsexmusHnoe HenpepuisHoe
omobpastcenue u3 Hexkomopozo nodmmoxncecmsa Xog C AY 6 X, makoe, umo
e20 adpo R := Xox x Xo C Xox Xo C AY X A asasemcs peyiaproim (cum-
MEMPUUHDLM MPAH3UMUBHBLM) omnowernuem Ha A“. OTMeTnM, 9TO OTCIOIA
HEMe/IJIEHHO CcJIeIyeT, 9YTo 1 Xo = pry; R perymispHo U, B 4aCTHOCTH, 3aMKHY-
o B A“. MbI TOsIBKO uTO BHjean B [6.5.16] uro peryispHoe HakpbiTHE BO
BTOPOM CMBbIC/Ie 3a1aéT Ha K peryasaphyto ctpyktypy 6 : [(AY, R)| = K, u
rocsie Hajeaenns K 9Toil peryasgpHON CTPYKTYPOUl T CTAHOBUTCHA Peryasdp-
HBIM HAaKPBITHEM B II€PBOM cMbIcje. Bostee Toro, paccy:xaenus u3[6.5.16| mo-
Ka3bIBAIOT, 9TO HAM He HY2KHO Jlake N3HAYAIbHO 3a/1aBaTh TOIOJIOTHIO Ha K,
IIOCKOJILKY OHA& B UTOre OKakKeTcsd (PAKTOPTOIOJIOrnell Tornojoruu X, U mo-
TOMY MBI MOXKEM JIaKe€ TOBOPHUTDL O Pe2YAAPHHL Hakpuimuar T @ Xog — K,
Xg C A¥ mHOXkKecTBa K 6e3 kakol-Aub0 donosHumesvHot CmpyKmypol.
B 6osbmmHCTBE CiydaeB, ojiHaKO, TOMOJIOTUS K M3HAYAJBHO 3a/laHa, U MbI
TpebyeM HelpepbIBHOCTD 7.

6.5.18. (OrHollleHNsT SKBUBAJIEHTHOCTH Ha PEryJsipHOM TpocTpaHcTBe X .)
Hamomuum, 9To oTHOIIEHNE SKBUBAJECHTHOCTH R Ha 00bekTe X MpOou3BOJIb-
Hoii Kareropun C ompejensercs Kak mogoobekt R C X x X (KoTopsiit
MOXKHO TP KeJJaHUU 33J1aTh C IOMOIIBI0 MOHOMOP(MHOM mapbl MOPHOU3IMOB
p,q : R = X), Takoit, uro mis jroboro obbekra S : ObC moaMHOXKECTBO
R(S) € X(S) x X(S) sBagercst OTHOIIEHUEM SKBUBAJEHTHOCTH HA MHO-
xkecre S-touek X (S) = Home(S, X). HecioxHo BUiETH, YTO OTHOIIEHIE
SKBUBAJECHTHOCTH R Ha peryasgpHOM IPOCTPAHCTBE X B CMBICJE 3TOTO 00-
IIEro KaTeropHoro orpejesenns, npuMmenéanoro Kk C = Reg — 3T0 TO ke
camoe, 4TO perysispHoe nojnpocrpanctso R C X X X, gapjidionieecs Tak-
YK€ TEOPETUKO-MHOYKECTBEHHBIM OTHOIIEHUEM SKBHUBaJieHTHOCTH Ha X (T.e.
|R| C |X| % |X| — orHoutenne sksusanentHoctn Ha | X |). Beuay [6.5.12] sto
paBHOCHIIbHO Takxke ToMmy, 9T0 R € RegRel(X, X) takoBo, uro Ay C R,
Ro R = Ru R = R. IlockolbKy BCe 3TH ONpeJieeHns PaBHOCHILHBI, MBI
ONPEJIETIUM (pe2yasphoe) omrnowenue sKsusareHmHuocmu R wa pezyisprom
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npocmpancmee X kax pezyasproe nodnpocmpancmeo R C X x X, maxoe,
wmo |R| asasemca omnowenuem IK6UBLAEHIMHOCTIU Ha MHodcecmae | X|.

6.5.19. (Perynsproe dakropupoctpanctso X /R OTHOCHTETHHO PEry/IspHO-
ro orHomeHns skBuBasieHTHOCTH.) [lycte R C X x X — perynspuoe oT-
HOIIIEHNE SKBUBAJEHTHOCTH Ha peryiaspHoM mpocrpancTtee X . C KareropHoit
TOUKM 3peHwusi, HakTopoObeKT X /R — 9T0 KOypaBHHUTETb JIBYX MPOEKIHit
Coeq(p,q : R = X). JokaxkeM, 9T0 6 Kame2opuu pe2yiapHuls NPoCmpaHcms
Reg cywecmesyrom gaxmopobsexmol, omHoCuUmMesbho npou3eosbHuLr OMMHO-
wenuli axeusasenmuocmu. Vinade roBopst, Mbl JIOJI?KHBI JOKA3aTh CYIIECTBO-
Banue X/R = Coeq(p,q : R = X) st IPOU3BOJIBLHOIO PETYJISPHOIO OTHO-
IIeHNs SKBUBAJECHTHOCTH [ Ha IPOU3BOJILHOM PEryISPHOM IIPOCTPAHCTBE X .
JL1st 3T0TO BBIOEPEM CIOPBHEKTHBHOE pPErysasspHoe HakpbiThe m : Xg — X ¢
Xo C A¥, Kak B , u nojioxkuMm Ry := (1 x )71 (R) C Xy x X,. Ilo-
cKOJIbKY R — (perysisipHoe) OTHOIIeHIe SKBUBAJEHTHOCTH Ha X, Ry — TakkKe
(peryJsisipHOe) OTHOIIIEHVE SKBUBAJEHTHOCTH HA PETyIAPHOM MHOXkKecTBe Xj.
Mpr yke Bujgenn B [6.5.15] 4To B Takoii cuTyanuu perysaspHoe (paxkTopipo-
crpanctBo Xo/ Ry cymecrByer (U 1o cymiectBy u3oMOPGHO CTAHIAPTHOMY
peryaspHomy tpoctpancTtsy (AY, Ry)). Ecau teneps B3ate X/R B Karero-
PHHI TOTIOJOIUIECKUX IIPOCTPAHCTB (¢ (haKTOPTOIOIOTHEN ), TO T HHIYIIUPYeT
HenpepbIBHyIo Guexnmio 7 : X/ Ry — X/R, a 3uauut, u romeoMopdusm, mo-
ckosibky Xo/ Ry u X /R xomnakTHbI. BBeiém peryispayto crpykrypy Ha X/ R
neperocoM cTpyKTypsl ¢ Xo/Ry Biosb w. Torma @ Xo — X u ¢+ Xy —
X - X/R = Xy/Ry — a3ddexruBnbie 31ruMopdu3Mbl, IPUIEM siJIPO BTOPOTO
U3 HUX COJIEPIKUTCS B I[PE MEPBOr0 U3 HUX (IIOCKOJIBKY BTOPOE OTOOpazKeHIe
[POITYCKAaeTCsT 4epe3 [MepBoe Ha YPOBHE MHOXKECTB), U MOTOMY ¢’ TPOITyCKa-
ercsa uepe3 m u B Reg, 1e. ¢ : X — X/R — CIOpbeKTUBHBI peryssipHbIi
mopdusm B Reg, a snauurt, addexrusnbiii snumopdusm 1o [6.5.6] Ero s-
PO — 9TO B TOYHOCTH MCXOJAHOE R (IOTOMY YTO 9TO TaK HA yPOBHE TEOPHUU
MHOYKECTB, & Pery/sgpuble noganpoctpancta K C X X X mojgHocTbiO ompe-
JIEJISTIOTCsT MHOZKECTBOM cBonX Touek). [losromy X/R = Coeq(p,q: R = X)
B Reg, 1.e. X/R — uckomblii (haKTOPOOBHEKT.

6.5.20. (Dddexrrusnble GHakTOPOOHLEKTHI PErYJISIPHOIO mpocTpancTsa X .)
U3 cymecrBoBanusi dpakropodbekToB X /R cpasy ciemyer, uro sfidexmus-
Hole gaxmopobsexmo, X" peeyasaprozo npocmparncmea X, m.e. maxue Pak-
mopobsexmu,, umo X —» X" — apdexmuervili snumoppusm, Harodamcs
60 83AUMHO 0OHOZHAYHOM COOMBEMCMBUL, C (PELYAAPHBLMU) OMHOUEHUAMU
axsusasernmmnocmu R C X x X. Kpome Toro, Mbl BHJIUM, 9TO JJIsd JIIOOO-
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ro PerysspHoro mpocrpancTBa X u JIOOOrO CIOPHEKTHUBHOTO OTOOpAXKEHUsI
MHOXKeCTB 7 : X —» Y cymiecTByeT He 0oJiee OJTHOU PeryaspHOil CTPYKTYPBI
Ha Y, JIJIsi KOTOPOW T $BJISIETCS PEryJIAPHBIM OTOOparKeHUeM, MPUIEM Ta-
Kas peryJspHas CTPYKTypa CyIIeCTBYeT B TOM U TOJBHKO TOM CJIydae, eciu
aapo R == X Xy X C X X X gBidgercsa peryJagpHBIM OTHOIIEHHEM SKBU-
BaJICHTHOCTU Ha X B CMBICJIE , u rorga Y = X/R. B takom ciyuae
MBI TOBOPUM, YTO pe2yaapHas cmpykmypa Y aeasemca paxmopcmpykmypoti
pe2yaaprots cmpykmypol X, W 9TO Y ABAACNCA PEYAAPHOIM PAKMOPNPO-
cmparncmeom X .

6.5.21. (A“ urparor posib adpDUHHBIX TPOCTPAHCTB padMepHocTH log | Al; Bee
peryJisipable IpoCTpaHcTBa — (haKTOPIPOCTPAHCTBA HOANPOCTPAHCTE AY.)
[Tpeaplayinye pe3yabTaThl MOKA3LIBAIOT, YTO JIIOO0E PeryIsapHOe MPOCTPaH-
cTBO X ABJISIETCS PErYJIAPHBIM (haKTOPIPOCTPAHCTBOM HEKOTOPOI'O PEryJIsip-
HOTO TofrpocTpancTBa Xg C AY. DTo 1eM-TO HATIOMUHAET aaredpaniecKyio
reOMETpHIO, TJie TpuBeJICHHbIEe adduHHbIE ajaredpandecKkue MHOTOOOPA3Hs
HaJi mojieM &k u30MOPGHBI ([IPUBEJIEHHBIM) 3aMKHYTBIM [OJIMHONO0OPa3UIM
Y C A} addunnbix npocrpancrs A7. Ilpaia, B HaleMm ciydae HYKHO
6parh He TOJLKO moianpocTpancTBa AY, HO M (HaKTOPIPOCTPAHCTBA TAKUX
HOJIIPOCTPAHCTB, TaK 9TO aHAJOIMd HeroJHas. Kpome Toro, XoTs peryJsp-
HBbIE IIPOCTPAHCTBa BUaa A“ M 3aMKHYTBI OTHOCUTEJIBLHO JEKApTOBa MPOU3-
BeJleHns1, OCKOJIbKY AY X BY = (A x B)“, s1a dopmyia MOKa3bIBAET, YTO
ecim AY n anasornyno adppUHHOMY IIPOCTPAHCTBY HaJ, KaKUM-TO Hojem
(BpoJie TUIIOTETUIECKOTO MOJIs U3 OJHOTO 3JIEMEHTa WU ero ajrebpande-

Al

lo
CKOT'O SaMbIKaHI/IH), TO 9TO CKOpeEe AFg| , IIOCKOJIBKY MbI O6bI‘{HO 02K JaeM

A™ x Am = Amtn

6.5.22. (Perymsapueix noanpocrpancts Xog C AY HegocTaToqHO, HAJ0 OpaTh
akTOPIPOCTPAHCTBA PETYIAPHBIX HOAIPOCTPAaHCTB.) OTMETHM, 9TO, B OT-
Juare oT adPUHHBIX aaredpandecKuX MHOTrOoOOpaswii, He BCe peryJgpHbIe
npoctpatncTBa X M30MOPQHBI PETY/IAPHBIM MOIIPOCTPAHCTBAM «a(MDUHHBIX
npocTpaHcTBy A“, HeoOX0IUMO paccMaTpuBaTh PaKTOPIPOCTPAHCTBA PEry-
JIIPHBIX HojnpocTpancTs. JleiicrBureapno, AY BIIOJIHE HECBSI3HO, a 3HAYUT,
U BCE peryJispHbIe MornpocTpancTBa Xg C A BIOJIHE HECBI3HBI, HO B TO K€
BpeMsI CYIIECTBYIOT CBSI3HBIE PETyJIsPHBIE TPOCTPAHCTBA X, HE CBOJISIIHECS
K OfiHOII TOUKe, Hanpumep, orpesok I = [0, 1], eu. [6.6.3]

6.5.23. (Besikoe peryiisipHoe MpoCTpaHCTBO M30MOPGHO (haKTOpIpocTpaH-
crBy Hekoroporo AY.) MHTepecHo, 4ro BMeCTO haKTOPIPOCTPAHCTB BCEBO3-
MOKHBIX PEryJIsipHBIX o npocTpancts Xg C A“ pocrarodno cpasy pac-
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cmarpuBaTh akrtopupoctpancTtBa A¥. VHade roBopsi, 6cakoe pezysspHoe
npocmparcmeo X mootcem 6vimsb npedcmasieno Kax GaxmopnpocmpaHcmseo
Hexomopozo A% Win, 9T0 PABHOCUIIBLHO, 0AA BCAKO20 PE2YAADPHO20 NPOCMPAH-
cmea X cywecmeyem Koneurnoe mnoccecmso A u cropsexmuehoili pe2yiap-
Houl mopdusm m : AY — X . D10 TakKe 03HATAET, ITO JI000i 00beKT StdReg
uzomopden o0bekTy Buga (A%, R), riae R — peryssipHoe OTHOIIIEHNE SKBUBa-
smentHocTu Ha AY. IlpaBaa, mosydarorimecs: IpecTaBIeHIsT He Bceraa yao0o-
HbI 1 HEKAHOHWYHBI, TAK ITO MbI He Oy/IeM HACTAWBATH HA TOM, 9TOOBI 0OXO-
JINTHCS UCKJIIOIUTETHHO (bakTOprpocTpancTsamu A%,

s nokazareabeTBa 3TOro hakTa JOCTATOYHO 3aMETHTh, 9TO ecjin X =
&, oo m3oMmopduo @Y; ecu ke X # &, ToO OHO HaKpbIBaeTcst X —» X Jist
HEKOTOPOI'0 HEIYCTOTO PerysspHoro mojmnpoctpanctsa Xo C A%, Koropoe
siBJIsieTcsi peTpakToM A m noromy HakpbiBaeTca A“Y — X 1o ciemyromieit
JIeMMe:

JIlemma 6.5.24 (Hemycrbie peryssipable HOIIPOCTPAHCTBa B AY SIBIISIIOTCST
perpaktamu.) Ecin X C AY — Hemycroe pery/sipHOe MOAINpPOCTPAHCTBO, TO
ix : X — AY — pacmensrornuiicss Mmoaomopgusm. Nuade ropopsi, cyiiie-
cTByeT perysspHblii Mopgusm p 1 AY — X, takori, 9ro poix = idy.

HoxkazareabcTBo. [lockonbky X — peryisipnoe moaMmuoxkectBo A%, oHO

pacio3HAETCs HEKOTOPBIM KOHeUHBIM aBTOoMaToM G = (5,50, E), s9 € S,
E C S x A xS, Kotopblii Mbl OyeM cauTaTh MUHUMAJIbHBIM (cM. [6.1.12)).
Pacemorpum it kaxkgoro s € S mogmuoxkectso Ay = {x € A | It €

S: (s,z,t) € E} C A. lnave roBopsa, A; — 3T0 MHOXKECTBO METOK BCEX
epexoIoB U3 cocTostHust S. [TockobKy aBroMaT MuHMMajeH u X # &, u3
KazKJIOTO COCTOSTHUS HAYMHAETCS OECKOHEYHBIN IyTh U 1oToMy A, Hemycrto.
BadukcupyeMm mpomsBoJIbHYIO perpakimio ms ¢ A — Ay C A, mw moctpoum
HOBBIT aBroMar G’ = (S, so, F') na andasurom A X A ciepyomumm o6pa3oM.
Ero cocrostnusg u HadaJbHOE COCTOSHUE OYILyT TAKUMU K€, KaK Y UCXOIHOI'O
aBromara, u (s,zy,t) € E' < (s,y,t) € E & mg(x) = y. Vnaue rosops,
IEPEXOL § —» ¢ HPUCYTCTBYET B HOBOM ABTOMATE, €CJIH U TOJILKO CCIIH Y =
7o(z) U mepexon s —- ¢ HpECYTCTBOBAT B cTapoMm apromare. Ilycts P C
A¥ x A¥ — perynspHoe orHomenue, 3ajannoe G'. HecoKHO BUIETH, 9TO
JUIst JTIOOOTO & = Toxy - - - € A% CyIIEeCTBYET eJIMHCTBEHHOE Y = Yoy « - - € AY,
JUIst KOTOporo (x,y) € P, MOCKOJIBKY U3 KaxKJIoro cocTosinusi apromara G’
€CTh POBHO OJIMH IIEPEXOJ] ¢ 3aJIaHHOi nepBoit OykBoit © € A. nade roBopsi,
P gBnsiercst rpaduKOM HEKOTOPOTO PEryJisipHOTO oTobpaxkenus p : AY —
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A¥. Kpome Toro, oueBujHo, uro (x,y) € P = y € X (Hamo paccMoTperhb
HOCJIEIOBATEILHOCTD coCcTostHUIT aBToMaTa G’ Ha BBOJIE (&, Y) U YBUJIETH, UTO
OHa COBIIAJIAET C TI0CIIE0BATEILHOCTRIO cocTOsTHIT G Ha BBOJIE Y), M UTO & €
X = (x,x) € P (nockosbky 75 : A — Ay — perpakius, B G’ ecThb mepexoj
T xX w
s — t g Kaxkjoro nepexoga s — t B G). Muaue rosopst, p(A¥) C X u
plx = idx. D70 KaK pa3 u O3HAYAET, YTO P — UCKOMAasl PeryJisipHasi peTPaKIus
AY ma X C Av.

6.5.25. (Bo3mozkHast BHY TpeHHsIsT XapaKTePU3AIlHsT PEryJIsiPHBIX TIPOCTPAHCTB,
BKJIaIbiBaeMbIX B A¥.) MHTepecHo GbLIO ObI TOJIYyUUTh KaKyO-HUOY/b BHYT-
PEHHIOI0 KATErOpHYIO MU TOMIOJOTMYECKYIO XapaKTEPU3aIluio PErysIsipHBIX
npocTpancTB X, KOTOpble MOTYT ObITh BJIOXKEHBI B Kakoe-HHOy1b A%, T.e.
pPEeryJIIpHO M30MOP(MDHBI PEryJIgpHBIM HMOoAMHOKecTBaM Xog C AY, mim, 910
OJTHO U TO K€, sIBJIAIOTCA peTpakTaMu Kakoro-unoyas A“. Hampumep, Takne
peryJigpHblie IPOCTPAHCTBA JIOJ?KHDBI ObITH BIIOJIHE HECBS3HbI. BepHO J11, 9TO
J1I000€e BIIOJTHE HECBSI3HOE PEryJIsipHOe IPOCTPaHCTBO X U30MOP(MHO HEKOTO-
POMY PeryasspHoOMYy HOJAMHOXKecTBY Xg C A“7

6.5.26. (I'panura u jonosiHEeHNE BHYTPEHHOCTH PETYJISIPHOIO MOJIIPOCTPAH-
crBa peryasapasl.) [lyers X — perymsproe npoctpancTso. [lockonbky pery-
JsIpHBbIe ToanpocTpancTBa Y C X OTOXK/IECTBISIOTCS ¢ HEKOTOPBIMA 3aMKHY-
TBIMH TIOJIMHOKECTBAMH KOMITAKTa X , MOXKHO 33/IaThCsl BOIIPOCOM, KaKue 13
OOBIYHBIX TOIOJIOTUYECKUX OIEPAIHil ¢ 3aMKHYTHIMU [TOJIMHOYKECTBAME KOM-
ITaKTa COXPAHIOT PErY/IsIpHOCThL. Hanmpumep, Mbl 3HAEM, 9YTO KOHEYHBIE TIEPe-
ceYeHUs U KOHEeYHbIe 00beIMHEHNA PEryIAPHBIX MOIPOCTPAHCTB PETYJ/IsIPHbBI
(cMm. , U 9TO 00pa3 u mpoodpa3 PeryasapHOro MOITPOCTPAHCTBA OTHOCH-
TEJILHO PEryJIgPHOro MOpGU3Ma PEryIsipHbI (CM. . JlokaxkeM, 4TO ecau
Y C X peeyasprno, mo ez2o epanuya 0Y =Y — Intx Y w donoanenue ezo
snympennocmu X —Intx Y (m.e. samvkanue donosnernun X —Y ) peeyasap-
o, 6 X. g jjokazarenbeTBa 3abUKCUPYEM perysigpHoe ITPOCTPAHCTBO X
U ero perysagpHoe mojarnpoctpanctBo Y C X, u BbibepeM CIOPBHEKTUBHBIM
peryaspHblit Mopdusm p @ AY — X, cymecrBytomnuii 1o [6.5.23] Torma Jsem-
Ma nokaspisaet, ato Y = p(dY) u X —Intyx Y = p(A¥ —IntY), e
Y = p H(Y) C A¥. ITockosbKy B3saTHE 06pa3a WK MPoobpasa OTHOCUTEHHO
PEeryJIApHOIO OTOOPaXKEHUsI COXPaHSET PeryagpHbIe TOJIIIPOCTPAHCTBA, TEM
CaMbIM JIOCTATOYHO JOKa3aTh HAIEe YTBEPKJICHUE JIJIs PEryJIAPHOrO MHOXKE-
crBa Y C A%, Te. juts qacTHOro ciaydas X = A, s KOTOPOrO OHO BEPHO
110 16.1.36l
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Jlemma 6.5.27 (O6pas rpanniipl mpoobpasa OTHOCUTETBHO CIOPbEKIIHH KOM-
naktoB.) Ilycrs f : X — Y — HenpepbiBHAST CIOPBEKIHsT KOMIAKTOB, U ILYCTh
T CY — npousposbHoe noamuozkectso. Homoxmm S := f~HT) C X. Torma
Y —IntT = f(X —IntS) uT = f(S). Kpome roro, ecnmu T C'Y zamkmyToO,
o OT = f(0S).

JokazaresbcTBo. Ilockonbky f ciopbexTusno, f(S) = T, orkyma f(S) C
T 1o menpepssoctu f. ITommmo atoro, f(S) kommakTHO, GyLy<n Hempe-
PBIBHBIM 06paszoM KommakTa S C X, u moromy f(S) — 3aMKHyTOE MOIMHO-
xecTBo Y, conepxxamtee f(S) =T, orkyna f(S) DT u f(S) = T. opmyna
C BHYTPEHHOCTSIMHE TIOJTydaeTcs orcioa 3amenoit T wa Y —T u S na X — 5,
ocKoJIbKYy X —Int S = X — SuY —IntT =Y — T. Hakonern, eciiu T, a 3na-
qut, u S 3aMKHYTO, T0 0T = T—Int T =TN(Y —Int T) = TN f( X —Int §) =
f(SN(X —IntS)) = f(S—IntS) = f(959).

6.6 IIpumepbl peryasspHbIX MpPeICTaBJICHNIT KOMIIAKTOB

[IpuBe1éM TpUMeEpPHI PETYIISIPHBIX CTPYKTYP B CMBICJIE Ha HEKOTOPBIX
HHTEPECHDBIX HaM KOMIIAKTaX, TaKuX, Kak Z, u I = [0, 1]

6.6.1. (Z, nouyckaer peryisproe upejacrasiemnne.) Lesbie p-agudeckue quc-
na Z, JOLUyCKAIOT OYeHb IIPOCTOE DPEryJIsAPHOE IIPEJCTaBICHUE C IOMOIIBIO
0OBraHO p-mamnoii 3ammcen: Mmoxkuo B3ath D = {0, 1, ..., p—1}u b : D¥ — Z,,
. +o0 n
§:x— > 2 x,p". B oToM cilydae perysspHOe OTHOIIEHHE SKBUBAJIEHTHO-
cru = Ha D¥ He HYKHO, T.e. = — 9TO OTHOIIEHUE DABEHCTBA (WU JUATOHAJD).
Ecin 3adukcupoBarh 310 peryaspHoe IpejcTaBIeHue, TO CIOKEHNE p-
anmaeckux qucel [+ : Z, X Ly, — Ly, (x,y) — & + Y, OKa3bIBACTCS PEryIIsp-
HBIM OTOOpaskeHmeM. IHade TOBOps, CYIIECTBYET PEry/IspHOe OTOOParKeHMe
a:D*x D* = (D x D) — D¥ rakoe, uto § o a = [+] o (6 x #). B camom
nesie, rpadruK @ PaCHoO3HAETCA C IOMOIILIO aBTOMATa C JBYMSI COCTOSHMSI-
Tyz
mu S = {0,1}, nagaspubiv coctogumeMm 0 € S u mepexomamMu s —» t upu
pt=s+x+y—ztaes, teS, x,y, z€D.

6.6.2. (F,[[T]] momyckaer perysspuoe npejcrasienue.) Kosbro dbopmasin-
HbIX creneHusnlx psiyios F,[[T]] ¢ koaddbunuentamu B Koreunom nose F, mo-
IycKaeT emé GoJiee IIPOCTOe peryssipHoe Hpejcrasienne: BosbMéM D =, u
oupenesum 0 : Fe = Fo[[T]] dbopmyioit §(x) = S 2, T™. HockombKy 0 —
romeomopdusm, tem cambiM Ha F,[[T]] oupenesena perynspHaas CTpyKTypa.
OueBUIHO, CIIOKEHHUE SBJIAETCA PETYJIAPHBIM OTOOPAYKEHUEM OTHOCUTETHHO
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9TOH PErysapHOl CTPYKTYPhI: IpaduK CJI0KEHUS PACIIO3HAETCS COBCEM IIPO-
TYZ

CTBIM aBTOMATOM C €JIMHCTBEHHBIM cocTosiuneM () u nepexojiamu ) — 0 tipu

z=x+yslF,

6.6.3. (/IBouunast 3anuce onpe/iesisieT peryasipHoe npejcrasienne [ = [0, 1].)

Otrpesok BemecrBennoit npgmoit I = [0, 1] Takxke gomyckaer peryssipHoe
IIpe/icTaB/IeHne, HAIIpUMep, ¢ IIOMOIINbI0 OOBITHONW IBOMYHON 3amucu: B =
{0,1}, 62 : B — I = [0,1], & = mz1--- = Y., 9x,2 "L, B srom

cllydae OTHOIIEHHME SKBHUBAJEHTHOCTU = HETPUBUAJILHO U SABJISETCA SAPOM
HEIPEPBIBHOIO 0TOOpaxKeHus Oy, r.e. &« = y < Oy(x) = 65(y). Tlockonbky
0y : BY — I — HenpepbiBHAs CIOPBHEKIINS KOMIIAKTOB, OHa UHIYIUPYET I'O-
MeomopdmsM Oy 1 BY/ =% I, u naio TOIBKO IPOBEPUTDL, UTO = SBJIACTCS
pery/IsipHbIM OTHOINEHNEM SKBUBAJIEHTHOCTH Ha B¥. D10 jieficTBUTEIBHO TaK:
= pacHo3HAETCI KOHETHBIM aBTOMATOM ¢ TpeMsi cocrostausimu S = {—1,0, 1},
HAYATbLHBIM cocTosiHmeM 0 € S U MEePeXOIaMil § — ¢ npu t = 25+ x — y, rie
s,t € S, x, y € B, uro npoeepsiercst Tak ke, kax B [AB4][4.4.1]

MurepecHo, 94To B JAHHOM CJIydae Mbl HE MOKEM OOOWTHCH TPUBUAJILHBIM
OTHOIIEHUEM IKBUBAJIEHTHOCTH, TIOCKOJIbKY JTI000e A“ 1 j11060e ero peryiisip-
HOE IOJMHOYKECTBO BIIOJIHE HECBSA3HO, a [ CBSI3HO W COCTOUT Oojiee UeM H3
oJIHOM TOYKK. KpoMme TOoro, HaM IPUXOIUTCA PACCMATPUBATH BCE JBOUYIHBIE
3aIliUCh, B TOM YHCJIe «HEKOPPeKTHbIe» Bpoje 1/2 = (0.01111...)y = 65(01°°),
[IOCKOJIbKY KOPPEKTHBIE JIBOMYHBIEC 3AIACH He 00Pa3yIloT PEryJsipHOro MHO-
»KecTBa, cM. [6.1.16]

Tem He MeHee, cIIOKeHUe, BepHee, 0TOOpazkeHne moaycyMMer h @ (z,y) —
(x +y)/2, h: I x I — I, oka3bIBaeTcs peryssipHbiM. B camom Jienie, mpoo6-
pas rpaduka [, C I3 orHocuTenbHo otobpaxkenus 03 : (B¥)3 — I3 zanaéres
KOHEYHBIM aBTOMATOM ¢ cocrosHusaMu S = {—2,—1,0, 1,2}, HauajabHbIM CO-
crogauem 0 € S u nepexogaMu s 25t nput=2s+x+y—2z,raes,tes,
x, Yy, 2 € B. Mbl MOXkeM OIpeJe/IuTh 1 caMy cymMmy (Z,Yy) — & -+ y, HO OHa
Oy/JIeT TOJIBKO YaCTUIHO 33JIaHHBIM PEryJIsipHbIM oToOpaxkenuem [ X [ --» [.

6.6.4. (I136biTouHas JBOMYHAS 3AIMCh ONPEJIENsieT JIPYroe MpejiCTaBIeHne
I =[0,1].) PaccmoTpum Terepb U36bITOUHYIO JBOMYHYIO 3allUCh BEIIECTBEH-
ubix uucea w3 I = [0,1] ¢ momompio tpéx nubp D = {—1,0,1}. Hua
TOro, 9T0o0BI mOsTyunscs umeHHo orpesok [0,1], a we [—1,1], Gymem cuu-
TaTh, YTO IepBad Iudpa IOCIe 3alaToil — 3TO BCeraa eIUHMIA. Takmm
obpas3oM, HeIpepbIBHOE CIOPHEKTHUBHOE oToOpaxkenme # : DY — [ 3ana-
Ho 0 @ & > (0.1lwpzy...)y = 1/2 4+ 37%0 72,2772 Unmyruposannoe nM
OTHOIIIEHNE SKBUBaJIeHTHOCTH & = Yy < O(x) = 0(y) cHOBa pery/spHO
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Ha DY, OCKOJIBKY OHO PACIO3HAETCST KOHEYHBIM aBTOMATOM C COCTOSTHUSMU
S ={-2,-1,0,1,2}, magambuemv cocrosmmem 0 € S I HEPEXOMAME § —o t
mpn t = 2s+x —y, tae s, t € S, x, y € D (cm. [AB4][4.4.1)). TTosromy
0: D/ =" I — 310 peryasapHoe IpeCTaBIeHHIe.

6.6.5. (IIpencrasnenns I = [0, 1] ¢ moMonpo 0GBIMHON U ¢ HOMOIIBIO H30bI-
TOYHON CHCTEMbI CYUCIIEHUsT PETYIAPHO U30MOPdHBL.) OHAKO 3TO peryJisip-
HOE TIPE/ICTABJIEHUE B JIEACTBUTEILHOCTH N30MOPMHO IPEIBLIYIIEMY, TOCTPO-
€HHOMY C IIOMOIIBIO OOLIMHOM (Hen30bITOMHOI ) ABoNHOl cucreMsr. [leficTBu-
TesIbHO, cooTBeTcTBe F' C BY X DY) 3amannoe yciopueM TFy < Oy(x) =
0(y), stByIsieTcst peryJisipHbIM, TaK KaK OHO PACIO3HAETCsI KOHEIHBIM aBTOMa-
oM ¢ cocroguusivu S = {—2,—1,0, 1,2}, nHauanbabim cocrosiauem 0 € S u
nepexofaMi § —» tupu t =25 +2x —y—1,s,t € S,z € B,y € D. Tlo-
sToMy F' 3a7a6T m30MOpGU3M MEK Ty PeryIsipHBIME IPOCTpaHcTBaMu BY /=
u D¥/ =, naaymupyromuii id; Ha . 13 m3omopdHOCTH 9THX JBYX peryJsip-
HBIX IIPEJICTABJICHNI, KOHETHO Ke, cpasy CleyeT, u4To cioxKenne s @ 12 ——» [
u nonycymma h : I? — I, (z,y) — (z + y)/2 peryispHbl U B IpeJCcTaB-
JIEHUU, OCHOBAHHOM Ha U30BITOYHON JBOMYHON cucteMe. OJIHAKO TOJILKO B
u30BITOYHOl JIBOMTHON cucTeMe mojrycyMma h MoyKeT ObITh 9 HEKTUBHO BbI-
HCJIeHA C TIOMOIIBI0 KOHETHOTO aBToMaTa, (TouHee, TpaHcykTopa). [losromy
3¢ derTuBHOCTb 0TOOpaKeHuil (MoHMMaeMasi KaK UX BBIYHCIUMOCTD C TOMO-
IbI0 KOHEYHBIX aBTOMATOB) — 00Jiee CUJIbHOE CBOWCTBO, Y€M PEryJIsipHOCTD,
1 TpedyeT OTJIeJTILHOIO U3YUeHUs.

6.6.6. (Tpouwunoe npescrasienue I = [0, 1] He SKBUBAIEHTHO JIBOUTHOMY.)
Mo2KHO TakzKe MOCTPOUTH (HEU3OBITOYHOE) TPOMYIHOE IIPE/ICTABICHUE THCET
u3 orpeska I = [0, 1], ¢ momommpio mudp w3 T = {0,1,2} u orobpaxkenus
O3:TY -1, x+— Z:ﬁ% 37" 1z,. Kax u mpeske, paBeHCTBO BEIeCTBEHHBIX
YHCEJT JIEFKO IIPOBEPSIETCs 10 UX TPOUIHBIM 3AIMCAM C [OMOIIBIO KOHETHOIO
ABTOMATA C TPEMs COCTOSHUSIME, U MOTOMY 03 3a/IaéT €IE OIHO PEryJsipHOe
npejcrasienne kommakta [ = [0,1]. Ognako 310 IpencTaBIeHue He H30-
MOPGHO JIBYM TIPEJIBLIY M, TIOCKOJBKY TPOUYHAS 3aIllUCh YUCJIa HE MOXKET
6bITH IPeOOPa30BaHa B JIBOUIHYIO C MOMOIIBIO KOHEYHOTO aBTOMATa, JIJIsT 9TO-
ro Hy?KHa IOJIHOICHHAs MariHa ThropuHra. Mbl OTJI0KEM CTpOE JT0Ka3bIBa~
TebCTBO 31010 (hakTa 10 [6.6.9) HedopMasibHO IPUYUHA B TOM, YTO [EPBbIE
n 1udp TPOMIHOI 3aIMCH YUCIa T COJEPZKAT Topasio 6oJibine HHMOPMAIIH
06 x, gem nepsbie n mudp aBoudHoi 3anucu (mpumepro Ha n(logy, 3 — 1) Gu-
TOB), ¥ KOHEYHOMY aBTOMATY HErjie XPAaHUTb 3Ty HHGOpPMAIUO (OH MOXKeT
XpaHUTh MWH(MOPMAIMIO TOJIBKO B TEKYIIEM COCTOSHUM, KOTOPOE IPHHUMAET
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3HAYEHUs B KOHEYHOM MHOYKECTBE M HOTOMY COJIEPXKHUT OIPAHUIEHHOE KOJIH-
4ecTBO MHGOPMAINN).

6.6.7. (Yersepuunoe npejcrasienne qucesa u3 I = [0, 1] Toxke ne 9KBUBa-
JIEHTHO JIBOMYHOMY, HOTOMY UYTO MBI HCIIOJb3YEM TOJBKO CHHXPOHHbBIE AB-
ToMaThl.) MOXKHO PacCMOTPETh TaKKe YeTBEPUIHOE IPEJICTABICHHE Bellle-
cTBeHHBIX unces, ¢ @ = {0,1,2,3} u 6, : Q¥ — I = [0,1], 3ajauabv T —

:ioo 2,471 TlosmyuaeM emmé oHO peryJspHoe IIpeJicTaBIeHre KOMIAKTa
I = [0, 1], He SKBUBAJIEHTHOE HU OJHOMY W3 IIPEIBIIYIIUX (HAIIPIMED, [0 TeM
ke HeOpMAIbHBIM «HH(MOPMAIMOHHBIM» IpuiuHaM, 1 10 [6.6.9). Oxna-
KO MHTEPECHO, UTO YeTBEPUIHAA 3AIIUCh MOXKET OBITDH JIEFKO IIPeodpasoBata B
JIBOUYHYIO C TIOMOIIBIO ACHHXPOHHOTO KOHEIHOTo aBroMara (eM. [6.1.2)), koro-
PBIil Ha KaK/1yI0 IpounTaHHyto udpy € € Q¥ BoiBoaut ase mudpol y € BY;
obpaTHOe Ipeobpa30oBaHNe TaK:Ke MOXKeT ObIThb pPeajin30BaHO aCUHXPOHHBIM
KOHeYHBIM aBroMarToM. [IpoBepka Ha paseHcTBO O4(x) u 63(y) Takike pea-
JIU3YETCsl ACHHXPOHHBIM KOHEYHBIM aBTOMATOM, KOTOPbIH B Cpe/IHEM UUTAeT
1o Jse mudpsl Yy Ha Kaxkayo nudpy @. [1o3ToMy CHHXpPOHHOCTH paccMar-
PUBAEMbBIX KOHEYHBIX aBTOMATOB — 9TO CYNIECTBEHHOE OIPAHUYEHNE, KaK Mbl

ykasblBasin patee B[6.1.2]

6.6.8. (Heus6birounas m-manas cucrema cumciaenus za [0, 1].) Komewno
JKe, JIIsE JII0O0r0 HATYPAIBHOTO M > 1 MbI MOXKEM OIIPEJIETUTh HEM3OLITOY-
HYIO M-UYHYIO cUCTeMy cuucienusi Ha orpeske I = [0,1]: BospméMm D, =
{0,1,...,m — 1} u oupenermm 0,, : DY — I, & — Z:{i% r,m "L unnynu-
pPOBaHHOE OTHOIIEHNE SKBUBAJECHTHOCTH =,, Ha [, OKaxeTcsd, KaK OObIYHO,
PeryJIsipHbIM, OHO PACIO3HAETCS KOHEUHBIM aBTOMATOM C TPEMs COCTOSTHUSI-
mu. Takoro poga m-udnblie npejcrasienusi I = [0, 1] okasblBaloOTCs perysisip-

HO Hen30MOpPMHBI IPU PA3HLIX M > 1, IPUMEPHO 110 TOH ke «uHbOopMaIu-
OHHO{1» NPUYUHE, YTO U PaHbIIe (CM. TaK¥Ke .

6.6.9. (m-udHBIe CUCTEMBI I PA3JUIHBIX 1M 3aJIal0T Hen30MOp(dHbIE pe-
IyJSIpHBIE CTPYKTYDPbI Ha oTpe3ke.) JloKaxkem, 9TO m-WdYHBbIE DEryJsipHbIe
crpykTyphl Ha orpeske I = [0, 1], 3ajanuble orobpaxenusamu 0, : DY —» I
x — Y 0 r,m™ 1 e x, € Dy, = {0,1,...,m — 1}, perynspuo nemso-
MODP(MHBI [PpU PA3JUYIHbIX HATYpaJbHbIX m > 1. [leitcrBuresbHo, 3aduk-
CUpyeM JIBa PA3JUYIHBIX M7, Mo > 1; HE yMaJsis OOIHOCTH, MOYKHO CUH-
TaTh, YTO Mg < My. Peryyispable cTPyKTypPBI Ha OTpe3Ke, 3aj1aBaeMble 0, 1
01, TI3OMOP(MHBI B TOM U TOJIBKO TOM CJIydae, eCJIM COOTBETCTBHE [ MeXK 1y
Dy wm Dy, sanannoe TRY < 0y, (x) = 0, (y), ABIAETCA PEryIApHbIM.
JL1st TpoOBEPKU TOTO, ABJIAETCA JU [ peryagpHbIM, BOCIOIb3yeMCs KPUTEPU-
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eM : Ayt 000kt mapsr cios o € Dy . B € D onumakoBoii -
HBI ompefeanM (3aMmkiyrToe) coorBercrBue R,p = (a,)\R ¢ nomormsio
TR, py < (ax)R(Py) < O, (ax) = 0,,,(By); Torna R peryaspro B TOM
U TOJIBKO TOM CJIydae, €M MHOYKECTBO BCEX COOTBETCTBHIl BHIA R, g KO-
Heuno. Paccemorpum wactubil ciaydait « = S = 0" npu n € N. Torma
TRon gny < my "0, () = my "0, (y), mosToMy Rgn gn — 9TO 1IpoOOpa3 OT-
HOCHTEILHO CIOPLEKTHBHOTO 0TOOpaskeHud 6,,, X 0,,, ornomenus R, C I x I,
33JIaHHOI'O any = mf”x =My "y. Bce orHOIMIEHNS Rn Pa3ImvIHbL, ITOCKOJIb-
Ky sBJsiioTcs rpadukamu orpanndenuii Ha [ = [0, 1] suHedHBIX DyHKIHIT
x +— (Mmg/my)™T ¢ MONAPHO Pa3JIUYHBIME HAKJIOHAME. [L0CKOJIBKY O,y X O,
CIOD'BEKTUBHO, OTCIOJIA CJIEJIYET, U4TO U Bee Rgn gn IONAPHO PA3JIMYHBI, 8 3Ha-
qut, R 1eficTBUTENILHO HEPery/IspHo.

6.6.10. (Ilepemyrannast TpondHasi cucTeMa cumucjeHns.) Moxer CIoKUTH-
sl BIIEUATIIEHNE, UTO PEery/sgpHble TpejacTaBienns orpeska I = [0, 1] mo cy-
IIIECTBY ONPAHUIUBAIOTCS M-UIHBIME IPEJICTABICHUSIME, W3OBITOUHBIMA TN
HET, IPUIEM U30BITOYHBIE TPEJICTABICHNST OKA3bIBAIOTCS PETYJISTPHO H30MOPMh-
HbI Hen30LITOYHBIM. B J1eficTBUTEIbHOCTY CUTYaIls HECKOJIBKO cloxKHee. Pac-
CMOTPHM, HAIIPUMED, «IIEPEIyTAHHYIO» TPOUYHYIO CUCTEMY CUYHC/ICHUsI, UC-
nosib3yontyo Te ke mudpsl T = {0,1,2}, aro u obObIYHAsI, HO B KOTOPOW
nocsie KaxkJoi eauauinl mudpsl 1 u 2 MeHsaTCs poiaamu ((hopMaIbHO TO-
BODsI, 9TO CUMBOJIbI HEKOTOPOT'O aJipaBuTa, U HET HUKAKOW MPUIMHBI, 110 KO-
TOPOI OHU BCerja JOJIXKHBI O3HAYATH OJHO W TO Ke). Bojee TodHo, mycTh
p: T¥ 5 T% — perynapHas OUEKIUs, HePEBOANAd OECKOHETHOE CI0BO T
B GECKOHEYHOE CJIOBO Y, Takoe, uTto T, = 0 < y, = 0u z, +y, = 3 < 24
card{m < n: x,, = 1}. HeciioxxHo BUIETH, 9TO ¢ — JAEHCTBUTEIHLHO PEryJIsip-
Hasl OMEeKIUsI, IIOCKOIbKY €€ rpaduk ', pacio3HaéTcss KOHEIHBIM aBTOMATOM
¢ nBymst cocrostuusimu S = {0, 1}, HauasbubiM cocrosiaueM 0 € S ¥ 1MeCThIO
nepexomavu 0 —% 0,0 =5 0,0 — 1, 1 2% 1,1 220, 1 25 1. Sleno, uto
O30 : TY — [ 3a728T HECKOJILKO HEIIPUBBITHOE PETYJISPHOE IIPE/ICTABICHUE
orpeska I = [0, 1], mycTh u perynsipHo u30MOpQHOEe OOBITHOMY TPOUTHOMY.
B uwacTHOCTH, CyMMa, SIBJISIETCS (YACTUIHBIM) PETYJIAPHBIM OTOOparKeHHeM U
B 9TOM IIPEJICTABIEHUN, OJJHAKO KOHEUHBII aBTOMAT, paclo3HaoNmii rpaduk
CYMMBI, T.€. IPOBEPAIONIMNA PABEHCTBO T + § = 2z B NEPeIlyTaHHO TPOUYIHOI
crcTeMe, BBITJISIAT OYeHb CTPAHHO ¥ 3aIlyTAHHO, IIOCKOJLKY B HEM ropasjio
GoJIbIle COCTOSTHUIT, YeM 0ObIYHO (B BoceMb pa3). TeMm He MeHee, HET HUKa-
KOl IPUYUHBI ¢ CAMOTO HAYA/Ia «3AIIPETUTH» ITO PEry/IspHOE MPeICTaBICHE;
MOKHO pa3Be 4TO CKa3aTb, 4TO OHO B KOHEYHOM MTOre OECIIOJIE3HO, TTOCKO/Ib-
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Ky m30MOphHO H0JIee eCTECTBEHHOMY OOBIMHOMY TPOUYHOMY IIPE/ICTABICHUIO.

6.6.11. (PerysisipHoe mpejicraB/ieHne oTpe3Ka, UCHOJIb3YOIIee TIOKPhITHE OT-
pe3KaMu pasHoil JuHBL. ) Bee mpepiayiinme paccMOTpeHHbIE HAMU TIPeICTaB-
JIeHWsI OCHOBaHbI Ha MOKPbITHE oTpe3ka I = [0, 1] HeCKOIBKUME MEHBITUMU
OTPE3KaMi, KOTOPbIE COOTBETCTBYIOT YUCIAM, Ubsl 3aIllCh HAYNHAETCS C Ol
HOU m Toit ke mudpbl. Hampumep, oObldHAs TpOWMYHAS CHCTEMa OCHOBAHA
ma nokpeitun | orpeskamu [y = [0,1/3], I = [1/3,2/3| u I, = [2/3,1], a
u30bITOYHAST IBOMYHAS CHCTeMa — Ha MOKpbITHH oTpeskamu [, = [0,1/2],
0 =11/4,3/4], I} = [1/2,1]. OnHako BO Bcex HAIMX IIPUMEPAX BCe OTPE3KH
U3 TOKPBITHsI UMM OJIHY W Ty Ke JUIMHYy (a uMeHHO, 1/m jyist m-wdaHON
cucrembl). Hackosibko 910 06s13aT€15H07

Paccmorpum, nampumep, cucremy ¢ tpems nudpamu D = {—1,0,1},
OCHOBaHHYIO Ha IMOKpbITHH oTpe3ka [ = [0,1] orpeskamu pasHOil JIMHBI
I", =0,1/4], I] = [1/4,3/4], I = [3/4, 1]; 3areMm KaxKJblil N3 9TUX OTPE3-
KOB I10JIpa30uBaeTcs I0JI00HBIM 00pa30M eIlé Ha TPU U T.J1. 10 OECKOHEYIHO-
CTH, IPUMEPHO KaK MPU apUMOMETHICCKOM KOJMPOBAHUU CJIOB HaJ TPEXOYK-
BEHHBIM ajipaBuTOM [ ¢ HEpaBHOMEDHBIM DPACIIPE/IEJICHIEM BEepOsiTHOCTEH
P(—1) = P(1) = 1/4, P(0) = 1/2. Takum obpasom, 6, : DY — [ orob-
paxkaer © € DY B lim, s, (04 © 04y 0 00,,)(0), tae {0 : I — I}rep
— addunnbie orobpazkenusi, 3aganuble o_1(z) = x/4, oo(x) = 1/4 + /2,
o1(x) = 3/44x/4. fcno, uro 0, : DY — [ — HenpepbIBHAS CIOPBEKINS KOM-
naxToB, nosromy f, : D¥/ =— I — romeoMopdusM, rjae = — OTHOINICHHE
SKBUBaJICHTHOCTH Ha DY, mHpyrnuposanuoe 0. Bosee Toro, yauBuTe bHBIM
00Pa3OM OMHOUWEHUE IKEUBAAEHMHOCTNU = 0KA3LIBAELNCHA PELYAAPHBIM, TIO0-
CKOJIbKY OHO PACITO3HAETCST TeM YK€ KOHEYHBIM aBTOMATOM, YTO U PABEHCTBO
Ymucesl B OOBIYHON TPOMYIHON crucTeMe (B U3OBITOYHON CHCTEME CUNCIe-
HUSI, TJIe COCEJIHNE OTPE3KU MOKPBITUST 00s3aHBI XOTsi ObI HEMHOT'O TIEPEKPBI-
BaThCs, 9TOT TPIOK HE cpaboTas Obl ¥ OTHOIICHUE SKBUBAJICHTHOCTH OKa3a-
JIOCh ObI HEperyJisipHbiM). lHaYe roBOpst, MbI TOJIy9aeM TO YK€ PeryJsipHoe
npoctpancTBo DY/ =, Ho ¢ apyrmM romeomopdusmom 0, : |[DY/=| 5 1.

Tem He Menee, TaKOe HEPABHOMEPHOE TIPEJICTABICHNAE BEIECTBEHHBIX TH-
ceJl He OYeHb TOJIXOUT JIJIs HAIUX e/, IIOCKOJIbKY CA0MHCEHUE HE ABAAET-
cA peeysapHbLM omobpasicenuem 6 peayaaprom npedemasaeruy (D, =,0,)
ompesxa [0,1]. HedopmasnbHas npuduaa 9TOr0 MO-IpexKHEMY HH(MDOPMAIH-
onHas: udpsl 1 1 —1 HecyT ropasio 00JIbIe HHGOPMAIIMHE O BEIIECTBEHHOM
qucste, yem 1udpa 0 (qBa Gura IPOTUB OJHOIO), MO3TOMY, HAPUMED, MPU
ciaoxxennu yucest suga 0" 2z u 001"y upu n > 1 Hens6exKHO BOZHUKHYT IIPO-
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OJ1eMbl 13-3a TOr0, YTO CUHXPOHHOMY KOHEYHOMY aBTOMATY HErJle XPaHUTD
HaKAIIMBAIONLYIOCA JOMOJHUATEIbHYIO UH(MOPMAIMIO O BTOPOM CJIAra€MOM.
Crporoe e JI0Ka3aTeIbCTBO MOXKET ObITh IIOCTPOEHO aHATIOrMYHO [6.6.9] Or-
CI0/1a, KCTaTH, CJIEJyeT, UYTO ITO PETryJSPHOE Ipe/CTaBJeHNe OTPeE3Ka pPery-
JIIPHO HEM30MOP(MHO HU OJIHOMY M3 PACCMOTDEHHBIX paHee (HECMOTPsI Ha TO,
YTO PABEHCTBO YHC/Ia B TAKOM IIPEJICTABICHUN U YHCJIa B OOBIYHON JIBOMY-
HOI 3aIcu MOXKeT OBbITh IIPOBEPEHO C TIOMOIIBIO ACUHTPOHHO20 ABTOMATA).
Nurepecno, ojiHako, 9T0 «3a0pakoBaThy TaKoe IIPEJICTaB/IeHue OTpe3Ka 0e3
OTCBLJIKU K CJIOKEHUIO He TOJIYyIaeTCs.

6.6.12. (Cucrema ¢ ByMs nudpaMn 1 HEIEJbIM OCHOBaHIEM a, 1 < |a| < 2.)
PaccmorpuM Teneph cucreMy cuucienusi ¢ asyMms nudpavu B = {0,1} u
BerecTBeHHbIM ocHOBaHueM a € R, |a| > 1. Torma 6, : BY — R — 310 Henpe-
pbiBHOE OTOOpaxkenue & — (0.29r1 ...)q = ;:% r,a” " x, € B=1{0,1}.
D10 0TOOPaAYKEHNE KOPPEKTHO OIPEJIEJIeHO W HEeNPEepPhIBHO 1pu |a| > 1; ero
obpa3 — 910 HeKOTOPbIT KoMIIakT 0,(B*) C R. Oxnako mpu |a| > 2 orobpa-
XKeHue , UHHEKTUBHO, ¥ 9TOT KOMIAKT OKA3bIBAETCsI YE€M-TO BPOJIE KAHTO-
pOBa MHOXKECTBA; B YACTHOCTHU, OH He 00JIaJIa€T HU OJHON BHYTPEHHEH TOY-
KOM, U CYIIECTBYIOT CKOJIb YI'OJHO MaJible HOJIOYKUTEIbHBIE BEleCTBEHHBIE
qucia, He O0JIAJIAIONINE (-UIHBIM IIPEJICTABIEHUEM, T.€. HE HONAJAMIINe B
0,(B%). Ilosromy 3navenns |a| > 2 He 3a7a10T MPEJICTABICHUS BEIIECTBEH-
HBIX YUCEJT WU XOTs Obl KAKOIO-TMO0 MHTEPBAJIA BEIECTBEHHBIX YUCE, TaK
9T0 MBI He OyjieM UX paccMarpuBarh. [ajee, a = 2 COOTBETCTBYET OOBIYTHON
aBondHOi cucreme [6.6.3] KoTOpast, KaK MBI 3HAEM, JEHCTBUTEILHO 3a1aET
peryJisipHOe TpejicraBiaenue orpeska [0, 1]; ciyuait a = —2 («Hera-JBondHAas
cucTeMa CYUCIEeHUs» ) B OOIEM aHAJOTUYEH U 33a6T PeryJsipHOe TIpeICTaB-
nenne orpeska [—2/3,1/3]. Ilosromy B gasbHefiIeM Mbl OPPAHIIIMCH CJTyda-
em 1 < |a| < 2. Torga I, := 6,(B“) — 910 HEKOTOPBIil OTPE30K BEIECTBEHHON
npsmoit, a umenno, [0,1/(a — 1) npu 1 < a < 2 u [a/(a® — 1),1/(a* — 1)]
mpu —2 < a < —1, u 0, 3a7aéT peryagapHoe IpeAcTaBIeHne 3TOT0 OTPE3KA
B TOM M TOJIbKO TOM CJIydae, eCJIi OTHOIIEHUE SKBUBAJEHTHOCTH =, Ha BY,
sajianHoe T =, Y < 0,(x) = 0,(y), aBaseTcs peryaspHbIM.

6.6.13. (Kpurepwuii peryaspHOCTH =,: KOHEYHOCTb BCIIOMOTATEJIbHOIO MHO-
xkectBa S,.) IlompobyeM BBISICHUTB, JIJIsT KAKUX ¢ OTHOIIEHIE SKBUBAJICHTHO-
cTi =, Ha B* gBigercd peryadgpHbIM. /[y 3TOro Bocmoab3yemcs KpUTepu-
eM : JUIst JII00O0 TTaphl JBOMYHBIX CJIOB <, 3 € B* 0anHaKOBOI JIJIMHEI
nocTponM (3aMKHyTOe) otHOmIeHue R, 5 := (o, §)\ =, na B*, 3ajamnuoe ycio-
BueM TR, 3y & ax =, fy. Torna =, peryigapHO B TOM U TOJIBKO TOM CJIy-
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Jae, eCJI MHOYKECTBO BCEX OTHOIIEHUI TAKOTrO BUJIa KOHEYHO (U TOTIA MOYKHO
HCIIOJIL30BATh 3TO MHOXKECTBO B KAa4eCTBE COCTOAHUM MUHUMAJIHLHOIO KOHEY-
HOTO aBTOMAaTa, PACIO3HAIONIET0 =,). 3aMeTuM, 910 TR, 3y DPABHOCHILHO

0.(ax) = 0,(By), re. Zz;é ara ¥ +a0,(x) = Z;é Bra F 1 +a7"0,(y),

rae n = |a| = |B]. [lostomy R, — 910 1poobpas oTHOCHTENILHO §, X 6, oT-
Homenud Rs C I, X I,, 3agannoro xRsy & y —x = 0, r1e 0 = 0o =
n—1

o (ar — Br)a"*~1. TlockonnKy 6, : BY — I, ciopbeKTuBHO, Ro g = Ry g
B TOM U TOJIBKO TOM CJIydae, eciim Ry = Ry, e §' = 0o, pr- B cBOIO Ouepenp,
5TO YCJIOBHE BBITIOJHEHO B TOM M TOJBKO CIydae, ecan ambo oba Rs, Ry my-
crel, 910 pasHocwibHo |0|, [8'| > L := 1/(la] — 1) (rme L = 1/(|a| — 1) —
JUHA oTpeska I, ), ambo § = §'.

ITycTp Temepb S, — 3TO MHOMKECTBO BCEX UHCEN BHIA 0 = 04, g, IPUHAI-
Jexamux otrpe3ky [—L, L]. Nnade rosops, S, cocrour us Beex § € [—L, L],
[IPEJCTABUMBIX B BUJIE EZ;S cpa® nys nexoropeix n € Ng m ¢ € {—1,0,1},
e L = 1/(|a] — 1). Mbl BuguM, 9T0 0mHoweHUuE IKEUBAACHMHOCTIU =,
na BY pe2yaapno 6 mom u moavko Mmom CAYHaGe, eCAU MHOHCECTE0 S, Ko-
HewHO.

6.6.14. (Heobxomnmoe ycaoBre KOHETHOCTH S, G JOJZKHO OBITDH TIEJIBIM aJl-
rebpanieckuM HeOOJIBINONH HOPMBL.) B KadecTBe mepBOro CJejcTBhs OTMe-
THM, 9TO, O4eBUIHO, S_, = S,, TaK UTO =, PEryJgpHO B TOM M TOJIHKO
TOM CJIydae, eCIu =_, PEryJdpHO, U Mbl MOXKEM OTPAHUIHUTHLCA U3YUICHU-
eM ciydas 1 < a < 2. Jlanee, 3amerum, 4to i Jjoboro x € [—L, L],
rie L = 1/(a — 1), xora 661 ogno u3 gucen ax £ 1 € [—L,L]. Hanpu-
mep, ecim © > 0, 10 ax — 1 € [-1,al — 1] = [-1,L] C [-L,L]; ecm
ke x < 0, 0o ar +1 € [—L,L]. Orcioia HEMEJIEHHO CIIEJyeT, YTO eCAU
r € Sy, Mo KaK MUuHUMYM 00no u3 wuces axr =1 € S,. Kpome TOro, Msr
snaeM, uto 0 € S,. [TosToOMy MBI MOYXKEM MOCTPOUTH IENOUKY ducesa rg = 0,
Tpi1 = ATy, + €p, €, = £1, Takux, 4rTo BCe x, € S,. Mbl MO)KeM BBIOPATH
€o = 1; 1 OCTAJILHBIX 1 MBI MOXKEM HCIIOJIL30BaTh €, = —1 1iput x,, > 0 u
g, = 1 mpu x, < 0. Eciu MHOXKeCTBO S, KOHEUHO, TO 3Ta IMOC/IEI0BATE b
HOCTB JIOJIZKHA 3aIUKIUTHCH, T.€. Tpiy = Ty I HEKOTOPHIX . > 0, £ > 0.
Opnako x,, = »s()a”*1 + 51a”*2 + -+ €p—1 dBJIdETCd 3HAYCHUEM B TOYKE @
yuurapuoro maorouiena P,(7T) crenenu n— 1, Bce K03 duimenTs KOTOPOro
paBHbI +1. AHAIOrMYHOE yTBEDPXKIECHIE BEPHO U JUIA Tpy¢ = Ppyy(a), u 1o-
TOMY a sIBJIieTCst KopHeM yHuTapHoro muorowiena P, (1) — P,(T) € Z[T)
crenieHn n + £ — 1, a 3HAYUT, A KoHeuHocmu S, U pezyaapHocmy =, Heob-
200UMO, U4MOOLL a4 OLLAO UEABIM an2ebpauveckum wuciom. Kpome Toro, Bce
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ko3 durmentsl yaurapaoro muorodiena P, (1) — P,(T) — uessle uucia,
He [PEBOCXOJISINUE 110 MOIYJIO JBYX. [T0CKOIBKY MUHUMAJIbHDBIH MHOIOYIEH
ayirebpamdeckoro unciaa a # 0 o0s3aH OBITH JIeINTe/IeM TON0 MHOTOYJIEHA,
MBI BUJMM, 9TO CE0000HOIU YAeH MUHUMAAGHO20 MHO20YAEHA G paseH +1
uau £2; unade roops, |No/o(a)| < 2. D10 yrBepKieHne HECKOIBKO Clla-
6ee, uem anoncuposantoe B [AB4][4.6.1] (Mbl noKa He HMCKJIOUMIM CILyvail
No(a)/o(@) = £2 1 He MOXKeM yTBEPXKIaTh, UTO ¢ — €JIUHHIA B Z[a] umm B
MaKCHMAaJIbHOM Topsijike ducaoBoro nosist Q(a)), 3aTo MbI €ro cTporo Jioka-
34/ OTHOCUTEJIBHO 3JIEMEHTAPHBIMU METOAMH.

6.6.15. (ParnuonasbHble U TPAHCIEHIEHTHBIE @ He MOJAXOJAT.) B wacTHOCTH,
MBI ITOJIY9aeM, 9TO =, He ABAAEMCA PE2YAADPHDIM OMHOWEHUEM IKEUBANEHITL-
HOCTNU HU OAA KAKO20 PALUONGAbHO20 a ¢ 1 < |a| < 2, T.e. Takue a HE TO-
JaTest 7151 3pDEeKTUBHOTO TIpeJICTaB/IeHUs BEIECTBEHHBIX YHCET B CHUCTEME
CUYUCJIEHNs ¢ IBYMs IndpaMu. DTOT Pe3ysbTaT ObLI AaHOHCUPOBAH U He(OP-
MaJIbHO O0bsICHEH paHee B [AB4] MpbI Tak»Ke BUIUM, YTO TPAHCIIEH-
JIeHTHBIE @ 3aBEJIOMO He IIOAXOST, 9TO ObLIO paHee HeOPMAILHO MTOSICHEHO
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6.6.16. (AsbrepHaTHBHOE ONUCAHKE S, ¥ MUHUMAILHBII KOHEIHBIIT AaBTOMAT,
pacrosHatonmit =,.) Hanomuaunm, arto S, cocrout u3 Beex wucena x € [—L, L],
IIPEJICTABIMBIX B BUJE & = » ., _, cpa® ¢ ep € {=1,0,1} wn € Ny. Ecmm
MPEICTABIMO B TAKOM BIJIE, TO I ¥ := (T — Co)/a = Y 4o Cxr1a” mpeacTanu-
MO B TAKOM BHJIe, IpuuéM ¢ MeHbInuM n, u |y| < (L +1)/|a| = L, nockosbky
L = 1/(la] — 1), aro osmauaer, uto y € S,. OTCIONa IO UHIYKIUH IOJIY-
qaeM, 9TO BCe dncyaa T € S, MOIydatoTcsl MOCJIeI0BATEIbHBIM TPIMEHEHHEM
CJIEJTYOIIUX JIBYX MPABUJ:

e 0 S,
e Ecuse S,,ce{-1,0,1}ut:=as+c€[-L,L], 0t €S,.

Mpbr MOKeM Tak»Ke Ommcarh S, ciemyrormum obpasoMm. Pacemorpum (6ecko-
HEYHBIIT) aBTOMAT ¢ MHOXKECTBOM COCTOHMI [— L, L], Ha9a/IbHBIM COCTOSTHY-
eMm sg = 0 m mepexojlaMu S 2t nput =as+x —y, s, t € [—-L, L], x,
y € B = {0,1}. Torma S, — 9T0 B TOYHOCTH MHOYKECTBO BCEX JIOCTHUZKIU-
MBIX COCTOSIHHI 9TOr0 aBroMara. Ecm OHO KOHETHO, TO OIPAHUYEHUE STOrO
aBTOMaTa Ha MHOXKECTBO S, — 9TO IO MOCTPOCHUIO MUHUMAJBHBI aBTOMAT,
pacnosHatonmit =, (cm. [6.6.13|1(6.1.14)). Takum o6pasom, y HAC BO3HUKAET
KPUTEPHii, MO3BOJIAIONINN [TOKA3aTh KOHEIHOCTh S, U PEryIsApHOCTh =,, a
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3a0/IHO U IIOCTPOUTH MUHUMAJBHBIII aBTOMAT, pacloO3HAIONINI =,: HaJIO I0-
CTPOUTH MHOXKECTBO S,, HadaB ¢ {0} u mocsiegoBarebHo J00ABIAS K HEMY
BCe 3JIEMEHTHI, ITOJTy JaloIuecs 0 BTOPOMY ITpaBuity. Eciam 3ToT mporiece pac-
IIAPEHNs 3aBePHINTCA 4epe3 KOHEYHOe YMCJIO I1aroB, TO Mbl IIOJIyYHUM BCE
MHOYKECTBO S, OHO OKarKeTCsl KOHEYHBIM, W 3a0JHO MbI MOCTPOUM MUHU-
MaJIbHBII KOHeuHbIil aBromar. Ecin xxe =, neperyisgpho, a S, 6ECKOHEYHO,
[IpOIlecC HUKOTJIa HE 3aBEPITUTCS.

6.6.17. (Ciryuait KBaIpaTHIHON HPPAIHOHAILHOCTH (: 4 = WX ¢ = \/2.)
PacemorpuMm Terneph cirydait, kKorjga 1 < a < 2 — KBaJIpaTudHasg UpPaIAo-
HAJILHOCTb ¢ MUHUMaIbHBIM MHOrounenom P(T) = T? — pT + ¢; Torya p,
q€Z q#0ulq <2mnol6.6.14 Ilycts o' = g/a — BTOPOil KOpeHb STOrO
MHOT'OWIEHa; OCKONIBKY 1 < a < 2 u |g| < 2, MBI 3HAEM, 9TO |d’| < 2, OTKy/1a
—l<p=a+d <4upe{0,1,2,3}. D10 yKe OCTABIIAET KOHETHOE MHOZKE-
creo Bapuantos mist P(T). Mbl MoxkeM cy3uTh ero gaJplie: ciaydai a’ > 1
HEBO3MOZKEH, MMOCKOJIbKY Toraa n3 1 < a,a’ < 2 ciemosajio 06l ¢ = aa’ > 1
n2<p=a+d <4, orkyna ¢ = 2 u p = 3, OJHAKO COOTBETCTBYIOIIMIi
muorousien 7% — 3T + 2 = (T — 2)(T — 1) npusogum. [losromy a’ < 1 < a,
orkyma P(1) = (1—a)(1—-d')<0u P(2) >0, 1e. 1 —p+¢=P(1) < -1
nd—2p+q=P2)>1,orkyma ¢+ 2 < p < (¢ + 3)/2, 970 BO3MOKHO
TospKo ipn ¢ < —1, 1e. ¢ € {—1, -2}, u B 0b6ouxX caydaax p = ¢ + 2, 410
ocTaB/sgeT TobKo jaa Bapuanta: P(T) =T? —T —1u P(T) =T* - 2. B
nepsom ciydae a = ¢ = (1 4+ 1/5)/2, a Bo Bropom a = v/2.

6.6.18. (Cayuait a = +¢.) Ilpu a = ¢ mporecc MOCTPOEHUsT MHOXKECTBa
Sy, C I, = [—p,¢] c momompo MeTONA JIeHCTBUTEILHO 3aBepla-
eTcsl 38 KOHEYHOE YMCJIO MAroB, U Mbl [OJydaeM KOHEYHBI aBTOMAT C ce-
MbIO coctosiHuAMI S, = {—¢, =1, =~ 0, o™, 1, ¢} u3[4.6.8 u [4.6.9|
B pabore [AB4], pacnosnatommit =,. AnasorndHo I @ = —@ C TEM Ke
MHOXKeCTBOM S_, = S,. Takum obpazoM, =, peryiadpHo, a oToOpazKeHue
0, : BY — [0,¢] 3amaér peryispHyio cTpyKTypy Ha orpeske [0, ], paBHO
Kak 1 0_, : BY — [—1,07'].

6.6.19. (Cayuait @ = ++/2.) Tlpu a = /2 nponecc HoOCTPOEHHS MHOZKe-
crBa S 5 = S_ j3 10 IpaBUIaM HUKOIJIa He 3aBepIIAeTCs, MHOKECTBO
S /3 6ECKOHEYHO, a OTHOIIeHHe SKBUBAJIEHTHOCTH =, ;5 HePeryJsipHO, TaK 4TO
a = ++/2 He TOAUTCH B KaueCTBEe OCHOBAHMS PErY/ISAPHOl (1 Tem Gostee 3b-
beKkTUBHOIT) cucreMbl cuncaenus ¢ aByMs mudpanvu. Takum obpasoM, einH-
CTBEHHas KBaJpaTUYIHAs UPPAIMOHAIBHOCTD @, JJIsi KOTOPOil =, peryysapHo

— 910 0 = %, Kak u 6610 aHoHcHpoBaHo B [AB4]/4.6.2]
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Hnsa noxasaresbersa GECKOHETHOCTH MHOXKECTBA S, /5 IIPOBEPHM, 1T0 (1—
V2)" € S /3 AJIs BCEX HATYPAIbHBIX n. [ljig 9TOro JoKazkeM, 4TO ecim o =
a +bv2 € Z[v/2] rakoso, uro |o| < L =1/(v/2-1) =1+ V2, 10 0 € S 3;
uHade Topopd, S 5 = [—1 — V2,1 + V2] NZ[V2]. HOycts o = a — by/2 —
conpsizKenHoe uncio; Toraa |of| < 2%? jia jpocTaTouHo GOJBIIONO IEJIOro
n > —1, ¥ MBI JOKayKeM Hallle BCIOMOIaTeJIbHOE YTBEPXKICHUE MHIYKIEi
no n. nga nepexona Boibepem ¢ € {—1,0,1} ciemyromum obpasoM: ecyu
V2 | a, e 2] a 0e =0 umaue ¢ = lupu o > 0ue = —1 upn
o < 0. Honoxxum B := (a —€)/v/2 = b+ %5=/2. Torna 8 € Z[V2], |B] <
(L+1)/vV2=Lup =—(a —¢)/V2, tak uro || < max(1,|a/|)/v2 <
200=D/2 npu n > 0. ITo mpenoroKenHo unaykumn 3 € S 5, a 3HAUAT, U

a=pB/2+c€S /3 110 BTOPOMY TIDaBUJly U3 . Ocrasioch m0Ka3aTh
6a3y nmyKimn n = —1, T.e. paceMorpers cayuaii |a < 1++/2, [of| < v/2/2.
[ockonbky a = (a+a’)/2 € Z, orciona cieayer |a| < 1/2+3v2/4 <2mua €
{—1,0,1}; kpome Toro, b = (a—a')/(2v/2) € Z, orkyna |b| < 3/44++/2/4 < 2
ub e {—1,0,1}. Dro ocrasiser He Gojee AEBATU BAPUAHTOB IS (v, U3
KOTOPBIX HOJXOIAT TOMbKO —1 — /2, 0 1 1 + \/2; HECJI0kKHO BHIETH, 9TO
OHH JeHCTBUTEILHO IPUHAICIKAT S 5, 9TO U 3aBepHIacT J0Ka3aTeIbCTBO
HAIIIET0 BCIIOMOTATEJILHOIO YTBEPKICHUS.

6.7 PerynasapHble TOUKU peryJisipHbIX IIPOCTPAHCTB

Onpepesienne 6.7.1 (Kareroproe onpeesetne peryasipHbix Todek.) [lycrp
X = (X, 6x) — pery/sipHOE IDOCTPAHCTBO, T.e. 00beKT Kateropun Reg n3[6.5.2]
HaszoBéMm perysisipHOM TOYKON mii riI06aJIbHbIM CeYeHUEM DEry/ISpHOIO
npocrparcrsa X Joboit moppusm p : 1 — X, rne 1 — uHAIBHBIT 00BHEKT
kareropun Reg, Te. ogHorouednoe perymsproe npocrpaHcTso (cu. [6.5.7)).
Ob6osraqnm qepes X* := Reg(1, X) MHOXeCTBO Beex pery/spHBIX TOdeK X .

6.7.2. (I'eomerpudeckoe ompejiesieHre: PEryysipHble TOYKU KaK OJHOTOUYEH-
HbIe PEryJIsipHbIe ITOAMHOYKECTBA. ) 3aMeTHM, 4To J1Io0oi Mopbusm p : 1 — X
UHDBEKTHUBEH, a 3HAYNT, sBJsteTcs nsoMopdusmom 1 = {x} Ha cBoii obpasz —
OZIHOTOYEYHOE peryraphoe moanpocrpanctso {p(x)} C X (cm. 6.5.6). Ha-
oboport, ecin {x} C X — OIHOTOYEUHOE PErYJISPHOE HOIIPOCTPAHCTBO, TO
1 = {z}, moromy 49TO Ha OJHOTOUEIHOM MHOKECTBE €CTH TOJILKO OJIHA PEry-

JgpHas cTpykTypa (cMm. [6.5.7)), u mMbl mosygaem Touky p, @ 1 = {z} & x

¢ obpazom {x}. Takum obpasom, peryispubie To9ku p : 1 — X peryssp-
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HOTO TPOCTpaHCTBa X HAXOJATCS BO B3aUMHO OJHO3HAYHOM COOTBETCTBUU
C OJIHOTOYECYHBIME peryJspHbiME HoanpoctpancTBamu {x} C X. Mbl Mo-
JKeM OTOXKJIECTBUTBH P C COOTBETCTBYIOMIEH Toukoit © € X (T.e. obpasom p)
U OIPEJIETUTh PErYIAPHYIO TOUKY PEryJIspHOTO MPOCTPaHCTBA X KaK TaKylo
TouKy = € X, Jyisi KOTOpoil 3aMKHyTOe ToaMHO)KecTBO {x} C X siBjsiercs
peryJsgpHbIM OIIPOCTPAHCTBOM B CMbBICJIE m Torna X = Hompeg (1, X)
OTOXKJIECTBIISICTCS C TOJAMHOZKECTBOM X' C X, COCTOSIIMM U3 BCEX PEryJisip-
HBIX TOYEK.

6.7.3. ([eiicTBue peryisipHbIX 0TOOpaKEeHNii U PEryJIsIPHBIX COOTBETCTBHI Ha
peryJisipHbIX ToUKax.) fcHo, aro X ~» X ¢ apnsterca dpynkropom Reg — Sets
(a mmenno, h' = Reg(1,—)), NpUHUMAIONIUM 3HAYEHUS B CYETHBIX MHO-
kecrBax (mmockobKy Bee Reg(X,Y) cuérubl). Unade rosops, moboe pery-
nsipaoe otobpazkerme f : X — Y wmuaynmupyer oTroOpaykeHme MHOMXKECTB
. Xt = Y Ecm Mbel oTokecTagem X' ¢ mogMmHOMKecTBOM B X, U
anasormano ¢ Y, 1o f(X*) C Y¥, Te. peayasapnnidi 06pas pezyasaproti mouxu
peayaspen, u f* ectb orpanmdenue f (KaK HEHPEPLIBHOTO OTOOPAYKEHHS TO-
HOJIOTHYECKIX TIPOCTPAHCTB). Kpome Toro, mo6oe peryaspHoe COOTBETCTBIE
R € RegRel(X,Y) (cwm. onpejiesigeT cooTeTcTBre RF MerKry MHO-
skectBamu X u Y ¢ momorsio orpanmdennss R C X X Y Ha HOIMHOXKECTBO
XixYPCc X xY.

6.7.4. (PerysisipHble TOYKH B PEryJsIPHO MPEJCTABJICHHBIX KOMIakTax.) Fe-
st K — HEKOTOPBII PeryasapHO MPeICTABICHHBIN KOMIIAKT, 9TO O3HAYAET, YTO
na K ecTb perysgpHas CTPYKTYpa, T.e. [ dBJsieTcs peryagapHbIM ITPOCTpaH-
ctBoM. [TosTomy B K mosiB/IsIeTCSl CIETHOE TTOJIMHOXKECTBO PETYIISAPHBIX TOUEK
K* C K, Boobe roBops, 3aBHCAITEE OT BLIOOPA PEryJIAPHOTO HPe/ICTABICHIS
(peryssipHOii CTPYKTYPBI) KOMITakTa K .

6.7.5. (Peryssipable TOUYKH B IPSMBIX M PACCJIOCHHBIX POM3Beiennsix.) Ilo-
ckombKy X* = Reg(1,X), bynkrop X ~ X* coxpanser Bce mpejiesibl, cy-
mecTByfolme B Reg, 1, B 9aCTHOCTH, IPSIMbIe U PACCIOCHHbIE TPON3BEIeHI,
cymecTByIonue cornacHo [6.5.8}

(X xY) =X xY* (6.7.5.1)

(X xzY) = X! x 0 Y? (6.7.5.2)

Juts J1o0bix MopdusmoB p 1 X — Z, q Y — Z B Reg. nade rosops,
dyrxmop X ~» X mouen caesa.
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6.7.6. (Peryngphble TOUYKE B CTAHIAPTHOM PErYJISIPHOM MPOCTpaHCTBE X =
(A“, R) — st0 Kjaccel nepuogmdeckux caoB mod R.) Ilycre X = (A“ R)
— CTaHJIAPTHOE PEryJspHOE IPOCTPAHCTBO, T.e. R — CUMMETpUYIHOEe TpaH-
3UTUBHOE peryssipHoe orHomeHue Ha AY (cM. . Oboznaunm X, =
dom R C AY“; torma Xo C AY — peryisipHoe IOJIMHOXKECTBO, U y HAC €CTh
saumopdusm 7 : Xg — X B Reg, KOTOpBIA MbI OTOXKIECTBUM C CIOPBHEK-
mueit Xg — Xo/R. okaxkem, aro pezyasprvie mouku p € Xo/R — amo @
mounocmu 06pasdv. (hecmpozo) nepuoduveckur caoe x € Xo C AY omnocu-
meavho T : Xog — Xo/R. B 1anHOM ci1ydae Mbl Ha3bIBaeM GECKOHETHOE CJIOBO
T = rox1 -+ € AY (HECTPOro) MEPUOJUIECKIM, €CJIU CYIIEeCTBYIOT ng > 0 u
¢ > 1, Takue, 9TO Tpyp = T, JJIA BCEX N > Mg. DTO PABHOCUJIBHO TOMY, 4TO
ot (x) = 7(x), rae 7 1 AY — A¥ — orobpazkenue oTOpaCcLIBAHUS EPBOTO
CHMBOJI& U3

IIpexxkne Bcero, ecim HGeckoHedHoe caoBo € € Xy C AY mepuoamdeckoe,
OHO PACIIO3HAETCS HEKOTOPBIM KOHEUHBIM aBTOMATOM C Mg+ £ COCTOSHUSAMU B
pPEeJIbLLY MY 0003HAUEHUAX, T.e. HOJAMHOXKecTBO {x} C A“ sBisiercst pery-
JISSPHBIM, UJIH, YTO OJIHO U TO YKe, 0OTOOparKeHue p,, : 1 — A ¢ obpasom & sB-
JII€TCsI PeryssipHbIiM. Ecu Ternepb Mbl paccMOTPUM T O Py, : 1 — X = X/ R,
MBI TIOJIYIUM HEKOTOPYIO PErYJISPHYIO TOUKY X, KOTOpas KaK pa3 sIBJIAeTCs
kyaccoM 7(x) = & mod R.

Hao6opor, npemmonoxum, p € X — peryjaspHas TOYKa, YTO COLJIACHO
OIIPEJICJICHUIO ozHauaet, uro p € StdReg(1, X). Ilo ompeenennio ka-
reropun StdReg (cwm. [6.3.9|u (6.3.5.1])) Takoit Mmopdusm p — 510 HEKOTOPOE
peryJisipHoe moaMHO)KecTBo P C AY = {x}* X AY| apiisromeecs: TaKzKe KJac-
COM 3KBHMBAJIEHTHOCTH OTHOCUTENBbHO R; B wactHocTH, P Hemycro. CorjacHo
JIEMMeE ke, P couep:kuT XoTsd Obl 0JHO IEPUOINIECKOe DECKOHETHOE
ciioBo ® € P; Torma p = w(x), 9410 1 TpeboBaJIOCh JI0KA3ATh.

Jlemma 6.7.7 (Ilepuosgmieckie cJIOBa IJIOTHBI B PETYJISIDHBIX MHOYKECTBAX. )
Ileprnonmieckue cioBa mIOTHBI B JIIOOOM peryJsipHOM mojMHOKecTBE X C

A“.

HoxkazareabcTBo. Ilycts * € Xy — mnpousBosibHOE OECKOHEYHOE CJIOBO
n3 Xy, u nyctb N € Ny. Jlokaxkem, 9TO CyIIeCTBYeT MEPUOTUICCKOE DECKO-
HeJHOe CJIOBO Yy € X, coBnajaoriee ¢ € 1mo nepBbiM N cumBosaM. [lycThb
G = (S, sg, E) — xoneunblit apromar, pacrosnaomuii Xo. Pacemorpum mmo-
CJTe/IOBATEILHOCTD €TI0 TIEPEXOJIOB ) — Sp41 HA BXOJE X. II0CKOIBKY MHO-
JKECTBO COCTOSIHUIT S KOHEYHO, HEM30EXKHO S, = S,iy /I HEKOTOPBIX N <
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n <n+{ < N+|S|. Torma cinoso y, coBuajaoiee ¢ & 1o MepBbIM 1+ £ CIM-
BoJIaM 1 3areM (-riepuogudeckoe (T.e. yp = T upu 0 < k < n+ €, yp = Yr_¢
upu k > n + (), npunajgiexxut Xog U OPU 9TOM COBIAJAET C & IO MEePBbIM
n+ ¢ > N cuMBOIaM.

CaencrBue 6.7.8 (Peryssipable TOYKH IIJIOTHBI B JIFOOOM DETYJISIDHOM IIPO-
crpanctie.) Muosxkectso perynsapubix Touek X*¢ C X II0THO B JII060M pery-
sproM mpoctpancTse X . B wacrnocrn, ecim X # @, To mw X' £ @.

HokazareabcTBo. He ymaiisist 061IHOCTH, MOXKHO CIUTATH PErYIIAPHOE TIPO-
crpanctBo X crangaprtabiM, T.e. X = (A R) JUIg HEKOTOPOTO KOHEYHOI'O
MHOXKECTBA A U CUMMETPUIHOIO TPAH3UTUBHOI'O PEryJISPHOIO OTHOINEHMS
R C AY x A¥. Ilycrb X := dom R C A — mocurens R, a7 : Xg — Xo/R =
X — kanoHudeckuit amuMopdusm. MbI 1oKa3aim B , 9TO Xg C Xog —
9TO B TOYHOCTH MEPUOUIECKHE CJIOBA, MOIAJIAIONINE B PEIYJISIPHOE TOJIMHO-
JKeCTBO X, U IIOTOMY Xg IJI0THO B X 110 JIeMMe Hanee, X* = W(Xg)
CHOBA 110 u HenpepbiBHOE oToOpazkenue || : | Xo| — | X| cropbexTusHO;
nostomy X* moTHO B KommaxTe | X |.

6.7.9. (X ! — BpLIEJIEHHOE CUETHOE BCIOJZIY TJIOTHOE MHOZKECTBO B ITOJIBCKOM
kommakTe X.) Mbl BUAMM, 9TO MHOXKECTBO PEryJIApPHBIX TOUEK X fC X aB-
JISIETCsT CYETHBIM BCIOJY ILJIOTHBIM MHOXKecTBOM B Kommakre X = |X|. B
CcaMOM CYIIIECTBOBAHUU TAKOT'O ITOJIMHOXKECTBA HET HUYEro YJIUBUTEJIHHOTO,
nockobKy KomnakT |X| — nosbekuit. Tem ne menee, spibop nmenno X¥ B
KadeCcTBE TAKOTO CYETHOI'O BCIOJIY IIJIOTHOTO MHOXKECTBA OYEHBb €CTECTBEH U

ynoben. Hampumep, jmoboe peryisipaoe oroopaxkenue f : X — Y nepeBoaut
Xt B YH

6.7.10. (®ynkTop X ~» X* crpor.) Orciona n u3 cTporoctn byHKTOpPa Teo-
MeTpIdecKoit peasmsanun |-| ciemyer, aro dynwmop X ~ X cmpoz (uns-
exmueen na mopdusmazr). B camom nene, ecm f# = g* nmsa mekorophx f,
g : X — Y, To HenpepbIBHbIE OTOOpakeHus: f U ¢ COBIAIAIOT HA ILJIOTHOM
nogmHuoKecTBe X* C X, a 3HaumT, paBHLL. MBI BCKOpE YBIJIUM, 9TO (DYHK-
Top X ~» X' em@é n KoncepsaTuBeH, T.e. U3 OuekTuBHOCTH f! cienyer, 9To
f X — Y usomopdusm (cm. [6.7.21)). Bosee Toro, f monomMopdusm B TOM 1
TOJIBKO TOM CJTydae, eCIi f* HHbeKTUBHO (CM. , u 3pHeKTUBHBIN S1TU-
MOPhU3M B TOM U TOJIBKO TOM Cilydae, eciii f* ciopbekTusHo (cMm. [6.7.22)).

6.7.11. (X* xax cuéTHOE paBHOMEpHOE IpocTpancTBo. Boccranosienne |X |
o X*.) feno, uro na cudtHoM nojmuoxkectse X*¢ C X BO3HUKAET TOIO-
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JIOTUsI, WHJIYIMPOBaHHAsi ToroJsorneii kommakra X. Bosee Toro, mockosb-
Ky Ha KoMIakTe X CYIIEeCTBYeT eJMHCTBEeHHAs PABHOMEPHAs CTPYKTYpPa, CO-
rJIacoBaHHast C €ro TOIOJIOTHel!, eCTeCTBEHHO paccMaTpuBaTh X ¥ Kak paBHO-
MEPHOE IIPOCTPAHCTBO OTHOCHTEJILHO MH/LYIIMPOBAHHON PABHOMEPHOI CTPYK-
TYpBL. DTa PaBHOMEPHAs CTPYKTypa MeTPU3yeMa, OJHaKO, BOOOIIE TOBODS,
paccTosinue, 3ajaroliee ed, HekaHoHudHo. Jlasee, ocKoabKy X* 1mioTHO B
koMmmakTe X = |X|, MBI MOXKEM BOCCTAHOBHTH KOMIAKT |X | Kak momosHe-

nne X* pasHomepnoro npocrpanctsa X*. Henpepbisnoe orobpazenue |f] :
| X | — |Y|, urnynupoBantoe peryisipabiM otobpazkeruem f @ X — Y, mo-
¥KeT GBITH TaKzKe BoccTanoseno 1o f* 1 X% — V¥ xax ]/‘:ﬁ, npu sToM f¥ Beerna
PaABHOMEPHO HEIPEPBIBHO.

6.7.12. (IIpumep: peryisipable TOUKE Z, — 9TO palUOHAJIbHBIE dncia.) Pac-
CMOTPUM B KadecTBe MPHUMepa Pery/spHble Touku Zf C 7, OTHOCHUTEILHO
DEryJIsIPHOrO TpeJicTaB/ieHns Z, u3 (6.6.1] Cornacro [6.7.6] Z% — 910 MHO-
JKECTBO BCEX TEJIBIX P-aJuIecKuX duces T = (...Xax1Tg)o, OOTAMAIONINX I1e-
puojmryeckoil 3amucbio. OJIHAKO 9TO B TOYHOCTH PaIfOHAJIbHBIE YHC/IA, T.€.
Zg = Zy N Q = Zgpy = {m/n: p{n}; paBHOMepHAs CTPYKTYypa Ha STOM MHO-
JKECTBE PAIMOHAIBLHBIX YUCE/T HH/LYIIUPOBAHA OOBITHBIM P-aIuIeCKIM PacCTO-
gauneM |x —yl,. Ormernm, uro cinoxenue [+)z, : Zy X Ly — Ly, (2,y) — +Y,
Oy/Iyun peryasgpHbIM OTOOparKeHIeM, JIeHCTBUTEIHHO TEPEBOINT PETrYIPHBIE
TOYKHU B PEryJISIPHbIE TOYKH, [TOCKOJIBKY CYMMa JIBYX PallMOHAJIBHBIX YUCET
CHOBA PaIMOHAJIbHA.

6.7.13. (Ilpumep: perymspusie touku Fy[[T]] — sro panponanbubie dbyHk-
nun.) Amajoruuno, perynspubie Touku F,[[T]]* orHocuTensho perynapHoit
CTPYKTYPHI [6.6.2| — 5T0 parmoHaabHble PYHKIIUH, T.€.

Fy[[T]]F = Fo(T) NF[[T]] = Fo[Tlry = {p € Fy(T): (0) # o0} (6.7.13.1)

Koneuno 2Ke, CyMMa JBYX palulOHaJIbHBIX CbYHKHHfI, KOHEYHbIX B HYyJIe —
CHOBa TaKad palllMOHaJIbHaAd (byHKHI/IH.

6.7.14. (IIpumep: perymsipubie Touku I = [0, 1] — 970 panuoHajibHbe YUCIIA. )
AnanornaabiM 06pa3oM, peryispHbie ToUkn orpeska I = [0, 1] orrocuTenbHO
JIIOOOTO U3 peryagpHbIX Tpe/icTasiennii (6.6.3116.6.11| — 310 paruonaabHbIe
yncna, T.e. I* = I N Q ¢ paBHOMEPHOIT CTPYKTYPOI, 33 JaHHOl OOBITHBIM Be-
[IECTBEHHBIM PACCTOSIHUEM |T — Y|, TIOCKOJIBKY COTJIACHO 9TO JIOJIZKHBI
OBITH BeIleCTBEHHbBIE YHCJIa, 001 IAIOIIIe IEPUOJIMTHON 3aIUCHI0 B M-TTIHOMN
cucreMme cuucieHus . i n30bITOYHON JBOMYIHON CHCTEeMbI cunc/ennd (6.6.4
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U [epelyTaHHoi TpondHoil cucreMsl [6.6.10]9T0 ToXKe BEpHO, HOCKOJIbKY OHH
peryJigpHo u30MOP(MHBI OOBIMHON JTBOMYHON U TPOMYHON CHCTEME, COOTBET-
cTBeHHO. Bostee TOro, 910 BEpHO 1 JIst «HEPaBHOMEPHOIt» cucreMbl n3(6.6.11]
HAIIPUMeD, TOTOMY UTO YHCJIa MOTYT OBITH ITPeoOpa30BaHbl U3 TAKOTO IIPE/I-
CTaBJIeHUS B OOBIYHYIO JIBOMYHYIO 3aIlUCh U OOPATHO KOHEYHBIM aBTOMATOM,
IIyCTh U ACUHXPOHHBIM, & TAKKe [1Pe00PA30BAHNS COXPAHAIOT IEPUOIUIHOCTD
OECKOHEYHBIX CJIOB.

OTmMeTnM, 9TO BO BCEX ITUX CJIyUasiX TaCTUIHO OIPEJIEIEHHOE CI0YKEHIe
s: I x1I --»1wumnonycymma h : I X I — I jneficTBUTEILHO NIEPEBOJIAT Pe-
I'yJIsIPHBIE TOYKY B PEryJIspHbIE, T.e. PAIlMOHAJIbHbBIE YHCJIa B PAIMOHAIbHBIE.
[Ipu sTOM BO BCEX 3THX MpUMepax, 3a UCKIIOUEHUEM ITOCJIETHEr0, CJI0KEHUE
SIBJISIETCS PETYJISAPHBIM OTOOpaKeHneM (a MOCJIeHUN MPUMED MOKa3bIBAET,
YTO HENPEPBIBHOE OTOOPaXKeHue, MepeBoJIdllee PEry/IsipHble TOUYKH B pery-
JIIPHbIE, BCE-TaKU He 00s13aHO ObITH PEryJISPHBIM ).

6.7.15. (IIpumep: orobpazkenue z — /T He sBJIAETCA pery/asapHbiM Ha [.) B
Ka9eCTBEe IPOCTOrO MPUJIOZKEHHsT OTMETHUM, YTO OTOOpazkenue = +— /x, I —
I, He gaBIsIeTCA PEryJIAPHBIM HHU JJIsI KAKOIO PEryJIgpHOIO IPEeICTABICHUS
orpeska I = [0,1] u3 [IOTOMY YTO OHO HE MEPEBOJUT PallMOHATLHBIE
YUCIA B PAIMOHAJIBHBIE TNCIA.

6.7.16. (Orobpaxenust ¢ : © + x°> u m : (z,y) — Ty He ABJIAIOTCA Pe-
ryJasgpHbiME.) UyTh MeHee 04eBHIHO, YTO OTOOparKeHe BO3BEJIEHUS B KBAJI-
par ¢ : I = I, ¢ : v — 2 me gBndgerca peryiaapubeiM. Jleso B ToM, 4TO ¢
— romeoMmopdusM, a GYHKTOP reOMETPUIECKOil pean3alii KOHCEpBATHUBEH;
HIO3TOMY, €CJI OBbI ¢ OBLIO PEryASPHBIM, TO U ¢ ' : & > \/T TaKKe ObLIO OBI
PeryJsipHbIM, a 970 He Tak. OTCIoga TaKKe CIeyeT, IT0 0TOOpaXKeHne yMHO-
xenus m : (x,y) — zy, I — I, He MOXKeT GbITH PEryJAPHBIM, TTOCKOJIBLKY
TOIJIa €ro KOMIIO3UISI C JUaroHajbio m o Ay = ¢ 6bl1a ObI peryssipHa.

6.7.17. (Ilpumep: perynspubie Toukn orpeska [0, ] B cucTeMe ¢ OCHOBa-
areMm ¢.) Cucrema cuncienus ¢ apyms mudpamu B = {0,1} u ocHoBa-
mueM o = (1 4+ /5)/2 u3 OIpeJIe/ISIeT HEeCKOILKO HEOOBITHYIO pe-
IyJISIPHYIO CTPYKTYDY Ha orpeske [0,]: B 9TOM Ciydae OKa3blBAeTCs, YTO
[0, 0]* = [0,9] N Q(p), T.e. HE TONBKO PAIMOHAIBLHbIE YHCIA OKA3BIBAIOTCS
PEryJIsiPHBIME, HO U HEKOTODPbIE KBaJIPATHIHbIE HPPAIMOHAIBHOCTH.

6.7.18. (Peryssipubie Touku peryssipabix nogmnpocrpancts Y C X.) Ilycrs
Y C X — perynsgpHoe OJIIPOCTPAHCTBO PerysisipHoro mpocrpanctsa X . [o-
CKOJIbKY OJIHOTOYETHOE 3aMKHYTOE MOJMHOXKECTBO {Z} sIBJIsieTCsi peryJisip-
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HBIM TIO/IIIPOCTPAHCTBOM Y B TOM U TOJIBKO TOM CJIydae, €CJIU OHO PEryJIsiPHOE
nogipocrpancTso X u cojepkurcs B Y (cM. (6.5.5u(6.4.4), Mbl HEMe [JIEHHO
HOJTy9aeM, 4TOo

Y =Y NX* mra moboro peryisiproro Y C X (6.7.18.1)

Kponme Toro, TockoapKy Y mIoTHO B 3aMKHYTOM HoampocTpancTse Y C X,
MBI MOYKEM TaK:Ke HalucaTh

Y =Y*? jyis moboro perymsiproro Y C X (6.7.18.2)

[Tocnennsisi hopmysia MoOKa3bIBaeT, UTO JIjId peryisapHbix Y, Z C X paBen-
cro Y = ZF mieuér Y = Z; nostomy orobpazkenme Y — Yi =Y N X*
SIBJIsIETCST U30MOPGhU3MOM UCTpubyTUBHON perérku Sub(X) perysspHbix
nompocTpancTB X (T.e. momobbekToB X B Reg) ¢ HeKoTopoit (caéTHoit) moj-
pemérkoit pemérku (X*) Beex moaMHONKeCTB cuéTHOrO MHOKecTBa X . B

actnoctn, Y C Z & Y C ZH (YNZ)F=YiNnZtu (YUZ) =Y U Z%.

6.7.19. (Ecm f — momomopdusM u ff 6uexTusHO, TO f — m30MOphU3M.)
[Tockouibky Jr000it Monomopdusm f : Y — X B Reg m3omopden KaHOHUYE-
CKOMY BJIOYKEHUIO PEryJISIPHOIO TOIIPOCTPAHCTBa iy : Y < X (cM. [6.5.6)),
u g Y C X pasencrso Y = X* pasrocuiabno Y = X coracso 6.7.18|
MBI BIJIIM, 9TO ecau 0af monomopdusma f : Y — X omobpasicenue f*
buexmuero, mo f — uzomoppusm.

6.7.20. (f — monomMopdusM, ecm 1 TOMbKO ecin f* nabexTusHO.) Jokazxkem
Ternepb, 9To pe2yaapholi moppusm f: X — Y — monomoppuzm 6 mom u
moavko mom cayuae, ecau ft: X — Y unsexmueno. s aroro 3anmeTn,
470 JuaroHajabHbiil Mopdusm Ay @ X — X Xy X Bcerja gsisgerca MOHO-
MOphU3MOM, U OH M30MOP(MU3M €CJI U TOJBKO eciim f — MOHOMOP(MU3M.
[ockonbky dynkrop X ~» X* toden ciesa, on nepesomur A; B Az re-
1ephb HOKa3bIBaeT, 4To Ay H30MOPQU3M B TOM U TOJILKO TOM CJIydae,
eci Ay OUEKIUs, T.e. eC/IH U TOJILKO eC/Ii 0TOOpazKeHue f* urbeKTUBHO.

6.7.21. (Ecim f* 6uextusno, To f : X — Y — mszomopdusm. Koncepsa-
tusHOCTL X ~~» X*) Ilycts renepns f : X — Y — npoussoibHblii Mopdusm
B Reg, Takoii, uro f* 6uexkrusro. Torna oHO, B YAaCTHOCTH, HHHLEKTHBHO, 1
noromy f — monomopdusm 10 Kpurepuio [6.7.20} [Tostomy k f npumenu-
MO , u 3 6uexTuBHOCTH f* ciemyer, uro f — msomopdusm. Takmm
obpasom, gynxmop X ~ X* xoncepsamusen.
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6.7.22. (f — sdbdexTuBHBI SMIMOPMU3M, €CIIH U TOILKO eCli f# clopbek-
tusHO.) Jlokaxkem renepb, uro f : X — Y — saddexruBnblii srmmopdusm,
T.€. CIOPBEKTUBHOE PeryispHoe oTobpazkenue (cm. [6.5.6)), ecau u Tobko ec-
m f*: X* — Y* ciopbextusro. [Tockombky f(X) samkayTo B Y (Gymyun
PeryIsapHBIM TIOAIpocTpancTBoM) 1 comepxut fF(XF), a Y* miorno B Y,
clopbeKTHBHOCTL fF jrocTarouna s ciopbexTusHoctu f. HaoGopor, mpeji-
nosiozkum, ato f : X — Y ciopbekTusHO, 1 mycth y € Y* Te. {y} C Y —
peryisapHoe nojnpocrpanctso. Torga f~(y) = f~1({y}) — memycroe pery-
JISIPHOE TIOJIIIPOCTPAHCTBO B X, a 3HAYUT, B HEM €CTh XOTs OBl OJTHA PETYJIsIp-
nast Touka {x} C f~!(y) cormacuo [6.7.8] B nrore x € X n f(x) =y, u Mbr
nokazasm, ato fH(X*) = Y* seumy npoussobHocT BeiGopa y € Y,

6.7.23. (O6pas ®(Z2)* = ®*(Z*) mna perynapubx @ C X xY u Z C X.)
[Iycts Temeps & € RegRel(X,Y) — perymsipHoe COOTBETCTBHE, T.€. DETry-
nagproe mojmpocrpadctBo ¢ C X X Y (em. , u nyctb 4 C X —
peryssproe noanpoctpancTso. Cormacho [6.7.18/ u (6.7.5.1)), stomy @ coor-
BETCTBYeT HeKoTopoe mojmuoxkectso ®F C X# x Y# = (X x Y)*, te. Hexo-
Topoe coorBercTBre MexKay X' u Y npuuém ® oamHosHAUHO ompeesiser-
ca ®f; xpome Toro, f = & N (X! x Y*) cormacno (6.7.18.1]). Paccmorpum
obpaz ®(7) = prQ((Z xY)N CID) C Y. IlockombKY pry MHIYIUPYET CIOPb-
eKTUBHBI peryisipHbiit Mopdusm 7 @ (Z X Y) N & — $(Z), mbl umeem
P(2) = (2 x Y N OF) = OF(Z%) 10 (6.7.22{ u [6.7.5] Taxmm obpasom,
X ~» X* coxpansier 06passl peryIspHBIX 10 IIPOCTPAHCTB OTHOCUTEILHO Pe-
I'YJIAPHBIX COOTBETCTBUIA.

6.7.24. (Perynsipabie Touku obpasa u mpoodpasa pery/spHOro IO IMHOKe-
cra.) [Ipenbiyinee HabIIOIeHIE TPUMEHUMO, B 9acTHOCTH, Korya ¢ = f win
f~! ana mexkoroporo perymnapaoro Mopdusma f 1 X — Y. Taxum o6pasom,
ecim Y C Y — perynapuoe nojnpocrpanctso, To fHY') = (fH)7HY"*) C
X* ecrm X' C X — perynapHoe moanpocTpancTso, To f(X')F = fH(X") C
YE.

6.7.25. (Oynkrop X ~» X* m3 RegRel B Rel.) Anamornaneiv o6pasoM Mbl
nerko jiokasbiBaeM, aTo (U o ®)F = Uf o ®F g HOOBIX PerysIspHBIX CO-
oreercrBuil & € RegRel(X,Y) u U € RegRel(Y, Z), nockoiabry ¥ o ¢ =
prys(priz (®) Npra; (¥)), rae nepecevenue Boraucisercss BHyTpu X X Y X Z.
1o o3nauaer, uto X ~» X* & s ®f onpenensiior dyuxrop RegRel — Rel
U3 KaTerOpUH PEryJIsiPHBIX COOTBETCTBHUIT B KATETOPUIO COOTBETCTBUI MEXK Ty
(CUETHBIMU) MHOXKECTBAMU.
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6.7.26. (X* amajormYHO MHOMKECTBY PAIMOHAIBLHLIX TOYEK MHOr0OOpasms
HaJ1 ajiredpanyecKy 3aMKHYTBIM 11oJ1eM.) B paMkax axnajoruu MEK LY
KaTeropueil peryaspHbIX npocTpaHcTB Reg u kareropueil npuBeéHHBIX ad-
pUHHBIX ajirebpandecKnx MHOroobpasuit Ha i mojeM F dunaibHOMYy 00beK-
Ty 1 coorBercTByer Touka A% = SpecF, a 3uaunt, X = Hompeg (1, X) — 310
neuro Bpoge X (IF), muoxkecrBa F-3HAUHBIX TOUYEK aJrebpanvIeckoro MHOIO-
obpazug X . Kak Mbl 3naem, eciu F anredOpamdeckn 3aMKHYTO, TO MHOXKECTBO
F-3HauHbIX TOYEK OYeHb IJIOTHO B X, HAIIPUMEDP, OHO IJIOTHO B TOIIOJIOTUU
Bapuckoro B J000M TOMHOTOOOpa3n, U 0618 aeT CBOMCTBaMNU, aHAJIOTTI-
HBIME TIOJIYYEHHBIM HAMU JIJI PETYJIAPHBIX [TPOCTPAHCTB (HAIPUMED, eCjin
f: X =Y — ciopbekTuBHbBIT MOpGU3M ajredpaniecKux MHOTOOOPa3uit HaJT
asrebpandeckn 3aMKHYTBIM T10s1eM I, 10 fp @ X(F) — Y(F) cropbekTus-
HO). [TosTOMYy MOKHO TIOITPOOOBATH JIyMaTh PO PEryJIsIPHBIE IPOCTPAHCTBA
KakK IIPO HEYTO BPOJE ajaredpamdeckKux MHOrooOpasuil HaJl aJredpandecKuM
3aMBbIKQHUEM TI0JI U3 OJIHOTrO 3jieMeHTa. ToT akT, 9To peryaspHble TOUYKH
3a/1aHbl (-IIEPUOINIECKUME CJIOBAMHU CJIE/IyeT TOIJ/Ia MHTEPIPETUPOBAThH TaK,
qT0 coorBercTBylomume Touku X (1) ompesenenn: yxe HaJl HEKOTOPLIM KO-
HEYHBIM paciuperueM ¢ MoJisi U3 OJHOTO 3jieMeHTa. Brpodem, B HAINX
PEryJISIpHBIX MPOCTPAHCTBAX CJMIIIKOM MHOIO TOYEK (KOHTHHYYM, a HE CUET-
HOe MHOYKECTBO), YTO MOXKHO CYUTATh HEKOTOPBIM CBHJIETEIHLCTBOM B HOJIb3Y
TOrO, YTO HA CAMOM Jiejie DoJiee IIpaBU/IbHAs AHAJIOTUS — He caMu ajredpa-
uueckKne MHOrooopasusi HaJl mojieM [F) a ux dopmasibHbIe TIOMOTHEHWS.

6.8 KoHcTpyKTUBHBIE TOAMHOXKECTBA PEryJIsipHbIX MPO-
CTPAHCTB

MbI MOXKEM ONpPEIEUTh (pe2yaapHo) KoncmpykmueHvie (nod)mmosrcecmsa
(MHOKECTBA TOYEK) PEryJSpPHOrO MpocTpaHcTBa X KAk JEMEHTHI ajJredpsl
MHOZKECTB, [TOPOK/ICHHON Pery/IsspHbIME mojpocTpancTeamu Y C X, aHaI0-
IUYHO TOMY, KaK 9T0 JleJlaeTcs B anrebpantdeckoii reomerpun. Mbl HadHEM ¢
06Cy K /IeHNsT OOIINUX CBOICTB KOHCTPYKTUBHBIX MHOZKECTB, & 3aTeM Hepeiiiém
K U3YYEHUI0 KOHCTPYKTUBHBIX IOJMHOKeCTB B A¥. PeryispHo KOHCTpYKTUB-
Hble MHOYKECTBA OKAa3bIBAIOTCS TECHO CBA3AHHBIMU C NPEIPEYAAPHBIMU NOO0-
MHOICECMBAMU, PaHee olpeeténnbivu B [6.1.15]

6.8.1. (Koncrpykrushble moMmuoxkectsa C' B peryssipHoM npocrpascTse X .)
Mgt 6yiem roBopuTh, aro nojmuoxkecTBo C' C X (peeyaapno) xonempykmue-
HO, €CJIM OHO IIPUHAIJICXKUT aJIredpe MHOXKECTB, IIOPOXKICHHON Pery/IspHBIME
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nonpoctpancrBamu Y C X, nHAYe TOBOPs, €CJIM OHO MOXKET OBITH TIOCTPOEHO
C TIOMOIIBIO OIepalnii 00beINHEHHSI, IIepecedeHns 1 JOIOJTHEHUS U3 KOHEY-
HOT'O YHUCJIa PETYJISIPHBIX MOJINPOCTPAHCTB Yy, ..., Y, C X, paccmarpuBae-
MBIX KaK UX MHOYKECTBA TOYEK, T.e. HEKOTOPbIE 3aMKHYTBIE MMOJIMHOKECTBA
B X, KOTOpBIE MHOI/IAa y/I00HO HA3BIBATD DE2YAAPHOLMU NOOMHONCECTNEAMU
B X. IlockoJibKy peryssipabie HOJIIPOCTPAHCTBA 3aMKHYTHl OTHOCUTE/IHHO
KOHEYHBIX 00'be/INHEHNIT 1 T1epeceueHuii (c. n , KOHCTPYKTUBHBIEC
nogMaOKecTBa C' C X — 9TO B TOYHOCTHU Te TOJMHOZKECTBA, KOTOPbIE MOT'YT
OBITH [IPEJICTABICHBI B BUJIE

n

c=Jvi-2) (6.8.1.1)

i=1

rne n € NgunY;, Z; C X — peryispHble OAIIPOCTPAHCTBA. JaMEHUB Z; Ha
Z; NY;, MOKHO cuuTaTh, 4T0 Z; C Y; njs Bcex 1 < i < n.

DTO ompejeseHre MPUMEHIMO B YacTHocTH npu X = A%, u moroMy Mbl
MOKEM T'OBOPHUTH O (pPe2yaspro) KOHCMPYKMueHux nodmmostcecmear 6 AY.
DTO B TOYHOCTH 3JIEMEHTBI aJIreOpPhbl MHOYKECTB, MTOPOKIEHHON BCEMU PEry-
JISPHBIMU TOJAMHOXKecTBaMu R C AY.

6.8.2. (PerynsipHocTh 3aMbIKaHUs KOHCTPYKTHUBHOIO MHOX)KecTBa. ) [Tyers C' C
X — KOHCTPYKTUBHOE ITOJIMHOYKECTBO B perysgpHoM mpoctpanctse X. To-
raa samvkanue C xornempyxmushozo C C X AGAAEMCA PE2YAAPHDLM TO0-
npocmpancmeom 6 X . [eiictBurenbo, npeacrasum C' B BUIE . ITo-
CKOJIbKY 3aMbIKaHUe MePeCTAHOBOYHO ¢ KOHEUYHBIMU OOBEINHEHUSIMU, U KO-
HEYHOe O0beMHEHNE PEeryJIsiPHBIX IMOJIPOCTPAHCTB CHOBA PETYJISAPHO, JO-
CTATOYHO JI0KA3aTh peryiaspuocts C' B wactHoM ciaydae C' = Y — Z, Tie
Z CY C X perynapusl. Ognaxo B 31oM ciiydae C = Y — Z 0OKa3blBaeTCs

peryisipubiM B Y, a 3Hauut, u B X, 110 [6.5.26]

6.8.3. (3aMKHYyTBbIe KOHCTPYKTHBHBIE MHOYKECTBA PEryssipHbl. JIokaibHO 3a-
MKHYTbIe KOHCTPYKTUBHBbIE MHOXKECTBA U UX KAHOHUYECKOE IIPe/ICTaBJIEHNE
C =Y — Z.) Ormerum, 910 3aMKHYMbIE KOHCMPYKMUBHLE MHOHCECMEA
C C X peayaaprv, 6 X, mockoisky Torga C' = C, u C' peryaspHo 1o m
Hanee, ecsim KOHCTPYKTUBHOe MHOKecTBO (' JIOKAJIBHO 3aMKHYTO, TO €I
MOxKHO 3armmcarh B Bujge C =Y — Z ¢ 3amxayreimu Y = C u Z :=C — C.
Torna Y perynsgpuo 1o [6.8.2) a 3HAYUT, U KOHCTPYKTUBHO; MOTOMY KOH-
cTpyKTUBHO U Z = Y — (C, HO OHO NpPHU ITOM 3aMKHYTO BBUJLY JIOKAJTHLHOI
samxnyroct C. IlostoMy Z = Z cHOBa OKA3BIBACTCA PEryIAPHLIM, U MbI
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BUJIMIM, YTO 21060€ AOKGALHO 3AMKHYMOE KOHCMpykmuernoe muoocecmseo C
umeem 6udY —Z oas peeyaapuvir Z C'Y C X. Cpean Bcex TaKUX MPEJICTAB-
JIEHU!T MOXKHO BBIOPATh MUHUMGALHOE WA KGHOHUYECKOEe — TO, B KOTOPOM
Y HacTOJIbKO MaJié, HACKOJIBKO 3TO BO3MOKHO, T.e. Y =Cu Z =Y — C.

6.8.4. (O6pa3 u poobpa3 KOHCTPYKTUBHOIO MHOXKeCTBa.) [1oCKOIbKY mpo-
o0pa3 peryiagapHOro MHOXKECTBa OTHOCHTEILHO PEryJsipHOrO OTOOparKeHust
peryispen, Mbl BUauM, uto npoobpas f~H(C) C X woncmpykmuenozo noo-
mmoorcecmea C C'Y ommocumervro peeyaaprozo omobpascernus f: X — Y
Koncmpyrxmueen. B anredbpandeckoii reOMeTpUR 1o00HOe yTBEPKICHUE BEP-
HO ¥ JIjIT 06pa30B KOHCTPYKTUBHBIX MHOXKECTB. K cokasileHnio, B HaIlleM CJIy-

Jae 9TO He Tak, cM. [6.8.36]

6.8.5. (KoucrpykTuBHOE mpejicTaBieHIe KOHCTPYKTHBHBIX MHOYKECTB C I10-
MOITbI0 HAGOPOB KOHEYHBIX aBTOMATOB.) [IpejiosioKumM, peryssipHoe Ipo-
ctparcTBO X 3aJI[aHO C MMOMOIIBI0 KOHKPETHON PEeryasapHOil CTPYKTYpPHI 6 :
(A, R)| = X, rme R — peryjispHoe CUMMETPHYHOE TPAH3UTHBHOE OTHO-
menne Ha A, KOTOpOE MOXKHO SBHO OIMCATH € MOMOINBIO MHUHUMAJIHLHOTO
KOHETHOT'O aBTOMATa, U Mbl XOTUM IPOU3BOJIUTH BBIYUC/IECHUS C KOHCTPYK-
tuBHbIMEU ntoMHOXKecTBaMu C' C X. s sroro 3amerum, 4Tto 6 ompee-
Jsier perynsipHoe HakpbitHe p : Xg — X, Xo C AY, tae p(x) = (x
mod R), nociie gero p~! ycranasimpaer nzoMopdusM MexK 1y anrebpoil moji-
muOKecTB B P(X) n momanredbpoit R-ycroitauBbix moamuoxkects B P(AY).
IIpu sTOM p~! HepeBoAUT KOHCTPYKTUBHBIC HOJMHOYKECTBA B KOHCTPYKTUB-
HbIE, TAK YTO MOYKHO ITPOW3BOJIUTH BBIYUCJIEHUs ¢ IPOOOpa3aMu KOHCTPYK-
TuBHBIX MHO)KecTB p~ L (C') C A“ Bmecto camux C'. Jlajee, KOHCTPYKTHBHOE
noaMuoxkecrso C' C AY MoxKeT OBITH IPEJICTABICHO B BHUJE , rie
MBI MOKEM IIPEJII0JIaraTh, 9To peryisapubie Z; C Y; C AY MUHUMAJIbHBI, T.€.
Y; =Y, — Z,. Ilocye sToro pery/sipHble MOAMHOXKeCTBa Y;, Z; C A¥ npeacras-
JISTIOTCSl KOHETHBIMU ABTOMATAMU, PACHO3HAOIIMME WX, U IIOYTH BCE Olepa-
[IUU C KOHCTPYKTUBHBIMU MHOXKECTBAMU B UTOTE CBOJSTCS K OIepaIlusM Hal
pPeryJIApHBIMUA MHOYXKECTBaMHU Y;, Z;, KOTOPbIE MOT'YT OBITH sIBHO Pean30BAHbI
C TIOMOIIBIO MPOCTBIX OTEpAaIii ¢ KOHEIHBIMU aBTOMATAMHU, CM., HAIIPUMED,
16.1.18/1[6.1.19] Boruucienne Y — Z n MuUHAME3AIMS Ipe/ICTABICHIH Y; — Z;
9yTh MEHee TPUBUAJIbHAS OII€PAIlisi, HO OHa TaKKe MOXKET ObITH BBITIOJIHEHA C
[IOMOIIBIO KOHEYHBIX aBTOMATOB. TakuM 0Opa30M, BBIMUC/IEHUs] ¢ KOHCTPYK-
TUBHBIMU MHOXKeCTBaMU B X CBOJATCH K BBIYUCICHUSM C KOHCTPYKTHUBHBIMUI
MHOXKeCTBaMu B A, TJ1e OHI MOTYT OBITB ITPEJICTABIEHBI C TIOMOIIBIO HADOPOB
KOHEYIHBIX aBTOMATOB. MBI BCKOpE YBUIMM, UYTO MOYKHO 33/1aBATh KOHCTPYK-
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TUBHBIE ToAMHOXKecTBa C' C A% € IOMOIIBIO OJHOI'O aBTOMAaTa U HEKOTOPOI'O
HabOpa MHOYKECTB €r0 COCTOSIHUIA.

Tenepnb nepeitiem K 60s1ee I0JIPOOHOMY M3YUEHUIO KOHCTPYKTHUBHBIX MHO-
kecTB B A%, JI1s1 9TOr0 HaMm Oy/IeT mo/1e3HO aJredpanvdecKoe OnrcaHne KOHe -
HBIX aBTOMATOB KaK KOHEUHBIX MPABhIX A*-MHOKECTB ¢ OTMEYeHHOH TOYKOIA.

6.8.6. (/[erepMuHMpOBAHHbBIE KOHEUHBIE ABTOMATHI C TIOJIHOCTHIO OIPEJIeJIEH-
Hoit dyHKImeil nepexoyos.) HamomumnM, 910 Mbl 06BIMHO paccMaTpuBaeM (Jie-
TEePMUHUPOBaHHbBIC) KOHEUHBbIEe aBTOMaThl G = (S, 80, F), sg € S, E C S X
A xS ¢ wacmuuno onpedesénnoti pyukmeit mepexogos y: S x A --» S| 1e.
E =T, jy1a HeKoTopoil Takoil YacTUYIHO ONIpeeaéHnHoil (byHKINH, CM. .
B sTom maparpade vam Oyj1eT y100HO paccMaTPpUBATh B OCHOBHOM KOHEUYHbIE
aBTOMATBl C HOJHOCTBIO OIIpeJiesIeHHOM dyHKImel mepexonos, T.e. £ = T,
Jutst HekoTopoit dyukmum v : S X A — S. TlockosbKy /10000 jteTepMmu-
HUPOBAHHBIN KOHEUHBI aBToMaT (G MOXKHO IOMOJHUTH C TOMOIIBIO JIOTO/I-
HUTEJILHOIO «OIIMOOYHOr0» COCTOSHUS L 10 momnostHeHHoro asromara (G ¢
[OJIHOCTBIO OIPEJIEIEHHON (hYHKIMeH 1epexooB (cM. , Takoe orpa-
HUYEHNEe Ha KJIaCcC PacCMaTpPUBaeMbIX aBTOMATOB HENPUHIMIHAIbLHO. Ecin
(G — KOHEUHBIII aBTOMAT C IOJHOCTBIO OIPEIE/TEHHON (DYHKIMEH 1epexo/ioB,
MBI OyJIeM €ro TakzKe 3aluchiBaTh Kak TPoiiky G = (5, sg,7), T1e so € S u
v: S XA — S; MOXKHO CKa3aTh, 9TO Y — 9M0 Npagoe Jeticmaue MHoAHCeCmEa
(angpasuma) A na mmoocecmee cocmoanud S. Takum 06pasomM, KOHETHBIH
aBToMaT HaJl ajadaBuToM A OKa3bIBaeTCs KOHEYHBIM MHOXKECTBOM S C IIpa-
BBIM JIefiICTBHEM MHOXKeCTBa A M BBIJIEJIEHHOH TOYKOI Sg € S.

6.8.7. (Pacmmmpenue yHKIMHI 1Iepexojios 10 IpaBoro jeiicreust MoHOMIa A*.)
Oyurmusa v @ S X A — S eIMHCTBEHHBIM 00pa30M IIPOJOJIZKAETCS JI0 TIpa-
Boro jeficteus 7y @ S X A* — S monomma A* Ha MHOXKecTBe S, KOTOPOE MBbI
0003HAYNM TEM 2Ke CUMBOJIOM 7. VHade roBopsi, IPOJIOJIZKEHUE Y 3a1aéTC
dopmynamu

V(s,0) = (6.8.7.1)
(s, ax) = v(y(s, ), z) (6.8.7.2)

st Beex s € S, a € A* u x € A. Takum obpasom, (s, ) — 910 cocTosiHue,
B KOTOPOE IEPEXOUT KOHETHBI aBTOMAT M3 COCTOsIHUSA S € S mocje obpa-
O6oTKM KOHEUHOI cTpoKH <. [lockonbky pacmmpentoe v : S X A* — § — 310
mpaBoe Jeiicreue MoHonia A* Ha MHOXKecTBe S, Mbl MOYKEM IUCATD S - (v WJIN
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sa BMecTo (s, ) g s € S, o € A*. Tenepb Mbl MOXKeM TIepedOPMYIHPO-
BaTh HAIlE OIPEJEICHIe KOHETHOIO aBTOMAaTa (C MOTHOCTHIO OIPECICHHON
dbyukIweit nepexoia Haj andasuToM A), cKazaB, 9TO 9TO KOHEYHOE TPABOE
A*-MHO>KeCTBO S € BBIJIEJIEHHON TOYKOI Sg € S.

6.8.8. (Orobpaxenune sg : A* — S. Koneunble aBToMarhl 63 HEJIOCTUIKI-
MBIX COCTOSIHNIIT Kak Konednble A*-daxropmuoxkecrsa Aj.) Koneunsiii aBro-
mar G = (9, sg, ) onpezenser orobpazxkenune s = sg : A* — S, nmepeBojsiiee
a € A* B y(so,a) = 5o - a. Nnaue rosops, sg(a) € S — 910 cocrosinue,
B KOTOPOM OKa3bIBACTCHA KOHEUHLINH aproMar (G mocje oOpabOTKU KOHETHOM
BXOJHON CTpOKM «v. MHOXKECTBO BCEX COCTOSIHUMA, JIOCTUKUMBIX U3 HAYAJb-
HOro — 9710 Sg(A*) = spA*. B GosbmuHCTBE C/IydaeB Mbl MOKEM BBIKIHYTH
U3 KOHEYHOI'O aBTOMAaTa BCE COCTOSHUSA, HEJOCTUKUMbBIE U3 HAYAIHLHOIO, UTO
COOTBETCTBYET 3aMeHe IpaBoro A*-muoxkecTBa S Ha ero A*-1oIMHOKECTBO
sgA* C A. Ecimm paccMaTpuBaTh TOJLKO KOHEYHBIE ABTOMATHI, BCE COCTOSTHUS
KOTOPBIX JIOCTUKUMBI, T.€. Takue, 9To S = SoA* n sg : A* — S ciopbekTus-
HO, TO UX MOXKHO OIINCATh KakK Komedmble npasble A*-dakropmuoxkectsa A%,
T.e. hakTOpoOBEKTH A’ B Kareropun mpasbix A*-MHOXKeCTB, Te Al 0603Ha-
qaer A*, paccmarpuBaemoe Kak npaBoe A*-muoxkectBo. Takum obpazom, ¢
aN2e0PaUMECKOT MOUKY 3PEHUA, KOHEUHbLE A8MOMAMbL Had asdasumom A ¢
NOAHOCTDI0 ONPEEAEHHOT PyHKUuet neperodos U 6e3 HedoOCMUNCUMDBIT CO-
CMOANULG — MO 8 MOYHOCTNU KOHEwHble npasvie A*-darmopmroscecmea Aj.

6.8.9. (Mopdusmbl KOHEUHBIX aBTOMATOB. Kareropusi KOHEYHBIX aBTOMAa-
ToB HaJ 3amaHHbIM aidasuroM.) Ilyers G = (S, s9,7) u G' = (5, s0,7) —
JiBa, KOHEYHBIX aBTroMarta HaJi ajdasurom A. Ajnrebpamdeckast TOUKA 3pEHUST
Ha KOHEYHbIE aBTOMATbI, U3JIOYKEHHAs BBIIE, [MOJICKA3BIBAET, ITO MOPPHUIM
u 2omomoppusm f : G — G' cienayer onpeaesnTh Kak MOPMU3M IpaBbIX
A*-muoxkects f : S — S, coxpansonmii orMedennbie Touku. VHade roBo-
ps, mopdusm f — 910 orobpaxenue f : S — 5’ rakoe, uro f(sg) = s u
”y’(f(s),a) = f('y(s,a)) g Beex s € S, a € A. Iocnennee ycmoue Mo-
KeT ObITh Tak:Ke 3amucaHo B Buje f(s-a) = f(s) - a mis mobeix s € S u
a € A*, mwm Tosbko g o € A. fcHo, 9To KOMIO3UIUsST MOP(MU3MOB KO-
HEYHBIX aBTOMATOB SIBJISIETCS MOP(MU3MOM, M IOTOMY KOHEYHBIE aBTOMATBI
HaJl PUKCUPOBAHHLIM ajidpasuroM A 06pasyioT HeKoTopyio Kareropuio. Ko-
HEUYHBIE aBTOMATHI 0€3 HEeIOCTUKUMBIX COCTOSHHI 0OPa3yIoT MOJIHYIO IIOI-
KaTeropuio B 9TO# KATEropuu, a UMEHHO, KATErOPHUI0 KOHEYHBIX MPaBbix A*-
dbakropmuokecTB A*-MHOKecTBa A% Bripotdewm, B 910l KaTeropuu CyIecTsy-
eT He OoJiee OHOTO MOpPU3Ma MEXKJTY KayKJIbIMHU JIByMsi 00beKTaMU, U I10-
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TOMY OHA SKBUBaJIEHTHa YaCTHIHO YIOPSJIOYEHHOMY MHOXKecTBY. [losromy
Mbl e G < G wim S < S’ B ToM ciydae, ecu U3 KOHEYHOIO IIPaBOro
A*-akropmHOKecTBa S ecTh MopdusM B Takoe ke S’. OTMeTnm, 910 ecim
f: G — G — mopdusMm KOHEUHBIX aBTOMATOB, TO f 0 Sg = S : A* = &,
nockomiy f(sa(a)) = f(so- @) = f(s0) @ = sy @ = s (0).

6.8.10. (IIpsimoe mpousBejieHne KOHEUHBIX aBTOMATOB. HuzKHsisg rpadb S A
S’ xoneunsix A*-akropmuokects Aj.) fcHO, UTO mpsiMOe HpOU3BEEHME
JIBYX KOHe4YHbIX aBromMaroB G = (5,s0,v¢) u G' = (5',sy,7¢), T.e. KO-
Heunblit apromar G x G = (S x 5, (s0,$,), Yaxa) € ’yGXG/((s,s’),a) =
(’yg(s, a),va (s, a)), ABJIACTCA IPAMBIM IIPOU3BEJICHIEM B KaTETOPUH KOHEY-
HBIX aBTOMAaTOB HaJ ajipaBuToMm A. B wacTtHocTH, mj1s JIIOOBIX JBYX aBTO-
maros G u G’ cymecrByer asromar G” ¢ mopduzmamu p : G’ — G u
q: G" — @', mockosbky MoxkHO B3Th G := G X G’ p := pry, q := pry. Eciin
JKe OTPaHMYUTHC KOHEIHBIMU aBTOMaTaMU 0e3 HeJIOCTUKUMBIX COCTOSTHHIA,
T.e. KOHEYHbIMHU IpaBbiMu A*-daxropmuoxkectBamu A%, TO B 9TOi Karero-
pHUH TaKKe eCTh KATErOpHOe ITPOU3Be/ICHNE, & UMEHHO, HAJIO B3ATh B IIPIMOM
upoussegennn S X S’ opbury (sp, sp)A*; B 9TOM cirydae Mbl Oyiem 0003Ha-
yaTh MoJydeHHbl aBromar depes S A S" mwiu G A G', oH sBjseTCA HUXK-
Heii rpanbio S u .S’ B 9acTUYHO yIIOPS0YEHHOM MHOXKECTBE, SKBUBAJICHTHOM
JanHoii kareropuu. Takum oOpa3oM, KOHEYHbIE aBTOMATHI O6€3 HeJI0CTUKU-
MBIX COCTOSIHUI, T.e. KOHeUHBIe TpaBble A*-dakTopMHOKecTBa A, 00pa3yoT
PUIBTPYIONLYIOCS TTPOEKTUBHYIO CHCTEMY.

6.8.11. (Orobpaxenue og : AY — PB(S) u ero obpas T C P(S5).) Iycrn
G = (S, sp,7y) — KOHEUHBIIT aBTOMAT, KaK BBIIIE, U MYCTh Sg : A* — § — mo-
CTPOEHHOE B orobpazkeHue o — So. IIPOIoIKIM S J10 0TOOpaKEHMs
¢ AY = PB(S) caeayronmm 06pazoM:

oa(x) = {sc(xory...xn_1) | n € No} = {s0-zox1... 201 | n € No}
(6.8.11.1)
Unave roBopst, o¢(x) cocTOUT U3 Beex cocTostHuit apromara (7, B KOTOPBIX OH
OKa3bIBaeTCs B Ipoliecce 00paboTKi 6eCKoHeIHOro cjioBa € € A*. ObozHaunM
qepe3 T = 0 (AY) C P(S) obpas orobpazkenus og.

B Tex cityuasix, Korja Mbl HCIOJIB3yeM aaredpandeckoe ONMucaHne KOHed-
Horo aBromara (G Kak KOHEUHOE IIpaBoe A*-MHOKeCTBO S ¢ OTMEYeHHO! TOY-
KOil 59 € S mim Kak KoHedHoe mpasoe A*-daxropmHOKecTBO A% — S, MBI
MOZKEM HCIIOJIb30BaTh 0003HadYennsd og u 1y BMecTo og U 1g.

Ormernm, uto eciu f : G — G' (re. f: S — 5') — mopdusm KoHeq-
HBIX aBTOMATOB, TO 0¢r = f. 0 0g : AY — PB(5'), rme fi : P(S) — P()



6.8. KoHcTpyKTuBHbBIEC MOJMHOYKECTBA PETYJISIPHBIX MPOCTPAHCTB 7

obosHauaer orobparkenue a — f(a) B3gTus obpasza mojmHoKecTBa @ C S
oTHOCUTEILHO oTobpaxkenus f : S — S'. Orciona HEMEIJIEHHO CJIEILYET, YTO
f+(Te) = T, mockombky T = 06(AY) u T = e (AY).

6.8.12. (Tomosorus na B(S) u Ty C P(.5).) st mo60ro KoHETHOro MHOKe-
cra S BBeséM Ha PB(S) TOMOIOTHIO, 3aMKHYTBHIC MHOKECTBA OTHOCHTEIBHO
KOTOPOit — 910 nopMHoKecTBa F C P(S), apisitoniuecs: uueasaMu OTHOCH-
TeJbHO BKJIIOYeHud, T.e. Takue, 4ro a C bu b € F Bineuér a € F. CoorBer-
crBeHHO, noaMHO)KecTBO U C P(S) OTKPHITO B TOM U TOJBKO TOM CJIydae,
ectmua CbC Suac€Usuaekyr b € U. Hecitoxxao Bujiersb, 9T0 00beiuHe-
HIE U TIepecevYeHre 3aMKHYThIX MHOXKECTB 3aMKHYTO, TaK 410 J3(S) jneiicTBu-
TEJILHO CTAHOBUTCS TOIOJOTMYECKUM MTPOCTPAHCTBOM, OYEBU/IHO, KBA3UKOM-
HAKTHBIM, OCKOJIbKY OHO KOHe4YHO. B aToM Tomosornieckom npocrpaHcTse
{a} =P(a) ={b| b C a} CP(S) ma moboit Touku a € P(S), u n0doe 3a-
MKHYTOE TIOJIMHOXKECTBO F' sIBJISIeTCs KOHEUHBIM OO'beIMHEHNeM 3aMbIKaHU
OJIHOTOMEMHBIX MHOZKECTB {a} (Hampumep, MoxHo Hamucats F = J, . {a}).
HecioxkHO BUJIETH, YTO 3aMKHYTOe ToaMHO)KecTBo F' C PB(S) Henpusogaumo
B TOM I TOJBKO TOM ciydae, ecin F' = {a}; Takum oGpasom, JB(S) sisisier-
Csl MPE36biM TOIOJIOIMYECKUM TIPOCTPAHCTBOM (T.e. JII0OOEe ero HelpuBOJIU-
MO€ 3aMKHYTO€e [OJIMHOYKECTBO 00J1a/1aeT eIMHCTBEHHOI 00I11eil TOIKoi), 1, B
9aCTHOCTH, OHO KOJIMOTOPOBCKOE (B HEM BBITMOJHEHA aKCHOMA OTIEIUMOCTH
To); B aToM 1utane PB(S) noxoxke Ha addUHHbIE CXEMbI U JIPYTUE TOHOJIOIH-
YecKue MPOCTPAHCTBA, BOZHUKAIOIINE B aredpaniecKoil reoMeTpun.

Ecamu T C B(S) — mpomsBosbHOE HOIMHO)KeCTBO (Hampumep, T =
0c(A¥), nocrpoennoe B [6.8.11)), To MbI GyaeM paccMaTpuUBAaTh Ha HEM HH-
JIyIIUPOBAHHYIO TOTOJIOTUI0. HecI0:KHO BUIETh, 9TO HEIPUBOIUMbBIE 3aMKHY-
ThIE TIOJIMHO)KEeCTBA T' — 910 NO-NIpeXKHeMy 3aMbIKanus (B T') 0JHOTOYEUHBIX
MHOKECTB, TaK 4T0 1 — mO-TIpekKHEMYy TPe3BOe, KOJIMOIOPOBCKOE, KBa3U-
KOMIIAKTHOE ¥ HETEPOBO TOIOJIOTMYECKOE IIPOCTPAHCTBO. Brpouewm, joboe
KOJIMOT'OPOBCKOE KOHEYHOE TOIIOJIOIMYeCKOe IPOCTPAHCTBO 00JIaIaeT BCEMU
3TUMU CBOHCTBaAMMU.

6.8.13. (HempepsiBHOCTh 0T0Opazkenus f. : P(S) — P(S’).) lycrs f: S —
S’ — mpousBoJIbHOE O0TOOPayKeHNe KOHEYHBIX MHOXKeCTB. Torma mHIyImpo-
Bannoe orobpaxkenue f, : P(S) — B(S'), a — f(a), HenpepsIBHO OTHOCH-
TEJILHO ONMCAHHOf BBIIIIE TOIOJIOIUH, IOCKOJIBKY JH060€ 3aMKHYTOE HOJIMHO-
xecTBO ' C 9PB(S) sABiIsieTCs: KOHEUHBIM 00be IMHEHTEM MHOKECTB BIa { D},
u (f)71({b}) = {f~1(b)} ana moboro b C S'. Heiicreurensro, {b} = P(b)
u noromy a € (f.)'({b}) & fla) € {b} & f(a) Cb < aC 7)) &
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a € {f~4(b)}. Kpome Toro, eciu T' C P(S) u T" C *P(S’") — upoussosbHbIE
noaMHO)KecTBa, Takue, 9to fi (1) C T, To mHAyImMpoBaHHOE OTOOpaXKEHIE
f+ : T — T’ Tak:Ke HENPEPLIBHO OTHOCUTETHHO WHLYIIUPOBAHHBIX TOTIOJIOTHIH
na T uT'

6.8.14. (HempepsiBHOCTH 0TOOpazkKeHUst 0. XapaKTePU3aIUd PEryJIspPHBIX
MHOXKeCcTB R C A% Kak mpoobpa3oB 3aMKHYTBIX MHOXKecTB I C T.) loka-
KeM, 9T0 omobpascenue og @ AY — Te C P(S), nocmpoennoe 6
HENPEPHI6HO. JIeCTBUTEIBHO, TOCKOIBKY JII000Ee 3aMKHYTOE OIMHOXKECTBO
F C PB(S) sBasgercs KOHEUHBIM OObeINHEHUEM HEIPUBOAUMBIX 3aMKHY ThIX
MHOZKECTB BU/a {a} /s HeKoTophiX a € PB(S), A0CTATOUHO /0KA3ATH, 4TO
o5 ({a}) samkmyTo B A¥. Mbr okazem Gotbinee, a mMerno, npoobpas o5 ({a})
ABAACTNCA PELYAAPHBM N0OMHOMcecmeom A®. TIoCKOTBKY KOHETHOE 0Obe -
HEHHe PeryJIgpHBIX MHOKECTB Dery/IgpHO, OTCIo1a GY/IeT CJIe/I0BaTh, 4To 0y
nepesodum zamrrymuie noomuoocecmea F C PB(S) 6 peeyaaprvie nodmmo-
oicecmea o' (F) C A“. Koneuno e, 9T0 BePHO I B TOM CIIydae, eIl Pac-
cMaTpUBaTh 0g Kak orobpazkenue AY —» Tg. o

Jlinst nokasaTesbera Toro dakra, uto R := o' ({a}) perynapuo, nocra-
TOYHO 3aMETUTh, YTO m = P(a), u moromy R cocrout u3z Tex GECKOHEUHBIX
cioB & € AY, s KOTopeix og(x) C a, T.e. KOHeUHbI aBroMar G HUKOT/IA
HE OKa3bIBAETCs B COCTOSHHUAX U3 S — @ B IPOIECCe ITeHUs OECKOHETHOTO
cioBa x. Eciu obosnauuth 4yepe3 (G, KOHEUHBIN aBTOMAT, IMOJIYYalOIIIiCs
u3 (G BLIOpaChIBAHUEM BCEX COCTOSHHN M3 S — a, a TaK:Ke BCeX HePeXOJI0B,
BEJIyIINX B HUX WJIA U3 HUX, TO MOJYUUTCS, 9TO & € R B TOM M TOJBKO TOM
ciydae, eciau (G, HUKOIJIa HE OCTAHABJIMBAETCS HA &, ITO I10 ONPEJIETEHUIO
O3HaYaeT PeryIapHOCTb R.

6.8.15. (Bce perynsipubie oamuoxkectsa R C AY G-peryiisipHbl, T.e. UMEIOT
s o (F).) Ormernm, uto 6ce pezyaaphvie nodmmosicecmea R C A® 603-
nukarom xax o' (F) das nodrodawezo xoneurnozo asmomama G = (S, s9,7)
nad aagasumom A u zamrnymozo noommosicecmea F C P(S). B Tex cuy-
Jasx, Korjga R mmeer Takoit BU, MbI OyJileM TOBOPUTH, 910 R G-pez2yaapro.
Takum obpazom, nodmnoosicecmeo R C AY pezyaapno 6 mom u moavko mom
cayuae, ecau ono G-pe2yisapno 0aa Hexkomopozo kowewnozo asmomama G.
HeitcTBurebHo, ecan R peryisapHoO, OHO PACIIO3HAGTCS HEKOTOPBIM KOHEY-
ubIM aBTromMaToM G’ = (57, 50, E) Hag A (¢ qacTuvaHO Onpeie/iéHHON Dy HKITH-
eit epexosioB). BosbMém Toria B KadectBe G mornosiHeHHbI aBromar G, a
B kadectBe F — samkmyToe mommuoxkectso B(S') = {57} B P(S' U {L}).

6.8.16. (G-mpeaperyssipable MHOXKeCTBa. JI1000e mpeperyisipoe MHOXKe-
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crBo G-mipesiperysisipHo jjist Hekotoporo G.) Bysaem roBoputh, 9T0 MHOMKE-
ctBo X C A% G-npedpezyasapro Jjisi HEKOTOPOrO0 KOHEYHOTO aBromara G =
(S, 50,7), ecau st TOOBIX v, f € A* u3 spar = 5o caeayer o\ X = [\ X. Ilo-
CKOJIBKY S KOHEYHO, OTCIOJIa CJIe/IyeT KOHEYHOCTh MHOXKecTBa Sx = {a\X |
a € A*}, re. npeaperyspaocts X (cwm. [6.1.15)). Haobopor, ecoin X C AY
LPEJIPEryIsapHoO, T.e. Sx KOHEYHO, TO Mbl MOYKEM ITOCTPOUTH KOHEUHbIN aBTO-
mar Gx = (Sx, X,7) ¢ MHOMKecTBOM cocTognmit Sy, nepexomamu X' —— X"
npu a\X’' = X" u HavambHBIM COCTOsTHWEM Sg := X; B 9TOM aBTOMATe
So-a = o\ X u noromy s+ = S+ 5 papaocuiibHo o\ X = [\ X, Tak uro X —
G x -npedpezyraproe mroocecmeo. Takum obpaszom, nodmmooscecmeo X C AY
npedpezysApHO 6 MOM U MOALKO MOM CAYYae, ecau ono G-npedpezyaipHo
05t HeKomopozo koneunozo asmomama G wad aspasumom A. Ilpu srom,
oueBuIHO, (G y — HAMMEHBINNH U3 KOHEYHBIX aBTOMATOB 0€3 HEJOCTUKUMbIX
COCTOSTHUI C 9TUM CBOHCTBOM, T.e. Jijid JiIoOOro Takoro G CymecTByeT roMo-
mMopdusm ¢ : G — Gx (1.e. Mmopdusm npasbix A*-muoxkects ¢ @ S — Sy,
COXPAHSIOIIHI OTMEUCHHBIE TOUKH ).

6.8.17. (G-upeaperyssipable MHOXKECTBA 0Opa3yIOT ajreOpy IMOJMHOMKECTB
A%.) Ormernm, aro G-npedpezyaaprvie nodmmosicecmea 6 AY obpasyrom as-
2ebpy nodmmoorcecms, m.e. 006seduHeHUe, NepeceueHue, Pa3HOCMb U ONOoNHe-
nue G-npedpezysaproir mroostcecms G-npedpeeyaaprol. JleficTtButesbHO, 1T
066X X1, Xo C A“ u m060ro o € A* BbInosiHeHb! paBercTBa o\ (X UXy) =
(e\X71)U(a\X2) n anamormansie pasencrsa s o\ (X1 NXs) n o\ (X; — X)),
nockonbKy o\X = o, (X), rae o, : AY — A¥ — orobpazkeHnne KOHKaTEHa~
mnn © — ax. Ecom Xy u Xo G-upeaperyaspHsbl Jijiss HEKOTOPOTO (PUKCUPO-
BanHOro G = (S, 80,7), To U3 o+ = sg - f cnemyer o\ X; = S\ X; muga i = 1,
2, otkyaa o\ (X1 U Xy) = B\ (X1 U Xy), u ananorunyano misg X1 N Xo, X7 — Xo
u A¥Y — X;. Orcioga cienyer G-peaperyasipHOCTh BCEX 3TUX MHOXKECTB.

6.8.18. (G-KOHCTPYKTHUBHBIE MHOXKECTBA U WX KOHCTPYKTHBHOCTB.) Ilycrh
G = (5,s0,7) — Kak u paHbllle, KOHEUHBI aBroMar HaJ ajdauroMm A.
Bymem ropoputs, aro nogmuoxkectBo X C AY G-KoncmpykmueHo, ecii OHO
umeet B oy (C) auist mexoroporo nomvuozkectsa C' C PB(S) (wm C C Tg).
OrmeruM, uro Bee noamuokecTBa C' C P(S) KOHCTPYKTUBHBI, T.€. 3AIUChI-
Balorcst B Buge C' = (Ji,(Y; — Z;) [yt HEKOTOPBIX 3aMKHYTBLIX IIOJMHO-
x)ectB Y;, Z; CB(S), HaIpuMep, HOTOMY YTO BCE OJHOTOUETHBIE MHOKECTBA

a} ={a} — b} KOHCTPYKTHBHBL II0CKOJIBKY 0 ' HEPEBOIUT 3aMKHY-
bCa G

Thie onMmHOKecTBa Y C P(S) B perymspubie (cM. [6.8.14]), orciona ciemyer,
qr0 G-Koncmpykmuenvie nodmmoscecmsea X C AY (pezyaspro) xonempyr-
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MUBH, 6 cmoicae |0.8.11

6.8.19. (BcmomorarenbHblii Koneunbiii apromar G, mocrpoennsiii mo G.)
[Iycrs G = (S, so,y) — KOHeuHbIT aBTOMAT HaJi ajdaBuToM A. HOCTpOHM 110
HEMYy HEKOTODBIil BerioMoraTe/IbHblil Koneunblit apromar G+ = (ST, sf,v)
u Mopbusm 7 : Gt — G caenyomum obpazom. Iopoxum ST =5 x P(S),

= (S0, {s0}) 1
Y ((s,7),a) = (v(s,a), 7 U {y(s,a)}) (6.8.19.1)

st Beex (s,7) € ST =85 x P(S) u a € A Oupenerum 7 : Gt — G xak
orobpaxkenune 7 = pr; : ST = S x P(S) — S; no nocrpoenunio, T — MoOp-
busm koHeuHBIX aBTOMATOB. ECu Mbl X0THM paboTaTh TOJBKO ¢ KOHEIHBIMU
aBTOMaTaMu 06e3 HeJOCTUKUMBIX COCTOAHUMN, TaK YTO M3HAYAJILHO S = SoA*,
TO MBI MOJKEM 3aMEHUTH ST Ha MeHbIlee MHOKECTBO S A*.

[TocTpoennstii Takum o6pazom apromar G 0b1a1aeT TEM CBORCTBOM, 9TO

sg+(0) = s -a= (so-a,05(a)) = (sala),oq()) (6.8.19.2)

rae og(a) obo3HaTaET MHOXKECTBO BCEX COCTOSIHMIL, B KOTOPBIX OKA3bIBACTCS
HCXOHDINA aBToMaT GG B IPOIecce ITEHNsT KOHEIHOro cyoBa o € A*:

og(@) = {so- B | By = a} (6.8.19.3)

Nnadge rosops, aromar G oramdaercs ot apromara G TeM, 9TO OH HOMHUT
HE TOJILKO TEKYIIee COCTOSIHME, HO U TO, KaKHe COCTOSHUsI OBLIN ITOCEIIeHbI
710 91010 (6€3 yuéra mopsi/ika U KPaTHOCTH WX HOCEIEHsI ).

6.8.20. (Ceasb G-perynsprocru, G-koHcTpykTusHOCTH U G -1Ipeipery isip-
Hoctu.) OTmeTnM, uto scakoe G-pezyaaproe mrosicecmeo G-KOHCMPYKMuUGHO.
HeiicrBuresibio, G-pery/sipHble MHOXKECTBA — 9TO B TOYHOCTH MHOXKECTBA
suta oy (F) mna samknyterx F C Tg (em. [6.8.15). Tasee, ecaxoe G-
KoHcmpykmuehnoe mroscecmso G -npedpezyaapro, rae GT — BenomMoraresib-
HBII KOHEUHBIIT aBroMmart, nocrpoernbiii no G B [6.8.19] eiicTBure/ibHo, MbI
TOIBKO 4TO BuJean B [6.8.18] uro anrebpa G-KOHCTPYKTHBHBIX MHOXKECTB
nopoxtaercs G-peryJigapHbIMI MHOKecTBamu Buia og ({a}) mis Beeos-
MOXKHBIX @ C S, n GT-npeaperyispHbie MHOXKECTBa TaKzKe 00pasyloT ajred-
py 10 [6.8.17} TTosTomy goctaToumo jokasath G -mpeaperynaprocTh X =
o' ({a}) st kaxoro a C S. B stom cirywae

Sso a,y)({a}) ecn sg(f) € a st Beex By = «

%) nHaye

a\X = (6.8.20.1)
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wim, B oboznadennsax (6.8.19.3)),

O_(_Sl,so-a,'y)({a}> ecn oy (a) C a

a\X = (6.8.20.2)

(%) nHaye

rie (S, o - a,7y) — ToT Ke aBroMar, 4To U ucxomHblit G = (S, Sg,7), HO ¢
JPYTUM HaIaIbHBIM COCTOSHUEM Sg - . [losTomy u3 sp-a = so - u o (a) =
on(B) cnegyer a\X = [\X, uro cormacuo (6.8.19.2) xak pas u osmadaer
GT-upenperynspnocts X .

6.8.21. (Cpasnenue G-peryssipubix, G-peiperysisipHbix 1 (G-KOHCTPYKTUBHbBIX
MHOXKeCTB Jyisi pasubix G.) Ecom f: G' — G — mMopdusM KOHEUHBIX aBTO-
watos, e G = (S,50,7), G' = (S',50,7), 10 fo 2 B(S) — B(S) mm
fv + Ter — T — HempepbiBHOE OTOOpaKeHHWe, Takoe, ITO f, 0 o = 0O,
cu. 6.8.11f n [6.8.13] Orciona o4/ ((f.)"H(C)) = o' (C) s moboro nos-
muokectBa C' C PB(S) wmu C C Tg. Hosromy ecau cywecmsyem moppuszm
koneunvx aemomamos f : G — G, mo aoboe G-peaysaproe MHONCECTNEO
X C A¥ sasasemes makoce G'-peayaaproim, a aoboe G-koncmpykmueroe
— u G'-koncmpyxmusnoim. Boaee mozo, ecau X G-npedpezyaapro, mo oHo
u G'-npedpezyaspro. [1ist mocieIHETO yTBEPXK IEHNs JOCTATOYHO 3aMETUTD,
q9TO S - v = S - [ BIeUeT So - v = Sp - f m 3arem a\X = [\X, ecoim X
G-1peiperyJssipHo.

Bo Bcex sTux ompeje/ieHUsIX MOYKHO OIPDAHUYHUTHCS PACCMOTPEHUEM KO-
HEYHBIX aBTOMATOB 0€3 HEIOCTHXKUMBIX cocTostHuit. B aToMm ciryuae n3 G < G
cienyer, uro G-perynsipabie, G-mnpeaperyssipibie win G-KOHCTPYKTHBHBIE
MHOZKECTBA SIBJIAOTCA Takyke G'-perynsipabivMu, G'-tipeperyspabie nin G-
KOHCTPYKTUBHBIME, COOTBETCTBEHHO.

Hakoner, ecm X; G;-KOHCTPYKTUBHO (COOTBETCTBEHHO, (;-PEryJsipHO
wim G-nipeaperyasapuo) npu 1 < i < n, to Bce X; OynyT G-KOHCTPYKTUBHBI
(cooTs., G-perymsiptbl, G-TIpeperysipHbl) s o axosiero GG, a NMeHHO,
st G = [[i_; G;; ecim Mbl paccMaTpuBaeM TOJILKO KOHEYHbIE aBTOMATHI
6e3 HeJOCTUKUMBIX COCTOstHHIL, TO Haxo B3aTh G = A, G; u3 . [Ipo
takoe (G MOYKHO JIyMaTb, KakK PO HEKOTOPBIH «OOIINN 3HAMEHATEe by s
Habopa MHOKeCTB { X, }1<i<n.

6.8.22. (Bce koHCTpYKTUBHBIE MHOXKECTBA (G-KOHCTPYKTUBHBI JIJTsI TTO/XO/IsI-
mero G.) 3ameruM, 4T0 G-KOHCTPYKTUBHBIE MHOXKECTBA, JJIs1 (DUKCHPOBAHHO-
ro GG obpasyror ajaredbpy MHOXKECTB, T.e. 0ObeJIMHEHNe, ITepecedeHne, JT0I0J-
HEHUE U PA3HOCTDb JBYX (G-KOHCTPYKTUBHBIX MHOYXKECTB (G-KOHCTPYKTHBHBI,
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nockonbKy o' 1 B(Te) — P(AY) coxpansier Bee 311 omeparuu. [lasee, ec-
mu C C AY — npousBOJIbHOE KOHCTPYKTUBHOE MHOYKECTBO, TO BBIIIOJTHEHO
paBEHCTBO JUI HEKOTOPOro n > () 1 HEKOTOPBIX PeryadpHbIX Y;, Z;
npu 1 < i < n. Cornacho [6.8.15| u [6.8.21], MokHO HaliTH KOHEYHBIH aBTO-
MaT (G, Jjis Koroporo Bce Y; u Z; G-peryiaspHbl, a motromy u (G-KOHCTPYK-
tusHbl 110 [6.8.20] Otrcrona caenyer, uro u C' G-koncrpykrusHo. Coverast
STOT pe3yJbTaT C MBI TIOJIydaeM, 4To nodmmosicecmeo C C A% xon-
CMPYKMUBHO 6 MOM U MOALKO MOM caydae, ecat, 0Ho G-KoHcmpykmueHo
08 HEKOMopo20 KoHnewroz2o asmomama (. AHAJTOTUIHBIE YTBEPKIEHUST JIJTs
PEeryJIApHBIX U IIPEIPeryasapHbIX MHOXKECTB ObLIN JIOKa3aHbl paHee B [6.8.15
nl0.8.16l

6.8.23. (Bambikanme G-IpeIperysisipHOrO MHOXKeCTBa, (G-IIPEIPEryJisipHO U
omHOBpeMeHHO G-peryisipHo.) JlokazkeMm, 9To samvikanue G-npedpe2yiaphozo
muoorcecmea G-pezyaspro u G-npedpezyaapro. Kak creacrsue, samrnymoie
G-npedpeeyaaprovie muoocecmsa G-pezyaapro. JleiictBurensho, mycts G =
(S, 80,7) u nyerb X C AY G-upejperyisipHo, T.e. Sg -« = S - § = a\X =
B\X. ITockosibky aA“ OJIHOBPEMEHHO OTKPBITO U 3aMKHYTO B A, BbIIIOJIHE-
Ho pasencTso X N aAd® = X NaA¥, oTKyTa TpUMEHEHUeM 0, s 0To6-
paykeHnss KOHKATeHAIMH 0, : T +— ax momydaeM o\X = o\X ra jo-
opix X C AY u a € A*. llosromy uz G-npeaperyngpuoctu X ciemyer G-
npeaperynspraocts X . O6o3naunm uepes a C S MHOMKECTBO BCEX COCTOSHHIT
S0 - @, 1yt Kotophix a\X # &, uro pasHocuabio a\X = a\X # . Torja
paccyzKieHue [OKa3bIBAET, YTO KOHEYHbI aToMar (i, MOJIyYeHHbIi
BBIKH/IbIBaHNEM 13 G BCEX COCTOSIHMIT HE W3 @, PACIO3HAET MHOMKECTBO X .
Tostomy X = o' ({a}) smsiercs mpooGpasoM OTHOCHTETBHO 0 HEKOTOPO-
IO 3aMKHYTOI'O TIOJIMHOXKECTBa U rmoroMy G-peryisipao (cM. [6.8.15)).

6.8.24. (3ambikanue G-KOHCTPYKTUBHOIO G-IIPEJIPEry/IiPHOIO MHOYKECTBA. )
[TockosbKy Besgskoe (G-KOHCTPYKTHUBHOE MHOXKecTBO G -Ipenpery/ispHo co-
riacuo [6.8.20] mpeablIylmii pe3ysibrar JoKasbBaeT, 9ro 3amvikanue G-
Koncmpykmuenozo muodcecmea Gt -peayaapro. Kpome toro, ecau X ascaa-
emcs o0nospemerto G-xonempyxmusnum u G-npedpezyisiprovim, mo e2o 3a-
mukarnue X G-npedpezyaapro, G-pezyaapro u xax caedcmeuve G-xoncmpyx-
mueno (cM. , IIOCKOJIBKY 3TO BepHO U 6e3 mpenoioxkenus o (G-KOH-
CTPYKTUBHOCTH (CM. . Hokazkem cjepyromninii 60/iee TOTHbBIN Pe3y/ib-
tar: ecau G-npedpeeyaaproe X umeem eud X = 051(0) 0AA HEKOMOPO20
C CTg, mo X =05 (C), 20e C obosnanaem samvranue C' 6 mononozue-
cxom npocmparcmee Tg. st 10Ka3aTeIbCTBA HAIIErO YTBEPXKICHUSA 3aMe-
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tuM, ato ecin Y C A“ G-perynsipuo, To Y = aél(F ) JJisi HEKOTOPOTO 3a-
MKHYTOTO F' C T}, IpUaéM 310 F' 0JIHO3ZHAYHO OIpe/ie/IeHo, Oy/1yun PaBHBIM
o¢(Y), nockonbky og : AY — T croopbekTHBHO 110 ompejenennto 1. Ecin
G-upenperynapaoe X umeer Buj X = 051(0 ) st wekoroporo C' C Tg, T.e.
X G-KOHCTPYKTHBHO, TO MBI yzKe 3HaeM, 9To X G-peryaapHo (cu. ,
T.e. nmeer Buj oy (F) s mexoroporo samkuytoro F' C Tg, un motomy X
— 3TO HAMMeHbINlee MHOXKecTBO Bua o5 (F) ¢ samxmytemm F C Ty, co-
nepwamee X = o' (C). Tockonbky og ciopbextusno, o' (C) C o5 (F)
pasaocubHO C' C F', Tak uto F M0ZKHO OBITH HAUMEHBITUM 3aMKHYTHIM
noamuozkectsoM Tg, comepskam O, otkyna F = C u X = o' (C).

6.8.25. (3amMbikaHue IPOU3BOJILHOIO G-KOHCTPYKTHBHOI'O MHOXKECTBA. ) [Tpeibi-
Jynuil pe3ysibraT MOKeT ObITh 0000IIEH creayomum obpaszom. Ecmun G —
KOHeuHbIit apTomar u 7 : G — G — MopdusM, IOCTPOCHHLIIT B , TO
qtst ioboro C' C T BBITIOJIHEHO PaBEHCTBO

o' (C) = a1 (m1(C)) (6.8.25.1)

rine m, @ Ig+ — T — HelpepbIBHOE OTOOparKeHWe, WHJIYIIUPOBAHHOE 7T
Gt — @, an ! (C) oboznagaer 3ambikanme moaMuoxKecTsa T, - (C) B TOMOMO-
rUaeckKoM rpoctpancTse 1g+. s qokazare/ibeTBa 3T0it (GOPMYJIbI JOCTATOU-
HO 3aMeruth, 4T0 0 (C') = 0,1 (1,71 (C)) onsospemenno G -KOHCTPYKTUBHO
u G*-npenperysapuo 1o [6.8.20) Tak WTO K HeMy MPUMEHEMO paccye-
nme [6.8.24] ¢ GT Bumecto G.

Jlemma 6.8.26 (Herycrora oTHOCHTEIBHO BHY TDEHHOCTH KOHCTPYKTUBHO-
ro mHOXKecTBa.) Ilycre & # (Q C AY — Hemycroe KOHCTDYKTHBHOE MHOYKE-
crpo. Torna ero ornocuresrbHas BHyTpeHHOCTH U = Intg () Takke KOHCTPYK-
THBH& U HEILYCTA.

HoxkazarenbcTBo. CoryacHo [6.8.22] Mbr MozkeM 3adukcnpoBaTh KOHE-
HbIit apromar (G, Takoit, 9ro () G-KOHCTPYKTHBHO. 3aMEeHWB P HEOOX0 -
moctu G mHa GT, MOXKHO cuuTaTh, 9TO () HE TOILKO (G-KOHCTPYKTHBHO, HO
u G-upeaperyssipao (. . Torma Y = Q, S =Y —-Q, Z =8
u U =Y — Z rakxke G-tnipesperyisipabl 1 (G-KOHCTPYKTHBHBI (CM. ,
16.8.23|  [6.8.24), npu sTom U = Inty () — 9T0 B TOYHOCTH MHOXKECTBO H3
hOPMYIMPOBKY JIEMMBI; B YACTHOCTH, MBI JIOKA3aJIH, YTO OHO KOHCTPYKTHB-
no. Honoxmm Q' = 0¢(Q) C Tg, Y = Q, S =Y —Q, 7 =5 n
U =Y -7 C Tg Torma Q = o5 (Q') no G-koncrpykrusroctn () u ja-

nee Y = o, (V') 110 6.8.24] S = 0,'(S"), Z = 05 (Z') cnosa 110 (6.8.24| u
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U =0, (U"). Hockombky U’ = Ints @', mocTaTOMHO JOKA3ATE, YTO HEIIyCTOe
[IOJIMHOXKECTBO () KOHEYHOI'O TOIOJIOIMYECKOro IpocrpancTsa T obiagaer
HEIyCTOW OTHOCHUTEJIbHOI BHyTpeHHOCTbIO U'. Dementor & # @' C Tg C
PB(S) — sro nopmuOKecTBa a C S; BbibepeM sjiemMeHT a € () HauboJIbIIEl
momHocTr card a. Torga a — 3T0 BHyTpeHHsIA TOUKa 3aMbIKaHus Q' 1 1mOTO-
My a € U u U # @. Jeiicturensho, Q' = {b € T | Ie € Q": b C ct m
noromy card b < card a mys Becex b € Q' ¢ paBencTBoM TosbKO upu b = a. C
apyroit ctoponbl, V :={b € Ty | b D a} — 970 OTKpbITasi OKPECTHOCTH TOU-
ki a B Tg, BCe 3/IeMEHTBI KOTOPOH, 38 UCKJIIOUEHUEM @, 00JIaar0T OOJIbIei
MomHOCTEIO, 9eM a. Orciona V N Q' = {a} C Q', Tak uT0 a — BHYTpeHHAA
Touka (.

6.8.27. (Ilpumep mpeaperyaspHOro, HO HE KOHCTPYKTHBHOI'O MHOKECTBA!
KOppekTHble jBomdnble 3amnucu.) Ilycte B = {0,1}, u nycrs Q C BY —
9TO MHOXKECTBO BCeX DECKOHEUHBIX JTBOMYHBIX CJIOB, COJIEPYKAIIIX TOJIHKO KO-
HEYHOE YUCJIO €JIMHMUIIL;

Q ={a0*|aeB}={x=xr,...€ BY| lim z,=0} (6.8.27.1)

n—-+0o00

[Tockosbky a\@Q = @ yist JIIOGOTO KOHEYHOTO cJioBa « € B* MHOXKeCTBO ()
npejperyaspuo. Ilpu stom Q = B n Intg @ = Int Q) = &, 9TO HEBO3MOKHO
JIJIsT HEITyCTOIO KOHCTPYKTUBHOI'O MHOYKECTBa coryiacHo [6.8.26] Takum obpa-
30M, ) pezysapro, HO He Koncmpykmuero. [IoCKONIbKY MHOXKECTBO HEKOD-
PEKTHBIX JBOMYHBIX 3aIlceil moyydaercsa u3 () 3amenoii cumBosioB 0 < 1
asiaBuTa B, 3T0 MHOXKECTBO TaK:Ke IPEJIPEryIsIPHO, HO He KOHCTPYKTHB-
HO. DTO YKe BEPHO U JIJId ero JIONOJHEHUS — IPEJIPEryIsapHOr0 MHOXKECTBA,
KOPPEKTHBIX JBOMYHLIX 3alliceil, paccmorpentoro B [6.1.16]

6.8.28. (Ewmg oaun npumep npeaperyisipHoro, Ho He KOHCTPYKTUBHOTO MHO-
wecTBa: perynapubie Toukn AY.) Ilyers R = A = (A¥)F C A¥ — cuér-
HOE MHOYKECTBO PEryJIsIPHBIX ToueK A%, T.e. (HECTPOro) MepHoINIecKuX CJI0B
x € AY (cm. [6.7.6). Hecimoxuo Bumers, uto a\R = R mis s060ro Ko-
HeYHOTO cjoBa o € A*, m moromy R mpenperysnsipao. Tem we menee, R He
KOHCTPYKTHBHO, IOCKOJIbKY R = AY (e nulntg R=Int R =9, garo
HEBO3MOZKHO JIJIs HEIIYCTOTO KOHCTPYKTHBHOTO MHOXKECTBa coryacHo [6.8.26]

6.8.29. (PeryssipHble TOYKH KOHCTPYKTHBHBIX MHOXKecTB.) Ilycrs A — Ko-
HeYIHBIN ajidaBut. st 1000ro KOHCTPYKTUBHOTO moamHOKecTBa C' C AY
obosnaunM uepes C* MHOXKECTBO peryispHBIX TOUEK, MpuHa Ieskaimx C'

Ct .= N (AY)* (6.8.29.1)
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Bysem roBoputh, uto CF — MHO0ICECTNE0 PELYAAPHDIT TOYER KOHCIPYKMUG-
noeo mmodicecmea X, a aaeMentel £ € C* GyneM Ha3BIBATDL Pe2YAAPHbLMU
mouwkamu Koncmpykmuenoz2o0 muootcecmsa C'. Kpome Toro, 6yaem roBOpuTb,
410 TIoIMHOKeCTBO ) C A% = (A%)* xonempyxmueno, ecm OHO UMeeT BHJL
Q = C* gna mexoroporo Koncrpykrusaoro C' C A¥. $IcHO, 4TO HOIMHO-
wectBo () C A®Y KOHCTPYKTUBHO B TOM U TOJBKO TOM CIIydae, eCJM OHO
moxker Obith 3ammcano B Buge @ = Ui, (Y; — Z;) st HEKOTOPBIX pery-
nApHBIX Yy, Z; C A“F (re. ciegos Ha A“F perynsapHBIX momMHOMKECTB AY).
CorracHo TTpeITOKEHUIO ke, C' onHO3HAMHO onpeienserca CF T.e.
omobpasicenue C +— C* onpedeasem uzomopduzm mesncdy anzebpamu xom-
cmpykmuenur nodmroscecms 6 AY u e AL,

IIpennoxxenne 6.8.30 (KoHCTPYKTHBHOE MHOXKECTBO OIIPEJEISIETCS PELY-
JisipabiME TouYKamu.) I[lycrs A — koneunblii ajngasut. Torga:

a) Ecmn @ # C C A¥ — mermycroe KOHCTPYKTHBHOE MHOKecTBO, To CF #
I, T.e. Jr0b60€e HEIyCcTOe KOHCTPYKTHBHOE MHOXKECTBO COJEPKHUT XOTSI
ObI OJIHY PErYJISIPHYIO0 TOUKY.

b) Ecin Cy, Cy C A¥Y — koHCTpyKTHBHBIE mTojMHOXKecTBa, 10 C1 = Cy B
TOM U TOJIbKO TOM cIydae, e Ct = Ch.

c) Ecm Cy, Cy C AY — koucTpykTHBHBIE 1TOAMHOXKecTBa, TO C1 C Co B
TOM H TOJIBKO TOM CJIy9ae, eCJIH C’§ C 05

HokazareabctBo. Ilycts C' C A — HemycToe KOHCTPYKTHBHOE MHOYKE-
ctBo. CoryacHo JieMMe , U = IntoC # @. Ionoxum Y = C,
Z =Y —C. Torma Z C Y — peryisipHble MOJMHOXKECTBa (CM. ,
takue, uto U = Y — Z. Ilockomsky U # @, Z # Y, orkyna Z* C Y*, T.x.
Y* miorro B Y (cMm. . Orciona monydaem @ # Y¢ — 78 = UF C ¥,
9TO JIOKA3bIBAET a). SIcHO, 9To b) HEMEJIEHHO CJIe/lyer U3 ), U 9TO YCJIOBHE
B ¢) HeoOxouMo. [ljist jloKa3aTe/ibcTBa €ro JI0CTATOYHOCTH HTPUMEHUM a) K

KoHCTpyKTHBHOMY MHOXKecTBy C := C] — (.

CaencrBue 6.8.31 (Peryssipable TOYKH IIJIOTHBI B JTIOOOM KOHCTPYKTHBHOM
mmaozkectse.) Ecmr C C A¥ komerpykTusHo, To moamuoxkectso CF == C N
(A“)* mrorno & C.
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HokazareabcTBo. FEcm 310 He Tak, TO CYIIECTBYET TOUKA & = Tl ... €
C' u eé oTKpbITasg okpecTHocTs U 3 @, Takue, uro U N CH = @. Ilpu He06xo—
JuMocTH yMeHbIB U, MOXKHO TIpeanoaratsb, ato U = g . .. x, 1 A%. Torna
U — perynsgpHoe, a TOTOMY U KOHCTPYKTHUBHOE ITOJIMHOYKECTBO A“| mpuaém
UNC memycTo, MOCKOILKY 0HO coiep:kuT . Iloaromy (UNC)H = UNCH # @

corytacHo |6.8.300a), aTo mporuBopeunT BbIOOPY U.

6.8.32. (Ilpemperynsipable MHOXKECTBa He 3aJIal0TCsI CBOUME DEryJIsiPHBIMU
roukamu.) OrmernMm, 9T0 npedpezyasphvie muoxcecmea @ C AY we 3a-
daromes ceoumu npedpezyaspuomu mowkamu QF = Q N A% B ormmune
OT KOHCTPYKTUBHBIX MHOXKeCTB. Hampumep, MHOXKECTBO PEry/IsipHBIX TOYEK
R = A*" C A* u3 IpeIPEryIApHO, HO 1pu aToM R = R = (A¥)F,
HECMOTPs Ha TO, 910 R # A%. B maHHOM Ciiydae cjiej mpeipery/asipHoro MHO-
xecTBa Ha A“F COBIAT cO C/IeJI0M HEKOTOPOro (OHOZHATHO ONPeIeI8HHOTO
110 ,b)) KOHCTPYKTHUBHOI'O MHOYKECTBa, HO M 3TO He Bcerjia Tak. Ha-
[IpuMep, IpeaperyisgpHoe MHOKecTBO () C B¥ u3 , rae B = {0,1},
COCTOMT TOJILKO M3 PEryjspHBIX TOuek, Tak 4ro QF = @, ommako Q # C*
HU I KaKoro KoHcrpykTusHoro €' C B¥. B camom jere, eciu 6bIJIO ObI
Q=CtoC=C=Q = B unoromy IntC # & HO . To-
ria C DO IntC' O aB¥ a8 HEKOTOPOrO KOHEYHOI'O CJIOBA (v € B‘“, OTKY/Ia
al™® € aB¥ = (aB*)* C C* = Q, uTo HeBepHo.

IIpennoxxenune 6.8.33 (Kpurepmii KOHCTPYKTHBHOCTH IIPEPETYIISIPHOTO MHO-
>kecrBa.) Ilycrs () C AY — npeaperyisipaoe MmaoXxkecTBO. OINpenesnm mocie-
JIOBATEJILHOCTD IPEAPETYISIPHBIX MHOXKECTB {(Qp }n>0 H MTOCTEI0BATEIHHOCTS
perymspabIx MHOKeCTB {Y,, } >0 caeayrommm oopa3om:

Qo=@ (6.8.33.1)
Qni1 = Qn — Qn st Beex n > 0 (6.8.33.2)
= Qn st Beex n > 0 (6.8.33.3)

Tora {Y, }n>0 — yObIBaromas oc/1eJ10BATEIbHOCTD PErY/ISPHBIX MHOKECTB,
MOCKOJIBKY Y11 =Y, — Q, C Y, =Y,. Kpome toro:

a) Ecmn () G-npeaperyisipHo JIJIsi HEKOTOPOro KoHeIHOro apromara G, To
Bece QQ, n'Y, G-upeaperyispunl, a 'Y, emé u G-peryiaspabl. Kpome Toro,
B 9TOM cJiy4ae yObIBaloIasl 1I0CJAe10BaTe/IbHOCTD Y, CTaOHIH3UPYETCs
Ha HEKOTOPOM Y.
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b) MHuoxkecTBo () KOHCTPYKTHBHO B TOM H TOJIBKO TOM CJIydae, €CJH Y, =
@ sist HekoToporo n > 0 (aro paBHOCHIBHO Q) = &, IIOCKOJIBKY Y, =
Qn), Te. ecin Yy, U3 IMyHKTA &) MYCTO.

HokazaTeabcTBO. [l0CKOIBKY BCIKOE IIpeaperyIsipHoe MHOMKECTBO SABJIS-
ercst G-upeaperyasapHbIM s Hoaxondamero (G, Mbl MOXKeM 3a(UKCHPOBATH
takoe G jyis manaoro (). O6mue cBoiicTBa mocsenoBarebrocTeit {Q,} n
{Y,.} 6ymyT Torma ciemoBarTh M3 MyHKTA a), K JIOKA3ATEIbCTBY KOTOPOTO MBI
n nepexomuM. ZcuHo, aTo ecim (g = () G-npenperyssipao, To Bce (), u Y,
Takzke OyayT G-npenperynspuel 1o [6.8.17] u [6.8.23} xkpome Toro, [6.8.23
OKa3bIBaeT, 4To BCe Y, = (), omHOBpeMeHHO u G-peryispubl. IlosTomy
Y, = o5 (Y!) a1s HexoTopoii yGbIBaromieil MoCIeI0BaTeIbHOCTH 3aMKHY THIX
nonmuo)kectB Y, = 0g(Y,) C Tg. IlockoibKy TOMOIOrHYEcKOe MpOCTPaH-
c¢tBO T KOHETHO, 3Ta yOBIBAIOIIAsT TOC/IEI0BATETHHOCTD CTAOMIN3UPYETCsI, &
sHauuT, crabuinsupyercst u {Y,}.

Hokazkem Terepb HEOOXOIUMOCTH ycaoBus b). Ecmu () KoHCTpYyKTUBHO, TO
u Bce (), TaKyKe KOHCTPYKTUBHBL. Eciu ipu 9Tom Y., # &, To Beibepem n > 0,
takoe, 910 Y, = Y, 11 = Y, # & U MOCMOTPUM HA KOHCTPYKTUBHOE MHOKE-
ctBO Q,,. Ilockombky Q, =Y, # &, To n Q,, # &, a 3HAUNT, OTHOCHTEILHAL
BHyTpennocts Intg @, = Inty, Q, = Y, =Y, —Q, =Y, — Y1 Takxke
HelrycTa 110 JjieMMe [6.8.26, 9To MpOTUBOPEYNT PaBeHCTBY Y, = Y, 1. Hako-
Hell, JOKayKeM JOCTATOYHOCTh yejoBus b). Eciau nekoropoe Y, mycro, To u
@, C Y, mycro, a MOTOMY U KOHCTPYKTHUBHO, OTKY/Ia yOBIBAOIIEH WHLyKIrei
mo 0 < m < n noxydaem, 910 Bce (Q,, = Yy — Q1 TAKIXKE KOHCTPYKTUBHBI.
B gactHOoCTH, () = Q) OKa3bIBAETCA KOHCTPYKTHBHBIM.

CaencrBue 6.8.34 (Koucrpykrusasie G-1peapery/isipabie MHOXKeCTBa. ) Fc-
sin G-TIpeJIperyssipHoe MHOXKeCcTBO () KOHCTPYKTHBHO, TO OHO (G-KOHCTDYK-
THBHO.

JlokazaTeabcTBO. /[lelicTBUTE/IHLHO, B 9TOM CJIydae BCe MHOXKECTBa Y, U3
G-peryasapust 110 [6.8.33]a), a snaunt, onu u G-koHcrpykTHBHBL OT-
CIOJIa 110 KPUTEPUIO b) nojtyaaeM (G-KOHCTPYKTUBHOCTH BCeX (), =
Y., — Q1 yOBIBaOMEH UHIYKITHEH 110 m, a 3HaIuT, u () = Q.

6.8.35. (Boruncienus B anrebpe KOHCTPYKTUBHBIX (G-TIPeIPErYJISIPHBIX MHO-
xkectB.) Pacemorpum cemeiictBo Co Beex G-TpeIperyJisipHbIX KOHCTPYKTHB-
HBIX MHOXKECTB. #1CHO, 4TO 3TO — HeKoTOpas mojajredpa ajaredpnr Bcex G-
KOHCTPYKTUBHBIX MHOXKecTB. Haue rosopsi, 310 cemeiictBo cocrout uz G-
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KOHCTPYKTHBHBIX MHOXKECTB U IIPH 3TOM 3aMKHYTO OTHOCHUTEJILHO 00be. -
HEHUil, Iepecevennii, JIONOJIHeHUN 1 pa3HocTelr MHO)KecTB. Kpome toro, Cg
YCTOWYNBO OTHOCUTE/TBHO TOIOJOTHIECKUX OIMEPaIliii B3ATHUS 3aMbIKAHUSI,
BHYTPEHHOCTH W T'PAHWIBI — YTO HEBEPHO I aJiredbpbl Bcex (G-KOHCTPYK-
THUBHBIX MHOYKECTB — U IIOTOMY MOXKeT ObITh OoJiee ynooHO. [TockoIbKy Bee
@ € Cg G-KOHCTPYKTUBHbBI, OHH MMEIOT BH], Jél(Q' ) JUIST TIOJIXOJISITITAX T10/T-
muO)ecTB ) C T (a mvenno, @ = 0¢(Q)), 06pa3yomux HEKOTOPYIO TI0-
nanre6py muoxkects Cs C PB(Tg). Orobpazkenue o' 3a1aéT HEKOTODbIi
msomopbusmM Mmexay anrebpamu MuOokecTB Ci u Cg, T.e. sBisieTcs OHeK-
el 1 CoXpaHsieT BCe TeOpeTHKO-MHOXKECTBEHHBbIE orepaluu. Bojee Toro,
05" 1 Cf = Cg coXpaHsieT u TOMOJIOTMHECKIe OTIePAIIH, TAKHe, KaK 3aMbIKa-
Hue (M. , a 3HAYUT, U BHYTPEHHOCTH ¢ rpanurieii. [losTomy Bce BbI-
YUCJIEHUSI ¢ KOHCTPYKTUBHBIMU (GG-TIPEJIPEry/IIpHBIMUA MHOMKECTBAMHU MOTYT
OBITH «IIPOMOJIETINPOBAHbI» BHYTPH Cy, T.€. C HOMOIIBIO HEKOTOPBIX HOIMHO-
’KeCTB KOHETHOT'O TOIOJIOIMYECKOTO MpocTpancTBa 1. B mefictBurebnocTn
JIOKA3aTeJILCTBO JIeMMbI [6.8.26] siBirsieTcst IprMepOM TAKOTO BBIUUC/IEHUA.

6.8.36. (Perysusipublii 06pa3 KOHCTPYKTUBHOTO MHOYKECTBA He 00s3aH ObITH
KOHCTPYKTUBHBIM.) BayKHOCTH KOHCTPYKTHBHBIX MHOXKECTB B ajirebpante-
CKOIl reoMeTpHUHU OCHOBaHa Ha TOM (hakTe, 9TO 00pa3 KOHCTPYKTUBHOTO MHO-
’KeCTBa OTHOCHTETLHO JIFOOOT0 KOHETHO MTPEJICTABIMOTO MOP(U3Ma, CXeM KOH-
crpykTuBeH. K coxkaJleHWIo, 3TO He TaK B HAIEM CIydae: 00pa3 KOHCMPYk-
MUBHO20 MHONHCECTNEA OMHOCUMEALHO DEYAAPHO20 OMOOPANHCEHUSA HE GCE-
2da xoncmpyxmueen. st mocTpoennsi KoHTpupuMmepa 3adukcupyem A =
{0,1,2}, B = {0,1} u paccMoTpuMm perysspHoe mojMHOXKecTBO Y C AY,
3a/IaHHOe (HEIOIIOIHEHHBIM) aBTOMATOM

Nuave roBops, Y cocToUT U3 Tex GECKOHEYHBIX CJIOB (MM TPOMIHBIX 3aIlV-
ceit), B KOTOPBIX TI0CJIE MIEPBOro BXOXKIeHus 1udpbl 2 B JajbHeleM BeTpe-
JAIOTC TOJIBKO JIBOMKMU:

Y={x=xp21... € A |Vm,n € Ny: (m <n)A (¢, =2) = x, =2}
(6.8.36.1)
Hanee, nycts Z := {0,1}¥ C Y — peryaspHoe IIOJMHOKECTBO Y, COCTOsAIINE
U3 TeX CJIOB, B KOTOPBIX BeTpedatoTcsd ToabKo 1udpsl 0 u 1. Takmm obpazom,
KOHCTPYKTHUBHOE MHOXKECTBO Y — Z cOCTOUT u3 OECKOHEUHBIX CJIOB BHa (2™
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st BeeBosMOXKHBIX @ € {0,1}*. Pacemorpum otobpaxenue ¢ @ A — B,
saganaoe p(0) = ¢(2) = 0, (1) = 1, u TPOIOIKUM €ro J0 PEryJIspHOro
orobpaxkenus p* : AY — BY. Torna

Y -2)=Q={a0* |ae B} ={y=yy1... € B®| lim y, =0}
n—r—+00
(6.8.36.2)
T.e. 00pa3 KOHCTPYKTUBHOIO MHOKecTBa Y — Z C A“ OTHOCUTENILHO pery-
JIIPHOT'O OTOOpaskKeHus ¢ — 3TO HPEAPEryJIspHOe, HO He KOHCTPYKTHUBHOE
MHOXKecTBO ) C B, paccmorpenHoe B [6.8.27]
Ecau pacmuputs A 1o 6osbiero muoxkectsa A’ = AU {3} ={0,1,2,3}
1 oToxJecTBUTL ero ¢ B? = {00,01,10,11}, To A™ oToxKjecTBisercs c
BY x B¥, a ¢ — ¢ orpaHu4eHueM IIPOEKIUU pry : B x BY — B*. Takum
obpaszoM, dasice npoekyus pry : BY X BY — BY ne coxpansem KOHCMPYK-
MUBHBLE NOOMHONHCECTNEA.

6.8.37. (Peryssipubiit o6pa3 mpejiperyisipHoro MHOYKECTBa [IPEIPEryIIsipeH. )
Jlokaxkem GoJjiee ciraboe yTBep:KIeHHE: 00pa3 1100020 Npedpe2ysapHozo MHO-
orcecmea (Q C Xog C AY ommocumenvro pe2ysaprozo omobpaxcerusn f
Xo — BY npedpezyaapen. Jljist aT0r0 10KazkeM dyTh GoJiee 00wt (HO B jeii-
CTBUTEJIbHOCTH SKBUBAJIEHTHBII ) hakT: 06paz R((Q)) a0b6020 npedpezyaisprozo
noomnooscecmea QQ C A ommocumervro 4106020 npedpe2ysapHozo coomeem-
cmeua R C AY x BY npedpeeyaspen. JleiicrBuresbHo, s joboro f € B
BBIIIOJTHEHO

R(Q)NBBY = | (RN (ad® x BB*))(Q NaA?) (6.8.37.1)
aEAn
OTKY/1a
ARQ) = | (0, B\R) (a\Q) (6.8.37.2)

[Mockonbky R u @ upeaperyispust, (a, 8)\R u o\ MoryT npuHUMATH TOJIb-
KO KOHeuHOe 4nciIo 3Hadennit. ComocraBuM KazkaoMmy 3 € B* MHOXKecTBO P
BCEX 1Iap ((a, O\R, a\Q), BO3HUKAIONINX, KOIJIA (v IIPOOEraeT Bee KOHEIHBIC
cioBa u3 A* Toit ke qmHBI ECTh TOJIBKO KOHEYHOE MHOXKECTBO Pas3/Inti-
HbIX Pj, TOCKOJIBKY Pj JOJIKHO ObITH MOJIMHOZKECTBOM HIPSIMOTO HPOU3BEIE-
HUsI JIBYX (DUKCUPOBAHHBIX KOHEYHBIX MHOXKeCTB. I[Ipu arom [\ R((Q)) mosHo-
CTBIO olpesedgercd Pg:

B\RQ = |J R@) (6.8.37.3)

(R,Q)EPs
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U [IOTOMY CYIIIECTBYET TOJIBKO KOHeUHOe anciio pasandnbix §\R(Q), r.e. R(Q)
PEJIPErYJISIPHO.

6.8.38. (IIpeaperysgpHble MOAMHOKECTBA B IPOU3BOJIBHOM PETYJISIPHOM ITPO-
crpancree X . VX yCTOWYMBOCTD OTHOCUTEIBHO TEOPETHKO-MHOXKECTBEHHBIX
oriepalnii, a Takyke 00pa30B U MPOOOPA3OB OTHOCUTEILHO PErYJIAPHBIX OTOD-
pazkenwuii.) TIpeb iy uii pesyibraT H03BOJISIET ONPEIEIUTh NPEeOPe2yAtPHbIE
noomHodcecmsa 6 (npoudsoavrom) peeyaaprom npocmpancmee X . CHauana
PacCMOTPHUM CJIydail CTaHIapTHOTO perysipHoro npocrpanctea X = (AY) R).
[TonmuoxkecTBa () C | X | HAXOAATCA BO B3aMMHO-OIHO3HAYHOM COOTBETCTBUN
¢ R-HaChIEHHBIME TIOAMHOKecTBaMI () C A“ (T.e. Taxmvm, ato R(Q) = Q).
By.ieM roBoputs, uto Q npeperyispro (B X ), eciu Q npeaperyispro B AY.
dcro, uro mpejperyngpHble moaMHOKecTBAa B | X | 06pasyror anrebpy MHO-
xxecTB. [lastee, 06pa3bl n MpooOpa3bl OTHOCUTETLHO PEryJIAPHBIX MOP(PU3MOB
f:X=(AY R) - Y = (BY“,S) coxpaHsIIOT NIPEJIPETyIAPHOCTD, T.€., HAIPH-
Mep, eciu () C | X| nmpeaperyisipro, To |f|(Q) C |Y| Takzke npeaperyssipHo.
Jtst moKazaTebeTBa 3aMeTHM, UTO 10 OTPEeJIe/IeHI0 [ 33/1a6TC HEKOTOPBIM
perysisipabiM coorBeTcTBUeM F' C A% X B“, takum, uro So F o R = F, u 4to
ecmn () C | X| coorBercTByeT R-HACBIIIEHHOMY Q C A, 10 1f1(Q) C |Y] co-
orsercrByer S-macemmennomy F(Q). Onmaxo u3 npeaperymspHocTs Q) C A®
cJteyeT peperysapaocts F(Q) cormacuo 9TO JIOKA3bIBAET TpeOye-
moe. st mokasaTeibeTBa MpeiperyisipHOCTH TIPOOOPA30B IPEPEryIsaPHBIX
MHOKECTB OTHOCHTEJILHO Pery/spHoro MmopdusMma f, 3ajannoro F, Hajio ana-
JIOPHYHBIM 00pa30M HPUMEHUTH K PeryJspHOMy cooTBeTcTBHIO [ 71,

B wactHocTn, ecitm f — perynsgpubii n3oMopdu3M, TO rOMeOMOPQU3M
|f] : |X| = |Y| nepesoauT npeperyispHble MOMHOKECTBA B TIPEJIPEryIsip-
HbIE, U TOTOMY KOPPEKTHO MOBOPUTH O MPEJPETY/ISIPHBIX MTOIMHOKECTBAX B
PeryJIsipHO IPEJICTaBIeHHOM KOMIIAKTE UK B PEIYJISIPHOM IIPOCTpaHcTBe X =
(X, 0x): upeaperyisipaocTh mojMHuo)KecTBa () C X He MeHseTcsl IpU 3a-
MeHe peryispHoit cTpykTypwl Ox : |(A¥, R)| = X na uzomopduyto. dTo
HO3BOJISIET HEPEHECTH MPEABLIYIIHIE PE3yIbTaThl CO CTAHAAPTHBIX PEryJisp-
HBIX [TPOCTPAHCTB Ha TPOU3BOJIbHBIE, T.e. NPedpe2ysipHbe NOOMHONCECMEE
Q C X obpasyrom anrz2ebpy MHOHCECNS, BCE KOHCTPYKTUBHBIE [TOJIMHOXKECTBA,
LIPEJIPETYJISIPHBL, 00pasdvl U Npoodpasvi NPedpe2yiipHbir NOOMHONCECTNE OM-
HOCUMEALHO PELYAAPHHLL MOPPHUIMOE UAU COOMBEMCMEULT NPedpe2YrAPHDbL,
e Q C X u Q) C Y npeapery/sipHbl, TO HIPEJPEryIsSpPHO U UX IPSAMOe
npomssegienne Q X Q' C X x Y u .1,

6.8.39. (YcroitunBocTh MpeperyisgpHbIX MOMHOKECTB () C X OTHOCHTEIb-



HO 3aMBIKAHUI U JIPYTUX TOMOJIOIMYECKUX oreparuil.) OTMeTHM, 9T0 3a.Mbi-
kanue Q npedpeayaapnozo Q C X pezyaapho (a 3naqum, maxsice KOHCMpPYk-
mueno u npedpezyaapno) ¢ X. Jlist moka3aresbcTBa BbIOEPEM peryJsipHOe
makpeitie [ : Xo — X, Xy C A®, u 3amernm, uto Q = f(f—l(Q)) BBULY
COOCTBEHHOCTU ¥ CIOPBEKTUBHOCTU f (MM MPOCTO MOTOMY 9TO f — HeIlpe-
PBIBHAS CIOPBEKIUsT KOMIAKTOB; M. [6.5.27)), mocie wero yrsep:kienue cie-
JIyeT U3 aHaJOTUYHOTO YTBEPZKJIeHHd Jisd Tpejaperyaaphoro f~1(Q) C AY,
nokasannoro B [6.1.15] Orciona cremyer, 9o samknymoe npedpeeyiaphoe
Q C X peeyaapro. Kpome Toro, enympernocms Int QQ u eparuuya 0Q nped-
peayaaprozo () C X npedpezyaapHovl, TOCKOIBKY 3TH ONMEPAINN BhIPAKAIOTCS
C IIOMOIIBIO 3aMBIKAHUSI 1 TEOPETUKO-MHOKECTBEHHBIX onepariuii. [TockoibKy
rpannia 0@ Bcerga 3aMKHYTa, 9TO O3HAYAET, YTO 2panuya 0 npedpe2yiip-
Hoz0 (Q C X 6cezda pezysspha.
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