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Annoranus. Jannasg paboTa HOCBAIIEHA N3y YeHUI0 HEKOTOPBIX BEPOATHOCT-
HBIX CBOHCTB 3(PPEKTUBHBIX CUCTEM CUHUCICHHS, IPUMEPLI KOTOPLIX ObLLIK
nocrpoensl paree B [AB4]. B wactHocTH, paccmarpuBaercs Borpoc 06 ecre-
CTBEHHOM PAaCIIPE/IC/IEHIH BEPOATHOCTEH Ha I pax TaKUX CUCTEM, U O IOJI-
cuéTe KOJIMIECTBA PA3JIMUHBIX N-3HAYHBIX YHCEN B TakuxX cucremax. OKasbl-
BAeTCs, YTO KOHEYHBI aBTOMAT, IPOBEPAIONINI PaBeHCTBO B 3 EKTUBHOM
CHCTEeMe CUMCJICHHUSI, MOXKET ObITh €CTECTBEHHBIM 00pa3oM IpeobpasoBaH B
HEKOTOPYIO Iellb MapKoBa, CBOiCTBa KOTOPOil TECHO CBA3aHbL C YIIOMAHY ThI-
MM BBIIIIe BoripocaMu. Mbl u3ydaeM CHEeKTPAJIbHBIN PAJINYC U CIEKTP MaTpPH-
LI [IEPEXOJIOB 3TOoi memm Mapkosa, 1 1aéM HOJIHBIA OTBET /I HEKOTOPOI'O
HMHTEPECHOro Kiacca 3pPEeKTUBHBIX CUCTeM carcaeHnit. IIpu sTom BosHUKaeT
MHTEPECHDLIA HOBLIA KJIaCC MHOIOWJIEHOB, ITOXOXKUX HA MHOIOYJIEHBI JPMUTA
wim Ha MHOTOWIeHbl KpaBuyka.

KiroueBbie cioBa: AGcosroTHast reoMeTpusi, 3QPEKTUBHASA CUCTEMA CUUC-
JleHnsd, rnenb MapkoBa, MaTpuiia mepexo 0B 1enn MapKkoBa, MHOTOYIEHBI DP-
MHTa, MHOrOYJIeHbI KpaBuyka.
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5 BeposiTHOCTHBIE CBOliCTBA N30BITOUYHBIX CUCTEM
CUUCJIEHUS

5.1 HWMudopmaimoHHbIii mapa0KC

I[Iperk /e, €M ABUraThCs JAJIbIIE, IIOMPOOYEM OTBETHTD Ha BOIIPOC: CKOJIBKO
uHMOPMAINH COAEPIKUTCS B OAHOM Iudpe 4YHCcIa, 3allCAaHHOI0 B U30LITOY-
HOlt aBontHoil cucreme ¢ nudpavu D € {—1,0,1} u3 [AB4][4.1?

5.1.1. (Kaxgas nudpa yMeHBIIAET [UAIa30H 3HAYCHUN BIIBOE, U IOTOMY CO-
nepxkuT onuH 6ut wHbOopMarwn.) [lycTh HEKTO cOOBIIAaeT HEM3BECTHOE HAM
quesio £ € [ = [—1,1] mo nudpam ero u3GLITOYHON JIBOUIHON 3amucu
¢ = (0.xoxy...)2. Bymem cumrarh, 9T0 M3HAYAJIBHO HAM HUYETO HE M3BECT-
HO O &, TaK YTO €CTECTBEHHO IIPE/IIIoJIaraTh €ro PaBHOPACIIPE/IETEHHBIM Ha,
aToM oTpeske. [lasee, mocae Toro, KAk Mbl y3HaEéM IEPBYIO MUMPY Ty, MHO-
JKECTBO BO3MOXKHBIX 3HAYEHUN § YMEHBINAETCH JIO OJIHOT'O U3 OTPE3KOB BIIBOE
menbreit gmust [, = [—1,0], I,, := [—1/2,1/2] wim I, := [0, 1], koTopsIe
MBI OY/IEM Ha3bIBATH «JIEBBIM», «CPETHUM» M «IIPABBIM ITOJOTPE3KOMS, COOT-
BercTBenno. Takum obpaszom, nudpa xro € D ocyliecTB/IsieT BHIOOP OJIHOTO
u3 TuX TPEX orpe3koB. [locie sroro mudpa x1 € D cHOBA yMeHbIIAET BbI-
OpaHHBII OTPE30K BJIBOE, 3aMEHss €r0 Ha €ro JIeBBIN, CPEJIHUI WU ITPaBBIil
[IOJIOTPE30K, U T.JI.

[TockombKy ouepenHasi cooOraeMas HaM Idpa yMeHbITaeT TPOCTPaH-
CTBO BO3MOXKHBIX 3HadeHUil £ pOBHO BiBoe (T.e. Mepa Jlebera mHOXKecTBa
BO3MOXKHBIX 3HAUEHHI YMEHBIIAETCsI POBHO B JIBA pasa), 3TO O3HAYAET, UTO
OHa JIAET HAM POBHO OJIMH OUT MH(MOPMAIMHU O BEIIECTBEHHOM Yuce &.

5.1.2. (ITapamoke: kaxgas nudpa BEIOMpAETCs U3 TPEX BAPUAHTOB, 1 TIOTOMY
Hecér log, 3 6uros nadopmaruu.) C Apyroif cTOpoHbI, KazxkIas coobaemast
HaM 1udpa BeIOUpaeTcs U3 TPEXIJTEMEHTHOIO MHOXKecTBa [, U moromy eé
ykazanue tpebyer log, 3 6uro mudopmarmm. Vnade roBopst, Mbl JOJZKHBI
CUMTATh, YTO KaxkJasd 1mudpa uHecér log, 3 ~ 1.853 > 1 6uros undopmauu,
YTO TMPOTUBOPEYUUT MPEJIbLIYIIEMY TYyHKTY.

5.1.3. ([pyroit BapuaHT napaJiokca ¢ HepaBHOBEPOSITHBIM BBIOOPOM Idp. )
Mer Bugenn B [AB4])4.1.32] uro ecrecTBeHHOE pacipejiesieHne BEPOSITHO-
creii Ha Habope mudp D — 3TO BOBCe He paBHOMEDHOE paclpelesieHne, a

P(0) = 1/2, P(1) = P(1) = 1/4. Hanpumep, ecjii OTHPABATEJIb MOJTY TAT
OTHPABJISEMYIO HaM H30BITOYHYIO JBOMYHYIO 3aIMCh 9HCIa { B pe3yJbTaTe
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KaKnX-1100 apudMeTnieckKux JIeficTBUil, CKayKeM, CyMMUPOBAHUs OOJIBIIIOTO
KOJIMMECTBa CllaraeMblx, To paccyzkiernus u3 [AB4][4.1.32 nokassisator, aro
4acTOTHI TGP OyLyT MPUMEPHO TAKUMHU.

Takum 00pa30M, HAM €CTECTBEHHO OXKHJIATh MMEHHO TaKOe PaCIpejiesie-
HUE YaCTOT WJIM BEPOSITHOCTEH CHMBOJIOB, IPUHUMAEMBIX HAMU TI0 KAHAJLY.
DTO O3HAYAET, YTO OJMH CUMBOJ HecéT He log, 3 GuroB mHMOpPMaNUM, KaK
9TO OBLIO OBl B C/Iydae PABHOMEPHOI'O PACIIPEJIe/IEHNUs, a SHTPOIMIO yKa3aH-
HOT'O BBIIIE PACIPE/IeICHIA

H(P) =Y —P(x)log, P(x) = % 1+

zeD

-2 == 5.1.3.1
~ (13

T.e. IoJITOpa 6uTa nHMOpPMaIuu Ha UdPy. DTO BCe paBHO OOJIBIIE €INHUIIBI

u3 5.1

5.1.4. (Hacruunoe perieHue mapajjoKca: HEPABEHCTBO 0OpabOTKH JIAHHBIX. )
Komneuno ke, mapajjokCc BOZHHKAET M3-3a TOT'O, YTO MBI CMEIIHBAEM /B I10-
HATUSA: BelecTBeHHOe dncyio & € [—1,1] u ero KOHKpeTHyIO 3aluch & =
ToT1Ty... € D¥. DTu nBe BEIMIUHBI CBA3AHLI OTOOpakeHneM w(x) = &,
OJIHAKO W CIOPBHEKTUBHO, HO HE OMEKTUBHO, IIOTOMY YTO CUCTEMa CUUC/IEHUS
n36bITOUHA. [109TOMY KOHKpETHas! 3aliCh 9ucC/ia JefiCTBUTETLHO COIEPIKUAT
6ostbite naOpMaInn, deM caMo gucsao. OJHAKO IMOc/e MOJIydYeHUs Bere-
CTBEHHOT'O 4HcJa & MBI MOYKEM <«3a0BITh» €r0 KOHKPETHYIO 3aIlliCh U pabo-
TATh «C CAMUM YHUCJIOM» (JJIsl 9ero Mbl MOXKEM IIPe0OpPa30BaTh MOy I€HHY O
3aIMCh B KaKYyIO-HUOY/Ib JAPYTYIO, HAIIPUMED, B U3OBITOYHYIO MIECTHA/IIIATE-
puuHyio cuctemy ¢ 1udpamu —8...8, 9TO CYNIECTBEHHO CHU3UT U30BITOU-
HOCTB). B 9TOT MOMEHT MBI 3aMeHsieM & Ha 3HAYEHNE HEKOTODOH (DyHKIN
w(§), a M3BECTHO, YTO IPU TAKOM TI€PEX0JIe KOJINIeCTBO nHGopManuu (SHTPO-
nusi CIydaiiHoll BeJMUYMHBI) HEe yBeJUduBaercs (3T0 YacTHBINA ciydail Hepa-
BeHCTBa 00paboTKu maHHBIX — data processing inequality). uade rosops,
[IpUMEHEHne W Henm30eKHO TepseT JacTh MH(POPMAIUKM, U UMEHHO 3TO MbI U
HaOJIIOIAEM.

5.1.5. (Ms6brTounast ABOMYHAST CHCTEMa, CUUCJCHUS HE COOTBETCTBYET Mepe
Jlebera ma orpeske [—1,1], a coorBeTcTByeT Mepe ¢ IIOTHOCTBIO 1 — |z|.)
st popMaIbHOTO IPUMEHEHUsT HepaBeHCTBa 00pabOTKH JIAHHBIX HaM OBbLIO
OBl TI0JIE3HO 3HATH, YTO W(X) PABHOMEPHO pacIpe/iesieHo Ha orpeske [—1, 1],
B CUTyalluu, KOrja MUudpel & = Tor1Ty... € DY pacrnpejeneHbl He3aBU-
cumo, mampumep, ¢ sepogrnoctamu P(0) = 1/2, P(1) = P(1) = 1/4 xax
Boimre. MHa1we roBopst, Mbl ObI XOTeJIH, ITOOBI IPAMOI 00pa3 OTHOCUTE/IHHO
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w : D¥ — [—1,1] mepbI-tipsimoro npoussejieanst Ha D paBHsiics Obl Mepe
Jlebera na [—1,1]. Ogaako B IefiCTBUTEILHOCTH AHAJIOTHIHOE YTBEPK/ICHIE
BEPHO TOJIBKO JIIA OOBIYHO (He M30BITOUHOl) ABOMYHOM CHCTEMBI, & IS
N30BITOYHOM JBONYHOI CHCTeMBbI 0Opa3 Mephl OKa3bIBaeTCd paBeH He Mepe
JleGera na [—1,1], a mepe (1 — |x|)dm C «TPEyTOJIbHOI» ILIOTHOCTBIO. Jljis
TOrO0, YTOOBI ITOHSATH TO, MOZKHO 3alnCaTh ciaydaiinyio mudpy z; € {—1,0,1}
B BHJIE T; = (5§1) + 552)) /2, rae 551) u 51(2) — HE3aBHUCHMBIE CJIydailHble BeJIH-
YUHBI, TpUHEMaoIMe 3uadenns +1 ¢ BepograocThio 1/2. Torma

w(x) = i x; 27 = %(i 62(1)2—1‘—1 i i 622)2_1»_1)
=0 i=0

=0

OKa3BIBACTCS MOJIyCYMMOIl JIBYX HE3aBUCUMBIX CJIyYailHBbIX BEJIMYUH, PABHO-
MEPHO paCIpeIesIeHHbIX Ha [—1, 1], & 3HAYUT, IJIOTHOCTD PACIIPE/IETIEHUST CIIY-
JaifHOi BeJMYMHBI W(X) paBHA CBEPTKE X[—1/2,1/2] * X[-1/2,1/2], T1€ Xa(x) =
[z € A] obosHauaeT xapakTepucTudeckyto dyHKImo MHEO)KecTBa A € R. Dra
ceéprka u ectb (1 — |z|)dz na orpeske [—1,1].

5.1.6. (O6pa3 mepsl oTHOCHTEIBHO W @ D — [—1,1] ayia apyrux BeposT-
Hocrelt nudp.) Mbl MoXKeM 3a7aThCs BOIIPOCOM, KakKoB OyjeT obpas Mepbl-
npousBejieHns Ha D* OTHOCUTEHHO W JIJIsd JPYTUX PACIPEICICHUN BEPOAT-
nocreit nudp uz D. B obiiem ciiydae OTBET HOJIYYIAETCs CJIELY IO

e Ecim P(0) # 1/2, 1.e. ecyin 4éTHBIE U HEYETHBIE TUMPHI HE PABHOBEPO-
SITHBI, TO M€Pa KOHIEHTPUPYETCS BO3JIE YUCEN, B OOBITHON JBOUYIHO
3aITMCU KOTOPBIX HYJIN TTPeo0/Ia aioT HaJl €JIMHUIIAMU I HA0O0POT, 1
B UTOTe MOJIy9aeTcsd Mepa, He 00J1a/1al01as IIIOTHOCTHIO OTHOCUTETHHO
Mephbl Jlebera.

e Ecom P(0) =1/2, P(1) = /2, P(1) = /2,0 < a <1, 0 =1-a,
TO TOJIY9IaeTCsl Mepa C IJIOTHOCTBIO fo(t), KOTOPYIO MOYKHO HaWTH U3
(DYHKIMOHAIBHOIO yPaBHEHMsI

fat) = fa2) +afa(2t = 1)+ (1 —a)fa(2t +1) VteR (5.1.6.1)

C JIOTIOJTHATEBHBIM yesoBueM f,(t) = 0 npu t ¢ [—1, 1], BeIpazKaromy-
MH TpeboBaHUe, 9TOOBI CaydaiiHas BeJudYnuHa £ ¢ TAKOH IJIOTHOCTHIO
pacnpesenenust u (£ + n)/2, vae n — HezaBUCHMasi oT & cJrydaiiHast
mudpa u3 D ¢ 33JIaHHBIM pPacIpe/ie/IeHIeM BepOsiITHOCTEl, uMeIn Obl
OJIMHAKOBOE PaclIpejie/IeH e,
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5.2 KoamnmdyecTBO nN-3HAYHBIX YUCEJI

Nudopmarmonnbii mapajokC U3 MPEIbLIyIIero MyHKTa JIOMyCKaeT CJIeTy-
IOIIYI0 YUCTO KOMOMHATOPHYIO 1epedopMympoBKy: «CKOJILKO CYNIECTBYET
N-3HAYHBIX YUCEJT B U30BITOYHOIN JBOMYHON cucteme?» OTHECEMCS K 9TOMY
BOIIPOCY KaK MOXKHO D0Jiee cepbEe3H0, OCKOJILKY IMONBITKN HANTH y/I0BJIETBO-
PUTEBHBIN OTBET Ha HETO MPUBOJAT K JIOBOJIBHO IUTyOOKUM M HEOYKUTAHHBIM
pe3yJibTaTaM.

5.2.1. (KosmuecTBo n-3HAYHBIX 4YUCes B U3OBITOYHON JBOMYHON CHCTEME. )
Mrax, CKOJILKO Ke CYIIeCTBYeT Nn-3Ha4HbIX JIBOMYHBIX YHUCE

n—1
r=(Tgx1... Ty 1)2 = Zxﬂ"‘l_i rae z; € {—1,0,1} (5.2.1.1)
i=0

B U30BITOYHOI JIBOMYHOM cucTeme? fICHO, YTO eCTh JiBa Pa3HbIX OTBETA:

e DTO CIOBA T ... T, 1 JUIMHBL N B TPEXCUMBOJILHOM ayidasure D =
{=1,0, 1}, a sraqur, ux 3" mryk. Bojee M30MPEHHBI BADUAHT TIO/I-
cuéra — 232 a2 2.82" mTyK, ecom He cumTaTh 1AMPH 13 [ pPaBHOBe-

posiTHBIMH, cM. [5.1.3]

e ITockoubky {z = Y 1"y ;2" 7" : x; € D} — 910 B TOYHOCTH MHOZKE-

CTBO BCeX HeJIBIX 4uces or 1 — 27 10 2" — 1, ux 2" — 1 mryka.

5.2.2. (Ornomenne sxBuBasenTHocTH = Ha D™.) fcno, uro 2" — 1 < 37
opyu 1 > 2, ¥ 9TO Pa3HUIA BOZHUKAET U3-3a TOTO, 9TO UUCJa COOTBETCTBYIOT
He ciaoBaM m3 D™, a KjaaccaM SKBUBAJEHTHOCTH CJIOB OTHOCHTEIHLHO HEKO-
TOPOr0 OTHONICHUSI 3KBUBAJICHTHOCTU =, KOTOPOE MBI OIIMCAIU JOCTATOYHO
siero B [AB4][4.2.5] Mozkem s MBI BOCIIOJIB30BaThCS T€M, UTO = JIOIyCKa-
et 3dekTHBHOE OnMCcaHue ¢ MOMOIIBI0 KoHeIHOro aBromara n3 |[AB4] ,
4TOOBI BBIYUCJIUTDL MHTEPECYIONee HAC KOJMYECTBO KJIACCOB SKBUBAJIECHTHO-
CTH YNCTO KOMOMHATOPHBLIM CIOCOOOM, He 3Hasl, 9TO 3TO B JeHCTBATEILHOCTH
U30BITOYHDBIC JBONYHBIC 3AIIUCH IIC/IbIX TACEII!

5.2.3. (Ham Hy2kHO TOJIBKO =, a PO B U © 1M0Ka MOKHO 3a6bITh. ) OTMeTHM,
YTO JIJIsI HAIINX HBIHEITHUX IeJIeif HaM Hy>KeH TOJILKO KOHEUHBIH aBTOMAT, 3a-
JAIOIINIT OTHOIIEHNE SKBUBAJICHTHOCTH =, HAIPHUMeD, Ha KOHEYHBLIX CJIOBAX
D™, a upo KoHedHbIe aBTOMAThI, 3ajaronme $ 1 O, Mbl MOKEM 3a0bITh. B
KaKOM-TO CMBIC/Ie 3a0bIBAaHNE CJIOXKEHUsI COOTBETCTBYET CYZKEHUIO CKAJIAPOB
¢ Q mo F; — wm ckopee jio Fy[t, t7!], nockosbKy y Hac ocraérest oneparust
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c/iBUra OECKOHEYIHOIO CJIOBA BIIPABO WJIM BJIEBO, COOTBETCTBYIONIAS YMHOZKE-
HUIO Ha CTEIEHU IIEePEeMEHHOM .

5.2.4. (Ilogcuér kommyuecTBa map SKBUBAJEHTHBIX CJIOB C MOMOIIBIO CTe-
neneii mMarpuiipl.) Termepb MBI MOXKEM JIEIKO IOJCYUTATH KOJUIECTBO AP
(x,y) = (Xo.. . Tn—1,Y0---Yn—1) IKBUBAJEHTHBIX CJIOB JIJIMHBI 7, ITIOCKOJIb-
Ky TaKue Imapbl COOTBETCTBYIOT IIYTAM JJIMHBI 1 13 HAUAJIBHOIO cocTosgaust C
B cebs1 B KoHeuHOM apromare [AB4]|[4.4.3] pacnosnaromem sxBuBanenTHOCTD
cioB. Takum obpa3om, HAJIO B3ITh MATPUILY CMEKHOCTH r'pada 1mepexo/ioB
9TOro aBromata (¢ yu4éToM KpaTHOCTH pEbep)
1
3 21
A=11 2 3 2 1 (5.2.4.1)
1 2 3
1

U TIOCMOTPETh Ha MEHTPaIbHbIH sjieMenT eé¢ crenenn A”. Hampumep, Takum
06pa3oM MOXKHO YCTAHOBHUTH, 4TO cyliecrByer 2423293 mapwl cjioB (z,y) €
DY x D9 rakue, uto x = y.

5.2.5. (Ilpubim3uTebHBIH MOACIET KOTMIECTBA KJIACCOB SKBIUBAJIEHTHOCTH. )
OJiHAKO HAM HY?KHO Y3HATh KOJMYECTBO KJIACCOB 3KBUBajieHTHOCTH D"/ =
a He KOJIMYEeCTBO SKBUBAJEHTHBIX Hap. Kcym Ob1 peus muia o hakroprpymimax
KOHEUHBIX T'PYIII, TO BCE KJIACCHI SKBUBAJEHTHOCTH COCTOSL/IA ObI U3 OJUHA-
KOBOT'O KOJIMYECTBA 3JIEMEHTOB, U MBI TIOIYIUIN ObI
_ | Dn|2

{(z,y) - 2 =y}
B namewm ciydae Mbl cliesiaeM BUJI, 9TO 3Ta HopMy/ia TPUOIU3UTEIHHO BEP-
Ha. MOXKHO IIpeJIIoKNTh HepopMabHOEe OOOCHOBAHME B JyXe JJ0KA3aTETbCTB
teopeM [llennona. [Ipeamosmoknum, OOIBIIMHCTBO 371eMeHTOB D" « TUIIMYIHBI»,
U KJIACCHI SKBUBAJEHTHOCTH THIITMYHBIX IJIEMEHTOB COCTOAT MPUOTUIUTEb-
HO U3 OJMHAKOBOro KoJimdecTBa 3jemenToB M. Torma y mac ectb npumep-
HO |D"™|/M KIaccoB SKBUBAJEHTHOCTH TUIMYIHBIX JEMEHTOB, W IIPUMEPHO
|D™|?/M map SKBHBAJIGHTHBIX TUIUYHBLIX 3jeMeHTOB. OTCrojla CHOBA TIOJTY-
qaeMm ([5.2.5.1)), mpu ycoBUHM, 9TO TUIMMMIHBIX 3JIEMEHTOB MHOTO.

Hanpuwmep, B HameMm caydae MbI MOTVIH OBbI 3aK/TIOYUTDH, YTO CYIIECTBYET
npumepno 32°/2423293 ~ 1439 kmaccos sxBuBasentnoctn B D%/ =. D10
y2Ke He Tak JIaJeKo OT IIpaBuibHoro sHadenus 2047, kaxk 30 = 59049.

|D*/ =| (5.2.5.1)
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5.2.6. (Ilosemenne tpubausurenbroit hopmyssl npu n — +00.) [pu n —
00 3HAYMEHHUE TEHTPAJIBHOIO 3jieMeHTa MaTpuilbl A™ BeJaéT cebs mpub/n3u-
TenbHo Kak cA”, rae A = (5 4+ V/17)/2 &~ 4.56 — HamboJIbIIee O MOIYIIO
cobeTsennoe wncio matpuibl A, a ¢ = (14 1/4/17)/2 =~ 0.621 — npousse,ie-
HUE TOAXOJIAIINX JIEMEHTOB MATPHIIBI COOCTBEHHBIX BEKTOPOB MATPHUIILI A 1
obpatHoii K Heil. [ToaToMy npuBeEHHBIN BbIIIE METO/I JIAET B KadecTBE KO-
JIMYECTBA N-3HAYHBIX YUCeT MpUOIM3uTebHo ¢ 1 (9/A)" ~ 1.61 - 1.973". D10
y2Ke Topas/io O/mzKe K HpaBIIbHOMY oTBeTy 271 — 1, HO emé He coBceM OH.

5.2.7. (BepositHOCTHAsT MHTEPIPETATINS IPEJIBIIYIIEr0 BbIYHCICHHs.) 3ame-
THM, 9TO B KadecTBe NMPUOJIN3UTESTHHOIO 3HAUEHUS KOJIMIECTBA N-3HAYHBIX
Yuces Yy HaC MOJIyYUIOCh YHCJIO, 0OPATHOE K IEHTPAJILHOMY JIEMEHTY MaT-

punbr (A/9)™:

1/9
1/3 2/9 1/9
o= |19 279 173 29 1/9 (5.2.7.1)
1/9 2/9 1/3
1/9

DTa MaTpHIla JOIYCKAET CJIC/IYIONLYIO BEPOSATHOCTHYIO HHTepipeTanmio. IlycTs
T Wy — JBa CJIyYailHbIX CJIOBa JIJINHBI 1, BCE CUMBOJIBI KOTOPBIX HE3aBUCHUMO
JIPYT OT JIpyTa IPUHUMAIOT BCE TPU BO3MOXKHBIX 3HadeHns u3 D = {—1,0,1}
¢ oiMHAKOBOiT BeposiTHOCTBIO 1/3. C Kakoit BEPOATHOCTBIO T = Y7

Byznem mpoBepsiTh, BEpHO JiH, 9TO & = Y, IOCJIEIOBATEIHHO MPUMEHSSI
nepexoJibl ¢ MeTkaMu (Z;,y;) B HalleM KoHedHOM apromare (. ZlcHO, 49TO
OYEPEIHOI TIePeX0/] BLIONPACTCs CAYIAiHO M HE3ABUCHMO OT IPEJIBLIYIIETO,
IPUIEM BEPOATHOCTD KaxK/I0i1 mapsl xy ojuHakoBa n pasaa 1/9. B nrore ko-
neunslii asromar [AB4][4.4.3] cranosurca nensio Mapkosa co cieyonmmu

BEPOATHOCTAMMU I1€PEXOJI0B:

1/9 1/9

SRR o RGN
4 1/3 b & . 3\
1/9 1/9
1/9 2/9 1/3 2/9 1/9
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Marpura A/9 uz (5.2.7.1) — 310 MaTpuIa epexo 0B 31oii nernu Mapkosa.
Henrpasbubtii s;mement marpunst (A/9)™ — 9T0 BEPOATHOCTH P TOTO, ITO TA

nertb MapkoBa, HadaB paboty ¢ cocrosians C', oKazkeTcst CHOBa B coctostann C
gepes n maros. MHade roBopst, p — 3TO BEPOATHOCTH TOTO, UTO JBaA CJIYIANHO
BBIOPAHHBIX CJIOBA JJIMHBI 7 9KBUBAJEHTHBI, T.€. TOIO, UTO JIBa N-3HAYHBIX
qucsia paBHbl. [losromy 1/p — olleHKa KOJIMYECTBA PA3TMIHBIX 7-3HAYHBIX
THCeJI.

5.2.8. (1o me coscem mens Mapkosa.) 31ech ecTb HeOOIbIIAS TOHKOCTD,
CBsI3aHHAS C TEM, 9TO CyMMa BEDPOSITHOCTEH TEePEeXOJ0B M3 KarKJI0r0 COCTO-
siHust Harmeil «menn MapkoBa» B JIEHCTBUTENTBHOCTH HE BCETa paBHA €J11-
HUIIE, a8 MOYKeT ObITh MEHbIIIe, U3-3a TOr0, YTO YacTh IIEPEXOJIOB 3allpelleHa.
Mpb1 Mo/ OBI KI3TOTOBUTH HACTOSIIYIO 1ertb MapKoBa, 100aBUB CIIeHaIbHOE
«OIMOOYHOE COCTOSTHUE» U CJIeJIaB TAK, IYTOOBI BCE 3aIPEIIEHHbBIE TIePEeX0/IbI
Besin B Hero. OJTHAKO B 9TOM HET 0COOOT0O CMBIC/IA, KPOME TOTO, UTO TaKUM
00pa30M CTAHOBUTCY BBIIIOJIHEHO (bopMaJsibHOE oIpejiesieHne 1ernn MapKoBa.
Hamnpumep, BeposaTHOCTDb Tlepexojia u3 coctosinug C' B cebs 3a n 1MIaroB He
U3MEHsIeTCsI. 3aTO MaTpUIla epexoioB A/9 nmpuobperaer JIMIIHIO CTPOKY U
CTOJIOEI] U CTAHOBUTCSI MEHee KPACUBOI.

OTMeTHM, 9TO MMEHHO OTCYTCTBHE YACTH MEePEeXOJ0B (WMJIHM, el Yroji-
HO, HEIProJMIHOCTh Harmedi renu MapkoBa) U jieiaeT OTBeT B Halleil 3aja-
Je HeTPUBHAJIbHBIM. VHade HanOOIBITIM COOCTBEHHBIM 3HAYEHUEM MaTPHUIIHI
epexoJioB ObLIa Obl eMHUIA, U MBI TTOJTy9aju 661 oTBeTh nopsiyika O(1) mpu
BCEX N.

5.2.9. (OreHKa ¢ IOMOIIbIO €CTECTBEHHOI'O PACHPEJIe/IeHUsT BEPOSTHOCTEl
mrdp.) 3aMeTuM, 9TO TPEJIbIIyINee BEPOSTHOCTHOE PACCYIKJICHNE C He3aBH-
CUMBIM BBIOOPOM TGP T U Y U BBITUCICHUEM BEPOATHOCTH TOT'O, UTO T = Y/, C
IOMOIIBIO Tienn MapkoBa, paboTaeT B TOM Cjiydae, ecjiu Iudpbl He paBHO-
BEPOSITHBI, &, HAI[pUMeED, BBIOMPAIOTCS COTJIACHO 0O0Jiee eCTeCTBEHHOMY pac-

npegenenmo P(0) = 1/2, P(1) = P(1) = 1/4 uz [AB4]/4.1.32] B stom
clIydae IojrydaeM ApyTrylo mens Mapkosa
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v

1/16 1/16

Y
3/ W 3/
1/16 1/16
1/4 3/8 1/4

1/16 1/16
C MATpUIIEH TEPEXO/IOB
1/16 1
3/8 1/4 1/16 1 6 4 1
P=11/16 1/4 3/8 1/4 1/16 :E 1 46 41 (5.2.9.1)
1/16 1/4 3/8 1 4 6
1

1/16

CobcTBeHHbIe Yncsia 9Toi MaTpuIlsl (Hecaydaitno) pasasr 1/2, 1/4,1/8,1/16
u 1/16, u B uTore BeposiTHOCTb P TOTO, UTO & = Y JJIsI CJIOB JINHBI 1, OKa-
3piBaeTcs pasHa (2/3) - 27" + O(47"), a oleHKa HA KOJUIECTBO N-3HATHBIX
wncen — 1.5-2"4+O(1), 94To yKe OTaMIaeTces OT IpaBUIILHOTO oTBeta 2" —1
TOJIBKO MOCTOSTHHBIM MHOXKHTEJIEM.

5.2.10. (BepositHocTHBIIT MeTO Beerjia 1aéT oneHKy cauzy.) OTmeruM, 9To
IIPUMEHSIEMbII HAMU BEPOSTHOCTHBIA METOJI BCErja JaéT OIEHKY CHU3Yy Ha
YHCJI0 KJIACCOB SKBUBaJIeHTHOCTH. B camowm Jieste, mycTh cyiectByer N Kirac-
COB 9KBUBAJIEHTHOCTH CJIOB JIJTUHBI 1, M ITyCTh BEPOATHOCTH TOTO, UTO CJTyYaii-
HO BBIOPAHHOE YHCJIO (€ 3aJaHHBIM paciipe/ie/ieHeM BepoaTHOCTel 1udp) 1mo-
aJlaeT B i-blil KJIaCC 9KBUBAJIEHTHOCTH, PABHO p;. TakuM obpas3oMm, Zf\il pi =
1, 1 Ipu 3TOM BEpPOSATHOCTH TOI'O, UTO JIBa CJIyYailHO BHIODAHHBIX CJIOBA K-
BUBaJICHTHBI, PaBHA p = Zf\il p?. Orciojla 110 HEPABEHCTBY O CPEJIHEM ap-
dbumMeTHIecKOM U cpejHeM KpajipaThudeckoM noiaydaem p/N > (1/N)?) re.
p>1/NuN>p

5.2.11. (/Ipyrue pacupejesienus BepogTHOCTell 1udp HE OMOraroT yiryd-
AT OIEHKY.) MBI MOXKEM paccMOTpeTh JIDYTHe Paclpe/iesieHusl BepOsTHO-
creit mudp, U MOCMOTPETh, KaKKe OIEHKN Ha KOJMYIECTBO N-3HATHBIX UHUCET
OyayT moaydarbes. CucreMaTHdecKuii crmocob 3TO CIeIaTh — PACCMOTPETh
BCe Takue pacupesenenus P = (p_i, po, p1), tae p-1, po, p1 > 0, p_1+po+p1 =
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1, mocTponTh A8 KaxKJI0r0 M3 HUX COOTBETBYIONIYIO Ienb MapkoBa ¢ mat-
putieil nepexonon

o 2 O

S o

T(P) := (5.2.11.1)

o 8 O
S o

o 2 O

e a = ps + pt+p2, b = po(p1 + p_1), ¢ = pip_1, U 3aTeM HaiiTu Te
U3 HOX, 9TO MUHUMHU3UPYIOT CIEKTpaabHblil pagunyc A = p(T(P)) (manbosb-
ee 1Mo MOJIYJII0 COOCTBEHHOE YHC/I0, KOTOPOe 00g3aTebHO OyJIeT MOJIOXKU-
TEJIbHBIM ), MMOCKOJIbKY B KOHEYHOM UTOre MbI TIOJIYIUM OIEHKY CHHU3Y BU-
na ¢ A" Ha KOJMYeCTBO N-3HAYHBIX YHCEJI, a 3HAYUT, HAJ0, YTOOBI \ Obl-
JIO MUHUMAaJIbHBIM. B Hamem ciiydae MUHUMAJIbHBIA CIIEKTPAJbHbIA pajnyc
OKa3bIBAETCs 1/2, OJTHAKO JOCTUTaeTCs OH HE B OJHOI TOUKe, a Ha OTPEe3Ke
{po=1/2,p_1 = 1/2—p;}. st KaxK10if U3 TOUEK ITOTO OTPE3KA MbI MOZKEM
BBIUUCTUTD KO3 durment ¢ = ¢(P), KOTOpBIil MOIydaeTcs MPON3BeIeHneM
HOJIXOJISAIIIX 9JIEMEHTOB MaTPHIIbI cOOCTBEHHBIX BeKTOpOB 1'(P) n obparHoit
K Heil. B mamewm ciyuae okaswisaercs, uto ¢(P) = 1/(1 + 4p; — 8p?) npnm
po=1/2,p_1 =1/2—p;, aro naér ouenky cuuzy suga (1+4p; —8p?)-2" na
KOJIMYECTBO N-3HAYHBIX 9uces. EcrecTBenno monpoboBaTh MUHUMU3APOBATE
c¢(P) na 3ToM OTpe3Ke, T.e. MaKcUMU3UpoBaTh 1+4p; —8p? pu 0 < p; < 1/2.
B saHHOM Cilydae MaKCUMYyM JIOCTHIAeTCsl B CepejinHe OTpe3Ka npu p; = 1/4,
9TO COOTBETCTBYET HAIEMY <«ECTeCTBEHHOMY pactpejenerntoy P(0) = 1/2
P(1) = P(1) = 1/4, T.e. coorBercTByiomas onenka 1.5 - 2" B jeficTBUTEILHO-
CTU ABJIACTCA HAWIYYIICH (HpI/I n — —i—oo) Cpe BCEX OLEHOK BHJIAQ o,
Nuatve roBopsi, ONEHKY, IMOJIYYeHHYIO B ([5.2.9| ¢ TOMOIIBIO €CTECTBEHHOTO pac-
[peJjie/IeHust, y2Ke He II0JIydaeTcs YIyUIINTh TEM K€ METOIOM.

5.2.12. (EcrecrBennoe pacipejiesieHue BeposiTHOCTel 1udp MOJTHOCTBIO OIIpe-
JIeJISIeTCsl KOHEIHBIM aBTOMATOM.) OTMETHM, 9TO eCTeCTBEHHOE PacIpe/ieie-
HUe BeposiTHOCTel 1mudp u3 D, paHee MOJyYEeHHOE B [AB4] u3 Jipy-
IuX cooOpazKeHui, OKa3aaI0Ch OJTHOCTHIO OIPEJIETIEHO YNCTO KOMOMHATOPHOI
CTPYKTYpOii KOHEYHOro aproMara (7, MPOBEPSIONIEr0 KOHEUHbIE W OEeCKO-
HEYHBIE CJIOBA Ha SKBUBAJIEHTHOCTH, IIOCKOJILKY OHO IIOJIYYAeTCs MOCIeI0Ba-
TeJbHOM MUHMMM3AIKEN CHAYA I8 CIEKTPAJILHOTO PAIUyCa MATPUIILI IIEPEXO-
108 T'(P) na (KOMIIAKTHOM) CHMILIEKCE BEPOSITHOCTHBIX Mep Ha D, a 3arem
vuHIME3anueit kosdduiuenta ¢ P). B 9ToM cMbIcie ecTecTBEHHOE pacipe-
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JeJieHue BepOﬂTHOCTeﬁ HI/I(bp ,ZLefICTBI/ITeJIbHO €CTEeCTBEHHO.

5.2.13. (IlpezmenbHoe pacipejiesieHie BEepOSTHOCTE COCTOSHUIT KOHETHOTO
apromara.) OTMeruM, 4r0 KOMOMHATOPHAsI CTPYKTYpPa KOHEYHOI'O aBTOMAa-
Ta IPOBEPKHU SKBUBAJEHTHOCTH CJIOB OIIpejieJisleT He TOJIBKO eCTeCTBEHHOE
pacripejiesieHue BEPOSITHOCTEN Tudp, HO U IpeJeIbHOe paclpejiesieHne Be-
POATHOCTEN HA COCTOSHHUAX CAMOIO KOHEYHOTO aBTOMATa. DTO IMPEJeTbHOE
pacipejiesieHe BepOATHOCTEl Ha COCTOSTHUSIX MapKoBckoii nemnu [5.2.9| (1o-
cjie OOJIBITIOrO YUC/IA IIaroB, P YCJIOBUHU, YTO PabOTa aBTOMAaTa He 3aBep-
[IMJIACh PaHee), OHO 3aJ1a6TCsd COOCTBEHHBIM KOBEKTOPOM MATPHIIbI I€PEXO-

0B P u3 ((5.2.9.1)), cooTBeTCTBYIOMNUM MAKCHMAJIBHOMY COOCTBEHHOMY HHCJTY
A=1/2:
1
(1 1 11 1)P:§<1 1 11 1> (5.2.13.1)
Unate roBopsi, 6 npedene 6ce cocmoanus asmomama pasrosepoammos: P(A) =

P(B) = P(C) = P(D) = P(E) = 1/5.

5.2.14. (IIpenenpHoe pactpe/iesieHne BEPOSITHOCTEl COCTOSTHU [T «pa3BEép-
HyTOro» apromMara.) VIHTepecHO, 9TO TPU UCIIOJIL30BAHIE ABTOMATa B 0OpaT-
HYIO CTOPOHY — TO €CTb JIJIsl IPOBEPKHU PaBEHCTBA 2-aJUYeCKUX Juces — MaT-
pura 1epexosos P samMenserca na Tpancrnonunposanuyio PT, u mpegensHoe
pacipeesieHie BepoATHOCTEl COCTOAHNIT KOHEYHOI'0 aBTOMaTa OKa3blBaeTCA
coseprento apyrum: P(A) = P(E) =0, P(B) = P(D) =1/6, P(C) = 2/3.
[TosTomy B 0bITieM citydae He CTOUT OKUJIATh, YTO BCE COCTOSHUS KOHETHOTO
aBTOMAaTa IIPOBEPKM KBUBAJEHTHOCTH B IIpejiesie PAaBHOBEPOATHBI.

5.2.15. (ITyTu ysydinenust OleHKN KOJIMIECTBA N-3HATHBIX Yrce1.) BepHémcst
K IpobJieMe Mo/IcUéTa KOJINIeCTBa N-3HAYHBIX dncesl. Kak MOKHO yIydInTh
oreHky 1.5 - 2™7 MoKHO HPEIIIOIOKUTh, 9TO Hallla OIEHKa 3aHUXKeHa U3-
3a TOr0, YTO CJIUIIKOM MHOT'O CJIOB JIJTUHBI 1, IIYCTh JaXKe C €CTeCTBEHHBIM
pacupejiesieHneM 9acToT MUMp, OKA3aUCh «HETUIIUYHBI», U B UX KJIACCAX K-
BUBAJIEHTHOCTH CJIMIITKOM MHOTO WJIM CJIUIIKOM MaJjo 3jeMeHTOB. Hernmmd-
HOCTb, CKOPEe BCEro, CBg3aHa C OOJIBIINM KOJTMYECTBOM <«IKCTPEMATbHBIX»
mudp 1 1 1, HOCKOIbKY UMEHHO IPU CPaBHEHHU HYUCEI ¢ GOJILIINM KOJIMYe-
CTBOM TakuxX IUdp aBTOMAT OKa3bIBaeTCsl B KpPallHUX COCTOSTHUSIX Bpojie A
n E, B KOTOPBIX HAPYIIAETCAd SProJIMIHOCTD. Kceam Obl MBI MOTJIM TTOHU3HUTD
YaCTOTY SKCTPEMAJILHBIX UMD, 3TO YBEJIUUUIO ObI JIOII0 TUNUIHBIX THCET.
O/HAKO MBI 3HAEM, YTO B JIAHHOM CJIydae Mbl HE MOXKEM OTOWTH OT ecTe-
creennoro pacupenenenus P(1) = P(1) = 1/4, u npumepHo 0JI0BUHA BCex
udp Beerga Oy/LyT SKCTPEMAIHHBIMU.
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HamnpammBaercst cyieyonuii yTh pelieHnsi BO3SHUKAIONIEH POOJIeMbI:
PACIINPUTH MHOZKECTBO J0IMyCTUMbIX 1udp 10 D = {—2,-1,0,1,2}, HO Cre-
JIaTh HOBBIE SKCTpeMaJsibHble MUMPBl —2 1 2 ropasio 6ojee PeIKUMU, TeM
panbine. Torjaa J10Jist TUIUYHBIX N-3HAYHBIX YHCEJI BBIPACTET, U OIEHKA CTa-
HeT 60JIee TOTHOM.

5.2.16. (Coyuait D = {-2,-1,0,1,2}.) Urak, paccMOTprM H30BITOUHYIO
JBOMYHYIO CHCTEMY C IATbIO mubpamu D = {—2,-1,0,1,2}. Tenepn n-
3HAYHBIE YHCIa — 9TO Iesble gucia or —2" 1 + 1 10 21 — 1, u ux Bce-
ro 22 — 1 mryk. Ci0B AAWHBI N Temepb 5", HO MBI yKe 3HaeM, KaK C
9TUM OOPOThCA. B KadecTBe eCTeCTBEHHOrO paclpele/eHus YacToT Hudp
u3 D cpasy BospMéM GuHOMEATIBHOE pacipenenenne P(2) = P(2) = 1/16,
P(1) = P(1) = 1/4, P(0) = 3/8. Takoii BLIGOp MOXKHO HeOPMAILHO 060C-
HOBATD, HAIIPUMED, TeM, UTO CIIyYaiHOe N-3HAYHOE YUCIO ¢ mudpaMu u3 D
MOZKHO TOJIyUUTD, CJIOKHUEB 0€3 IePEeHOCOB JBa CJYIaiiHbIX N-3HAYHBIX THCIA,
¢ mudpamvu uz D. Bosee ciaoxublii cnocob HAWTH TpaBUILHOE PacIpeese-
HHUE — PacCMOTPETh BCE BEPOATHOCTHBIE PACIIPEIC/ICHUA U MUHUMU3APOBATh
CIIEKTPAJILHBINA PaJUyC MaTPUIIBI IEPEXOJ0B MApPKOBCKOI IEIH, & 3aTeM ’
KO3 PUIUEHT ¢, KaK 3T0 ObLIO 0ObICHEHO B MbI, OZHAKO, TOBEPUM,
YTO MBI yTaJIaJIi IPABUILHLIA OTBET, U CPas3y BBIIUIIEM MATPHUILY IIEPEXOI0B
MapKOBCKOIi TIeIIM NMEHHO JIJII TAKOTO BBIOOpa BepoaTHoCTel nmudp:

1
28 8 1
70 56 28 8 1
) 1285670562881
P:% 1 8 28 56 70 56 28 8 1 (5.2.16.1)
1 8 28 56 70 56 28
1 8 28 56 70
1 8 28
1
3/1ech COCTOSAHUS aBTOMAaTa COOTBETCTBYIOT § = —4, —3, ..., 4 B ajroput-

we, amamormasoM [AB4][4.4.1] Dnementer Marpuipr P — 910, KOHEYHO Ke,
ouHOMUAIbHBIE KOI(DMDUITNEHTHI:

_ 2-8( 8 2s —t| < 4
P, = (95—144) upi |25 —¢] < (5.2.16.2)

0 MHa4e



5.2. KosmmgecTBO N-3HAYHBIX YHCET 14

rje MHIeKCeh npoberaior 3nadenns —4 < s,t < 4. CobGcTBeHHbIE 3HAYECHUA
MATPHIBI P OKA3BIBAIOTCS PABHLL 1/2, 1/4, 1/8, ..., 1/128, 1/256, 1/256.
MakcumvaibHoe cobeTBeHHOe 3HaueHne A = 1/2, a kosddurment ¢ = 151/315.
B uTore nosydaem oueHKyH cIAn =318

= 757 2" ~ 2.086 - 2". D10 MouTH BJIBOE
MEeHbIIIe IIPaBUILHOIO oTBeTa 4 - 2™ — 1.

5.2.17. (Ludpst {—3,—-2,...,2,3}.) Ecau MbI emgé 6osrbIiie pacimpuM MHO-
2KecTBO 1udp, paspemuB £3, TO MOJYYUM OIECHKY 1665653127070 - 2" &~ 2,539 - 2"
IpH IPaBUJIbHOM OTBeTe 6 - 2" — 1, T.e. HaIlla OIEHKA MEHbIIE TOJIOBUHBI OT
IpaBUILHOIO 4nc/ia. Eciu Mbl jgo0aBuM erre ojHy napy 1udp +4, moaydnm
OIEHKY % 2"~ 2.922 - 2" npu npasuiabHOM oTBeTe 8- 2" — 1. [loxoxe,
OT paCIIUPEeHusT MHOYKECTBA UM OlEHKA CTAHOBUTCH TOJIBKO XyxKe. B uém

xKe 1eso?

5.2.18. (Tabauna pesynbraros s nudp —m . .. m.) st Toro, arobbl paso-
OpaTbCs, YTO IIPOMCXOJUT, CBEIEM IIOJIyYeHHBIE PE3YJILTAThl JIJIs HAOOPOB
mudp D, = {—m,—m + 1,...,m} ¢ GUHOMHUATIBHBIM DACIIPEJIE/IEHHEeM Ha
U,H(bpaxﬁ B HEOOJIBIITY 1O TabJIHUILY, TJie ¢(1M) — 9TO MOy 9eHHBII U3 MAPKOBCKOIL
teru Ko3bPUIMEHT ¢1, yIaCTBYIONIUN B aCUMITOTHYECKOl orenke c(m)~! -
2" + O(1) Konm9ecTBa N-3HATHBIX THUCE:

m oleHKa Tounoe snagenne | ¢(m) ' =c;t | e(m)7! | 2m
1 2.2"+0(1) 2ntl —1 s L5 2
2 2097+ 0(1) vt — 1 20 2.0861 | 4
3| Sar 2+ 0(1) 3.2m —1 ot 2.5386 | 6
4] o) 2 slbsois | 2.0210 | 8
5| 3.2608-2" 4+ O(1) 5ovtt—1 | EEETER | 3.2608 | 10
16 | 5.8024-2"+O(1) 2ms — 1 5.8024 5.8024 | 32

(MbrI obaBun crojia pe3yabraT npu m = 16, OIHAKO He yKa3aJu TOYHOE 3Ha-

IB neitcreurensoctn pacupesenenue P(2) = P(2) = P(1) = P(1) = 1/4, P(0) = 0
JAET JIYUIIIYIO OIEHKY % -27" = 3.375 - 2", yeMm BBIOpaHHOE HAMU OMHOMUAJIBLHOE PaCIpe-
JleJIeHre; OJHAKO TaKoe paclpejiesienue udp J0BOJILHO IPOTHBOECTECTBEHHO.

2Cyna 1o BceMy, ONTHMAIBHYIO OIEHKY B CMBICIIC JAéT He OGUHOMHAJILHOE Pac-
[peJieieHne, a «IKCTPEMAIbHOE> PacIpele/enne, 3aefiCTBYIOIee TOJIbKO 9eThIpe mudPh
+m u +(m — 1) ¢ BeposiTHOCTsIMEU 1/4. OGpas cOOTBETCTBYIONIErO PacIpe/ienenus Ha DY
OTHOCUTEBHO W : D¥ — [—m, m] — 9T0 pacupeiesieHne ¢ TPaleIMeBUIHON INIOTHOCTHIO,
OYeHb OJIN3KOE K PABHOMEDHOMY IIpH OOJIbINX 17, TeM He MeHee, MbI [IPOJIOJIXKIM U3y 49aTh
OMHOMUAIBHBIE PACIIPEIE/IEHNUsI, TIEPEXOISINNe B Ipejejie B HOPMAJIbHBIE.
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genne ¢(16) 71, mockoabKy OHO BhIpazkaeTcs IpoObIO ¢ BOCHMUIECATU3HAUHbI-
MU 9HCJIUTE]EM U 3HAMEHATeIeM; ducauTeab pasen 63!/78848.)

Moo BujieTh, uTo Koadduiment c¢(m)~! pacTér npn yseamdeHun m
ropasio MeJJieHHee, YeM JnHeltHad (ynkius. Hampumep, npu nepexojie ot
m = 1 K m = 4 on yBemmuuBaetrca ¢ 1.5 10 2.922, T.e. 9yTh MeHbIIE, YeM
BJIBOE, B TO BPEMs KaK «IIPABUJILHBIN» OTBET YBEJIMUIUBAETCS BUYETBEPO. ITO
HABOJIUT HA MBIC/Ib, YTO HAIla ONEHKA PACTET IIPUMEPHO KaK /1, B TO BPEMs
KaK OXKHMJA€MbIil OTBET JIMHEHHO 3aBUCHUT OT M, U PACXOKJIEHHE TOJILKO YBe-
JmguBaeTcst ¢ pocrom m. I B camoMm sesie, ipu mepexojie or m = 1 Kk m = 2
koapdurment ¢(m)~! ysesmuusaerca B 2.086/1.5 ~ 1.391 pas, 4To oueHb
6III3KO K V/2; pu nepexojie o m =2 Kk m =3 — B 2.539/2.086 ~ 1.217 pa-
3a, 9TO OJIN3KO K \/% ~ 1.225; nakoner, mpu nepexoje or m =3 Kk m =4
— B 2.922/2.539 ~ 1.151 pa3sa, uro npumepHo paBHO \/4/3 & 1.155. Mox-
HO TIPEJIIIOJIOKATE, ITO NP M — +00 3Hadenne c(m)~'/\/m crpemurest K
HEKOTOPOMY Hpejeiy, 6uskoMy K 5.8024/+/16 = 1.4506; uyTn GoJibiie dic-
JIEHHBIX JIAHHBIX ITI03BOJISIIOT BBIYUCAUTD 3TOT Ipejies TouHee Kak 1.4472. Mor

YBUJIUM YyTb JaJiblie B (9.2.27.3), 4TO HA caMOM Jiejie STOT MpeJiesl paBeH
\/2m/3.

5.2.19. (IlpaBusibHBI HOACIET KOJUYECTBA MEJBIX THCEJ C N-3HAYHON 3a-
mchio0.) st Toro, 9T00bI OOBSICHATD MOy 9AIOIIHeCcs PE3YIBTATHI, 3aMETHM,
Y9TO MPH OOJIBIINUX M SKCTPEMaJbHbIe MUMPbI, TO ecThb OJM3KNue K +m, neii-
CTBUTEJBHO CTAJN KpaiiHe MaJOBEPOSTHBI. JTO, MOXKET OBITh, W MOBBICUJIO
«TUIUYHOCTb» N-3HAYHBIX YHCEJI, HO 3aTO C/IeJIajI0 KpaifHe MajIoBEPOATHBIM,
YTO 3TU YHCJIA MPUMYT 3HAYEeHUs, OJIM3KHUE KO KpasMm —m - 2™ ---m - 2™ 10-
CKOJIBKY TaKue IeJible YHCjIa He MOTYT OBbITh 3allMcaHbl 0e3 KpaiiHe peJiKuX
9KCTPEMAJIBHBIX ITUMP.

DTO HABOJUT HA MBICJB O TOM, YTO TElEPh MbI OOJiee-MeHee MPABUIHLHO
BBIYHUCJIIEM KOJIMYECTBO KJIACCOB SKBUBAJIEHTHOCTH 3aIIUCEN YUCET JIJTMHBI 7,
HO 3aTO HEMPABUJILHO BBIYUCJIAEM JIPYTYIO BEJIUUNUHY, C KOTOPOIl MBI €€ CpaB-
uuBaeM. Lleabix aucen or —m - 2" ;10 m - 2" Ha camMoM Jiejie ropa3jio MeHbIIIe,
gem m - 2" — 1, moromy 4TO umMcia, GIM3KHE K KOHIAM STOTO OTPE3Ka,
MPaKTUIECKN HUKOTJa He BCTpedatoTcd. /[y1sd Toro, 9To0BI MOIyYnTh JIora-
pudM UX «IIPABUIBLHOTO» KOJIMYECTBA, HAJO B3ATh SHTPONUIO UX UCTUHHOTO
pacupejiesieHusi, a He PABHOMEPHOTO.

5.2.20. (Pacupenenenne nenbix dmcen ¢ 3amucoio 8 D", D = {—1,0,1}.)
Hanpumwep, ecim D = {—1,0,1}, T.e. m = 1, 1o nesble uncia  or —2" + 1
J10 2" — 1 moJryvyaroTcs KaK 3HadYeHus CJI0B U3 D" He ¢ OJMHAKOBBIMHU BEPO-
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STHOCTSIMH, & C BEPOATHOCTSIMNI

2" — |k|

e

31ech MBI cunTaeM, 9T0 HUGPHI 13 D BRIOHPAIOTCH ¢ €CTECTBEHHBIMH Be-

pogtaoctamu P(0) = 1/2, P(1) = P(1) = 1/4. Ina Toro, 9robel JoKa-

3aTh (9.2.20.1), mocraTouno zammcatb 1udpb & = Z?;ol &2 17 B Buge
()

1 2
& = sg ) 65 ), rje €, He3aBUCUMO IpuHuMaloT 3Hadenus 0 u 1 ¢ BepoaT-

P¢=k)= Jutst menbix —2" < k< 2" (5.2.20.1)

nocrsvi 1/2. Torma € = €0 — ¢€3) pre mesapncnvpie £€0) = S0 gP)gn-1-i

IIPUHUMAIOT Bce 1esble 3HadeHus oT 0 10 2" — 1 ¢ oJluHaKOBBIMU BEPOSITHO-
CTSIMU, PaBHBIMU 27 7.

5.2.21. (DuTpomnusi pacrpejiesieHus MeJbIX YUCe C N-3HAYHON 3aIKCHIO. )
Tenepb MbI JTOJIZKHBI BBIYUCIUTD SHTPOIHIIO PACIIPE/ICICHIS , YTOOBI
HCIIOJIB30BaTh €€ BMecTO Jiorapudma KojmdecTsa dnces or —2"+1 g0 2™ —1.
DTa HTPOINNS PaBHA

— -k, 2"k
H(g):k:;%— - 10g< - ) (5.2.21.1)
3aMeHuM 3Ty CyMMY Ha WHTErDAJI
2" —1
H(¢) =1log(2") +27 Y —p(k/2")log p(k/2")
k=1-2" (5.2.21.2)

1
~nlog2+ / —p(x)logp(z) de =nlog2 + H(p)
~1
rie p(z) = (1 — |z|)[-1 < z < 1] — mworrocts pacnpeneenus u3 [5.1.5] a
H(p) — nuddepennuaibHas SHTPOINS 9TOTO pacipeiesieHns. Takom obpa-
30M, MBI JIOJIZKHBI CIUTATE, YTO MEJBIX 9ruce oT —2"+1 10 2" —1ne 2" —1, a
npubmsurensuo e1®) . 2" e H (p) — muddepenimantbHass SHTPOIHS «Tpe-
YTOJIBHOTO» pacipe/ie/ieHusl BEIeCTBEHHBIX uncest Ha [—1, 1], onpeeéHHOro

B[G.1.5]

5.2.22. ([Tuddepennmanbuas surponus pacupejesenus p(z) = 1 — |z| wa
[—1,1].) Tenepb MBI MOKeM JIEPKO BBIMUCIUTDH b OEPEHITHATBHYIO SHTPO-
U0 pacupejenenus p(z) ¢ wiotHocTio 1 — |z| na [—1,1]:

1 1
1
H(p) = —2/ zlog(z) de = —a log()|; +/ vdr =5 (5.2221)
0 0
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[TosTomy TenbIX Yrces, 0bIaaloIuX N-3HaYHON 3amuchio ¢ mudpavu D =
{—1,0,1}, ne 2! — 1, a npumepno e'/? - 2" =~ 1.649 - 2". OTmerum, 9TO
Harre npuosmxkenue 1.5 - 2" nmogydenHoe ¢ moMoribio menu Mapkosa, He Tak
JIAJIEKO OT 3TOrO 3HAYEHUSI.

5.2.23. ([duddepennuanbhas SHTPOIUs PACIPEJETICHUA Py = Xf‘fl /21 /2].)
Yro npoucxoqut npu m = 2, D = {—2,—-1,0,1,2}? B srom ciayuae ciy-

vaiinag nmdpa & € D ¢ OMHOMHUATBHBIM pacIpe/Ie/IeHIEM BEPOSTHOCTEH
n3 MOZKeT OBITH IOJIyUeHa KaK 51(»1) + 5§2) + 553) + 62(4), rjie 5§j ) nesa-
BUCUMO ¥ PaBHOBEPOSITHO IPUHUMAIOT 3Hadenus +1/2. Orciona Jjierko Ha-
XOJIM, YTO IUIOTHOCTB Py MepPbI Ha |—2, 2|, aBJdONIeiics 00pa3oM Mepbl-
npousseenns D* orHocurenbao w : DY — [=2,2], &€ ... > (0681 .. )y =
> 0277, ecTb CBEPTKA YETBIPEX SK3EMIUISPOB X[_1/2,1/9]- 1103ToMy p4(t)
— 3TO KyCOUHO-KyOMUecKuii MHOTOUIeH

0, npu t > 2
@-t)° 1<t<2
pty=4,° . =t (5.2.23.1)
5 —1"+3, mpu 0 <t <1
| pa(—1), pu t < 0
Ormerum, uro 3HadeHus: py(t) B mesabix Toukax —2, —1, ..., 2 — 310 0,

1/6, 2/3, 1/6, 0; MbI y:Ke BHIEIN 3Ty HOCIEI0BATEILHOCTD B [5.2.14] D10
coBIaJienne neciydaiino, cm. ((5.3.13.2)).
B obrmiem citydae n-KpaTHas CBEPTKA P, = X’[“fl /2,1/2) SAIAETCH dopmyoit

pult) =3 k('t(:_% k_)'k)ﬁ_ (5.2.23.2)
ar ! !

rie x4 = sup(x,0); 51y HopMysIy MOXKHO IPOBEPHUTH 110 MHIYKIMU, HO IIPO-
IIe OCO3HATD, YTO 9TO BhIpazkeHue 00J1aIaeT MpaBUIbLHOI Nn-0if IPOU3BOIHOI,
JINOO MPUMEHUTH K npeobpazosanue Jlamnaca £ u moJyduTh pas-
noxenne L{p,}(s) = L{x—1/21/2}(s)" = ((e*/* — e7*/?)/s)" no Gunomy,
nockombky L{t"/(n — 1)!}(s) = s

Tak wiu unade, renepb H(p,) npejicTaBisieTcst B BUje

Las 23 boad 2 3 2
Hp) = -2 | £ (-)d —2/ (—— 2 —)1 <—— 2 —)d
(p4) /06 og( ) dv 3 x+3 og( 5 x+3 x

(5.2.23.3)



5.2. KosmmgecTBO N-3HAYHBIX YHCET 18

B npunnune sTor mHTErpas MoxKeT ObITh BbIpaXKeH B 3aMKHYTOH dopme,
IIOCKOJILKY MHTErPaJl fab p(z)log q(x) dx Gepércs miis Bcex MHOTOUJICHOB P U ¢
OJTHAKO JIJIsl TOIO HAJI0 HAXOJIUTh KODHH MHOTOUYIeHa ¢(x), HAmpuMmep, s
q(r) = 23/2 — 22 4+ 2/3. NTorosoe BbIpazKeHHE CJIUITKOM TPOMO3JIKO; JIy HITle
[IPOUHTErPUPOBATH YuCjenHo u noayunts H(ps) ~ 0.8667 u eff (P1) ~ 2.379.
Takum obpasom, npu m = 2 u muoxkecrse nudp D = {—2,—1,0,1,2} mbrI
nosmygaem e(P1) . 2"~ 2379 . 2" p-3HaUHBIX uMCEN, IPHU HaIleil OIEHKe C
315

nomompio e Mapkosa B 1.7 - 2" &~ 2.0861 - 2.

5.2.24. (Tabiura HOBBIX OIIEHOK.)

m | H(pay) | e7®2m) | c(m)™ = ¢t | e(m)™" | 2m
1 : 1.6487 s 1.5 2
2 | 0.8667 | 2.3791 3l 2.0861

3 | 1.0713 | 2.9192 1663200 2.5386 | 6
4 | 1.2156 | 3.3725 | SO80L0 | 29219 | 8
5 | 1.3274 | 3.7714 | ZSBL0882 1 39608 | 10
16 | 1.9093 | 6.7485 5.8024 5.8024 | 32

Ioxozxe, ef1P2m) /c(m)~! crpemmurea me K epumune, a K KAKOMY-TO JPYro-
My IpeJiey, TpuoIm3nTeTbHO paBHOMY 1.165. MBI yBUANM UyTh JaJIbIlle B
(5.2.28.6)), aTo sTOT 3arajOUHBIl IpejeT Ha caMoM Jieie paBeH /e /2.

5.2.25. (Criocob u36aBUTHCS OT PACXOXKJIEHUsT: TOYHAsI UHTerpabHas hop-
mysia Juist ¢; = ¢(m).) OrMeTuM, 9To ecTh OYeHb IPOCTOll CII0CO6 TOJTHOCTHIO
u30aBUTHCS OT PACXOXKJICHH: a MMEHHO, BCIIOMHUTD, 9TO Tienb Mapkosa Jaér
HaM BEPOSITHOCTD P TOIO, UTO JIBa CAyYalHBIX CJI0BA JJIUHBI 1 SKBUBAJICHTHDI,
B BuJe 127"+ O(1), B TO BpeMst Kak p = Zf;l p?, TJIe p; — BEpOATHOCTD TOTO,
9TO CJI0BO HOMANO B i-if Ki1ace sxBuBasenTHOCTH (CM. [5.2.10]). MHaue roso-
pst, {pi}i<i<y — 9TO B TOYHOCTU TO caMoOe PACIpejieieHne BEPOSITHOCTEl Ha
HeJIbIX ducjaax —m - 2" ... m - 2", SHTPOIUIO KOTOPOro Mbl cuntasu B [5.2.21]
a 3HAYUT, CJIEYeT OKUJATH, 9TO ¢; = ¢(M) MOXKHO PUOIU3UTETHHO BIUNC-
JIUTH KaK

c1 = c(m) =~ /pgm(t)th (5.2.25.1)

I *2m n
IJe Telephb Pop, — 2M-KPaTHAs CBEPTKA X[ Y} 1 /9 U3 (5.2.23.2). B neiicrBu-
TEJILHOCTH OIMNOKA 3aMeHbl CYMMbI Ha MHTErpaJl KpaliHe MaJja U UMeeT I10-
psiiok O(27™), 1 HOTOMY TIpUBEIEHHAS BbIIEe GOPMYJIa JT0IKHA OBITH PABEH-
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CTBOM.:

c(m) =c = /me(t)2dt (5.2.25.2)

5.2.26. (Tounas dopmyna myst ¢(m).) [TockoabKY po, (t) = pam(—t), paBen-
cTBO ([5.2.25.2)) MO2KHO MTPOJIOJIZKUTDH CJIEIYIONIM 00pa3oM:

e(m) = / Do (6%t = (Do * Pa)(0) = Pa(0) (5.2.26.1)

Temepb MbI MOZKEM BBIYHUCJIUTH TOUHOE 3HadYeHIe ¢(m) ¢ momorbio ((5.2.23.2)),
IJie MBI 3aMEHUM HHJEKC CYMMUPOBaHUA k <> 2m — k:

c(m) = pam(0) = 4m - Z 2m< k)) ?22%;) (5.2.26.2)

B wacruoctu, (4m — 1)! - ¢(m) € Z.

5.2.27. (Ilpexen ¢(m)y/m upu m — +00.) 3aMeruM, 9TO Py, (t) — 310
IJIOTHOCTD PACHPEIE/ICHAs CyMMBI 471 HE3aBUCHMBIX CIyYailHbIX BEeJUYMH,
paBHOpACIIPE/ICJEHHBIX HA oTpeske [—1/2,1/2], a 3Haqut, 110 IEHTPATLHON
[PEJIETIbHON TeopeMe Py, (1) GIM3KO ¢ HOPMAJIBLHOMY PACIIPEJIEICHUIO C HyJIe-
BBIM CPEJIHUM U Jucrepcueii m/3:

panlt) L2
2mm

c(m) = pym(0) = \/gm_l/2 (5.2.27.2)

Tak uro npegen c(m)/y/m u3|5.2.18| B geiicTBUTEILHOCTH paBeH

(5.2.27.1)

OTKY/1a

lim c(m)™'m™Y? = \/27/3 ~ 1.4472025 (5.2.27.3)

m——+00

5.2.28. ([duddepennnanbias SHTPOIMST U WHTErPAJ KBaJpaTa ILIOTHOCTH
HOpMaJIbHOrO pacupeseserus.) [Iycts p,(t) — MIOTHOCTH HOPMAJIBHOTO pac-
npegenennsa N (0, 0?):

1
po(t) = ——e 7% (5.2.28.1)
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Torma .
Rpa(t)th = (P * po)(0) = p,5(0) = EN (5.2.28.2)

n

1 2
H(p,) = —/Rﬂo(t) log po (1) dt = log(ov/27) + W/Rt Pt} it ) 98.3)
= log(o) + log(v/2me)

OTKY/Ia&
eflPo) = 5\/2me (5.2.28.4)

/ p2(t) dt = \/g - e~ Hpo) (5.2.28.5)
R

[TOCKOIBKY Pay, Gimusko K N (0,m/6) pu m > 0, MbI MOXKEeM BBIYUC/IHUTH
peJiest

m e P e(m) = /S ~ 1.165822 2.98.
im_e0e(m) \/; 658 (5.2.28.6)

panee Bo3HuKIIuil B [5.2.24]

5.2.29. (Acmvmororndeckoe pasznoxenue ¢(m) = pg,(0) npm m — 400.)
Tounas dbopmyna ((5.2.26.2)) mano roBoput Ham o moBeAeHUN (M) = Py, (0)

upu m — +00. [yt Toro, 9To0bl M3ydnTh 3TO NOBejeHne, BoraucanM py(0)
¢ TIOMOIIBIO ITpeodpazoBanus Pypbe:

1 [ 1 sin(t/2)\ " 1 [ .
0) =— t)dt = — —— ] dt=— t)dt
pw(0) QW/JRPN() 27T/R( t/2 > W/Rsmc ®)
(5.2.29.1)
re sinc(t) = sin(t)/t. Sanumem
2 44 46 48
log sinc(t) = 10g<1 _L + G + e + O(tlo))
315 79!
A o (5.2.29.2)
= — ——— 1 O(t")

6 180 2835 37800

B Nt* B Ntb N N2¢8 B Nt8
180 2835 64800 37800

+ O(t1°)> (5.2.29.3)
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Terepb MbI MOXKEM BBECTH HOBYIO IepeMeHHyI0 x = ty/N/3 u mepemnucars

unrerpaJ (5.2.29.1) B Buje

(0) L /‘—ﬁ@@ i T, -+O(8N‘%>d
=——|c¢€ — — x T
PN = /N e 20N~ 105N2 ' S00NZ
6 3 13
(12 O(N))
wﬁJ( 20N~ 1izonz O

(5.2.29.4)

.2
HOCKOMbKY [ 22"e™"/?dx = (2n —1)!1v/27. Eci noacrasuts crona N = 4m,
HOJIy UM ACUMIITOTUYIECKOe pasjiozkerue ¢(m):

/3 —1/2 3 —-3/2 13 —5/2 —7/2
=4/ — - — - — + O .2.29.
c(m) o <m 80m 17920m (m )> (5.2.29.5)

o 3 191
SR CLY Y2 O(m 7)) (5.2.29.6
c(m) 3 (m +30™ + o600 T (m=7)) )

[Mocsieusist hopMyIIa Ha IPAKTHKE OKA3bIBAETCS YUBUTEIHLHO TOTHON JazKe
U MaJIeHBbKHX 1, Kak 6y11o Kosddumnument npn m~>/? B neit kpaitne mau,
npubsmsuresasao 1/5000.

5.3 CnekTp MaTpuIlbl Iepexo/ioB 1enu MapkoBa

Cpe/in 3araJioK, pacCMOTPEHHBIX B IIPEJBIIYIIEM IIyHKTE, OCTajach HEIPO-
SICHEHHOW KaK MUHHMYM OJHA: MOYeMy CIeKTp Marpull rmepexoga A = A,

BosHuKaoonwmx neneit Mapkosa, Bpoje (5.2.16.1)) npu m’ = 2, cocrour us
e _ /
{27} cpcamy 1 em@ ojiHOTO COBCTBEHHOTO UMCa 24 7

5.3.1. (IlociencrBust jyist mojicuéra BEpOSTHOCTUH BO3BpaTa 3a N IIATOB.)
[leHTpa/bHYIO POJIb B PACCMOTPEHUSIX HPEJIbIIYINEro IIyHKTa UrpaJja Bepo-
SITHOCTH P BO3BpaTa IMOCTPOEHHOI 1ern MapkoBa B HadaJIbHOE COCTOSTHHE
3a n maroB. Mbl HOJIydHIn Jist 9TOH BEPOATHOCTH BO3BpaTa hOPMYIIy BH/A
c(m’)- 27"+ O(4™"), n 3areM n3yunsn nosejerne GyHKIwN ¢(m') upu pas-
MIHBIX 3HadeHusaX m'. OHaKo, ecn ObI MBI 3HAJIN BCE COOCTBEHHBIC TUC/IA
Aj MaTPUILI EPEXOA0B A/, TO MBI MOIVIH Obl HAIMCATDL JJIsT BEPOSTHOCTH
BO3BpaTa (popMysIy BUIA
4m/+1 4m/+1

p= Z N = Z cj(m")A} (5.3.1.1)

j=1 J=1
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rae {\j h<j<amr+1 — COOCTBeHHBIE YA MATPULEL A, B HOpsi/iKe yObIBAHUS
Moy, a ¢; = ¢;(m’) — HeKoTOpble KOI(DMUIUEHTDI, SIBJISIONHEC IPOM3-
BEJIEHUSMU TIOJIXOIAIINX JIEMEHTOB MaTPHUIlbl COOCTBEHHBIX BEKTOPOB U 00-
paTHoil K Heil. B wacTHOCTH, ecim BepHO, uto A\; = 277 npu 1 < j < 4m/ n

M1 = 274 10 nomkHa GBITH BbIIOIHEHA OPMYIIA
4m/
p= Z 27 A g 41274 (5.3.1.2)

=1

J1s HekoTopeix ¢; € C. HanpoTus, ecsin Mbl JJOKazKeM CyIIeCTBOBaHHE TaKo
bopMyIIBL ISt BCeX 1 ¢ Henyaesbimy Koaddurmentamu ¢; upu 1 < j < 4m/,
orcrofa Gyzier cesoBaTh, 9To {277} <j<qp NPUCYTCTBYIOT Cpe/i COOCTBEH-
HBIX drces Marpuisl A, . Ocrabreecs cobersernnoe qncyo 2~ torna oz-
HO3ZHAYHO OIPEJIE/IACTCA TEM, UTO CyMMa COOCTBEHHBIX YHUCEs JOJIKHA OBITDH
pasHa caexy Tr A, = 1.

5.3.2. (Ilonosuna kosddurmentos ¢; B (5.3.1.2)) pasusr mymo.) B neiicrsu-

TeslbHOCTH Bee Kodddurmentsl ¢; B dopmyie (9.3.1.2)) ¢ 9éTHBIME HHIEK-
caMi j OKa3bIBAIOTCS PABHBI HYJIIO 110 COOOParKeHMAM CUMMETPHUH, KaK MBI

yeuauM B [5.3.16] Hanpumep, npu m’ = 2 Tounas ¢opmy/ia BEpOSATHOCTH
BO3BpaTa B HadaJbHOE COCTOSHUE 3a N IIaroB UMeeT BUJ

151 2 7 1
p__.2fn+__2f3n+__2f5n_'__

= .97 3.21
315 9 45 7 2 (5.3.2.1)

4TO yTO4YHseT pe3yabTatT |5.2.16| [losromy /g Hammx meseit HeIOCTATOYHO
paccMaTpUBaTh TOJLKO BEPOSATHOCTH BO3BpaTa B HadaJIbHOE COCTOSHUE 3a N
maros. B ¢BA3m ¢ 3TUM MBI OyJ/ieM Tak:Ke U3ydaTh BEPOSTHOCTH IIEPEX0Jia 3a
N IaroB U3 JIOOOr0 MCXOTHOTO COCTOSHUS S B JTI000€ KOHEYHOE COCTOSHIUE T.

5.3.3. (Hossrit mapamerp m = 4m/.) Iloka He 1mo3/1HO, BBEIEM HOBBIT TTapa-
MeTp m = 4m/, HOCKOJIbKY MCXOJHBIH mapamerp m’ (OomnpeesIsomuii uara-
30H TUdp Dy = {—m/,—m/ + 1,...,m’} usbbirouHOil TBOMYIHOI cUCTEMBI)
[OYTH BCEIJIa OKA3BIBAETCA B (DOPMYJIaX B Y/IBOCHHOM WJIM B YI€TBEPEHHOM
BHJI€. DTO CBSI3aHO C T€M, 9TO MblI BEIOUPAEM OUEPEHYIO CJIyIailHYO HMPY
¢ € D,y ¢ nomompio OMHOMUAJIBHOTO paclpejiesleHud, T.e. § eCTb CyMMa
2m/ He3aBUCHUMBIX CJIYYaRHBIX BEJTHIHH 5§-k), IPUHAMAOUX 3HaYeHns +1/2
C OJIMHAKOBOH BepoATHOCTEIO 1/2. Hnudpst 1); 1pyroro cy4daifHoOro quc/ia Bbl-
OGUpalOTCs aHAJOMMIHBIM 00pa30M, U Hallla MapKOBCKas Ielb ¢ 4m’+ 1 cocro-

suuamu s € {—2m/, —2m/ +1,...,2m’} mepexoaur u3 COCTOAHUS S B HOBOE
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cocrostaue t = 2s+ (&; —n;), upu ycuosun, uro |t| < 2m' (uHade MapKoBCKas
elb [epecTaéT paboTaTh WM HEPEXOUT B CIEIUATBLHOE OIMMOOTHOE COCTO-
stane). VHadge TOBOPs, MBI TOJIydaeM MapKOBCKYIO TI€lb, MEePexXoIbl s — t B
KOTOPOH OIIPEJIC/IAIOTC

am/
t=2s+y & (5.3.3.1)
k=1
T.e. BOHMKAIOT CYMMBbI 4m’ CIydailHbIX BeJMIUH 8§~k) = +1/2. fcno, uro

napamerp m = 4m’ ropasnao 6ojee ecTeCTBEHEH IPHU M3yYEHUN TaKUX Map-
KOBCKHUX TIETIel 1 UX MATPHUIL IIEPEXOJIA.

5.3.4. (Mapkosckas 1enb u eé Marpuiia nepexojgos A = A, B 3aBucumocTu
OT HOBOIO Tapamerpa m.) Vrak, Tenepb Mbl H3y4aeM MapKOBCKYIO IEIb C

m+1 cocroganem —m/2, —m/2+1, ..., m/2, nepexoibl B KOTOPOii 3a/a10TCs1
POTIECCOM
Sja1 =25+ ey (5.3.4.1)
k=1

IPU YCJIOBHU, UTO Sj41 OKAa3bIBAETCA B PA3pPEHIEHHOM MHOXKECTBE. 3aMeTuM,
9TO TPU HEYETHOM 1M BCE COCTOSIHUS, HAUYWHAS C S, OYJIyT HE IIeJIbIMH, a
IIOJIYIEJIbIMU, TaK YTO B 3TOM CJIydae €CTE€CTBEHHO B KadeCTBe COCTOSHM
MapKOBCKOIi [IeNn B3aTh HoJtytesble ynciaa —m/2, —m/2+1, ..., m/2. Tem
He MeHee, MbI MOJIy9aeM MapKOBCKYIO Iellb ¢ M + 1 cOCTOAHUSIMU BHE 3aBU-
CHUMOCTH OT 4éTHOCTH m. Eé marpuna nepexonos A = A,, ectb

g-m( ™ t—2s| < m/2
(Am)st = (coalbmps)s  comt |t =25 <m)/ (5.3.4.2)

0, nHAYe

Baech s n t mpoberaloT MHOXKECTBO COCTOSHUIL, T.€. HeJble MU IIOJIyIIe/IbIe
qucia —m /2, —m/2 + 1, ..., m/2, u (A,;)st — BEPOATHOCTH TE€pexojia U3
COCTOSIHMSI § B COCTOsIHME © 3a OIUH IIar. BHIHO, 94TO CTPOKH MaTpHuibl A
— 3TO CABUHYTBIC M yCEUYEHHBbIC OMHOMMAJIbHBIE pacupeaesaenns. Hampumep,

(5.2.9.1) — a0 Teneps marpuna Ay, a (5.2.16.1) — 3o Ag. Ormernm emg,

9TO

m/2 m/2
m

Trdn= > (An)u=2" ) = (5.3.4.3)

s=—m/2 s=—m/2 m/2 -
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B dopmynax Takoro Buja cymMMbl oT —1m /2 j10 m/2 OymyT 0603HAYATE CYM-
MY TI0 BCEM IIEJIBIM WJIM TOJIYIIEJIbIM WHJEKCAaM B YKa3aHHOM JIMalla30HE B
3aBUCUMOCTH OT 4€THOCTH m. llpu Kemanum MOXKHO TpeoOpa3oBaTh TaKHe
CYMMBI B OOBIYHBIE CyMMbI OT 0 JI0 M, eciu UCIob30BaTh 8 = s + m/2 B
KadecTBe HOBOI'O MHJEKCA CYMMUPOBAHUS.

5.3.5. (Tounslil mojcUéT BEPOATHOCTH BO3BpATa B HAYAJIBHOE COCTOSHUE 3a
n maros.) Ilompobyem mosydnTh TOUHYIO (HOPMYITY [JIsi BEPOSITHOCTH BO3-
BpaTa B HyJIeBOe COCTOsHHUE 3a 7 maroB. OTMeTuM, 9TO 9Ta 3a/ada MMeeT
CMBICJI TOJIBKO JIJIs 9ETHOrO M (KaK B MCXOJIHOI MMOCTAHOBKE 3aJIauu, COOT-
BeTcTByoOIel m = 4m'), 0JJHAKO MmepBble HECKOJILKO TAIIOB MOCJIE/LYIOIIErO
BBIBOJIA BEePHBI U i1t HeIETHOrO M. COrVIaCHO MPEIbIIYIIEMY IYHKTY, COCTO-
sIHFEe MapPKOBCKOM IIEIIN II0C/Ie N IIIaroB — 9TO CJIydaiiHasl BeJIUTIrHHA

n—1
E=> 2l (5.3.5.1)
j=0

IJie He3aBUCHUMbIE CJIyYaiiHble BeIMYnHbL {; (M3HAYAIbHO BOSHUKIIIE KK Pa3-
HOCTH JIByX CJIy4YaiiHbIX U] pP) BHIOPAHbBI COTJIACHO OMHOMUAJILHOMY paciipe-
Jesiernio. MHavye roBops, MOYKHO CIUTATD, 9TO

m

&= el (5.3.5.2)

k=1

k
rie 55- ) HezaBuciMO NpUHUMAIOT 3HadeHust +1/2 ¢ Bepogrnocrsmu 1/2. B

nrore Mbl MO2KeM 3alliCaTb

[y

27 (5.3.5.3)

£=223 5=

n— m m n—1
k=1 k=1 j5=0

<
Il
o

rje Mbl 3aMEHWJIN WHJICKC CyMMUDOBaHUA ] <> n — 1 — j. 3aMeTum, UTO
Z?:_ol 2 €§~k) — 9TO caydvaiiHas BeJTnInHA V,(lk , PABHOBEPOSITHO TTPUHUMAIOIAS
Bee 2" oIy e/ TbIX 3HaYeHni B quanasone —2" 1 4+1/2...2""1 —1/2 ¢ marom
ojun. Takum obpazom, & — cyMMa m TAKUX HE3ABUCUMBIX CJIYUYANHDBIX BEJIH-
uun. Bemmmenm npoussoamntyio dynkiuio Ez¢ (T.e. npeobpasosanue Dyphe

Ee® ¢ zamenoit z = e'):

N-—1 m
Ef =Y P(¢=k)t = (% > zj_(N_l)/2> (5.3.5.4)

keZ =
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rje Mbl nojgoxkuan N = 2", Takum o6pa3oM, HHTEpecyIolas HAC BEPOAT-
noctb Bozeparta P(¢ = 0) — 310 koaddurment pu 2° B pazioxenun Jlopana
paImoHaJIbHOM (DYHKITUN

N/2 —N/2 m Nym
Ezf—( -2 )> _ Nomymv-ned =2 )" (5.3.5.5)

N(21/2 — 2=1/2 (1—2)m
OHaxko
+oo
{+m—1
(1—2)™= ( )zﬁ (5.3.5.6)
prs m—1
u m
(1—2N)m =3 (-1t (7:) N (5.3.5.7)
k=0

OTcro/ia MBI JIEFKO HAXOAMM KO3(uIenT npn z° B Fz¢:

Pe=s)=N"" i(—m’f(:?) (S +m(N :11)_/? —1- kN) (5.3.5.8)

riae cymma Gepércs tosbko 1o rem 0 < k < m, juist Kotopbix s + m(N +
1)/2—1—kN>m—1,re. kN < s+m(N —1)/2 wm k < m/2 + |22,
B IIOCJIEJIHEM IIPeo0pa30BaHUK MbI IIPEJIIojaraeM m 9éTHbIM. B dacTHOCTH,
upu |s| < m/2 (coOTBETCTBYONIUX COCTOSHUAM HAIIETO KOHEYHOIO ABTOMATA,
u nermn Mapkosa) ciegyer cymmuposarb 1o 0 < k < m/2—1 (ecoiu N > m),

3a UCKJIIOUEHHEM Ciiydasi § = m/2, Korja Hy»KHO y4ecTb emié u k = m/2:

m/2
L em \m/—k m k'N+s—|—m/2—1)
Pe= = 3 o (T

(5.3.5.9)
rJie Mbl 3aMEHUIM MHIEKC cyMMupoBanus k <> m/2 — k.
Tem camMbIM MBI TIOJIyININ SIBHYIO (DOPMYJLY JIJIsl PACIIPE/IEIEHUS BEPOSIT-
HOCTE#l cOCTOAHUI HaIlleil MapKOBCKOIl IIelM 4Yepe3 7 IIaros, II0Ka 4TO IIpU
JIONIOJTHUTETLHOM ycsioBuH, 9To N = 2" > m, u Jijig 9€THOTO M.

5.3.6. (IIpeobpaszoBanue saBHOI (HOPMYJIBI BEPOATHOCTEN KOHEUHBIX COCTOSI-

uwii.) Ilepermmenm dopmyity (5.3.5.9) ciaemyromum obpazom:

m o2 wo (BN 45+ m— 1)
Pe=9)=gm 2. (-1 k((%—k)!(%wz)!

k=[s<m,/2]

(5.3.6.1)
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e 2% = x(x — 1)---(z — n + 1) — n-ag yObiBaoIas CTENeHb T, U Mbl
HO-IIPEsKHEMY TIPeJIroJiaraeM m I6THbIM. [10CKo/IbKY

o = i(—l)“ m o (5.3.6.2)

=0

re [’z] obosznagaer uncao CTupsuHra mepBoro poja (KOJIMIecTBO MOICTAHO-

BOK 7 9JIEMEHTOB, PACKJIAIBIBAIONIIXCS B £ IIUKJIOB), Mbl MOXKEM [E€PEICaTh
cymmy B (5.3.6.1]) kak muOrOUWIEH OT N = 2" (IpU 4éTHOM M):

m/2 m—1 LS |
m (—1)> m—1 m ¢
E=s)=Fm 2 Z(%—k)!(%w)![ ¢ ](k ts+g )
k=[s<m/2] £=0

(5.3.6.3)
Buao, uTo sta cymma MOXKeT OBITH 3allicaHa KaK HEKOTOPbI MHOTOYJIEH
Qm(s; N) or N crenenn m — 1, KOTOpBIii B JIEHCTBUTEILHOCTH SIBJISIETCST MHO-
roueHoM OT § u N, ecii OrPaHUIUThCS TOJBKO 3HadeHusMu —m /2 < s <
m/2. Ilostomy P(§ = s) npejcraBuma B BUJIE

P=5)=> c;,N7=> ¢ ;277" (5.3.6.4)
j=1 i=1

C palMOHAIBHBIMIE Cs ; — KObduImenTaMu MHOro4IeHa (Qyy, (s; V). D10 dop-
MYyJ1a BHJIA , eé CyIecTBOBaHUe KaK pa3 ! o3HavaeT, 9To {277 b <jcm
— 9T0 cOOCTBEHHBIE UmcIa MaTpunbl A,,. OaHako HaM HAI0 KaK-TO YO IUTh-
csl, 9TO JIJI KayKJIOTO j €CTh XOTd ObI OJIMH HEHYJICBOM C; ;.

5.3.7. (flBHas dopmymna s Beex smeMeHToB A,.) 3aMeTHM, ITO MBI MOKEM
AHAJIOIMIHBIM 00PAa30M BBIYHC/INTH BCE BEPOSATHOCTH II€pexoia t — s 3a n
maros, T.e. Bce ayeMeHThl (A" ), —m/2 < s,t < m/2, npuuém BHE 3aBUCH-
MocTH oT YéTHOCTH M. Paccyxas kak upu BeiBoze (9.3.6.1)), momydaem

I n EN + 542 — 1)
(AL)w = P(E =5 — Nt) = -1 (-1=—* 51 o

Nm k{;ﬂ/m (F —t=k)\(5+t+k)

(5.3.7.1)

upu yeaosun N = 2™ > m. B s1oit hopmyre BaxkHo, 90 s+m/2 ut+m/2 —

Beerja nesble ancyia B quanasone ot 0 1o m. Kpome toro, npu nedéraom m
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cymecTBenHo, 4To N = 2" yérHo. MBI MOMKEM CHOBa Pa3joxkKUTbh r™=L mpn
oMot guces Ctup/unra;

m/2—t m-1 ——t k+m—0— 1[m 1} m ’
(Al )ss = — . (k;N+<—+s—1>>
3 S el e )
(5.3.7.2)
Teneps paznozkum (KN + (m/2 + s — 1)) 1o 6unomy:
m/2—t m—1 ¢ . ——t k+m—~4— 1[m 1] (f) —j
- S Sy 0 ()
ki ICEENS] D
(5.3.7.3)
5.3.8. (Paznoxenue marpunsr A .) B urore MbI MOXKeM 3ammucarhb
m—1
An =3 N (5.3.8.1)
=0
rie no-npexnemy N = 2" u
( RS o
cim =
(Crnzijes mk_Z y (3 —t=R(E+t+ k)
ek (5.3.8.2)

om0

=

npu 0 < j < m — 1. YauBureabHbIM (Ha CAMOM JeJie — OXKHUJIAeMbIM) 06pa-
30M BTOpasl CyMMa HE 3aBHCUT OT {, & IepBasi 3aBUCUT OT § TOJbKO HUZKHUM
HHJEKCOM CyMMEPOBaHUS [s < m/2|, KOTOPBIit 106aBIAeT JONOIHUTEIHHOE
caaraemoe ¢ k = 0 mpu s = m/2. OHAKO 9TO CIaraeMoe COIEPKUT MHOZKI-
Tenb k) = (Y u moromy cymecTseHHO TobKO Ipu j = 0. Taxum o6paszom,
upu j < m — 1 marpura Cg-m) OKa3bIBAETCS MaTPUIlEll paHra OJIWH, a ngl_)l
— MaTpulla paHra JBa.

5.3.9. (Pasnoxenusi marpuii Cg-m).) Mpb1 BUUM, YTO MaTPHITHI Cg-m) npu
0 < j < m — 2 gaBadi0TCd MaTPUIAMU PaHTa OJUH U IIOTOMY MOTLYT OBITH
3AITUCAHBI KaK IPOU3BEJICHIE BEKTOPA HA KOBEKTOD, T.€. CTOJIONA HA CTPOKY:
C(m = wv;u; . Bonee toro, dopmyna (5.3.8.2) monckaspiBaer, KaK HMEHHO
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MOZKHO BbI6paTb 9T BEKTOP WM KOBEKTOD:

m/2—t (—1)m/2-tk)

m—1
(Vm-1-4)t —m( j > > T (5.3.9.1)

= (77 B ()
(5.3.9.2)

rje no-npexkaemy —m/2 < s,t <m/2u0 < j < m—1, u MbI 3J10y110TpEOUIIU
BO3MOXKHOCTBIO JIOMHOXKCHUS Vyy,—1—; Ha IPOU3BOJIBHO BEIOpAHHBIC HOPMHUPO-
BOYHBIE MHOXKHUTEIN (mj_l) C OJIHOBPEMEHHBIM JICJICHUEM UWUy,_1—; Ha Te Ke
muO)kuTe . [Ipn 7 = 0 MBI 0003HAYUM TIOJTYHAIONINAICSA BEKTOD V,, 1 TAKKE
4epes v, 9TOOBI MOUEPKHYTh, YTO Mbl HAUMHAEM cyMMUpoBanue ¢ k = 1,
a He ¢ k = 0. Torma BapuaHT, COOTBETCTBYIONINI HAaYaIy CYMMHUPOBAHUS C
k = 0, MmoxkHO 0603HAUNTH V,, ;. Kpome Toro, npu j = 0 Ham nonamobaTcs

JIOIIOJTHUTE/IbHBIE BEKTOP M KOBEKTOP, COOTBETCTBYIOIINE JIOIOJTHUTEIHHOMY
caaraemomy ¢ k = 0 B ((5.3.8.2), KoTopoe Haj0 TpubaBUTH Ipu § = Mm/2:

SN P G D LA I G Y LG G
() = Wmos)e = (Om)e = T = prm 51 = T — 1)1 (m/Q - t)
(5.3.9.3)
(Wm)s = (Wm-1)s * [ > /2] = (Win-1)ms2 * Osm2 = (M — D)0 n /2
(5.3.9.4)

IJIe MBI Cpa3y NOJCTABUIIM 3HAYEHUE (Up—_1)m/2 = (M — 1)!, koTopoe Oymer
Bbrauciieno B ([5.3.20.6[). Tenepn

n ul, 0<ji<m-—2
C§- ) _ {viuj . o tpu .—] =m (5.3.9.5)
Vo Uy g+ Oy,  1pnj=m—1
n
m—1
Z o—(i+1) nC Z 2~ Ut Uny il + 27, 4l (5.3.9.6)
7=0

Ctporo roBopst, MbI MOKa YTO JOKA3AJIU IMOCJEHEe PABEHCTBO TOJIBKO DU
N = 2" > m, HO MBI BCKOpe yBuIUM B [5.3.11f 9TO OHO BepHO I BCexX
1IEJIBIX 7.
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Jlemma 5.3.10 (IIpoekropsr Ha cobcTBeHHBIE MTOAIIPpOcTpancTBa.) Ilycrs A,

C,, ..., C,, — kBajpaTHble MaTpHIII OAHHAKOBOro paszmepa N X N Haj
mojteMm k, u myctb Ay, ..., Ay € k — paszymanblie ckaJispbl. Ipearioioxum,
97O
m
A" = Z NiC'y  JuIst Beex HebIX 2> Ny (5.3.10.1)

j=1
JuIsT HeKoToporo ng € Ny. Torna:

a) Munmnvasbubrii muorodten marpuipr A gemr p(X) = X" [7 (X —
Aj).

b) spec A C {0, \1,..., \n}. Ectm ng =0, To spec A C {\1,..., A}

c¢) Cob6erpennbie nognpocrpanctsa Vi C Vo= kN jia Beex nemysesbix
CODOCTBEHHDBIX 4HCeJT A MATpUIbl A COBIIAJAIOT ¢ KOPHEBBIMHU IOJIIPO-
crparcrBamu. Ecim ng < 1, 970 BepHO 1 151 HYJIEBOrO cOOCTBEHHOT'O
qHCIA.

d) Iycre ng > 1 u Bee \; # 0. Ioaoxkum Cy =1 — Z;nzl C;u):=0.
Toryia {Cj}o<j<m — KOMMyTHpYyIOLHe OPTOIOHAIbHbIE HIEMIOTEHTHI,
KOMMYTHPYIOIIHE Tak>Ke H ¢ MaTpuiieii A u BbIpa’kaloIlHecss Kak MHO-
rowieHsl or A. DTo cemeiicTBO OpTOrOHAJIBHBIX HJEMIIOTEHTOB OIIPe-
nerser pasioxernne Vo= kYN B mpamyro cyMMy KOpHEBBIX HOJIIPO-
CTPaHCTB, COOTBETCTBYIONINX COOCTBEHHBIM YHCIaM \;j MaTpuibl A.

e) Eciu (5.3.10.1) BbimosiHeno mpu n > ng, Bce \; # 0, u marpuna A
obparuma, o (5.3.10.1)) BeIoTHEHO 71T Bcex n > 0, u jake JjIsT BCex
n € Z.

HokazarenbcTBo. a) 3amernM, 9T0 st Jjoboro MHorowiena P(X), me-
sstmerocst Ha X™, BepHo pasencrso P(A) = Y " P(\;)C;, asusomeecst
JMHelHo KomOuHarmeii pasercts Buja (5.3.10.1). Basae B kauecte P(X)
muorowrer X" (X — M) -+ (X — A,,), nomyaaem P(A) = 0, r.e. P(X) zae-
JINTCsT Ha MUHUMAJIBHBIA MHOIOUJIEH MATPUILl A.

b) CobcrBennble Yncia MaTPHIlbl A — 3T0 KOPHU €6 MUHUMAJIBLHOTO MHO-
rodjeHa, Tak 9To spec A COJIEPKUTCS BO MHOY)KeCTBe KopHeil p(X) u3 a).

¢) B camom zeste, u3 a) ciiefyer, 9To Bee HEHyJIeBble KODHU MUHUMAJIBHOTO
MHOTOYJICHAa MaTpuilbl A — TpocThle. DTO KaK pa3 03HAYACT, ITO COOTBET-
CTBYIOIIE€ KOPHEBBIE MOJIPOCTPAHCTBA COBIAJAIOT ¢ cOOCTBeHHbIMU. [Ipn
no < 1 9TO yKe BEPHO U JJIsA HYJIEBOI'O COOCTBEHHOTO YUCJIA.
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— no _ ) =2 no

d) Hyerb Qx(X) = . X" [ [, (X —A;) — muorousen, nengamuiicst na X",
u Taxoit, 410 Qr(A;) = &5 Ilockombky Qk(X) memurca ma X, cHosa
Qr(A) =377, Qx(Nj)Cj = C. Takum obpasom, C; npn 1 < j < m apis-

m
10TCs MHOTOWIeHaMu oT A, a 3HaduT, 910 BepHo u it Cy := Exy—>_ 21 G
Hanee, C;Cy = Q;(A)Qk(A) = (Q;Qk)(A) = 0,,C;, mockosbky Q;Q) me-
murest Ha X0, 910 gokasbiBaet, 910 {C } <<y — KOMMYTHPYIOIIIE OPTOrO-
m
HaJILHbIEC UJEMIOTEHTRI, & 3HAUUT, ec/u ux jgonoanuts Co = By —3 51, Cj,
MBI TIOJIYYUM IIOJHOE CeMeHCTBO OPTOrOHAIBHBIX HJIEMIIOTEHTOB, KOMMYTH-
pyfomux ¢ MaTrpuneit A. DTo cemeiicTBo ompeenseT pasnokenne V = kN B
npsmyto cymmy Vo= P i<m Vj> tae Vj = C;(V), npuaém 910 pasiozKeHue
cornacoBano ¢ A. Tenepn jerko Bujers, uro orpanndenue A na V; cosma-
JaeT ¢ yMHOXKEHHEM Ha CKaJgp A; — Haupumep, noromy uro (A — \;)C; =
(A—X)Q,;(A) =0, tak kak (X —\;)Q;(X) meanuTcs Ha MUHIMAJIBLHBLI MHO-
roasen marpunbl A. Anasormano, A™Cy = A™Qy(A) = 0, tae Qo(X) =
_ m ) ng i _
1= >0, Qi(X), noromy uro X™Qo(X) nemures Ha MAHUMAJBHBIN MHO
rowrien Marpunsl A. D10 JoKasbBaeT, 9TO V; — JeHCTBUTENIHLHO KOPHEBLIE
HOJIIPOCTPAHCTBA MaTPUIILI A, COOTBETCTBYIOIINE PA3JINIHBIM COOCTBEHHBIM
YHCIIAM ;.

e) 9o ciaemyer u3 toro, 4ro C; SBIAIOTCS MPOEKTOPAMU HA COOCTBEH-
Hble [IPOCTpaHCTBa MaTpuiel A, orBeqaromue \;, npuiém Cy u3 myHkTa d)
00g3aTeIbHO PABHO HYJIIO, TAK KAK HYJ/Ib 10 IPEIIOJI0KEHUIO HE SBJIACTCH
CcOOCTBEHHBIM YHCJIOM MaTpHIHI A.

5.3.11. (3aBepiuenne BBIYUCIEHHs CIIEKTPA MATPHUIBI TepexonoB A = A,,.)

Bamernm, uro (5.3.9.6) Bmecte ¢ [5.3.10,b) moka3biBaOT, YTO COOCTBEHHBIE

yncsta MaTpuil A = A, comep:karca Bo muoxectse 0, 271, 272, .. 27T,
[Ipu sToM panru MarTpwuii Cgm u3 (9.3.9.6) He mpeBoCXOIAAT €TUMHUIILI 1TPU
0 <j < m—1wu asoiiku npu j = m — 1. [losromy kparnocTu coOCTBEH-
upix uuces 277 npu 1 < j < m He NPEBBIIAIOT eJIUHUILI (HO B IIPUHIUIIE
MOTYT OBITH W HYJIsIMI), & 27" MOXKEeT UMeTh KpaTHOCTh jBa. C Apyroii cro-
POHBI, COOCTBEHHBIX YHCEJI C YIETOM KPATHOCTHU JOJIZKHO OBITH M + 1 MITYK,
u ux cymma pasua 1r A, = 1 cormacuo (5.3.4.3). EauncTBeHHbBI €1IOCOD,
KaK TaKoe MOXKET OBITH BBIIIOJIHEHO — 9TO €CJIM BCe 9TH COOCTBEHHbBIE YHUC-
JIa PUCYTCTBYIOT B CIIEKTPEe MaTpuiibl A, ¢ MaKCHMAaJILHON pa3periéHHoi
KpaTHOCTBIO, T.e. 277 mpu 1 < j < m ¢ KpaTHOCTLIO oauH U 2~ ¢ KpaT-
HOCTBIO J1Ba. lTockobKy 3TO y2Ke maét m + 1 cobcTBEHHOE |MCJIO, HOJIb He
SIBJISIETCsT CODCTBEHHBIM IUCJIOM MaTputibl A,,. Mbl oka3anm, 9to cobemee-

HblE WUCAL MAMPUYDLL NePexodos A, — amo 6 mownocmu {279 <jcm_1 €
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Kpamuocmvio odun u 27" ¢ Kpamuocmuvio dea. B dactHOCTH, Mampuua A,
nesuposicdena. Kpome Toro, mocKoOIbKY MATPHUILEI Cg.m) ABJIAIOTCS TTPOEKTO-
paMu Ha COOTBETCTBYIOIINE COOCTBEHHBIE ITPOCTPAHCTBA, WX PAHTH JTOJIZKHBI
OBITH PABHBI KPATHOCTSAM COOTBETCTBYIOIIUX COOCTBEHHBIX UUCEN, T.€. PAH2
MAMPULYDL C§-m paser 6 mournocmu edunuye npu 0 < j < m — 2 u deotixe
npu j = m—1. OTcioga n u3 pasIoKeHnt MaTPHUIL Cg»m) u3 CTIeTyeT,
9TO 6EKMOPa V; U Uy, 00pasytom cobcmeennvili basuc mampuyse A, a u; u
W, — mparcnonuposarnoti mampuyv, AT (cm. HUKE).

Kpowme Toro, [5.3.10e) nokasbisaer, 1ro pasencmeo BHINONHEHO

npu 6CET UEABLT T.

5.3.12. (v; 1 u; — coOCTBeHHBIE BEKTOPa U KOoBeKTOpa A.) BameTnM, 4T0
Y O =E,n (5.3.12.1)

IIOCKOJIBKY MbI TOJIbBKO YTO BHJEJ/IU, ITO BBIIIOJIHEHO U JIJId N = O
Kpowme Toro, pasioxkenns MO3BOJIAIOT IIEPEeIcaTh 9TO PABEHCTBO B
BUJIE

voup + -+ vt ul 4+ oul = B, (5.3.12.2)

T.€. MBI Pa3JIOKUJIA €IUHUIHYIO MAaTpUILy pasmepa m~+1 B cymmy posHo m+1
pa3/IozKUMOro Tenzopa. Takoe MOKeT OBIThb, TOJILKO €C/IU BCE VU (BMecTe €O
BPEMEHHO 11epeoO03HAYEHHBIM V,, ‘= U,,; HAIIOMHUM, 9TO V,,_1 = 'u;hl) 00-
pasyioT 6a3uc BeKTOpHOro npocrpancrsa V = Q™ a U; — JIBOWCTBEHHBII
6aszuc. B wacTtHOCTH, JTOJIZKHBI OBITH BBIIIOJIHEHBI COOTHOIIEHUS OPTOrNOHAJIb-
HOCTHU

wlvj=0; ma0<ij<m (5.3.12.3)

rJie Mbl CHOBA CUHTaeM, 4YTO U, = U, U U,, = U,. Dojee Toro, renepb

m
pasznoxenud (9.3.9.5)) ozmagaior, 4To v; — 6asuc obdpasza MPOEKTOPA C’g- ),
T.e. COOCTBEHHOI'O HPOCTPaHCTBa, cooTseTcTBylomero 271 mpu 0 < j <
m—2,av} | 19, — 6a3uc COBCTBEHHOIO IPOCTPAHCTBA, COOTBETCTBYIOMIEro
27™. Inade roBopd, v; — 9TO COOCTBEHHBII Oasuc MarTpumpbl A,,, a w; —
JIBOMCTBEHHBIII K HEMYy COOCTBEHHBINH 6a3UC TPAHCIIOHUPOBAHHON MaTpPUITHI
AT Ecim V' — marpuna co cronbnamu v, 0 < j < m, a U — marpuna co
crosbramu u;, To (5.3.12.2)) oznagaer, 4To

VU = E,.1 (5.3.12.4)
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Te. U=V"T (oTKy/1a CHOBa CJIEJyeT, 4To UV = E,, .1, re. (5.3.12.3))), u

(5.3.9.6)) MOxKeT OBITH 3aIMCAHO KaK

Ar =VD"UT =VvD"V' | rme D =diag(27',27%,...,27™,27™)

(5.3.12.5)

5.3.13. (Unrepuperarms KOOPAUHAT COOCTBEHHBIX BEKTOPOB v;.) Ilockoss-
Ky BekTOpa v; u3 ([5.3.9.1]) okazamuch cOOCTBEHHBIMU BEKTOPAME MATDHIIBI
Ay, TIOJIE3HO pa300paThcs ¢ TeM, KAKOBBI UX KOODJMHATDHI, KaK UX IIPOIIE
BCET'O BBIYUCIUTD, ¥ KAKOBO UX ACHMIITOTHIECKOE MOBEIEHUE TIPH 1M — +00.
Hauném ¢ Toro, uro dpopmyiia ((5.3.9.1)) ouens moxozxka Ha hopmysry ,
38IAIOIIY 0 KYCOTHO-TIOJIMHOMUAJIBHYIO IIJIOTHOCTD Py, (1) T-KpaTHOMN CBEPTKI
X{"1/2,1/2) PABHOMEPHOI'O DACHpPEJIE/IeHNs Ha [—1/2,1/2]:

m t—i— m/2 o )m 1
= 5.3.13.1
" z% Kl(m — &) ( )

Orcioma Mbl cpady (mocie 3amensl t <> —t u 3arem k <> m/2 —t — k)
IOJLy9aeM, 9ITOo
m - m

m
(Vo)e =pm(=t) =pm(t) mpui=—7, =5 +1,..., 5 (53132)

HOCKOJIBKY P, (t) — dernast pynkuus. Bosiee obmio, j-kparHoe nuddepen-

nupoBanue gopmybl (5.3.13.1) maér

(v;)e = i p(t) (5.3.13.3)

npu 0 < j <m—2u —m/2 <t < m/2; 31ech HAM TPUTOUIICST HOPMUPO-
BOYHBIII MHOXKHUTE/b (mjl) u3 (5.3.9.1)), koropsrit ynauno coxkparuiics. [Ipu
j = m — 1 curyarusi 9yTh Oojiee CJIOKHAsI, TaK Kak (m — 1)-as npon3Bo/Hast
bynxmum (t + m/2 — k)7~ paspbisra B (110/1y)TIeIBIX TOYKAX, T HAM HAJIO
BLIOpATh, XOTUM JIM MBI HCIOJIL30BaTh JIEBOCTOPOHHIOI WJIM IPABOCTOPOH-
HIOIO [TPOU3BOJIHYIO, YTO COOTBETCTBYET Hadaay cyMMupoBanus ¢ k = 0 win

k =1 B dopmyse (5.3.7.1). B urore nosryuaem

(Vm1 )t = %piﬁ” D(t+) (5.3.13.4)

(n71st ipoBepku 3amerum, uto (v, )¢ = 0 upu t = m/2 cornacuo (5.3.9.1)),
TaK YTO HPAaBUJIbHBINA BHIOOD UMEHHO TAakoB), T.e. (hopmyia ((5.3.13.3) BepHa
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U OpH j = m — 1, ecjiu yCIOBUTBCS UCIIOJIB30BATh IIPABOCTOPOHHEE ITPOU3-
BOJHBIE. JAH&HOI‘I/I“IHO7 ’U,r_n_l BOBHUKaET IIPpU HNCIIOJIb30BaHUU JIEBOCTOPOHHUX
IIPOU3BOJHBIX:
- (=)™
(V1) = ] P (t—) (5.3.13.5)
m—1)!

[Ipu sTOM pasHOCTL MeXKJy JByMs BapuaHTamu (m — 1)-oit TIPOM3BOIHOI
JaéT BCIIOMOTATEIBHBIA BEKTOD U, = v, _; — v, 1 u3 (5.3.9.3)):

Sy (=1)m> m _ D™ m—1
(O )¢ = ICED (m/2 B t) = m(pgn J(t+) = pi V(1))
(5.3.13.6)

Takum obpazom, ¢ MoYHOCMBIO 00 YMHOHCEHUA HA KOHCMAHMY COOCMEeH-
noLli 6EKOP Vjp1 — 9Mo mabauya 3naverutd j-ot npoudeodnots Kycowno-
NOAUHOMUGALHOT, PYHKUUU Dy (t) 6 UABIT UAU NOAYUEABIT MOoUKaT t = —m /2,
—m/2+1, ..., m/2. [Ipu j = m—1 nadaesrcum ucnosv3o6amo npagocmopo-
HUE NPOU3BOIHDIE, G BCNOMOAMEALHBIT GEKMOP Uy ECTNG MAOAUUA BEAUNMUN
paspwuieos (m — 1)-o0t npouseodroti Gynkyus Py, (t).

5.3.14. (CuMMeTPUYHOCTH COOCTBEHHBIX BEKTOPOB V;.) IIoCcKOIbKY Py, (t) —

uérHas MYHKIMS, Mbl cpa3y nosaydaem u3 (5.3.13.3)), uro
(v;)—e = (=1)(v;); 1pum [t|] <m/2,0<j<m-—2 (5.3.14.1)

YTO HEOYEBUJIHO U3 (DOPMYJIbI , XOTs U BIIOJIHE OYKUJIAEMO, TTOCKOJIb-
Ky Marpuna A,, KOMMyTHpyeT C <«oIeparopoM dYérHoctu» P : e; +— e_y,
P = (05,_¢), a 3Ha49UT, COOCTBEHHBIE BEKTOPA V; MATPHIBI A,,, COOTBETCTBY-
IOIIME TTPOCTBIM COOCTBEHHBIM YMCJIaM, JOJIKHbBI ObITh U COOCTBEHHBIMU BEK-
Topamu P, T.e. papencTso Pv; = +v; npu 0 < j < m — 2 6bI0 02KU1aEMO.
Yo xe KacaeTcsd j = m—1, TaM cuTyarus nHas U3-3a PA3HUIIBI MEXK/LY JIEBO-
CTOPOHHUMH U TPABOCTOPOHHUMHE ITPOM3BOAHBIMHE, cM. ((5.3.13.4)) u (5.3.13.5)).
Mpsbr nostygaem

(=)™ 'Puf =, = v+ Oy (5.3.14.2)
(=)™ P(v),_ + ) = (1) 'Po,,_ = v, (5.3.14.3)

OTKy,ZLa MOZKHO 3&K.}HO‘II/ITI), 9To
P(v) | +0,/2) = (-1)""Y v} +9,,/2) (5.3.14.4)

Py, = (—1)0,, (5.3.14.5)
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WNuarie roBopsi, ecyii Mbl XOTHM IOJIYYUTH COBMECTHBINH COOCTBEHHBIH Oa3uc
KOMMyTHUpyomux marput, A, u P, HaM HaJJIe2KUT B KadecTBe COOCTBEH-
HBIX BEKTOPOB, COOTBETCTBYIONINX COOCTBEHHOMY YHCTY 27" MaTpuibl A,,,

HNCIIOJIB30BAaTh
S % = v}, + ”7’” (5.3.14.6)
v.o=v, | —v | =0, (5.3.14.7)
a TaK>Ke
U, = Uy (5.3.14.8)
ul = i, — “’;‘1 (5.3.14.9)

qro6bl coxpanuth pasioxkenne C = o' wl |+ v W/l us (6-3.9.5),
obecrieanBaIee TBOMCTBEHHOCTH GA3MCOB.

Torna Pv! | = (=1)"'/ | u Pv, = (—1)™v , orkysa ciejiyer
Pul, , = (=1)"') | nu Pul, = (—1)™u, naa asoiicTeennoro Gasuca.
Bekrop v/, ; COOTBETCTBYET BBIOOPY IIOJyCYMMBI JIEBOCTOPOHHEI U TIPABO-
CTOPOHHEH IPOM3BOJIHOl B TOYKAX PA3PBIBA, IPUMEPHO KAK 3TO OOBIMHO JIe/Ta-
ercs B Teopun pajoB Pypbe. Y HAC BOSHUKAET cOOJIA3H 11ePpe0bO3HAUUTD «OC-
HOBHOI» COOCTBEHHDIN BEKTOD U, 1, BBIOPAB €ro paBHbIM v, |, a He v, |,
U OCTABUTH BCIIOMOIATEJILHBIH ,y,, BO3MOXKHO, 11€PEOOO3HAUNB €r0 U,,. To-
ria {v; }o<j<m OyaeT coBMECTHBIM cOGCTBEHHBIM Gasucom A, u P, npuduém

Pv; = (—1)v; pnsa Beex j.

5.3.15. (Murepruperanus v), | u v/, KakK yCPETHEHHBIX MPOU3BOIHBIX.) OT-
MeTuM, 4T0 v, | U v, = U,, = U, TAKKe JIOIYCKAIOT HHTEPIPETAINIO KaK
POU3BOJIHBIE Py, (1), YCPEJIHEHHBIE IO MaJIEHbKIM OTPE3KaM C IEHTPOM B t:

9 t+e p(mfl)(t)
! =21 gt 5.3.15.1
(vm—1>t c ;L% . (m _ 1)' ( )
t+e (M)
m t
W) =tim [ 2 g (5.3.15.2)

e—0 t—e (m_1>‘

rJjie MOCJIeIHUI MHTerpas HaJJIesKUT MOHUMATh KakK MHTerpaJj 0OOOIEHHBIX
dbyuxuit. Kpome Toro, y 3THX JIBYX BEKTOPOB «IIPABUJIbHASA» YETHOCTD, CO-
orBeTcTByMoMmast (m — 1)-oif 1 m-0if TPOU3BOIHBIM YETHO (DYHKIHU Py, ().
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5.3.16. (IlociencTBusi cUMMETPHYHOCTH ¥; B W; AT KO3(DMUIHEHTOB c;
dbopmyier ((5.3.1.2)).) Bamerum, uro xosddurmentsr ¢; dopmyist (5.3.1.2))
JIJ11 TOYHOT'O BBIYMCJ/IEHUS BEPOSATHOCTU BO3BpaTa B HAYaJIbHOE COCTOSTHHE 33,
N TAaroB — 3TO YHUCJIA

¢; = (vj-1)o - (wj-1)o (5.3.16.1)

ITockosbky Pvj_; = —v;_1 g 4€THBIX j coryiacHO (5.3.14] MBI 1I0/Iy4aeM
(v;-1)0 = 0 u Kax cirencrBue ¢; = 0 gyt Beex 46THBIX § B ((5.3.1.2)).

5.3.17. (9ddexruBHOE BbIUMCIIEHIE BCEX COOCTBEHHBIX BEKTOPOB. ) [Tockoib-
KY IIPOM3BOJIHBIE MHOTOUJIEHA — 9TO (C TOYHOCTHIO J0 YMHOXKeHHs Ha (DaKTo-
puait) ero Ko3hUIMEHTBI TTOCIe 3aMEHbI [IepEeMEeHHOi, MOKHO 3(DdEKTHBHO
BBIMUCJIUTH BCE COOCTBEHHBIC BEKTOPA ¥; C IIOMOIIBIO CJIeIyIONIEro ajJropuT-
Ma, CTPOSIIEro MOC/Ie0BATEIbHOCTD MHOTOWIeHOB Py (X)) € Z[X], Takux, 9to
Pi(z) = (m—1)!pp(t+2) npu 0 < 2 < 1; K03pHHUIUEHTH STUX MHOTOUICHOB
cpasdy gaoT (V)

SO —m/2— 1(X)<—O,t<——m/2

(), (B = (—1)7e/(m — 1)

) P

S1) ¢

S2) P(X)« P (X +1)+ X!
)

S3) (v)) = (m 1 [XJ]Pt(X),zmﬂj:O...m—l. Barem t <~ t+ 1, u ecin

t < m/2, BepayThCs K miary S1).

Buech [ X7 P(X) oboznagaer koadpdurment npu X7 B Py(X). Cambiit Tpy10-
EMKHIl 1ar B 3ToM ajropurMe — 3710 S2, Kotopeiit Tpebyer O(m?) apudne-
TUYECKUX ONepaIdit (LleJIO‘{I/ICJIeHHbIX CJIO}K€HI/H71) JJ1d 3aMEHbBI IIEPEMEHHON B

MHOrowieHe. Ecjn Mbl XOTUM BBIYUCIATH CI/IMMeTpI/ISOBaHHbII/I BEKTOP ’Um 1

BMecTo v,h |, Haj0 clierka ucnpasuTh S3), BerauTast ¢;/2 uz [XI]P(X) npu
j=m—1.

5.3.18. (CBs3b COOCTBEHHBIX BEKTOPOB ¥; ¢ MHOIOYIEHAME DPMHUTA. ) 3ane-
o o *m

TUM, 9TO Py, () — 9TO IIIOTHOCTH M-KPATHON CBEPTKH X[\ j2,1/2]» 1 TIOTOMY TIO

HEHTPAJIBHOI IPEJETBHON TeOpeMe Py, (t) TPUOIN3UTETBHO PABHO IJIOTHOCTH

po(t) HOpMasbHOTO pacupegesterns N (0, m/12), tne o = y/m/12:

6 2
m(t) ~ crt - — e~ 0/m 3.18.1
palt) ~ polt) = | 2 (5.3.181)
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[TockombKy (v;); 33a10TCA 3HAMEHUSME j-Off [IPOM3BOIHOIL (—1)jp%) (t)/4!,
MBI MOYKEM IPEIOIOKUTH, ITO

—1) .

(v,); = %;@(t) (5.3.18.2)

J!
Osmaxo j-as npomssommas e /2 pasma (—1)7h;(t)e 72, tme hj(t) — wmo-
rowieH Jpmuta crenenu j. Ilosromy BekTOp v, (o Kpaiiueil Mepe, mpu Ma-
JIEHBKUX j) MMeeT OTHOIIEHNE K MHOTO4/IeHy JpMura h;(t), min cKkopee K ero

OTMACIITabUPOBAHHO Bepcun hg.m/ 12 (t):

1 rmy\=-1/2 i
Wik N (E) B (e (5.3.18.3)
rie
h[UQ] X nh —1X iy (_Jg)rn! Xn—2r 5.3.18.4
n (X)) =0"hy(0 )—;m (5.3.18.4)

MHOTIOYJIEHBI DPMUTA, OTMACIITAOMPOBAHHBIE TAK, YTOOBI OBITH YHUTAPHBIMU
1 opToroHa/bHBIMU oTHOCHTebHO N (0, 02).

5.3.19. (IIpenmoraraemast CBsI3b COOCTBEHHBIX KOBEKTOPOB U; C MHOIOUIIE-
Hamu Dpmura.) Hamomunm, 4o cobcTBeHHBIE KOBEKTOPA U,; 00PA3YIOT JABOI-
CTBEHHBII 6a31C U IOTOMY CBA3aHBI C V), COOTHOIIEHNSAMHI OPTOTOHAIBHOCTI

To
u; Vg = dj, eM. (9.3.12.3). Ecim npencraputh cebe, 4TO KOODIMHATDI U;j TaK-
’Ke TPHUOJIN3UTEBHO 3a1al0TCs 3HAYEHUSIME HEKOTOPO# Tyaakoil (byHKIn

u;j(t) B Toukax —m/2, ..., m/2, TO COOTHOIIEHNSI OPTOrOHAJIBLHOCTH MOLYT
OBITH 3aIMCAHBI KAK
m/2 k k
—1 —1
=Y Slwnn = [ S0 a
ez RO (5.3.19.1)

Lm0 [ g o2
N ———(— h tyuj(t)e o mat
=) [ e
cormacuo (5.3.18.3)), me. dynxumm u;(¢) TOKHBL OBITH IPUOIU3UTEIHHO Op-

12 —6t2
TOTOHAJIBLHBI (DYHKITUSIM hLm/ ](t)e 6t%/m orHOCHTENBHO MephI JleGera, mim,

YTO OJ{HO U TOXKE, MHOTOUJICHAM DPMHTA hLm/ (t) orrocurensro N'(0,m/12).
XOPpoIIIo U3BECTHO, UTO JI/Isk 00BIYHBIX MHOrOUIeHOB DpMuta, (i (1), hy(t)) 24y =
d;1k!, Tne v — cranmaprHas rayccoa Mepa Ha R, oTkyma

[ WO )00 de = bekio™ (5:3.10.2)
R
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JUIS MACIITAGHPOBAHHEIX MHOTMOW/ICHOB DpMuTa, Al 2](15) w3 (5.3.18.4). Ilpu-
MeHsIsl 3TO paBeHcTBO it 02 = m/12 u cpasuusas ero ¢ ([5.3.19.1]), mbI 10-
JIydaeM CJIeYIONLYIo (hOPMYJLY, IPEIIOJIOKUTEIHHO BEPHYIO JJisi KOMIIOHEHT
U; C MAJEHbKUMH HHIEKCAME j:

(wj)e = W) st = —m/2, —m/2+ 1, ..., m/2 (5.3.19.3)
nade roBopst, Mbl BIpaBe OKUIATL, 9TO (U;); BEAYT cebs MpubIm3nTeIbHO
KaK 3HAYCHHs B TOYKaX —m/2, ..., m/2 HEKOTOPOro YHHTAPHOI'O MHOIOUIIE-
Ha CTeleHu j, OJIM3KOIo K MHOT'OYWIEHY DPMHUTA hg-m/ 12] (1).

5.3.20. (AsprepnaruBras (HopMyta s KOBEKTOPOB u;.) O6parmmcst Te-

nepb K 6oJiee TIATEILHOMY U3yUeHUIO KOBEKTOPOB U, 3a/1aHHBIX HECKOTIBKO
nenouaTHoit opmysoit (5.3.9.2) ¢ uncaamu Crupuara:

(77 S (o

t=j

(5.3.20.1)
npu 0 < j < m—2. 3aMeTnM, UTO 9TO BhIParKeHNe — YHUTAPHBIH MHOTOYUICH
creriean m — 1 — j 1o s (6s1aromapst HOpMUPOBOTHOMY MHOXKHTEJTIO (mj_l)fl).
O6o3zHauuM gyepes

—1
i = (m | )uj mpu 0<j <m—1 (5.3.20.2)
J

BEPCUIO COOCTBEHHBIX KOBEKTOPOB 0€3 HOPMUPOBOYHOIO MHOXKHTe A, [lepe-
obo3HaunM s OykBOit X, JIOMHOXKHUM II0JIy 9UBIIIeecst BbIpakeHue Ha Y7 u 1npo-
CYMMHUPYEM II0 BCEM J:

m—1

= (—1)”““{ ) }(X+Y+m/2—1)f

(5.3.20.3)

Orcro/1a MBI 3aKJII0O9aeM, ITO
s+m/2—1
(Om-1-3)s = V)Y +s5+m/2-1)L =] J[ (Y +k) (53204)

k=s—m/2+1
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s+m/2—1

J k=s—m/2+1

N3 sroit popmysabl cpa3y ciie/lyeT, HalpuMep, 9To
Uyt = U1 = (M — 1) (€m2 + (—1)" e_n)2) (5.3.20.6)

I7e e, — CTaH apTHBIe Oa3MCHBIE BeKTOPa, OTKyAa BBUAY ((5.3.14.8))

Uy = U1 = (m— 1) (em + (—1)" e_n)) (5.3.20.7)
- Upm—1 (m — 1)' m
u, = Uy — 5 = 5 (em/2 +(—1) e,m/g) (5.3.20.8)

Kpowme Toro, (5.3.20.5) npu j =m — 1 naér
(u0)s = (to)s = 1 (5.3.20.9)

Bupodewm, mociie/iiee paBeHCTBO HEIOCPEJICTBEHHO cirenyeT u u3 (5.3.20.1)).

5.3.21. (DddexTuBHbIil aaropuT™ Jijig BHIYUCIEHNS BCEX KOBEKTOPOB.) 3a-

MeTuM, 9TO (|9.3.20.4)) MOXKET UCIOIB30BATELCS I OYeHb 3(PHEKTUBHOTO BbI-

YHC/ICHUs BCeX U; WK W, T.e. Marpuipsl U. B camom fere, mycrs Qq(Y) =
s+m/2—1 _ 1ym-1

[T =i o (Y +E). Bermcmnm @ 2(Y) = [T, (Y — k) nenocpesncrseno,

U 3aTeM OyJjIeM I0CJIe/IOBATETbHO BBIYUC/IATE

(Y + 5+ m/2= 1)Qua(Y)
Y +s—m/2

Qs(Y) = (5.3.21.1)

npu s = —m/2+1, ..., m/2, 3anoMuHas Kax1blit pa3 kosddurmentst Q4(Y)
B s-y10 cTpoky Marpunpt U cornacuo ([5.3.20.5). Henocratomuii cobereeHHbIit
BEKTOD Uy, WK U, MOXKET ObITh 3areM Burauc/ed 1o (5.3.9.4)) mwm (5.3.20.8)).
OrmernM, aro Takke BepHO, 9T0 Q5(Y) = Qs_1(Y + 1), HO 510 ropasso
MeHee 3(POEKTUBHO € BBIYUCIUTETHLHON TOYKU 3PEHUd, TOCKOJIBKY Tpedyer
O(m?) onepanmit BMmecto O(m). Kpome Toro, peKyppeHTHOE COOTHOIIeHHe
(5.3.21.1)) ouenp moxozxKe Ha TO, YTO UCHOTIB3YETCs IPU BHIYUCICHIN MATPUIIEI
Kpasuyka: Tam Ha10 Ha9uHATH ¢ MHOTOWIeHa (1 — Y)™ 1 Ha KasKJIoM mare
yMmHOXKaTh ero Ha (1 +Y)/(1 —Y).
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5.3.22. (YuuBepcajbHble MHOTOWIEHBI L, (m, X ), 3aja0mue KOMIOHEHTHI
cOOCTBEHHBIX KOBEKTOPOB.) OTMeTnM, 4To KoMIoHeHTs! &, npu 0 < j < m—1
— 3T0 3HAveHHs HEKOTOporo muorowrena L;(m, X) crenenn j — 1 orHOCH-
teabHo X B Toukax —m/2, —m/2+ 1, ..., m/2, a KOMIOHEHTBI U; — ITO

snadenns L;(m,X) = (mj_l)_lljj (m, X). IlocmoTpuM Ha 9TH MHOTOYJIEHBI

MOBHUMATEbHEE, ocobenno npu majenbkux j. Cormacuo ((5.3.20.1)),

To(m, X) = 2(—1)’Z [m”: ! g} (m;_l . f) (x+2 - D" (3221)

u paBenctBo ([5.3.20.3|) mpuobperaer Bu

3

Lo(m, X)Y™ 1" = (X +Y +m/2 — 1)L (5.3.22.2)

I
o

n

Ormermm, uro (5.3.22.1) ompegenser Ly, (m,X) kak Muorounen or X s
Bcex m € N un € Ny, naxe eciiu n > m, ognako L,(m, X) =0 upu n > m,

[IOTOMY YTO TOTJIa B KaxKJoM cjaraeMoM dopmyssl (5.3.22.1) obparaercs

1 .
B HOJIBb Jii00 1ucyio Crupsmara [m"il_ Z] (pu ¢ > m), b0 GUHOMUATLHBII

KoahdurmeHT (m;_lf) (mpu £ < m —1).

XOpoIo W3BECTHO, HYTO [wiﬁ} npu (UKCUPOBAHHOM { sIBJISIETCSI MHOTO-

- () -

qieHoM crernienn 2¢ orHocuTesnbHO x. Hampuwmep, [ﬂ =1, [ ’ }

or = 1)/2, [%,) = 2, [7] = () () Boreo obmo,

CERIe) e

re <<Z>> — 9IJIEPOBBI YHCJIa BTOPOTO IMOPSIIKA: <<2>> = o, <<Z>> = (k +
1)<<";1>> +(2n—k— 1)<<Zj>> upu n > 1. Ormerum, aro dpopmyia
BBITIOJIHEHA I BeeX Mesibix & > 0, jaxke eciim © < n; B 9TOM CJIydae OHa
JAET TpaBuiibHOE (HyJIeBOE) 3HAUYEHME.

Bocnombzyemes (5.3.22.3) mist x = m — 1. Torma w3 ((5.3.22.1) memen-
JeHHO cyeyet, 9to Ly, (m, X) — MHOrowieH ¢ panuoHajbHbIME KO3(MdU-
IMEHTAMI OT JIBYX IepeMeHubix m u X. Bosee toro, L,(m, X ) obparraer-
¢ B HOJIb IIPU IIOJCTAHOBKE IIEJIBIX 3Ha4YeHWit m = 1, 2, ..., n, U IOTOMY
MuOTOUTeH Ly (m, X) memmrcs ma (1. Orcrona caenyer, aro Ly, (m, X) =
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13
(") Ln(m, X) — Takske muorowien or m u X (a He BCEro JIIIb yHUTAD-
HBIIf MHOTOYJIEH cTereH: 1 0T X , KO3 DUIIMEHTHI KOTOPOTO — PAITMOHAJIbHBIE
dbyHKIMKI 0T M), U MBI MOXKeM BblaucuTh L, (m, X), a 3atem u L,(m, X)

[IPU MAJIEHBKUX N, HAIIPUMED, C IIOMOIIBIO CUCTEMbI KOMITHIOTEPHO aIredphI:

Lofm, X) =1 (5.3.22.4)
La(m, X) =X (5.3.22.5)
La(m, X) = X* = 15 (5.3.22.6)
La(m, X) = X* ~ X (5.3.22.7)
5m + 2
La(m, X) = X = % 4 ;Zo+ ) (5.3.22.8)
Lo(m, X) = X° %ng m<5T8+ = (5.3.22.9)
2
Lo(m, X) = X6 — 2 ya | MOM+2) o m(35m” + 42m + 16)
4 16 1032

(5.3.22.10)
™ Tm(5m+2) 5 m(35m? + 42m + 16)
— X" - X
4 * 48 o976

(5.3.22.11)

BusHo, aro muorounensr Ly, (m, X)) npeacraBistor u3 cebs HEKOTOPbIE JIUC-
[m/12]

KPEeTHbIe IPUOJIMKEHNsT K MHOTOWIeHaM dpmuTa hy, - (X)), Hamomobue MHO-

rousenoB Kpapdayka (OpTOroHAIbHBIX MHOTOYJIEHOB OTHOCHTEIHHO GHHOMI-

AJTLHOTO PACIIPE/IC/ICHNS ).

5.3.23. (Muorowrensr L,(m, X) 3anator u, upu 0 < n < m, HO HE Uyy,.)
Taknm 06pa3oM, KOOPAMHATEI COOCTBEHHBIX KOBEKTOpPoB u; mpu 0 < j <
m — 1 JeHCTBUTENBHO SIBJIAIOTCS 3HAYEHNSMH HEKOTOPBLIX YHHBEPCATHLHBIX
MHOTOYJIEHOB CTeIeHH j, B moJHoM coryacut ¢ [5.3.19;

(uj)s =L;j(m,s) mpu0<j<m-—1s=—-m/2, —-m/2+1, ..., m/2
(5.3.23.1)
OrmernM BO m3bexkaHUe HeIOpa3yMeHUil, 4TO OCTABIIUNCS «BCIIOMOTATE b
HBIl» COOCTBEHHBINH KOBEKTOD U, WM €r0 CHUMMETDUIHAsI BEPCHUS U, He
3a/at0Tcd 3HadeHusMu Ly, (m, X). Bupouem, stu n1Ba KoBekTOpa 06/1a1210T
TOJIBKO OJTHOW WJIM JIByMsI HEHYJIEBBIME KOMIIOHEHTAMH W JIETKO HAXOJSTCA

o dpopmyite (5.3.9.4) wm ((5.3.20.8]).
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5.3.24. (Muorowrensr L,(m, X) He SIBISIOTCS HOCIEI0BATEIBHOCTHIO OPTO-
FOHAJIBHBIX MHOrOWIEHOB.) OTMeTrnM, 910 MHOrOWIeHbl Ly,(m, X) He saBis-
IOTCA OPTOTOHAJBHBIMU HU C KAKUM BecOM, Kakoe Obl m € R He ObL10 OBbI 3a-
dbuxcuposano. B sToM 1m1ate OHI IPUHINIAAIBHO OTINIAIOTCA OT MHOTOUIE-
nos Kpasuyka. B camom nene, (Ly(m, X) mod Ls(m, X)) mod Ly(m, X) =
Ly(m, X) — X Lz(m, X) + FLa(m, X) = {55 # 0 upu m # 0, a j1sa opTo-
TOHAJIBHBIX MHOTOYJICHOB JIOJIZKEH ObLT OBl MOJMYIUTbCA HOJMb. [Ipm m = 0
muorowten Lo(0, X) = X? raxxke He MoxkeT GbITh oproronasten Ly(0, X) = 1
HI C KAKIM BECOM.

5.3.25. (Yérnocrs muorowienos L, (m, X).) TIposepum, 910 MHOrOYJI€HDI
L,(m,X) derus! (oTHOCHTETHHO X ) DU YETHOM 71, U HEUYETHDBI DU HEUET-
HOM:

L,(m,—X)=(-1)"L,(m,X) mna scex n € Ny (5.3.25.1)

JlocTaTovHO MTPOBEPUTH ITO TOKJIECTBO MHOTOYJIEHOB /I OECKOHEYHOT'O KO-
JITYEeCTBa KOHKPETHBIX 3HaYCHUN M, HAIIpUMep, JIJId BceX neanix m > n+1. B
9TOM CJIydae JIOCTATOYHO MPOBepUTh ero st L,(m, X). OgHako MHOroWwIeH

m—1 m/2—1
Lo(m, X)y" ' =[] (X+Y+1) (5.3.25.2)
n=0 t=—m/2+1

u3 (5.3.22.2) ymmoxaercs ma (—1)"™"' npm oxmoBpemenHOi 3amene X <
—X 1Y < —Y. Orcoofa nojyuaem xejaemoe papencrso Ly(m, —X) =
(—1)"L,(m, X) nns Beex 1easix m > n + 1.

5.3.26. («®opmyna Poxpurecay masg L,(m, X).) OrmernM, 910 COTIacHO
dopmyne Teitnopa mjss MHOrOUIEHOB TOXKIECTBO ((5.3.25.2)) paBHOCHIBHO

1 d m—n—1 m/271
o (m, X) (m—n—l)!<dX) [T &x+0 (53261
t=—m/2+1
W, TIOCKOJIBKY Ly, (m, X)) = f/n(mv)()/(m;l)?
m—-n—1 m/2—1
L(mX)_"_!<i) [ e+t (5.3.26.2)
o(m, (m— 1\ dx o o

JIJIST BCEX IEeJIBIX m > n + 1.
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5.3.27. (Muorowrensr L,(m,X) obpasyior mocae0BaTe bHOCTD ATIIess. )
Ormerum, uro u3 (5.3.26.2) HEMEIIEHHO CIELyeT, UTO YHUMAPHbLE MHO20-
waenol Ly,(m, X) o6pasyrom nocaedosamesvrocmo Anneas:

L (m,X) = %Ln(m,X) =nL,_1(m,X) (5.3.27.1)
B srom tutane MuOTOUIEHBI Ly (1, X)) stydriie npubinzKaroT MHOTOUYIEHBI DP-
MUTa, YeM MHOTO4YIeHbl KpaBuyKa, MOCKOJIBKY MHOTOWIEHBI JPMUTA TOXKE
obpasyroT mocjieoBaTebHOCTh Atiesist. Bojiee Toro, n3 9Tux JBYX CBOHCTB
MHOT'OYJIEHOB DPMUTA — OPTOTOHAJBLHOCTU U TOT'O, YTO OHU 0OPA3YIOT MOC/Ie-
JIOBATEILHOCTD ATITe st — HEBO3MOXKHO COXPAHUTH 0OJIee OJTHOTO, TIOCKOIbKY
[OCJIeIOBATEIbHOCTh MHOTOUYJIEHOB DPMUTA — €JUHCTBEHHAs (C TOYHOCTHIO
110 adDUHHOl 3aMeHbI IepEeMEeHHOIT) TOC/IeI0BATETLHOCTE MHOTOYIEHOB, sIB-
JISIOIIAsICST OJJHOBPEMEHHO OPTOrOHAJIBHON (OTHOCHTEIBLHO KaKON-HUOY Ib T10-
JIOXKUTEJIbHON MEPBI) U MOCJIEI0BATETLHOCTIO ATIIe)Ist.

5.3.28. (LlenTpasnbuble pazHoctun MHOTOWIEHOB Ly, (m, X).) ITomuwmo ((5.3.27.1)),
MHOTOWIEHBI Ly, (m, X)) yIOBIeTBOPSAIOT €ro JAMCKPETHOMY AHAJOLY C IICH-
TPaJIbHBIMU KOHEYHBIME PA3HOCTSIME BMECTO [IPOU3BO/HON:

1 1
VLa(m, X) = L (m, X+§> —Ln, <m,X—§) — Ly, (m—1,X) (5.3.28.1)

JlocTaToOvHO MMPOBEPUTH 9TO TOXKJIECTBO IOCJIE TI0JICTAHOBKUA BCEBO3MOXKHBIX
nesisix m > n + 1. B aTom cirydae oHO paBHOCHJIBHO

L, (m,X + %) ~ L, <m, X - %) = (m—1) Ly (m—1,X) (53.282)

YTO HEME [JIEHHO TTPOBEPSIETCsI C TIOMOIIBIO TPpOu3Bo/Isieit pyukimn ((5.3.25.2)).

5.3.29. (Muorourenst L,(m, X) npu m = 0.) JokaxeM, 410

L,(0,X) = X" (5.3.29.1)
WM, 9YTO PaABHOCUJIBHO,
- ~1
L,(0,X) = ( )X” = (=X)" (5.3.29.2)
n

st sroro nmpumenum popmyity (5.3.22.1)) npu m = 0. Bo3uukarorue B Heit
qucja CTupmHra [_21} JIOJIZKHBI OBITH OIIpe/iesieHbl 1o (opmyiie (5.3.22.3)),
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KOTOpas JaET

BRI s s

[TomcranoBka tux 3HadeHuit B ((5.3.22.1]) maér
T - L —1-4 n—{
La(0,X) =) (-1) (X —1) (5.3.29.4)

n—=¥¢
(=0

[TockombKy (;Ll_f) = (—1)"7*(}), ara cymma papua (—1)"X™ 1o 6uHOMY.

5.3.30. (Cobomunte wrenst L, (m, X).) Ilycrs
a,(m) := Lg,(m,0) (5.3.30.1)

— MHOTOYJICHBI OT 1M, SIBJSIONINECT CBOOOJIHBIMU YJIEHAMU MHOTOYICHOB L,
¢ 4€THBIME WHIeKcaMu. Hampumep,

ag(m) =1 (5.3.30.2)
ar(m) = —% (5.3.30.3)
as(m) = m(ZmTJ” (5.3.30.4)
as(m) = _m(35m” A;;fm + 16) (5.3.30.5)
aa(m) = m(5m + 4)(:;54?5; 56m + 36) (5.3.30.6)
o) — B3+ 1540m° 1+o fgjng H288m A TO8)

[Tockonbky Lag,41(m,0) = 0 cormacuo ((5.3.25.1), u L,, o6pasyror mocsenoBa-
TesibHOCTD Armrestst (eM. [5.3.27]), MbI MOKeM BOCCTAHOBUTH BCe L, 10 mocie-
JIOBATEJIbHOCTH UX CBOOOJHBIX “WieHOB {a,(m)}:

/2]
L(m, X) =Y <" >al,(m)X"_2” (5.3.30.8)

2v
v=0

Taxum 06pa3oM, €CJIn MBI HAY IUMCST BBIYUC/IATH MHOTOWIEHDI G- (1M), MBI T€M
caMbIM orpejiesiuM Bee Ly, (m, X).
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5.3.31. (Pexyppenrnast dbopmyina st a,.(m).) Mbl MOKeM BBIBECTH PEKYp-
PeHTHYTO (DOPMYITy JIJIsi MHOTOUIEHOB a,(m) ciemytonumM obpasom. [Tomicra-

BuM X =0, n = 2r + 1 B dpopmyiy (5.3.28.1)):
1 1
Loy (m 5) — Loy (m, 5) = (27 + 1)Ly, (m — 1,0) = (2r + 1)ay(m — 1)
(5.3.31.1)
Tenepb BhIpasuM JIEBYI0 CTOPOHY 9TOI'0 paBeHCTBa ¢ momorbio (5.3.30.8)):

(2r + 1a,(m — 1) = Z (27” + 1> 0, ()4

—~ 2v
- o (5.3.31.2)
2r+1
= (2 1Da, 4" "a,
(2r + )a(m)—i-;o( o ) a,(m)
OTKY/da II0JIyJa€eM Pa3HOCTHOE yYpaBHEHUE
r—1
1 2r+1
— —-1)=-— 47 .3.31.
a,(m) — ap(m —1) 27”—1—1;( . ) a, (m) (5.3.31.3)

HO3BOJISTIONEe HAWTH a,.(m), ecam yxke m3BecTHBI Bee {a,(m)}o<y<r—1, TO-
ckosbky a,(0) = 0 mpu 7 > 1 1o ((5.3.29.1)).

5.3.32. (Crenens u crapmit kosddurment a,.(m).) Orvernm, aro u3 (5.3.31.3)

u ag(m) = 1 10 MHIYKINN HEMEJJIEHHO CJIEYeT, UTO (M) — MHOIOWIEH
crenern (B TouHOCTH) 7. Bojiee TOro, Mbl MOXKEM BBIYHCIUTH €10 CTapIInii
K03 burment:

s (m) = =[]y (m) — a,(m — 1)

(5.3.32.1)
1 o +1\ . .,
RS (27“ - 2>4 [ Jar—a(m)
OTKY/Ia o 1
[m"a,(m) = — 3 [m" Ha,_1(m) (5.3.32.2)
ar(m) = (—1)7“%7717“ +O0(m™) (5.3.32.3)

[m/12]
Jlnst cpaBHEeHUsI, CBOOO/IHBIE YJIEHBI MHOTOYJIEHOB DpMuta hy, (X) zaza-
12
I0TCST BHIPAYKEHUSMNI h[;f/ ](0) = (2r—1)!'-(—=m/12)", 1.e. ecam ocraBUTH OT
a, (M) TOJBKO WIEHBI K cTapIieil crernenu m’, MHOTOWIEHb! Ly, (m, X) mpe-
[m/12]
BpAIAOTCs B MHOrOUIeHbl dpmuTa hy, '+~ (X)), 9o yrouHser npubinzKeHHOe
pasencTso ((5.3.19.3)).
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5.4 Pacmupennnlie 1ienim MapkoBa

SaMeTuM, 9TO MbI MOIVIM ObI HE OIPAHMYINBATE C CAMOI'O Hadaja MHOKECTBO
cocTosiHui 1enn MapkoBa 3 HpejblIyInero myHkra m + 1 auciamu —m /2,
—m/2+ 1, ..., m/2, a Moryiu Obl paspenuTb GoJiee MUPOKOE MHOKECTBO
cocrostauit —M /2 ... M /2, rime M > m — npou3BOJILHOE IIEJI0e TUCIIO TOH Ke
qérHOCTH, 9TO U m. [locMOTpUM, 9TO M3MEHSAETCA IPU TAKOM PACIIAPEHUH
MHOZKECTBa, COCTOAHUNA.

5.4.1. (Pacnpocrpanenne pe3ynbraToB Ha GoJiee MIMPOKOE MHOXKECTBO CO-
crostauii.) B neiicrBurensrocTn Hata ek MapkoBa odeHb ObICTPO yberaer
Ha GECKOHEYHOCTb U3 COCTOSIHUi § ¢ |s| > m/2, Tak 4T0 HOBbIE COCTOSHUS
IIPUBHOCAT B MaTpuIily A,, OrpOMHYIO HUJIBIIOTEHTHYIO YacTh, HO HHUKAK He
MEHSIIOT €€ HEeHYyJIeBble COOCTBEHHBIE YHCJ/Ia U UX KPATHOCTb.

Yro0b1 yoemmThes B 9TOM, 3aduKcupyeM Kakoe-HUOy b M > m Kak Bbl-
wte, u mycts A, — MaTpuia nepexonos e MapkoBa ¢ paciipeHHbiM MHO-
xKecTBOM cocrostanii. Takum o6pasoM, A, — 9T0 KBajipaTHas MATPUIA 110-
psaaka M + 1, conepxainast A,, B KadecTBe MOAMATPHUILI. DJIEMEHThI (fljjl)ts
BBIMUC/ISIIOTCS C TIOMOIIBIO POBHO TO# ke (hpOpMYJIbI , KOTOpast, OJI-
HAKO, Terepb MIpUMeHNMa, ToJIbKo ecian N = 2" > M (a we m). [losromy mbl
MOYKEM OIIPEJICIUTH MATPHUIIBI Cg.m), 0 <7 <m—1, 1 BeKTOPA Vj, Uy, Uj, Uy,
POBHO TaK Ke, KaK U PaHbIlle, HO ¢ 60JIee MUPOKMMHI MHOYKeCTBAMU UHIEKCOB

KoOpAuHAT. EnHCTBeHHOE CcyIecTBeHHOE oTymare — dopmyy (9.3.9.4) mis
U,, TElepb HaJO 3alMChIBATH KaK

(@) = (Wm_1)s - [s = m/2] = (Up_1)s - [s > 0] (5.4.1.1)

r7ie MBI 6OJIbITIE HE MOZKEM II0JIB30BATHCH TEM, UTO [§ > 1M /2] = 0 /2, HO 32TO
BOCIIOJIB30BAJIUCH Te€M, 9TO (Uy,—1)s = 0 ipu 0 < s < m /2, 1 HOTOMY yCJIOBHE
s > m/2 MOXKHO 3aMeHHUTD Ha bostee Kpacupoe yciopue § > 0. Cummverpuanast
Bepcust u, = Uy, — Wy,_1/2 OyeT OITOMY Teleph paBHa

.= sgn(s)

(Um)s = (u,, 5 (Up—1)s (5.4.1.2)

Y KOBEKTOPOB U; BOSHHUKACT MHOI'O HOBBIX HEHYJIEBBIX KOMIIOHEHT, KOTODbBIC
MOryT OBITDL BBLIYMCIICHEI C IIOMOIIIBIO TEX 2K€ YHUBEPCAJIbHBIX MHOT'OYJ/IEHOB
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Lij(m,X) n3/5.3.22¢

(u;)s = Lj(m,s) a0 <j<m-—1uscexs= % (mod 1) (5.4.1.3)
(W )s = wlﬁn_l(m’ §) Il TeX XKe S (5.4.1.4)

Hamporus, Bce HOBbIe KOMIOHEHTBI BEKTOPOB ¥; OKasKyTCsd PaBHBI HYJIIO, a
crapble HO-TIpeskHeMy OyayT 3a1aBarbest dopmynamu ((5.3.13.3]), koropsie,
BIIPOYEM, JIAIOT IPABUJIBHOE HYJIEBOE€ 3HAUYEHHME U JJIsi HOBBIX KOMIIOHEHT.
Paznowkenns (5.3.9.6) u (5.3.9.5) mns A7, u 17151 pacIIMpeHHBIX MATDHIT Cgm)
OyIyT Mo-1pexkHeMy BepHBI, u npuMenenue [5.3.10| mo3BosIseT HAM 3aKJIIO-
YUTh, YTO COOCTBEHHBIE YHUC/IA flm — om0 0w 27 toprn 0 < j < m — 1
KpaTHOCTEL 27771 paBHa panry MaTpHIb Cg»m), KOTOPBIi HE MOI' YMEHBIUTh-
sl OT pacHIUpeHus, U HOTOMY KPaTHOCTh COOCTBeHHOro umcia 271 pasna
equnutie npu 0 < j < m — 1 u gpoiike ipu j = m — 1. CooTBETCTBEHHO,
KPaTHOCTb HyJIeBOro cobcrBenHoro uncia pasua M — m. Kpome Toro, (pac-

MIIPEHHbIE) BEKTOPA v, HO-IPEKHEMY ABJIAIOTCH COOCTBEHHBIME BEKTOPAMH,
a u; — COOCTBEHHBIMH KOBEKTODAMH MATPHUIILI A,,.

5.4.2. (CeoiicTBa npoekTropa P Ha cyMMy COOCTBEHHBIX IPOCTPAHCTB, COOT-
BETCTBYIOIIUX HEHYJIEBBIM COOCTBEHHBIM uncsiaM.) [Toxkaiyii, camoe 6osibioe
OTIMUME PACIINPEHHO MATPUILI A, OT HCXOLHOR A,, 3aKJIIOYACTCH B TOM,
YTO IIPOEKTOP

P=Y c"™=> vul (5.4.2.1)

OoJsiee He paBeH €JIMHUYHON MaTpHUIle, a SABJIAETCI UJIEMIOTEHTHON MaTpuIleit
(P2 = P) panra m -+ 1, 3ajaoIreil MpoeKIuio PACIINPEHHOT0 BEKTOPHOI'O
IIPOCTPAHCTBA V = kMt pa CyMMYy COOCTBEHHBIX IOIIPOCTPAHCTB, OTBEYa-
IOIUX HEHYJIEBBIM COOCTBEHHBIM YUC/IaM MaTPUITHI A Bupodewm, coorHore-
HISI OPTOTOHATILHOCTH U’ v}, = 0, COXpAHAIOTCA, HAIIPIMEP, ITIOTOMY 9TO BEK-
TOpa v; B PA3JI0KEeHUH He TiepecTasn ObITh JTNHENHO He3aBUCUMbBIMU
nocJie 1006aBJIeHAd JIONOJHATEIBHBIX KOMIIOHEHT, PaBHO KaK U Uj, OTKyJa 1
u3 ujeMrnoTeHTHocTH P cieyer opToroHaj bHOCTE (Jinb0 MOXKHO 3aMETHUTh,
YTO HOBbI€ KOMIIOHEHTBI ¥}, PABHBI HYJIIO, & CTapble KOMIIOHECHTDI U, HE U3Me-
HUINCh, TaK YTO HEe W3MEHUJIOCHh U CKAJISIPHOE [IPOU3BE/IeHNE). 3aMeTUM, UTO
BCE HOBBbIE KOMIIOHEHTBHI COOCTBEHHBIX BEKTOPOB V; PaBHBI HYJIIO; IIO3TOMY
obpasz P, T.e. cymMMa BceX COOCTBEHHBIX TOJIIPOCTPAHCTB, COOTBETCTBYIONINX
HEHYJIEBBIM COOCTBEHHBIM YUCJIAaM, eCcTh (m + 1)-MepHOe IPOCTPaHCTBO BCEX
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BEKTOPOB, BCE HOBBbIE KOMIIOHEHTBI KOTOPBIX PaBHBI HY/I0. TakuM ob6pasoMm,
IPOEKTOP P «CKUMaeT» PACHIIPEHHbIE BEKTOPa Y J0 BEKTOPOB, BCE HEHYJIe-
BBbI€ KOMIIOHEHTBI KOTOPBIX UMEIOT HHJIEKCHL |s| < m /2. DTo «cxKaTHE» MOXKHO
OINCATH CJIELYIOMUM 00Pa30M: KOMIIOHEHTEI Y, OOJIBIIIOrO BEKTOPA Y CYMMU-
PYIOTCSL C IIOJMMHOMHATIbHBIMI Becamu (u;); = L;(m,t) (3a nckiodennem
Jj =m — 1, s kKoroporo dhopMyJia He IOJHHOMUAIbHAS), H 3aTeM II0JIy YeH-
Hble KOI(DMUIUEHTEL ¢ JOMHOXKAIOTCH Ha KyCOYHO-IOJIMHOMHAAIBHLIE (DYHK-

n (—1)jp7(%) (t)/7! m cymmmupyroresi. ItoroBasi KyCOYHO-ITOTMHOMUATbHAS
dbyHKIUS BBIUKCAACTCH B TOUKax ¢ = —m/2, —m/2 + 1, ..., m/2, aro u
JIa6T BCe HEeHyJIeBble KOMIIOHEHTBI poeKimn Py.

OrMerum, 9To NPH KEJAHUHU Mbl MOIJI Obl BBIYUC/IUTD 3HAUCHUs «CXKa-
TON» KYCOYHO-MOJIMHOMUATHHON (DYHKITH » j(—l)j c;pW(t) /4! e Tombko B
IEJIBIX MJIH TOJTYIIENIBIX TOUKAX ¢, HO M B IPOMU3BOJIBHBIX BEIECTBEHHBIX TOU-
Kax ¢, KeJaTeJbHO NPUHAJJIEKAIUX OTPe3Ky [—m/2,m/2] (unaue mosy-
YUTCsL HOJIB). B KakoM-TO cMmbiciie 06pa3 Py — 9T0 MMEHHO 3Ta KyCOYHO-
HOJIMHOMUAJIbHAS (DYHKIIUS, a He TOJLKO €€ 3HAUeHUs HA JIMCKPETHOM MHO-
J)KecTBe ToUek —m/2, —m/2+ 1, ..., m/2.

5.4.3. (Cpoiictsa Tpancrnonuposamnnoro npoexropa PT.) Tpamcrnonuposan-
HBII ITPOEKTOP

P =) wupl (5.4.3.1)
§=0

HAIIPOTHUB, PACIIPOCTPAHSIET BEKTOPA Y, Y KOTOPBIX U3BECTHBI TOJIBKO KOOP/IH-
HaTBl Y, C |s| < m/2 (ocTasbHbIE KOOPIMHATHI HECYIIECTBEHHBI, TOCKOJIbKY
He BJIMAIOT HA V) Y) HA BCE MHOXKECTBO MHJEKCOB S, IPHYEM TaK, 9TO Py
COBIIAJIAIOT C Y B «CTapbix» mujekcax |s| < m/2. Umaue rosopsa, P’ ocy-
IIIECTB/ISIET HEYTO BPOJIe MOJUHOMHUATBHON IKCTPATOIATNN (DYHKIMN, N3HA-
YaJIbHO 33IAHHOMN TOJIBKO B IEJIBIX WJIU MOJIYIEIbIX TOUKax —m /2, —m/2+1,

., m/2, Ha GoJiee MUPOKOE MHOMKECTBO apryMEHTOB: MOJOMPAETCS HEKO-
TOPBIi MHOIOYJIEH — JIMHeHHasd KoMOMHAnuss MHOro41eHoB Lj;(m,X) mpu
0 < j < m — 1, upuauMaronmii JaHHbIEe 3HAYECHUS I, B UCXOJHBIX TOYKAX,
a 3aTeM 3TOT MHOTOWIEH BBIUUC/ISIETCS] BO BCEX HYZKHBIX S. DTO OIMMCAHUE
COBCEM BEpHO, ecJiu cyIiecTByer Muorodien P(X) crenenu ne 6osbine m — 1,
IPUHUMAIOIINI 3a/aHHble 3Havdenus P(s) =y, upu s = —m/2, ..., m/2. B
IPOTUBHOM CJIydae CJIeJyeT YIecTb TOT (DAKT, YTO KOMIIOHEHTHI (U, )s — 9TO
He COBCEM 3HAUEHUsI MHOTOWIEHA, ¥ SKCTPATIOJISIIUASI OCYIIECTB/ISIETCS C TIOMO-
MBI CyMMBbI HEKOTOPOI'O MHOTI'OUJIEHA CTEIleH! He GOJIbIIe m— 1 U HEKOTOPOIro



kpaTHOoro dyHKIuu s — sgn(s)L,,_1(m,s). UarepecHo, aro nosyvaromniasi-
Csl TOJTMHOMUAJIbHAA WU KYCOYHO-TIOJTMHOMUAIbHASA (DYHKIUS TAKZKE MOXKET
ObITH BBIYUCJIEHA B IIPOU3BOJILHBIX BEIIECTBEHHBIX TOYKAX S, M IIOTOMY MOZK-
HO cunTaTh, a0 PTy — 570 Ha camoM sesie 9Ta KyCOUHO-TIOIMHOMHAIBHAST
dbyHKIWs, & He BeKTOp eé 3Hadenuii B roukax —M /2, —M /2 + 1, ..., M/2.

5.4.4. (BayTpeHHee npejicTaBieHne BEeKTOPOB Wi (hyHKIUiT, acCOMUPOBaH-
Hoe ¢ P. Ilpoexuust Ha BEKTOPHOE IIPOCTPAHCTBO, HOPOXKICHHOE HMEPBBIMU
HECKOJIBKUMM MHOTOUIeHaMu DpmuTa.) OTMETHM, 9TO BHYTPEHHEEe MpPe]-
CTaBJIEHUE BEKTOPOB Y WM (DYHKIIHIl, acCOIMUPOBAHHOE C IPoeKTopoM P
(HaIpuMep, JIeXKaluX B €ro obpase) — 9TO MOCAeA0BATETBHOCTE {¢j to<j<m
KO3 DUIMEHTOB UX PA3JIOKEHHs 10 COOCTBEHHBIM BEKTOpAM Vj, T.€. ¢j =
u]y; torga Py = 37 ; CjVj. AHATIOTIHOE YTBEPIKJIeHNe BEPHO W JIIs pPT,
C 3aMeHOM v; <+ w;. MBI Bujien, 4To 1epBble HECKOJBLKO COOCTBEHHBIX BEK-
TOPOB MJIM KOBEKTOPOB — 3TO IIO CYIIIECTBY HpI/I6ﬂI/I}KeHHH K MHOT'OYJIEHAM
Dpmura hgm/ 12 (), KoTOpBIE TIOCIE TTepeMacITabuPOBaHUs MOYKHO 3aMEHHUTh
npocro na hj(t). 3xecs mydime paccmarpusarh ToIbKo 0 < j < m — 1; npn
j = m 3Ta 3aKOHOMEPHOCTb HECKOJILKO cOupaercd. Taxum obpasom, P umm
(ckopee) P 10 cymecTBy COOTBETCTBYIOT OPTOTOHATLHON IIPOCKIIHH BCEX
bynxumit uz L*(R, dy) Ha KOHEMHOMEPHOE HOJIPOCTPAHCTBO, TOPOZKJIEHHOE

IIEPBLIMU 1T MHOI'OYJIeHaMK SPMI/ITa.
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