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Annoranus. Jannag pabora MOCBAIIEHA N3YYEHUIO HECKOJILKUX KOHKPET-
HBIX IPUMEPOB 3(p(PeKTUBHBIX CUCTEM CYUCJICHH, T.€. CIIOCODOB IPEICTaBIe-
HUS BEIECTBEHHBIX U JIPYTUX YUCE, JJIT KOTOPBIX IIPOBEPKa Ha PaBEHCTBO,
CJIOZKEHUE U BHIYUTAHUE MOTYT ObITh PEAJN30BAHDI C TIOMOIIHIO KOHEUHBIX aB-
TOMATOB. B KadyecTBe mepBOro m3 TaKuxX MPUMEPOB PACCMATPUBACTCA U30bI-
TOYHAA JBOMYHASA CHCTEMa, OCHOBAHHAS HA AJbTEPHATHBHON KOHCTDPYKIIAN
BemecTsennoro orpeska u3 [AB3][3.1.21] u obecyxaercs, kakum obpasom
CJIOZKEHHUE B 3TOI CUCTEMe MOKET ObITh PeaJTn30BaHO C IIOMOIILIO JTOKAIbLHBIX
PaBUJI CJIOZKEHUsI, 3a/IefCTBYIONMX TOJIBKO KOHEYHOE YucjIo udp carae-
MBIX JIJIs BBIYACICHUS OUePEIHON mudphbl CyMMBI. TaKoro poja KOHCTPYKIUN
HHTEPECHBI IOTOMY, 9TO OHE IPOsiCHsIOT anasornio Mexkay Q, n F,((1)), re.
MEZK/ly YACIOBBLIME U (PyHKINOHAJIBLHBIME [I0OAILHBIME OJIAMEA. 3aT€M STH
pe3y/IbTaThl 0000IAIOTCA Ha CIydail CHCTEeM CUUCJICHUS C APYTHMU OCHOBA-
HUSAMU, a TAK¥Ke Ynce, 0ECKOHEIHLIX B 00€ CTOPOHBL.

KuroueBbie cioBa: AOGCo/OTHasi T€OMETPHsi, II0JIe U3 OMHOIO 3JIEMEHTA,
JIBOMYHAs CUCTEMa CUUCJEHUdA, N30bITOUYHAA JBOMYHASI CUCTEMa CUUC/ICHHSI,
3 DEKTUBHBIE CUCTEMBI CUUC/IEHUSA, KOHEYHbIE aBTOMAThI, JIOKAJbHBIC Mpa-
BIJI& CJIOZKEHUS.
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4 Ilpumepsbl 3P PEKTUBHBIX CUCTEM CUUCJICHUS

Msrt Buzemn B [AB3|[3.1.21] uro anbrepnarmpusblii orpesok I’ = [—1, 1] sB-
JiieTcst 0oJiee ecTeCTBEHHON KOWHJIYKTHUBHOW KOHCTDYKIIMEH OTpe3Ka Belle-
CTBEHHO}l NpsIMOif, ueM cranjaprublii orpesok | us [AB3][3.1.7 nockoms-
Ky II03BOJIAE€T KOHCTPYKTUBHO ONpeAe/JuTh mosycymmy h @ I' x I' — I’
(z,y) = (z +y)/2. Mbt yxe ynounnamu B [AB3|[3.1.20] uro nepeete n
JaBondHBIX 1ubdp noxycymmbl z = (0.202122 . .. )2 = (x4 y)/2 3aBUCAT TOJIBKO
oT 11epBBIX N + 1 nudp craraeMpIxX, €CJIM UCI0JIB30BATH H30OBITOUHYIO JTBONI-
uyto cucremy ¢ mudpamu {0, 1,2} (mua [0,1)) wmm {—1,0,1} (maa [—1,1]),
€CTECTBEHHYIO ISl AJIbTEPHATUBHOTO OTpe3Ka. OKa3bIBACTCsI, 9TO BEPHO Ja-
Ke GoJIbIlee: MOXKHO OIPEJIEIUTh MOJYCYMMY BEIIECTBEHHBIX THCEJ TAKIM
00pa3oM, 9TOOBI 2, 3aBUCEJIO TOJIBKO OT Tpn_1, Tny Tuils Yn—1s Yn, Yni1. VHar
e TOBOPsI, CJIO’KEHNE BEIeCTBEHHBIX IHCET OKA3bIBACTCS 38/ IAHHBIM HEKOTO-
PBIM JIOKAJILHBIM IPABUIIOM. [Ipu TakoM MOJXOJIe CJIOXKEHHE BEIECTBEHHBIX
qHCesT OKA3bIBAETCS TTOXOXKE Jlazke He Ha CJIOKEHHE P-a/IMIeCKuX JHces, a Ha
cozxenne hopMaTbHBIX cTeneHHbIx panos Jlopana us F,(()) = F,y[[t]][t .
BrpouewM, ciioxKeHne p-aJIMvecKux 9uces TOXKe JOIMYCKAeT aHAJOIMIHOE JIO-
KaJIbHOE ONHUCAHNE; B 9TOM CJIydae OHO CTAHOBUTCH AHAJOIUYHO CJIOKEHUIO
panos Jlopana us F,((¢71)). Takoro pojia aHATIOTMEI IPE/ICTABISIOTCS HAM HH-
TEPECHBIMH, IIOCKOJIBKY OHU MOTYT IIPOSICHUTH CXOJICTBO IHCIOBBIX U (DYHK-
IUOHAJBHBIX IIOJIEN.

4.1 Kiaaccudukamms: JJOKAJIbHBIX CJIOXKEHUIIA

4.1.1. (ITocranoska 3amaun.) Beegém nekoropsie obosuadenust. [Tycrs I’ =
[—1,1] — cuMMeTpUYHBI OTPE30K BENIECTBEHHON IMPSIMOM, MOCTPOEHHBIN €
[OMOIIIBIO AJILTEPHATUBHON KOMHIyKTUBHOI KoncTpykiuu n3[3.1.20(u [3.1.21]
B [AB3|. Ilycte D = {—1,0,1} — TpéxagemMenTHOE MHOKECTBO Iudp u3-
OBITOYHON JIBOMYHON CHCTEMBI, U MyCTb D“ ecTb MHOMXKECTBO OECKOHEYHBIX
nocsie[oBaTesbHocTell P T = (Ty)n>0 = ToT1%2 . ... Obo3HAYNM Uepe3
w : DY — I’ HenpepbIBHOE OTOOparKEHME W : & + ZZO:() 2,27 MBI 0OBIU-
HO Takxke numieM w(x) = (0.29z123 . . .)e wm npocto 0.2ox1Ts . . ..
O6osznaunm [epes h : I’ x I' — I’ orobpaxkenune moaycymmer h(x,y) =
(x 4+ y)/2. Torma Mbl yTBepKIacM, 910 h (HEOMHO3ZHATHO) MOJHUMACTCS J10
HEIIPEPBIBHOIO U JIaXKe JH/IHHH/IHQB 0TOOParKEeHUsT h:D¥x DY — D“, Tako-

LOrHOCHTeIbHO paccrosaus d(x,y) = 2~ PH{nzn#ynt ga D@,
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ro, uro ho(w X w) = woh : D¥x D — I'. Bojtee TOro, Mbl yTBEPIKIAEM, UTO
TaKoil TIOBEM A MOKET GBITH 3aJ[aH C HOMOIIBIO JIOKAJIBLHOIO [PABHIIA, T.e.
cymectsyer ¢ : D% — D, rakoe, uto orobpaxenue hy, : DY X D¥ — DY, 3a-
JAaHHOE htp(wu y) =2Czp = So(xn—h Tny Tnt1; Yn—15 Yn, yn+1) JJI BCeX N € N07
rje Mbl noJjiaraeM T = y_; = 0, gBJIgeTCS HOABLEMOM MOJIyCyMMbI h. s
yI00CTBa BBEIEM CJICAYIONIEE OIPEIe/ICHIUE:

Ounpenesnienne 4.1.2 (Jlokaibable npasuiia cioxenus.) [lycrs D = {—1,0,1}.
Orobpazkenune ¢ : D® — D naspiBaercst (1OKaJbHBIM BelIECTBEHHBIM
JBOUYHBIM) MPABUJIOM CJIOXKEHWUS, eCJIH JIJIsI JHOOBIX MOCIE[0BATEIBHO
creit (Tn)n>0, (Yn)n>0 I€MEHTOB D BBIIOJIHEHO TOXKIECTBO

Z QD(.Tn, Tn+1, Tnt2; Yny Ynt-1, yn+2)2_n == Z(xn + yn)Q_” (4121)
n=-—2 n=0
e MbI IIojlaraeM T_o = x_1 = Yy_o = y_1 = 0. Eciu 3a/jaH HEKOTODBIIT

asleMeHT ( € D, TO MBI roBOpuM, 9TO ¢ — (-IIPABUJIO CJIOXKEHUS, €CJIH (p
ABJIACTCA IIPaABUJIOM CJIO?KEHUS1, TAKHUM, 9TO

o(C,C.x3¢,Cy) = ¢ s peex @, y € D (412.2)

Haxkomner, MbI roBopuM, 910 ¢ — YHUBEPCAJIIbHOE ITPABUJIO CJIOXKEHUS,
ecJI OHO SIBJISIETCsI (-TIPABHUJIOM CJIOXKeHUsT J11st Bcex ( € D.

OKa3bIBaeTCsl, UTO €CJIN P SABJISIETCs (-TIPABUJIOM CJIOXKEHUsI, TO 0TOOpa-
xkenne hy o @ DY x DY — DY, 3anannoe dopmyioit h, (¢, y) = z ¢ ¢ =
TOLL ooy Y = YoYL -+ oy Z = 2021 -+ s Zn = P(Tn_1, Tn, Tt 13 Yn—1, Yns Ynt1), DA€
MBI TTOJIaraeM r_1 = Yy_1 = (, OyJIeT MOIbEMOM OTOOPAXKEHUs TOJIYCYMMBI
h(z,y) = (z + y)/2 orHocurensro w : D¥ — [—1, 1]. Bosee Touno:

IIpennoxxenune 4.1.3 (JlokanbHbrii moabEM orycymmsr Ha D®.) [lycrs D =
{-1,0,1}, ¢ : DS — D u ¢ € D. Oupenemm orobpaxcerne hy, ¢ : D¥ x D¥ —
D* ¢opmymnoii hsﬂ,((wa y) =z, IJie 2n = @(wnflwrna Ln+1; Yn—1, Yn, yn+1) lipu
n>1muz = p((, z0,21;( Yo, y1). Torga hy, o sgBrsercs mogbémom oTobpa-
skeHnst mostycymmal h(x,y) = (x + y)/2 oraocurensro w : DY — [—1, 1], Te.
wohy,e=ho(wxw), ecsin u TOIBKO ec/in o — (-IPABHJIO CJIOKECHHSI.

HokazareabcTBo. [IpoBepum cHavasa 10cTaTOYHOCTH 3TOr0 yeaosus. [lycTn
¢ — (-mipaBUIIO ciozkeHust. Boraucnm ¢ ero momorpio cymmy (0.(Cxory .. )9
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u (0.CCyoy1 - - .)2. fAcHo, uro ona pasHa (ab.(2pz122 . . .)a, TA€ 2 = (2n)n>0 HO-
CTPOEHO 110 X U Y, KaK B (POPMYJIMPOBKE IPEJIJIOKEHUS, ¥ Mbl BOCIIOJIb30Ba~
ek (4.1.2.2)) s Berauciaenust mudpsl nepes 2. 3aechk a = ¢(0,0,¢; 0,0, )
ub=¢(0,(,¢0,¢ ). Ecau mbl gokazkem, aro 2a + b = (, T0 U3 paBeHCTBA

(O.QCZE()JH .. .)2 + (OCCyoyl .. .)2 = (ab.CZ()ZlZQ .. .)2 (4131)

6y,ZLeT cJ1e10BaThb KCKOMO€E PaBEHCTBO

(O.Z’Q.ﬁEl .. .)2 + (Oyoyl .. .)2 = (20.2122 .. .)2 =2- (O.Zozl .. ‘)2 (4132)

C TIOMOIIBI0 YMHOXKeHus1 0benx cropoH (4.1.3.1]) na gersipe u Borautanus 6¢.
st mpoBepKu TOrO, 4To 20 4+ b = (, MPOCTO IMOJIOXKUM BCE T, = Y, = ( B
(4.1.3.7)). Torma o Bee z, = (; nockosbKy (0.(CC...)2 =,
npeppamaercd B ( + ¢ = 2a + b+ (, otkyna 2a + b = (.

[TpoBepum Terepb HEOOXOAMMOCTD ycJI0BHUs. [IpemomoxRmm, BbI-
HOJTHEHO JIJTst JTIOOBIX & 1 Yy € DY, eciiu onpeiesiuThb 2 = (2, )p>0 € TOMOIIBIO
¢ u (. Hpnmennm (4.1.3.2)) s seraucstenns mosycymmbt (0.00z9z1 ... )2 1

(000y0y1 .o .)22

rae Z[/) = 90(07 Lo, T1; 07 Yo, yl)a ¢ = (p(Ca Oa Oa C? 07 0)7 d = 90(07 07 To; O, 07 yO)'
Eciun mbr jgokaxkem, aro 2¢ +d = 0, T.e. uro ¢ = d = 0, T0 oTCIO/1a OYy-
qet caenoBath (4.1.2.1)) ¢ momompbio ymuoxkenust (4.1.3.3) na Bocemb, T.e. ¢
OKayKeTcsl IIPaBUJIOM CJoxKeHus. Ecin Obr Ob10 ¢ = 1, TO mpaBasi CTOPO-
Ha ObLTa ObI HEOTPHUIATEIbHA I JIIOOBIX X, U ¥,, HAIPUMEp, IPU
Tp = Yp = —1, 9TO IPUBOIUT K TPOTUBOPEUNIO. AHAJIOIMIHO, ¢ = —1 TOXKe
npuBO T K mpotuBopeunio. [losromy ¢ = 0. Hanee, ectm d = 1, To cHo-
Ba TIpaBasi CTOPOHA OKa3bIBAETCSI BCErJ[a HEOTPHUIATEIHHONW, U MBI
CHOBa MPUXOJIUM K MPOTUBOPEUUIO TIPH Ty, = Y, = —1 g Beex n. Ciydait
d = —1 Toxke HeBo3moxkeH. Takum obpaszoMm, ¢ = d = 0, © ¢ — paBUJIO
cioxkenus. JlokaxkeMm, 910 oHO — (-TipaBUJIO cjaoxKeHus. s sroro cHosa
Boraucsium cymmy B (4.1.3.1]) ¢ momomeio npasuia cioxenust @. Ha sror
pa3 mpaBasi CTOPOHA BBINIAIAT Kak (ab.z_12921 ...)2, TJie @ ¥ b IMOCTOSTHHBI,
onrako z_1 = ¢((,(, z0; ¢, C, Yo), BOOOIIE TOBOPsI, 3aBUCAT OT To U Yo. Kpo-
Me TOr'o, IOCKOJIBKY h, ¢ — moxbém h, Boimosnaeno n (4.1.3.2). Ecan Tenepn
nomuokuTh (4.1.3.1) na nBa u BeryecTs nosioBuny (4.1.3.2)), Mbr mosryunm
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Orcroma Mbl mosrydaem, 1o z_7 = ©((,(, o;(,(,Yo) HE 3aBUCUT OT BbI-
bopa xg u yg. Ocragoch mpoBepuTh, 910 2_1; = (. st 9TOro mosao:Kum

Tp = Yo = ¢ g Becex n > 0 B (4.1.3.2). Craesa nosyunm 2(, a crpasa
—2¢(¢, ¢, (¢, ¢, C¢) =221, otkyza z_1 = ¢, Tak uro (4.1.2.2)) BbIIOJHEHO.

CdopmynnpyeM OCHOBHYIO TEOPEMY:

Teopema 4.1.4 (CymiecrBoBaHue yHHBEPCATbHBIX IPABHUII CJIOXKEHUSI. ) Y HU-
BepcaJibHble npasuia cioxenus ¢ : D¢ — D, rge D = {—1,0, 1}, cymecry-
oT. Hanpumep, Takoe ¢ MOXKeT ObITh MOCTPOCHO CJIEVIONAM 00pa30M:

©(x0, T1, T2; Yo, Y1, Y2) = 02(1#0(901791)71#1(952792): [y1 > 0])

+ma (Yo(0, Yo), Y1 (21, 1), [yo > 0]) — 1 a1
e
ma(a,b,c) =a®b®c= (a+ b+ c) mod 2 (4.1.4.2)
o9(a,b,c) =abV acV bc = ab + be + ac — 2abe (4.1.4.3)
Yo(x,y) =+ [y > 0] + 1 mod 2 (4.1.4.4)
dey) = fo+1y >0 > 1 (41.45)

S,ZIGCB a, b7 ce {07 1}7 T,y € D7 1/}07 1/}1 : D2 — {07 1}7 Mg, 02 : {07 1}3 -
{0,1}. Kpowme toro, Beipaxkerue [E| oznadaer 1, ecin E ucrunno, u 0, ecn
E J1oxxHO.

4.1.5. (Oynknus usbbiTKa J, onpeenéuuas ¢.) [Ipexe, deMm moKa3bBATH
teopemy [4.1.4] 3amaaumcss BOIPOCOM: KaK IIPOBEPUTD, SBJISETCS JIA JIaHHAA
byaxmus ¢ : Db — D joKaabHBIM TPaBIIIOM coyKeHnsa? Eem Mbl HayaiM-
Cs1 9TO MPOBEPSATH, TO MBI B IPUHITAIIE CMOXKEM ITPOBEPUTD 38 KOHETHOE TUCTIO
[IAroB, siBjisieTcs Jin, Hanpumep, dyukius ¢ u3 (4.1.4.1) npaBmiom cioxe-
HUs WU HET.

JList 9Toro onpegeans gynryuto uzbwmra § = d, : D* — {=3,—-2,...,3},
ACCOMMPOBAHHYIO ¢ oTobpazkerneM ¢ : Db — D, ciemyiommm o6pasoM:

5(‘7;07 Z15 Yo, yl) = 2@(07 07 o, 07 07 yO) + QD(O, Zo, L1, 07 Yo, yl) (4151>

OrmernmM, uTo ecin ¢ sisercs (O-npasuiiom cioxkenus, To (4.1.5.1) ymupo-
maeTcs J10
(o, 213 Yo, Y1) = ¢(0, o, 21; 0, Yo, Y1) (4.1.5.2)

Hanpuwmep, ¢ uz (4.1.4.1) coorBercTByeT hbyHKIINU N3OLITKA
5(1“0, 15 Yo, ?/1) = 02(%(1’0, yo), ¢1(1‘17 yl), [yo > 0]) +¢1($0, yo)—l (4-1-5-3)
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Teopema 4.1.6 (Kpurepuii KOppeKTHOCTH MIpaBUIa CJIOKEHHSI. )

a) Ecim ¢ : D® — D — npasuio cioxKeHusi, To JiIsl COOTBETCTBYIONIEH
Gynrkuy n366ITKA § = 0, 380aHH0i (4.1.5.1), BBIITOIHEHDBI TOX JeCTBa

(20, 1, T2; Yo, Y1, Y2) = To + Yo — 20(To, T1;5 Yo, Y1) + 0(@1, T2; Y1, Y2)
(4.1.6.1)

5(0,0;0,0) =0 (4.1.6.2)

6) Haobopor, ecym ajist Hekotopbix ¢pynkumit § : DY — {=3,-2,...,3}
m ¢ : D% — D pemomnensr toxaecrsa (4.1.6.1)-([.1.6.2), To ¢ —
MIPaBHJIO CJIOXKEHUsI ¢ (pyHKIHEeH n30bITKA, 0.

B) Ilpu ycioBusix a) wiu 6) pyHKIHsT H30bITKA § IPUHHMAET 3HAYEHHS BO
muoxkecrse {—2,—1,0, 1,2}, u umeer mecro ciepyromiast aabTepHATUB-
Hast popMyia JIIst O:

To+Y | T1+ U
2 * 4
80(%,1'1,033/0,191,0) 90(9171:0,()?3/1,070)

2 4

d(x0, 215 Yo, Y1) =
(4.1.6.3)

r) Ilpwu ycioBusix a) win 6) @ SIBJISETCS (-IIPABUIOM CJIOXKCHUST JIJIsT HEKO-
Toporo ¢ € D ecyr u TOJIBKO eCii

(¢, 20 ¢ yo) = € (4.1.6.4)

JIIST BCEX Tg, Yo € D, u Torza
6(x0, 15 Y0, Y1) = ©(C; To, ¥1; ¢, Yo, Y1) (4.1.6.5)

HokazarensctBo. 6) Ilpu nojgcranoske (4.1.6.1) B seByto gacts (4.1.2.1))
HEMeJJIEHHO TI0/Ty4daeM Tpebyemoe, ecym yaects (4.1.6.2)). Hamo Toasko mpo-
BEPUTB, UTO ) COBIAJIAET C J,, T.€. YTO BHITIOJHEHO . O 1HaKO COTITaCHO
(4.1.6.1) u (4.1.6.2), »(0,0,20; 0,0, y0) = (0, x0; 0, y0) 1 (0, 29, 21;0, Yo, y1) =
—28(0, z0; 0, y0) + (0, T1; Yo, Y1), Tak uro mpasas cropona (4.1.5.1]) meiicTBu-
TesIbHO paBHa 0(Tq, T1; Yo, Y1)-

a) lokaxkem cuagana (4.1.6.2)). st 370r0 3aMernm, 9T0, €CJIU MOJOKHUThH

Tp = Yp =0 qysa Beex n > 0 B (4.1.2.1]), mbr mosyanm 8¢(0,0,0;0,0,0) = 0,
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orkyna ¢(0,0,0;0,0,0) = 0 u 6(0,0;0,0) = 0 cormacuo (4.1.5.1). Hokazkem
teriepsb (4.1.6.1). Pacemorpum jijist aToro gactHbiil ciay4gait (4.1.2.1)), korma
Ty = Yp = 0 g1 Bcex n > 3:

490<07 07‘1:0; 07 07 ZUO) + 2¢<07 Zo, T1; 07 31071/1) + g0<x07 Z1,T2; Yo, 31171/2) — To — Yo

1 1 r1 + To +
= _i‘P(xl,anO?yl»ymO) - Z@(x2,070;y2,0,0) + ! 5 Ll —+ 2 1 Y2

(4.1.6.6)

3amMeTuM, 4TO IIpaBas CTOPOHA TOI0 PABEHCTBA HE 3aBUCHUT OT Xg U Y. Llo-
9TOMY JieBasl CTOPOHA He U3MEHUTCs, €CJId Mbl B Hell 3aMEHUM Ty U ¥y, Ha-
npuMep, Ha HYJIU:

490<07 07‘1:0; 07 07 ZUO) + 2¢<07 Zo, L1; 07 y(]?yl) + @(fo, Z1,T2; Yo, y17y2) — To — Yo

= 290(07 07 T3 07 07 yl) + 90(07 L1, T2, Oa Y1, y?)
(4.1.6.7)

i, ¢ yaérom (4.1.5.1]),

25(1’071‘1;yo;y1)+90(170,$1,$62;Z/oyyl,yz)—%—yo = 5(351,372;19173/2) (4-1-6-8)

Dr1o u ectb (4.1.6.1)). Kpome Toro, mockoabKy 0(x1, T2; Y1, y2) PABHO IPaBOii

cropome ([4.1.6.6)), mbI mosrygaem dopmyity (4.1.6.3)), mpaBas cropona KOTopoii
He MIPEeBOCXOUT 1o Moaymio 1+ 1/2 4 1/2 +1/4 = 9/4, 40 n0Ka3bBaET B).

r) ZlcHo, 9TO TpUBEIEHHOE YCJIOBUE JOCTATOYHO, MOCKOJIbKY (4.1.6.4) u
(4.1.6.1) BekyT 3a coboit (4.1.2.2). Tokaxkem ero HeobxoaumocTh. [Ipemmo-
JIOKUM, BbIttoineHo (4.1.2.2). [IpoBepuM BcroMorarebHOE YTBEP:KICHHE

(¢, ;¢ ¢) =¢ (4.1.6.9)

B camom gene, u3 (4.1.6.3) u (4.1.2.2) crenyer §((, (¢, C) = 3¢/2 — (/2 —
©(0,0,¢;0,0,()/4, Tak aT0 paszHOCTh MpaBoii u jesoit cropon (4.1.6.9) — me-
JI0e YHCII0, He TIPeBOCXojisiiee o Moyio 1/4, t.e. noub, u (4.1.6.9) nokasa-
Ho. Teneps u3 (4.1.6.1)) cpasy cuemyer §(C, z2;C,y2) = ©((, (,22;(, (, y2) = C

o (4.1.2.2)), u mbr nostyaaem Tpedyemoe (4.1.6.4)). Paserctso (4.1.6.5)) Terepn
caenyer u3 (4.1.6.1) n (4.1.6.4)).

CaencrBue 4.1.7 (KoppekTHOCTH ¢ IPOBEPSIETCSI IPU CIOXKEHUH TPEX3HAY-
mbIx guces.) Iycrs ¢ : Db — D — rakast ¢gyuknus, aro toxaectso (4.1.2.1)
BBIITOJIHEHO TIPHU JIOTIOJIHUTE/IbHOM OrpaHuYeHud T, = Y, = 0 npum Bcex
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n > 3, T.e.  KOPPEKTHO CKJIaAbIBaeT Tpéx3uadnbie duciaa (0.29r12200. . .)s+
(0.90y1y200 . . .)o. Torma ¢ — npasuio caoxennsi, T.e. (4.1.2.1) Bermosaero 6e3

KaKHX-JT100 OrpaHuIeHHUH.

HokazarenbcTBo. [locTarodHo 3aMeTHTh, YTO JOKa3aTeabcTBo |4.1.6a)
UCII0JIb30BaJsI0 ToXK1ecTBO (4.1.2.1)) Tosbko pu z, =y, = 0 g Bcex n > 3.
[TosroMy Jijis TAKOTO «OIPAHUYEHHOTO TIPABUIIA CJIOKEHUSI» (0 TAK¥Ke BEPHDI

(4.1.6.1) u (4.1.6.2)), orxysa 1o 6) mosyvaem Tpebyemoe.

4.1.8. (KoppexTuble dbynxuuu usbbirka 6 : D' — {=2,...,2}.) B ganb-
HelleM Mbl OyjieM pacCMaTpPUBaTh TOJIBKO Koppekmubie (MyHKIUNA n30bITKA,
T.e. Takue bynxkuun § : DY — {=2,...,2}, uro §(0,0;0,0) = 0, u npasas
CTOPOHA npuanMaer 3uadenus B D = {—1,0, 1} s Beex 3navennit

IIEPpEMEHHDbIX:

‘xo + 1o — 26(xo, 13 Yo, Y1) + (5(:E1,x2;y1,y2)| <1 Vxo,21,72,Y0,%1,y2 € D

(4.1.8.1)
Teopema YCTaHABIMBAET B3aUMHO OJHO3HAYHOE COOTBETCTBHE MEK Ly
JIOKAJIbHBIMU [TPABUIAMU CJIOXKEHHSI (0 U KOPPEKTHBIME (DYHKIMAME H30BIT-
Ka J; 910 coorBeTcTBHE 3amaéTcst hopmymamu (4.1.5.1)) u (4.1.6.1)).

4.1.9. (Bosee Tounoe nepasenctBo jyist §.) Popmyia MIOKA3bIBa~
er, uro yHKIuA u3bbITKa (o, T1; Yo, Y1) MO CYIMIECTBY SIBIACTCS METOTNC-
JeHHBIM npubkenueM K (To + Yo)/2 + (x1 + y1)/4. Bosee Toro, moxuO
YTOIHUTD 3Ty hopmyy ciaeayromum obpasom. [lpumennm (4.1.2.1)) g1 BoI-
qucsternst cyMMbl (0.2z1100 . .. )9 + (0.yoy1700. . .)2, T.e. B cuTyanuu, Korjaa
To =Y =1m € D, x, =y, = 0 g Bcex n > 3. YuurbiBag n
(4.1.6.2), moxyaaem

46(zo, 213 Y0, y1) — 2(xo + Yo) — (z1 + y1) =1 — 2¢(0, 1,73 Yo, Y1, 1)
- 90(.1'1, m, 07 Y1, 1, O) - ()0(777 07 Oa n, 07 0)/2

(4.1.9.1)

[Ipu n = 0 cuosa nonygaem (4.1.6.3)). IIpu n = —1 npasasa cropona (4.1.9.1))

He [PEBOCXOAUT 5/2, a 3HAYMT, JBYX, HMOCKOJIBbKY JieBas CTOPOHA JIOJIZKHA
OBITE Tes10i. AHajorn4ano, pu 1) = 1 mosxydaem, aro obe croponsl (4.1.9.1])
e MenbIe —2. Orciona

ZTo + Y 1 +y
’(S(anxl;yanl)_ L 0= ! <

1
- 4.1.9.2
2 4 2 ( )
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4.1.10. (Bosmoxknbie 3Hauenust pyHkimu n3osTKa J.) Takum obpazom, pyHK-
mus uzbeitka § : {—1,0,1}* — {—2,-1,0,1,2} Moxker npunuMaThL He TaK
MHOrO 3HaveHuit: cormacuo (4.1.9.2)), nomycrumbe snavenns §(zo, T1; Yo, Y1)
JlezKaT Ha 3aMKHYTOM OTPE3Ke BEUICCTBEHHON IIPAMONA € IMHUYHON JJIMHBL, Ha
KOTOPOM €CTh TOJILKO OJIHA WJIM J[Be TEJIbIX TOYKH, T.e. 0(Zg, Z1; Yo, Y1) OO
OJTHOBHATHO OIPEJIEJIEHO, JTHOO SIBJISIETCs OHUM U3 JIBYX COCEIHUX MEJIbIX TH-
cest. Tounee roopst, eciu (zo+ yo)/2 + (21 + y1)/4 He ABIACTCSA MOTYIETBIM
qUCIIOM, TO O(Zo, T1; Yo, Y1) OJHOZHAYHO ONPEJETEHO U PABHO OJiMzKaiiremy
nejomy unciy. B mporusaOM cityuae (X, T1; Yo, Y1) COBIAJAET C OJHUM W3
JIBYX OJTMZKANIINX TEJTBIX:

:(;0+y0+:c1—|—y1+2

2 4
(4.1.10.1)

HAcno, aro (ro+yo)/2+ (x1+y1)/4 nOIyIIETOE, €CIU U TOJBKO €CIn 2Yg+ 11 =
2 — (220 + 21) (mod 4), Te. mpu (2x0 + 21,2y0 + y1) € {(—3,-3), (=3, 1),
(_27 0)7 <_17 _1)7 (_17 3)7 (07 _2)7 <07 2)7 (17 _3>7 (17 1)7 (27 O>7 (37 _1>7 (37 3)}
[TockonbKy 22+ 1 IpuHUMaeT 3HadYeHust +1 aBa pasa, a ocTajbHbIe 3HAUE-
aust u3 {—3,—2,0,2,3} mo ogHoMy pasy, Mbl BHIUM, 9TO 0(Xq, T1; Yo, Y1) HE
onpeJieeHo oHo3HaIHO B 14+2+14+22 42414142422 4+142+1 = 22 Tou-
kax {—1,0,1}* uz 81, u dpuxcuposano & 81 — 22 = 59 Toukax. IT0 OCTABIIACT
222 papmanTOB 11714 0. VI3 HUX HOIXOTAT TOJBKO Te, NI KOTOPBIX

on+yo+x1+y1+1

5 1 J < (o, 15 Y0, Y1) < {

<1 (4.1.10.2)

O(w1, w25 Y1, Y2) — (25(950,$1§907 Y1) — To — yo)
[IOCKOJILKY TOJIBKO B 3TOM ciiydae (4.1.6.1) 3amaér dyHKIMIO ¢ cO 3HaYEeHU-
svu B {—1,0,1}.

4.1.11. (Tabmuna momycrumbix suadenuit d.) U3 (4.1.10.1) mbr moaygaem
CJIEJIYIONIE OTPAHNYEHNs HA BOSMOKHYIO TAOJIMILy 3HAYCHUN §:
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ToTq 11 10 11 01 01 11 10 11
m|-2-1 -1 -1 -1 =1 =10][-=10 0 o0
0| -1 -1 -1 -1 -10 0 0 0 0
| -1 -1 =10/ -1/ 0 0 0 of1
ol | -1 -1 —1/0|-1/0 0 0 0 0|1
00 | -1 =10 0 0 0 0 0 o1 1
01 | =10 0 0 0 0 o1 ] o1 1 1
11| =10 0 0 0 0 o1 ]o1 1 1
10 0 0 0 0 o1 1 11 1
11 0 0 01| o1 1 1 11 12

Eciu § coorBercTByer yHUBEpCaIbHOMY IIPABUIIY CJIOXKEHUSI, TO COIJIACHO
4.1.6/r), B BepxHEM JIEBOM KBaJparTe 3 X 3 BCE JIEMEHTBI JIOJI?KHBI OBITH
paBHBI —1, B IIEHTPaJbHOM — HYJIIO, & B IIPABOM HUKHEM — €JIMHUIIE, UTO
ocTapygeT ToIbKo 20 BapmanTos BEIGOpa d. MBI BCKOpe YBUANM, 9TO U3 ITHX
216 BapmanTOB KOPPEKTHEI TOMLKO 16 - 182 = 5184.

4.1.12. (Oyukiust u36bITKA 0 JJIsT IPABUJIA CJAOXKEHUST 13 ) B xagectse
npuMepa IpuBeIeM Tabuiy hyHKIUI n30bITKa 0 JJIst IIPABIIIA CIIOKEHNUST (0

u3 cornacuo (4.1.5.3). CTpoKK COOTBETCTBYIOT Tox1, CTOJOIBI — Yol,

u MBI raiieMm 1 smecto —1:

ror; | 11 10 11 {01 00 01 |11 10 11
1m{-1 -1 =1{-1 -1 =10 0 0
0 [-1 -1 —=1{-1 0 0O]0 0 O
1 |-1 -1 —=1] 0 0 0O]0 0 O
01 |[-1 -1 =10 0 0O]0 0 O
00 | -1 O 0 0 0 0]0 1 1
01 0 0 0 0 0 0o]1 1 1
11 0 0 0 0 0 o1 1 1
10 0 0 0 0 1 1 1 1 1
11 0 0 0 1 1 1 1 1 1

MoKHO TIpOBEpUTH — HAIPUMEp, Ha KOMIILIOTEPE — YTO 3Ta (PYHKIUSI

0 neiictBuTeIbHO coorBeTcTBYeT (0 U3 ([4.1.4.1]) cornmacuo dopmyse (4.1.6.1)),

9TO JIOKA3bIBAET TEOPEMY YHUBEPCATLHOCTD 3TOTO ITPABUJIA CJIOYKEHU S
caenyer u3 (4.1.6,r).

4.1.13. (§ u @ 3aBUCAT OT BCEX CBOUX apIyMEHTOB.) 3aMETHUM, 9TO OIDAHIIe-
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HUsT HA (DYHKIUIO u30bITKA 0 (T0, T1; Yo, Y1), IpUBEIEHHBIE B Tabsmie 4.1.11]
[MOKA3BIBAIOT, 9TO 0 JICHCTBUTE/ILHO 3aBUCUAT OT KarKJOr'0 U3 CBOUX apryMEeH-

tos. Hampumep, 6(0,0; —1,—1) = —1 # §(0,0; —1,1) = 0 moka3wiBaet, 910 0
saBucHT OT Y1. OTCIO/IA CIIe/IyeT, 4TOo MPABHUJIO CIIOKEHUs ¢(Xq, T1, T2; Yo, Y1, Y2)
TOXKE 3aBUCUT OT KayKJOr0 M3 CBOUX aprymMeHToB. s x1, X9, y; U Y 3TO
caeayer u3 (4.1.5.1)): Hanpumep, ecjin ObI ¢ He 3aBUCEA OT Yo, TO O HE 3a-
Brcesa ObI OT ¥, & MBI TOJIBKO YTO BUJIEH, UTO 9TO HEBO3MOXKHO. [jist x¢ u
Yo 10 caeayer u3 (4.1.6.3): Hanpumep, ecom Obl ¢ He 3aBHCEIa OT Yo, TO I
d(zo, 1; Yo, Y1) — Yo,/ 2 He 3aBuCesa OBI OT Yo, ITO HEBO3ZMOXKHO, TIOCKOJIBKY Yo
MPUHUMAET 3HAYEHUS PA3HONW YETHOCTH.

4.1.14. (JlokanbpHbIC TpaBUIa CJIOXKEHWs JOJZKHBI 3aJeHCTBOBATD 110 TPU
mupbl U3 KaxKJI0ro U3 cjiaraeMbix.) Kak ciiejictue, Mbl BHIUM, 9TO HE Cy-
IEeCTBYET JIOKAJIBHOT'O ITPABUJIA CJIOYKEHNUS, 38/IeICTBYIOIIET0, HAllpUMeEp, TPU
Pl U3 MIEPBOTO CJIATaeMOT0 U TOJIBKO JIBE TU(PHI U3 BTOPOIO CJIAraeMoro
JUTsT TIOJTy 9eHusT 09epeTHON nudphl (TI0JIY ) CyMMBI.

4.1.15. (MunumMaabHas 1 MakcuMasbHasg (QYHKIUH U30BITKA Omin U Opax U
COOTBETCTBYIOIIHE MTPABUIIA CIIOKEHUS Prin, Pmax-) 11OTOKIM

o + a oy + 1

Omin(To, T1; Yo, Y1) = L : 2 ho o Zl J (4.1.15.1)
To + T +y +2

Omax(T0, T1; Yo, Y1) = L 0 5 Yo 4+t Zl J (4.1.15.2)

tak 4to coryacuo ({4.1.10.1])

Imin(Zo, 15 Y0, Y1) < 0(Z0, 215 Y0, Y1) < Omax(To, T15 Yo, Y1) (4.1.15.3)

JIst JTF000i KOppeKTHO# (byHKIH u30bITKa 0. VIHA1Te ToBOPS, Omin M Omax —
9TO HIDKHSSA W BEPXHsISI TPAHMIILI JJIsI BCEBO3MOXKHBIX (DYHKIUI U30BITKA 0.
Bymem roBoputh, 9T0 d1yin — 9T0 MUHUMANDHGA DYHKITAT T30BITKA, & Oypax —
MAKCUMAALHAS QYHKIUA U30bITKA. [IyCTh Wnin ¥ Onax — COOTBETCTBYIOIIME
dbyuxuuu na D¢, onpenenéunnie dpopmymnoit (4.1.6.1)):

Cmin(Z0, T1, T25 Yo, Y1, Y2) = To + Yo — 20min(To, 15 Yo, Y1) + Omin (L1, T25 Y1, Y2)
(4.1.15.4)

(Pma.x(l‘()) X1, 25 Yo, Y1, y?) =0+ Yo — 25max(x0; Z15 Yo, yl) + 5max(x17 T2;5 Y1, y2)
(4.1.15.5)
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Hecnoxno IIPOBEPUTDL, YTO

@min($07$17$2§90791792) = 4

(4.1.15.6)

{2((2x0+2y0+x1 + vy + 1) mod 4) +xo+1ys — 1

@max($0>$1a$2§90791792) - 4

(4.1.15.7)
U [IOTOMY BCE 3HAYECHUS iy JeficTBuTebHO npuHaexar {—1,0,1}, rak
YTO Prin — JIOKAJIBHOE MIPABUIIO CJIOKEHHsI, KOTOPOE JIOTMYHO HA3BIBATD M-
HUMANDHDIM NPAGUNOM CAONHCEHUSA, A Opin — KOPPEKTHASA (PyHKIHA N30LITKA.
[TOCKONIBKY Oppay MOTYIAETCS U3 Opin OTPAKEHUEM, T.€. dax(Zo, 15 Y0, Y1) =
—Omin(—T0, —T1; —Yo, —Y1), AHAJIOTUYHOE YTBEPKJIEHUE BEPHO U ISl QOmax C
Omax, TAK 9TO (Orax — TOKE IIPABUJIO CJIOKEHUSI, KOTOPOE MbI HA30BEM MAKCU-
MANOHBIM TPAGUNOM CAOHCEHUA, & Omayx — MAKCUMANOHAA PYHKUUA U3OLIM-
Ka.

4.1.16. ([JanbHeiinmme orpaHiaeHns Ha 0: MIHIMYMbI 1 MAKCUMYMbI HA KBaJI-
parax 3 X 3.) st 00bIX Zg, Yo € D mosnoRum

m(zo, Yo) := ZH;ifelD (0, 715 Yo, Y1) (4.1.16.1)
M (zo, yo) := B, (2o, 13 Yo, Y1) (4.1.16.2)
R(xo,0) := (m(zo,y0), M (o, y0)) (4.1.16.3)

dAcno, aro —2 < m(xo,yo) < M(zo,yo) < 2. Kpome Toro, mo ompeeeHnio
BBITIOJIHEHBI HEPpAaBCHCTBaA

m(xo,Yo) < (o, T1; Y0, Y1) < M(x0,90) 21 Beex To, T1, Yo, Y1 € D
(4.1.16.4)
Hepagencro (4.1.10.2) Terrepb paBHOCHIBLHO

M(zy,y1) — 1 <28(x0, 215 Y0, Y1) — To — Yo < m(z1,y1) +1  (4.1.16.5)

Orciona cpady sugHo, uto 0 < M (x1,y1) — m(z1,y1) < 2. Bosee Toro, ecin
M(z1,y1) —m(x1,y1) = 2, T0 062 Hepasenctsa B (4.1.16.5)) npespaiatorcs B
paBeHCTBa, T.e. 20(Zo, T1; Yo, Y1) —To—Yo = m(21,y1)+1 i Takux o1 1 y; He

L2((2x0+2y0+x1+y1 +2) mod 4) + x5 + yo — 2

|
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3aBUCHUT OT BBIOOpA To U ¥y, ITO HEBO3MOXKHO 110 COOOPAXKEHUSM IETHOCTH.
[TosTomy

0 < M(z1,y1) — m(xy,y1) <1 st Beex xq, y; € D (4.1.16.6)

Ecu aTa passocTs paBHa eMHUIE, TO BepXHsIs 1 HI2KHss rpaHuna B (4.1.16.5))
TOXKE OTJIMIAIOTCS Ha €/IMHUILY, OTKY/IA

To + yo + M (1, 1)
2

J upu M (x1,y1) > m(z1, Y1)
(4.1.16.7)

Ecmu xxe M (z1,y1) = m(x1,y1), TO B IPUHIMIIE BO3SMOXKHBI J[Ba BapHAHTA!

5($0,$1;y07y1) = {

Vo + 4o + M(x1,y1)

Vo + 9o+ M(21,y1) + 1J
2

J S 6@0@’139073/1) S
(4.1.16.8)

4.1.17. (Bosmoxusie 3uadenus gy m(z,y) u M(z,y).) Ilepeancanm Bo3-
MoxKHBIe 3HAadenus s R(z,y) = (m(z,y), M(z,y)), nexons us orpaxmye-

uuit Ha 0, ykasannbix B |4.1.11) u nepasenctsa (4.1.16.6)):

R | -1 0 1

-1 (_2’_1)a7 (_LO) (_170)d7
(—1,—=1)y, (0,0)e, (0,1);
(_LO)C

0 (_170) (_170)97 (071)

(0,0)p, (0,1)

1 (_170>j7 (071) (0,1)m,

(O’O)ka <0’1>l (171)n7 (172)0

st yiobcTBa Mbl IIOMETUIN pa3/IndHble BAPpUAHTHI OYKBaMU JIATUHCKOT'O
ajidaBuTa, ITOOBI OBLIO IIPOIIE Ha HUX ITOTOM CChLIATHC.

4.1.18. (omosHuTesbHBIE OTPAHIYEHNS HA 3HAYeHUs 0.) BriGop omHoro ms
BapuanTos sHadennit R(z,y) = (m(z,y), M(z,y)) us tabinupt Ha-
KJIaJIbIBACT JIBA BHJIA JOMOJHUTEIbHBIX OIDAHUYEHUN Ha 3HadeHus 0. Bo-
[IEPBBIX, HEPABEHCTBA OTPAHUYMBAIOT JIMANIA30H JIOMYCTUMbIX 3HA-
YeHWI B COOTBETCTBYOIEM KBaipare 3X 3. Hampumep, R(—1,—1) = (—1,—1)
(BapmanT b) dopcupyer paBeHCTBO BCEX JIEMEHTOB JIEBOIO BEPXHErO KBa/I-
para MuHyc eauHuie. B To ke Bpems Bapuant a: R(—1,—-1) = (=2,—1)
dbopeupyer 6(—1,—1; -1, —1) = —2, mOTOMY HTO 9TO €JIUHCTBEHHBII 3JI€-
MEHT 9TOro KBajpara 3 X 3, KOTOPBIi MOI' Obl PABHATHCA —2, a MUHUMYM
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JIOJIZKEH TJIe-TO JIOCTUTraThCst. Bo-BTOPBIX, y Hac ecTh orpanndenus (4.1.16.5)),
i, 9to paBaocuiabHO, (4.1.16.7) un (4.1.16.8). OHn HaK/IAIBIBAIOT YCJIOBHUA
Ha OJIMH 3JIEMEHT B KaXkJIOM KBaJipaTe 3 X 3, WM JarKe IOJTHOCTHIO OIpe-
Jessor ero 3Hadenne. Hampumep, R(—1,—1) = (=2, —1) oxHO3HAYHO Ompe-
Jle/IfeT 3HAUYEHUsS B JICBOM BEPXHEM yIJIe KaXKJOoro Kpajpara 3 X 3 1o ¢op-
myse 8(zo, —1;yo, —1) = |(xo + yo — 1)/2], nomyuatomeiica uz ([(1.1.16.7).
BupoueMm, u3 9Tux orpaHndeHnii HeTPUBHAJIBHBI TOJBKO T€, UTO MOy Tal0TCsI

no (4.1.16.7) npu M (z,y) — m(z,y) = 1; orpannvenns (4.1.16.8) we ma-
0T HEUYIero HoBOro 1o cpasHenuio ¢ (4.1.10.1), T.e. mo cpaBHeHMIO ¢ Tab/IN-

neit ETIT)
4.1.19. (Tabuia JOMOJIHUTEIbHBIX Orpanryenuii Ha 0.) [lepednciium j1omosi-

HUTEJIbHbIE OPAHUYEHUs] HA 0, ONUCAHHBIE B IPEIBIIYIINEM IIyHKTE, B 3aBU-
CUMOCTHU OT TOT'0, KaKNe BapPUAHTHI 3HaYeHUN R ObLIM BHIOPAHBI U3 TAOJIUIIBI

4117

11 10 11 01 00 01 11 10 11
11| —2,]-1,, -1 -1 —1 —1 =105 | —144/0ce; O 0
10| —1 -1 -1 —1 —1,00, 0 |0 0 0
11| -1 1 Lm0 —1;00, 0 0 0 0 Odeml|lso
01 | —1 —1  —1400; | —14g/0s O 0O 0 0 041,
00 | —1 ~1,00;, 0 0 0 0 0 01, 1
01| 1,00, 0 0 0 0 Ogmllio] 0;]1, 1 1
11 | —14j{0y 0 0 0 0 04l; | Oumlleno 1 1
10 | 0 0 0 0 01, 1 1 1 1
110 0 Opmllio |01, 1 1 1 1 Linn |2

ByKBeHHDII MHIEKC Y OJHOIO U3 BapUAHTOB 3HaYeHuii § B 9TOi Tabimie
O3HAYAET, YTO COOTBETCTBYIOIIUIT BHIOOD MUHUMYMa M MAKCUMyMa N3
dbopcupyer BLIOOP UMEHHO 9TOr0 BapuaHTa B JAHHON KJIETKe.

[Tocse Toro, Kak ydTeHbl BCe OrpaHNYeHNs], YKa3aHHbIE B 3TO Tabamne —
T.e. Bce orpanndenns, npoucxozsmue u3 (4.1.16.4) n (4.1.16.7) — MbI BOJIb-
HBI BBHIOMPATh OCTABIIMECH 3HAYEHUS 0 B TaOJMIE IPOU3BOJIBLHBIM 00Pa3oM.
B camom mese, Takoit BbIOOP OylieT COOTBETCTBOBATH BBIOOPY (DYHKIUI M,
M :D* - {-2,...,2} ud: D' — {—2,...,2}, yjoBiersopsIomux Hepa-
sencram (4.1.16.4) u (4.1.16.5)), a smaunr, u mepasencream (4.1.10.2), re.
(4.1.8.1)). TTockosbky §(0,0;0,0) = 0, 3T0ro JOCTATOUHO JJIsT KOPPEKTHOCTH
dbynkimn u36biTka 0, cMm. [4.1.8] a 3HaUUT, TAKOE § ONpPEJEIFET HEKOTOPOE
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paBmiIo cjaoxkenus o 1o dgopmyse (4.1.6.1]).

4.1.20. (Omin — 9TO €IMHCTBEHHAsI KOPPEKTHast (DYHKIUs M3ObITKA, MPH-
HUMaromas 3uadenne —2.) [lokaykeMm, KaK MOXKHO HCIOJIb30BATH TabIIHILY
n3 [4.1.19] [Ina 9Toro JoKaxkeM, 9TO €JMHCTBeHHAasA (QYHKIMs M30bITKA 0,
IPUHUMAIOIIAS 3HATCHUE —2 — 9TO Oy U3 , KOTOpasi COOTBETCTBY-
eT BbIOOPY MUHUMAJILHBIX 3HaUYeHniT BO BceX KieTkax [4.1.19| B camom 1ere,
eciiu § puaUMaeT 3uadenne —2, 1o 0(—1, —1; —1, —1) = —2, HOCKOJIBKY 9TO
3HAYEHUE JOIyCTUMO TOJIBKO B BEPXHEM JIEBOM YTJIy. DTO (hopcupyer Bbi-
6op a: R(—1,—1) = (—2,—1) B Bepxuem JeBom yriy Tabsuier 4.1.17 B
CBOIO 0YEPE/Ib, BHIOOP @ (PUKCUPYET BHIOOP MUHUMAJILHOTO 3HAYEHUS BO BCEX
BEPXHUX JIEBBIX yIJIaX KBajapaToB 3 X 3 Tabsuipsl [4.1.19] B KonednoMm urto-
re o (4.1.16.7). lamee, 310 ompese/isieT 3HAUYEHNE MUHUMYMOB B KaXKJIOM
kBajpare 3 X 3, orkyAa Mbl BuauM, 4ro [4.1.17] no/okaa B gJanHoM cirydae
COOTBETCTBOBATH BLIOODY a, d, g, j, m:

R| -1 0 1
-1 (_27_1)a (_170) <_170)d
0 <_170) <_1>0)g (071)
1 (_170)j (0’1) (07 1)m
[Tocko/IbKY B KaxK 101 KJIeTKe MUHUMYM U MAKCUMYM OTJHYIAIOTCST HA €JTH-
HUILy, 3T0 (PUKCUPYET BCE HEONPEJCJICHHBIC 3HAYCHUS B B MX MHHH-
MaJIbHbIEe 3HAMEHHs, B KoHeuHoM urore 1o dopmyre ([£.1.16.7). B urtore mbr
mojtydaeM 0 = Opin. Kpome Toro, tabsuia [4.1.19| mokaspiBaer, 910 TaKOil
BBIOOD HE MPHUBOJIUT K IPOTUBOPEYUHIO C @, d, ¢, J, M, U IOTOMY Opi, — KOp-
pekTHas HYHKIMSA N30bITKA.

4.1.21. (AnbrepraruBa: 0 = dyin, Omax, JIMO0 0 TPUHUMAET TOJIBKO 3HAUEHIS
{=1,0,1}.) AnasormaabiM 00pa30M MOXKHO JIOKA3aTh, YTO €CJU O HPUHHU-
MaeT 3HadeHue 2, TO 9TO BO3MOMKHO TOJBKO B IPABOM HUKHEM YTJIy, UTO
dopcupyer BbIOOP BapuaHTa 0, 9TO (PUKCUPYET BHIOOP MaKCHMAJIBLHOIO U3
JIBYX BO3MOXKHBIX 3HAYEHUI B IIPaBLIX HUXKHUX yIJIaX BCEX KBaJIpaToB 3 X 3,
9TO O3HAYaeT BLIOOD ¢, f, i, [, 0 U B UTOre PUKCUPYET MAKCUMAJIbHBIN BbI-
O0p 0 = Omax BO Bcex KjeTkax. Takum obpas3oM, Jiisi JII0OOH KOPPEKTHOI
dyHuKIMN U30BITKA 0 BBIITOJTHEHO POBHO OJIHO M3 TPEX YTBEPIKICHMI:

o JIubo § = O
e JIu60 0 = Opax
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e JIu6o ¢ npuanmaer s3unavenust B D = {—1,0, 1}.

OTrmeTnM, 9TO TIPABUIA CJIOKEHUSI, COOTBETCTBYIONINE Opin U Omax, HE sIB-
JIAIOTCA (-TIPABUJIAMU CJIOKEHUsT HU TIPU KAKOM (.

B nanbHeiiem Hac OyIyT B OCHOBHOM HMHTEPECOBATH (PYHKINN O, OTINY-
HBIE OT Opin M Omax, T-€. TaKue, 9T0 0 npuHuMaer 3uadenus {—1,0, 1}, win,
YTO paBHOCUJIbHO, Takue, 910 §((,(;(, () = ¢ mus Becex ( € D. 1o uckiIio-
vaeT BapuaHThl ¢ u o u3 [4.1.17]

4.1.22. (Cayuait ¢: §(—1,1;—1,1) = 0.) Ipemmonoxkum, § # Omin, Omax- 10-
IJla €CTh JIBa MOJIC/IyYas B 3aBUCUMOCTH OT 3HadeHust §(—1,1; —1,1):

e JIu6o 6(—1,1;—1,1) = —1; Torma R(—1,—1) = (—1,—1) (Bapuant b),
1 § COOTBETCTBYET HEKOTOPOMY (—1)-IIpaBHIly CIIOKEHUs .

e JluGo §(—1,1;—1,1) = 0; Torga ¢ He sBisiercs (—1)-mpaBmwiom cJio-
xkennst, u R(—1,—1) = (—1,0) (Bapmanr c), aro dopcupyer BHIOGOD
MaKCUMAJIbHOTO U3 JIBYX BO3MOXKHBIX 3HAYEHHUIT BO BCEX BEPXHUX Jie-
BBIX yIVIaX KBaJIPaToB 3 X 3.

Paccemorpum BTOpoit mojciaydait 6osee moapodbHo. OTMeTnM, 9TO TOTIa
d(1,—1;1,—1) okasbiBaeTcst PaBHO 1, ¥ MOTOMY COOTBETCTBYIOIIEE (O SIBIISICT-
cst 1-mpaBIIIOM CJIOZKeHHUsI, HO He siBJistercsi (— 1)-tipaBuiiom cioxkenwus. [Tocite

9TOro y Hac OCTaETCA BI)I60p TOJIBKO B CJICAYIOIIUX KJIETKaX:

i1 1o 11 | ol o0 01 |11 10 11
im| -1 -1 -1 | -1 -1 =100 0 0
0] -1 -1 -1 | -1 =10, 0 0 0 0
| -1 -1 0 | =10, 0 0 0 0 0.1
01| -1 -1 —10;] 0 0 0 0 0 0l
00| -1 =1/0, 0 0 0 0 0 o1 1
01| —1/0, 0 0 0 0  Opt; |01, 1 1
11| 0 0 0 0 0o o1 |1 1 1
10 0 0 0 0 o1 1 1 1 1
1] 0 0 Oy | o, 1 1 11 1

OcHoBHasi HHTPUTA 371eCh — BBIOOD TPEX 3HaueHuii v, = 0(a, 1; —a, 1) €

{0,1}. Kaxkmoe u3 3mux 3HaUEHUIl KOHTPOJUPYET YeThIPe 3aBUCHMBIX 3HA-
vyenust O(xg, ; Yo, —) mpu |zo| + |yo| = 1: ecom v, = 1, TO BCce ITH YETHI-
pe 3HaueHus (PUKCUPYIOTCA B MAKCUMAJIbHO BO3MOXKHOE 3HAYUCHUE; €CJIN 2KE
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Vo = 0, TO OHE MOTYT BBHIOMpaThCa Hpom3BoabHO 2* = 16 crocobaymu. VTo-
ro nostydaem (24 +1)3 = 17 = 4913 BapuanTor BbIGOpPa §, COOTBETCTBYIO-
mux 1-mpaBuiaM CIOKEHUs @, He sIBIISTIOuMCcst (— 1)-ipaBriiaMu CJI0YKEHNS.
Awnasornuno, cymecrsyer (2* + 1) = 172 (—1)-npasus ciioxkenust, He ABJIs-
IONUXCA 1-TIpaBUJIAME; OHU XapakTepu3ytorcs yeaosuem 0(1,—1;1,—1) = 0.

Bce ocrasibabie KoppekTHbIE (DYHKIUNA U30BITKA 0 COOTBETCTBYIOT IIPABU-
JIAM CJIOZKEHHUS (p, SBJISIONIIMCS OJHOBPeMeHHO 1-nipaBmiiamu u (—1)-ipaBu-
JIAMU.

4.1.23. (AnbrepHATUBHOE OIMCAHWE OrpaHuyeHuii Ha 0.) OrpaHudeHus Ha
KOPPEKTHYI0 (DYHKIMIO U30BITKA & MOTYT ObITH BBIPA’KEHBI JIDYTUM SKBH-
BaJIEHTHBIM 00pa3oM. I1ycThb Oy M Opax — MUHUMAJbHAA U MAKCUMAJIbHAS
dbyuknun usbbITKa, 3aaanubie (4.1.15.1)) u (4.1.15.2)). Torma dyin < 0 < dmax-

[Mycts V = {v € D* : §in(v) < Omax(v)} — 22-3/1eMeHTHOE MHOZKECTBO
KJIETOK TabJIMIBI, Ha KOTOPHIX 3HAYeHue 0 HE OIPEAEJICHO OJHO3HAYHO Orpa-
HUYICHUSAMU . Hnsa kaxkaoro v € V 3aBesiéM OyseBy MepeMeHHYIO
X, = 6(v) — Smin(v). g yaobersa nonoskum X, := 0 npu w € D* — V|
Tak 9TO Tenepb 0 = Oyin + X, tae X : D* — {0,1}, X(v) = X,. Takum
obpaszomM, § jiolycKaer onucanue B repmuaax orobpazkennit X : V. — {0, 1},
KOTOPBIE MBI MOYKEM CUHTAThL IPOJOJIZKeHHBIME HynaéMm Ha D n mam namo
MOHSTH, KaKne HabOpbl 3HAUeHNT Oy/IeBBIX TIEPEMEHHBIX COOTBETCTBYIOT KOP-
PEKTHBIM §, T.e. TakuM, 4ro BbiosnHero (4.1.8.1)), mwm, uro oxHO 1 TO *Ke,
TaKUM, 9T0 cooTBeTcTByIomias 1o (4.1.6.1) dyHukims ¢ npuHIMaeT 3HAYCHMs
B {—1,0,1}. [TockombKy §(v) = Smin(v) + X, MBI MozKeM 3ammucats ((4.1.6.1)
B BUJIE

©(zo, 1, T2; Yo, Y1, Y2) = Pmin(T0, T1, T2 Yo, Y1, y2) — 2X, + X, (4.1.23.1)

riae u = (To, 1, Yo, Y1) B U = (T1, T2, Y1, Y2). YCIOBHE IPUHAIIIEZKHOCTH STOTO
BhIpazkennst MHOKecTBy {—1,0, 1} 3aBUCHT OT KOHKPETHOTO 3HAYEHUS Pin
B 3TOH TOYKe:

e Ecmut ouin(zo, 1, T2; Y0, Y1,Y2) = —1, T0 gomkuo 66T X, = 0.

o Eciu omin(To, 1, T2; Yo, Y1, Y2) = 0, 10 moszkHO 66T X, = 0 miu X, =
1, re. X, < X,, 9T0 MOXKeT OBITH 3aIMcaHo Kak X, = X,.

o Eciu omin(To, 1, T2; Yo, Y1, Y2) = 1, 10 moskHO 66T X, = 1 min X, =
0, Te. X, < X, 9ro MOXKeT ObITH 3amucaHo Kak X, = X,,.
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Moxkno mpoBeputhb, uto ycjioBue X, = ( BO3HUKAET TOJILKO I U €
D* — V (nanpumep, BOCIIOJIBL30BAaBIIUCH TeM (haKTOM, 9TO 0 = Opayx KOD-
pekTHO, a Jyist Hero X, = 1 npu Becex v € V'), Tak 9ro ImepBoe MpaBmio He
JIaéT HOBBIX orpannyenuii. [lycrs E — MuOxecTBO Beex nap (u,v) € V2, s
KOTODBIX JIOJ2KHA ObITH BepHa MMIUTHKalus X, = X, [0 olHOMYy W3 Tpa-
But Boie. Torga opuentuposanubiit rpad (V, E) koaupyer abCoOTHO BCe
ycsioBus Ha 0. Ecmn < — 4gacTUYHBIN MOpsI0K Ha V', MOPOXKIEHHBIN F, TO
KOPpPEeKTHbIE (PYHKIINUA U30BITKA 0 OKA3BIBAIOTCA BO B3AWMHO OJHO3HATHOM
COOTBETCTBUU C UJi€AlaMU B YaCTHYIHO YIOpsiodeHHOM MHOKecTBe (V) <X).

4.1.24. (dsnoe nepeuncienne pédep rpada (V, E), uiu uMImKanui Mex-
sty 6yeBbiME HiepeMeHHbIME X ,,.) MbI MOXKeM SIBHO Iepednc/iuTh Bee pédbpa
rpada 3aBucumocteil, T.e. MHOKecTBO FF C V' X V 13 mpeablayIero myHKTa,
C TIOMOIIIBIO TAOIUIBI 3HAYEHUN (DYHKINN ;. B urore nomydaem 43 pedbpa;
U3 HUX JBa gBjstorcs netisvu u3 (—1, —1,—1,—1) wm (1,1,1,1) B ceba,
T.e. uMIIKanuamMu X, = X; u Xoy = Xy B 0003HAUECHHUAX HUKE, U TTIOTOMY
MOTI'YT OBITH BHIKMHYTBHI. Kpome Toro, mmimmkanun X, = Xop u Xy = X9
ABJIAIOTCA cteicTBusaMu X, = X3 = X9y n Xo = Xg = Xy u noromy
TakKe n30bITouHbl. OcTtaéres 39 ycmoBuii:

Xy = { Xy, X3, Xo, X15} ( )
Xy = { X3, X14, Xoo, Xo1} ( )
X3 = { Xy, X5, X6, X7} = Xy ( )
Xy = {Xi0, X1, X12, X13} = Xus (4.1.24.4)
X5 = { X6, Xu7, X18, X19} = Xoo ( )

{ X3, Xo, X5} = X ( )

{Xs, Xu4, Xop, Xo1} = Xoo ( )

rje nepeMeHubie X; 3aHyMEPOBAHDI CJIC/LYIONUM 00PA30M:
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§ 11 10 11 01 00 01 11 10 11
] Xop—2 -1 —1 —1 1 Xi—1|Xp—-1 0 0
0] -1 1 —1 1 Xp-1 0 0 0 0
] -1 1 X—1| X,—1 0 0 0 0 X
o1 -1 1 Xp—1|Xy,-1 0 0 0 0 X
0| -1 X,;-1 0 0 0 0 0 X1 1
01| X5—1 0 0 0 0 X X 1 1
1] Xg—1 0 0 0 0 X0 Xo 1 1
10 0 0 0 0 X3 1 1 1 1
11 0 0 X X; 1 1 1 1 X, +1

fcHo, 9TO TpUBEEHHBIE BBIIIE YCIOBHUS KOAUPYIOT POBHO Te Ke Orpa-
HUYEHUsI Ha 3HAYeHUs] KOPPEKTHOH (DYHKIMH u30bITKA 0, 9TO W TaOJIUIIBI
[4.1.19| u 4.1.17 Hanpuwmep, ecn X = 0, To Heobxomumo sce X, = 0,
YTO COOTBETCTBYET TOMY, UTO Opin — €JAMHCTBEHHAsT (DYHKIINA U30bITKA, ITPHU-
HUMAaloIas 3HavdeHue —2, n anajorndno X; = 1 Bueuér X, = 1 jura Bcex
v €V 10 = Opax. TOUHO TAK K€ 1-TIpaBUIa CIOXKEHUs, HE SIBJISIOIIIE-
cst (—1)-mpaBuiamu, 91O OBLIM U3yYEHbI B , coorBeTcTBYIOT X = 0,
Xy = 1, a cumMmerpuuHblil cirydail (—1)-npaBuil CJI0KeHUsl, He sIBJIAIONIXCS
l-npaBunamu — Xop = 0, Xop = 1.

O trako TabHIler O0JIee YA00HBI /s TIOCTPOEHUS U U3YUEHUsI BPYUHYIO, B
TO BpeMsi Kak [PUBEIEHHBIN BhIIe CIUCOK ycsaosuil Ha X, T.e. rpad (V) E),
yJI00HE# CTPOUTD U UCIIOJIb30BaTh HA KOMIILIOTEPE.

4.1.25. (3aBepiienne KaaccubUKAIMN: 1-IPABUIa CIIOKEHUS, SBJISTIOIINECS
rakzke (—1)-npasuiamu.) Mbl yxke kinaccudunuposasu B{4.1.21|u(4.1.22|sce
dyHKIIUN §, COOTBETCTBYIOIIUE TPABUJIA CJIOXKEHUS (0 JIJIst KOTOPBIX He SBJIs-
I0TCST ONTHOBPEMEHHO 1- 1 (—1)-mpaBusaMu CI0yKeHust, 1 0OHAPY KU, ITO UX
1+1+2-17% = 9828 mryk. 3aBepmmM KaaccupUKAIIIO, PACCMOTPEB CIydai,
KOIJIa (0 SIBJIIETCS OJIHOBPEMEHHO 1-TipaBujioM u (—1)-mpaBujioM, 9To COoOT-
BeTcTByeT X1 = X9 = 0, X9; = X9y = 1 B 0bo3Hauenusx|(4.1.24] Torma egun-
CTBEHHBbIE HETPUBHAJbHBIE OcTaBImecs ycaosust — 310 (4.1.24.3)—(4.1.24.5)),
koropsle umeioT Bux X, = {Xp, X, X4, X} = Xy g tpéx menepecekaio-
uUxcs HaAOOPOB M3 IMIECTH IMEPEMEHHBIX. ZIcHO, 9TO B KaKJIOM TaKOM Habope
nlepeMeHHble MOTyT ObITh BhiGpanbl 1+ 1+ 2% = 18 criocobamu (6o Bee Tie-
peMennble paBHbI, 60 X, = 0, X; = 1, a ocTajbHble YeThIPe IIepeMeHHble
BBIOMPAIOTCS TPOU3BOJILHO), TaK YTO CyHMIeCTBYeT poBHO 18% = 5832 npasun
CJIOYKEHUsI, SIBJISIFONIUXCS OJIHOBPeMeHHO 1-mipaBuiiamu u (—1)-mpaBuiamu.
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I1Toro mojydaeM, 4To cymecTByeT poBHO 2+ 2- 172+ 183 = 15660 JoKaIbHbIX
IIPaBUJI CJIOYKEHUS.

4.1.26. (YHuBepcaJbHbIE IPABIIIA CJIOKEHUSI.) Y HUBEPCATIbHBIE TIPABUIIA CJIO-
JKeHusl BblessiioTest yeaoBuamu X1 = Xo = Xg = 0, Xog = Xo1 = Xy = 1,
470 octapager 16 - 182 = 5184 papmanTos. UTak, cymecTByeT posHO 5184
YHUBEPCAJIBHBIX JIOKAJTBHBIX ITPABUJI CJIOKEHUS.

4.1.27. (Kommyrarusable npasuia ciaoxkenus.) Kiaccudunupyem Bee xom-
MYMAMUBHHLE TIPABUIIA CJIOKEHUS (O, T.€. TaKue, 910 ¢(To, T1, T2; Yo, Y1, Y2) =
Sp(y07 Y1, Y25 Lo, L1, x2)7 A, 9T0 paBHOCUJIBHO, 5(1’0, 15 Yo, yl) = 5(y07 Y15 2o, '1:1)'
DTO0 ycaoBrUE Ha 0 MOXKET OBITH JIETKO 3aIllMCAaHO B TEPMHUHAX OYJIEBBIX IIepe-
MeHHBIX X, n3(4.1.24} MBI Io/Ty9aeM JIONOJTHUTE/IbHbIE paBeHcTBa X3 = X5,
Xy = X7, X5 = Xyg, Xo = Xig, X7 = Xig, Xg = Xoo, X10 = Xy,
Xi12 = X33, ¢ HOMOITBIO KOTOPBIX MBI MOkeM yrpoctuts (4.1.24.1))(4.1.24.7))
110

Xy = { X, X3, Xo} (4.1.27.1)
Xy = {Xg, X1, Xo1 } (4.1.27.2)
X3 = {Xy, X5, X6, X7} = X5 (4.1.27.3)
Xo = {X10, X12} = Xu4 (4.1.27.4)
{X3, Xo} = Xoy (4.1.27.5)

( )

{Xs, X14, X1} = Xoo 4.1.27.6

Orcro/ila MBI JIETKO BBIYUC/ISIEM, YTO KOMMYTATHUBHBIE IIPABUJIA CJIOKCHUS
KJIACCUPUITUPYIOTCS CJIEIYIOMIM 00Pa30M: 9TO Ppmin, Pmax, €ME 17 -5 = 85
KOMMYTATHBHBIX 1-IIPABUJI CJIOXKEHUsI, He dBJstomuxcs (—1)-paBuiaMu, u
CTOJILKO 7K€ KOMMYTATHBHBIX (—1)-TIpaBui, He gBJAIOIUXCS 1-IPaBIIAME, U
18:6 = 108 KOMMYyTATUBHBIX 1-ITpaBIIIL, SIBJISIOMIUXCS TakkKe (—1)-TpaBuiaMu.
N3 nmocaenux MOXKHO BbIJIEUTDH 18-4 = 72 yHUBEPCAJIBHBIX KOMMYTATUBHBIX
npasuia. Mtoro 2 4+ 2 - 85 4+ 108 = 280 KOMMYTaTUBHBIX MPABUJ CJIOKEHUS,
U3 KOTOPBIX 72 YHUBEPCATHHBIX.

4.1.28. (Cummerpuunble npasmia cyioxkenus.) Kinaccudunupyem Bee cum-
MEMPUYHDLE TTPABIIIA CJIOKEHUS, T.€. TAKUE, ITO

90(—930, —T1, —2; —Yo, —Y1, —yz) = —90(930,3517552;907341,?/2) (4-1-28-1)
YTO paBHOCUJIBHO

5(—$o, —T1; —Yo, _yl) = —5(5130,951;%,?/1) (4-1-28-2)
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B repmunax OysneBbix nepemeHHbix X, u3 [4.1.24] 970 paBHOCHJILHO YCJIO-
BusM X; + Xog ; = 1 wm X; # Xoz; g Beex 1 < ¢ < 22; B 4gacrt-
voctu, X; # Xoo, Xo # Xo1, Xog # X4, orxyma X; = Xy = Xy = 0,
Xog = Xo1 = X34 = 1, mockousbky u3 ycmoswmii (4.1.24.1)—(4.1.24.7)) uzBectHO,
aro X < Xog, Xo < Xo1, X9 < Xq4. Takum obpazom, Bce CUMMETPUYIHbBIE
IpaBUJia CJIOKEHUST aBTOMATUYECKH SIBJISIOTCS YHUBEPCAJbHBIMU. YCJIOBUS

Ha OCTaBIIHECA IIEPEMCHHbIE PaBHOCUJIbHBI

X3 = {X4,X5,X6,X7} = X3 (41283)
0 = {X10, X11, X11, X10} = 1 (4.1.28.4)
Ky = { X5, X, X5, Xa} = X (4.1.28.5)

riae Mbl 3aMeHmm X; npu ¢ > 12 Ha jlormdeckoe orpuranue Xog_; = 1 —
Xo3_ ;. Buano, aro paBHocubHO (4.1.28.3]) 1 moTomy U3OBITOTHO,
a (4.1.28.4) mo cymectBy o3Haudaer, 4ro X9 u Xj; MOryT IPUHUMATH IIPO-
U3BOJIbHBIE 3HadYeHudA. B mrore Mbl mosydaem 18 - 4 = 72 cUMMETPUIHBIX
IIpaBUJIa CJIOZKEHUsI, BCE U3 KOTOPBIX ABJIAIOTCH YHUBEPCAIHLHBIMHU.

4.1.29. (Bocemb cuMMeTPUIHBIX KOMMYTATHBHBIX TPABIII CJI0KeHNUs. ) Kitac-
cuduImpyemM Bce CUMMETPUIHBIE KOMMYTATUBHbBIE ITPABUJIa CJIOKeHud. Jrs
9TOro0 Ha 10 cKoMOnHrpoBaTh (4.1.28.3)—(4.1.28.4)) ¢ monosnnurebHBIME yCTO-
BUAMHI KOMMyTaTuBHOCTH X3 = Xg, X4 = Xg, X5 = X7, X109 = Xi1. Io-
ckoJIbKYy X3 = Xg, orcioyia X3 = 0, Xg = 1. [losrygaem

0={Xy, X5, X4, X5} = 1 (4.1.29.1)
0= {X10; Xlg} =1 (41292)

Nuave rosopst, ocrapiimecsd nepeMennbie X4, X5, X9 MOIyT BbIOMpATHCH
IIPOU3BOJILHO, U Y HAC €CTh BOCEMb CUMMETPUYHBIX KOMMYTATUBHBIX ITPABUIT
CJIO2KEHH I, BCE BOCEMb M3 KOTOPBLIX ABJIAIOTCA YHHUBEPCaJIbHBIMU. COOTBeT—
cTByMoMre (DYHKIUN U30BITKA 0 3aaI0TCs TabIUIei
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o |11 10 11 {01 00 01 |11 10 11
M|-1 -1 —1|-1 -1 —~|0 0 o0
01 -1 —-1|-1 =8 0]0 o o
11| -1 -1 -1 |—-a 0 0 0O 0 O
01| -1 -1 —al| 0 0O 0 [0 0 ~
0|l-1 -8 0 0 0 0 0o p 1
01| —y O 0 0 0 0 a 1 1
11| 0 0 0 0 0 « 1 1 1
10] 0O 0 0 0 15} 1 1 1 1
11| 0 0 0 ¥ 1 1 1 1 1

e napameTpbl @ = Xg = 1 — Xy, = Xp=1—- X9, 7= X7 =1-Xj5
MOI'YT IIPUHUMATD IPOU3BOJIbHbIE 3Hadenus u3 {0, 1}.

4.1.30. (Popmysbl Jjisi HEKOTOPBIX CUMMETPUYHBIX KOMMYTATHBHBIX IIPa-
BHMJI C.HO}KGHI/IH.) HeKOTOpre CUMMETPUYIHbIC KOMMYTaTHUBHBIC IIpaBUJIa CJIO-
JKeHUS (0, I KaK MIHUMYM COOTBETCTBYIOINE (DYHKIINNA U30BITKA 0, MOTYT
OBITH 3aJlaHbl POCTBIMEU (opmyaamu. Harpumep, ecin oboznaunth D =
3(xo + yo) + x1 + Y1, TO

50(950,5517372§3/07y17y2) = [D > 4] — [D < —4}
_ {3(1’0 +yo) + a1y + 3J (4.1.30.1)
B 7

coorBercTByeT v = 3 = v = 0 (Makcumy™m Hyseit B Tabsure) B(4.1.29] a

61(wo, 11, 2 Yo, Y1, 42) = [D > 3] — [D < 3]

a 11
COOTBETCTBYET (x = ﬁ = v = 1 (MI/IHI/IMyM HyJIE B Ta6JIHLL€). CDyHKHI/II/I

U30BITKA Opmin U Omax HIPUHEMAIOT HyJIeBoe 3HadeHue B 43 Toukax n3 81, B
TO BpeMsI Kak 0y — B 51 Touke, a d; — B 39. COOTBETCTBYIOIIHE IIPABUIIA
CTTOKEHUS Pmin T QPmax PABHBI HyII0 B 368 Toukax m3 729, o m (3 — B
375 m 363, coorBercTBeHHO. MOXKHO IMPOBEPUTH HA KOMITBIOTEDE, UTO 0 H
Y1 JIEHCTBUTEIBHO 00JIAIAI0T MUHUMAILHBIMU KOJUYECTBAMU HYJIEN Cpeu
BCEeX KOPPEKTHBIX (DYHKIMIT M30BITKA 1 JIOKAJBHBIX IIPABUJ CJIOKEHUSI, IIPHU-
96M ¥ 10 TOMY, U IO JPyTOMY HapaMeTpy MUHUMYM eanHcTBeneH. O 1HaKO dg
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U (g, XOTd U HEJAJIEKH OT MAKCUMYMOB IO KOJUYECTBY HYJIEBBIX 3HAYEHMIT,
HO HE SIBJIIOTCS UMU: CYIIECTBYIOT POBHO JiBe 0 ¢ D2 HyJIEBbIMU 3HAYCHU-
AMUIN (‘{TO ABJIAdETCA MaKCUMaJIbHO BO3MOZKHBIM KOJIMYECTBOM Hy.HefI) n UM
COOTBETCTBYIOT JiBa ¢ ¢ 376 HyJIeBbIMU 3HAYEHUSAME (UTO TaK¥Ke SIBJISETCSI
MaKCUMYMOM ).

4.1.31. (JIokasbHOE IPABUJIO CJOXKEHHS ¢ MAKCHMAJIBHBIM KOJTMIECTBOM HY-
neit.) TlpuBeném st mHTEpeca Tabuiy ofHOM U3 ABYX (DYHKINHA H30bITKA
0, IpUHUMAIOIIEH MAaKCUMAJIbLHO BO3MOXKHOE KOJIMYECTBO HYJIEBBIX 3HAYEHUIT
(To ecth 52):

|11 10 1101 00 01|11 10 11
17/-1 -1 -1|/-1 =1 00 0 ©0
0|{-1 -1 -1{-1 0 0|0 0 O
11/-1 -1 0 0 0O 0}]0 0 O
01|-1 -1 0 0 0O 0|0 0 O
0|-1 0 0 0 0O 0}]0 0 1
or{ 0 0 0 0 0O 0|0 1 1
1m0 0 0 0 o o}1 1 1
1000 0 0 0 o 1}]1 1 1
1110 0 O 0 1 11 1 1

Busno, uro § orimmdaaercss or dg M3 HMPEJbLIYIIEro MyHKTAa TOJBKO 3Ha-
genneM d(—1,1;—1,1) = 0 Bmecro —1. Ilosromy mpasBuiio caoxkeHus: @, co-
OTBETCTBYIOITIEEe §, KOMMYTATUBHO, HO HE CHMMETPUIHO; CAMMeTpUIHbIE ' 1
¢ ormmaarores ot g s3Hadennem ¢'(1,—1;1,—1) = 0 Bmecro 1. fcHo, UTo
0’ — 910 BTOpasi MyHKIMs U30bITKA, TPUHAMAIOIAA 52 HYJIeBbIX 3HAYEHUI.
CooTBeTcTBYyIOINIIE KOMMYTATHBHBIE ITPABUJIA CJIOXKEHUS © U CUMMETPUIHOE
eMy ¢’ 00J1aJaI0T MaKCHMAJIBHBIM KOJINYeCTBOM HyJ1eil (376 u3 729).

4.1.32. (EcrectBennbie qactorhl nudp u3 D: nojgosuna nudp — Hy/1H.) 3a-
MEeTHUM, 9TO IIPaBUJIa CJIOXKEHUS  IPUHUMAIOT HYyJIEBble 3HAUYEHUS ITPUMEPHO
B nosioBuHe ciaydaes (o1 368 o 376 ciydae u3 729 B 3aBUCHMOCTH OT ).
DTO 03HAYAET, UYTO JaKe €CJIM B CJIaraeMbIX € U Y U@ Pl ObLIN PAaBHOBEPO-
ATHBI, B CyMMe & (D, Y, BRIUUCJICHHON C IOMOMIBIO JIOKAJIbHOIO IPaBHUIIA (),
pacupejienenne mudp OygeT WHBIM: MPUMEPHO MOJOBUHA TP OyIyT Hy-
JISIMU, OCTaJIbHBbIE — €IMHUITLI 1 MUHYC €IMHUIILI, BOOOIIE TOBOPS, IIPUMEPHO
HOPOBHY (UJIH IIPOCTO TIOPOBHY, €CJIH (0 CUMMETPUIHO). Takum 06pazom, MoK-
HO 3aKJIIOUUTh, YTO €CTECTBEHHOE PACIpe/ie/ieHne YacToT mudp u3 D uan ux
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BepogTHocreii takoso: P(0) = 1/2, P(1) = 1/4, P(1) = 1/4. Wurepecuo mpo-
BEPUTH, 9TO MOJIYIaeTCs, €CJIU IUMPHI CJIAraeMbIX € U Y HE PABHOBEPOSITHEI,
a M3HAYAJBHO pacIpejie/ieHbl CONJIaCHO STOMY 3akKoHy. [lepebop Ha KOMITBIO-
Tepe TMOKA3BIBACT, UTO 044 4106020 NPAGUAL CAOAHCEHUA P BEPOATIHOCTL NO-
AYHUMD HYAEBOE 3HAYEHUE NPU YKAZGHHOLT 6EPOATNHOCTIAL UCTOOHOIT UUPp
pasho 6 mounocmu 1/2. Ecin npu 9ToM €1é u B3ATh CUMMETPHIHOE (©, TO
BEPOSTHOCTH TIOJIyIUTh €JAUHUILY ¥ MUHYC €IUHUIYY OY/IyT PaBHBI IPYT JAPYTY,
a 3HAYUT, PABHBI B TOYHOCTHU 1/4 (/151 HECUMMETPUIHBIX ( 9TH BEPOSITHOCTH
IPUHUMAIOT 3HadeHns or 3/16 g0 5/16). naue roBops, HaIle «eCTECTBEH-
HOE pacIpejieJieHIe BepOATHOCTEN Ha Iudpax» yCTONYINBO HPU CJIOKEHUHU:
ecan TdPBI craraeMbIX OBLIH PacIpeieeHbl TAKIM 00pa3oM, TO U I PHI
CYMMBI TOXKe OYJIyT TaK PaCIpe/Ie/ICHBL.

SaMeTnM Ha BCSIKMIA CJIydail, 9To cocenHue MudPhbl CYMMBI Ha CAMOM JIEJIe
3aBUCHMBI, JayKe ecjid IdpPbI caraeMbixX ObLIN HE3ABUCUMBIME CJTIyYaiiHbI-
MU BEJIMYMHAMHI, TAK 9TO IPUBEIEHHBI BBIIIe BEPOATHOCTHBII aHaimns, hop-
MaJILHO TOBOPSI, HETOUEH, OCOOEHHO €CJIN MBI HCIOJIb3YeM PaHee MOy deHHbIe
CYMMBI B KadeCTBE CJIAra€MbIX I HOBBIX CYMM.

4.1.33. ([domosHuTEIbHOE CBOCTBO: BCE IIPABUIIA CJIOXKEHIS KOMILJIEMEHTap-
Hbl.) HazoBEM IPABUIIO CJIOKEHUS @ KOMNACMEHMAPHHLM, €CITH TIPH CJIOKe-
aun qucel (0.2oz12 ... )e 1 (0.20Z1Z3 . . )2, TA€ Ty = — Ty, HOIYIAETCST HOJID
B Buge (0.000...). MHade roBops, pu CJIOKeHUN T U HauboJiee eCcTecTBeH-
HOT'O IPEJCTABUTENISI —I MOJydaeTcsd HOJIb. $ICHO, 9TO 9TO yCJIOBHE pPaBHO-
CUJIBHO TOXKIECTBY (g, L1, Ta; —Tg, —T1, —T2) = 0, a OHO, B CBOIO OYepE/Ib,
paBHOCHIBHO (g, T1; —To, —1) = 0. OJHAKO OrpaHUYIeHNs Ha KOPPEKTHYIO
dyukmo w30bTka 0 n3 |4.1.11] MOKa3bIBaIOT, YTO 9TO YCJIOBHUE BBIOJHEHO
BCETJIA, T.€. 6CE NPABUNL CAONCEHUA KOMNAEMEHMADHDL.

4.1.34. (HdomonHuresnbHoe CBORCTBO: (-TpO3pavdHoCcTh.) HazoséMm npasmio
citokerust @ (-npoapasnvim (cnpasa) 1jst Hekotoporo ¢ € D, ecjid BBINOJI-
HEHO TOYKJIECTBO

(0, 21,725 ¢, ¢, ) = o (4.1.34.1)

Hamnpumep, 0-mpo3padHocTh 03HAYAET, YTO HPU CJIOKEHUHU OOJILIIIOTO YUCTIA
U MaJIEHbKOI'O TIePBbIe MUMPHI OOJIBIIOrO YKC/Ia He N3MEHSIOTCS:

(0.%01’1 N .)2 + (000 ce Oynyn—l-l .. .)2 = (O.C(]()[L‘l . Tp_32n—92%n—-1-- .)2

DTO MOYXKeT OBITH MOJIE3HO, €CJIU, HAIPUMED, Mbl XOTUM BBIYUCIATH CYMMBbI
PSIZIOB, TaKHX, Kak € = »_ - 1/nl, mwm naxe mpocTo yMHOXKATH YHCJIA 10
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dopmyte

00 n+1

n=0
[IOCKOJILKY TOTJA MBI MOXKEM OBLITh YBEPEHBI, YTO IIE€pPBble IMUMPHLI IPOMe-
JKYTOYHOI CyMMBI 3aBEJIOMO He Oy/IyT U3MEHAThCs, HAYMHAsA C HEKOTOPOI'O
moMmenTa. Ecam ke 0-mpo3padHocTu HeT, nepsble NudpPhl MOIYT BCE BpeMst
U3MEHATHCA U He OyJIeT CXOJAMMOCTH JBOMYHBIX IIPEICTABIEHUN JYaCTUIHBIX
CyMM II0 I pam.

Cornacno (4.1.5.1) u (4.1.6.1)), 0-po3pavHOCTh ¢ PABHOCHJIBHA TOXK/IE-
ctBy (29, 21;0,0) = 0, 9TO HEBOBMOXKHO n3-3a orpanndeHunii va ¢ n34.1.11}
HarpumMep, obsizaresbHo 0(—1,—1;0,0) = —1 # 0. lna ¢ # 0 6ymem pac-
CyJ1aTh, Kak 1pu BeiBoje (4.1.9.1)): mpuMeHnM PaBUIO CJIOXKEHUS JIJIsT BbI-

qucsternst (0.2z122(CC . . )2+ (0.(CC . . .)2. O603naunm o := ¢((,(, ¢ ¢, ¢, C);

TOrIa,

26(%0, x1; C? C) + @(1307%1; T2; <7 Cu C) + %@(mhx% <7 <7 C7 C)

1 N - . 5¢ (4.1.34.3)
. - s 2, h
+ZQ0<I‘2,<,C,C7C,C)+ 4 'rO_'_ 9 + 4 + 4
Ecim ¢ (-ipospadno, 1o o = (, 1 oryvdaemM
5¢ —

Torma ¢ = 2(xo, x1; ¢, () 6GbLIO OB YETHBIM, YTO HEBO3MOXKHO 1pu ( # 0. Mbr
BAKJIIOTAEM, UTO (-NPo3padHovlr NPasUus CAONCEHUA HE CYUWECTNEYEM HU NPU
rKaxom C.

4.1.35. (O6obmenne: (A, u)-npaBuia ciaoxenus.) s npeomoenus yka3aH-
HOfT BBIIIIE TPYJHOCTH MBI MOXKEM DAcCMOTpeTh Oostee obrue (A, i1)-npasuaa
caoorcenua f o D*OHe) 5 D opne A, g1 € Ny. Dro Takne dyHKIHI

f(m—)\:,ua y—)\:u) = f(x—)\a T a4l s Tu—1Tps Y- Y2415 - - - Yu—-1, yu) )

9TO BBIIIOJIHEHO TOXKAECTBO

(e}

Z f(.’ll'n,)\, sy Lngps Yn—xs - - >yn+,u)27n = Z(xn + yn)Qin (41351>

n=—u n=0
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IUISL BCEX Ty, Yp € D, rae Mbl nojaraem x, = v, = 0 upu n < 0. Panee ompe-
nenéunsle B4.1.2]10KaIbHbIE IPABUIIA CJIOKEHUA — 9TO B JeHCTBUTEILHOCTH
(0,2)-mpasuia cioxenns. Ananormano Teopeme [4.1.6] (A, p)-npasuna co-
JKEHIST COOTBETCTBYIOT (DYHKIUAM M3OBITKA (T ), ..\ Tpe15Yns - - s Yp—1)s
§ : D230 5 7, npuHEMAIOMNM HeGOIIbIINE IeJIble 3HAYEHHST; IIPU 9TOM B

anaJjiore popmysibt (4.1.5.1f) 6ymer A + p ciaraeMbIx ¢ ydactueMm [, 0JIHAKO B
(4.1.6.1]) ocTraneTcs Mmo-mpezKHEMY JBa CJIATAEMBIX C 0:

Atp—1 k+1 k41
6($—A:u—1; y—)\:u—l) - Z 2kf(0a cee 707 x—)\:u—k’—l; 07 s 7Oa y—)\:u—k;—l)
k=0
A1
- Z 2P (x_p1 +Y_p1)
k=0
(4.1.35.2)
u
f(l'—)\:u; y—)\:u) = Zo + Yo — 26($—A:u—1; y—)\:u—l) + (5(1'_)\4_1:“; y—)\—&-l:u)
(4.1.35.3)
Jns rakux dpyHKImit n30bITKa 0 OyjieT Bepen anajor HepasencTBa (4.1.9.2)):
pn—1
0@ rp—13Yrpm1) — D27 mp + )| S 1 -2 (4.1.35.4)
k=0

KOTOPOE JIOKA3BIBACTCS aHAJOTMIHBIM 00Pa30M € IIOMOIIBIO CJIOYKEHUS IUCET
(_n...x1.@o... 2, .. )2 B (Yox .o Y—1.Yo ... Y ... )ompun = —1lun =
1.

[Monyuatomasicss Kiraccudukanus (A, (1)-IpaBUI CJIOXKEHUsT B OOIIUX Iep-
Tax IMoXoXKa Ha Ty, 4TO OblLIa IpojesiaHa Boime npu A = 0 u u = 2: j0-
IIycTUMble 3HadeHust 0(v), rie U = (T_x;u—1,Y—rpu—1), OKASBIBAIOTCS 3a2KAThI
MezKLy HeKoTopbiMu 0. (v) u 0% (v), KOTOpble OTINYA0TCS MAKCHMYM Ha
exaunuily. Eciu 3aBectn OyiieBbl mepementbie X, JId PA3HOCTH § — 0. B TeX
HO3UIUAX, e 3Ta PA3HOCTH MOKET OLITH HEHYJIEBO, TO MbI CHOB& IIOJIYYAM
HEKOTOPOE MHOXKeCTBO MMILTHKaIwit, anagorndnoe (4.1.24.1)—(4.1.24.7)), ko-
TOpOE OMHUCHIBAET MIPOCTPAHCTBO BCeX (A, pt)-mipaBmil cioxkenus. OHAKO He
OYeHb TOHATHO, €CTh JIN PeaJibHasd MoJb3a OT A > 0 wiam p > 2, MOCKOJIb-
Ky, HallpuMep, HoJayduTh 0-Mpo3padHble IpaBujia CJIOKEHHs He yIaéTcs 10
TOM »Ke MpUYnHe, 9TO U panbIe: Heobxomumo 0(1,...,1;0,...,0) =1 # 0

BBy (4.1.35.4)).
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4.1.36. (IIpospaunbie JiokaIbHbIE TIPABIJIA CJIOKEHUsT HE CyIIecTBYIOT. ) [Ipo-
WLTIOCTPUPYEM, MOYEMY HE TOJIy9YaeTCs MOCTPOUTH IIPO3PadHbIC IIPaBUIIA
caoxenns: ancen (0.xoxy1...) + (0.90y1...)2 = (2-xn...2-1.2021 - ..)2, OOJa-
JAIOIHE TEM CBOMCTBOM, HTO 2, HOJIHOCTBIO ONIPENENSeTcs (T;)o<i<niy B
(Vi)o<i<ntn it HekoToporo p > 0. IlpeamosokuM, HAC IPOCAT CJIOXKHUTH
(0.1111...)9 u (0.0000...)s, rae nanékue nudpbl HEU3BECTHBI U B KOHETHOM
UTOTe MOT'YT OKa3aThCsl KAKUMU yTrojiHO. Feyin Hate npaBu/io cJIoxKeHus 1Ipo-
3pavHO, MbI JIOJKHBI HadaTh BeIBOAUTH (0.11...)s, mOCIE TOro, KaK mpovn-
TaeM JIOCTATOYHO MHOTO €/IMHUIL U3 [IEPBOrO Yucjaa u myseit u3 sroporo. O-
HAKO €CJIU [TePBOe YUCJIO JIEHCTBUTETBHO COCTOUT U3 OJIHUX €JIUHUIL, & BTOPOe
IJIe-TO OYEHb JIAJIEKO COJEPXKUT XOTs Obl OJHY €JMHUILY, TO UTOrOBas CyMMa
Oyzer cTporo GOJIbINE eMHUILI, a Mbl He cMOKeM HpogosKuTh (0.11...)s
TaK, 9TOOBI TO CTAJIO 3AIMUCHIO YUC/IA, OOJIBIIErO €IMHUATIBI. DTO PACCY K Ie-
HIE TTOKa3bIBAET, YTO B JIEHCTBUTEIBHOCTHA MbI JOJ’KHBI HAYATh B KAKOW-TO
MoMmeHT BbIBOAUTH (1.00...)s, HOCKOJIBKY TaKoe HAYaa0 CyMMBI JIOIYCKAeT
OoJibIlle THOKOCTH B Ja/IbHEHIIeM.

4.2 BelecTBeHHbIE U 2-aJJU9YeCKNe ITPABUJIA CJIOXKEHUS

Mo2KHO JI aHAJOTUIHBIM 00Pa30M JIOKAJIBHO CKJIAIBIBATH 2-aUIeCKHe THC-
ja? Oka3bIBaeTCs, UTO Jia, HIPUIEM € ITOMOIIBIO TeX »Ke JIOKAJbHBIX ITPaBUII
CJIOYKEHUs p, UTO U BEIIECTBEHHDbIE YHCJIa. JTO TO3BOJISET MOCTPOUTH COB-
MectHOe TipeacraBienrne Qo m R ¢ MOMOIIBIO JBOMIHBIX JIpobeii, OeCKOHed-
HBIX B 00€ CTOPOHBI, II0 AHAJIOIUN ¢ (POPMAJIHLHBIMIA CTEIIEHHBIME PSIIAMEI HaT
KoHe4IHbIM 1os1eM [, 6becKoHeuHBIME B 00€ CTOPOHBI.

Bsesiém cirerytoree ornpeiesieHue:

Onpegenenne 4.2.1 (2-aguueckne npasuia ciaoxkenns.) Qyuxnus ¢ : Db —
D, rme D = {—1,0,1}, HasbiBaercsi (JTIOKAJIBHBIM) 2-aJAYE€CKUM IMIpa-
BUJIOM CJIOXKEHUS, CCJIH IS JIIOOBIX 1TOC/ae/[0BaTeIbHOCTe & = (Xp)n>0,
Y = (Yn)n>0 € D¥ ciresyroree paBeHCTBO BBIITOJIHEHO B Ziy:

Z O(Tpy Tre1y T2 Yny Yn—1, Yn—2)2" = Z(xn + yn)2" (4.2.1.1)
n=0 n=0

r7ie MBI IoJIaraeM T4 = T_o = Y1 = Y_o = 0.

Nuave roBops, 2-ajmdecKoe MPABUJIO CJIOKEHHUS (© MO3BOJIAECT JIOKAIb-
HO CKJIaJbIBaTh 2-ajmdeckue ducia (...xsx120.000)s + (... y2y190.000)y =

(... 222120.000)2, moMaras 2, = ©(Tn, Tn-1,Tn—2; Yn: Yn—1, Yn—2)-
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IIpennoxxenne 4.2.2 (2-agudeckne MpaBujia CJIOXKEHUsI COBIAJAIOT C Be-
mecrsennbivu.) Qyuxnus @ : DY — D spisercs 2-ajapdeckuM MpaBHIOM
ciroxernust B cmbicite [4.2.1], eciim u TOJIBKO ecyn OHO SIBJISIETCsI BelleCTBEH-
HBIM HPaBHJIOM CJI0XKeHHus B cMbicte [4.1.2]

HokazareabcTBo. Eciim ¢ — BellecTBEHHOE MPABUIO CJIOXKEHUsS, TO CO-
[JIACHO T€OpeMe JIUIE COOTBETCTBYIOMEH DyHKIMKI N30BITKA 0 BBIIOJIHE-
ubl pasercTBa (4.1.6.1) u (4.1.6.2). Ilogcranoska stux Toxkaects B (4.2.1.1)
cpa3y maér Tpedyemoe. [lokaxkem obOparnyio mmiumkarmio. Ilycts ¢ — 2-
aJIMecKoe IpaBuIo cilozkernd, T.e. spmouneno ([4.2.1.1)). IIposepum craua-
na, aro ¢ = ¢(0,0,0;0,0,0) = 0. Iyist 370r0 mpuMeHnM JIJISI CJIO-
JKEeHMsl JIBYX HyJseif, T.e. B cuTyalum, Korja Bce T, = ¥y, = 0. Ilosydaem
¢> 22" = —( = 0, nockoIbKy » - 2" = —1 B Zy. Iocne Toro, kak
ycranosyieHo paseHcTBo ©(0,0,0;0,0,0) = 0, MBI BUIAUM, 9TO © KOPPEKTHO
CKJIa/ibIBaeT Tpéx3Hadnble anucaa (. ..00xsx120)s + (... 00y2y1Yo)2, & 3HAUHT,
u (0.29212000. . .)2 + (0.y2y14000 . . .)9, ¥ MBI MOXKEM [TPUMEHUTH m

4.2.3. (CoBMecCTHOE IIpe/ICTaBIICHIE D? 11719 BeIeCTBEHHBIX U 2-aINYeCKUX
quces1.) 3aMeTHM, YTO CYIIECTBOBAHUE JIOKAJBHBIX [PABUJI CJIOXKEHUS @ :
D% — D, paboTaomux o1HOBPEMEHHO 1 JIJIS BEIIECTBEeHHBIX, 1 [T 2-aINIeCKIX
qrcesT TO3BOJISIET TTOCTPOUTHL COBMecTHOe mpecTapiaerne 1 Qo u R.

A mMeHHO, paccMOTpHM MHOXKecTBO D? Bcex IOCIIeI0BATEIBLHOCTEH & =
(n)nez mementoB D = {—1,0, 1}, 6eckoneunbx B 06e cTOpoHbI. Byjem jy-
MAaTh O TAKKUX [OCJIEJ0BATEIbHOCTAX KAaK O JBOMYHBIX YHCIAX (. .. LoX1L0.L_1T_o . . .)2,
OeCKOHEUHBIX B 00€ CTOPOHBI. 3adUKCHPyeM KaKoe-HUOY/Ib IIPABUIIO CJIOXKE-
HUS (0 U ONpeJieuM onepanuio & = @, : D? x D? — D? no dbopmyiie

TD,Y=2 10 2y = P( Ty Tn—1, Tn—2} Yns Yn—1, Yn—2) (4.2.3.1)
Breném taxzke oneparmio © @ DZ — D% cormacno dpopayite
Or=y rIey,=—=I, (4.2.3.2)

¥ BblIeJeHHbI semenT 0 € DZ, Bce KOMIIOHEHTBI KOTOPOTO PABHBI HYJTIO.
BuyTtpu D% MOXKHO BBIJIEIUTDH JIBa TIOJMHOXKECTBA, YCTONIMBBIX OTHOCH-
TesibHO B U O, a umenno, DT = {x = (z,) : z, = 0 g n < 0} u
D™ :={x = (z,) : &, = 0 i n > 0}. Torma (D, 0, @, ©) no3BoJgeT pei-
CTABJISITh M CKJIAJIbIBATH BCEBO3MOXKHBIE 2-aiuuecKue aucia, a (D~,0,®, O)
— BerecTBeHHbIe. VHavYe TOBOPsI, CYyNIECTBYIOT CIOPbEKTUBHBIE OTOOPaZKEeHUsT
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wy : DT — Qy u we : D™ — R, coracoBaHuble co CTPYKTypaMu abe/IeBbIX
rpymn Q; u R (ogmaxo D%, koHewHo ke, He sBJIseTCs abeseBoil IPYIIION,
IIOCKOJIBKY @D, HE aCCOIUATHBHO).

4.2.4. (Anasorusi ¢ GopMaTbHBIME CTEIIEHHBIME PsI/IAMU HaJl KOHEIHBIM T10-
aeMm.) B srom orHomennn Qs u R OKasbIBAIOTCS MOJHOCTHIO AHAJOTHYHBI
nossm pstoe Jlopana Fy((¢)) = Fy[[t]][t7] u F,((¢7!)) Han koneunbiM 10-
aem Fy, ecin B kKadecTBe KoHedHOro MHOXKecTBa nudp D ucnoab3osars Fy.
B camom geite, FZ MOMKHO OTOKIECTBUTE ¢ MHOKECTBOM (hOPMAILHBIX HI0B
Yo Tt x, € F,, GecKOHEUHBIX B 06€ CTOPOHBI, M Ha HIX MOXKHO OIpPe-
JeINTH HOJIb, cIoykenune @ u eranTanue ©. Torma F,((t)) oroxaecTisercs
¢ DT, T.e. MHOXKECTBOM TeX Psii0B, KO3(MDMUIMEHTDI X;, KOTOPHIX PABHBI HYJIIO
nupu n < 0, u anamoruano F,((t71)) oroxmecrsusercs ¢ psimamu, koadbdu-
[[UEHTBI T, KOTOPBIX PaBHbBI HYJIO 1Ipu 1 > 0.

Mbr BugmM, aro Qy 1 R nosmoctwio ananornanst F,((¢)) u F,((¢71)), ¢
TOI JuIb pasHuieii, uro obree cioxenne & miaa Qy u R 3amaéres (0, 2)-
JIOKAJTbHBIM TIPABKJIOM CJIOZKEHUsI, a CJIOYKEHHe (DOPMAIbHBIX CTEIIEHHBIX Psi-
JIOB 3aJ1aeTcst TIOKOMIIOHEHTHO, T.e. (0, 0)-JIOKaIbHBIM TPABIJIOM CJIOZKEHUS.
MoxkHo TakKe yBujieTh, YTo ymMHOKeHus Qo u R eqBa i MOryT OBITH TIOJI-
HATHI 710 OOIIEro yMHOMKeHus Ha D% XOTs U IIOJIHIMAIOTCA 1O OTIEIbLHOCTH
JI0 HENPEPBIBHLIX yMHOKenuit @ : DY x DT — Dt u ©: D~ x D™ — D™,
[IOCKOJIbKY HEJTb35 Pa3yMHBIM 00Pa30M OIPeJIeTTh Pou3BeieHne hopMaJib-
HBIX CTEIEHHBIX PsIIOB, OECKOHEYHBIX B 06€ CTOPOHBHI.

4.2.5. (Ornomenue sxkpuBajenTHocTH = Ha DZ.) Bamerum, 9TO UHCI0BOIL
ciaydaii BCE ke oT/IMdaeTcs OT (PYHKIIMOHAJIBLHOI'O TEeM, YTO OTOOparKeHUs
wy : DT — Qo M ws : D™ — R CIOPBEKTUBHLI, HO He OUEKTUBHLL, TAK 9TO Cy-
IECTBEHHBIM KOMIIOHEHTOM OIMCAHHO BBIIIE YUCJIOBOI CUCTEMBI, IPUTOTHOM
JIJIS. OJTHOBPEMEHHOT'O TIPEJICTABICHUS 2-3TMICCKUX U BEIECTBEHHBIX YHCET,
SBJISIIOTCS OTHOIIEHWA SKBHBaJEHTHOCTH =T m =~ nHa DT m D~ coorser-
crBeHHO, Takue, yto Qy = DY/ =% u R = D~/ =~. OkasbiBaercs, 4to 062
OHMU SIBJIAIOTCSI OPPAHUIEHUSIMI HEKOTOPOTO OTHOIIIEHNS SKBUBAJIEHTHOCTH =,
onpesenénnoro na DZ. JIaa ommcanns = 3aMeTHM, UTO T = Y JIOTZKHO ObITD
PaBHOCUJIBHO & © Y = T D (@y) = 0, TaKk YTO HaM JOCTATOYHO OIINCATD,
korga z = 0. Byuem HazbiBaTh Takue z Hyab-nociedosamensvrocmamu. 11o-
CKOJIBKY 2 = (2p)nez — OECKOHEUYHast B 06€ CTOPOHBI OCJIEI0BATEILHOCTD,
a MBI MOYKE€M KOHCTPYKTHBHO IIPOBEPUTH TOJIHKO KOHETHOE KOJIUIECTBO KOM-
HOHEHT, eCTECTBEHHO OIPEIeNIAThL MHOXKECTBO HYJIb-IIOCIe0BaTebHocTeil N
Jepe3 ero MpOeKINH Ha KOHedHble hparMeHTs p, : D% — D™ g kask-
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noro n > 0 Mbl onpeiesnm noaMuozKectBo N, := p, (M) € DT 1 cxaxenm,
910 z = 0, e U TOJIbKO eCu Pp(2) = 2_pp € Ny i Beex n > 0. Una-
4e TOBOPsA, MBI XOTHM, 9T00BI N OBbLIO 3aMKHYTBIM B TOINOJIOIMH IIPSIMOTO
npoussegennsd Ha DZ.

Tenepsb MbI MOzKeM aBHO ommcaTh N, 1id Kaxkjgoro n > 0 B MHTEpecyIo-
meM Hac caydae. OHO OyleT coCTOATh U3 BCeX CJIOB U3 2n + 1 CUMBOJIOB U3
D Buga 0271, 0911°, 0°11°, 127+1 1271 pre Mot mammren 1 Bvecto —1 € D, u
BO3BEJICHIE B CTEIIEHb O3HAYAET IIOBTOPEHHE CJI0Ba. bosee mpocroe onucanme
N, TakoBo:

=N

4.2.6. (Heobbrunbie nymu B DZ.) Ormerum, uto nomumo 0 B DZ ecthb emg
JIBe TIOCJIEIOBATETLHOCTH , HEOXKMIAHHBIM 00Pa30M SKBUBAJIEHTHBIE HYJIIO: 9TO
(...111.111.. )9 m (... 111.111...)5. MoxkHO 06bsACHUTH TOT 3eKT cite-
aytomum o6pasom: (...111.0)y = > 7 2" = —1 B 2-aaudecKux YUCIaX U
(0.111...)3 = 1 B BemeCTBEHHBIX YUCJIAX; CKJIAIbIBAs 9TH JiBa PABEHCTBA,

nosydaeM (...111.111...), = 0.

4.2.7. (®axroprpynna D%/ =.) IlockoIbKy = — 3aMKHYTOe OTHOIICHUE K-
BUBAJICHTHOCTH Ha KoMIakTe D’ MBI MOMKeM MOCTPOUTH KOMIIAKTHOE (haK-
TopMHOKecTBO D7 / =, KOTOpOe OKazKeTcsi KOMIAKTHOI abesieBoii rpymoii
OTHOCUTEJILHO OIepaInii, WHyIUPOBAHHBIX B 1 O, mpuiém Qp 1 R okakyT-
csl TOHOJIOMMYECKUMHE TIOrpyTiamMu 3Toit rpymsl D%/ =. HecjioxHo BUIeTh,
gyro D%/ = — sro nymayT abesnesbix rpymi Qo 1 R oTHOCHTEIBHO 061Iel 110/1-
rpynnst Z[1/2], re. (DZ/ =) = (Qy x R)/Z[1/2]. MoxHo ckazaTb, 4TO 3TO
HeOOJILIION (bparMenT rpyImsl Kiaaccos ajeneit Ag/Q. B aeiictBuresnsnocTn
aHAJIOrOM (POPMaJIbHBIX CTEMEHHBIX PsIJIOB, OECKOHEYHBIX B 00€ CTOPOHBI, sB-
nsterca 3ta dakroprpynna DZ/ = a ne camo DZ.

4.3 m-~UYHBbIE JIOKAJbHbIE IIpaBUJIa CJIO2KE€HUA

Koneuno 2Ke, YMCJIO JABa He ABJIACETCA KaKUM-TO MCKJIIOYHUTE/JIbHBIM, M JIO-
KaJIbHbIC IIpaBUJIa CJI02KE€HUA CYIIECTBYIOT B M30BLITOYHBIX M-UYHBIX CHUCTE-
MaX CYHUCJIEHUA IJIsI BCEX LEJbIX 1M > 1.

4.3.1. (M136brTouHbBIe M-UYIHBIE CUCTEMbBI CUUCIEeHUs.) 3adUKCUPyeM Ieible
m>2,a>0,>0 a+p>m—1, n obosHaunm yepe3

D:={-a,—a+1,...,6-1,5} (4.3.1.1)
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MHOKEeCTBO 1P JJIsi M-UIHON CUCTEMbI CUNC/IeHndA. BynremM roBoputhb, 910
9Ta CUCTEMA CUUCIEHUS U30bmOouHa, €CJIM OHaA UCIIOJIb3YeT bosiee m mudp, T.e.
ecan a—+ [ > m, 1 910 OHa cbarancuposana, ecan o = 3. Ecin o = 0 wnnm § =
0, OGymeM Ha3bIBATH Ty CHCTEMY CUUCTEHUS 00HOCMOPOHHEU, B TPOTHBHOM
ciaydae — deycmoponneti. PaccMoTpuM TakzKe 0TOOparKeHUs Wy, : DY — R
U Wy, : DY = Ly, =11, Zyp, 33aHHBIE

plm
Weo : & = (Tp)n>0 — anm_"_l (4.3.1.2)
n=0
n oo
Wy @ T > anm” (4.3.1.3)
n=0

4.3.2. (m-nunsle npasuia ciaoxkenus f.) Oupenerum (A, p)-JToKagIbHOE M-
waHOe TpaBmiIo ciaoxkenus f : D*AHHD s D norpe6osas, 9ToGE!

f£(0,...,0;0,...,0)=0 (4.3.2.1)
1 9TOOBI TOXKIECTBO
Z F(@n—xntps Yn—amtp)m " = Z(mn + yp)m™" (4.3.2.2)
neL neL

OBbLIO BBIMOJIHEHO I BCEX (Tn)nez, (Yn)nez, TAKUX, YTO TIOYTU BCE T, U Yy,
PABHBI HYJIIO.

4.3.3. (Oynkuun u3bbITKA §, cBsi3aHHBE C f.) AHAJIOIMYHO TOMY, 9TO ObI-
JI0 IPOJIEIaHo B JaBoMIHOM ciaydae B[4.1.35] Mbl MoxkeM kiaccudurmposarh
M-UYHbIE TIPABUJIA CJIOKEHHsI C TIOMOIIBI0 COOTBETCTBYIOMNX (DYHKIUH 13-
obiTKa 6 : D*MH) 5 7 zaiaHHBIX DOPMYIAMHE, AHATOIMIHBIME u
(4.1.35.3)), HO € 3ameHOit 2 Ha M.

4.3.4. (CymiecTBOBaHNe M-UIHBIX MPABUI CJIoKeHns.) OTMeTnM, 9To 171
JIOCTATOYHO BGOJIBIINX (v + [3 JIOKAJIbHBIE (\, (t)-IIPABUJIa CJIOKEHHsI CYIIIECTBY-
10T. B [IeHCTBUTEILHOCTH OHU CYINECTBYIOT I BCEX M3OBLITOUHBIX 7M-MIHBIX
CHCTEM CUYHUC/ICHUs, T.e. IPH & + [3 > M, HO JJI 3TOTO MOI'YT IOTPEOOBATHCS
6osbiue A u p. Ecin ke oo+ 5 > m+1 ¢ m > 3, Bcerga ects (0, 1)-npasmiio
CJIOKEHMS, 3aJaHHOe

To + Yo + 7y
m

d(zo;Y0) = (4.3.4.1)
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x0+y0+’YJ . L$1+y1+7

- - J (4.3.4.2)

f(xo, 21590, y1) = To + Yo —m{

JUTS TIOJIXOJIAIIETO Y, HAapumep, v = |a(m —2)/(m —1)].

4.3.5. (Onepanusa & na DZ.) Oupenenum ¢ moMorpio f GUHAPHYIO Olepa-
umio @y : DZ x D% — D? na MHOXKeCTBe 10C/Ie/[0BATeILHOCTE! 3JIeMEHTOR
nu3 D, 66CKOHEYHBIX B 00€ CTOPOHBI, C MTOMOIIIBIO TOM Ke (hOPMYJIbI ,
410 GBLTA Menosb3obana B [4.2] Torma Mbl cHOBa MoOzKeM TocTpouTh DV m
D™, oTHOIIEHNE S5KBUBAJCHTHOCTH = Ha D%, mpooJzKalomiee COOTBETCTBYIO-
e OTHOINEHH SKBUBAJEHTHOCTH Ha DT 1 D™, u B UTOre IOJIy9uM OOIILYIO
MOJIeNTb i R u jjist Hp|m Q,, nmepecedenue KOTOpbIX u3oMopduo Z[1/m).

4.4 IlpoBepka paBEeHCTBa YHCEJ C MOMOIIbI0O KOHEYHOTO
aBTOMAaTa

Jlns mamux 1eseit Oyser moje3Ho 0oJiee MPsSMOe OIMMCAHUE OTHOIICHUS K-
BUBAJIEHTHOCTH = Ha MHO>KeCTBe OECKOHEUHBIX JIBOMYHBIX JIpobeii, T.e. Gec-
KOHEYHBIX CJIOB U3 D“, 9eM TO KOCBEHHOE OIMCAHUE C IIOMOIIBIO JIOKAJIBHBIX
IPaBUII CJIOXKeHUs, 1To ObLIo JaHo B [4.2.5]

4.4.1. (AnroputM cpaBHEHUsI DECKOHEUHBIX JIBONIHBIX Jipobeii.) Pacemorpum
CJIEJTYIOIHUI aJrOPUTM TIPOBEPKH Ha paBeHCTBO qunces © = (0.20x1...)o U

Yy = (0y0y1 .. -)27 TAC Ty Yn S D — {_1707 1}
S0) |[UMnunpamuszanus.| s <— 0, n < 0.

S1) [IHar.| s < 2s + z, — yn, n < n+ 1.

S2) [Boxoun?| Ecim s > 2 uim s < —2, T0 COOBIIUTH, 9TO YUCJIa PA3JIUIHBIL,
U 3aBEPIIUTH BBIIIOJTHEHNE aJITOPAUTMa. B MpOTUBHOM ciIy4dae MOBTOPUTH

S1.

J1s1 ToKazaTesbeTBa KOPPEKTHOCTH ITOIO aJIlOPUTMA 3aMETHM, ITO HOCTIE N~
ro BblnosHeHns mara S1 nepementast s paBHa (Zg...Tn—1)2 — (Yo - - - Yn—1)2-
Ecan uncna o u y 6bln OBl IEHICTBUTEIBHO PABHBL JIPYT JPYTY, TO IEJIOE
90 § 06110 Ob1 TakzKe paBHO (0.YnYni1 - - )2 — (0.2,Zp41 . . )2, 9TO HE TIpe-
BOCXOJIUT 110 MOJLYJTIO JBYX. [lo9TOMY ecim BAPYT § cTaHeT GOJIbIle JABYX WJIH
MEHBIIIe MUHYC JIBYX, MBI TOYHO 3HACM, YTO UHCJIAa HE PABHBI (M JaXKe MO-
JKEM yKa3aTh, KOTOPOe U3 HHUX OOJIbIINE), I MOYKEM 3aBEPIIUTH BBIIOJIHEHIE
ajropuT™a. B mpoTtuBHOM ciydae agroputm Oyner paboraTh BETHO.
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4.4.2. (Bapuantr: cpaBHeHWE KOHEYHBIX JBOMYHBIX umces.) CpaBHeHHE KO-
HEYHBIX JBOMYIHBIX 9Hces (Tg...Tn_1)2 U (Yo...Yn—1)2 JymHBL N MOXKeT
OBITH TaKzKe OCYIIECTBJICHO MPEILIIYIIM AJTOPUTMOM, €CJIU BBLIIOTHATEL HE
6oJiee N 11aroB, U B KOHIIE IIPOBEPUTH, BEPHO Jid, 4TO § = (:

S0) [Maurmmamusarms.| s <— 0, n < 0.
S1) |Olar] s < 2s+ 2, — Yn, n < n+ 1.

S2) [Beixoxn?| Ecim s > 2 nim s < —2, 10 COOBIIUTH, 9TO YUCIIa PA3JIUIHBIL,
U 3aBEPLIUTH BBIIOIHEHUE aJlOPUTMa. B IPOTUBHOM ciIydae, eCm n <
N, 1o BepHyTbCs K Mmary S1.

S3) [Urorosas mposepka.| Eciu s = 0, o uncia pasabl. VHaue oHu He
paBHBDIL.

OTmeTuM, 9TO B 9TOM CJIydae MOXKHO OBLITO ObI HCKIIOYNTH JJOCPOIHBIN BBHIXOJT
Ha mare S2. OJHAKO TOrJIa YUCJIO S MOIJIO Obl JOCTUIaTh 3HAYEHUI TOPSIIKA
2N+1 i norpe6oBasio ObI g XpaHeHns opsaaKa N 6HTOB IIaMSATH, YTO O3Ha-
4aJj10 ObI, 9TO HAIl &JITOPUTM TpeOyeT MOTEHIINATbHO HEOTPAHUYEHHOT'O KOJTHU-
JecTBa MaMATH U MOXKET ObITh peajn30BaH, HAITPUMED, MAIMUHON T hblopuHTa.
Brarogapst mocpodnoMy BBIXOLY B S2 rapaHTHpPYeTCs, 9TO B Hadaje Imara
S1 suavenue s Gyjer Bcerja NpUHAIE)KATH MHOKecTBY {—2,—1,0,1,2}, un
IIOTOMY JIJIsI Peau3alliid CPaBHEHUS JIBOMYHBIX YUCEJI, KOHEUHBIX WMJIU HET,
JIOCTATOYHO KOHEYHOro aBromara. OTMETHM eIié, UTO B JeHCTBUTEILHOCTU
MOXKHO 3aBepIlaTh BbINOJHEHHe B S2, ecan |s| > 1, HOCKOIbKY s = +2 wc-
KJIIoYaeT paBeHcTBO § = () Korja-mbo B OyIymieM; CM. HIKeE.

4.4.3. (IlpoBepka JBOMYHBIX YHCEJ HAa DABEHCTBO C IOMOIIBIO KOHEYHOTO
aBromara.) Mbl BUUM, 9TO IPOBEPKa U3OBITOUHBIX JIBOUYHBIX YHUCET HA Pa-
BEHCTBO MOKET OBITH OCYIIECTBJIEHA ITOCPEICTBOM KOHEIHOI'O aBTOMATA, C IIsI-
ThbIO COCTOAHUAMU, COOTBETCTBYIOIUMU IIATH BOSMOXKHBIM 3HaAYCHUAM S. STO
KpaliHe yJIa9HO0, NOCKOJIbKY KOHECYHBIE aBTOMATHI IrOPa3/io NpPOIIE OABEPraTh
dopMabHOMY aHaInu3y, YeM IPOU3BOJIbHBIE MaluHbl Thiopunra. B marem
caydae KOHEUIHBIH aBTOMAT BBITVISIUT CJICLYIOMIIM 00Pa30M:
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@‘
11

Bnech cocrostausa A, B, C, D, E coorserctByor s = —2, —1, 0, 1, 2.
MeTku Ha pébpax, T.e. IIlepexojlax 3TOro aBToMaTa — 3To Haphbl (x;,y;) € D?
[IPOBEPSIEMBIX CUMBOJIOB U3 T U Y, 3allUCAHHBIE B BUIE T;1;, IPUIEM 1 0003Ha-

/—\ 01,10 01,10 m

00, 11,11 \\CJ/L\\\\__///A\t]/xk\\\__///)\r:y/ 00, 11,11

01, 10 00, 11,11 01,10 11

qaer —1 € D. B obmiem cirydae mepexo s By s s, t € {—2,-1,0,1,2},
«, f € D npucyTcTByeT B 9TOM aBTOMATE, €CJIU U TOJIBKO eciu t = 2s+a — 3.

Hauvasbnoe cocrostane — 310 C' = 0; OHO 2Ke sIBJISeTCSd U KOHEYHBIM JIJIst
[IPOBEPKH SKBUBAJIEHTHOCTH KOHEUHBIX CJIOB. [ljIsT TpoBEepKM Ha 9KBUBAJIEHT-
HOCTBb KOHEYHBIX CJIOB X . . . Lp_1 U Yg - - - Yp_1 HAJO TOCTEIOBATE/IHLHO TIEPEXO-
JITh U3 HAYaIbHOTO cocTosiuust C' 1o pébpam ¢ MeTKamu (o, Yo ), (T1,41), - - -
(Tn—1,Yn—1). KoHEUHBIE CTIOBA SKBUBAJIEHTHBI, €CJIH U TOJBKO €CJIH BCE TIepe-
XOJIbI BO3MOKHBI 1 B UTOT'e aBTOMaT oKasbiBaeTcd B coctoguuu C'. IIpoBepka
Ha 9KBUBAJEHTHOCTH OECKOHEYHBIX CJIOB OCYIIECTB/ISAETCS TOYHO TaK Ke, HO
3aBEPINACTCA TOJBKO B TOM CJIyUae, eCJId O9ePEHOTO epexoia He CYIIEeCTBY-
€T; B 9TOM CJIydae MbI 3aK/II09aeM, 9T0 OECKOHETHbBIE CJI0Ba HE SKBUBAJICHTHBI.
Ecnu ke oHM S5KBUBaIEHTHBI, aBTOMAT HUKOT/IA HE OCTAHABINBACTCS.

4.4.4. (IlpoBepka 9KBHBaJEHTHOCTH 2-aindecKux dnces.) OTMeTuM, 9ro ec-
JIN pa3BepHYTb B 9TOM aBTOMaTe Bce peébpa B 0OpaTHYIO CTOPOHY, OH OyJieT
[IPOBEPSTH HA SKBUBAJIEHTHOCTH U30BITOTHBIE JIBOMTHBIE 3AIIUCH 2-3 TTICCKUX
YUCeJI, IOTOMY UTO METKU BCeX PEOep, BXOJMAIINX B OJHY U Ty K€ BEPIIUHY,
Pa3JInYHBI.

4.4.5. (Cocrosinust A u E, coorBercrBytorue s = +2, He Hy>KHBI TIPH IPO-
BepKe PABEeHCTBA KOHEUHBIX WJIN 2-ajindeckux dncest.) HecsioxHO BueTh, 4To
u3 cocrogumit A u E, cooTBeTCTBYIONUX s = +2, KoHe4dHOoe cocrosgane C'
HeocTKUMO. [[oaToMy, ec/ii Mbl XOTUM IIPOBEPATH HA PABEHCTBO KOHEYHbIE
qncIa, MOXKHO yOpaTh U3 KOHETHOI'O aBTOMAaTa 9THU JBa cOCTOosHus. VHade ro-
BOpsI, Ha miare S2 B MOKHO Cpa3y 3aBepliaTh BHIIIOJHEHNE aJI'OPUTMA,
ecrn |s| > 1. Kpome toro, cocrosinust A u F He HYKHBI U JIJIs1 PA3BEPHYTOrO
aBTOMaTa, ITPOBEPATOIIETO HA PABEHCTBO B 2-a/IMYECKUX YUC/IaX OECKOHEUHbIE
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BJIEBO Jpo0H (...T1Zg)o U (...%1Y0)2, MOCKOJIBKY 9TH JBA COCTOSHUS HEJIO-
CTUZKUMBI U3 HAYaJIbHOrO cocTosnust C', eC/in JBUTATHCS 110 CTPEJIKaM B 00-
parHoM Hanpasiaenun. Ha caMom jiesie 370 TO 2Ke caMoe YCJIOBHE: COCTOSTHIE
HeocTKUMO 13 C' B Pa3sBEPHYTOM aBTOMATE B TOM M TOJILKO TOM CJIydae,
eCJIM U3 3TOT0 COCTOSHUSA Heb3d nonactb B C' B UCXOJHOM aBTOMATE.

Tem ne menee, cocrognusa A u F HeoOXOIMMBI IIPU IIPOBEPKE Ha PABEH-
CTBO JIBOMYHBIX Jpo0eil, OECKOHEYHDBIX BIIPABO, IMOCKOJIBKY 0€3 HUX KOHEY-
HBII aBTOMAT HEKOPPEKTHO 3aBEPIIUT pabOTy IPH IIPOBEPKE Ha PABEHCTBO
(0.111...)2 = (0.111...)3. DTu cocToanuUsT HEOOXOMUMBI U JJIs1 TPOBEPKHU IK-
BUBAJIEHTHOCTH CJIOB, OECKOHEYHBIX B 00€ CTOPOHBI, K KOTOPOil MbI ceifuac
HEPEXOINM.

4.4.6. (IlpoBepka SKBHUBAJIEHTHOCTH CJIOB, ODECKOHEUHBIX B 00€ CTOPOHBI.)
MoKHO Tak:Ke HIPHUCIIOCOOUTH ITOT KOHEUHBIH aBTOMAT s IIPOBEPKH K-
BUBAJICHTHOCTH CJIOB, GECKOHEYHBIX B 00€ CTOPOHBI, T.e. sjteMenToB DZ. Jla
9TOr0 HaJI0 Ha4YaTb C IMPOU3BOJBHOIO COCTOSHUA Sg, U UJITH OT HEro B 00e
CTOPOHBI: BIIEPEJL TI0 CTPEJIKAM € HOMOIIBIO EePeXoioB (Xo, Yo), (1,v1), - - -,
(i, Yi) © Si — Sit1, ¥ HA3AJ] 110 CTPEJIKAM C HOMOIIBIO (T_1,Y_1), (T_2,Y—_2),
oo (miyyi) ¢+ si = Siy1. MoOXKHO YepeoBaTh IAru MEePBOrO U BTOPOIO TH-
na. Ecm odgepe iHOI mIar HEBO3MOYKEH, TO IIPOBEPKa 3aBEpIIAeTCsl HEYIaTHO.
JIBa, GECKOHEYHBIX CJIOBA SKBUBAJECHTHBI, €CJIU XOTs Obl JJIs OJHOTO W3 IIsi-
TH BapUAHTOB BBIOOPA Sy 9TOT IIPOIECC HUKOIJIA HE 3aBepIraeTcs. SIcHO, 9To
MOKHO TapaJiieIbHO OTCJIEXKUBATH IEIMOYKHA COCTOSIHUM, TOCTPOEHHBIX JIJIsT
BCEX IISITH BapUaHTOB BHIOOPa So. Ecnm B Kakoit-TO MOMEHT BCe IEIOYKU 00-
pBIBAIOTCS, TO OECKOHEYHBIE CJIOBA HE SKBUBAJEHTHBLI. TakuM 0Opa30M, MbI
[OJIy9aeM aJIbTePHATUBHOE OTIPe ie/IeHIe OTHOIIEHNUST S9KBUBAJIEHTHOCTH = Ha,
D?, xoTopoe MbI paHee ommcajn 60jee KOCBEHHBIM 06pa30M B m

4.4.7. (Ipyroe onucanue IpoBEePKU SKBUBajleHTHOCTH ciob u3 DZ.) Tpep-
JyI@il MeToJ MIPOBEPKH 9KBUBaJeHTHOCTH cjoB u3 D? moxker 6LITh 6oee
KOMIIAKTHO M3JIOKeH ciaeaymuM obpasom. Ilycte M = Rel(S,S) — mono-
T COOTBETCTBUU Ha KOHEYHOM MHOXKECTBE COCTOSIHUIT S HaIllero KOHEYHOTI'O
ABTOMATa, ¢ KOMIIO3HMIUEH COOTBeTCTBUII B KadecTBe orepanuu. [Insg kax-
Joit mapel x, y € D nyerb 7y(z,y) — 9T0 COOTBETCTBUE, COMOCTABJISIIOIIEE
COCTOSTHMIO § T€ COCTOSHHSI ', B KOTOpbIE B HEro MOXKHO II€PEHTH 110 Ia-
pe BXOJHBIX CUMBOJIOB (,%). IlocKoIbKy Halll aBTOMAT JeTepPMUHUPOBAH, B
HareM ciaydae y(x,y) Oymer YacTUIHO ONpeIeIEHHBIM OTOOpaKeHIeM U Jia-
JKe JacTm4Hoil Omeknueii. /lasnee, mycth () — 9TO «IIycTOe» COOTBETCTBHE;
OHO siBJIIeTca HyseBbIM 3y1ementom M, Te. o = 0 = o s mo6oro
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¢ € M. Torma nBa OECKOHEYHBIX B 00€ CTOPOHBI CJIOBA ...ZT_1T0.L1T3 . ..
U ...Y_1Y0-Y1Y2 - . . FKBUBAJIECHTHLI B TOM ¥ TOJILKO TOM CJIydae, €CJIA IPOU3-
Besenust Y(Tq, Yo )V (Tart1, Yar1) - Y(@Tp_1, Yp—1) # O mus mobbix mesbix a < b.
[Tosromy jiist TPOBEPKU MBI MOYKEM IOC/IEI0BATEIHHO BHIYUCIATH ITPOU3BE-
Jenust ©n = V(T pi1,Yni1) -V (@0, yn) € M g n = 0,1,2,... o dop-
myste ¢ = idg, Yni1 = V(T n, Y-n)PnY(Tni1, Ynt1). Ecim s kakoro-to
N OKa3bIBACTCH, YTO (0, = (), BHIYMCICHUSA MOYKHO IIPEKPATUTD, 3aKJIIOUUB,
YTO UCXOJHBIE CJI0BA He 3KBUBAJEHTHLI. ECIM »Ke OHM 3KBHBAJECHTHBI, 3TOT
aJICOPUTM HUKOTJA He 3aBepIiiaeT paboTy.

4.4.8. (Tpoiika (0, D, G) — KoHeuHbBIl KOMOUHATOPHBI 06BEKT, 3(PDEKTUBHO
sagatomuit D% ¢ orHommenneM skpuBajienTHOCTH =.) TakuM 06pa3oM, uHTe-
pecyronuii Hac 00bEKT 0KA3bIBAETCS IMCTO KOMOMHATOPHBIM KOHEYHBIM 00b-
eKTOM: 9TO TPOWKa, COCTOAIAs U3 KOHEIHOTO ajihaButa [) C BBIIETEHHBIM
snemerTomM 0 € D m KoHedHoro apromara (G ¢ TepexojaMu, MOMeTIeHHbI-
mu napamu O6ykB w3 D — wam, ecau yroguo, tpoiiku G = (S,(,7), rue
S — KoHe4YHOe MHOYXKEeCTBO cocTosuuit, ( € S — HaJaJbHOE COCTOSHUE, W
v : D? — PartBij(S) — orobpaxkenue nap cuMpBosioB u3 D B MOHOUJ Ya-
ctuuanblx Oumeknmii Ha S. Ilpm 9TOM Takoit KOHEUHBINT KOMOMHATOPHBIN 00b-
eKT 3dEKTHBHO 3a/1a6T OTHOIIEHNe SKBUBaJIeHTHOCTH = Ha D%, Dt D~
KOHEYHBIX cjioBax D" u T.i1. Bosiee Toro, ¢ HuM MOXKHO 3(PEKTUBHO MTPOU3-
BOJIUTH Pa3sHOOOpa3HbIe OllEePAINU, HEBOZMOXKHBIE JIJIsT ITPOU3BOJILHBIX MAIITH
Trropunra. Hanpumep, eciu 3aganst (D, 0,G = (S5, (,7y)) Kak Bblile, MOKHO
IIPOBEPUTD, BEPHO JIH, YTO oTHomeHne = Ha D%, onpeesnénnoe apromaToM G,
JIEHCTBUTETBHO pedIEKCUBHO, CAMMETPUIHO U TPAH3UTHBHO. VHade roBops,
510 KoMbunaropHoe 3aianue (D, 0, G) xonewno u afexmuero.

4.4.9. (O6wekr naz Fy.) Takoro pona KomedHble KOMOUHATOPHBIE 00HEKTHI
¢ 3 dEKTUBHO 3a/IaHHBIME OLEPAlUAMEI C HIMHU II0 CYIIECTBY OIpPeJIEIeHbI
HaJl «II0JIEM U3 OJHOTO d71eMeHTa Fy».

4.4.10. (dpyrue onepanuu: @, ©. DdbEKTUBHBIE THCTIOBbIE CUCTEMBI.) 3a-
METHUM, YTO JIPYTHE IOJIe3HbIE OlePAlN ¢ U30BITOUYHBIME JIBOUTHBIMU YHUC-
Jamu, Bpojie (Kakoii-HUOY/Ib pean3ainm) CJI0KEeHUs & U BBIYUCICHUS TPO-
THBOIIOJIO?KHOTO 3JIEMEHTa, O, TaK:Ke MOTYT ObITh 3a/IaHbl KOHEIHBIMU aBTO-
MaTamu (TOdYHee, TpaHCIyKTOpamu). Hampumep, & MOXKeT 3a1aBaThCsl KO-
HeIHbIM aBTOMaTOM (g, pé6pa KOTOPOro MOMEYEHbI TpoiKamu zy|z, Tie
(x,y) = (n,yn) — 970 Hapa nudp apryMeHToB, a z = 2, ) — CJABUHyTasd
nndpa pesyiabrara. [locie 3Toro MoxkHO 3HHEKTUBHO TPOBEPUTD, BEPHO JIH,
9TO D U © JIeHCTBUTEILHO COIJIACOBAHBI C =, YTO OHU 33JIal0T CTPYKTYPY abe-
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JIEBOH T'PyIIIbI Ha (paKTOPMHOXKECTBE U T.11. MbI OyIeM rOBOPUTH, YTO TAKOI'O
poJia KOHeYHast KoMObuHAaTOpHas cucrema, cocrosmast u3 (D, 0,G=, Gg, Gs),
Y/IOBJIETBOPSIIOIIIX OIIPEIeIEHHBIM aKCHOMAM — 9TO APPeKMUESHAA YUCAOBAA
cucmema. Moo KitaccudumupoBaTh Bce 3(@EKTUBHBIE YNC/IOBBIE CHUCTE-
MBI, HO ceiidac Mbl He OyJIeM 3THUM 3aHUMATHCS.

4.5 TIloayrtopHasi cucteMa CUUCJIECHUS

[Ipex e, vem ABUTATHCA JAJIBIIIE, 3aIaUMCS CIEIYIONMIM BOIIPOCOM: CYIIle-
crByeT Jin 3DdeKTUBHAS YUCIOBasi crucTeMa (B CMBICIIE , I03BOJISI-
I0Iasl TPEJICTABIATH BEIECTBEHHDbIE HHCJIa C TMOMOIILIO BCEro JABYX nudp?
O6brunas (Hen30BITOUHAS) JBOUYHASI CHCTEMA HE TIOJXOJUT, MOCKOJIBKY OHA
He gBJigercd 3pOEKTUBHON B 9TOM CMBICTIE, a N30BITOYHAS JTBOUYHAA CUCTE-
Ma, U3ydeHHas B MPEJbIAYINNX [IyHKTaX, UCoab3yeT Tpu nudpst {—1,0,1}.

4.5.1. (Omucanue YUCIOBOI CHCTEMBI € HOMOIIBIO MEPEKPHIBAIOIINXCS OT-
Pe3KoB.) 3aMeTuM, 9TO u30bITOUHAs JBOMYHAs CHCTeMa ¢ nudpamu u3 D =
{—1,0, 1} nomyckaer ciesytomiee onucanue. Orpesok I = [—1, 1], KoTopsbIit
SIBJISIETCS] MHOYKECTBOM BEIIECTBEHHBIX UUCET T, JOMYCKAIONINX 3aIUCh BUJIA
x = (0xozy...)2 = ::(’) 2,27t ¢ &, € D, noxpeBaeTca Tpems Iepe-
KPBIBAIOIIUMICST OTPE3KAME BJIBOE MeHbIIeil JuHbL: «jteBbiMy» [ = [—1,0],
«cpegaumy» I, = [—1/2,1/2] u «upaseim» [, = [0,1]. Tlepas tudpa xg
U30BITOYHON 3aIIUCH INC/Ia COOTBETCTBYET BBHIOOPY OJHOI'O U3 9TUX TPEX I0-
JoTpe3koB. Jlasee, BLIOpAHHBII MOIOTPE30K CHOBA MOKPBIBAETCS TPEMs OT-
pe3KaMi BJIBOE MEHBINE JIIMHBI, JIEBBIM, CPEJIHUM U MPaBbIM, U Iudpa i
BBIOMpaeT oanH u3 HuX. [loyvaem mocseoBaTe/IbHOCTh BIOYKEHHBIX OTPEe3-
KoB [p D I1 D Iy D -+ -; UX mepecevenne COCTOUT U3 €IMHCTBEHHON TOYKU T,
KOTOpasi U €CTh Hallle 9HCJIO.

CyIIeCTBEHHBIM B 9TOM OIMCAHUU SIBJISICTCS TO, UTO, BO-IIEPBBIX, BCE OT-
PE3KN U3 HMOKPBITUS MMEIOT OJMHAKOBYIO JUIMHY (B JaHHOM CJIydae — BIBOE
MEHBIIYI0, YeM UCXOJHBIA OTPE30K), & BO-BTOPBIX, UYTO OHU [EPEKPHIBAIOT-
cst (9TO JlesiaeT YUCIOBYIO CHCTEMY HU30BITOYHON M TO3BOJISIET ONPEJIE/IUThH
odepeHyIo udpy CyMMbI, 3Has TOJHKO OI'PDAHHYEHHOE KOJUYIECTBO UM
CJIAraeMBbIX ).

4.5.2. (M36birounasi yucjioBas cucreMa ¢ JByMsl IudpamMu JIOJIZKHA UMETh
ocuoBanme 1 < a < 2.) [lycrb Tenepb y HAC €CTh U3OBITOTHOE TIPEJICTABIICHIE
BEIECTBEHHBIX YHUCEJI C MOMOIBI0 Beero nByx 1udp. OmgHa n3 3tux mudp
— 9T0 HOJIb (MHAYe HAM HedeM OyieT IpU HeOOXOJUMOCTH JIOMOJHSITE CJie-
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Ba HaIu npejcrasienus ). JIpyryro ke nudpy MOXKHO, He yMaisis OOIHOCTH,
CUUTATH €IUHUIEH (eCJIM ITO He TaK, Mbl MOXKEM IIPOCTO PA3JIC/IUTh BCE Belle-
CTBEHHBIE YNCJIa Ha 3HaYeHre 9Toi nudpsl). Takum o6pa3oM, Mbl Oy/1eM CUu-
TaTh, 9TO Haie MHOKecTBO 1udp — 310 {0, 1}. lasee, ouepeanas nudpa x,
OyZeT COOTBETCTBOBATH BHIOOPY OJIHOTO U3 JIBYX MEPEKPBLIBAIOIINXCS TOIOT-
PE3KOB OJIMHAKOBOI JIJIMHBI TEKYIIEro OTPe3Ka. DTU HOJ0TPE3KH Oy T POBHO
B @ pa3 KOpOYe MCXOHOTO OTPe3Ka, IJIe & — OCHOBAHUE CUCTEMbI CUUC/ICHUS:
Mbl 3amucbBaeM = € I kak @ = (0.2021...)q = > oo gxpa "1z, € {0,1}.
[TockombKy 9T ABa OTpeE3Ka JOJKHBI TOKPBIBATH NCXOTHBII OTPE30K U €Ié 1
MEePEKPBIBATHCS, KaXKIbIil 13 HUX JIOJI?KEH OBITH MeHee, IeM BJIBOe KOPOUe HC-
xojHoro. MHade roBopst, oCHOBaHUE @ Hallleil N30bLITOYHON CUCTEMBI C JBYMs
mudpamu {0, 1} goskHO yroBaeTBopsATh HepaBeHCTBY 1 < a < 2. IIpu srom
cymMbl & = (0.20%1 .. .)q = D peg Tpa "' GyAyT HPUHEMATHL IIPOU3BOJILHBIE
snadenns B orpeske [0, 1/(a — 1)].

4.5.3. (/s mpejncraBiieHns OTPUIATEIBHBIX YUCEN JIydIlle HCIOJIb30BATh
OTpHIATELHOE OCHOBaHME @.) B JIeHCTBUTEILHOCTH TOJIOKUTEIHLHOE OCHO-
BaHUE @ MTO3BOJIUT HAM IIPEJCTABIISTH TOJIBKO HEOTPUIIATEIbHbIE BEIECTBEH-
ubie gucita. OIHAKO ec/ii 3aMEHUTD ¢ Ha —a, OIMMCAHHOE BBIIE Mo Ipa3dueHne
OTpe3Ka Ha JiBa MOJI0TPE3KA 110 CYIIEeCTBY He N3MEHUTCs (TOIBKO JIJTMHA 00
TpesKoB Oyjier |a| ™! oT JIMHBI KCXOIHOTO, U UX OpUeHTAIUs OyJIeT KazKIblii
pa3 U3MEHSIThCA NPU MOAPa3OUeHNn), HO MbI CMOYKEM IPEJCTABIATh PO-
U3BOJIbHBIE BelllecTBeHHble dncyia. Hampumep, cymmbr ¢ = (0.2071 ...)_q =
S vtn(—a)™ el <a<2wux, €{0,1} upuHEMAIOT BCEBO3MOXKHBIE
sHavenns B orpeske [—a/(a® —1),1/(a* — 1)].

Takum obpazom, J11s IpeCTaBIeHUs BCEX, & HE TOJIBKO IOJ0KUTETbHBIX,
BEIIECTBEHHBIX YHCE/I C TIOMOIIBIO JIBYX IMUMP HaAM ITOHAI00UTCSH OCHOBAHUE
—2<a< —1l,ane 1l < a < 2, HO MBI TIOKa He OyJIeM pa3jIuvyaTh ITH JIBE
CUTYAIIH.

4.5.4. (Moxno s ucrosb30BaTh ocHOBaHue a = e — 17) Kakum xe sydrme
Bcero BulOpaTh ocHoBanue a? Ha mepBblil B3rIst KasKeTcss, YTO IO MOXKHO
BBIOPATH POU3BOJILHO, JIHIIb ObI OBLIO BbINONHEHO 1 < |a| < 2. Hampumep,
MOKHO B3ATh @ = e— 1. OIHAKO B 3TOM CJIydae aJlOPUTMbI CDABHEHUS U CJIO-
JKEHHS YUCeJI B CUCTEME ¢ OCHOBaHUEM @ OYIyT pean3yeMbl TOJIbKO MaIIMHON
Trropunra, KoTopas 110 CyIIecTBY OyaeT BcEé 6osiee u 601ee TOUYHO BBIUNC/IATH
YUCJIO € — 1 W ero CTereHu 1o Mepe dTeHus mudp T, U Y, JBYX CJIaraeMbIX
i cpasauBaeMbix dncen © = (0.2123...), 1y = (0.y192 .. .)q, 9TO TPeOY-
eT MOTEHIUAJIFHO HEeOrpAaHUIEHHOIo 00bEéMa HmaMATH. Ecan »Ke Mbl XOTHM,
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4TOObI uncIoBas cucreMa Obuia 3ddexkTuBHOl B cmbicie [4.4.10| cioxenue
U CPABHEHUE YUCE]I JOJIKHBI Peain30BbIBATHCS KOHEUHBIMU aBTOMaTaMu (a
emié JIydire, 9ToObl CyIIEeCTBOBAJN JIOKAJbHbBIE MPABUJIA CJIOXKEHHS, aHAJO-
TUYHbIE U3YYEHHBIM B Jtst m36bITOUHO# iBondHOl cucremsl). [Tosromy
TPaHCIEH/ICHTHBIE OCHOBAHUS BPOJIE ¢ = € — | HAM He IMOJIXOJIAT.

4.5.5. (Cucrema ¢ ocHoBauumeM a = 3/2.) EcrecTBeHHBIN KaHIUIAT HA KaK
MO2KHO 00J1ee IIPOCTOE OCHOBAHME @ N3OBITOYHON CUCTEMbI CIUC/IEHUSI C JBYMsI
mudpamu — 310 a = 3/2 (win ckopee —3/2, HO MbI TOKa He OyIeM pasIniaTh
9TH JBa ciydas). B camMoM Jiesie, 5T0 caMoe IpOCTOe PAIMOHAIBLHOE YHCIIO,
JleXkalee Mexkjly eaumHuneil m jaBoiikoit. IIpu 3ToM palmoHaJIbHOCTD IIpPE/I-
CTaBJISIETCS TIOJIE3HON JIJIsT TOrO, 9TOOBI HAM He MPUXOIUIOCH BBIYUCTIATE ¢
BCE DoJiee m Oojiee TOYHO 110 Mepe IPOJIBUKEHUS CPABHEHUS] WJIN CJIOYKEHUS
JIBYX 9IHCEJ B CHCTeMe ¢ OCHOBaHueM a. [loaTomy n3ydnm cucremy cauc/ieHnst
¢ ocHOBaHueM Tositopa u Jasyms nudpamvu {0, 1} 6ostee mogapobHO.

4.5.6. (AropuT™M IPOBEPKY PABEHCTBA B MOJYTOPHON CHCTEME CIMCIICHMUS. )
B peticrBurenbroctu 3dpdeKTuBHAS GUC/I0OBAd CUCTEMa C OCHOBAHWEM @ =
3/2 HECKOJIbKO HEOKUIaHHBIM 00pa3oM TpefyeT He MeHee YeThIPEX mudp.
st Toro, 9ToOBI pa300paThCsd B IPUYMHAX ITOTO, IIOCMOTPHUM, KAK MOT ObI
BBIIVIAJICTH AJITOPUTM IIPOBEPKH Ha paBeHCTBO ABYX unces (0.2ox1...)3/2 U
(0.40y1 - - -)3/2 ¢ macbpamn u3 MuOZkecTBa {0, 1}, anamoruyHbIit m

S0) [Maurmmanusarms.| s <— 0, n < 0.
S1) [Lar] s < 25+, — Yn, n 4 n+ 1.

S2) |Bexon?| Eciu |s| > 2, T0 cOOOMIUTE, 9TO YHCIA PA3IUUHBL, I 3aBEp-
IIUTH BBIIOJIHEHNE aJrOpuT™Ma. B mporusnom ciydae moBTopuTh Sl.

B03MOXKHOCTH JI0CPOYHOTO BbIxojia, Kak u B [4.4.1] ocHOBaHA Ha TOM, YTO
Ha N-OM IIare s PaBHO (ToT1...Tn)3/2 — (YoUi---Yn)3/2, M €CIM UHCIA JIeii-
CTBUTEJIBHO PABHBI, TO § JOJZKHO ObITh TakkKe PABHO (0.Yni1Ynt2--.)3/2 —
o +o0 k
(0.Zn41%ng2 - )32 = D pog Yntk — Tngr)(2/3)", 9TO He TPEBOCXOAUT 110 MO-
+00 k _

aymo 3 5 (2/3)" = 2.

4.5.7. (Bosmoxkuble 3Hauennst nepemenHoil s.) Ecim 6l mepemenHas s B
IPEJBIIYIIEM aJrOPUTME MODJIa Obl HPUHUMATH TOJBKO KOHEYHOE MHOMKE-
CTBO 3HAYEHMUIT, TO MBI ITOJTyYNIN OBl KOHCUHBIH aBTOMAT, IIPOBEPSIOINIT pa-

BEHCTBO 4YKCE B IOJyTOPHOH cucreme cumciaenusd. OJHAKO B HAIIEM CJIy-
qae S, XOTd U JIEXKAT Ha OTpe3ke [—2,2], He 00s3aTeIbHO SBIISIETCH EIBIM
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YUCJIOM, & SBJISETC JIBOMYHO-pPAIMOHAIBHBIM YHUCJIOM €O 3HameHaTesaeM 27.
Mo2KHO BMECTO $ UCIOJIL30BaTh 1ej10€ Yncao s = 2™s, 0JHaKO TOraa OHO Oy-
JIeT HAXOJIUThCS B Auanaszone or —2" 1 110 2”+1, u roromy OyaeT TpeboBaTh
BCE OoJIbIIle W OOJIbIIE HaMSITH JIJIsI XpaHEHHUsS 110 Mepe TOro, KakK aJIl'OPUTM
quTaeT HOBble HUppHI. VHave roBOps, [AjIs peaan3allii IPUBEIEHHOIO BbI-
e aJropuT™Ma HeJ0CTATOYHO KOHEYHOI'0 aBToMaTa, a HeoOXOJIMMa MalllnHa
Tvropumnra.

4.5.8. (IIposepka Ha paBeHCcTBO B (Q3 GECKOHEUHBIX BJIEBO YUCEJI B CHCTEME C
ocHoBanueM 3/2.) YIuBUTEIbHBIM 06pPa30M aJrOPUTM, aHAJOTHIHbI [4.5.6]
HO paboTalonuii B APYTyI0 CTOPOHY — TO €CTb IIPOBEPSIONINIl HA PABEHCTBO
B Q3 GeckoHEeUHBIE BIEBO umMCIA (...%1%0)3/2 U (... Y1Y0)3/2 ¢ nudpamn u3
{0,1} — ucnosp3yer TOJBKO KOHEYHOE YUCIO 3HAYEHU § ¥ MOTOMY Deaiu-
3yeM KOHEYHBIM aBTOMAaTOM:

S0) |[Ununmamuszanus.| s <— 0, n < 0.
S1) [Iar] s < 25+ 2y — Yy, < n+ 1.

S2) [Bexoxn?| Ecou |s| > 3, win eciim s He J1euTCst Ha TPHU, TO COOOIIHTD,
YTO YHUCJIa Pa3JIMYHbI, 1 3aBE€PIIUTHL BBIIIOJIHEHUE aJI'OpUTMA. B 1Ipo-
THUBHOM CJIydae IOBTOPHUTDH S1.

B camom feie, 371eCh PalOHAIBLHOE UHCIO § — 3TO (Tpn.Lp_q ... T0)3/2 —
(Yn-Yn—1 - - - Yo)3/2, TaKzxkKe PaBHOE (... Yn4+10)3/2— (... Tn410)3/2, ecim mpoBepsi-
eMble Ha PaBeHCTBO 4ucia AeicTeuTesbHo pasHbl B Q3. OTcioma moaydaem,
9T0, BO-IIEPBBIX, |$| < 3 m s € Zy (U3 MEPBOrO paBeHCTBA), M, BO-BTOPBIX,
s € 373 (u3 Broporo pasercTBa). [IoCKOJIBKY s — palnnoHaJIbHOE YHCII0, 3HA-
MeHATeJb KOTOPOT'O ABJISETCS CTEIEHbIO TPORKH, 9TU YCJIOBUSA O3HAYAIOT, ITO
€JIMHCTBEHHbIE BO3MOXKHBIE 3HadYeHud i1 § — 310 —3, 0 u 3. luade roso-
psa, § OyIeT BCeraa OCTaBAThCs IEJIbIM, a €CJIU Mbl YBUIUM, 9TO OHO yrKe He
CMOZKET OCTaBAThLCA LEILIM M3-3a TOTO, YTO OHO He OyIeT JeIUTLCI Ha TPU
nepe/Ji CIeyIONMM YMHOKEHHEeM Ha 2/3, TO MBI MOYKEM Cpa3y 3aBepIINTh
UCIIOJTHEHNE aJITOPUTMA.

4.5.9. (IlpoBepka na paserctBo B R X Q5.) Uro Oyjer, eciiu Mbl pa3sBepHEM
B 0OPATHYIO CTOPOHY TOJIBKO 9TO IIOCTPOEHHBINA KOHEYHBIN aBTOMAT, TO €CTh
HAIIPABUM BCE €T0 IEPEXOIEL 5 — ¢ B 06paTHyio cTopory? Mbl IeficTBUTE b
HO IIOJIYYUM KOHEYHBI aBTOMAT I IPOBEPKU Ha PABEHCTBO OECKOHEUHBIX
apobeit (0.29x1 .. .)32 1 (0.40Y1 - - .)3/2, OJHAKO IIPOBEPATH HA PABEHCTBO OH
oymer ne B R, a B R X Qq:
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S0) [Maunuanuszanust.| s <— 0, n < 0.
S1) [Iar] s < 35+, — yn, n 1+ 1.

S2) |Bexon?| Ecmnm |s| > 2, win ecam § He9€THO, TO COOOIIATD, 9TO THCIIA
PA3JIMYHbI, I 3aBEPIINTD BBIIOJIHEHNE aIropuTMa. B mpoTuBHOM City-
Jae MOBTOPHUTH S1.

Eciur Teneps aToT asropuTy™ mposepsieT Ha paBeHCTBO & = (0.0 ...)3/2 =

e ra(3/2) My = D ns0 Un(3/2)7" 7 He xax snementer R, a Kax sJie-
MeHTBI R X Qg, TO paboTtaer paKTUIECKH TO KE CAMOE PACCYXKIEHHE, ITO
u B [4.5.8] u oxkasbIBaercs, YTO § IPUHUMAET TOJBKO KOHEYHOE MHOXKECTBO
3HAYCHUN.

Takum obpasom, B JeiicTBUTEIbHOCTH 3P HEeKTUBHAS TUCIOBAasT CHCTEMA
¢ ocHOBaHHEM 3/2 JIOJIXKHA MPEJICTABJIATh HE BelleCTBeHHbIe uncyia r € R,
a mapel * € R x Qq, cocrositiiue n3 BENIECTBEHHOTO U 2-aINYIECKOI0 YUC/IA.
(MbI TIOKa He HPUBEJN CTPOrOro JOKA3aTEIbCTBA, 9TO 9TO HEOOXOJAUMO, HO
[OBEPHM, 9TO 9TO JIEHICTBUTEIHHO TaK.) DTO AHAJTOTUIHO TOMY HaOJIIOIEHUIO,
4TO OECKOHEUHDIE BJIEBO YKC/Ia B CUCTEME C HATYPaJbLHBIM OCHOBAHHEM m > 1

[PEJICTABISIOT YUCIa U3 lem Qp, cm. .

4.5.10. (s upegcrasienns R X Qq HE0Ox0111MO TpU 11ph.) OHAKO Jj1st
IPEJICTABJICHNS B CHCTEME C OCHOBaHHEM a = 3/2 snemeHTOB R X Q9, a He
[IPOCTO BEIECTBEHHBIX Yuce, Tpedyercs OoJibine nudp, a UMEHHO, He MeHee
TPEX (U Jarke 9eThIPEX, €U Mbl XOTHM MOy IUTh 3(DMEKTUBHYIO THCIOBYIO
cucremy). [eficrBuresnsro, mycts D C Q — HEKOTOpOE KOHEYHOE MHOYKECTBO
1udp, 1 MPEJIoJIOKIM, YTO OHO JIOCTATOYHO JIJIsi TIPEJICTABJIEHUs BCEX dJIe-
MeHTOB R X Q9 B mOJIyTOpHOI cucTeme cuucieHus, T.e. Jioboit x € R x Q

IPEJICTABUM B BUJE (Xg...Tk—1.LpThi1 ---)3/2 = (3/2)* S pwa(3/2)7
npu HeKOTOphIX T, € D u k € Ny. Ilyctb w : DY — R x Q; — nempe-
PBIBHOE OTOOpaXKeHUE T = ToLi... — » o 2,(3/2)7"" ! u nyers K :=

w(D¥) C R x Qy — muO)KecTBO 351eMeHTOB R X Qy, IpejicTaBUMBIX B BHUJE
(0.2021 . . .)3/2. Ilockosbky w nenpepsiBo n D xomnakTHo, K = w(D¥) —
kommakT. Kpome toro, (J,-0(3/2)*K = R x Qa, IOCKOJIBKY BCE 3J1EMEHTHI
R x Q, mpejicTaBEMBI B PACCMATPUBAEMON CHCTeMe cuuciIenus. [loCcKOIbKY
R X Q9 J10KaJIbHO KOMITAKTHO, OHO SIBJISIETCsI IIpOocTpaHcTBOM bapa, a 3nadur,
HE MOXKeT OBbITH IPEJICTABJIEHO B BUJIE CUETHOTO OOBEIUHEHUST 3aMKHYTBIX
MHOXKECTB C IIyCTbIMU BHyTpeHHOCTsMHU. OTCIOJa CJIe/IyeT, 94To KoMmIakT K
JIOJIZKEH 00J1a/1aTh HEIyCTO BHYyTpeHHOCTBIO. [loaToMy ero ajuintuBHast Me-
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pa Xaapa p(K) cTporo mosokuTeslbHa, a TakXKe KOoHedHA (moroMy dro K
KOMIIAKT).
Haree, )
K=J(z+:K) 4.5.10.1
LEJD 3 ( )
Iockombky p((2/3)K) = |2/3[r - [2/3|q, - u(K) = p(K)/3, sra dopmyra
O3HAYAET, YTO MHOXKECTBO K TOKPBITO 0ObenHeHreM |D| MHOXKECTB BTPOE
MeHbIIelt Mepbl Xaapa. Takoe BO3MOXKHO, TOJbKO ecau |D| > 3. Takum 06-
pa3oM, /IS IIpeJICTaBIeHHs BeexX 3j1eMeHToB R X (Qy B cucreMe ¢ ocHOBaHIEM
3/2 HeobXOMMO KaK MUHIMYM TPH THQPHL.

4.5.11. (DddekTuBHas YUCIOBas CHCTEMA, IIPEJICTABIAIONIA BEIECTBEH-
HbIE YUCJIA, JTOJ2KHA ObITH U3OBITOYHOMN, U TIOTOMY HEOOXOIUMBI YeThIpe Tud-
pbl.) Ecm Mbl xoruM, 9T0ObI BEIOpAHHOE MHOXKECTBO 1P D 1103BOJISLIO HE
TOJIBKO 3aIMCHIBAThL BCe 3jieMeHThI R X (O, HO U 3 PEeKTUBHO MTPOU3BOINTH
¢ HUMU orepanuu (HampuMep, 9To0bl CyMMa BbIYUC/ISIACH KOHEYHBIM aBTO-
MaTOM), HEOOXOAUMO, YT00bl MHOXKeCTBa 2 + (2/3)K u3 X0Tsl OBl
HEMHOTO IIE€PEKPBIBAINCH, T.€. YTOObI BHYTPEHHOCTH K IMOKpBIBAJIACH BHYT-
PEHHOCTSIMH 3TUX MHOXKECTB. B MPOTHUBHOM cjiydae, ecjii CyMMa & + Y JIBYX
s7eMeHTOB X, Y € R x Qs oxazkercs BHyTpu K, HO Ha I'DAHUIE BCEX COJIEpIKa-
mux e MoAMHOXKeCTB 2 + (2/3)K, z € D, MBI He CMOXKEM BBIUHC/IATH JaKe
nepByIo mudpy & + Y, 3Hag TOJIBKO KOHEYHOE KOJMYECTBO HEPBLIX UMD =
u y. (Dro paccyxkieHne B MIPUHIIATIE TPABUJIBHO, XOTS U HETOYHO; HATIPUMED,
X U Y JIOJIKHBI BBIOUPATHCsT HEe IPOU3BOJIbHO, & BO BHyTpenHoctu K .) Takum
obpaszoM, 3pdekTuBHasT cucTeMa, CUUCIEHUs JI0JI2KHA, OBITh XOTd Obl HEMHO-
ro m30BITOYHOM, U JIOJIKHA 33/efiICTBOBATh HE TPU, a8 KAK MUHUMYM YeThIPE

1 phI.

4.5.12. (/Ipyrue cucreMbl CYMCJIEHUsI ¢ PAIMOHATBHBIM 1 < a < 2 Tpeby-
10T He MeHee naTu 1udp.) Eciam mbl 3amernm 3/2 Ha Jpyroe palnoHaIbHOE
qyncsio 1 < a < 2, curyanud He yaydmuTcd. B 3ToMm ciiydae a-wdHbIE 3a-
mcu (0.20%7 . . .)q OYIAyT HpPeJcTaBIsITh He MPOCTO BEIECTBEHHbIE YUC/IA, a
9JIEMEHTHI U3 Hvepm:\a|p>1 Q., tie Qy = R, m aHAJIOrTIHOE PACCYKICHUE C
aJJINTUBHOIN Mepoit Xaapa Ha 9TOM IPIMOM ITPOU3BEIEHUN TTOKA3BIBAET, UTO
MTOHAI00ATCA KaK MIHUMYM

ht(a) = ] sup(L.lal.) (4.5.12.1)

vEPK
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mudp I IPEICTaBICHNAS BCEX 3JIEMEHTOB 3TOIO IPSIMOIO IPOU3BEICHU B
crucreme ¢ OCHOBaHUEM a. B jeficrBuresibHOCTH TOHAK00MTCs X0Ts OB ht (@) +
1 mudpa, moromy 4to 3HhPHEKTUBHOCTH CUCTEMbI CIUCIEHUS TpedyeT m30bI-
TOYHOCTH, €CJIN 3aJIefiICTBOBAHO apXuMe0Bo HopmupoBaHaue. OIHAKO BbICOTA
ht(a) ecrp max(|m|,|n|), tae a = m/n — npeicrapieHre PAIMOHAILHOTO
qucsia B BUjie Hecokparumoit Japobu. [lockosbky 1 < |m/n| < 2 BO3MOKHO
TOJIBKO TIpH |m| > 3 (¢ paBeHCTBOM TOJIBKO Jyist @ = +3/2), npyrue s¢hdek-
THUBHBIE CUCTEMbI CUMCJIEHUS C PAIMOHAIBHBIM OCHOBAHUEM B JIMAIIA30HE OT
eJIMHUIIBI 110 JBYX (a Takxke oT —2 110 —1) morpebyior eré GosbIie nudp, T.e.
He MeHee [ATH (CM. TaKzKe CTPOroe JIOKA3aTeLCTBO TOIO, YTO PAI[MOHAIbHbIE

a ue noaxonat, B [AB6])6.6.15)).

4.6 CucremMa c OCHOBAHUEM (O

MEI TOJIBKO 9TO BHJICHU, YTO OCHOBaHme a 3PQPEKTUBHON YMCIOBOI cucTe-
MBI, HO3BOJISIONIEH IPEICTABIATL BEIIECTBEHHbIC YHC/IA ¢ HOMOIIBIO TOJILKO
aeyx mudp D = {0,1}, He MoxKeT GbITh PAIMOHATBHBIM YUCJIOM (CM. TaK-
Ke [ABG], rJie 9ToT (baKT CTPOro JIoKa3aH APyruM crocobom). Tparc-
IEH/IEHTHbIE OCHOBAHMUS, CY/IS 110 BCEMY, TOXKE He MOJATCs (ITO CTPOro J0Kas3a-
HO B [AB6]. [TocMoTpuM, HaMIETCS TN MOIXOAAIIee aaredpandecKoe
9HCIIO a.

4.6.1. (Orpanuyenus Ha BEIECTBEHHOE ajredPaniecKoe YUC/IO a: OHO J0JIK-
HO OBITH eJIUHUIIEH.) ZICHO, YTO MCKOMOE BeIeCTBEHHOE aIrebpaniecKoe Inc-
JIO @ TIO-TIPEZKHEMY JIOJIZKHO YJIOBJIETBOPSTH HepaBeHCTBY 1 < |a| < 2. Kpome
TOro, OECKOHEYHBIE BIIPABO a-UYHBIE JPOOU OY/IyT MPEJCTABIATH HE MPOCTO
BEIleCTBEHHbIE THCIIA, & MeMeHThl [ [ oy, ., o) Ko, Tie K = Q(a) — wuc-
JIOBOE TI0JIe, TMOPOXKIAEHHOE @, Vi — MHOYKECTBO €ro HopMupoBaHumil, n K,
— nonosrenne K ornocurebHO v. Takoro poja npejcrapieHus moTpedyoT
ne menee ht(a) = [],cy. sup(l, |al,) mudp, a ma camom nene crporo Hosb-
IIe u3-3a MPUCYTCTBUS apXUMeJ0Ba HOPMHUpOBaHUs. 37ech |- |, obosnagaer
HOPMY, COOTBETCTBYIOILYIO ¥, HOPMAJU30BAHHYIO TaK, 4TOOBI OBITH MYJ/IbTH-
IJIMKATOPOM aJINTUBHOI Mepbl Xaapa Ha K,. Takum o6pasom, ecjim Mbl
HaJjieeMcs OOOUTUCH TOJIBKO JIByMsi nudpamu, zHeobxoaumo ht(a) < 2. O-
HaKO ecyu |al, > 1 XoTst ObI JUIsi OJHOIO HeapXMMeI0Ba HOPMHUPOBAHUS U,
5710 cpasy gact ht(a) > |a|, > p > 2, rme p — XapaKTepUCTUKA IOJIs BbI-
geroB K. [Tosromy momkHO ObITh |al, < 1 1 BCceX HeapXUMEJOBBIX U, U
1 < laly, < 2 xors GBI It OMHOTO apxXUMeOBa v (& UMEHHO, COOTBETCTBY-
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tomero Tomy Biaoxkennio Q(a) — R, pagm koToporo mbl Beé 3aresn). ITo
dbopumyie npoussesenus ht(a) = ht(a™'), orkyna mbr nomyuaem a7, < 1
JUI BCEX HeapXuMeJOBbIX v, T.e. |al, = 1 ayiga neapxumeiosbix v. Nnade ro-
BOps, a doastcro buimsb edunuuets 6 maxcumanvnom nopadke Ok C K, u ero
nopma Nk jg(a) pasua £1.

4.6.2. (Ecim a — xBajipaTuyHas nppannoHaabHOCTb, TO a = +¢.) [lockosib-
KY @ HE MOXKET OBbITh PAIMOHAJIBHBIM YHCJIOM, €CTECTBEHHO PACCMOTPETh CJIy-
Jaif, Korja CTeleHb ¢ MAHUMAJbHA, T.€. ( ABJSIETCS BEIIeCTBEHHON KBaIpa-
TUYIHON MPPAIMOHATILHOCTBIO. B 9TOM cilydae a siB/isieTcst KOpHEM KBaJIpaT-
Horo ypasaenud t2 —pt+q = 0c ¢ = £1 u p € Z, NOCKOIbKY @ 00g3aHO OBIThH
enuanIeil B kpagparunanoMm pacmupernu Q(a). Mer snaem, aro 1 < |a| < 2.
Ecin o/ — conpstzkéHHBIN 971eMeHT K a, T0 @’ = q/a, otkya |a'| = 1/]a| < 1.
Ecim ¢ = 1, To a u a’ ognoro 3naka, otkyna |p| = |a| + |a'| > |a| > 1, Te.
|p| > 2; onmako Torga t? — pt + 1 = 0 He UMeeT JBYX Pa3JIUIHBIX BEIECTBEH-
HbIX KopHeil. [Tostomy ¢ = —1, u 0 < |p| = |a] — |d/| < 2, orkyna p = +1,
T.e. a JOJIKHO ObIThL KopheM t2 &t — 1 = 0. D70 o3nauaet, 4ro a = ¢, rue
¢ = (14 +/5)/2 — 3os0r0e ceuennue (MOTOKUTETLHBIH KOPEHb MHOTOUJICHA
t2 —t — 1). MBI UpUILIM K BBIBOJLY, YTO €JIMHCTBEHHAsI MOJXOJISIIAs KBaJl-
parnyHas UPPAIMOHAIBHOCTh — 9TO £, HECKOJIBKO HECTPOTUM CIOCOOOM;
CTpOroe JI0Ka3aTesibeTBO Oy/er naHo nosxke B [ABO) .

4.6.3. (Ecrb TOJIbKO KOHETHOE MHOZKECTBO TIOJXO/IAIIIX UPPAIMOHATIBHOCTE
Kazk10ii crerenn.) HecioxHO BujieTh, 9To Jist JII000it CTEIeHN N CYIIeCTBYeT
JIMIIIb KOHEYHOE MHOXKECTBO BEIECTBEHHBIX aJreOpanvecKux ducesl d CTere-
HE n 1 BeicOTHl ht(a) < 2 B mose Q(a). B camom mese, koaddunmenTsr ¢y,
MuHUMATLHOTO MHOTOuIeHa P(T) = T" 4 ¢, 1T" ' 4+ -+ 4 ¢y uncia a J10K-
HbI OBITh, C OJHON CTOPOHBI, HEJBIME € ¢g = £1 (MBI TOJIBKO YTO BUJIEJH,
aro ht(a) < 2 BO3MOXKHO TOJIBKO B TOM CJiydae, ecan a — eauania B Q(a)),
a ¢ apyroii croponsl, ¢ < (7) ht(a) < 2(}) sz Beex 0 < k < n, mocKoub-
Ky IPOU3BEJIEHIE JIFOOOr0 MOJMHOKECTBA KOMILIEKCHBIX KODHEl MHOrodIe-
Ha P(T) ue mpeBocxoauT 1o Moy ht(a), a £¢; — 970 CUMMeETpUYECKUi
MHOTOYJIEH OT KOpHeil, T.e. cymMMa () TaKHX IPOM3BEJCHHHA. DTO OCTABIIs-
eT TOJBKO KOHEYHOE MHOYKECTBO BAPUAHTOB JIJI MHUHMMAJILHOIO MHOIOYJIE-
Ha P(T). Hanpumep, npu n = 3 ocraércsd TOJBKO YeThIpe HEIPUBOINMBIX
kybuaeckux Muorowiena P(T), obmamaonmx KopHeM 1 < a < 2 BBICOTHI
ht(a) < 2:910 T3 =T —1,T3—T?* -1, T3 -2T°+T—-1uT*-T*-T—1;n
ecTb e yeTbipe MuorowieHa — P(—1T') ¢ mogxoasium KopHeMm —2 < a < —1.

4.6.4. (Bos0T0€E CEUCHME B KAUECTBE OCHOBAHNUST CUCTEMBI CUnC/IeHNS. ) Takimm
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o6pa30M, €CTEeCTBEHHO IIOIBITAThCA DoJlee THIaTeJIbHO U3Yy4IUTDH Cﬂy‘{aﬁ a =

+¢. CrHauana Mbl He 0cO00 OyIeM pas3jnydaTh CIAyIam @ = @ U a4 = —(,
OJJHaKO €CJIM MBI XOTHUM IIPpEJCTaBJIATH BCE€ BEIIEeCTBEHHBIE YUCJIa, a HEe TOJIbBKO
HEOTpHUIaTe/IbHbIe, HaJI0 UCIOJIB30BaTh a = —p. Obo3Hadnm depe3 ¢ = 1 —
@ = —p ' = (1 —+/5)/2 4uci0, CONPIKENHOE K 30JI0TOMY CEUCHHIO.

4.6.5. (Beckoneunbie 1pobu B CUCTEME C OCHOBAHUEM (O TIPEJICTABJISIIOT TOJIb-
KO BellecTBeHHbIe ucya.) OTMeTuM, 910 MOCKOIbKY ||, # 1 ToabKo s
apxuMeIoBLIX HopMuposanmii g K = Q(¢) = Q(v/5), Geckoneunnie apo-
6u (0.2021...)p = Y 10 2,07 "L nMeror sHAYeHHe TOMBKO B R, a HUKAKHX
Q, mM X KBaJPATUIHBIX PACIINPEHNUIT He BO3HHKaeT. Bosee Toro, ecm Mol
PaccMOTPHM APOOH (...T_9T_1),, OECKOHEUHbIE BJICBO, OHH TAKyKe He 00/Ia-
JIAIOT 3HAYEHUSIMU HU B KAKUX HEAPXMMEJOBBIX JIOKAJILHBIX TOJIAX: CyMMa

n—1

> 0 T—p—1¢™ CXOAUTCS TOJILKO OTHOCHTEIILHO BTOPOIO apXUMEI0Ba HOPMU-
posanus noJist K, coorBercrBytorero Bioxkennio Q(¢) — R, mepeBomsmemy
¢ B (. IlHate roBopst, MbI IPHUIIACHIBAEM (. ..ZT_o%_1), BEIIECTBEHHOE 3HaUe-
e y 0 T, 1@ = > o T p1(—p)”" € R, HO OHO JIEKHUT B <«JIPYrOM>»
sK3eMiuigpe R (Hampumep, Apyrom IpsiMOM COMHOZXKHUTE/IE OTHOCHTEIHHO H30-
mopdusma Q(v5) ®g R = R x R). JI0BOJILHO HEOOBIMHLIM SABJIACTCA TOT
dakT, uro HE Jpobu, GeCKOHEUHbIE BIIPABO, HU Jpobu, OECKOHEYHBIE BJIEBO,
He CBSI3aHBI HU C KAKUMU p-aJndecKuMn duciaamu. Jlo sToro y nac e ObLI0
[PUMEPOB TAKUX CUCTEM CUUCJIEHUS.

4.6.6. (AsropuT™ IPOBEPKU HA PABEHCTBO.) AJITOPUTM IIPOBEPKU HA DABEH-
crBo B R aByx Geckoneunsix apobeit x = (0.29z1...)y, 1y = (0.50y1 .. .)y,
Tae Tn, Yn € {0, 1}, BRIVIAIUT yKe MPUBBIYHBIM 06pa30M:

S0) |[Uuunmamusanus.| s <— 0, n < 0.
S1) [Hlar.] s < ¢s + z,, — Yn, n < n+ 1.

S2) |Bexon?| Ecin s € S, rne S — HEKOTOpPOE KOHETHOE MHOXKECTBO pa3pe-
MEHHBIX 3HAYEHUI, TO COOOIIUTH, YTO YUC/Ia PA3JTHIHBI, U 3aBEPIITUTH
BBIIIOJIHEHHE aJIl'OPUTMa. B IIPOTUBHOM Cilydae IIOBTOPHUTH S1.

Wnrpura 37ech B TOM, JICHCTBATEJBLHO JU MHOMKECTBO Pa3PEHICHHBIX 3Ha-
veHnit S KoHeuHo, wian HeT. Kak oObr4HO, mmocje n + 1-ro mara § paBHO
(0. Tn)o— (Yo - - - Yn)yp; €CIU IHCTA T U Y JIEHCTBATEIHHO PABHBL, § JOJZKHO
taxKe PaBHATHCA (0.Yn41YUn+2 - -)p — (0.Tp41%042 . . .),. Kakue orpanndenus
9TO HAKJIILIBACT HA S7
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4.6.7. (MnoxkecrBo S momycrumbix 3Hadenuil s.) ITockoibky mpu z = y
H0JKHO OBITE 8 = (0.Ynt1Ynt2---)p — (0.2p11Tp42...),, momydaem |s| <
S =@ 1/(1 — ') = p; B IPOTUBHOM CIIyYae MBI MOXKEM Cpasy
3aBEpIINTL UCIOJHEHHe ajaroputMa Ha mare S2. C 1pyroil cTOpOHbI, s =

~

(o Zn)y — (Yo .. Yn), O3HAUAET, 9TO § = Y ' (Tpo — Yn—k)P", THE §
obozmauaer conpsukénnoe kK s B K = Q(V/5). Tlostomy [3] < Y222 [4|F =
1/(1 =Y = ¢* = 1+ ¢, nockobky ¢ = —@~ 1. Mbl mojtydaem orpa-
audenns |s| < ¢ u |§| < 1+ ¢ (B JeficTBUTESILHOCTH BTOPOE HEPABEH-
CTBO JIaKe CTPOroe, MOTOMY |TO CyMMa I § B HAIIEM CIydae 3aBeJOMO
KOHEYHA, HO MbI IPEJIOYUTAEM HCIOIb30BaTh HECTPOroe HEPABEHCTBO, YTO-
OBl IOTOM B MOYKHO OBbLIO pa3BepHYTh KOHEUYHBIH aBTOMAT); KPOME
Toro, s € Z[p], Te. s = a + b\/5, rie a u b oba meple WK 06a MOIY-
nessre. Orciona [2a] = |s + 8| < 14 2¢ u moromy |a| < 2, a Takxke
120 = [(s — 38)/v/5] < (14 2¢)/V5 = 1+ 2/V/5, orkyna |b| < 1/2. Dro
OCTaBJIACT TOJBKO KOHEYHOE MHOXKECTBO BAPUAHTOB JUI @ U b, M HOTOMY
MHOZKECTBO S JIOIYCTUMBIX 3HAYECHUN S KOHETHO:

S={seZly]:|s| <o 3 <’}
={-p, L, 1-p,90—-2,02-p,0—1,1,0} (4.6.7.1)
= {_<P7 _17 _90_17 _SO_Qa 07 90_2a 90_1a ]-7 SO}

4.6.8. (Koneunslit aBToMaT jjisi IPOBEPKHU PABEHCTBA B CHCTEME CUUCJICHUS
¢ ocHoBaumeM .) Takum o6pa3oM, MPOBEpKa PABEHCTBA JIBYX OECKOHETHBIX

BrpaBo apobeit (0.2¢z1...), # (0.4oY1 - . .), ¢ mudpamn z,, y, € {0,1} ocy-
IECTBIISIETCS CJIEYIONIUM KOHEIHBIM ABTOMATOM:

01 00,11 10

10 01
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Bmeck A...I COOTBETCTBYIOT JIEBSITU JIOMYCTUMBIM 3HAYEHUSIM S B MOPSIIKE
Bo3pacranud, T.e. A = —p, B = —1, C’ =— 1 D=—p 2 E=0,F=¢p?2
G=¢ ' H=1,1= . Ilepexon s Y, ¢ UPUCYTCTBYET B TOM U TOJILKO TOM
ciydae, ecmn t = os+x—y, s, t € S, x, y € {0,1}. Haganbubim cocrosiniem
sapiyisiercs E, coorBercTByIolee s = 0.

4.6.9. (st mpoBepKu paBeHCTBa GECKOHEYHBIX BIIPABO JApobeit cocTostHust D
u I we myxubl.) 3aMeruM, 9To coctoguusg D u F', coOTBeTCTBYOIIIE 3HAYE-
HUAM S = :l:gD_27 HEJOCTU>KNMbI U3 HA9aJIbHOI'O COCTOAHMA E7 u 1IOTOMY OHU
COBEPIICHHO HEHY2KHbBI JJId IIPOBEPKU PAaBEHCTBA 6eCKOHequIX BIIpaBO JpPO-
Oeit ¢ ocHoBaHueM . nade roBops, Ji/isi TPOBEPKU PABEHCTBA OECKOHEYHBIX
BIIPaBO JIPOOEil JOCTATOYHO aBTOMATa C CEMbIO COCTOSTHUSIMU.

Heco:kHO BUIETH, 9TO 3T JBa COCTOSIHUSI OKA3aJIiCh B HAIlIEM aBTOMAaTe
TOJILKO U3-32 TOTO, YTO MbI HCIIOJIL30BA/M HECTPOroe HepaBeHCTBo |§| < p?
BBMeCTO cTpororo |§] < p?, KOTopoe Kak pa3 HCK/IIOUIIO Obl § = =+~ 2.

4.6.10. (/1151 mpoBepKu paBeHCTBa GECKOHEYHBIX BJIEBO JIpobeit cocTosiHmst A
u I He HyKHBI, 3210 HyKHbI D 1 F.) Mbl MOXKEM HCIOJIB30BATH «PA3BEPHY-
ThIi» aBToMar 4.6.8| T.e. aBTOMaT, B KOTOPOM OpUEHTAIUs BCceX PEGep m3me-
HEHA Ha IIPOTUBOIOJIOXKHYIO, JJIs IPOBEPKHU PABEHCTBA OECKOHEUHBIX BJIEBO
apobeit (... 2120)p = (... 21Y0)e. IIpu sToM cocrositus A u I HeZOCTUKUMBL
U3 HAYaJIbHOTO COoCTOsiHust F B pa3sépHyTOM aBroMare (MHAYe roBopsi, n3 A
u [ HeJb3sl TONACTH B HAYAIBHOE COCTOSTHUE B MCXOHOM aBTOMATE) U ITOTOMY
MOTYT OBbITh HCKJIOUYeHbl. OTHaKO Terepb cocTosiuus D u F', HeHyKHbIe B UC-
XOJIHOM aBTOMATe, OKa3bIBAIOTCS HYKHBI. VIMEHHO TI0O3TOMY MBI MX OCTaBUJIN

B aBTOMaTe m

4.6.11. (PaseépHyTblii aBTOMAT MPOBEPsIET PABEHCTBO JPO0eil B cucTeme ¢
OCHOBaHHEM —¢.) 3aMeTnM, 9TO OeCKOHEUHbIe BJIEBO ApoOU (...Z1Tg), =

T T," MMEIOT CMBICH TOJIBKO JUTs JIpyroro Biowenus Z[p] — R, T.e
TOJILKO TIOCJIE 3aMEHbI ¢ Ha (. VlHaue roBopsi, pa3BEPHYTHIN aBTOMaT B JIeii-
CTBHUTEJIbHOCTU IPOBEPSIET PABEHCTBO (...%1%0)s = (... Y1Yo)e. OnHaxo bec-
KOHEYHBIE BJIEBO JIPOOH B CHCTEME C OCHOBAHUEM (9 — 9TO TO JKE caMoe, 9TO 1
GecKoHeuHbIe BIIPaBo ApobH ¢ ocHOBaHueM (@~ - = —. [loaToMy pa3BépHyThIil
aBToMaT (UK ero Bepcus 6e3 u30bITOIHbIX cocTostHui A u I) B eficTBUTE b-
HOCTH IIpoBepsieT paBeHcTBo (0.2¢21 ...)—y = (0.YoY1 - ..)—y, TAK ITO HAM He

HaJa0 CTPpOUTDH OT,ZLGJ'H)HBIIU/I aBTOMaT JIJIgd CJIy4dasd OCHOBaHUA a4 = —@.

4.6.12. (ITposepka paBeHcTBa unces, GECKOHEIHBIX B 00€ CTOPOHBI.) ABTO-
mat [4.6.8] co BceMn J€BSTHIO COCTOSHUAME MOZKET HUCIOJIb30BATHCH JIJISL 1IPO-
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BEPKH PaBEHCTBA OECKOHEUHBIX B 00€ CTOPOHBI YHCEI (... T 2T 1.20T1 - - .)p,
T.C. JJId IIOCTPOCHUA 3aMKHYTOI'O OTHOIICHUYA IKBHBAJCHTHOCTH = Ha MHO-
wectse BZ = {0,1}%, kotopoe 0b/1a/1aeT TPaBUILHBIMI OTPAHTICHUSIME Ha
HOJMHOXKecTBa ¢10B BT n B~ , 6eCKOHEYHBIX TOJILKO BIPABO UK TOJILKO BJle-
BO. /Lnst 3TOrO HAI0 TPUMEHUTH K aBTOMATy KOHCTpyKIuio u3 [4.4.6
win [4.4.7] panee UCHONIB30BAHHYIO Jiisl OIMCAHUS SKBUBAJIEHTHOCTH H30bl-
TOYHBIX JBOUYHbBIX YHCEJI, 6eCKOHe‘-IHbIX B 06e CTOPOHBI. B uTore Mbl IIOJIy-
"aeM Tornojiorudeckyio rpyniy BZ/ =, uzomopduyio (R x R)/Z[p].

4.6.13. (/g npoBepKHu paBeHCTBa N-3HAYHBIX YUCEJ JOCTATOYHO ISITH CO-
crosiamii.) JIiist IPOBEPKH PABEHCTBA IBYX N-3HAYHBIX TUCE BUIA (Lo . . . Tp_1)y
MO2KHO UCIIOJIb30BaTh BCE TOT 2Ke aBToMaT 4.6.8| HO Tenephb Ha10 TpebOOBATH,
YTOOBI 1TOCJIE N-TO TIePeXoJia aBTOMAT OKa3aJICd B HAYAJILHOM cocTodnun F.
[TosTOMYy MOXKHO BBIKMHYTH U3 aBTOMATa KaK U COCTOSHUS, HEJOCTUKUMBIE
n3 F, Tak M COCTOAHUs, U3 KOTOPBIX HeJocTHKUMO F. B mrore ocratorcs
TOJIbKO TATh cocrogamnit B, C', F, G, H, u npoBepKa n-3HAYHBIX YUCE Ha
PaBEHCTBO OCYIIECTBJIAETCS KOHEYHBIM aBTOMATOM BCETO C MATHIO COCTOSTHU-
SIMU.

4.6.14. (IIposepka paBercTBa B huboHauINeBOil cucteMe cuucyenust.) [lycrnb
F, = (¢" — ¢")/(p — ¢) — uncna Pubonauuau: Fy = 0, F; = 1, F,pq =
F, + F,_1. Byuem paccmarpuparh n-3HadHble 9ucjia B pUOOHAYIUEBON CH-
creMe CUMC/ICHHS, T.e. BAIUCU (TpTp_1...T1)p = 2 g TeF) ¢ mudpamu
x € {0,1}; B ortmane or OGBITHOTO OIpe/ieeHust GUOOHATINEBO CHCTe-
MBI CUUCJICHUsI, MbI He OyJieM TpeDOBaTh, YTOOBI coceiHue Mudpbl He OBLITH
OJIHOBPEMEHHO €JIMHUIIAMI.

PacecmorpuM 3aa4y IPOBEPKU Ha PABEHCTBO ABYX N-3HAYHDLIX YUCEJ B
bubonauumeBoit cucreme cuuciaenus. HecaoxkHO BUIET, 9TO (Ty, ... T1)F =
(Yn - .- Y1) F, €CIIH U TOJBKO €CJIU

(@ .. 210.21Y223Ys - .. Zn)p = (Yn - - Y1001 22Y324 . . . Yn)

(crporo roBops, 3ra (hopMyIIa FOIUTC TOIBKO JJist HEI€THOTO M JJIst 9eTHOTO
7 MOYKHO BBIIIHCATH AHAJOTHYHYIO (OPMYILY, JIHOO MOJOKUTD Tpil = Ypi1 =
0 ¥ yBeJUYUTH N HA €IUHHUILY), OITOMY TaKyIO HPOBEPKY MOYKHO BBIIOJ-
HHUTbH C TIOMOITBIO BCE TOrO Ke KOHEYHOIO aBTOMATa C MATHIO COCTOSHUSIMU
B, C, E, G, H. Bonee Toro, HeT HEOOXOINMOCTH IIPOBEPSTH HA PABEHCTBO
stu (2n + 1)-3HaUHBIC YHCIA B CHCTEME C OCHOBAHHEM ¢ MOJHOCTBIO. [leii-
CTBHTEJIBHO, COCTOSIHME § IOCJIE M-TO Iara ectb § = » o (zp — yr)p
u Y (zy —ye)Fr = (os — @3)/(p — ¢). Iosromy, ecim uucsia paBHBI B



4.6. Cucrema ¢ OCHOBAHUEM 50

¢pubonaduneBoil cucreme, TO, BO-IIEPBLIX, § JOJKHO ObITH KOPPEKTHBIM CO-
CTOSIHMEM Halllero aBromara (MHadYe MpOBEpKa He MOIJIa Obl 3aBEPIIUThCSI
YCIIEIITHO U TI0CjIe y4éra ocraBimxcs n + 1 map mudp), a Bo-BTODPBIX, @S
JIOJIZKHO PABHATBLCA S, T.e. JIOJZKHO OBITH IICIBIM PAIMOHAJLHBIM YHCJIOM.
V3 10omycTUMBIX COCTOSTHII 9TOMY YCJIOBHIO YIOBJIETBOPSIOT TOIBKO § = 0 1
s = 2ot 1e. cocroguua C, E u G. Takum o6pasoM, 064 n-3HAMHLT “UC-
10 (Tp oo 1)p U (Yn - - - Y1)F 6 PUbOHAUUUEBOT CuCTEME CHUCACHUA PAGHDL,
ECAU U MOABKO E€CAU NOCAE NEPEXOI0E 8 KOHEYHOM ABMOMAME u3 Ha-
YaAbH020 cocmoanus E no pébpam ¢ memkamu TpYn, .., T1Y1, GEMOMAM
okasveaemcs 6 oonom uz cocmoanut C, E uiu G.

Wuade roBopsi, TOT 2Ke aBTOMAT, 9TO IIPOBEPsIET Ha PABEHCTBO N-3HAYHBIE
YUCJAa B CHCTEMe C OCHOBAHUEM (p, TOJUTCS U Jijis IPOBEPKU PAaBEHCTBA B
duboHATINEBOI CHCTEME CUUCICHUS, €CJIU PACITHPUTH MHOYKECTBO KOHETHBIX
cocrostamit o {C, E, G}.

4.6.15. (Ilposepka paBencTBa B (buboHAUIMEBOH cHCcTeMe cUuCaeHus! Ge3
JIyGJIMPOBAHYsST €JIMHHULL. ) 3aMeTUM, 9TO B OIPEIeIEHHON HaMmu (hbuboHadIHe-
BOIl crucTeMe cumcsenns ecthb jge 3amucu exuanipl, (01)pF n (10)p, mockosb-
Ky F| = F, = 1. O6bruno GpuboHATINEBY CUCTEMY CUUCJIEHUS OIPEIE/ISI0T
TakK, 9TOOBI TAKOIrO JIyOJIMPOBAHUS €JIMHUIILI He ObLIO, T.e. UCHOJIb3YIOT 3a-
uch (T, ... To)pr = Y p_o T Fg. VI3 TaKOro poja 3ammceil MOXKHO MOy INThH
Te, 9TO Mbl PACCMATPUBAJIN B IIPEJIBIIYIIEM IIYHKTE, €CJIM CIIPaBa JIONUCATH
eri¢ o HOJIb. [loaTOMY paBEeHCTBO N-3HAYMHBIX YHUCE] B TAKOH MCIIPaBJIeH-
HOM (huUbOHATINEBOH CHCTEME CUHMC/IEHUs] MOXKHO IO-IIPEKHEMY ITPOBEPITh
TeM K€ KOHEIHBIM aBTOMAaTOM: HaJIO0 BCErO JIUIIb MePeiiTh U3 MCXOTHOTO CO-
crogaud F 110 iepexoiaM, COOTBETCTBYIONIUM TapaM IUPP LnYn, - - -, ToYa, &
3aTeM IMPOBEPUTH, BEPHO JIN, YTO MOCJIE EMIE OJIHOTO TePEXOIa, COOTBETCTBYIO-
miero mape mudp 00, Mbl nonaaém B oaHo u3 cocroguuii {C, F, G'}. Hecioxuo
BHJICTH, 9TO 3TO PABHOCUJIBHO TOMY, 9TO JIO STOI'O JOMOJHUTEIBHOIO ITIepe-
X0/1a KOHEYHBIIT aBTOMAT OKazaJjcs B cocrosinnu F. Mnade roBopsi, nposepra
PABENCTNBA N-3HAYHLT YUCEA 68 PUOOHAUYUEBOT cuCTEME CHUCILenUs bed dyo-
AUPOBANUA eOUHUUDBL OCYWECTNEAACTNCA POSHO MEM HCE KOHEUHDIM AGTNOMGA-
MOM € NAMDBIO COCMOAHUAMU, YIMO U NPOBEPKA PABEHCMEA N-3HAUHIT YUCEN
6 cucmeme ¢ ocrosanuem . IIpu Kemanum Mbl MOXKEM ITPOBEPATH HA Pa-
BEHCTBO 4HC/Ia B GUOOHATINEBOI CHCTEMe CYNCJIECHUs He cJieBa Hampaso (oT
6oJ1ee 3HAUUMBIX Pa3pPs/IOB K MEeHee 3HAYMMBIM), & CIIpaBa HAJEBO, MPOCTO
Pa3BEPHYB 9TOT KOHEYHBIN aBTOMAT C MATHIO COCTOSTHUSIMU.

4.6.16. (AsropuT™M CJIOXKEHUS B CHCTEME ¢ OCHOBaHUEM (.) Obparnmest Te-
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1ephb K BBIYHUCJIEHUIO CYMMBI B CUCTEMe ¢ OCHOBaHUeM . CHavasa IpUBeIEM
3 DEKTUBHBIN aJITOPUTM, & IMOTOM MOCMOTPUM, MOXKET JII OH OBITH peaJiu-
30BaH KOHEYHBIM aBTOMATOM. MTak, cymMma (2_32_92_1.2021 - . .), ABYX GHCE
(0.z0x1 ...)p 1 (0.Y0Y1 . . .), MOZKET OBITH BBIYHCIICHA CJIEAYIOMIIM 0OPA30OM:

S0) [Maurmmanuszarmst.| s <— 0, n < 0

S1) |Ular.| s < ¢s + @, + Yn

)
S2) [Onpenenenue mudpol.| Ecm s > 3 10 2, 3 < 1, unaue z,_3 < 0.
S3) [Vuér uudpsl.| s < s — 2, _3¢%, 3aTem n < n + 1 u BepuyThes K S1.

Bnadenue mapameTpa s mepes marom S1 — 910 (2. .. Tn—1)p+ (Yo - - - Yn—1)p—
©*(2-3 ... 2n—4),. HECIIOKHO BUJIETD, UTO 9TOT HHBADHAHT BCETA COXPAHSIET-
csl B pesyJ/ibTare BhIoIHeHs maros S1-S3. Eciin Mbl joKazkeM, 910 § ocTa-
€TCsl OIPAHUIEHHDBIM, TO OTCIO/A MBI HOJIY UM UCKOMOE (Z_32_22_1.20 . ..)p =
(0.z9271 .. .)p+ (0.yoy1 - . .)y. Ecim OBl MBI BBIYUCIIAIN CyMMY C 3aJIePXKKOIl He
B TPH, a B YeThipe Mudpbl, 1 Ucnojb3oBatn obl ¢! BMecTo * Ha marax S2
u S3, To mepasenctso 0 < s < ¢! ciaegoBaso 6Bl 10 WHIYKINE U3 HepaBeH-
crBa 00 + 2 < 20%. Onnaxo B HameM ciydae ! + 2 > 293, u moromy Taxoe
IPOCTOE JIOKA3ATENHLCTBO HE MTPOXOJIUT.

4.6.17. (Bosmokuble 3HaueHus mapamerpa s.) MoXKHO MPOBEPUTH O UH-
JYKIIAKA, 9TO § B IPEJIbIIYINEM aJrOpuTMe IPUHUMAET TOJILKO 3HAYEHUs U3
necarudiementaoro muoxkectsa S = {0,072, 071 1,0,2,¢% 3,20,2 + ¢} (B
HOpsijIKe BO3pacTanus). B 4acTHOCTH, S OCTAéTCs OrPAHUYEHHBIM, U IOTOMY
9TOT aJTOPUTM JIEUCTBUTEIHHO BBIYUC/IAET OJIHO U3 MPEJICTABICHUN CYMMBI.

4.6.18. (Koneunblii aBroMar, BBIYUCIAIONMA CyMMY B CHCTEMe C OCHOBa-
HreM .) TToCKOJIbKY MHOXKECTBO S KOHEUHO, CJOXKEHHe YHUCe] B CHCTEME
C OCHOBAHHUEM (p MOXKeT OBbITh Peajin30BAHO KOHEYHBIM aBTOMATOM (TOdHee,

TPAHCYKTOPOM) € MHOXKECTBOM cocTosuuii S. Ilepexojbl 5T0ro KOHEYHOro

zylz
aBromara § —» t coorBercrBytor s, t € S, x, y, z € {0,1}, Takum, 9ro0

t = ps+x+1y— 3z Dra 3anKCh 03HAYACT, YTO KOHCUHBII aBTOMAT YUTaeT B
COCTOSIHUU § OUEPEIHYIO APy 1udp cjiaraeMbiX Xy, MOCIe Yero BLIAET mud-
Py CYMMBI Z U IepexXoJIuT B cocroguue t. Bmecto Toro, 9robbl m300pazkaTh
9TOT KOHEYHBIII aBTOMAT B BUJIe OpUeHTHPOBAHHOIO rpada ¢ 10 BepimHaMu u
40 pébpamu, 3aluIeM ero B Buje Habopa IIPaBuJl eperuchbiBaHus STy — 2t:
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A | A0O0O—-0A4 A0l —-0D A10—=0D All—O0F
B | B0OO—0C B0l —-0F B10—0E Bll—0G
¢ | C00—0D C01—0F (C10—0F C(C11—0H
D | D00 —-0FE D01 —0G D10—0G D11 —0J
E | F0OO—-0G FE01—0J F10—0J F11—1B
F | FOO—-0/ FO01—-1A F10—1A F11—1D
G| GoO—-1A GO1—=1D G10—=1D G11 = 1F
H | HOO—-1C HO0l —-1F H10—1E HI1l1—1G
I | 100—=1D 101 —=1F I10—=1F I11 —=1H
J | JoO—=1E JO01 —=1G J10—=1G Ji1—=1J

Cocrositust A ... I cOOTBETCTBYIOT JOIMYCTUMBIM 3HAYEHUAM S € S B TOPSIIKE
BospacTanns. Takum obpazom, A =0, B=¢p 2, C =9 ', D=1, E = ¢,
F=2G=¢? H=3,1=2p, J=2+ ¢. Hauanbnoe cocrognue — 310 A.

4.6.19. (IIpumep ciokeHns ¢ aBTOMATOM B Bu/jie HabOpa IIPABUII [IEPENUCHI-
Banusi.) [IpescraBieHne KoHeTHOro aBroMaTa B BHJe HaOOpa MPABUJI [IEPeIT-
CBIBAHNS yI00HO MPUMEHSTE cJteytomuM obpasom. st cioxkenns (0.2027 . . .)y
u (0.YoY1 - - ), 3anuineM 6eCKOHEUHYIO CTPOKY AToyoZ1Y122Y2 - . ., COCTOSIILYIO
U3 HAYaJILHOTO coCTOodAHMA A u 1udp cilaraeMbIX BIEPEMEXKKY, a 3aTeM Oy-
JIEeM TIPUMEHSITH K 9TOW CTPOKE IpaBUja IePenuchbiBaHus o — (3, 3aMeHsist
MIOJICTPOKY (v B JIFOOOI MTO3UIMK ITON OECKOHEYHOW CTPOKHU HA MOJCTPOKY (3.
Croxxmm, Hanpumep, neproamdeckoe wuciao (0.010010010...), ¢ coboii:

A001100001100001 ... — 0A11000011000011 ... — 00£0000110000110... —
0007001100001100. .. — 0001.211000011000. .. — 00010J0000110000. .. —
000101 £001100001 ... — 0001010G11000011 ... — 00010101 £0000110... —

000101010/001100 . .. — 0001010101211000. . . — 00010101010.J0000 . .. —
(4.6.19.1)

Takum obpasom, cymma pasaa (000.10101010...), = (1.000...), = 1; mbI
MOZKEeM YOe/IUThCH B IOCJIE/IHEM PABEHCTBE C IIOMOIMIHI0 KOHEYHOT'O aBTOMa-

01 - 10 ~ 00
Ta , B KOTOPOM €CTh OecKOHevHas Ienovka nepexojoB £ — B — C' —

10
B — C — -+ ¢ HUKJIOM JIJINHBL JIBA.

4.6.20. (AsropuTM cI0KeHUs B CHCTEMe ¢ OCHOBaHUeM —.) st ciioxkenust
(0.z0w1...)—p+ (0.90y1 .. .)—p = (#-32-22-1.20 - . .)—, MOXKHO BOCIIOJIb30BaTh-
Csl CJICJLYIOIIUM ajIropuTMoM, aHajorndubiM [4.6.16}
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S0) |[Muunmamusanus.] s <— 0, n < 0

S2

)
S1) [ar] s < —ps + x, + yn
Omupenenenne mudpsl.| Ecimm s > 1 — ¢, 10 2,_3 < 0, unade z,_3 <+ 1.
p p 2
)

S3) [Vuér uudpsl| s < s+ 2, 3¢, 3arem n < n + 1 u BepHyThCa K S1.

Bnauenue mapaMerpa s mepe marom S1 — 1o (To ... Tp—1)—p+(Yo - - - Yn—1)—p+
W3 (z3. .. Zn—4)—y. ECIM MBI JIOKaKeM, 9TO S IPHHUMAET TOJIBKO 3HAUECHHS
U3 HEKOTOPOIr'o KOHEYHOI'O MHOYKECTBA, TO OTCIONA OyAeT ClIe10BaTh KOPPEKT-
HOCTH 9TOTO AJIFOPUTMA.

4.6.21. (MuoxecTBO S JOMYCTUMBIX 3HAYEHUIT S U KOHEUHBIH aBTOMAT JIJIs1
CJIOXKEHUSI TUCETT ¢ OCHOBaHUEM —.) MOKHO IPOBEPUTD O UHJLYKIUH, UTO S
B IIPEJIBIAYINEM aJrOPUTMe BCer/ia MPUHUMAET 3HaYeHUsI BO MHOXKECTBE S =
{—0,—p72,0,07%,1,3—¢,2,4— ¢, p? 3}, 1 HOTOMY aJIrOPUTM KOPPEKTEH 1
MOKEeT OBITh pea/It30BaH CJIEYIONINM aBTOMATOM C JIECSITHIO COCTOSTHUSIMUT:

A | A0 - O0F A01 — 0G A10 — 0G A1l — 0J
B | B0 —- 0D B0l —0F B10—0F Bll—0H
¢ | Coo—-0C C01—=0FE C10—0FE Cl11—=0G
D | D00 —-0A D01 —0D D10—0D D11 — 0F
E | E0O0 -1 FE01—-0A F10—-0A Fl11—0D
F | FOO—1G¢ F01—-1J F10—1J F11—0B
G| GOO—1F GO01 —1G G10—1G G111 —1J
H | HOO—1D HOl—=1F H10—1F H1l1 —1H
I | 100 —-1C 101 —1FE I10—1E I11 —1G
J | J00—~1A JO1—1D JI0—1D Ji1 —=1F

Cocrosinust A . ...J cOOTBETCTBYIOT JOIYCTUMBIM 3HAYEHUSAM S € S B IOPsIIKe
Bospacranus. Takum obpasom, A = —p, B= —p 3, C=0,D=¢p % E=1,
F=3-p,G=2 H=4—¢, I =% J=3. HagampHoe cocrosgnue —
zylz

sto C. Tlepexon s — t UPUCYTCTBYET B TOM U TOJILKO TOM CJIydae, eC/Id S,
teS, x,y,2€{0,1} ut=—ps+z+y+ 3z

DTOT aBTOMAT OYEHB IIOX0XK Ha TOT, 4TO ObLI HocTpoeH B[4.6.18] u Moxer
HOKa3aThCs, 9TO HOBBII aBTOMAT II0JIydaeTcsd U3 CTapOro obpallleHueM BCex
CTPEJIOK U IeperMeHoBaHueM cocrosHuii. OHAKO 3TO He TakK, IOCKOJbKY
B crapoM asromare [4.6.18] He Bcerma ecTb CTPEIKH CO BCEMH METKaMU Ty,



4.6. Cucrema ¢ OCHOBAHUEM 54

BXOJIAINNE B BBIOpaHHOe cocTosinre. Hampumep, B coctosinne [ HET BXOISIIIX
crpesiok ¢ metkamu 01 mym 11.

4.6.22. (Anroput™m IS U3MEHEHHUs 3HAKA B CHCTEMe C OCHOBAHUEM —(.)
BameTuM, 9TO B OTJIMYHME OT M3OLITOYHON JIBOMYHOI cHCTeMbl ¢ Imdpamu
{—1,0, 1}, usmenenne 3uaka B cucreme ¢ ocHoBaHueM —¢ u udpamu {0, 1}
— HeTpHUBHAJIbHAsA onepanus. Mbl JOIKHBI IPOBEPUTH, YTO OHA TAKXKE Pea-
nusyercd 3pGEKTUBHO, T.€. ¢ HOMOIIbIO KOHeYHOro apromara. CHadasia npu-
BEJEM aJITOPUTM, BBIMHCISIONN (2_1.2021 . . .)—p = —(0.2021 .. .)_y:

S0) |[Muunmamuszanus.] s <— 0, n < 0
S1) [Iar] s < —ps + =,

S2) [Onpenenenue mudpsl.| Ecmm s < 2 — ¢ = =2 10 2, 1 + 0, unade
Zp—1 < 1.

S3) [Yuér mudpsl.| s < s — z,_1p, 3aTeM 1 <— n + 1 u BepHyThCs K S1.

Bueck s = (zo%1...Tn1)—p + (22120 ... 2—20)_,. B nannom ciryuae mHo-
JKECTBO BO3MOKHBIX 3HAYCHHH S COCTOUT BCErO M3 TPEX IJIEMEHTOB: S =
{—71,0,072}, u mOoTOMY OllEpaIus U3MEHeHUsI 3HAKA MOYKET ObITh peaJi-
30BaHa aBTOMATOM C TPEMsI COCTOSHMUSIMIE:

0[1 11
11
G T
0|0
Baecs A = —¢~ !, B =0, C = ¢~ 2. HawamsHoe cocTognue — 310 B. [Tepexon

x|z
$ — 1 ecTb B TOM U TOJBKO TOM ciydae, ecau s, t € S, x, z € {0,1} u
t = —ps+ x — pz. IHTEpECcHO, 9TO TOCTe YTeHNs TIePBO eMHUIBI aBTOMAT
MOKWJIaeT HAYaJIbHOE COCTOsiHNE B 1 HUKOT1a OOJIbIIE TY/1a He BO3BPAIIAETCS.

4.6.23. (AropuT™ 1 KOHEYHBIH aBTOMAT JIJIsl BEIYUTAHUS B CUCTEME C OCHO-
BauneM —.) [IpuBeném aaropuT™ 1 KOHEIHBI aBTOMAT, CPa3y BBITHCIIAIO-

IIe PA3HOCTD (2_32_22_1.20...)—p = (0.2021...)—p — (0.Y0y1 . . .)—y:
S0) |[Muunmamusanus.] s <— 0, n < 0

S1) |Ular] s < —@s +x, — yn



S2) [Oupenenenne udpst.| Ecau s > —1, 10 2, 3 < 0, unave z, 3 < 1.

S3) [Vuér mudpbL| s < s + 2, 30>, 3aTeM n < n + 1 u BepHyThea K S1.

.. _ ~1 -2 ~1
MHOKeCcTBO BO3MOXKHBIX 3HadYeHull s — 910 S = {—1,—¢p ', —p 2 0, ¢}

1, ¢, 2, 20 — 1,?}. CoorBercTByIONMil KOHEUHDIH aBTOMAT — 3TO

A| A0l - 0E A00 —0G All -0G A10 —0J
B | B01 - 0D B00—0F Bll1—0F B10—0H
C|C0l—-0C C00—0E C(C11—-0E C10—0G
D | D01 —-0A D00 —0D D11 —0D D10— 0F
E| F01 -1 FEO00—0A FE11—-0A FE10—0D
F | F0l1—-1G¢ FOO—1J Fl11—1J F10—0B
G| G0l —-1F GO0 —1G G111 —1G G10—1J
H | HOl—-1D HO0—1F H11 —=1F H10—1H
I | I101—-1C I100—1F I11—1F I10—1G
J | J0l—-1A JOO—1D J11—1D JI10— 1F

Kak obbrano, cocrostaust A...J COOTBETCTBYIOT JOIMYCTUMBIM 3HAUEHUSIM S
B mopsyike BospacTamns: A = —1, B=—p 1. C = -2 D=0, FE=¢ !,
F=1G=¢p, H=21=2p—1u.J = > HauanbHoe cocrosguue —

zy|z
sto D. Ilepexon s — ¢ nNpucyTCTBYeT B TOM U TOJIBKO TOM CJIydae, ecjiu

t = —ps + 1 —y + ¢32. HecioxKHO BUETh, 9TO 3TOT aBTOMAT IIOYTH COB-
najiaer ¢ apromarom us (4.6.21] ognako MeTku Ha péOpax HEMHOIO JIPYyTHe:
00, 01, 10, 11 renepsr craau 01, 00, 11 u 10, coorBercrBenHo. CocTosiHUSA
CcJIerKa CIBUHYJINCH: CTapOe COCTOSHUE S COOTBETCTBYET §' = 5 — (o~ 2 B HOBOM

aBTOMaTe.

4.6.24. (DddexTuBHAsT CHCTEMa CYNCTEHHsI JIJIs1 BEIIECTBEHHBIX IHCEJT BCe-
ro ¢ aByms rudpamn.) Tem caMbIM MBI JIOKa3ajd, 9TO CYMECTBYeT 3hdeK-
THUBHAas CUCTeMa CUYUCJICHUsI, MPEJICTaB/IAIONIAs BCE BEIECTBEHHBIE UUCJIA C
IIOMOIIBIO BCEro JABYX mudp. A MMEHHO, CIeayeT PacCMOTPETb CUCTEMY C
ocHoBanneM — u jaBymd nudpamu 0 u 1. Takoe mpejicTaBienne BeIeCcTBEH-
HBIX 4Ynces1 3pOEKTUBHO B TOM CMBICTIE, YTO CPABHEHUE, CJIOXKEHNE U BhIYUTa-
HUE YUCeJI B 9TOM IIPEJICTABICHUN PEATU3YIOTCS KOHEUHBIMEU aBToMaTaMu. 1o
BCeil BUMMOCTH, 9TO caMas IpocTas 3(pdeKTUBHAST CUCTEMa CIUCCHUST JIJIsT
BEIIECTBEHHBIX YHCEJI, MCIIOJIb3Yylollad TOJIBKO JIB€ HI/ICbpr, B TOM CMBLIC/JIE,
YTO 9TO €JUHCTBEHHAaA TaKasd CUCTeMa, OCHOBaHUE KOTOpOﬁ — KBa/IpaTUYIHaAd
UPPAIMOHAIBHOCTD, a He KyOudeckasi I eIé 0oJiee BBICOKOI CTeIeH .
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