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1 Bsenenue

Mgpl ucciemyeM CTPYKTYPY M CTATUCTHYECKHE XapaKTEPUCTHKU MHOMKECTBA
KJIACCUYECKUX Y3JI0B U 3alleIICHUll, BKIIOYasd rI00ajbHbIe U JIOKAJIbHBIE CBOfi-
crBa rpadoB npeobpa3oBaHUil y3JI0B U CKOPOCTH POCTa YHUCJA y3JI0B OTHOCH-
TEJIbHO PA3JINYHBIX Mep ciaoxkuoctu (em. [M18, M19, BM19, BKMMF21]| u upu-
BEJIEHHYTO TaM JINTepaTypy). B HacTosmel paboTe KOHCTPYUPYIOTCS TaK HA3bI-
BaeMBIE YCAodCHeHHbE Anercandeposcrue 3amblkanus KOC, TAIOMIUE BIOXKEHH
IPYIII KpalIeHbIX KOC B MHOYXKECTBO y3JI0B. Kak 1 Kiaccuaeckoe AJeKcaniepoB-
CKO€ 3aMbIKaHNUe, YCJIOKHEHHBIE 3aMbIKAHUSA HMEIOT YETKO BLIPAsKEHHBINA reOMeT-
PUYECKHIA CMBICT W ABIAIOTCS JIMIIIUEBBIMA OTOOPAsKEHUSIMA IO OTHOIIEHUTO
K CJIOBADHBIM METpHKaM Ha Tpylmnax Koc n ux rpadax Ksgm m merpuke Biio-
JKEHHBIX [IEPECTPOEK Ha MHOXKECTBE Y3JI0B M 3AllCIUICHHN M COOTBETCTBYIOMIEM
ropauesoM rpade. IIpu sToM, B orimume oT AJIEKCaHIEPOBCKOIO 3aMbIKAHUS,
CKJICHBAIOIIETO KJIACCHI CONPSYKEHHOCTH (U He TOJIBKO), CHElUaJIbHLIM 06pa3oM
CKOHCTPYHUPOBAHHBIE YCIOKHEHHBIE AJIEKCAHIEPOBCKUE 3aMbIKAHUS HE CIOPHEK-
TuBHBI (TeopeMma Ajiekcanjepa), a uHbeKTUBHBI (pasiei 4.1). Dro nozsosger, B
YACTHOCTH, MOJIy4YaTh OIEHKH Ha CKOPOCTH POCTa YUC/IA y3JI0B. L[eHTpa bHbBIMI
MOMEHTaMH HaCTOsAIIell paboThl ABJISIIOTCS OINUCAHHE IIPUMepa yCI0XKHEHHOTO
Anekcanieposckoro 3aMbikanusi (§2 u puc. 1), I0Ka3aTeIbCTBO €10 NHbHEKTHB-
noctu (pasmes 4.1) u mosiydenue, B KA4eCTBE CJICICTBUsI, OIEHKU Ha CKOPOCTH
pOCTa MMCIa MTPOCTBIX Y3JIOB MO OTHONIEHUIO K JIyTOBOMY WHJEKCY y3ua. Ilomy-
YeHHAsd HUYKHASA OIEHKA, MIPEJCTABICHA B CJIEILYIONIEH Teopeme.

Teopema 1. Ilpu k > 5 wucao A u30monuseckus xiacco8 oOpueHmupoSaHHvLT
npocmuwlx y3a06 6 R, dyzoswiti undexc xomopwuix ne npeevauaem k, cocmaeasem
no menvweti mepe n!, 2de n — yeaas wacmo wucaa (k+4)/11.

B wacmnocmu, npu k = 5 ewnoansemcs nepasencmeo Ay = x*, ede x =
k/22, a npu k > 107 evnoansemea nepasencmeo Ay > yY, 2de y = k/12.

IIpumep yciioxKHEHHOro AJIEKCaHIEPOBCKOIO 3aMbIKAHHUS OINKUCAH B §2
(eM. puc. 1), npeniokenue 1 ONUCBIBAET HEKOTOPBIE U3 €0 CBOHCTB B BujE ab-
CTPAaKTHOTO YTBEPXKIECHUS O CYIIECTBOBAHUU — (POPMYJIMPOBKA HE 3aTPArUBAET
PEOMETPUIECKOTO CMBICTA KOHCTPYKITUH, — TAKOW (POPMYJIUPOBKH JOCTATOTHO
JIJIsT BBIBOJIA TeopeMbl 1.

Ipennoxkenune 1. Jaa xascdozo namypasvrozo n > 2 watidemcsa omobpasice-
Hue
fn: PB, = X

epynnol kpawensir koc PBy, ¢ n numamu 6 mnoocecmso K (kaaccos o6sem-
AEMO USOTRONHBIT) OPUEHMUPOSaHnHT Y3406 6 R®, obradarowee caedyrousumu
€60TUCMBAMU:

— omobpastcernue f, uHBEKMUBHO;
— 6ce yaan 6 obpase frn,(PB,) — npocmui;

— 6ce y3avt 6 obpase fn,(PBy) ABAAIOMCA CAMEAAUMAMU;
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Puc. 1. [lpumep mabiona Jijisi YCJIOKHEHHOTO AJIEKCAHIEPOBCKOIO 3aMBIKAHUSI

— ecau xoca B € PB,, npedcmasuma 6 sude npoudsedenus u3 s nepecmano-
BOUHVLE KOC, MO Jy206bill undexc yaaa fn(B) He npesvauaem wucaa

n-max{11l,s+ 8} — 4.

2 VciaoxKHeHHOe AJIeKCaHIEPOBCKOE 3aMbIKAHUE:
orpe/jiesieHne orobpaxkeumus f,: PB, — %

B nacrosimeMm pasgesie Jijisi IPOU3BOJIBHOIO N > 3 OLpPEJENAeTCs 0TOOpaKeHne
fn: PB, — X w3 IPYIIIBI KPAIEHbIX Ko¢ P B, Ha N HUTAX B MHOXKECTBO Vi
KJIACCOB 00bEM/IEMO H30TONHEIX OPHEHTHPOBAHHEIX Y3708 B R3.

IIycts C — xoMILIEKCHAS TIOCKOCTD. BhibepeM n pa3ImdIHbIX TOYEK HA BEIle-
crBentoM unrepsaie (—1;1) C R C C u 0603Ha4UM 9TU TOYKH Y€PE3 21, . . . , Zn



cieBa Hampaso (T.e. Tak, 9TO 21 < 23 < -+ < 2z, Ha R). Toukn mMHOKe-
crBa Z = {z1,...,2,} OyJieM Ha3bIBaTh uckAtovumesvhvmu. OBo3HAUTNM [e-
pe3 D 3aMKHYTBIH JUCK €IUMHUYHOIO pajuyca ¢ HeHTpoM B Touke 0 € C, u
uyepes D' — npokosorsiit quck D\ Z.

IMycrs V' — nosnmoropwuii, nosiydeHusiit oroxaecrsienueM cioes D x {0} u
D x{3} ({z} x{0} ~ {2} x{3}) umnmunypa D x [0, 3. Ciioenue nosnoropus V na
MepuuaHHble nucku Buga D X {t} Gysiem HA3BIBATD GuKCUPOBAHHBIM CTIOCHTEM.
Mommmuaapsr D x [0,1], D x [1,2] u D x [2,3] B nonHoTopun V 0603HaIMM
qepe3 Vo, Vs u Vp cooTBEeTCTBEHHO.

st ssteMeHTOB Tpymnbl Koc B, 3adukcupyem craHmapTHOE MpPeICTaBIe-
HHUE B BHJIE M30TOIMYECKHUX KJIACCOB HAOOPOB MPOCTBIX YT ¢ (DUKCHPOBAHHBI-
MM KOHIIAMH B IWJIMHZApaxX Buga D X [a, b], noCTaBUB B COOTBETCTBUE apTUHOB-
cKoit obpasyromeii o; Habop, cocrodmuit U3 orpe3koB {z;} X [a,b] ms Beex
je{l,...,n}\{4,i+ 1} u ayr v; u 7, e ; — OpocTasi Jyra ¢ KOHIAMH B
roukax {z;} X {a} u {z;41} x {b}, Tpancsepcasbnas K qucKaM (HUKCUPOBAHHOIO
CJIOCHHSI ¥ TPU HPOEKIMU B D 1aiomas IpoCTyIO JAyry, OTHOCHTEIbHASA BHYT-
PEHHOCTH KOTOPOI JIC2KUT B IOJIYIIJIOCKOCTH C OTPULATEAbHON MHUMOI 49aCThIO,
a 7! — mpocrasi Jyra, I0JIy9arImasics U3 7y; IOBOPOTOM Ha YIOJl T OTHOCHUTEJIBHO
orpeska {(z; + zi+1)/2} X [a,b]. IIpn a < b < ¢ npousBeseHno koc 1 P2 craBuT-
¢l B COOTBETCTEBHE M30TOMMYecKnil Kiace Habopa ayr B D X [a, ¢, aBasiomerocs
obbeauuenueM Habopa ayr B D X [a,b], upencrasisiomero kocy 31, u nabopa
nyr B D x [b, ¢], mpeacrasisromero Kocy .

st kpameHoii kocwbl § € PB,, o6o3nauum uepes ' nabop ayr B D X [0, 3],
SABJIAIOMUiiCs 00 beuHeHneM oTpe3koB Z X [0, 1], Ipon3BoIbHO BEIOPAHHOTO Ha-
6opa nyr B Vg, OpeACTaBISIONIX KOCY

(Sn =0Op—-1..-02071,

U IPOU3BOJIBHO BBIOpAHHOrO Habopa ayr B Vi, upezcrasisoniero kocy [ (Ha-
6op [’ npencrasisier TeM caMbIM KOCY 0, 3). COOTBETCTBYIOIIEE TOIMHOKECTBO
B nosHoTopun V. 0603HATNM uepes (3. 3aMmeTnm, UTO MHOKECTBO 3 CBA3HO,
IOCKOJILKY KOCa 0y, & BHAUMT U Op 3, 38/1210T IUKJIMIECKYIO [EPECTAHOBKY MHO-

xkeerBa {1,...,n}. [lonmuOXKecTBa Bua 5 GyieM HABBIBATD TAKKe Y34GMU NN
BAMEHYMBMU KOCAMU.
Iia kaxxzaoro i € {1,...,n — 1} Boibepem u oboznauum depe3 O; KaKyro-

HHUOYIb T€OMETPUIECKYI0 OKPY2KHOCTD, JIE?KAIILYI0 BO BHYTPEHHOCTH nucka D u
OXBATBIBAIONIYIO U3 MHOYXKECTBa 7 JIUIIb TOYKHU z; U 2;11. OKpyxkHOCTL O; X
{i/n} B Vo C V o6ozuauum uepes C;, 3anemrerne Cy U---UC,_1 B Vo CV
o6o3HaumM depes C'.

Ob6ozHaunM Yepe3s 7 MUHUMYM PACCTOSIHUN MEXKIy KOMIIOHEHTAMU MHOXKe-
crBa (Z x [0,1]) UC, monoxknm € := r/(100n), n mis kaxgoro ¢ € {1,...,n—1}
0603HaTIM 1depes B 3aMKHYTYIO €-0KPeCTHOCTD IJIOCKOTO JHUCKA, OTPAHIIEHHO-
ro okpyzxkuocThi0 C;.

Host kaxkgoro ¢ € {1,...,n—1} BeIGepeM BO BHYTPEHHOCTHU TOIOJIOITIECKOTO
mapa B® 10cTaToOuHO TOHKYIO 3aMKHYTYI0 TpyOuaryio okpectrocts U; = U(C;)
okpyxuoctu C;. Jonommsiomuit momnoTtopuit B\ int U; oboznaunm depes R;.



O6benunenune Uy U -+ - U U, 1 Gynem obosnauars yepes U(C) u U, muOrO-
obpasue V' \ int(U(C)) oboznaunm vepes M. (Tem cambiv, M romeomopdHO
cdepe ¢ BLIKHHYTOl OTKPBITON OKPECTHOCTHIO TPUBUAILHOTO N-KOMIIOHEHTHOTO
3alen/IeH s, )

Iycrs B — rononorudeckuii map, O — cojepxxKaruuiics B B nossoropuii (Bo3-
MOXKHO, 3ay3iennblii). Torna na kpae 0O onpezeseH H30TONUIECKUIT KIIACC Na-
passeaeti (cm, Hanpumep, [BZ03, Theorem 3.1]). Baoxkenue 1): O — B HazoBeM
HENEPERPYUUBAIOULUM, €CIU 1P TIEPEBOIUT Hapasien mnojaHoropus O B napaj-
sesn ostHoTopust Y (0).

IIycts ¢o: M — V — kakoe-HuUOyIb BJIOXKEHWE, TOXK/IECTBEHHOE BHE Ia-
pos BY, Hemepekpy4eHHO 3ay3JIMBaloIiee MOJHOTOPHl K] B y3eI-BOCHMEPKY 1
TS Kakoro ¢ € {2,...,n—1} HenepeKkpyUeHHO 3ay3/IMBATOIIEe TIOJHOTOPHH R;
B IIPaBblil TPUJIUCTHUK.

IIycts ¢1: V — R — kaxoe-nubynp Broxkenne mojgHotopus V B R3, 3ays-
JIMBAIOIIEE €r0 B TPUJIMCTHUK W HEEPEKPYHUNBAIONIEE B TOM CMBICJIE, UTO JIJIsT
pousBoJbHOrO © € 0D KpuBas, orBevatonias orpe3ky {z} x [0, 3], nepexomur
B IapaJjulesib 3ay3JeHHoro mosHoropus ¢1 (V).

O603HAYMM KOMIIO3UIIUIO 1 © ¢p Udepe3 ¢ u onpezpennm ob6pas f,(3) xocw
B € PB, xak knacc yzna ¢(f') B R3.

3 Hpe,Z[Ba.pI/ITe.TIbHI)Ie cBeJcHMrsd 1M BCIIOMOI'aTeJIb-
HbI€ JIEMMDbI

3.1 IlpenBapureijibHbIe CBeJIeHUS U BcCIOMOTaTeJbHbIE
JIEMMBI O 3alleNJIEHUAX B PACCJIOEHHBIX IPOCTPAHCTBAX

Hacrosimuit pasies cofiep:KuT CBeJIeHUs O 3alENJIEHUsIX B PACCIOEHHBIX IPO-
CTPaHCTBaX, UCIIOJIb3YIOIIHecs: B pa3jelie 4.1 mpu I0Ka3aTeIbCTBE HHBEKTHBHO-
CTH OIIPEJIEJICHHBIX B pazjesie 2 0TOOParXKeHUil f,,.

[TommuEOTrOOGpasme pacc/IOEHHOrO MHOTOOOPA3Ns HA3BIBAETCS 8EPMUKAALHO-
eopuzonmanvhoim (BI), eciin KazKiasi U3 ero KOMIIOHEHT JInO0 TPaHCBEPCAJIbHA
CJIOSIM BO BCEX CBOMX TOYKax (Gepmukanvra), aubo JIeKUT B ciaoe (20puson-
ma/l'bHa). O):LHOI\/IeprIe KOMIIaKTHBIE IIO):LI\/IHOFOO6pa,31/IH, JIe2Kalllie BO BHYTPEH-
HOCTH TPEXMEPHOI'O0 MHOT000Pa3Usl, HA3BIBAIOTCS 3AUENAECHUAMU.

B pa6ore [Mal22] nokasbiBaercs ciieiyomas TeopeMa.

Teopema 2. B KOMNaKMHOM OPUEHMUPYEMOM MPETMEPHOM MHO2000Pa3UL,
AOKAABHO MPUBUAAOHO DACCAOEHHOM HAOD OKPYICHOCTDIO CO CAOEM KOMNAKM-
Has noseprrocms, BI-sauenienus 006EMAEMO USOTNONHDL ECAU U TNONDKO ECAU
oHu u3omonnvt 6 kaacce BI.

Ham morpebyercst cieyroriee yTOUHEHNE TEOPEMbBI 2, TMPSMO BBITEKAOIIEE
U3 KOHCTPYKIMK TIpuBejieHHOT0 B [Mal22] nokasarenbcrsa Teopemsr 2.



Teopema 3. Ilycmv L1 u Lo — obsemaemo uzomonnvie BI'-3auenasenus 6 xom-
NAKMHOM OPUEHMUPYEMOM MPETMEPHOM MH02000pasuy W, aoKkaavHo mpusu-
AABHO PACCAOEHHOM HGO OKPYIHCHOCTNDIO CO CAOEM KOMNAKIMHAA NOBEPTHOCTND.
Tozda dars xasncdoli obsemaemoti usomonuu A, nepesodaweti Ly 6 Lo, natidem-
ca usomonus 6 kaacce BI, mepesodswan Ly 6 Lo u undyyupyrowas mo owce
0MObPAdICEHUE HA MHOHCECTBAT KOMNOHEHM, 3AUENACHUT, 4YMO U U3OMONUSL .

IIycts F — moBepxuocTh. 3anemienune B F' X R HasbiBaercs sepmukanbho
PACWENNEHHDIM, €CIIH €ro TPoeKius B R He CBsI3HA, U — 20PU3OHMAALHO PAC-
WENAEHHDIM, €CJTH He CBA3HA, ero npoeknusd ua F'. Eciau 3anemtenne L B F' X R
U30TOIHO BEPTUKAJIBHO/TOPU30HTAJILHO PACIIEIVIEHHOMY, €r0 HAa3bIBAIOT 6ep-
MUKAAHO /20DU30HMAABHO pacusenumbim. Ty KOMIIOHEHTY JIBYXKOMIIOHEHTHOTO
BEPTUKAJIBLHO pacIienenHoro 3amemnenns B F' X R, y koropoit R-koopauHaTh
0oJIbIlle, HA30BEM 8eprHel, a OTJINYHYIO OT Hee KOMIIOHEHTY — Huotchel. Bynem
FOBOPUTH, UTO BEPTUKAJBHO PACIIEIJIEHHOE IBYXKOMIIOHEHTHOE T'OPU30HTAIb-
noe 3anensenne B F' X R donyckaem poxuposky, eciiu B F' X R maiigyrcst Bep-
THKAJHHO PACIIEIIEHHOE IBYXKOMIIOHEHTHOE TOPU30HTAIBHOE 3anenyienne L' u
nzoronus Mexxay L u L', nepesosias BepXHIOI0 KOMIOHEHTY 3alerienus L B
HIDKHIOIO KOMIIOHEHTY 3anerutenns L. IToseprrocmamu xoneuwno2o muna Ha3bl-
BalOT KOMIIAKTHBIE IIOBEPXHOCTU U [MOBEPXHOCTH, ITOJIyYE€HHBIE U3 KOMITAKTHBIX
yIaJeHneM KOHEYHOI'O JHCJ/Ia TOYeK BHYTPEHHOCTH.

B pabore [Mal22]| mokasbiBaercs cie/lyomnas JeMMa.

Jlemma 1. Bepmukaavno pacuweniennoe 06YTKOMNOKERTMHOE 20PU30OHMANDHOE
sauyenaenue 8 F' X R, 2de F' — opuenmupyemas nogeprHocms KOHEHHO20 TMUNG,
donyckaem poKuposKy ECAU U MOALKO eCAU NPOeKyuy €20 Komnowenm na F
usomonnv, 6 F' Henepecexarowumcs KpusviMm.

BeprukabHO-rOpU30HTAILHOE 3aTIEIIJIEHNE HA30BEM MOHOUUKAUYECKUM, €C-
JIM OHO He M30TOIHO HuKakoMmy BI'-zamnemneHuio ¢ JByMsl TOPU30HTAJIbHBIMU
kommonenTamu B oguom cioe. (ITo Teopeme 2, KaxKmoe MOHOIUKJIMIECKOE 3a-
IenjieHne He TOJBKO M30TOMHO, HO W BI'-M30TOMHO 3alenieHuio ¢ IByMs TOPH-
30HTAJIHBIMU KOMIIOHEHTAMU B OJIHOM CJIOE.)

Jlemma 2. Ilpu n > 3 daa xaoicdoti xpawenotd xocw, f € PB, 3sauensenue
B U C us onpedeaenus omobpasicernus §,, MOHOUUKAUHO.

Zoxasameavcmeo. Ilycte N — MHOrooOpasme, JIOKAJIHHO TPUBHAIHHO PACC/IO-
€HHOe HaJ| OKPYXKHOCTBIO CO CBSI3HBIM CJIOEM, U IyCTh L — BepPTHKAJIBHO-
TOPU30HTAJIBHOE 3arieiienne B N, HA OJHA [apa I'OPU30HTAJIBHBIX KOMIIOHEHT
KOTOPOT'O HE JIEXKUT B OJHOM CJIOE.

JIBe ropu3OHTAJIbHBIE KOMIIOHEHTHI B L Ha30BEM cocednumu, €Cu OHU Jie-
JKaT B OJJHON KOMIIOHEHTE IIPOCTPAHCTBA, MOJIYJaIOMEerocs: Ipu yaajieHun u3 N
BCEX CJIOEB, COMIEPXKAIIUX OTIMIHBIE OT JBYX PACCMATPUBAEMbBIX TOPU30HTAJb-
HbIe KOMIIOHEHTBI 3allerieHust L.

Eciu B L nmeercs 1o MeHbIEl Mepe TPU MOPU30HTAJIBHBIX KOMIOHEHTBI, TO
AOKANOHOIM YUAUHOPDOM IBYX COCEIHUX TOPU3OHTANbHBIX Komnonent C’ u C”



B L 6ynem HasbBaTh cofepxkamyto C’ u C”' koMmmnoneHTy MHOrOOGpasus (¢ uH-
JIyITAPOBAHHBIM PACC/I0eHEeM ), HoJlydalonerocs u3 N Ipu yJaJleHun CJIOeB, CO-
nepxamux ormdnbie or C7 1 C” ropuzoHTaIbHBIE KOMIIOHEHTHI 3allerieHns L,
U TOCJIAYIOMEM yIAJeHIN BEPTHKAJIBHON YacTH 3alerieHus L.

Ecym ropusonTanbHas dacth y L cocronT uz gasyx kommonent C' u OV
BosbMeM B N jBa cinoa F' u F” takum obpaszoMm, urobel obbeaunenue F' U F”
He nepecekasioch ¢ obbemunenuem C' U C” u xommnonentsr C' u C" nexxamm
B Pa3HbIX KOMIIOHEHTax cBsisHocTu npocrpancrea N \ (F' U F"), u HazsoBem
A0KAALHBMU Yusurdpamy napbl C' u C" MuOr006pasus (¢ MHIYIUPOBAHHBIMU
paccioenusimu) N \ (F' U L,) n N\ (F" U L,), tae L, — BepTUKaJIbHAS IaCTh
3arnerienus L.

Bynem roBoputb, 9TO JiBe COCEHAE TOPU30HTAJIbHBIE KOMIIOHEHTH B L do-
NYCKAIOM POKUPOSKY, €CJIU OHU JOIYCKAIOT POKUPOBKY XOTH ObI B OJHOM W3 UX
JIOKAJILHBIX ITUJIMHIPOB.

W3 Teopembr 2 n jeMMbI 1 09€BUIHBIM 00PA30M CJIEYET, 9YTO L He SBJIseTCS
MOHOIIMKJIMIECKAM €CJIU M TOJBKO €CJH KAKHE-TO JBE COCEJTHHE KOMIIOHCHTBHI
JIOITYCKAIOT POKHPOBKY.

IMokaxkeM, 9TO HUKAKUE JIBE COCETHIE FOPU3OHTAIbHbIE KOMIIOHEHTHI 3aIlell-
sernst B’ U C' pOKHPOBKH He JOIyCKAIOT.

JeficTBUTEILHO, KAK CJIEIyeT U3 OIpeesIeHnil, Habop

(01702)7 (02703)7 ceey (Cn71,01)

HCUEPIIbIBAET MHOKECTBO COCE/HIX TOPH3OHTAIBHBIX KoMuonent s 3 U C
(cM. paszgen 2).

Kazk1blit U3 JTOKAJBLHBIX THJIMHIPOB KasK 10 Haphl U3 3TOr0 Habopa paccia-
UBaeTcs HaJl MHTEPBAJIOM CO CJI0eM IPOKOJIOTHIH JucK D’.

IIpu IPOEKIUH KazKJ0T0 U3 3TUX JIOKAJILHBIX IUJIXHAPOB B D’ MBI BUIUM,
YTO COCEJHME KOMIOHEHTDI IePexoIaT B IPOCTble 3aMKHYThIe KPUBLIE, KasKIasl
13 KOTOPBLIX OKpPYzKaeT IO JBa IIPOKOJa, W IPH 3TOM IlepecedeHre MHOYXKECTB
OKpy?KaeMbIX IIPOKOJIOB B KasKJOM U3 CIydaeB COCTOUT U3 OJHOIO IIPOKOJIA.
(Host mapst (Cp—1, C1) 970 0BYCIOBIEHO TEM, ITO KOCHI 0y, U Oy, 3 UHIAYIUPYIOT
IUKJINIECKYIO TIEPECTAHOBKY 1 — 2 — - -+ — . Ha MHOKECTEE ITPOKOJIOB. )

Orciona B culy jJeMMBbI 1 BLITEKaeT, 9TO HUKaKWe JIBe COCEeJIHUEe TOPU30H-
TaJIbHBIe KOMIIOHEHTHI 3anemienust 3’ U C' pOKUPOBKH He JI0IYCKAIOT.

CaesioBarenbho, saervienue 3 UC 13 OnpeIeseHnst 0TOOpasKeHust f, MOHO-
[UKJITIHO. O

Ilpennoxkenmne 2. Ilycmov F' — xomnaxmmas noseprrocmsv, o Ly w Lo — 066-
EMAEMO U3OMONHBIE MOHOUUKAUMECKUE BEPMUKAADHO-20DUSOHMANDHBIE 3AUET-
AeHUA 8 NPAMOM npoussederuu F x S1. Ipednososicum, 4mo mnoscecmeo cao-
€6, COOEPHCAUWUL 20PUBOHMANDHBIE KOMNOHERMDBL 3auenaerus Ly, cosnadaem
C MHOHCECTNBOM CAOES, COOEPHCAUWUT 20DUSOHMANOHBLE KOMNOHERMDL 3aUeNAe-
Hus Lo, uw wmo L1 u Lo ceaszanv, 06semaemots uzomonueti, nepesodauwet: xoms
Ob, 00HY U3 20PUBOHMAALHOIT KOMNOKEHM 3auenienus L1 6 20pu3onmansvryo



Komnorwenmy sauenaerus Lo, aeocawyro 6 mom owce caoe. Toeda L1 u Lo ces-
3ambe NOCA0TINOT usomonueti muozoobpasua F x ST, 6 xaotcowti momenm nepe-
s00swet Kaotcowd crott B x {x} 6 neezo orce.

Jloxazamenvcmeo. 1lo Teopeme 3 maitmercsa BI'-uzoronust p, nepeojsamast Ly
B Ly ¥ B KOHEUHBI MOMEHT TIEPEBOJISIIAS OHY U3 TOPU30HTAIBHBIX KOMIIOHEHT
3arnemieHnns L1 B ee MCXOMHBINA CJION.

ITockonbky BI'-uzoTommss MOHOIUKJIMYIECKOTO 3aIleIJIEHNS B CUJIY OIIpeesie-
HUI COXpaHsIeT IUKJIMIECKUN TOPSI0K Ha MHOYKECTBE TOPU30HTAJIBHBIX KOMIIO-
HEHT, OTCIOJIa CJIeJIyeT, YTO U30TOINs ) B KOHEUHBI MOMEHT [IEPEBOIUT KKy IO
13 TOPU3OHTAJIbHBIX KOMIIOHEHT 3alleiyieHusi L1 B ee MCXOIMHBIN CJION.

Bamernm, uro BI'-n3o0T0mmsaM MOHOIMKINIECKUX 3AIEIICHI OTBEYAIOT 10~
CJTOMHBIE M3OTOIUN MHOT000pa3ns, MOCKOJBKY B mporecce BI'-uzoronmu MoHO-
IUKJINYECKOrO 3allellJIeHNsI ero Pa3jM4YHble NOPU30HTAJbHbBIE KOMIIOHEHTHI HE
OKa3bIBAIOTCS B OJUH M TOT YK€ MOMEHT B OJ[HOM U TOM K€ CJIOE.

CregnoBaresbro, mig F x S Haiinercss nocsoiiHasi H30TOIHS T, IE€PEBOJIsI-
mas Ly B Lo u takas, uro 71(F,) = F,, eciiu F,, — cjoii, cogepxamuii ro-
PHU30OHTAMBHYIO KOMIOHEeHTY 3aremsenns L. [loampaBusB mpu HEOOXOMIMOCTH
M30TOIHNIO T Ha MUJINHAPAX, OTPAHUYIEHHBIX COCETHUMU CJIOSIME, COJIEPIKATIIIMHI
TOPU30HTAJIBHBIE KOMIIOHEHTBI, MBI MOXKeM cuuTarb, aro 71 (F,) = F, n st
KaXKJI0ro cjiost F,,, Tak 9TO 77 MHAYIUPYET TOXKJIECTBEHHBIH aBTOMOpdU3M Oa-
361 St

IMycrs p(7) — n3oronus 6a3nr S L WHIYTIIAPOBAHHAA MOCJIOWHOI n3oTonuei T,
P — «mommEaTHEe> W3oTormu p(7) B F x S, nocrapsemoe pom3BeIeHIeM H30TO-
i p(7T) U TOXKJECTBEHHOM M30TOINY CJI0s1, & P — M30TONuUs, 06pATHASI K P B TOM
CMBICJI, 9TO Py = Py 1 Toraa usoronus-nponsseenue X = T x P/, 3amaBaemas
IIPABUJIOM Xt = T¢ O P}, OYEBUIHO 0BJIa/IACT UCKOMBIM CBOMCTBOM. ]

3.2 IlpenBapureibHbIEe CBeJ€HUS ¥ BCIIOMOTraTeJbHbIE
JgeMmbl o JSJ-pazioxkeHuu

HeranpHOE onucaHue cBejeHuit o JSJ-pasyioKeHUn JIOMOJHEHUN Y3JI0B MOYXKHO
naiitu B pabore [Bud06] u npusenentoii Tam aureparype.

Jlemma 3. B mepmunonoeuu pazdeaa 2, 0as 410000 kpawenot xocw, B € PB,
enoocenrvits mop T 6 donoanernuu R3 '\ (;S(B’) Y30 ¢(B’) ABAACTNCA HECIHCU-
MAEMBM ECAU U Moavko ecau T usomonen odnomy us mopos wabopa ¢(OM).
Boaee mozo, nabop mopos ¢(OM) npedcmasasem nabop JSJ-pasaosicenus 0

(donoanenus) ysaa ¢(5).

Jlokasamenvcmeo. Topbt us ¢(OM) necxumaembr B R?\ ¢(5'), mockombKy Kazk-
JIBI U3 9TUX TOPOB 3ay3JieH, a y3es ¢(/3’) IpoXojuT B OrpaHUYMBAEMOM KaK-
JILIM U3 3TUX Y3JI0B IIOJIHOTOPHHU C HEHYJIeBLIM UHIEKCOM BPAICHUS OTHOCHTE b=

uo nosmnoropus. (ITo mocrpoenuto, yzen ¢(8') umeer MHAEKC N B IOJIHOTODPUH,
orpanudeHHOM TOpoM ¢(OV'), u UHJEKC 2 B IIOJHOTOPHSX, O'PAHUYEHHBIX TOPa-

mu u3 ¢(U).)



Topsr u3z ¢(OM) Bxopar B JSJ-paziioxkenue, IOCKOJBKY 3ay3JIeHbI B Heca-
TEJITUTHBIE Y3JIbI.

Topol u3 ¢(OM) nomapHo He NAPeJLIEIbHBI, — B OJHOTOYEYHON KOMIIAKTH-
dbuxamun S3 = R3 U {co} onm 110 mocTpoenuio BKIaIBIBAIOTCS B HAGOP TIOMAPHO
HETIEPECEKAIONIUXCS TAPOB.

ToKazKeM, 4TO KazkIplil HecKuMaeMblii Top B gomommennn R3\ (') uzoro-
IIeH OJHOMY U3 TOpoB HaGopa ¢(OM).

IpeamnotoKum, »keJiast TPAIATH K IIPOTHBOPEYUIO, YTO HEKOTOPBIN HEC2KIMAa-
embrit Top T' B R3 \ (b(B’ ) He M30TONEH HU OJHOMY M3 TOpOB Habopa ¢(OM ).

B rakoMm citydae, IIOCKOJIbKY HH OJMH U3 TOPoB Habopa ¢(OM) He 3aBsa3an
B caTe/UIUTHLIH y3ea, Top T mzorommeii B R3 \ ¢(B’) [IEPEBOUTCS BO BHYTPEH-
HOCTL MHOTOOOpasust ¢(M), Tak uTo onpesenen npoodbpas ¢~ (1) B M, u 3T0T
mpoobpa3 HeCXKMMAaeM M He mapaJiiesaeH Kpaio B M.

Usorommeit nepesegem Top 17 = ¢~ 1(T) B cocrosiHme OOMIEro MOTOMKEHHST
110 OTHOIIEHMIO K (PUKCUPOBAHHOMY CJIOEHHIO0 MEPHUIMAHHBIMU JUCKAMH B V 1
CTaHJIAPTHBIMA METOJIAMU TEOPUHM HECXKUMAEMbBIX MOBEPXHOCTEH MUHHMUSHUDPY-
€M KOJIMYIECTBO 0COOEHHOCTEl HA MH Yy IUPOBAHHOM ((DUKCUPOBAHHBIM CJIOCHUEM
MEpUJIMAHHBIMU JIUCKAMHU) CJIOEHUH ¢ ocobeHHocTsiMu Ha 1.

Top T" He MEPEBOAUTCA B «BEPTUKAJIBLHOE» IOJIOXKEHHUE, TIe OCOOCHHOCTH Ha
WHJLyITUPOBAHHOM CJIOEHUHU OTCYTCTBYOT, IIOCKOJIBKY B TAKOM CJIydUae Ha IIepece-
YEHHUU TOPa ¢ MPOU3BOJILHBIM MEPUINAHHBLIM JUCKOM 00Pa30BBIBAJIACH ObI IIPO-
cTast 3aMKHyTasi KpUBasi, OXBATBIBAIONIAS JIUIIb YaCTh HATEH 3aMKHYTOH KOCHI
el (mockoubKy mpemoaraercs, 9ro Top 1’ we napaJuiesen kpaio OV, a nu og-
Ha u3 OKpyzkHOCTel C; BCe HUTH KOCHI HE OXBATBIBAET), KOTOPAas IPH M30TOIUI
TOJTHOTO 0bopoTa HaJ 6a30if He 3ajieBaJia ObI HU OJIHON OKPYXKHOCTH U3 HabO-
pa C, 9T0 HEBO3MOXKHO, MOCKOJIbKY HAJUIHME TAKOW W30TOMHMU TO3BOJISIO Obl
HalTH Ha IIPOKOJOTOM JucKe D’ IpoCTyro 3aMKHYTYIO KPHBYIO, HE H30TOIHYIO
kpaio 0D’ u He mepeceKaonyio Hu OHOM okpyzkHOocTH Habopa O1, ..., O, 1.

Ha HeBepTUKAILHO PACIIOIOKEHHOM TOpe T KPOMeE CEJITIOBBIX TOYEK IPHUCYT-
CTBYIOT TaKKe 9KCTPEMAaJIbHbIe TOYKU «MAKCUMYMOB» U «MUHUMYMOB». (UT00BI
y6eInThCs B 9TOM, 3aMETHM, UTO JIBE HellepeceKaloluecss 3aMKHYThIe IIPOCThIE
KpHBBIE Ha TOpe JMGO M30TOIHBI, JUOO OJIHA U3 KPUBBIX CTATMBAEMa, U IPH-
MEHHM 3TO HAOJIOEHNE K BBICEKAEMBIM MEPHUINAHHLIMA JIUCKAMHA ITPOCTHIM 3a-
MKHYTBIM KPUBBIM Ha TOpe T1".)

CraHJapTHBINA aHAJN3 TOKA3BIBAET, YTO €JMHCTBEHHBIM MPEISITCTBIEM K CO-
KDAIEHUIO KOJIMIECTBA OCOOEHHOCTEN /MM MEepeBeIeHNI0 MaKCUMyMa U MU-
HUMyMa B TOHKYIO OKPECTHOCTb OJHOIO MEPUIMAHHOTO JUCKA B HAIIeM CJIy-
Yae MOTYT CJIy>KUTh JINIIb KOMIIOHeHTHI nojzanemiennss C. IIpu sTom B cory-
qae, ecam KommoHeHTa C; CIy>KUT TAKMM TPENATCTBAEM, B Tope 1’ mMeercs
KoJIbIo A, oraensemoe MepuauanoM, cojgepxkamum C;. Haranys konbio A’ or
Kosblla A x okpyzkuocru C; 1 aHaausupys lepecedenue Kosblia A’ u Topa 17,
MBI BHJUM, YTO IpeJjroJaraeMas HecXKMMaeMocTh Topa T’ I03BOJIgeT M30TOo-
MUSIMA OYUCTUTL KObIo A’ or mepecedenuit ¢ T, 3a MCKIIOYEHNEM KPHUBBIX,
MapaJlIeIbHBIX OKPY?KHOCTH Cj;, KOTOPBIE MOTYT BO3HUKATH MCKJIIOUUTEILHO B
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pesyJIbTaTe IepeceveHuii ¢ JIPYTUME — MapaJlIeIbHBIMUA KOJIbIy A — KOJIbIlaMu
topa 1", orcekaembiMu oT T MepUAMAHOM, COJEPKAIIUM OKPYKHOCTH Cj.

Bumkaiimee k O(U;) u3 ykaszaHHbIX HOjKoJien uzoronueii B M nepesomut-
ca B noaokenune «kacauus» ¢ O(U;). Homyualomasica Takum 06pa3oM KpuBast
kacaHus y; Ha T’ He crsruaema B T, nockonbKy C; He crsruaema B V' \ A

Tax xak Top T’ me napasuienen ropy 9(U;), B nape K KpuBoii kacanus y; nua T’
AHAJIOTHIHBIM 06pa30M BO3HUKAET KpuBast Kacanus y; C 1’ ¢ mapaJiiensio Topa
0(U;) omnoit u3 kommouent Cj, ormuaaeix oT C;. B TakoM ciydae orpanntdenHoe
KPHUBBIMIE 7; 1 7Y; KOJIbIO Ha T’ maer B M IPaBUIIBHO BJIOKEHHOE HECZKIMAEMOE
KOJIBIO ¢ Kpasmu-napastensvu Ha O(U;) u O(U;). Hammane rakoro Koubiia
nokasesacer, uto C; u C; msoromusr B (V \ (8 U C)) U C; U Cj. Onmaxo 910
HEBO3MOZKHO, IIOCKOJIbKY /3 U C' MOHOIMK/IHIHO B V. (remma 2).

Iloryaenroe mpoTrBOpEYre 3aBEpITaeT J0KA3aTEILCTBO. O

Bamevanue. U3 monomukmmanocrn sanerienus U C B V (emma 2) u cremu-
bukn pacrosozkenus OKpyzKHocTeil 3anemienns C' B CHILy PacCyzKJeHuil, npu-
BEJICHHBIX B JIOKA3aTEJILCTBE JIEMMBI 3, BHITEKAET, 9TO B M OTCYyTCTBYIOT TaKXKe
U NPABUJIBHO BJIOJKEHHbIE HeCZKUMaeMble Koabia (anannularity). Orcrona B cuity
rEepOOIN3AIMOHHON TeopeMbl TepeTona caelyeT runepboTnaHOCTD (BHY TPEH-
HOCTH) MHOTOOGpasust M, mm, 4ro To ke camoe, MEOorooGpasus V \ (5 U C).

3.3 Jlemma 06 oOMeTBhIBAOIINX HAOOPaX KPUBBIX

JIemmva 4. IIycmvn >3, a D' uw Cy, ..., Cp_1 — npoxosomuiti duck u npo-
cmole Kpuebvle Ha Hem u3 Koncmpyryuu pasdeaa 2. Iyemv h: D' — D’ — coxpa-
HANUWUT OPUEHMAUUIO ABTMO20MEOMOPPHUIM, NEPEGOOAULUTL KaANHCOYIO U3 KPUBHIL
Ci, ..., Ch_1 6 usomonnuyio el xpusyro. Tozda h uzomonen mosicdecmeeHHomy
a8MO20MEOMOPHUIMY.

Hoxazamensvcmeo. C OMOIIBIO CTAHIAPTHBIX METOOB TEOPUU ABTOMOP(MU3MOB
nosepxHoctTeil, uuaykiweii mo k € {1,...,n — 1} nemorcrpupyercsi, uro h uso-
TOIIEH aBTOrOMEOMOP(MU3MY, TOXKIECTBEHHOMY Ha noamuoxkectBe C1 U - - - U Ck.

W3 Toro, uro h mM30TOMEH aBTOrOMEOMOP(PU3MY, TOXKICCTBEHHOMY Ha ITOI-
muo)kectBe Cp U - -+ U C)_1, ciemyer TpebyemMoe B CHIIy TOTO, UTO KayKJasl 13
kommoneHT MHOKectBa D'\ (C1 U - -+ U C,_1) romeomopdHa au60 OTKPBITOMY
JTUCKY, JINOO OTKPBITOMY JIUCKY C IIPOKOJIOM, JINOO KOJIBILY C OJIHON KOMITOHEHTOMH
Kpasl. U

3amevwarue. ITlorpeboBaB JIOMOJHUTENBHO MPU  ONPEIEJCHUN OKPYXKHOCTER
Ci, ..., Cph_1, urobbl HU JyIst Kakoro ¢ okpyxkuHoctu C; u C;io He Iepeceka-
JINCh, MBI MOXKeM pa3outh Habop C1i, ..., Cj,_1 Ha JBa MPOCTHIX MOAMHOI000-
pasus CyUC3U... u Co UCyU... 1 BOCIOJIB30BATHCA IS JIOKA3ATEHCTBA,
JeMMbl 4 MeToaMu runepbosnnaeckoit reomerpun (cM., Hanpumep, [CB8S]).
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4 Jloka3aTeJbCTBO NpeajioxkeHuss 1 um CBOICTB
oToOpakeHu4 f,

3aMeruM, 9TO B Cjaydae m = 2 CIPaBeJJINBOCTb IMPEJIOXKEHUsS 1 OYeBUIHBIM
obpazoMm obecrieanBaeTCs OTOOPaKEHWEM, OTIIPABJISIIONIUM TPYIIILY KPAIIeHBIX
koCc PBy = 7, B MHOXKECTBO JIBYHUTOYHBIX CATE/JINTOB TPUJIMCTHUKA WJIN y3Jia-
BOCBMEDKH, U JlaJjiee, YTOOBI He JieJIaTh OIOBOPOK, CBA3AHHBIX C BBIPOXKIEHUEM,
MBI TIpeJoaraeM, uto n > 3. B ciydae n > 3 cupaBeyInBOCTD IIpeJIozKeHus 1
aBTOMATUYECKU BBITEKAET U3 JOKA3AHHBIX HUXKE CBOWCTB OTOODPAXKEHUS fy,.

4.1 Jloka3aTeJbCTBO MHBHbEKTUBHOCTU OTOOpakeHU4 f,

[Tpeanosioxkum, 910 y ABYX KpaiieHbix Koc $1 u (2 uz PB, obpassl f,(f1) u
fn(B2) coBunagaror.

B repmunax 6a30BOii KOHCTDYKIINW, OIIPeAeJAoNniell orodpakenue f,
(eMm. paszen 2), 310 O3HAYAET 1O HOCTPoeHHo, uTo y3ubl ¢(3]) 1 ¢(F)) 06H-
emiemo uzotonHbl B R? (¢ yueroMm opuenrtarnun).

Ob6parumMcsi K TEOPUHM HECXKUMAEMBIX IOBepxHOCTelr u JSJ-pasiioxkenus u
BOCIIOJIB3YEMCSI TEM, UTO O0beMJIeMAast M30TONNS MEXKJLYy Y3JIaMH IIPOJIOIKAMA
H& HECIKMMAaeMble NMOBEPXHOCTU B JONOJHEHUH Y3JIa, IIPEJICTABJISIONINE T€ U
UHbBIE KAHOHUYECKU IIPUBsI3aHHbIE K Y3JIy M30TONNYECKHE KJIACChl TAKAX TIOBEPX-
Hocreii. (MMeercst B BULy, 9TO U30TONMS MEXKJLY Y3JIaMU IIPOJOJIKAETCH, K [IPH-
Mepy, Ha HAGOPBI TOpoB JSJ-paszsiokenuit JOMOIHEHNI y3/I0B UK Ha KAHOHUYE-
cKHue TOJHADOPHI TAKUX HAOOPOB, — K MPUMEPY, Ha Bce TOpbl JSJ-pasmoxkenus,
3ay3JIeHHbIe B (DUKCUPOBAHHBII y3e€JL.)

B custy siemmbr 3 HaGop TopoB ¢(OM) sABISETCS M30TONMYECKUM HHBAPUAH-
TOM y3J1a ng(B’ ). CaenoBaresibro, Hailyerca uzoronus ¢, t € [0,1], 79 = idgs,
npocrpancTea R3, mepesonsmas yzeir (b(B{) B y3en ¢(B§), a HaboOp TOPOB
0p(M) = $(OM) — B TOT Ke HABOP TOPOB.

ockoabky oba ysa ¢(3]) u ¢(B) nexar B muorooGpasun ¢(M) (u rem
caMbIM — B OJTHOf ¥ TOli K€ KOMIIOHeHTe CBA3HOCTH mpocTpancTsa RS\ dp(M)),
Takas uzoronus nepesoaut takxke (M) B ¢(M).

CileoBaTeILHO, KOMIO3HIUA (v = ¢~ ' o 7] 0 ¢ jaeT aBTOroMeoMopdu3M
M — M mmorooGpasust M, nepesonsimmii ysen (3] B ysenx 3. (Orciona B cury
U3BECTHON TeopeMbl ApTHHA CJIeJyeT, 9TO KOChl 3] U (3, CONpsKeHbI, HO Tpely-
eTcs HoKasaTh Gosbliee: ITo 5] = [5.)

Bamerum, uTo uzoTonus T mepesoiuT TOp G(OV) B HEro ke, MOCKOJIbKY
¢(0V) — emuHCTBeHHAs KOMIIOHEeHTa Kpasg OM, OTHOCHTENHHO KOTODPOIi y3Jibl
o(B3]) u ¢(fBh) mmeror mupexe spamenus (winding number) n > 3, a He 2, Kax
OTHOCHTEIHHO KazKI0# U3 OCTAIbLHBIX KOMIOHEHT. [Ipu 3TOM, IIOCKOIBKY T mepe-
BOJINT y3elI ¢(B{) B y3el ¢(B§) C y9eTOM OpHeHTAIH, T nepeBoaut 1op ¢(0V) B
@(0V) ¢ coxpaHeHHeM OPUEHTAIMU €ro IapaJljieseil, 1 CJIeJ0BATE]bHO, Cy KEeHIe
aroromeomopdusma 71 Ha TOp ¢(OV) U30TOIHO TOXKIECTBEHHOMY OTOOparKe-
HUIO TOPA.
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Bamernm Takzke, uTo msoromus T nepesogur Top H(OU(C)) B Hero ke,
nockonbKy ¢(OU(CY)) — enuncTBeHHAst KOMIOHeHTa Kpast O¢(M), 3ay3inenHas
B y3€JI-BOCBMEDKY, U 9TO CcyzKeHue asroromeomopdusma 11 #a Top ¢(OU(CY))
U30TOIHO TOXKJIECTBEHHOMY OTOOPaXKEHUIO Topa (B Cujly cOOOparKeHuil, aHaao-
IPUYHBIX BBICKA3aHHBIM 9yTh BBIIIE Jyist ciydas ¢ TopoM ¢(AV)).

910 03Haudaer, 4YTO aBTrOromeoMopduaM « mepepogur Top IV B TOp AV,
a top OU(Cy) — B Top OU(CY), npuyueM HOIYUAIONUECs] aBTOIOMeOMOPMU3MBI
TOPOB M30TOIHBI TOXKIECTBEHHBIM.

Boobie ropopsi, nMeromuiics Habop JAHHBIX MO3BOJISET yKE Ha STOM ITalle
JIOKa3aTEehCTBA, TPOJEMOHCTPUPOBATD, ITO ABTOIOMEOMODPMU3M (¢ TEPEBOMT
B cebs — MpudIeM roMeoMOpP(MU3MOM, U30TOIHBIM TOKIECTBEHHOMY — KaXK/IyIO
u3 KOMIIOHeHT kpas OM, Ho HaMm 10T hakT He norpedyercs. (Kpome roro, npn
KOHCTPYMPOBAHNU OTOOPAsKEHUS () Mbl MOTJIN ObI 3ay3JIMBATH Pa3Hble KOMIIOHEH-
TBI Kpast OM B pa3Hble y3JIbl, HO 9TO NPHBEIO Obl K HEKOTOPOMY YBEJUIEHUIO
k03 dunuenToB B GUHAIBLHON OLEHKE [IPEJIOKEHHUSI. )

st coetyromero mara HaIero paccy?KJIeHHsi JIOCTATOYHO OTMETUTD, ITO
B CWJIy BBIOOpA OJMHAKOBOTO BHJA (-3ay3JUBAHUA JJIsi BCEX KOMIIOHEHT
oU(Cs), ..., OU(Cy—1), upu BbIOOpE COIIACOBAHHO OPMEHTUPOBAHHBIX CHCTEM
Mmepuguanos u napasteseit ua QU (Cq), ..., OU(Cp_1) MBI TOJIydaeM, 9TO v
MIEPEBOJIAT SJIEMEHTHI TAKONH CHCTEMbI MEPHUINAHOB U TAPAJIIEsel ¢ OJHOrO TOPa
HA JIPYroii B U30TONHYIO cucTeMy (IPUYEM C y4eTOM OPHEHTAIUH).

Orcroza ciefyer, 4To, IO/IIPABUB IIPU HEOOXOAUMOCTU U30TOLMIO T B (CKOJIb
YTOJIHO TOHKON) OKpecTHOCTH Kpast J¢(M), MBI IPUXOJUM K CUTYAIUH, KOTJA
aBTOrOMeOMOP(U3M ( TIEPEBOJIUT B CAMUX Ce0sl IIPOU3BOJILHBIC TIPEABAPUTEIHLHO
dukcuposanubie Mepuauanuble caoenus Ha OV u na OU(C).

W3 Toro, aro aBroromeomopduam «: M — M coxpaHsieT CHCTEMY MepHIna-
HoB Ha OU (C'), cieyer, 94T0 110 (v MOXKHO CKOHCTPYHPOBATH ABTOrOMEOMOPMU3M
a:V — V nonunoropus V', nepeBojsiinuit Bi uCs Bg UC, a u3 Toro, 4To CcyxKe-
Hue roMeoMopdusMa « Ha Kpait 0V M30TOIMHO TOXKIECTBEHHOMY O0TOOPaYKEeHUIO,
CJIEJIyeT, 9TO U CyKeHWe Takoro & Ha OV M30TOIHO TOXKIECTBEHHOMY OTOOpa-
JKEHUIO.

ITocKONBKY TpyIIIa TOXKIECTBEHHBIX Ha Kpae TOMEOTOIMA MOJTHOTOPUS CBSI3-
Ha, ABTOrOMEOMOP(MU3M & M30TOIIEH TOXKJIECTBEHHOMY.

OTO JOKA3BIBAET CYIIECTBOBAHNWE M3OTOIMU HOJHOTOPHS V , IE€peBOAIIeit
sanenzenue (3] UC B sanemenne 35 UC 1 Ipi 9TOM HepeBOSIIEi KOMIOHEHTY
C1 — B xommonenty Cf.

B cuny nemMmbr 2 3arensienust Bi UucCu Bé U C' MOHOITUKJINYHBI.

Orcroa B Crly TIPEJJIOZKeHUs 2 CJIEYeT, YTO HANJIEeTCS M30TONHs ) MOJTHO-
Topus V, 06s1aIaonas cJIeayomuMeu CBORCTBAMME:

(P1) p nepeBomut 3amerieHue B{ U C B 3anemieHue Bg uc;

(P2) B KaxK/plii MOMEHT p IIEPEBOJUT KarK bl MepUMAHHBIN JucK (dburcupo-
BAHHOTO PACCJIOEHUS TIOJHOTOPUs V HA MEPUIMAHHBIC JUCKU) B TOT Ke
MEepUINAaHHBIN TUCK.

Kpome Toro, p moxer ObITH BhIOpaHa 00J1a/1a1011eil BI0OaBOK CBONCTBOM
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(P3) p morovedno ToxaecTBeHHA Ha Kpae OV nomHoTopus V.

B kadecTBe KOMMEHTapUsi OTMETHM, 9TO B CHJIy KOHCTPYKIIMU IIOI3aIleIlIe-
nus C BesKast K30TONUS p TOJIHOTOPHs V| 061a1a101as yKa3aHHBIME CBONCTBA-
mu (P1) u (P2), sekoropoii uzoronmeii x noaxoropus V', obiajaroiieil cBoii-
creom (P1) u HenomBmKHON Ha Bé U C, momnoJiHsieTcst o aBToroMeoMopdusma
X1 0 p1, TOXKIecTBeHHOro Ha mmnaape Vo = D x [0, 1] u kpae OV (cM. onmncanue
6a30B0il KOHCTPYKIUYU B pasjese 2).

Tt HaImMxX Tesiefl JOCTATOYHO ITIOKA3aTh MEHBINee — a MMEHHO, HaM JI0-
CTATOYHO TOKA3aTh, YTO HAMJETCsl W30TONHUs 1) IMOJHOTOpUs V., objagaromas
ceoiicteom (P1) m takas, uro cyxenue asroromeomopdusma n1: V. — V ma
mepuuanubiii quck Do = D x {0} nosnoropus V' siBiigercs TOXKIECTBEHHBIM
orobpazkenneM. [lokazkem 3T0.

11 3TOr0 IpoaHAIM3UPYEM CBONCTBA CyKEHHsI M30TOIUU p CO CBOHCTBa-
mu (P1)—(P3) u aBroromeomopdusma p; Ha guck Dy.

O6osnaunm gepes D)) upoxonorsiii mick Do \ Z = Do \ §; = Dy \ 5.
[TockosbKy py (,5’{) = Bé, aroromeomopdusm p; nepesonur D B D).

IIycts p: Vo — Dy — mnpoeknust BXOISIIErO B MOJHOTOPHi V mminHapa
Vo = D x[0,1] = Do x [0,1] Ha Dy, a I; — «<xombmo» C; x [0,i/n], coequnsiomnee
C; ¢ npoexrweii p(C;). Torma npoexiust p obpasa p1([;) JaeT H30TOMMIO MEXKITY
p(C;) m p1(p(C;)) Ha Dy. CaenoparesnbHO, HOCKOJIBKY p1(l;) He mepecekaer Ha-
6opa cermentos Vi N B, kpussie p(C;) u p1(p(C;)) M30TOUHBI HA IPOKOIOTOM
nucke Df). Takum obGpasoM, cy>KeHue p1|D6 romeomMopdusma p1 Ha TPOKOJIOTHI
JucK D{ TepeBOJUT B M30TONHYIO KaxKjyioo u3 Kpubbix Habopa C; = p(Ch),
p(C2), ..., p(Cp1). Orcrona B cuity JeMmer 4 ToTyHaeM, 4o pi|p; W30TONEH
TOXKJIECTBEHHOMY (B KJiacce M30TONui, He (DUKCUPYIONUX KpPaii II0TOYeHHO).

ITycts ¢ — 1pojo/zKeHre H30TONNK IIPOKOJIOTOro aucka DY), caasbiBaoieit
aBroromeoMopdusM p1 | D} € TOXKJIECTBEHHBIM aBTOromMeomMopdusmom idpy, 10
U30TOIHMY BCETO TOJHOTOPHs V' ¢ HOCUTEIEM B MAJIOH OKPECTHOCTH O0bEIUHEHU S
Do U AV u menosmxknoi ua 3 (ma OV npomokaeM u3oromuio ¢ 9D} mpsMbiM
[IOCJIORHBIM HOJHATHAEM).

Torya kommosunust (1 0 p1 €cTh roMmeoMopdu3M, ToXK AecTBeHHbI Ha Do UOV
u nepesozsmii 3] B 5.

BocnonbzoBasimch TproKoM AJjieKcaniepa, Mbl 3aKJII0YaeM, 9TO aBTONOMEO-
MopdusM (101 CBA3AH C TOXKIAECTBEHHBIM aBTOTOMEOMOP(MHU30OM TOJTHOTOPHA V/
n30TONMEH, HenoABKHOI Ha Dy U V.

Takum 06pa3oM, y3JIbI Bi u Bé CBSI3aHBI M30TOINEH ITOJTHOTOPHUSI, HETIOIBHK-
Holt Ha Doy U OV, a orBevaromue nm Habops! ayr 35 u 85 B muwmaape D x [0, 3]
CBSI3aHbI U30TONMEH MUIMHIIPA, HeIIOABUKHOI Ha Kpae IIAHADA.

3 reopembl Apruna [Art25] 06 M30TONHBIX KOCAX IIPSAMO BBITEKAET, U9TO B
9TOM cJlydae Habopbl Ayr 51 U (5 CBA3aHBI HEIIOABUKHON Ha KPae U IOCIONHOM
U30TONNEH TUINHIPA.

DTO B TOYHOCTH O3HAYAET, UTO HAGOPHI ayrT (1 u (5 B mwmuaape D X [0, 3]
PEJICTABIISAIOT OJIMH U TOT 2KE SJIEMEHT TPYIIIIBI KOC.

ITockonbKy HAGOPHI AyT (1 1 B% MPEJCTABISIOT KOCHI 0,31 U B2, 9TO 03HA-
qaeT, 910 0,31 = 6,02 u Tem cambim B = [s.
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D10 10KA3BIBAET HHBEKTUBHOCTH OTOOPAYKEHU fp .

4.2 Jloka3aTeJbCTBO HPOCTOTHI U CATEJIJIMTHOCTU Y3JI0B U3
obpa3za orobpakeHud f,

CarensmrHOCTh y31a ¢(f’) mist npoussoabroro 8 € PB,, cienyer u3 HAIWINsI
B ponommenmn R3 \ ¢(3') mecxmmaempx Topos ¢(OM) (1emma 3), mpocrora
yama ¢(3') cieyer m3 OTCYTCTBHSI B MHOXKECTBE HECKHMACMBIX TOPOB B J0-
nosmennn R3 \ ¢(3') XapaKrepHbIX [Isi COCTABHBIX Y3/I0B HECKIMAEMBIX TOPOB,
OTHOCHUTEJILHO KOTOPBIX y3€JI MMEeT €JUHUYHBIN HHIEKC Bpamenus (jgemma 3).

4.3 Jloka3aTeJIbCTBO OLIEHKU M3 Mpe/jioxkeHus 1

Ouenka Ha J1yroBblii nHIEKC y3ia ¢(’) mosydaercs yepe3 Tak Ha3bIBAEMbIE [Psi-
Moyrosibhble quarpammbl (eM. [Dy06, DP13] u upusenennyio tam jureparypy).
Ha pucynke 1 man npumep mabJoHa IPAMOYTOJLHOM JIHATDAMMBI I y3-

s0B ¢(f') npu n = 5. DTOT IPUMED JEMOHCTPUPYET, UTO

— y3ex ¢1(p’) (cM. onmcanue BIOKeHUs! ¢1 B pasjene 2) Jyisi TPUBUAJIBHOM
KOCBHI 3 peajm3yeTcst MPsIMOYTOJIBHOM JuarpaMmoii caoxuocTa Hn (5 —

JLyrOBBIi MHIEKC TPUJIMCTHUKA);

— CJIOKHOCTB JTUATPAMMBI YBEJIMIUBAETC HA 8 pU J00ABIEHUN JIBYHATOY-
HOI'O 3ay3/IMBaHUS B y3eJ-BOCBMEDKY (IyrOBBI HHJEKC y3J1a-BOCbMEPKU
PaBeH LIECTH ), OTBEYAIOIIEro 3ay3/IMBAHII0 KOMIIOHEHTHI UT;

— CJIOXKHOCTD JIarpaMMbl yBeJaunduBaercs Ha 6(n— 2) upu nobasienuu n — 2
JBYHUTOYHBIX 3ay3JIMBAHUI B TPWJIMCTHUK (3TH 3ay3JIMBAHUs OTBEYAIOT
kommouentam Us, Us, ... Up—_1);

— JJId peaJin3aliun JIFOOOrO IEepEeCTaHOBOYIHOT'O Y9IaCTKa B KOCE 6 JOCTaTOYIHO
,ZLO6&BI/ITI) B JuarpaMMy <«CTYHIEHb» Ha YYaCTKe U3 N1 IMapaJlIeIbHbIX JIYyT,
YTO YBEINYIHUBACT CJIOKHOCTL AWarpaMMBbI Ha 1]

— IIPU 9TOM B IIPE/ICTABICHHOM ITTAOI0HE NMEETCs IEeCTh «CBOOOIHBIX YTJIOBY
9TO C YI€TOM AJbTEPHUPOBAHUS 3HAKOB IIPU 00XOJe ITUX YTIJIOB IO3BOJISIET
peain30BaTh TPU IIEPECTAHOBOYHBIX KOCHI 6€3 j100aBIeHNs «CTYIIEHE>.

CyMMupyst, oIy daeM

5n+8+6(n—2) +n-max{s—3,0} =n-max{s+ 8,11} — 4.

5 JlokazarejqibCTBO TeopeMbl 1

Jloxazameavcmeo meopemvr 1. ObpaTuMcst K XOPOIIO U3BECTHON CTAHIAPTHOM
OGueKImy MeX/Iy IepecTaHOBKAMU MHOXKecTBa {1,...,n} U NOJOKHUTEJbHBIMU
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[IEPECTAHOBOYHBIMY KOCaMU B B,. 3aMeTum, 4TO JJisi IPOU3BOJILHON epecTa-
HOBKH 7 MHOXectBa {1,...,n} npoussenenne Br0r-1, rae Br u Br-1 — 10-
JIOYKUTEbHbIE TIEPECTAHOBOYHBIE KOCHI U3 B, OTBeYalole NePECTAHOBKE 7 U
obpartHoit 77!, aBIgeTCca KpaImeHoit Kocoil, a pa3sHbIM IIepecTaHOBKAM IIPH 0TO6-
paxeHun T — (-1 OTBEYAIOT PA3HBIE KOCHI, TOCKOJLKY HUTHU C UHICKCAMU §
U j y KOCBI B Br—1 3aIeryieHbl MKy OO0 eC/IM 1 TOJBKO €CJIM OHU TIepeceKa-
I0TCsl B CTaHJIAPTHOMN jguarpamme Kockl (. CienoBarenbho, B PB,, nuMmeercs 1o
MEHbBIIeH Mepe n! JIEMEeHTOB, KaXK bl 13 KOTOPLIX [IPEJICTABUM B BH/JIE IIPOU3Be-
JIeHUs IBYX IMEPECTAHOBOYIHBIX Koc. OTCIONa B CHILYy NpeIozKeHus 1 3aKIr0uaeM
(mozcraBiss s = 2 B GOpMyJIy IPEIJIOKEHNs ), YTO JJIs JIHODOr0 HATYPAIBLHOIO
k> 11-2 — 4 = 18 naiizercs 110 MeHbIeil Mepe n!, rie

_|kt+4
et
3JIEMEHTOB I'pymibl PB,,, OTIpaB/sieMbIX 0TOOpaskeHueM [, B IIOIIAPHO HE COB-
[&IAI0MIUE TPOCThIE OPUEHTUPOBAHHBIE Y3JIbI C JYTOBBIM UHIAEKCOM < k.
ITpu k € [5,18) cupaBeinBOCTh JIOKA3BIBAEMOIl OLEHKH O0OEeCIeInBaeTCst
TPUJINCTHUKOM, JIYTOBBIA MHIEKC KOTOPOrO paBeH 5.

U3 nepaBenctBa Aj > n! BBITEKAIOT W MCKOMBIE SKCIOHEHIMAIHHBIE HEPa-
BeHCTBA. /leficTBUTEIBHO, TIOCKOIBKY

1 m+1
m + 2
" (2)

k+4
11

k+5

1= ;
]+ 11

MBI IIOJIyIaeM, 9TO

k+5 K
. k:+4'> k+5 22> kN7
11 T 22 22 '
W3 dpopmysibl CTup/inHra BHITEKAET, UTO P 71 2> @ + b BBINIOJIHSIETCST Hepa-

BCHCTBO b
a\e a

> (=2) - ab=a* | — ,
e et

tak uro n! > a® npu a > e¥/?.
Orciona (3amerus, aro n > k/(11,01) npu k > 6 - 1101 u) mosoxxus

k k k 0,99
a=— " bzi——:ik,
12 11,01 12 132,12
nomygaem, arto n! > y¥, e y = k/12, mpu k > 107 > 12¢!2. O
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