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1 Äçåòà-ôóíêöèÿ Ðèìàíà è åãî ãèïîòåçà

Äçåòà-ôóíêöèÿ Ðèìàíà ìîæåò áûòü îïðåäåëåíà ïðè Re(s) > 0 ðÿäîì
Äèðèõëå

ζ(s) = 1−s + 2−s + · · ·+ n−s + . . . (1.1)

è àíàëèòè÷åñêè ïðîäîëæåíà íà âñþ êîìïëåêñíóþ ïëîñêîñòü çà èñêëþ÷åíèåì
òî÷êè s = 1, êîòîðàÿ ÿâëÿåòñÿ ïðîñòûì ïîëþñîì ýòîé ôóíêöèè.

Äëÿ âåùåñòâåííûõ çíà÷åíèé s ýòó ôóíêöèþ ðàññìàòðèâàë åù¼ Ëåîíàðä
Ýéëåð. Â ÷àñòíîñòè, îí óêàçàë, ÷òî ζ(s) îáðàùàåòñÿ â íîëü ïðè s = −2,−4, . . . ,
è îòðèöàòåëüíûå ÷¼òíûå ÷èñëà èçâåñòíû êàê òðèâèàëüíûå íóëè äçåòà-ôóíê-
öèè.

Áåðíàðä Ðèìàí äîêàçàë [11], ÷òî äðóãèõ âåùåñòâåííûõ íóëåé ó ýòîé ôóíê-
öèè íåò, à âñå íåâåùåñòâåííûå, íàçûâàåìûå íåòðèâèàëüíûìè, ëåæàò â êðè-

òè÷åñêîé ïîëîñå 0 ≤ Re(s) ≤ 1. Â òîé æå ðàáîòå îí âûñêàçàë ñâîþ çíàìåíè-
òóþ ãèïîòåçó î òîì, ÷òî, áîëåå òîãî, âñå íåòðèâèàëüíûå íóëè ëåæàò íà êðè-

òè÷åñêîé ïðÿìîé Re(s) = 1/2. Ïîñêîëüêó ôóíêöèÿ ζ(s) âåùåñòâåííà ïðè âå-
ùåñòâåííîì àðãóìåíòå s, òî äëÿ êàæäîãî å¼ íóëÿ ρ êîìïëåêñíî-ñîïðÿæåííîå
÷èñëî ρ òàêæå ÿâëÿåòñÿ íóë¼ì ýòîé ôóíêöèè. Ïî ýòîé ïðè÷èíå äîñòàòî÷íî
ðàáîòàòü òîëüêî ñ íóëÿìè

ρ1, ρ2, . . . , ρk, . . . (1.2)

ëåæàùèìè â âåðõíåé ïîëóïëîñêîñòè. Íóëè â íèæíåé ïîëóïëîñêîñòè áóäóò
íóìåðîâàòüñÿ îòðèöàòåëüíûìè ÷èñëàìè,

ρ−k = ρk, k = 1, 2, . . . . (1.3)

Ìû áóäåì ïðåäïîëàãàòü, ÷òî íåòðèâèàëüíûå íóëè çàíóìåðîâàíû òàê, ÷òî

0 < γ1 ≤ γ2 ≤ · · · ≤ γk ≤ . . . , (1.4)

ãäå çäåñü è íèæå
γk = Im(ρk), k = ±1,±2, . . . . (1.5)

Â [10] ñîîáùàåòñÿ îá óñòàíîâëåíèè ñ ïîìîùüþ êîìïüþòåðíîãî ñ÷¼òà òîãî
ôàêòà, ÷òî íóëè

ρ1, ρ2, . . . , ρ12363153437138 (1.6)

ÿâëÿþòñÿ ïðîñòûìè è óäîâëåòâîðÿþò ãèïîòåçå Ðèìàíà. ×òî êàñàåòñÿ ìíèìûõ
÷àñòåé íåòðèâèàëüíûõ íóëåé äçåòà-ôóíêöèè, óæå Ðèìàí âû÷èñëèë èõ ïðè-
áëèæåííûå çíà÷åíèÿ äëÿ íåñêîëüêèõ íà÷àëüíûõ íóëåé; åãî âû÷èñëåíèÿ áûëè
ïðîäîëæåíû ìíîãèìè èññëåäîâàòåëÿìè. Òàáëèöà 1 äà¼ò çíà÷åíèÿ íåñêîëüêèõ
íà÷àëüíûõ íåòðèâèàëüíûõ íóëåé, à Ðèñ. 1 ïîêàçûâàåò èõ ïîëîæåíèå íà êîì-
ïëåêñíîé S-ïëîñêîñòè.
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k ρk

1 0.5 + 14.13472514173469379045 . . . i
2 0.5 + 21.02203963877155499262 . . . i
3 0.5 + 25.01085758014568876321 . . . i
4 0.5 + 30.42487612585951321031 . . . i
5 0.5 + 32.93506158773918969066 . . . i
6 0.5 + 37.58617815882567125721 . . . i
7 0.5 + 40.91871901214749518739 . . . i
8 0.5 + 43.32707328091499951949 . . . i
9 0.5 + 48.00515088116715972794 . . . i

10 0.5 + 49.77383247767230218191 . . . i

Òàáëèöà 1: Íà÷àëüíûå íåòðèâèàëüíûå íóëè äçåòà-ôóíêöèè Ðèìàíà.
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Ðèñ. 1: Ïîëóïëîñêîñòü ñõî-
äèìîñòè ðÿäà Äèðèõëå (1.1)
(Re(s) > 1, çåë¼í.), ïîëþñ (s = 1,
÷¼ðíàÿ òî÷êà), êðèòè÷åñêàÿ
ïîëîñà (0 ≤ Re(s) ≤ 1, ðî-
çîâ.), êðèòè÷åñêàÿ ïðÿìàÿ
(Re(s) = 1/2, êðàñí.) è íåòðèâè-
àëüíûå íóëè äçåòà-ôóíêöèè èç
Òàáëèöû 1 (ïðîíóìåðîâàííûå
êðàñíûå òî÷êè íà êðèòè÷åñêîé
ïðÿìîé) íà S-ïëîñêîñòè.
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k P2(ρk) P3(ρk)

1 −0.6585 . . .+ 0.2574 . . . i −0.5680 . . .− 0.1030 . . . i
2 −0.2974 . . .− 0.6414 . . . i −0.2598 . . .+ 0.5155 . . . i
3 0.0405 . . .+ 0.7059 . . . i −0.4034 . . .− 0.4129 . . . i
4 −0.4383 . . .− 0.5548 . . . i −0.2450 . . .− 0.5227 . . . i
5 −0.4731 . . .+ 0.5254 . . . i 0.0314 . . .+ 0.5764 . . . i
6 0.4283 . . .− 0.5625 . . . i −0.5193 . . .+ 0.2521 . . . i
7 −0.7043 . . .+ 0.0623 . . . i 0.3256 . . .− 0.4767 . . . i
8 0.1313 . . .+ 0.6947 . . . i −0.5132 . . .+ 0.2644 . . . i
9 −0.2007 . . .− 0.6780 . . . i −0.4532 . . .− 0.3576 . . . i

10 −0.7059 . . .− 0.0402 . . . i −0.1682 . . .+ 0.5522 . . . i

k P4(ρk) P5(ρk)

1 0.3674 . . .− 0.3391 . . . i −0.3248 . . .+ 0.3073 . . . i
2 −0.3230 . . .+ 0.3816 . . . i −0.3350 . . .− 0.2961 . . . i
3 −0.4967 . . .+ 0.0573 . . . i −0.3722 . . .− 0.2478 . . . i
4 −0.1157 . . .+ 0.4864 . . . i 0.1202 . . .+ 0.4307 . . . i
5 −0.0522 . . .− 0.4972 . . . i −0.4118 . . .− 0.1742 . . . i
6 −0.1329 . . .− 0.4819 . . . i −0.3108 . . .+ 0.3215 . . . i
7 0.4922 . . .− 0.0879 . . . i −0.4441 . . .− 0.0523 . . . i
8 −0.4654 . . .+ 0.1825 . . . i 0.3647 . . .− 0.2588 . . . i
9 −0.4193 . . .+ 0.2722 . . . i −0.1288 . . .− 0.4282 . . . i

10 0.4967 . . .+ 0.0568 . . . i −0.0012 . . .+ 0.4472 . . . i

Òàáëèöà 2: Îáðàçû íà÷àëüíûõ íåòðèâèàëüíûõ íóëåé äçåòà-ôóíêöèè Ðèìàíà
èç Òàáëèöû 1 ïðè îòîáðàæåíèÿõ P2�P5.

2 Îñíîâíûå ïîíÿòèÿ è îáîçíà÷åíèÿ

Â ýòîì ðàçäåëå áóäóò îïðåäåëåíû îñíîâíûå îáúåêòû íàøåãî èçó÷åíèÿ. Èõ
ðàññìîòðåíèå ÿâëÿåòñÿ äàëåêî èäóùèì ðàçâèòèåì îïèñàííûõ â [6, 9] ìåòîäîâ
âû÷èñëåíèÿ íóëåé äçåòà-ôóíêöèè ñðåäñòâàìè ëèíåéíîé àëãåáðû.

Îñíîâíàÿ èäåÿ, ïðåäëîæåííàÿ â [6], àáñîëþòíî òðèâèàëüíà: ñîãëàñíî (1.1)
ñ ñîâåðøåííî ôîðìàëüíîé òî÷êè çðåíèÿ ζ(s) ÿâëÿåòñÿ ëèíåéíîé ôóíêöèåé
îò áåñêîíå÷íîãî êîëè÷åñòâà âåëè÷èí

s1, s2, . . . , sn, . . . , (2.1)

ãäå
sn = Pn(s), Pn(s) = n−s; (2.2)
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Ðèñ. 2: Êðèòè÷åñêèå îêðóæíîñòè (|s| = n−1/2, êðàñí.) è Pn-îáðàçû íåòðèâè-
àëüíûõ íóëåé äçåòà-ôóíêöèè èç Òàáëèöû 1 (ïðîíóìåðîâàííûå êðàñíûå òî÷êè
íà êðèòè÷åñêèõ îêðóæíîñòÿõ) íà Sn-ïëîñêîñòÿõ, n = 2, 3, 4, 5.

â äàííûé â äàííûé ìîìåíò ìû ïîëíîñòüþ èãíîðèðóåì âîïðîñ î òîì, â êàêîì
ñìûñëå ñóììà

s1 + s2 + . . . + sn + . . . (2.3)

ñõîäèòñÿ ê ζ(s) ïðè Re(s) ≤ 1.
Â ñîîòâåòñòâèè ñ ýòîé òî÷êîé çðåíèÿ ìû áóäåì ðàáîòàòü íå ñ ñàìèìè íóëÿ-

ìè äçåòà-ôóíêöèè, à ñ èõ Pn-îáðàçàìè. Îòîáðàæåíèÿ P1, P2, . . . îïðåäåëåíû
â (2.2); ìû ñ÷èòàåì, ÷òî Pn îòîáðàæàåò êîìïëåêñíóþ S-ïëîñêîñòü â äðóãîé
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ýêçåìïëÿð êîìïëåêñíîé ïëîñêîñòè, îáîçíà÷àåìûé Sn. Òàì ëåæàò îáðàçû òðè-
âèàëüíûõ íóëåé

Pn(−2k) = n−2k, k = 1, 2, . . . (2.4)

è îáðàçû íåòðèâèàëüíûõ íóëåé

Pn(ρk) = n−ρk , k = ±1, ±2, . . . . (2.5)

Ïðè îòîáðàæåíèè Pn êðèòè÷åñêàÿ ïðÿìàÿ Re(s) = 1/2 ñ S-ïëîñêîñòè ïåðåõî-
äèò â êðèòè÷åñêóþ îêðóæíîñòü |s| = n−1/2 íà Sn-ïëîñêîñòè.

Òàáëèöà 2 äà¼ò íåñêîëüêî çíà÷åíèé Pn-îáðàçîâ íóëåé èç Òàáëèöû 1, à
Ðèñ. 2 ïîêàçûâàåò èõ ïîëîæåíèå íà ñîîòâåòñòâóþùèõ êðèòè÷åñêèõ îêðóæíî-
ñòÿõ íà Sn-ïëîñêîñòÿõ.

Îòîáðàæåíèå Pn èìååò ïåðèîä, ðàâíûé 2πi/ ln(n), è ïîòîìó îíî íå ÿâ-
ëÿåòñÿ âçàèìíî-îäíîçíà÷íûìè. Ñëåäîâàòåëüíî, ïåðåõîäÿ îò ρk ê åãî îáðàçó
Pn(ρk) ìû ÷àñòè÷íî òåðÿåì èíôîðìàöèþ î ìíèìîé ÷àñòè ýòîãî íóëÿ. Òåì íå
ìåíåå, ñîõðàíÿþùåéñÿ èíôîðìàöèè õâàòàåò äëÿ ïðîâåðêè ãèïîòåçû Ðèìàíà �
äëÿ òîãî, ÷òîáû íóëü ρk óäîâëåòâîðÿë ýòîé ãèïîòåçå, äîñòàòî÷íî óñòàíîâèòü,
÷òî õîòÿ áû äëÿ îäíîãî n, ïðåâîñõîäÿùåãî 1, Pn-îáðàç ýòîãî íóëÿ ëåæèò íà
ñîîòâåòñòâóþùåé êðèòè÷åñêîé îêðóæíîñòè, òî åñòü |Pn(ρk)| = n−1/2.

Çàôèêñèðóåì íåêîòîðîå íàòóðàëüíîå ÷èñëî N è ïîïðîáóåì íàéòè N ÷èñåë

%N,1, . . . , %N,n, . . . , %N,N , (2.6)

êîòîðûå áûëè áû ïðèìåðíî ðàâíû Pn-îáðàçàì

P1(ρ), . . . , Pn(ρ), . . . , PN(ρ) (2.7)

íåêîòîðîãî íóëÿ äçåòà-ôóíêöèè, òðèâèàëüíîãî èëè íåòðèâèàëüíãî. Äëÿ äî-
ñòèæåíèÿ ýòîé öåëè âìåñòî áåñêîíå÷íîãî ðÿäà (1.1) ìû ìîæåì èñïîëüçîâàòü
êàêîé-ëèáî êîíå÷íûé ðÿä Äèðèõëå

DN(s) = dN,11
−s + . . . + dN,nn

−s + . . .+ dN,NN
−s, (2.8)

äàþùèé õîðîøèå ïðèáëèæåíèÿ ê ζ(s) äëÿ s, áëèçêèõ ê ρ. Äëÿ òàêîãî ðÿäà

dN,1P1(ρ) + . . . + dN,nPn(ρ) + . . .+ dN,NPN(ρ) ≈ 0. (2.9)

Âìåñòî ýòîãî ïðèáëèçèòåëüíîãî îáíóëåíèÿ (2.9) ëèíåéíîé ôîðìû íà òî÷íûõ
çíà÷åíèé Pn-îáðàçîâ (2.7) ìû ïîòðåáóåì òî÷íîãî îáíóëåíèÿ òîé æå ëèíåéíîé
ôîðìû, íî íà èñêîìûõ ïðèáëèæåíèÿõ (2.6) ê çíà÷åíèÿì ýòèõ îáðàçîâ:

dN,1%N,1 + . . . + dN,n%N,n + . . .+ dN,N%N,N = 0. (2.10)
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Î÷åâèäíî, ÷òî îäíîãî óðàâíåíèÿ (2.10) íåäîñòàòî÷íî äëÿ îïðåäåëåíèÿ
çíà÷åíèé âñåõ N íåèçâåñòíûõ (2.6). Îäíî äîïîëíèòåëüíîå óðàâíåíèå óêàçàòü
ëåãêî:

%N,1 = 1. (2.11)

Âûáîð äðóãèõ äîïîëíèòåëüíûõ óðàâíåíèé íå î÷åâèäåí.
Ìû áóäåì èñïîëüçîâàòü òîò òðèâèàëüíûé ôàêò, ÷òî ρ ÿâëÿåòñÿ íóë¼ì íå

òîëüêî ζ(s), íî è ëþáîé ôóíêöèè âèäà F (s)ζ(s), ãäå F (s) � öåëàÿ ôóíêöèÿ.
Êîíå÷íî, ðàâåíñòâî F (ρ)ζ(ρ) = 0 ñàìî ïî ñåáå íå íåñ¼ò íèêàêîé äîïîëíèòåëü-
íîé èíôîðìàöèè î ρ ïî ñðàâíåíèþ ñ èñõîäíûì ðàâåíñòâîì ζ(ρ) = 0. Â íàøåì
ñëó÷àå, îäíàêî, ó àíàëîãà ðàâåíñòâà (2.10) äëÿ F (s)ζ(s) áóäóò äðóãèå êîýô-
ôèöèåíòû, è ýòî äàñò òðåáóåìûå äîïîëíèòåëüíûå îãðàíè÷åíèÿ íà çíà÷åíèÿ
íåèçâåñòíûõ.

Â êà÷åñòâå òàêîãî ìíîæèòåëÿ F (s) ìû áóäåì èñïîëüçîâàòü ýêñïîíåíòû
1−s, . . . , m−s, . . . , (N − 1)−s. Ìû õîòèì îïðåäåëèòü êîíå÷íûå ðÿäû

DN,m(s) = dN,m,11
−s + . . . + dN,m,nn

−s + . . .+ dN,m,NN
−s, (2.12)

äàþùèå õîðîøèå ïðèáëèæåíèÿ ê m−sζ(s) äëÿ s, áëèçêèõ ê ρ. Ìû, îäíàêî, íå
çíàåì ýòîãî íóëÿ, è åãî ðîëü âûïîëíèò êîìïëåêñíûé ïàðàìåòð a, îòëè÷íûé
îò 1. À èìåííî, ìû áóäåì ðàáîòàòü ñ ïàðàìåòðèçîâàííûìè ðÿäàìè âèäà

DN,m(a, s) =
N∑
n=1

dN,m,n(a)n−s. (2.13)

Äëÿ òîãî, ÷òîáû òàêîé ðÿä äàâàë õîðîøèå ïðèáëèæåíèÿ ê m−sζ(s) äëÿ s
âáëèçè a ìû èñïîëüçóåì ðàçëîæåíèå ýòîãî ïðîèçâåäåíèÿ â ðÿä Òåéëîðà:

m−sζ(s) =
∞∑
l=0

ζm,l(a)(s− a)l, (2.14)

ãäå

ζm,l(a) =
1

l!

dlm−sζ(s)

dsl

∣∣∣∣
s=a

. (2.15)

Ìû âîçüì¼ì íà÷àëüíûé îòðåçîê ðÿäà (2.14) äëèíû N ,

TN,m(a, s) =
N−1∑
l=0

ζm,l(a)(s− a)l, (2.16)

è ïîòðåáóåì, ÷òîáû òîò æå ñàìûé ìíîãî÷ëåí áûë íà÷àëüíûì îòðåçêîì ðÿäà
Òåéëîðà è äëÿ DN,m(a, s):

DN,m(a, s) = TN,m(a, s) +O((s− a)N); (2.17)
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èíûìè ñëîâàìè, ó DN,m(a, s) è m−sζ(s) äîëæíû ñîâïàäàòü íà÷àëüíûå ïðîèç-
âîäíûå â òî÷êå s = a:

dlDN,m(a, s)

dsl

∣∣∣∣
s=a

=
dlm−sζ(s)

dsl

∣∣∣∣
s=a

, l = 0, . . . , N − 1. (2.18)

Ëåãêî âèäåòü, ÷òî (2.18) � ýòî ëèíåéíàÿ ñèñòåìà èç N óðàâíåíèé ñ N
íåèçâåñòíûìè

dN,m,1(a), . . . , dN,m,n(a), . . . , dN,m,N(a). (2.19)

Íàéäÿ èõ çíà÷åíèÿ äëÿ m = 1, . . . , N − 1, ìû áóäåì ðåøàòü ñèñòåìó c N
íåèçâåñòíûìè

%N,1(a), . . . , %N,n(a), . . . , %N,N(a), (2.20)

ñîñòîÿùóþ èç óðàâíåíèé

N∑
n=1

dN,m,n(a)%N,n(a) = 0, m = 1, . . . , N − 1 (2.21)

(ýòî ïàðàìåòðèçîâàííûå àíàëîãè óðàâíåíèé (2.10)) è óðàâíåíèÿ

%N,1(a) = 1 (2.22)

(ýòî ïàðàìåòðèçîâàííûé àíàëîã óðàâíåíèÿ (2.11)). Ìû áóäåì íàäåÿòüñÿ, ÷òî
ðåøåíèå ýòîé ñèñòåìû äàñò íàì ïðèáëèæåííûå çíà÷åíèÿ Pn-îáðàçîâ íåêîòî-
ðîãî íóëÿ ρ, ëåæàùåãî íåäàëåêî îò a.

Òàê îïðåäåë¼ííûå ôóíêöèè %N,n(a) è áóäóò îñíîâíûì îáúåêòîì íàøåãî
èçó÷åíèÿ; a priori îíè ìîãóò áûòü íåîïðåäåëåíû äëÿ íåêîòîðûõ çíà÷åíèé a
� êîãäà îäíà èç ñèñòåì (2.18) èëè ñèñòåìà (2.21)�(2.22) íå èìååò ðåøåíèÿ.

2.1 ßâíûå ôîðìóëû äëÿ âû÷èñëåíèÿ %N,n(a)

Çàïèøåì ñèñòåìó (2.18) â ìàòðè÷íîì âèäå.
Îáúåäèíèì íåèçâåñòíûå (2.19) â âåêòîð-ñòîëáåö

VN,m(a) =

dN,m,1(a)
...

dN,m,N(a)

 =

[
dN,m,n(a)

] N

n=1

. (2.23)

Ñîãëàñíî (2.12)

dlDN,m(a, s)

dsl

∣∣∣∣
s=a

=
N∑
n=1

(− ln(n))ln−adN,m,n(a), (2.24)
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è èç êîýôôèöèåíòîâ ïðàâîé ÷àñòè ìû ïîñòðîèì ìàòðèöó

LN(a) =

[
(− ln(n))ln−a

]N
n=1

N−1

l=0

. (2.25)

Â ýòèõ îáîçíà÷åíèÿõ ñèñòåìà (2.18) çàïèñûâàåòñÿ êàê

LN(a)VN,m(a) = ZN,m(a), (2.26)

ãäå

ZN,m(a) =

[
dlm−sζ(s)

dsl

∣∣∣∣
s=a

] N−1

l=0

. (2.27)

Ýëåìåíòû âåêòîðà ZN,1(a) � ýòî çíà÷åíèÿ äçåòà-ôóíêöèè Ðèìàíà è å¼
ïðîèçâîäíûõ â òî÷êå s = a, äëÿ èõ âû÷èñëåíèÿ áûëî ïðåäëîæåíî ìíîãî ýô-
ôåêòèâíûõ àëãîðèòìîâ, è òàêèå àëãîðèòìû ðåàëèçîâàíû âî ìíîãèõ ñèñòåìàõ
êîìïüþòåðíîé àëãåáðû. Âåêòîðà ZN,m(a) äëÿ m > 1 ëåãêî ìîãóò áûòü âû-
÷èñëåíû ÷åðåç âåêòîð ZN,1(a) ñëåäóþùèì îáðàçîì.

Ðàññìîòðèì âåêòîðà

Z̃N,m(a) =

[
ζm,l(a)

] N−1

l=0

, (2.28)

ãäå ÷èñëà ζm,l(a) îïðåäåëåíû â (2.15). Ýòè âåêòîðà ñâÿçàíû ñ âåêòîðàìè
ZN,m(a) î÷åâèäíûì ñîîòíîøåíèåì

ZN,m(a) = FN Z̃N,m(a), (2.29)

ãäå FN � äèàãîíàëüíàÿ ìàòðèöà,

FN =

[
fi,j

] N−1

i=0

N−1

j=0

, (2.30)

fi,j =

{
i!, åñëè i = j,

0, â ïðîòèâíîì ñëó÷àå.
(2.31)

Ýêñïîíåíòà m−s èìååò ñëåäóþùåå ðàçëîæåíèå:

m−s =
∞∑
l=0

m−a(− log(m))l

l!
(s− a)l (2.32)
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(åñëè m = 1 è l = 0, òî ìû ñ÷èòàåì, ÷òî âûðàæåíèå (− log(m))l ðàâíî 1). Îá-
ðàçóåì èç ýëåìåíòîâ ýòîãî ðàçëîæåíèÿ íèæíåòðåóãîëüíóþ ò¼ïëèöåâó N ×N
ìàòðèöó

XN,m(a) =

[
χm,i,j(a)

]N−1
i=0

N−1

j=0

, (2.33)

ãäå

χm,i,j(a) =

{
m−a(− log(m))i−j

(i−j)! , åñëè i ≥ j,

0, â ïðîòèâíîì ñëó÷àå.
(2.34)

Â ýòèõ îáîçíà÷åíèÿõ
Z̃N,m(a) = XN,m(a)Z̃N,1(a) (2.35)

è, ñîîòâåòñòâåííî,

ZN,m(a) = FNXN,m(a)F−1N ZN,1(a). (2.36)

Ïîäñòàâëÿÿ ýòî âûðàæåíèå äëÿ ZN,m(a) â (2.26), ìû ïîëó÷àåì çàïèñü ñè-
ñòåìû (2.18) â âèäå

LN(a)VN,m(a) = FNXN,m(a)F−1N ZN,1(a), (2.37)

à å¼ ðåøåíèÿ � â âèäå

VN,m(a) = L−1N (a)FNXN,m(a)F−1N ZN,1(a). (2.38)

Òàêèì îáðàçîì, ÷èñëà dN,m,l(a) ÿâëÿþòñÿ íåêîòîðûìè ëèíåéíûìè êîìáèíà-
öèÿìè çíà÷åíèé äçåòà-ôóíêöèè Ðèìàíà è å¼ ïðîèçâîäíûõ â òî÷êå s = a.

Äëÿ ìàòðè÷íîé çàïèñè ñèñòåìû (2.21)�(2.22) ìû îáúåäèíèì íåèçâåñòíûå
(2.20) â âåêòîð-ñòîëáåö

RN,m(a) =

[
%N,n(a)

] N

n=1

(2.39)

è ðàññìîòðèì ìàòðèöó

MN(a) =

[
dN,m,n(a)

]N−1
m=0

N

n=1

, (2.40)

ôîðìàëüíî äîîïðåäåëèâ

dN,0,n(a) =

{
1, åñëè n = 1,

0, â ïðîòèâíîì ñëó÷àå.
(2.41)
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Âî ââåä¼ííûõ âûøå îáîçíà÷åíèÿõ ñèñòåìà (2.21)�(2.22) çàïèñûâàåòñÿ êàê

MN(a)RN(a) = VN,0(a), (2.42)

ãäå âåêòîð VN,0(a) îïðåäåëåí ñîãëàñíî (2.23) è (2.41). ÏóñòüMN,n(a) � ýòî ìàò-
ðèöà, ïîëó÷àþùàÿñÿ èç MN(a) âû÷¼ðêèâàíèåì âåðõíåé ñòðîêè è n-ãî ñòîëá-
öà, òîãäà

%N,n(a) =
det
(
MN,n(a)

)
det
(
MN(a)

) . (2.43)

Òàêèì îáðàçîì, ÷èñëà %N,n(a) ÿâëÿþòñÿ îòíîøåíèÿìè íåêîòîðûõ ìíîãî÷ëå-
íîâ îò çíà÷åíèé äçåòà-ôóíêöèè Ðèìàíà è å¼ ïðîèçâîäíûõ â òî÷êå s = a.

Â ñëåäóþùèõ ðàçäåëàõ ìû ðàññìîòèðèì íà ÷èñëåííûõ ïðèìåðàõ ðàçëè÷-
íûå ñïîñîáû èñïîëüçîâàíèÿ %N,n(a) äëÿ íàõîæäåíèÿ ïðèáëèæ¼ííûõ çíà÷åíèé
Pn-îáðàçîâ íóëåé äçåòà-ôóíêöèè.

3 Áàçèñíàÿ òåõíèêà

Â ýòîì ðàçäåëå ìû ðàññìîòðèì íà ÷èñëåííûõ ïðèìåðàõ, íàñêîëüêî îïðàâ-
äûâàþòñÿ íàøè îæèäàíèÿ (ìîòèâèðîâàâøèå â Ðàçäåëå 2 ââåäåíèå ôóíöèé
%N,n(a)) íà ïîëó÷åíèå ïðèáëèæåíèÿ ê Pn-îáðàçàì íóëÿ äçåòà-ôóíöèè ïóòåì
ïðîñòîãî âû÷èñëåíèÿ %N,n(a) äëÿ ðàçíûõ a.

3.1 Íàèìåíüøèé òðèâèàëüíûé íóëü

Ðàññìîòðèì ñëó÷àé a = 0, N = 10. Òàáëèöà 3 äà¼ò çíà÷åíèÿ êîýôôèöè-
åíòîâ ìíîãî÷ëåíà (2.16) äëÿ m = 1. Íåòðóäíî ïîíÿòü, ïî÷åìó ñ ðîñòîì n îíè
ïðèáëèæàþòñÿ ê −1. Äåéñòâèòåëüíî, îñíîâíîé âêëàä â ýòè êîýôôèöèåíòû
âíîñèò ïîëþñ äçåòà-ôóíêöèè â òî÷êå s = 1; âû÷åò â ýòîé òî÷êå ðàâåí 1, òàê
÷òî ãëàâíûì ÷ëåíîì òàì ÿâëÿåòñÿ

1

s− 1
= −1− s− . . .− sn − . . . . (3.1)

Ñîîòâåòñòâåííî, íà÷àëüíûé îòðåçîê ýòîãî ðÿäà äëèíû N ðàâåí

T pole
N,1 (0, s) = −1− s− . . .− sN−1 = −s

N − 1

s− 1
. (3.2)

Àíàëîãè÷íî, â îáùåì ñëó÷àå êîýôôèöåíòû ìíîãî÷ëåíà TN,m(a, s) ïðèìåð-
íî ðàâíû −1/m, ïîñêîëüêó âû÷åò ôóíêöèè m−sζ(s) â òî÷êå s = 1 ðàâåí 1/m.
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l ζm,l(a)

0 −0.5
1 −0.91893853320467274178 . . .
2 −1.00317822795429242560 . . .
3 −1.00078519447704240796 . . .
4 −0.99987929950057116495 . . .
5 −1.00000194089632045603 . . .
6 −1.00000130114601395962 . . .
7 −0.99999983138417361077 . . .
8 −1.00000000576467597994 . . .
9 −1.00000000091101648923 . . .

Òàáëèöà 3: Êîýôôèöèåíòû ìíîãî÷ëåíà (2.16) äëÿ N = 10, m = 1 è a = 0.

n dN,m,n(a)

1 −30677.60982 . . .
2 2116002.90788 . . .
3 −33310973.05240 . . .
4 223028193.57497 . . .
5 −794422644.95782 . . .
6 1660492135.10859 . . .
7 −2109379945.72178 . . .
8 1605393772.95122 . . .
9 −674147314.28794 . . .

10 120261450.58709 . . .

Òàáëèöà 4: Êîýôôèöèåíòû ðÿäà Äèðèõëå (2.13) äëÿ N = 10, m = 1 è a = 0.

Òàáëèöà 4 ïðåäñòàâëÿåò êîýôôèöèåíòû (2.19) äëÿ m = 1; ìû âèäèì,
÷òî îíè äàëåêè îò åäèíè÷íûõ êîýôôèöèåíòîâ ðÿäà Äèðèõëå (1.1) äëÿ äçåòà-
ôóíêöèè. Äëÿ äðóãèõ çíà÷åíèé m êîýôôèöèåíò d10,m,n(0) ïðèìåðíî â m ðàç
ìåíüøå êîýôôèöèåíòà d10,1,n(0), ÷òî òîæå íå ñîãëàñóåòñÿ ñî çíà÷åíèÿìè êî-
ýôôèöèåíòîâ ðÿäà Äèðèõëå äëÿ ïðîèçâåäåíèÿ m−sζ(s).

Áëèæàéøèì ê a íóë¼ì äçåòà-ôóíêöèè â íàøåì ïðèìåðå ÿâëÿåòñÿ òðèâè-
àëüíûé íóëü â òî÷êå s = −2. Îí, îäíàêî, ëåæèò âíå êðóãà ñõîäèìîñòè ðÿäîâ
(2.14), èìåþùåãî ðàäèóñ 1 è öåíòð â òî÷êå s = 0. Ïî ýòîé ïðè÷èíå çíà÷åíèÿ
ìíîãî÷ëåíîâ (2.16) äëÿ s = −2 îòíþäü íå ÿâëÿþòñÿ ìàëåíüêèìè. Íàïðèìåð,

T10,1(0,−2) = 341.3333331615943513.... (3.3)
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m TN,m(a, s) TN,1(a, s)/m

1 341.333333161594 . . . 341.333333161594 . . .
2 170.666667895423 . . . 170.666666580797 . . .
3 113.777633916355 . . . 113.777777720531 . . .
4 85.333154445480 . . . 85.333333290398 . . .
5 68.267453908438 . . . 68.266666632318 . . .
6 56.892437080023 . . . 56.888888860265 . . .
7 48.770343826520 . . . 48.761904737370 . . .
8 42.681977235618 . . . 42.666666645199 . . .
9 37.949546841216 . . . 37.925925906843 . . .

Òàáëèöà 5: Çíà÷åíèÿ ìíîãî÷ëåíîâ (2.16) äëÿ N = 10, a = 0 è s = −2.

m DN,m(a, s)

1 33143.610986860930 . . .
2 16571.805493620530 . . .
3 11047.870329071040 . . .
4 8285.902748796610 . . .
5 6628.722196781075 . . .
6 5523.935137048905 . . .
7 4734.801563418446 . . .
8 4142.951488343937 . . .
9 3682.623720383917 . . .

Òàáëèöà 6: Çíà÷åíèÿ êîíå÷íûõ ðÿäîâ Òåéëîðà (2.13) äëÿ N = 10, a = 0 è
s = −2.

Îñíîâíîé âêëàä ñþäà âíîñèò îïÿòü-òàêè ïîëþñ äçåòà ôóíêöèè:

T pole
10,1 (0, s)− 1

s− 1

∣∣∣∣
s=−2

= −210 − 1

−2− 1
− 1

−2− 1
(3.4)

= 341.33333333333333... . (3.5)

Çíà÷åíèÿ T10,m(0,−2) äëÿ äðóãèõ m, ïðèâåäåííûå â Òàáëèöå 5, ïðèìåðíî
ðàâíû T10,1(0,−2)/m.

Ìàëåíüêèìè íå ÿâëÿþòñÿ è çíà÷åíèÿ êîíå÷íûõ ðÿäîâ Äèðèõëå (2.13) ïðè
s = −2 � ñì. Òàáëèöó 6. Òàêèì îáðàçîì, àíàëîãè (2.9) íå èìåþò ìåñòà. Òåì íå
ìåíåå ìû âûïîëíèì ïåðåõîä îò (2.9) ê (2.10) è ðåøèì ñèñòåìó (2.21)�(2.22).

Ïîëó÷àþùèåñÿ çíà÷åíèÿ %N,n(a) ïðèâåäåíû â Òàáëèöå 7. Äîâîëüíî óäèâè-
òåëüíî, ÷òî îíè äàþò (îñîáåííî äëÿ ìàëûõ n) äîñòàòî÷íî õîðîøèå ïðèáëè-
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n %N,n(a)

1 1.0000000000 . . .
2 3.9980447753 . . .
3 8.9883108374 . . .
4 15.9612664671 . . .
5 24.9039105746 . . .
6 35.8000824643 . . .
7 48.6308323277 . . .
8 63.3748086446 . . .
9 80.0086632351 . . .

10 98.5074400308 . . .

Òàáëèöà 7: Ðåøåíèå ëèíåéíîé ñèñòåìû (2.21)�(2.22) äëÿ N = 10 è a = 0.

n %N,n(a) n %N,n(a)

1 1.0000000000 . . . 11 120.9992980528 . . .
2 3.9999994195 . . . 12 143.9990046229 . . .
3 8.9999965173 . . . 13 168.9986277534 . . .
4 15.9999883916 . . . 14 195.9981529877 . . .
5 24.9999709802 . . . 15 224.9975647229 . . .
6 35.9999390618 . . . 16 255.9968462111 . . .
7 48.9998862561 . . . 17 288.9959795626 . . .
8 63.9998050248 . . . 18 323.9949457478 . . .
9 80.9996866730 . . . 19 360.9937246003 . . .

10 99.9995213505 . . . 20 399.9922948194 . . .

Òàáëèöà 8: Ðåøåíèå ëèíåéíîé ñèñòåìû (2.21)�(2.22) äëÿ N = 20 è a = 0.

æåíèÿ ê Pn-îáðàçàì òðèâèàëüíîãî íóëÿ s = −2 (òî åñòü êâàäðàòàì ÷¼òíûõ
÷èñåë) íåñìîòðÿ íà òî, ÷òî ýòîò íóëü ëåæèò âíå êðóãà ñõîäèìîñòè ðÿäà Òåé-
ëîðà äëÿ äçåòà-ôóíêöèè â òî÷êå s = a è âíå ïîëóïëîñêîñòè ñõîäèìîñòè ðÿäà
Äèðèõëå äëÿ ýòîé ôóíêöèè.

Òàáëèöà 8 äåìîíñòðèðóåò, ÷òî ïðè òîì æå çíà÷åíèè a, íî N = 20 ïîëó-
÷àþòñÿ ãîðàçäî áîëåå õîðîøèå ïðèáëèæåíèÿ.

Â Òàáëèöå 9 ïðèâåäåíû äàííûå òàêæå äëÿ N = 20, íî ïðè a = 2. Ýòî
èíòåðåñíî ïî äâóì ïðè÷èíàì. Ñ îäíîé ñòîðîíû, ýòî çíà÷åíèå a ëåæèò â ïîëó-
ïëîñêîñòè ñõîäèìîñòè ðÿäà Äèðèõëå (1.1) äëÿ äçåòà-ôóíêöèè, òàê ÷òî òðåáó-
åìûå â (2.18) å¼ ïðîèçâîäíûå ìîãóò áûòü âû÷èñëåíû ïîñðåäñòâîì ïî÷ëåííîãî
äèôôåðåíöèðîâàíèåì ýòîãî ðÿäà. Ñ äðóãîé ñòîðîíû, ïîëþñ äçåòà-ôóíêöèè

15



n %N,n(a) n %N,n(a)

1 1.0000000000 . . . 11 120.8003026775 . . .
2 3.9998340388 . . . 12 143.7170975094 . . .
3 8.9990045046 . . . 13 168.6103921896 . . .
4 15.9966828144 . . . 14 195.4761862068 . . .
5 24.9917105987 . . . 15 224.3101846074 . . .
6 35.9826013555 . . . 16 255.1078035460 . . .
7 48.9675425203 . . . 17 287.8641761213 . . .
8 63.9443980289 . . . 18 322.5741584759 . . .
9 80.9107112782 . . . 19 359.2323361376 . . .

10 99.8637085222 . . . 20 397.8330305783 . . .

Òàáëèöà 9: Ðåøåíèå ëèíåéíîé ñèñòåìû (2.21)�(2.22) äëÿ N = 20 è a = 2.

¾ýêðàíèðóåò¿ áëèæàéøèé íóëü s = −2, òî åñòü ëåæèò ìåæäó íèì è òî÷êîé
s = a. Íåñìîòðÿ íà ýòî ¾ïðåïÿòñòâèå¿, çíà÷åíèÿ %20,n(2) íåïëîõî ïðèáëèæàþò
Pn-îáðàçû ïåðâîãî òðèâèàëüíîãî íóëÿ.

3.2 Ïåðâûé íåòðèâèàëüíûé íóëü

Ðàññìîòðèì ñëó÷àé a = 0.4+14i. Â Òàáëèöå 10 ïðèâåäåíû êîýôôèöèåíòû
ðÿäîâ Äèðèõëå (2.13) äëÿ ýòîãî çíà÷åíèÿ a, N = 5 è m = 1, 2, 3, 4. Ïðè
m = 1 íà÷àëüíûå êîýôôèöèåíòû áëèçêè ê 1 êàê â ðÿäå Äèðèõëå äëÿ äçåòà-
ôóíêöèè, íî ïðè m = 2, 3, 4 êîýôôèöèåíòû dN,m,a ñîâñåì íå ïîõîæè íà
ñîîòâåòñòâóþùèå êîýôôèöèåíòû ðÿäîâ Äèðèõëå äëÿ m−sζ(s). Òåì íå ìåíåå,
äëÿ âñåõ m èìååò ìåñòî æåëàòåëüíîå äëÿ íàñ ñâîéñòâî (2.9) � ñì. Òàáëèöó 11.
Ñîîòâåòñòâåííî, ôóíêöèè %N,n(a) äàþò çíà÷åíèÿ Pn-îáðàçîâ ïåðâîãî íóëÿ
äçåòà-ôóíêöèè ñ 7 ïðàâèëüíûìè äåñÿòè÷íûìè öèôðàìè � ñì. Òàáëèöó 12.
Äëÿ ïîëó÷åíèÿ òàêîé òî÷íîñòè áûëè èñïîëüçîâàíû ïðèáëèæåíèÿ êîíå÷íûìè
ðÿäàìè Äèðèõëå âñåãî èç 5 ÷ëåíîâ.

Ñ óâåëè÷åíèåì äëèíû èñïîëüçóåìûõ êîíå÷íûõ ðÿäîâ Äèðèõëå òî÷íîñòü
âîçðàñòàåò: åñëè a = 0.4 + 14i, òî

max
n≤10

∣∣∣∣%10,n(a)

Pn(ρ1)
− 1

∣∣∣∣ = 3.9496...× 10−16, (3.6)

max
n≤20

∣∣∣∣%20,n(a)

Pn(ρ1)
− 1

∣∣∣∣ = 1.1294...× 10−32. (3.7)
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n dN,1,n(a)

1 1.000 . . . − 0.001 . . . i
2 1.024 . . . − 0.018 . . . i
3 0.933 . . . + 0.178 . . . i
4 0.470 . . . + 0.124 . . . i
5 0.111 . . . − 0.007 . . . i

n dN,2,n(a)

1 −0.010 . . . + 0.008 . . . i
2 0.756 . . . + 0.132 . . . i
3 0.442 . . . − 1.245 . . . i
4 3.011 . . . − 1.265 . . . i
5 0.688 . . . − 1.526 . . . i

n dN,3,n(a)

1 −0.014 . . . + 0.101 . . . i
2 −0.659 . . . + 1.798 . . . i
3 −1.835 . . . − 8.129 . . . i
4 6.084 . . .− 13.039 . . . i
5 1.784 . . . − 8.470 . . . i

n dN,4,n(a)

1 −0.300 . . . − 0.115 . . . i
2 −4.778 . . . − 3.245 . . . i
3 24.735 . . . − 1.558 . . . i
4 29.239 . . .+ 26.787 . . . i
5 16.550 . . .+ 12.756 . . . i

Òàáëèöà 10: Êîýôôèöèåíòû ðÿäîâ Äèðèõëå (2.13) äëÿ N = 5, a = 0.4 + 14i è
m = 1, 2, 3, 4.

m DN,m(a, s)

1 −2.81536066017 . . . · 10−9 − 1.38530983893 . . . · 10−9i
2 2.99004828775 . . . · 10−8 + 3.33913546447 . . . · 10−8i
3 3.62797499282 . . . · 10−7 + 2.69603018650 . . . · 10−8i
4 −3.37565798799 . . . · 10−7 + 1.20037371025 . . . · 10−6i

Òàáëèöà 11: Çíà÷åíèÿ êîíå÷íûõ ðÿäîâ (2.13) äëÿ N = 5, a = 0.4+14i è s = ρ1.

n %N,n(a)
∣∣∣%N,n(a)

Pn(ρ1)
− 1
∣∣∣

2 −0.658570722632 . . .+ 0.257458025275 . . . i 4.8927 . . . · 10−8

3 −0.568086335195 . . .− 0.103010905955 . . . i 4.6606 . . . · 10−8

4 0.367430765659 . . .− 0.339108615925 . . . i 5.8663 . . . · 10−8

5 −0.324829272639 . . .+ 0.307385716024 . . . i 9.3121 . . . · 10−8

Òàáëèöà 12: Ðåøåíèå ëèíåéíîé ñèñòåìû (2.21)�(2.22) è åãî îòíîñèòåëüíàÿ òî÷-
íîñòü äëÿ N = 5 è a = 0.4 + 14i.

Àíàëîãè÷íî äëÿ a âáëèçè äðóãîãî íåòðèâèàëüíîãî íóëÿ ìû èìååì: åñëè
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a = 0.4 + 21i, òî

max
n≤10

∣∣∣∣%10,n(a)

Pn(ρ2)
− 1

∣∣∣∣ = 2.9537...× 10−16, (3.8)

max
n≤20

∣∣∣∣%20,n(a)

Pn(ρ2)
− 1

∣∣∣∣ = 2.9841...× 10−32. (3.9)

4 Ïåðåõîäíûé ïðîöåññ

Â ýòîì ðàçäåëå ìû ðàññìîòðèì íà ïðèìåðàõ, êàêèå èìåþòñÿ çàâèñèìîñòè
ìåæäó âåëè÷èíîé %N,n(a) äëÿ ðàçíûõ çíà÷åíèé n è a, è ÷òî ýòî äà¼ò äëÿ
âû÷èñëåíèÿ íåòðèâèàëüíûõ íóëåé äçåòà-ôóíêöèè.

Ìû áóäåì èñïîëüçîâàòü α äëÿ îáîçíà÷åíèÿ âåùåñòâåííîé ÷àñòè a, à τ �
äëÿ îáîçíà÷åíèÿ ìíèìîé:

a = α + iτ. (4.1)

Îáû÷íî çíà÷åíèå α áóäåò ôèêñèðîâàòüñÿ, à τ áóäåò èçìåíÿòüñÿ â íåêîòîðûõ
ïðåäåëàõ. Äëÿ îïèñàíèÿ âîçíèêàþùèõ ôåíîìåíîâ ìû áóäåì èñïîëüçîâàòü
¾ôèçè÷åñêèé¿ ÿçûê, íàçûâàÿ τ âðåìåíåì. Êîãäà τ ìåíÿåòñÿ â íåêîòîðîì
èíòåðâàëå [τmin, τmax], %N,n(α+ iτ) îïèñûâàåò íåêîòîðóþ òðàåêòîðèþ íà ïëîñ-
êîñòè Sn, ñîåäèíÿþùóþ òî÷êè %N,n(α + iτmin) è %N,n(α + iτmax).

4.1 Ïî÷òè ñòóïåí÷àòûå ôóíêöèè

Çàôèêñèðóåì çíà÷åíèå α = 0.4. Â ïðåäûäóùåì ðàçäåëå ìû âèäåëè, ÷òî â
ìîìåíò âðåìåíè τ = 14 çíà÷åíèÿ %N,n(α+ iτ) õîðîøî ïðèáëèæàþò Pn-îáðàçû
ïåðâîãî íåòðèâèàëüíîãî íóëÿ ρ1, à â ìîìåíò τ = 21 � âòîðîãî íåòðèâèàëüíî-
ãî ρ2 (äëÿ N = 10 èëè N = 20). Îäíàêî ýòè ôóíêöèè íåïðåðûâíî çàâèñÿò
îò τ è íå ìîãóò ¾ïðûãíóòü¿ îò îáðàçîâ îäíîãî íóëÿ ê îáðàçàì äðóãîãî. Ýòî
îçíà÷àåò, ÷òî â êàêèå-òî ïðîìåæóòî÷íûå ìîìåíòû çíà÷åíèÿ %N,n(α + iτ) íå
áóäóò ñîîòâåòñòâîâàòü íèêàêîìó íóëþ äçåòà-ôóíêöèè � ñì. Ðèñóíêè 3�4.

Ðèñóíêè 5�6 ïîêàçûâàþò ãðàôèêè Re(%N,2(α+ iτ)) è Im(%N,2(α+ iτ)) äëÿ
τ âïëîòü äî γ9. Îíè âûãëÿäÿò ïðèìåðíî êàê ãðàôèêè ñòóïåí÷àòûõ ôóíêöèé,
ïðè÷¼ì ¾ñòóïåíüêè¿ ñîîòâåòñòâóþò íóëÿì äçåòà-ôóíêöèè: åñëè τ äîñòàòî÷íî
áëèçêî ê γk äëÿ íåêîòîðîãî k, òî %N,n(α + iτ) ≈ Pn(ρk); â ïðîòèâíîì ñëó÷àå
%N,n(α + iτ) èìååò êàêîå-òî ¾ïîñòîðîííåå¿ çíà÷åíèå.

Äëÿ îïèñàíèÿ ýòîãî è ñîïóòñòâóþùèõ ÿâëåíèé ìû áóäåì èñïîëüçîâàòü
ñëåäóþùóþ òåðìèíîëîãèþ: â ïåðâîì ñëó÷àå çíà÷åíèå τ áóäåò íàçûâàòüñÿ
ñòàöèîíàðíûì, âî âòîðîì � ïåðåõîäíûì. Ýòî ñóãóáî íåôîðìàëüíûå òåðìèíû,
îòíåñåíèå êîíêðåòíîãî τ ê ïåðâîìó èëè âòîðîìó òèïó çàâèñèò îò N è α.
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Ðèñ. 3: Ãðàôèê Re(%N,n(α + iτ)) äëÿ N = 10, n = 2, α = 0.4 è τ îò γ1 äî γ2.
Ñèíèå òî÷êè ñîîòâåòñòâóþò çíà÷åíèÿì τ îò 17 äî 18.2 ñ øàãîì 0.1. Êðàñíàÿ
òî÷êà ñ íîìåðîì k èìååò êîîðäèíàòû 〈γk,Re(Pn(ρk))〉, k = 1, 2.
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Ðèñ. 4: Ãðàôèê Im(%N,n(α + iτ)) äëÿ N = 10, n = 2, α = 0.4 è τ îò γ1 äî γ2.
Ñèíèå òî÷êè ñîîòâåòñòâóþò çíà÷åíèÿì τ îò 17 äî 18.2 ñ øàãîì 0.1. Êðàñíàÿ
òî÷êà ñ íîìåðîì k èìååò êîîðäèíàòû 〈γk, Im(Pn(ρk))〉, k = 1, 2.
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Ðèñ. 5: Ãðàôèê Re(%N,n(α + iτ)) äëÿ N = 10, n = 2, α = 0.4 è τ îò γ1 äî γ9.
Êðàñíàÿ òî÷êà ñ íîìåðîì k èìååò êîîðäèíàòû 〈γk,Re(Pn(ρk))〉, k = 1, . . . , 9.
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Ðèñ. 6: Ãðàôèê Im(%N,n(α + iτ)) äëÿ N = 10, n = 2, α = 0.4 è τ îò γ1 äî γ9.
Êðàñíàÿ òî÷êà ñ íîìåðîì k èìååò êîîðäèíàòû 〈γk, Im(Pn(ρk))〉, k = 1, . . . , 9.

4.2 Äóãè

Åñëè ñóäèòü ïî Ðèñ. 5�6, ïåðåõîä îò îäíîãî îáðàçà Pn(ρk) ê ñëåäóþùåìó
îáðàçó Pn(ρk+1) ïðîèñõîäèò êàêèì-òî íåðåãóëÿðíûì îáðàçîì. Íà ñàìîì äåëå
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Ðèñ. 7: Êðèòè÷åñêàÿ îêðóæíîñòü (|s| = n−1/2, êðàñí.) è çíà÷åíèÿ %N,n(α+ iτ)
äëÿ n = 2, N = 10, α = 0.4 è τ îò γ1 äî γ2 (ñèí.); ñèíèå òî÷êè ñîîòâåòñòâóþò
ñèíèì òî÷êàì íà Ðèñ. 3�4, êðàñíûå òî÷êè ñîîòâåòñòâóþò êðàñíûì òî÷êàì ñ
òåìè æå íîìåðàìè íà Ðèñ. 3�6.

çäåñü èìååòñÿ î÷åíü íåòðèâèàëüíàÿ ñòðóêòóðà, íî ÷òîáû å¼ óâèäåòü, íàäî
ðàññìàòðèâàòü íå ãðàôèêè Re(%N,n(α+iτ)) è Im(%N,n(α+iτ)) ïî îòäåëüíîñòè,
à òå êðèâûå, êîòîðûå ôóíöèè %N,n(α + iτ) ¾ðèñóþò¿ íà ïëîñêîñòÿõ Sn.

Ðèñóíîê 7 ïîêàçûâàåò òðàåêòîðèþ, ïî êîòîðîé %10,2(0.4+iτ) ïåðåìåùàåòñÿ
îò P2(ρ1) ê P2(ρ2), êîãäà τ ìåíÿåòñÿ îò γ1 äî γ2. Ýòà òðàåêòîðèÿ áëèçêà ê äóãå
íåêîòîðîé îêðóæíîñòè. Â ÷àñòíîñòè, 13 ñèíèõ òî÷åê ëåæàò âíóòðè óçêîãî
êîëüöà: äëÿ m = 0, . . . , 12

0.4889 < |%10
(
α + i(17 +m/10)

)
+ 0.550789 + 0.220836i| < 0.4898. (4.2)

Êîãäà τ ìåíÿåòñÿ äàëüøå îò γ2 äî γ3, òî %10,2(0.4 + iτ) ïåðåìåùàåòñÿ îò
P2(ρ2) ê P2(ρ3) ïî òðàåêòîðèè, êîòîðàÿ âíîâü áëèçêà ê äóãå íåêîòîðîé îêðóæ-
íîñòè, íî ýòà îêðóæíîñòü èìååò ñîâñåì äðóãèå öåíòð è ðàäèóñ � ñì. Ðèñ. 8.

Ðèñ. 9 ïîêàçûâàåò òðàåêòîðèþ %10,2(0.4 + iτ) äëÿ γ1 ≤ τ ≤ γ9; ìû âèäèì,
÷òî íà êàæäîì èíòåðâàëå âèäà γk ≤ τ ≤ γk+1 òðàåêòîðèÿ áëèçêà ê äóãàì
îêðóæíîñòåé ñ ðàçíûìè ðàäèóñàìè è öåíòðàìè.
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Ðèñ. 8: Êðèòè÷åñêàÿ îêðóæíîñòü (|s| = n−1/2, êðàñí.) è çíà÷åíèÿ %N,n(α+ iτ)
äëÿ n = 2, N = 10, α = 0.4 è τ îò γ2 äî γ3 (ìàäæåíòà); êðàñíûå òî÷êè
ñîîòâåòñòâóþò êðàñíûì òî÷êàì ñ òåìè æå íîìåðàìè íà Ðèñ. 3�6.

Ïðèâåä¼ííûå âûøå ïðèìåðû òðàåêòîðèé áûëè îãðàíè÷åíû ðàññìîòðåíè-
åì Pn-îáðàçîâ äëÿ ñëó÷àÿ n = 2, íî è äëÿ á�oëüøèõ n òðàåêòîðèè èìåþò
àíàëîãè÷íûé õàðàêòåð (ñì. Ðèñ. 10).

Îòñòóïëåíèå.Êðóãîâûå ñòðóêòóðû âîçíèêàþò ïðè èçó÷åíèè äçåòà-ôóíê-
öèè ñàìûì ðàçíûì îáðàçîì. Â ðàáîòàõ àâòîðà îíè âïåðâûå âñòðåòèëèñü ïðè
ðàññìîòðåíèè ñîáñòâåííûõ ÷èñåë ò¼ïëèöåâûõ ìàòðèö [1, 2, 3], íî òàì íå áûëî
âçàèìíî-îäíàçíà÷íîãî ñîîòâåòñòâèÿ ñ íóëÿìè äçåòà-ôóíêöèè. Òàêîå ñîîòâåò-
ñòâèå âîçíèêëî â [4, 5, 7] ïðè ðàññìîòðåíèè îäíîãî ñïîñîáà âû÷èñëåíèÿ çíà÷å-
íèé äçåòà-ôóíêöèè � ïîäîáíî ÿâëåíèþ, ðàññìîòðåííîìó âûøå, ïðè ïåðåõîäå
çíà÷åíèÿ íåêîòîðîãî ïàðàìåòðà ÷åðåç âåëè÷èíó ìíèìîé ÷àñòè íåòðèâèàëü-
íîãî íóëÿ ðàäèóñû è öåíòðû îêðóæíîñòåé ðåçêî ìåíÿëèñü. Åù¼ îäèí âèä
êðóãîâûõ ñòðóêòóð, ñâÿçàííûõ ñ äçåòà-ôóíêöèåé, ðàññìàòðèâàåòñÿ â [8].
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Ðèñ. 9: Êðèòè÷åñêàÿ îêðóæíîñòü (|s| = n−1/2, êðàñí.) è çíà÷åíèÿ %N,n(α+ iτ)
äëÿ n = 2, N = 10, α = 0.4 è τ îò γ1 äî γ9 (öâåòà ñîîòâåòñòâóþò öâåòàì íà
Ðèñ. 3�4), êðàñíûå òî÷êè ñîîòâåòñòâóþò êðàñíûì òî÷êàì ñ òåìè æå íîìåðàìè
íà Ðèñ. 3�6.

4.3 Çàêîí ïðèáëèçèòåëüíîãî ïîäîáèÿ

Ñåé÷àñ ìû ðàññìîòðèì íà ÷èñëåííûõ ïðèìåðàõ, êàê ñâÿçâàíû òðàåêòîðèè
íà ðàçíûõ Sn-ïëîñêîñòÿõ äëÿ τ â ïðåäåëàõ îäíîãî èíòåðâàëà âèäà

γk < τ < γk+1. (4.3)

Ðèñóíîê 10 ïîêàçûâåò òàêèå òðàåêòîðèè äëÿ N = 15, α = 0.4, n = 2, 3, 4, 5
è τ èç ñåãìåíòà (4.3) ñ k = 1. Âñå ÷åòûðå òðàåêòîðèè áëèçêè ê äóãàì îêðóæ-
íîñòåé, íî ýòè îêðóæíîñòè èìåþò ðàçíûå öåíòðû è ðàçíûå ðàäèóñû. Îäíàêî
óãëîâûå ðàçìåðû âñåõ ýòèõ òðàåêòîðèé ïðèìåðíî îäèíàêîâû.

Áîëåå òîãî, äâèæåíèå ïî âñåì ÷åòûð¼ì òðàåêòîðèÿì ïðîèñõîäÿò ïðèìåðíî
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Ðèñ. 10: Êðèòè÷åñêèå îêðóæíîñòè (|s| = n−1/2, êðàñí.) è çíà÷åíèÿ %N (α+ iτ)
äëÿ N = 15, α = 0.4, τ îò γ1 äî γ2 (ñèí.) è n = 2, 3, 4, 5; ñèíèå òî÷êè
ñîîòâåòñòâóþò çíà÷åíèÿì %N,n(α + iτ) ïðè τ = 17.5, à êðàñíûå òî÷êè òå æå,
÷òî è íà Ðèñ. 2.

ñ ðàâíîé óãëîâîé ñêîðîñòüþ. Ýòî ïðîÿâëÿåòñÿ â òîì, ÷òî äëÿ ëþáîãî ôèê-
ñèðîâàííîãî τ èç ðàññìàòðèâàåìîãî èíòåðâàëà òðåóãîëüíèêè ñ âåðøèíàìè â
òî÷êàõ %N,n(α + iτ), Pn(ρk) è Pn(ρk+1) äëÿ ðàçíûõ n ïðèìåðíî ïîäîáíû äðóã
äðóãó.

Àíàëèòè÷åñêè, ýòîò çàêîí ïðèáëèçèòåëüíîãî ïîäîáèÿ ìîæíî âûðàçèòü,
íàïðèìåð, ñëåäóþùèì îáðàçîì. Ñðàâíèâàÿ ïîëîæåíèå ñòîðîí òàêèõ òðåóãîëü-
íèêîâ, ñîåäèíÿþùèõ Pn-îáðàçû k-ãî è (k + 1)-ãî íóëåé äëÿ n = n1 è n = n2,
ìû ìîæåì îïðåäåëèòü êîýôôèöèåíò ïîäîáèÿ

r(n1, n2, k) =
Pn2(ρk)− Pn2(ρk+1)

Pn1(ρk)− Pn1(ρk+1)
. (4.4)

Îäèíàêîâûå ýëåìåíòû ðàññìàòðèâàåìûõ òðåóãîëüíèêîâ íà ïëîñêîñòÿõ Sn1 è
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∣∣∣ 2%N,n2
(α+iτ)−Pn2 (ρk)−Pn2 (ρk+1)

2%N,n1
(α+iτ)−Pn1 (ρk)−Pn1 (ρk+1)

/
r(n1, n2, k)− 1

∣∣∣
τ N = 15 N = 20 N = 30 N = 50

16.5 2.3 . . . · 10−8 3.1 . . . · 10−11 6.7 . . . · 10−17 4.0 . . . · 10−28

16.6 4.9 . . . · 10−8 8.8 . . . · 10−11 3.2 . . . · 10−16 5.6 . . . · 10−27

16.6 1.0 . . . · 10−7 2.4 . . . · 10−10 1.4 . . . · 10−15 7.3 . . . · 10−26

16.8 2.1 . . . · 10−7 6.3 . . . · 10−10 6.5 . . . · 10−15 8.9 . . . · 10−25

16.8 4.2 . . . · 10−7 1.6 . . . · 10−9 2.8 . . . · 10−14 1.0 . . . · 10−23

17.0 8.3 . . . · 10−7 4.1 . . . · 10−9 1.1 . . . · 10−13 1.0 . . . · 10−22

17.1 1.6 . . . · 10−6 1.0 . . . · 10−8 4.5 . . . · 10−13 1.1 . . . · 10−21

17.1 3.0 . . . · 10−6 2.4 . . . · 10−8 1.7 . . . · 10−12 1.0 . . . · 10−20

17.3 5.7 . . . · 10−6 5.7 . . . · 10−8 6.6 . . . · 10−12 1.0 . . . · 10−19

17.4 1.0 . . . · 10−5 1.2 . . . · 10−7 2.5 . . . · 10−11 9.0 . . . · 10−19

17.5 1.6 . . . · 10−5 2.4 . . . · 10−7 1.0 . . . · 10−10 7.8 . . . · 10−18

17.6 2.3 . . . · 10−5 3.8 . . . · 10−7 1.4 . . . · 10−9 4.0 . . . · 10−17

17.7 2.6 . . . · 10−5 4.2 . . . · 10−7 2.2 . . . · 10−10 2.2 . . . · 10−17

17.8 2.3 . . . · 10−5 3.6 . . . · 10−7 1.1 . . . · 10−10 9.5 . . . · 10−18

17.9 1.9 . . . · 10−5 2.7 . . . · 10−7 6.5 . . . · 10−11 3.9 . . . · 10−18

18.0 1.4 . . . · 10−5 1.9 . . . · 10−7 3.7 . . . · 10−11 1.5 . . . · 10−18

18.1 1.0 . . . · 10−5 1.3 . . . · 10−7 2.0 . . . · 10−11 5.9 . . . · 10−19

18.2 8.0 . . . · 10−6 8.6 . . . · 10−8 1.1 . . . · 10−11 2.1 . . . · 10−19

18.3 5.7 . . . · 10−6 5.6 . . . · 10−8 5.8 . . . · 10−12 7.3 . . . · 10−20

18.3 4.0 . . . · 10−6 3.5 . . . · 10−8 2.9 . . . · 10−12 2.3 . . . · 10−20

18.5 2.8 . . . · 10−6 2.1 . . . · 10−8 1.4 . . . · 10−12 7.3 . . . · 10−21

Òàáëèöà 13: Âûïîëíåíèå çàêîíà ïðèáëèçèòåëüíîãî ïîäîáèÿ (4.5) äëÿ n1 = 2,
n2 = 3, α = 0.4, k = 1 è ðàçíûõ çíà÷åíèé N è τ .

Sn2 äîëæíû íàõîäèòüñÿ ïðèìåðíî â ýòîì îòíîøåíèè. Íàïðèìåð, ñðàâíèâàÿ
ìåäèàíû, ñîåäèíÿþùèå %N,n(α + iτ) ñ

(
Pn(ρk) + Pn(ρk+1)

)
/2, ìû ïîëó÷àåì

ñîîòíîøåíèå

2%N,n2(α + iτ)− Pn2(ρk)− Pn2(ρk+1)

2%N,n1(α + iτ)− Pn1(ρk)− Pn1(ρk+1)
≈ r(n1, n2, k). (4.5)

Åñëè τ ñòàöèîíàðíî, òî %N,n(α + iτ) áëèçêî ê Pn(ρk) èëè æå ê Pn(ρk+1),
è óæå ïî ýòîé ïðè÷èíå ïðèáëèçèòåëüíîå ðàâåíñòâî (4.5) èìååò ìåñòî. Çàêîí
ïîäîáèÿ ãîâîðèò, ÷òî îíî âûïîëíÿåòñÿ è äëÿ ïåðåõîäíûõ çíà÷åíèé τ . Òàáëè-
öà 13 ïîêàçûâàåò ïðèìåðû òîãî, ñ êàêîé òî÷íîñòüþ ýòî ïðîèñõîäèò.
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4.4 Âû÷èñëåíèå íóëåé íà îñíîâå çàêîíà ïîäîáèÿ

Çàêîí ïîäîáèÿ äà¼ò âîçìîæíîñòü âû÷èñëÿòü îáðàçû íåòðèâèàëüíûõ íóëåé
äçåòà-ôóíêöèè, èñïîëüçóÿ äëÿ ýòîãî çíà÷åíèÿ %N,n(α+iτ) äëÿ ïåðåõîäíîãî τ .

4.4.1 Ïåðâûé ñïîñîá

Ñ÷èòàÿ, ÷òî n2 ≤ N , ïîëîæèì â (4.5) n1 = n, n2 = n2. Èìåþò ìåñòî
î÷åâèäíûå ðàâåíñòâà,

Pn2(ρ1) = Pn2(ρ1) = P 2
n(ρ1), (4.6)

Pn2(ρ2) = Pn2(ρ2) = P 2
n(ρ2), (4.7)

òàê ÷òî ïðàâàÿ ÷àñòü â (4.5) óïðîùàåòñÿ:

r(n1, n2, k) =
Pn2(ρk)− Pn2(ρk+1)

Pn1(ρk)− Pn1(ρk+1)
(4.8)

=
Pn2(ρk)− Pn2(ρk+1)

Pn(ρk)− Pn(ρk+1)
(4.9)

=
P 2
n(ρk)− P 2

n(ρk+1)

Pn(ρk)− Pn(ρk+1)
(4.10)

= Pn(ρk) + Pn(ρk+1). (4.11)

Èñïîëüçóÿ (4.6)�(4.7) äëÿ ïðåîáðàçîâàíèÿ ëåâîé ÷àñòè â (4.5), ïîëó÷àåì, ÷òî

2%N,n2(α + iτ)− P 2
n(ρk)− P 2

n(ρk+1)

2%N,n(α + iτ)− Pn(ρk)− Pn(ρk+1)
≈ Pn(ρk) + Pn(ρk+1). (4.12)

Ðåøàÿ ýòî óðàâíåíèå îòíîñèòåëüíî Pn(ρk+1), ìû ïîëó÷àåì, ÷òî

Pn(ρk+1) ≈
%N,n2(α + iτ)− %N,n(α + iτ)Pn(ρk)

%N,n(α + iτ)− Pn(ρk)
. (4.13)

Åñëè τ áëèçêî ê γk+1, òî

%N,n(α + iτ) ≈ Pn(ρk+1), (4.14)

%N,n2(α + iτ) ≈ P 2
n(ρk+1), (4.15)

è (4.13) ñëåäóåò óæå îòñþäà. Åñëè æå τ áëèçêî ê τ áëèçêî ê γk, òî

%N,n(α + iτ) ≈ Pn(ρk), (4.16)

%N,n2(α + iτ) ≈ P 2
n(ρk), (4.17)
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∣∣∣ %N,n2 (α+iτ)−%N,n(α+iτ)Pn(ρk)

%N,n(α+iτ)−Pn(ρk)

/
Pn(ρk+1)− 1

∣∣∣
τ N = 15 N = 20 N = 30 N = 50

14.0 4.0 . . . · 10−3 4.8 . . . · 10−4 4.2 . . . · 10−6 4.1 . . . · 10−10

15.0 1.9 . . . · 10−3 1.3 . . . · 10−4 6.8 . . . · 10−7 2.1 . . . · 10−11

16.0 5.8 . . . · 10−4 2.7 . . . · 10−5 6.4 . . . · 10−8 4.3 . . . · 10−13

16.5 2.7 . . . · 10−4 9.9 . . . · 10−6 1.4 . . . · 10−8 3.9 . . . · 10−14

16.6 2.2 . . . · 10−4 7.9 . . . · 10−6 1.0 . . . · 10−8 2.2 . . . · 10−14

16.7 1.9 . . . · 10−4 6.3 . . . · 10−6 7.6 . . . · 10−9 1.3 . . . · 10−14

16.8 1.6 . . . · 10−4 5.0 . . . · 10−6 5.3 . . . · 10−9 7.4 . . . · 10−15

16.9 1.3 . . . · 10−4 3.9 . . . · 10−6 3.7 . . . · 10−9 4.1 . . . · 10−15

17.0 1.1 . . . · 10−4 3.0 . . . · 10−6 2.5 . . . · 10−9 2.2 . . . · 10−15

17.1 9.0 . . . · 10−5 2.3 . . . · 10−6 1.7 . . . · 10−9 1.1 . . . · 10−15

17.2 7.3 . . . · 10−5 1.7 . . . · 10−6 1.1 . . . · 10−9 6.1 . . . · 10−16

17.3 5.9 . . . · 10−5 1.3 . . . · 10−6 7.7 . . . · 10−10 3.0 . . . · 10−16

17.4 4.7 . . . · 10−5 1.0 . . . · 10−6 5.0 . . . · 10−10 1.5 . . . · 10−16

17.5 3.7 . . . · 10−5 7.3 . . . · 10−7 3.2 . . . · 10−10 7.1 . . . · 10−17

17.6 2.9 . . . · 10−5 5.3 . . . · 10−7 2.0 . . . · 10−10 3.3 . . . · 10−17

17.7 2.2 . . . · 10−5 3.8 . . . · 10−7 1.2 . . . · 10−10 1.4 . . . · 10−17

17.8 1.7 . . . · 10−5 2.7 . . . · 10−7 7.3 . . . · 10−11 6.3 . . . · 10−18

17.9 1.3 . . . · 10−5 1.9 . . . · 10−7 4.3 . . . · 10−11 2.6 . . . · 10−18

18.0 9.9 . . . · 10−6 1.3 . . . · 10−7 2.4 . . . · 10−11 1.0 . . . · 10−18

18.1 7.3 . . . · 10−6 8.7 . . . · 10−8 1.3 . . . · 10−11 3.9 . . . · 10−19

18.2 5.3 . . . · 10−6 5.7 . . . · 10−8 7.4 . . . · 10−12 1.4 . . . · 10−19

18.3 3.8 . . . · 10−6 3.7 . . . · 10−8 3.8 . . . · 10−12 4.9 . . . · 10−20

18.4 2.7 . . . · 10−6 2.3 . . . · 10−8 1.9 . . . · 10−12 1.5 . . . · 10−20

18.5 1.8 . . . · 10−6 1.4 . . . · 10−8 9.6 . . . · 10−13 4.8 . . . · 10−21

19.0 2.1 . . . · 10−7 8.2 . . . · 10−10 1.3 . . . · 10−14 4.1 . . . · 10−24

20.0 1.0 . . . · 10−10 3.5 . . . · 10−14 4.1 . . . · 10−21 6.3 . . . · 10−35

21.0 2.4 . . . · 10−24 2.5 . . . · 10−32 2.7 . . . · 10−48 3.5 . . . · 10−80

Òàáëèöà 14: Òî÷íîñòü ïðèáëèæåíèÿ (4.13) äëÿ n1 = 2, n2 = 3, α = 0.4, k = 1
è ðàçíûõ çíà÷åíèé N è τ .

òàê ÷òî ÷èñëèòåëü è çíàìåíàòåëü â (4.13) � ýòî ðàçíîñòè áëèçêèõ âåëè÷èí,
è ïîòîìó èõ îòíîøåíèå íå ñëèøêîì õîðîøî ïðèáëèæàåò Pn(ρk+1). Îäíàêî
åñëè τ èìååò ïåðåõîäíîå çíà÷åíèå è ìû çíàåì Pn(ρk), òî ìû ìîæåì âû÷èñ-
ëèòü è Pn(ρk+1) ñîãëàñíî (4.13). Òàáëèöà 14 äåìîíñòðèðóåò òî÷íîñòü òàêèõ
âû÷èñëåíèé.
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4.4.2 Âòîðîé ñïîñîá

Íåäîñòàòêîì ïðèáëèæåíèÿ (4.13) ÿâëÿåòñÿ íåîáõîäèìîñòü çíàòü çíà÷å-
íèå Pn(ρk). Ýòîãî ìîæíî èçáåæàòü, åñëè âîñïîëüçîâàòñÿ çàêîíîì ïîäîáèÿ
äâàæäû.

Äëÿ ïîëó÷åíèÿ äîïîëíèòåëüíîãî óðàâíåíèÿ ïîëîæèì â (4.5) n1 = n,
n2 = n3 (ìû ñ÷èòàåì òåïåðü, ÷òî n3 ≤ N). Â äîïîëíåíèå ê (4.6)�(4.7) èìå-
þòñÿ àíàëîãè÷íûå ðàâåíñòâà

Pn2(ρ1) = Pn3(ρ1) = P 3
n(ρ1), (4.18)

Pn2(ρ2) = Pn3(ρ2) = P 3
n(ρ2), (4.19)

è ïðàâàÿ ÷àñòü â (4.5) óïðîùàåòñÿ òåïåðü òàê:

r(n1, n2, k) =
Pn2(ρk)− Pn2(ρk+1)

Pn1(ρk)− Pn1(ρk+1)
(4.20)

=
Pn3(ρk)− Pn3(ρk+1)

Pn(ρk)− Pn(ρk+1)
(4.21)

=
P 3
n(ρk)− P 3

n(ρk+1)

Pn(ρk)− Pn(ρk+1)
(4.22)

= P 2
n(ρk) + Pn(ρk)Pn(ρk+1) + P 2

n(ρk+1). (4.23)

Èñïîëüçóÿ (4.18)�(4.19) äëÿ ïðåîáðàçîâàíèÿ ëåâîé ÷àñòè â (4.5), ïîëó÷àåì,
÷òî

2%N,n3(α + iτ)− P 3
n(ρk)− P 3

n(ρk+1)

2%N,n(α + iτ)− Pn(ρk)− Pn(ρk+1)
≈

≈ P 2
n(ρk) + Pn(ρk)Pn(ρk+1) + P 2

n(ρk+1). (4.24)

Èç (4.12) è (4.24) ñëåäóåò, ÷òî

Pn(ρk) + Pn(ρk+1) ≈
AII,N,n(α + iτ)

AI,N,n(α + iτ)
, (4.25)

Pn(ρk)Pn(ρk+1) ≈
AIII,N,n(α + iτ)

AI,N,n(α + iτ)
, (4.26)

ãäå

AI,N,n(a) = %N,n(a)2 − %N,n2(a), (4.27)

AII,N,n(a) = %N,n(a)%N,n2(a)− %N,n3(a), (4.28)

AIII,N,n(a) = %2N,n2(a)− %N,n(a)%N,n3(a). (4.29)
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|x1/Pn(ρk)− 1|

τ N = 15 N = 20 N = 30 N = 50

17.0 8.0 . . . · 10−7 3.9 . . . · 10−9 1.0 . . . · 10−13 1.0 . . . · 10−22

17.1 1.5 . . . · 10−6 9.7 . . . · 10−9 4.3 . . . · 10−13 1.0 . . . · 10−21

17.2 2.9 . . . · 10−6 2.3 . . . · 10−8 1.6 . . . · 10−12 1.0 . . . · 10−20

17.3 5.6 . . . · 10−6 5.6 . . . · 10−8 6.3 . . . · 10−12 9.7 . . . · 10−20

17.4 1.0 . . . · 10−5 1.3 . . . · 10−7 2.3 . . . · 10−11 8.6 . . . · 10−19

17.5 1.9 . . . · 10−5 3.0 . . . · 10−7 8.3 . . . · 10−11 7.4 . . . · 10−18

17.6 3.5 . . . · 10−5 6.8 . . . · 10−7 2.9 . . . · 10−10 6.1 . . . · 10−17

17.7 6.3 . . . · 10−5 1.5 . . . · 10−6 1.0 . . . · 10−9 4.9 . . . · 10−16

17.8 1.1 . . . · 10−4 3.4 . . . · 10−6 3.3 . . . · 10−9 3.8 . . . · 10−15

17.9 2.0 . . . · 10−4 7.4 . . . · 10−6 1.1 . . . · 10−8 2.9 . . . · 10−14

18.0 3.5 . . . · 10−4 1.6 . . . · 10−5 3.6 . . . · 10−8 2.1 . . . · 10−13

18.1 6.1 . . . · 10−4 3.4 . . . · 10−5 1.1 . . . · 10−7 1.5 . . . · 10−12

18.2 1.0 . . . · 10−3 7.3 . . . · 10−5 3.7 . . . · 10−7 1.1 . . . · 10−11

Òàáëèöà 15: Òî÷íîñòü ïðèáëèæåíèÿ Pn(ρk) îäíèì èç êîðíåé óðàâíåíèÿ (4.30)
äëÿ n = 2, α = 0.4, k = 1 è ðàçíûõ çíà÷åíèé N è τ .

Òàêèì îáðàçîì, Pn(ρk) è Pn(ρk+1) ïðèìåðíî ðàâíû êîðíÿì êâàäðàòíîãî óðàâ-
íåíèÿ

AI,N,n(α + iτ)x2 − AII,N,n(α + iτ)x+ AIII,N,n(α + iτ) = 0, (4.30)

òî åñòü ÷èñëàì

AII,N,n(α + iτ)±
√
A2

II,N,n(α + iτ)− 4AI,N,n(α + iτ)AIII,N,n(α + iτ)

2AI,N,n(α + iτ)
. (4.31)

Ìû, îäíàêî, íå ìîæåì àíàëèòè÷åñêè óêàçàòü, êàêîå èç äâóõ çíà÷åíèé êâàä-
ðàòíîãî êîðíÿ â (4.31) íàäî áðàòü äëÿ ïîëó÷åíèÿ ïðèáëèæ¼ííîãî çíà÷åíèÿ
Pn(ρk), à êàêîå � äëÿ Pn(ρk+1).

Òàáëèöû 15�16 äåìîíñòðèðóåò òî÷íîñòü ïðèáëèæåíèé, ïîëó÷àþùèõñÿ ïðè
íàäëåæàùåì âûáîðå çíà÷åíèÿ êâàäðàòíîãî êîðíÿ â (4.31). Â ýòèõ òàáëèöàõ
çíà÷åíèÿ τ ÿâëÿþòñÿ ïåðåõîäíûìè; â ñëó÷àå ñòàöèîíàðíîãî τ

%N,nm(α + iτ) ≈ Pm
n (ρ), (4.32)

äëÿ íåêîòîðîãî ρ, òàê ÷òî (4.27)�(4.29) � ýòî ðàçíîñòè áëèçêèõ âåëè÷èí è ïî-
òîìó ðåøåíèÿ óðàâíåíèÿ (4.30) ìîãóò äàâàòü íå î÷åíü õîðîøèå ïðèáëèæåíèÿ
ê Pn(ρk) è P (ρk+1).
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|x2/Pn(ρk+1)− 1|

τ N = 15 N = 20 N = 30 N = 50

17.0 9.4 . . . · 10−5 2.6 . . . · 10−6 2.2 . . . · 10−9 1.9 . . . · 10−15

17.1 7.7 . . . · 10−5 2.0 . . . · 10−6 1.5 . . . · 10−9 1.0 . . . · 10−15

17.2 6.2 . . . · 10−5 1.5 . . . · 10−6 1.0 . . . · 10−9 5.2 . . . · 10−16

17.3 5.0 . . . · 10−5 1.1 . . . · 10−6 6.6 . . . · 10−10 2.6 . . . · 10−16

17.4 4.0 . . . · 10−5 8.6 . . . · 10−7 4.3 . . . · 10−10 1.2 . . . · 10−16

17.5 3.2 . . . · 10−5 6.3 . . . · 10−7 2.7 . . . · 10−10 6.1 . . . · 10−17

17.6 2.5 . . . · 10−5 4.6 . . . · 10−7 1.7 . . . · 10−10 2.8 . . . · 10−17

17.7 1.9 . . . · 10−5 3.3 . . . · 10−7 1.0 . . . · 10−10 1.2 . . . · 10−17

17.8 1.5 . . . · 10−5 2.3 . . . · 10−7 6.3 . . . · 10−11 5.4 . . . · 10−18

17.9 1.1 . . . · 10−5 1.6 . . . · 10−7 3.7 . . . · 10−11 2.2 . . . · 10−18

18.0 8.5 . . . · 10−6 1.1 . . . · 10−7 2.1 . . . · 10−11 8.9 . . . · 10−19

18.1 6.3 . . . · 10−6 7.5 . . . · 10−8 1.1 . . . · 10−11 3.3 . . . · 10−19

18.2 4.6 . . . · 10−6 4.9 . . . · 10−8 6.3 . . . · 10−12 1.2 . . . · 10−19

Òàáëèöà 16: Òî÷íîñòü ïðèáëèæåíèÿ Pn(ρk+1) îäíèì èç êîðíåé óðàâíå-
íèÿ (4.30) äëÿ n = 2, α = 0.4, k = 1 è ðàçíûõ çíà÷åíèé N è τ .

Îòìåòèì, ÷òî ãèïîòåçà Ðèìàíà ìîæåò áûòü ñôîðìóëèðîâàíà â òåðìèíàõ
ïðîèçâåäåíèé Pn(ρk)Pn(ρk+1) ñëåäóþùèì îáðàçîì: äëÿ êàæäîãî k ñóùåñòâó-

åò n òàêîå, ÷òî n > 1 è

|Pn(ρk)Pn(ρk+1)| = n−1 (4.33)

(ìû èñïîëüçóåì çäåñü èçâåñòíûé ôàêò, ÷òî ïåðâûé íóëü ρ1 ëåæèò íà êðèòè-
÷åñêîé ïðÿìîé, äàëüøå ïðèìåíÿåòñÿ èíäóêöèÿ). Î÷åâèäíî, ÷òî èç ãèïîòåçû
Ðèìàíà ñëåäóåò, ÷òî ðàâåíñòâî (4.33) âûïîëíåíî äëÿ âñåõ k è n.
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