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1 Nearby and remote properties of Dirichlet series


One of the most important open problems in Number Theory is the cele-
brated Riemann Hypothesis. It is a prediction about the positions of the zeros of
Riemann's zeta function. This function can be de�ned via Dirichlet series


ζ(s) =
∞∑
n=1


n−s. (1.1)


This series converges for Re(s) > 1 but the function can be extended to the
whole complex plane with the exception of the point s = 1 (at this point the zeta
function has its only pole). B. Riemann [3] conjectured that all non-real zeros
(called non-trivial) of the zeta function lie on the critical line Re(s) = 1/2.


Besides this expected feature, the zeta function has many other remarkable
properties. In [14] the author advocated investigation of what he called nearby


properties1 of the zeta function. This is a rather informal notion; in general, a
nearby property of an in�nite Dirichlet series is a property of akin to it certain
�nite Dirichlet series. Due to the �nite number of summands, nearby properties
typically are expressed via inaccurate, imprecise equalities.


A nearby property of the zeta function might be �inherited� from the function
itself, but most interesting are own nearby properties which cannot be stated
in terms the zeta function alone. Examples of such properties are presented in
[4, 5, 6, 7, 8, 11, 12, 13, 14].


This article will take us one step further from the zeta function itself. We are
to consider not just properties of certain approximations to the zeta function by
�nite Dirichlet series but properties of a particular way to calculate these approx-
imations (speci�cally, (3.19)). This can be called studying remote properties2 of
the zeta function.


2 Modes of similarity


In this paper we deal not with the zeta function itself but with closely related
alternating zeta function


η(s) =
∞∑
n=1


(−1)n+1n−s = (1− 2× 2−s)ζ(s). (2.1)


1In Russian: áëèçëåæàùèå ñâîéñòâà
2In Russian: îòäàë¼ííûå ñâîéñòâà.
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This function, also known as Dirichlet eta function, was studied (for real values of
the argument) already by L. Euler. The alternating series in (2.1) has the advan-
tage over the series (1.1) of being convergent in the larger half-plane Re(s) > 0.


We shall approximate η(s) by particular �nite Dirichlet series


ηN(s) =
N∑
n=1


aN,nn
−s. (2.2)


These approximations will be de�ned by saying that ηN(s) is similar to η(s) in a


certain respect. Such kinds of relationship between an in�nite and �nite Dirichlet
series were called in [12, 11, 14] modes of similarity. Several examples of modes
of similarity are presented in [12, 9, 10, 11, 14].


In this paper we shall work in the framework of a mode of similarity which was
introduced in [8] (see also [11, 12, 14]). This mode was inspired by Hamburger
theorem [1, 2]. This theorem essentially tells us that the zeta function is uniquely
de�ned by the celebrated functional equation


ξ(1− s)− ξ(s) = 0 (2.3)


where
ξ(s) = h(s)η(s), (2.4)


h(s) =
π−


s
2 (s− 1)Γ(1 + s


2
)


1− 2× 2−s
. (2.5)


The functional equation (2.3) can be reformulated in many equivalent forms,
in particular, as the statement that for all real t


Im (ξ(1/2 + it)) = 0. (2.6)


We �x a real number τ and expand ξ(1/2 + it) into the Taylor series about t = τ :


ξ(1/2 + it) =
∞∑
k=0


ξk(τ)(τ − t)k (2.7)


where


ξk(τ) =
(−1)k


k!


dk


dtk
ξ(1/2 + it)


∣∣∣∣
t=τ


. (2.8)


Now the functional equation is equivalent to the in�nite system of numerical
equalities


Im (ξk(τ)) = 0 (2.9)
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which hold for all k.
Our approximations to η(s) will depend on such parameter τ :


ηN(τ, s) =
N∑
n=1


aN,n(τ)n−s. (2.10)


We consider also a formal analog of (2.4),


ξN(τ, s) = h(s)ηN(τ, s), (2.11)


and its expansion into the Taylor series (an analog of (2.7)):


ξN(τ, 1/2 + it) =
∞∑
k=0


ξN,k(τ)(τ − t)k (2.12)


where


ξN,k(τ) =
(−1)k


k!


dk


dtk
ξN(τ, 1/2 + it)


∣∣∣∣
t=τ


. (2.13)


Our mode of similarity consists of conditions of two kinds:


aN,1(τ) = 1 (2.14)


and
Im (ξN,k(τ)) = 0. (2.15)


The latter condition is a formal counterpart of (2.9).
Table 1 presents the coe�cients aN,n(τ) for N = 40 and τ = 15 (for similar


data with di�erent N and τ see also [12, Table 1] and [14, Figures 2�3])3. We
observe that the initial coe�cients are close to the alternating ±1's but for larger
n coe�cient aN,n can have a signi�cant imaginary part.


In spite of this dissimilarity with the �true� ±1 in (2.1), �nite Dirichlet se-
ries (2.10) can produce very accurate approximations to η(s); numerical examples
are presented in Table 2 (see also [14, Table 1] (or [12, Table 2]) and [11, Table
3] (or [8, Table 3]))3. These and other numerical data prompted the author to
state in [12] (repeated as [14, Conjecture B]) the following


Conjecture A. For every real τ and every complex s


η(s) = lim
N→∞


ηN(τ, s). (2.16)


3Formally, the de�nition of ηN (τ, s) in these papers di�ers from the one used here but both


de�nitions are equivalent.


5







Remark 2.1. It is quite natural to expect that in general ηN(τ, s) gives better
approximations to η(s) when s is closer to 1/2+iτ , the point at which the deriva-
tives in (2.8) have been calculated; this phenomenon can be observered in the
above mentioned table. Taking this into account, speaking nearby properties we
shall always silently assume that they are ful�lled in the vicinity of point 1/2 + iτ .


Remark 2.2.
Other modes of similarity inspired by the Hamburger theorem are presented


in [9, 10].


3 Calculation of ηN(τ, s)


With the new parameter τ we can consider shifted coe�cients


bN,n(τ) = n−iτaN,n(τ). (3.1)


In the new notation


ηN(τ, s) =
N∑
n=1


bN,n(τ)n−(s−τ). (3.2)


According to (2.14) and (3.1),


bN,1(τ) = 1, (3.3)


but other coe�cients in (2.10) are, in general, complex numbers. We separate
their real and imaginary parts; let


bN,1(τ) = bRN,1(τ), bN,n(τ) = bRN,n(τ) + ibIN,n(τ), n > 1, (3.4)


with real
bRN,1(τ), . . . , bRN,N(τ), bIN,2(τ), . . . , bIN,N(τ). (3.5)


Therefore,


Im
(
ξN(τ, s)


)
=


N∑
n=1


Im
(
h(s)n−(s−iτ)


)
bRN,n(τ)+


N∑
n=2


Re
(
h(s)n−(s−iτ)


)
bIN,n(τ). (3.6)


In the new notation conditions (2.14) and (2.9) can be written as a system
of linear equations in unknowns (3.5). This system can be written in matrix
notation in varied ways; for this paper, we �x one of them (other options are
discussed in Section 5).
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We collect the unknowns into the column vector


BN(τ) = [bIN,N(τ), . . . , bIN,2(τ), bRN,1(τ), . . . , bRN,N(τ)]T. (3.7)


This vector should satisfy the equation


MN(τ)BN(τ) = VN (3.8)


where column vector VN and (2N − 1) × (2N − 1) matrix MN(τ) are de�ned
below.


To keep notation uniform and symmetric, we number the columns in MN(τ)
from −N + 1 to N − 1; the rows in this matrix and in the vector VN will be
numbered from −1 to 2N − 3. This numbering makes the entries of the matrices
and vectors independent of N , that is,


MN(τ) =


[
µk,l(τ)


] 2N−3


k=−1


N−1


l=−(N−1)


, (3.9)


VN = [υ−1, . . . , υ2N−3]
T (3.10)


for some choice of µk,l(τ) and υk.
The topmost (that is, numbered −1) row of MN(τ) represents equation (3.3):


µ−1,l(τ) =


{
1, if l = 0,


0, otherwise,
(3.11)


and
υ−1 = 1. (3.12)


All the remaining rows of matrix MN(τ) correspond to conditions (2.15);
respectively, for k = 0, . . . , 2N − 3


µk,l(τ) =





(−1)k


k!
Re


(
dk


dtk
h(1/2 + it)(1− l)−(1/2+i(t−τ))


∣∣∣∣∣
t=τ


)
, if l < 0,


(−1)k


k!
Im


(
dk


dtk
h(1/2 + it)(1 + l)−(1/2+i(t−τ))


∣∣∣∣∣
t=τ


)
, if l ≥ 0,


(3.13)


and
υk = 0. (3.14)


Now we can �nd the values of (3.5) by solving system (3.8), for example, by
Cramer's rule. Thanks to the special form of the right-hand side in (3.8) (de�ned
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by (3.10), (3.12), and (3.14)) and the special form of the topmost row of matrix
MN(τ) (de�ned by (3.9) and (3.11)) the values of (3.5) can be calculated via the
ratios of certain �rst minors of this matrix. More precisely, let MN,l(τ) be the
matrix resulting from MN(τ) by deleting the topmost row and column numbered
by l. Then


(−1)l
det
(
MN,l(τ)


)
det
(
MN,0(τ)


) =


{
bIN,l, if l < 0,


bRN,l, if l ≥ 0.
(3.15)


The above calculation of coe�cients (3.5) required calculation of 2N determi-
nants. However, if our goal is to �nd the value of ηN(τ, s) only, we can do it by
calculating only two determinants. Namely, let


MN(τ, s) =


[
µk,l(τ, s)


] 2N−3


k=−1


N−1


l=−(N−1)


(3.16)


be the matrix which di�ers from MN(τ) in the topmost row only, namely,


µk,l(τ, s) =



i(1− l)−(s−τ), if k = −1, l < 0,


(1 + l)−(s−τ), if k = −1, l ≥ 0,


µk,l(τ), if k ≥ 0


(3.17)


(matrix MN(τ) is simply the limiting case MN(τ,+∞)).
In the new notation


ηN(τ, s) =
det
(
MN(τ, s)


)
det
(
MN(τ)


) . (3.18)


Therefore, Conjecture A can be stated as follows.


Conjecture A (reformulated). For every real τ and every complex s


η(s) = lim
N→∞


det
(
MN(τ, s)


)
det
(
MN(τ)


) . (3.19)


Remark 3.1. We can give another expression for numbers µk,l(τ) for k ≥ 0
(originally de�ned by (3.13)):


if l < 0, then


µk,l(τ) =
(1− l)− 1


2


(−1)kk!


k∑
m=0


(
k


m


)
(− ln(1− l))k−mRe


(
ik−mh〈m〉(1/2 + iτ)


)
; (3.20)
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if l ≥ 0, then


µk,l(τ) =
(1 + l)−


1
2


(−1)kk!


k∑
m=0


(
k


m


)
(− ln(1 + l))k−mIm


(
ik−mh〈m〉(1/2 + iτ)


)
(3.21)


where


h〈m〉(1/2 + iτ) =
dm


dtm
h(1/2 + it)


∣∣∣∣∣
t=τ


. (3.22)


The new de�nition has the following �advantage� over de�nition (3.13): the
former does not contain oscillating expressions of the form n−it which are typical
for Dirichlet series.


4 New numerical discoveries


The remote properties of the zeta function, numerically examined in this pa-
per, are certain properties of matrices MN(τ, s), namely, of their characteristic
polynomials, eigenvalues, and eigenvectors.


4.1 Generalization of Conjecture A


The two determinants in (3.18) are just the free terms, pN,0(τ, s) and qN,0(τ),
of the characteristic polynomials


PN(τ, s, λ) = det
(
MN(τ, s)− λE2N−1


)
=


2N−1∑
l=0


pN,l(τ, s)λ
l (4.1)


and


QN(τ, λ) = det
(
MN(τ)− λE2N−1


)
=


2N−1∑
l=0


qN,l(τ)λl (4.2)


respectively (E2N−1 is the (2N − 1)× (2N − 1) unit matrix). Accordingly, Con-
jecture A is equivalent to the statement that


η(s) = lim
N→∞


pN,0(τ, s)


qN,0(τ)
. (4.3)


Numerical data (see, in particular, Table 3) show that other ratios of the form


pN,l(τ, s)


qN,l(τ)
(4.4)
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also well approximate η(s) for small l and s in the vicinity of 1/2 + iτ . This
suggests the following extension.


Conjecture A (generalized). For every non-negative integer l, real τ and


complex s


η(s) = lim
N→∞


pN,l(τ, s)


qN,l(τ)
. (4.5)


4.2 Forms of nearby functional equations


Traditionally, the classical functional equation of the zeta function is stated
as the central symmetry of function ξ(s) around point s = 1/2, that is,


ξ(1− σ − it)− ξ(σ + it) = 0 (4.6)


for real σ and τ . As a consequence, our �nite approximations satisfy nearby
functional equation


ξN(τ, 1− σ − it)− ξN(τ, σ + it) ≈ 0. (4.7)


As it was said in Remark 2.1), ξN(τ, s) gives better approximation to ξ(s) when
s is closer to 1/2 + iτ . Thus, we get more accurate nearby functional equation
if we consider another form of the classical functional equation. Namely, besides
the central symmetry, the xi function is conjugate mirror symmetric with respect


to the real axis, that is,


ξ(1− σ − it) = ξ(1− σ + it). (4.8)


This allows one to rewrite functional equation (4.6) as conjugate mirror symmetry
with respect to the critical line Re(s) = 1/2, namely


ξ(1− σ + it)− ξ(σ + it) = 0. (4.9)


Therefore, we can write corresponding nearby functional equation


ξN(τ, 1− σ + it)− ξN(τ, σ + it) ≈ 0. (4.10)


While the two forms, (4.6) and (4.9), of the exact functional equation are equiv-
alent, their nearby counterparts, (4.7) and (4.10) are not interconvertible, and
usually the latter is more accurate than the former (for numerical examples com-
pare data in Table 2).
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Taking the above observation into account, we shall always deal with nearby
functional equations in the form of conjugate mirror symmetry with respect to
the critical line. However, a condition of this form,


f(1− σ + it)− f(σ + it) ≈ 0, (4.11)


by itself is not very informative: the left-hand side might be close to zero just
because both f(1 − σ + it) and f(σ + it) are small (in absolute value). That is
why we shall usually consider the ratio


f(1− σ + it)


f(σ + it)
(4.12)


and look whether it is close to 1.


4.3 Conjugate symmetry of the initial coe�cients of the


characteristic polynomials


According to (2.4), functional equation (4.9) can be written in terms of func-
tion η(s) as follows:


h(1− σ + it)η(1− σ + it)


h(σ + it)η(σ + it)
= 1. (4.13)


Generalized Conjecture A implies that for large N and small l


h(1− σ + it)pN,l(τ, 1− σ + it)


h(σ + it)pN,l(τ, σ + it)
≈ 1; (4.14)


This nearby functional equation is just a counterpart of the classical functional
equation written in the form (4.13).


4.4 Conjugate symmetry of the initial eigenvalues


Let
λN,1(τ, s), . . . , λN,m(τ, s), . . . λN,2N−1(τ, s) (4.15)


be all the eigenvalues of matrix MN(τ, s) enumerated in such a way that


|λN,1(τ, s)| ≤ · · · ≤ |λN,m(τ, s)| ≤ · · · ≤ |λN,2N−1(τ, s)|. (4.16)


Extending (3.18) we have:


ηN(τ, s) =
det
(
MN(τ, s)


)
det
(
MN(τ)


) =


∏2N−1
m=1 λN,m(τ, s)


det
(
MN(τ)


) . (4.17)
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Remark 4.1. The least eigenvalue, λN,1(τ, s), is of special interest for us
by the following reason. We wish to study zeros of η(s) by studying zeros of
ηN(τ, s); according to (4.16) and (4.17) a number s0 is a zero of ηN(τ, s) if and
only if λN,1(τ, s0) = 0.


Eigenvalues (4.15), as a whole, satisfy, according to (4.14) and (4.17), the
nearby functional equation


h(1− σ + it)
∏2N−1


m=1 λN,m(τ, 1− σ + it)


h(σ + it)
∏2N−1


m=1 λN,m(τ, σ + it)
=


h(1− σ + it)ηN(τ, 1− σ + it)


h(σ + it)ηN(τ, σ + it)
≈ 1. (4.18)


When calculating approximations to the small eigenvalues as the roots of the
characteristic polynomial we can discard the terms of the larger degrees. For this
reason, λN,m(τ, σ + it) should be close to a root of a truncated polynomial of the
form


PN,N0(τ, σ + it, λ) =


N0∑
l=0


pN,l(τ, σ + it)λl. (4.19)


As a consequence, it also should be close to a zero of the following product:


h(σ + it)PN,N0(τ, σ + it, λ). (4.20)


Similarly, λN,m(τ, 1− σ + it) should be close to a zero of the product


h(1− σ + it)PN,N0(τ, 1− σ + it, λ). (4.21)


According to (4.14) the two products (4.20) and (4.21) are approximately conju-
gate. This suggests that eigenvalues λN,m(τ, σ+ it) and λN,m(τ, 1−σ+ it) should
be also approximately conjugate,


λN,m(τ, 1− σ + it)


λN,m(τ, σ + it)
≈ 1, (4.22)


unless σ + it or 1 − σ + it is close to a zero of h(s). In the special case σ = 1/2
eigenvalue λN,m(τ, 1/2 + it) should be almost a real number.


Numerical calculations support these surmises (see Tables 4 and 5) and allow
one to state
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Conjecture B. For every positive integer m, real τ , σ and t such that σ + it
and 1− σ + it are away from the zeros of h(s),


λN,m(τ, 1− σ + it)


λN,m(τ, σ + it)
−→ 1 (4.23)


for N →∞.


4.5 Conjugate symmetry of the eigenvectors


In this paper we consider right eigenvectors only; this choice is motivated by
the form of our linear system (3.8). Vector


WN,m(τ, s) = [ωN,m,−N+1(τ, s), . . . , ωN,m,0(τ, s), . . . , ωN,m,N−1(τ, s)]
T (4.24)


will be an eigenvector corresponding to eigenvalue λN,m, that is


MN(τ, s)WN,m(τ, s) = λN,m(τ, s)WN,m(τ, s). (4.25)


This condition de�nes WN,m(τ, s) up to a non-zero factor only. We shall usually
assume that the eigenvectors are normalized so that their central entries are equal
to 1:


ωN,m,0(τ, s) = 1. (4.26)


We can give an explicit expression for the entries of eigenvector (4.24) in terms
of the �rst minors of matrix LN(τ, λN,m(τ, s)) where


LN(τ, λ) = MN(τ)− λE2N−1. (4.27)


Let LN,k(τ, λ) be the result of deleting the topmost row and the k-th column from
matrix (4.27). We have:


ωN,m,k(τ, s) = (−1)k
det(LN,k(τ, λN,m(τ, s)))


det(LN,0(τ, λN,m(τ, s)))
. (4.28)


Remark 4.2. According to Remark 4.1, the case λN,1(τ, s0) = 0 is important
for us. Corresponding eigenvector has a special signi�cance as well. Namely,
for such an s0 matrix LN(τ, λN,0(τ, s0)) is identical to matrix MN(τ); according
to (3.15) and (4.28) the eigenvector WN,1(τ, s0) coincides with the vector (3.7).
The latter vector allows us to calculate approximations to the eta function via
(3.2) and (3.4). In Subsection 4.10 we shall see that for any s the entries of
eigenvector WN,1(τ, s) also can be used for calculation of approximate values of
the eta function.
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According to de�nitions (3.9), (3.11), and (3.13) all entries of matrix MN(τ)
are real numbers. Therefore, condition (4.22) implies that the entries of matrices
LN,k(τ, λN,m(τ, 1−σ+it) and LN,k(τ, λN,m(τ, σ+it) are approximately conjugate
one to the other. Due to (4.28), the entries of eigenvectors WN,m(τ, 1 − σ + it)
and WN,m(τ, σ + it) should be pairwise approximately conjugate as well:


ωN,m,k(τ, 1− σ + it) ≈ ωN,m,k(τ, σ + it). (4.29)


Table 6 demonstrates how the ratios


ωN,m,k(τ, 1− σ + it)


ωN,m,k(τ, σ + it)
(4.30)


can be close to 1.
We can visualize relation (4.29) also by considering the ratios


ωN,m,k(τ, 1− σ + it)


ωN,m,k(τ, σ + it)
(4.31)


instead of (4.30). According to (4.29) all these ratios should rest near the unit
circle | z |= 1.


4.6 Discrete crop circle of the �rst kind


Let us generalize (4.31) by considering the ratios


ρN,m,k(τ, s
′, s′′) =


ωN,m,k(τ, s
′)


ωN,m,k(τ, s′′)
, k = −N + 1, . . . , N − 1. (4.32)


At the end of the previous subsection we indicated that these ratios lay near the
unit circle provided that


Re(s′) + Re(s′′) = 1, Im(s′) = Im(s′′). (4.33)


It turns out that if we remove these two conditions, the qualitative picture remains
the same: ratios (4.32) lay almost on a circle for any points s′ and s′′ (close to
point 1/2 + iτ). However, the origin is no longer the center of such a circle, and
its radius need not be equal to 1.


Figure 1 demonstrates this phenomenon for N = 50, m = 1, τ = 14,
s′ = 1/3 + 15i, and s′′ = 6/7 + 14i. The orange dot corresponds to number


C1 = 0.3708842799394989375085843404586974710326419033382 +


1.0618744177199283671338046020549367658223350300371i.
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The red dots correspond to the ratios ρN,m,k(τ, s′, s′′). All of them lay inside a
very thin annulus, namely,


R1 < |ρN,m,k(τ, s′, s′′)− C1| < R1 + 10−47 (4.34)


where


R1 =1.2342462753580744181860242203074444592191737722398.


Ratios (4.32) will be called the ratios of the �rst kind. The set of 2N − 1
such numbers forms the discrete crop circles of the �rst kind. It seems that
these circles have no direct relationship with the continuous crop circles described
in [12, 13, 14].


4.7 Discrete crop circle of the second kind


Ratios of the �rst kind, (4.32), generalize �symmetrical� ratios (4.31) and
behave similarly to them, namely, they lay almost on a circle. Now we consider
generalization of ratios (4.30),


ρ̃N,m,k(τ, s
′, s′′) =


ωN,m,k(τ, s′)


ωN,m,k(τ, s′′)
, k = −N + 1, . . . , N − 1. (4.35)


which will be called the ratios of the second kind. Unlike (4.30), these ratios in
general are not close one to another. Similarly to the ratios of the �rst kind, the
ratios of the second kind also lay inside a thin annulus, so we can speak about
the discrete crop circles of the second kind.


Let us extend the numerical example from the previous section. Figure 2
exhibits both the ratios of the �rst kind (the red and magenta dots) and the
ratios of the second kind (the blue and magenta dots). All the latter lay inside a
very thin annulus, namely,


R2 < |ρ̃N,m,k(τ, s′, s′′)− C2| < R2 + 10−47 (4.36)


where C2 = 1− C1 (the green dot) and


R2 =1.1247810578571624993362791499949324350181486428418.


4.8 Relationship between crop circles of the �rst and the


second kinds


There are two remarkable relationships between the discrete crop circles of
the �rst and the second kinds.
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First, their centers are symmetric with respect to the critical line; in our
example


Re(C1) + Re(C2) = 1, Im(C1) = Im(C2) (4.37)


by the de�nition of C2.
Second, the two circles are almost rotationally similar, that is, one of them can


be (approximately) obtained from the other by a homogeny with some coe�cient a
and the center at point 1 together with a rotation around this point by some
angle ϕ. Analytically, this means that all the double ratios


ρ̈N,m,k(τ, s
′, s′′) =


ρN,m,k(τ, s
′, s′′)− 1


ρ̃N,m,k(τ, s′, s′′)− 1
, k = −N+1, . . . ,−1, 1, . . . , N−1 (4.38)


are very close one to another thus giving an approximate value of aeiϕ (we ex-
clude here the case k = 0 because due to the agreement (4.26) ρN,m,0(τ, s′, s′′) =
ρ̃N,m,0(τ, s


′, s′′) = 1.) More or less arbitrary we formally de�ne


ρ̈N,m(τ, s′, s′′) = ρ̈N,m,2(τ, s
′, s′′). (4.39)


In our example


ρ̈N,m(τ, s′, s′′) = 1.075702732456057626198949106...+


0.216743602505064201542441468...i (4.40)


and for k 6= 0
|ρ̈N,m,k(τ, s′, s′′)− ρ̈N,m(τ, s′, s′′)| < 10−49. (4.41)


Figures 3�5 demonstrate crop circles of the �rst and second kinds form = 2, 3,
and 4 respectively.
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4.9 Two-dimensional linear space of the eigenvectors


Let us rewrite (4.38) with explicit real and imaginary parts:


Re(ρ̈N,m,k(τ, s
′, s′′)) + i Im(ρ̈N,m,k(τ, s


′, s′′)) (4.42)


=
ρN,m,k(τ, s


′, s′′)− 1


ρ̃N,m,k(τ, s′, s′′)− 1
(4.43)


=


ωN,m,k(τ,s
′)


ωN,m,k(τ,s′′)
− 1


ωN,m,k(τ,s′)


ωN,m,k(τ,s′′)
− 1


(4.44)


=
ωN,m,k(τ, s


′)− ωN,m,k(τ, s′′)
ωN,m,k(τ, s′)− ωN,m,k(τ, s′′)


(4.45)


=
Re(ωN,m,k(τ, s


′)) + i Im(ωN,m,k(τ, s
′))− Re(ωN,m,k(τ, s


′′))− i Im(ωN,m,k(τ, s
′′))


Re(ωN,m,k(τ, s′))− i Im(ωN,m,k(τ, s′))− Re(ωN,m,k(τ, s′′))− i Im(ωN,m,k(τ, s′′))
.


(4.46)


We see that 4 quantities,


Re(ωN,m,k(τ, s
′)), Im(ωN,m,k(τ, s


′)), Re(ωN,m,k(τ, s
′′)), and Im(ωN,m,k(τ, s


′′)),
(4.47)


are bonded by two linear relations. Solving this system, we get that unless
| ρ̈N,m,k(τ, s′, s′′) |= 1


Re(ωN,m,k(τ, s
′)) = Re(ωN,m,k(τ, s


′′)) +


2Im(ρ̈N,m,k(τ, s
′, s′′))


1− | ρ̈N,m,k(τ, s′, s′′) |2
Im(ωN,m,k(τ, s


′′)), (4.48)


Im(ωN,m,k(τ, s
′)) =


| 1− ρ̈N,m,k(τ, s′, s′′) |2


1− | ρ̈N,m,k(τ, s′, s′′) |2
Im(ωN,m,k(τ, s


′′)). (4.49)


Instead of ρ̈N,m,k(τ, s′, s′′) we shall use close to it ρ̈N,m(τ, s′, s′′) and introduce
the coe�cients


αN,m(τ, s′, s′′)) =
2Im(ρ̈N,m(τ, s′, s′′))


1− | ρ̈N,m,k(τ, s′, s′′) |2
, (4.50)


βN,m(τ, s′, s′′)) =
| 1− ρ̈N,m(τ, s′, s′′) |2


1− | ρ̈N,m,k(τ, s′, s′′) |2
. (4.51)


Applying Re and Im entrywise, we have:


Re(WN,m(τ, s′)) ≈ Re(WN,m(τ, s′′)) + αN,m(τ, s′, s′′)Im(WN,m(τ, s′′)), (4.52)


Im(WN,m(τ, s′)) ≈ βN,m(τ, s′, s′′)Im(WN,m(τ, s′′)). (4.53)
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In other word, the imaginary parts of the eigensvectors (4.24) (for s in the vicinity
of 1/2+iτ) are almost proportional one to another, and so are also the di�erences
of the real parts of these eigenvectors.


This can be rephrased as follows. These eigensvectors can be (approximately)
parameterized by two real numbers αN,m(τ, s) and βN,m(τ) in the following way:


WN,m(τ, s) ≈WR
N,m(τ) + (αN,m(τ, s) + iβN,m(τ, s))WI


N,m(τ) (4.54)


where WR
N,m(τ) and WI


N,m(τ) are certain vectors with real entries:


WR
N,m(τ) = [ωR


N,m,−N+1(τ, s), . . . ,ω
R
N,m,0(τ, s), . . . ,ω


R
N,m,N−1(τ, s)]


T, (4.55)


WI
N,m(τ) = [ωI


N,m,−N+1(τ, s), . . . ,ω
R
N,m,0(τ, s), . . . ,ω


I
N,m,N−1(τ, s)]


T. (4.56)


To de�ne such bare-bones vectors we could �x some number s̃ and put


WR
N,m(τ) = Re(WN,m(τ, s̃)), (4.57)


WI
N,m(τ) = Im(WN,m(τ, s̃)). (4.58)


Then, according to (4.52) and (4.53), we have representation (4.54) with


αN,m(τ, s) = αN,m(τ, s, s̃), (4.59)


βN,m(τ, s) = βN,m(τ, s, s̃). (4.60)


In the case m = 1 the following seems to be a natural way for selecting
�canonical� WR


N,1(τ) and WI
N,1(τ).


For the role of WR
N,1(τ) we take WN,1(τ, s0) where s0 is a zero of ηN(τ, s).


There is no need to calculate this s0; according to Remark 4.1, in that case
λN,1(τ, s0) = 0, and this information is su�cient for calculating WN,1(τ, s0)
by (4.28). All entries of matrix LN(τ, 0) are real, hence so are entries ofWR


N,1(τ) =
WN,1(τ, s0) as required.


A bit paradoxically, for the role of WI
N,1(τ) we could take WN,1(τ,+∞). Ta-


ble 7 presents this vector for N = 40 and τ = 14. This vector is real as required
but all its entries are rather large numbers with the exception for the central
entry. This is a consequence of our normalization (4.26) which is not suitable
in this case. Indeed, according to this condition the central entry of WI


N,1(τ) in
(4.54) should be close to zero. By this reason we change the normalization and
de�ne


ωI
N,1,k(τ) =


ωN,1,k(τ,+∞)(∑N−1
n=−N+1 ωN,1,n(τ,+∞)2


)1/2 . (4.61)
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Coe�cients αN,1(τ, s) and βN,1(τ, s) for (4.54) can now be found by the least
square minimization, that is, as the numbers α and β minimizing the sums


N+1∑
k=−N+1


(
Re(ωN,1,k(τ, s))− ωR


N,1,k(τ)− αωI
N,1,k(τ)


)2


(4.62)


and
N+1∑


k=−N+1


(
Im(ωN,1,k(τ, s))− βωI


N,1,k(τ)


)2


. (4.63)


Number s0 is a zero of ηN(τ, s) if and only if αN,1(τ, s0) = βN,1(τ, s0) = 0.
Continuing our example from Subsections 4.6�4.8 we get the following for


s = 1/3 + 15i:


α = −4.439188393651894483835125620... · 1023, (4.64)


β = −6.256317129726259611895862483... · 1022, (4.65)


and ∣∣∣∣∣ ωN,1,k(τ, s)


ωR
N,1,k(τ) + (α + iβ)ωI


N,1,k(τ)
− 1


∣∣∣∣∣ < 1.288 · 10−25 (4.66)


for k = −N + 1, . . . , N − 1.


4.10 Calulation of the eta function via eigenvectorWN,1(τ, s)
for an arbitrary s


According to Remark 4.2, eigenvectorWN,1(τ, s0) allows us to calculate values
of the eta function provided that λN,1(τ, s0) = 0. Now that we know the over-
all structure (4.54) of eigenvectors WN,1(τ, s) we can use any of them for such
calculations. By de�nition of WR


N,1(τ) is equal to WN,1(τ, s0). Relation (4.54)
allows us to extract (approximately) WR


N,1(τ) from WN,1(τ, s) for any s. Namely,
according to (4.54)


WR
N,1(τ) ≈ Re(WN,1(τ, s)) + γIm(WN,1(τ, s)) (4.67)


for some number γ. We can de�ne it as the solution of the equation


− 1 = Re(ωN,1,1(τ, s)) + γIm(ωN,1,1(τ, s)). (4.68)
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5 Other versions of discrete crop circles


Discrete crop circles �drawn� by the zeta function are ubiquitous, what we
have considered above is just one feasible version. Let us list a few of potential
variations of the de�nitions.


In (2.1), instead of multiplying the zeta function by the classical, due to
Euler, factor 1−2×2−s we could eliminate the pole by another factor of the form
1− n× n−s, or to work directly with the zeta function itself.


In (2.12) we could use a more classical form of the Taylor expansion,


ξN(τ, 1/2 + it) =
∞∑
k=0


ξN,k(τ)(t− τ)k, (5.1)


and respectively delete factor (−1)k from (3.13), (3.20) and (3.21).
Instead of (2.2) we could work with approximations of the form


ηN(s) =
N∑
n=1


(−1)n+1aN,nn
−s. (5.2)


The scaling (3.1) is not necessary, we could proceed with the b-coe�cients be-
ing equal to the a-coe�cients (our interest in the introduction of the b-coe�cients
is explained in Remark 3.1).


We could use bIN,1(τ) and extend matrix MN(τ) by the condition saying
that bIN,1(τ) = 0.


Instead of saying in (2.15) that the Taylor coe�cients are real we could say
that the corresponding derivatives are real. This would not in�uence a- and
b-coe�cients but the k-th row in matrix (3.9) should be multiplied by k! with
corresponding changes of the eigenvalues and eigenvectors.


Another possibility to changes the eigenvalues and eigenvectors without chang-
ing a- and b-coe�cients consists in some rearranging of rows and columns of ma-
trix (3.9). For example, instead of (3.7) we could use the following ordering of
the b-coe�cients:


BN(τ) = [bRN,1(τ), bIN,2(τ), . . . , bIN,k(τ), bRN,k(τ), . . . , bIN,N(τ) bRN,N(τ)]T. (5.3)


Also we could move the topmost row of matrix MN(τ) to the central position,
place all rows corresponding to the even derivatives above the central row and
place all rows corresponding to the odd derivatives below it.


As an example, Figure 6 present discrete crop circles of the �rst and second
kinds for the case when (2.4) and (2.5) were replaced by


ξ(s) = f(s)ζ(s) (5.4)
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and
f(s) = π−


s
2 (s− 1)Γ(1 + s


2
), (5.5)


and (5.1) was used instead of (2.12). For N = 50, m = 1, τ = 14, s′ = 1/3 + 15i,
and s′′ = 6/7 + 15i the ratios of the �rst kind lay inside the annulus


0.737520 < |z − 0.265863 + 0.070807i| < 0.737544 (5.6)


and the ratios of the second kind lay inside the annulus


0.275111 < |z − 0.734137 + 0.070807i| < 0.275150. (5.7)
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Figure 1: Ratios (4.32) (the red dots) for N = 50, m = 1, τ = 14, s′ = 1/3 + 15i,
and s′′ = 6/7 + 14i.
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Figure 2: Ratios of the �rst kind (the red dots and the magenta dot) and ratios of
the second kind (the blue dots and the magenta dot) for N = 50, m = 1, τ = 14,
s′ = 1/3 + 15i, and s′′ = 6/7 + 14i.
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Figure 3: Ratios of the �rst kind (the red dots and the magenta dot) and ratios of
the second kind (the blue dots and the magenta dot) for N = 50, m = 2, τ = 14,
s′ = 1/3 + 15i, and s′′ = 6/7 + 14i.
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Figure 4: Ratios of the �rst kind (the red dots and the magenta dot) and ratios of
the second kind (the blue dots and the magenta dot) for N = 50, m = 3, τ = 14,
s′ = 1/3 + 15i, and s′′ = 6/7 + 14i.
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Figure 5: Ratios of the �rst kind (the red dots and the magenta dot) and ratios of
the second kind (the blue dots and the magenta dot) for N = 50, m = 4, τ = 14,
s′ = 1/3 + 15i, and s′′ = 6/7 + 14i.
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Figure 6: Variant of the ratios of the �rst kind (the red dots and the magenta
dot) and ratios of the second kind (the blue dots and the magenta dot) described
at the end of Section 5.
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n aN,n


1 1
2 −1 + 2.2181 . . . · 10−18 + 2.1692 . . . · 10−18i
3 1− 7.4732 . . . · 10−17 + 3.4719 . . . · 10−17i
4 −1− 2.3549 . . . · 10−15 − 8.5455 . . . · 10−16i
5 1− 6.2490 . . . · 10−14 − 2.2430 . . . · 10−14i
6 −1− 1.4053 . . . · 10−12 + 2.7476 . . . · 10−13i
7 1− 1.0939 . . . · 10−11 + 2.2234 . . . · 10−11i
8 −1 + 2.3595 . . . · 10−10 + 2.5368 . . . · 10−10i
9 1 + 3.2566 . . . · 10−9 − 2.2589 . . . · 10−9i


10 −1− 2.2472 . . . · 10−8 − 3.0146 . . . · 10−8i
11 1− 2.0449 . . . · 10−7 + 2.1883 . . . · 10−7i
12 −1 + 1.8217 . . . · 10−6 + 8.8525 . . . · 10−7i
13 1 + 5.9806 . . . · 10−7 − 1.1725 . . . · 10−5i
14 −1− 5.3270 . . . · 10−5 + 2.4969 . . . · 10−5i
15 1 + 2.1656 . . . · 10−4 + 1.3776 . . . · 10−4i
16 −1− 6.5702 . . . · 10−5 − 9.7882 . . . · 10−4i
17 1− 2.3916 . . . · 10−3 + 2.2778 . . . · 10−3i
18 −1 + 9.8214 . . . · 10−3 + 6.0047 . . . · 10−4i
19 1− 1.7518 . . . · 10−2 − 1.9273 . . . · 10−2i
20 −1 + 7.5775 . . . · 10−4 + 6.1461 . . . · 10−2i
21 1 + 8.0453 . . . · 10−2 − 1.0175 . . . · 10−1i
22 −1− 2.3703 . . . · 10−1 + 6.3810 . . . · 10−2i
23 1 + 3.9449 . . . · 10−1 + 1.3681 . . . · 10−1i
24 −1− 4.0384 . . . · 10−1 − 4.9640 . . . · 10−1i
25 1 + 1.5331 . . . · 10−1 + 8.7256 . . . · 10−1i
26 −1 + 3.1348 . . . · 10−1 − 1.0663 . . . · 100i
27 1.9177 . . . · 10−1 + 9.7936 . . . · 10−1i
28 1.4072 . . . · 10−1 − 6.8703 . . . · 10−1i
29 −2.4974 . . . · 10−1 + 3.5976 . . . · 10−1i
30 2.0534 . . . · 10−1 − 1.2730 . . . · 10−1i
31 −1.1565 . . . · 10−1 + 1.6925 . . . · 10−2i
32 4.7456 . . . · 10−2 + 1.2747 . . . · 10−2i
33 −1.3946 . . . · 10−2 − 1.0968 . . . · 10−2i
34 2.6239 . . . · 10−3 + 4.7430 . . . · 10−3i
35 −1.5360 . . . · 10−4 − 1.3648 . . . · 10−3i
36 −7.6192 . . . · 10−5 + 2.7027 . . . · 10−4i
37 2.7103 . . . · 10−5 − 3.5293 . . . · 10−5i
38 −4.3908 . . . · 10−6 + 2.6483 . . . · 10−6i
39 3.7618 . . . · 10−7 − 6.7133 . . . · 10−8i
40 −1.3591 . . . · 10−8 − 2.5085 . . . · 10−9i


Table 1: Coe�cients aN,n(τ) for N = 40, τ = 15.







∣∣∣ηN (τ,s)
η(s)


− 1
∣∣∣


s τ = 15 τ = 20 τ = 25


−1 + 50i 8.481 . . . · 10−46 6.379 . . . · 10−49 4.947 . . . · 10−50


−1 + 30i 1.821 . . . · 10−56 6.835 . . . · 10−56 1.460 . . . · 10−54


−1 + 20i 5.988 . . . · 10−59 1.657 . . . · 10−57 1.641 . . . · 10−55


−1− 10i 2.083 . . . · 10−56 1.023 . . . · 10−50 1.169 . . . · 10−43


−1− 30i 1.105 . . . · 10−35 2.325 . . . · 10−31 1.878 . . . · 10−27


50i 3.395 . . . · 10−45 2.880 . . . · 10−48 2.194 . . . · 10−49


30i 5.563 . . . · 10−56 2.070 . . . · 10−55 4.372 . . . · 10−54


20i 1.086 . . . · 10−58 2.987 . . . · 10−57 2.950 . . . · 10−55


−10i 2.271 . . . · 10−56 1.046 . . . · 10−50 5.504 . . . · 10−44


−30i 6.743 . . . · 10−36 1.202 . . . · 10−31 8.521 . . . · 10−28


1/2 + 50i 7.979 . . . · 10−45 7.488 . . . · 10−48 5.694 . . . · 10−49


1/2 + 30i 8.882 . . . · 10−56 3.302 . . . · 10−55 6.963 . . . · 10−54


1/2 + 20i 1.229 . . . · 10−58 3.378 . . . · 10−57 3.334 . . . · 10−55


1/2− 10i 2.292 . . . · 10−56 1.068 . . . · 10−50 3.783 . . . · 10−44


1/2− 30i 4.745 . . . · 10−36 7.755 . . . · 10−32 5.133 . . . · 10−28


1 + 50i 2.707 . . . · 10−45 2.880 . . . · 10−48 2.194 . . . · 10−49


1 + 30i 5.563 . . . · 10−56 2.070 . . . · 10−55 4.372 . . . · 10−54


1 + 20i 1.086 . . . · 10−58 2.987 . . . · 10−57 2.950 . . . · 10−55


1− 10i 2.271 . . . · 10−56 9.879 . . . · 10−51 2.251 . . . · 10−44


1− 30i 1.284 . . . · 10−36 1.918 . . . · 10−32 1.183 . . . · 10−28


Table 2: Approximations of η(s) by ηN(τ, s) for N = 50 and diverse values of τ
and s.
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∣∣∣pN,m(τ,s)


qN,m(τ)


/
η(s)− 1


∣∣∣
m s = 1/7 + 14i s = 1/2 + 14i s = 2/3 + 14i


0 8.682 . . . · 10−24 2.473 . . . · 10−23 9.612 . . . · 10−24


1 4.874 . . . · 10−23 1.388 . . . · 10−22 5.401 . . . · 10−23


2 1.146 . . . · 10−23 2.998 . . . · 10−23 1.469 . . . · 10−23


3 6.415 . . . · 10−22 1.826 . . . · 10−21 7.041 . . . · 10−22


4 8.350 . . . · 10−22 −2.378 . . . · 10−21 −9.383 . . . · 10−22


5 8.720 . . . · 10−20 −2.483 . . . · 10−19 −9.729 . . . · 10−20


6 6.652 . . . · 10−18 −1.894 . . . · 10−17 −7.455 . . . · 10−18


7 2.868 . . . · 10−17 8.169 . . . · 10−17 3.216 . . . · 10−17


8 1.172 . . . · 10−16 3.339 . . . · 10−16 1.314 . . . · 10−16


9 2.703 . . . · 10−16 −7.697 . . . · 10−16 −3.001 . . . · 10−16


10 3.458 . . . · 10−15 9.848 . . . · 10−15 3.861 . . . · 10−15


11 8.516 . . . · 10−14 2.425 . . . · 10−13 9.510 . . . · 10−14


12 2.063 . . . · 10−12 5.876 . . . · 10−12 2.305 . . . · 10−12


13 1.078 . . . · 10−11 3.071 . . . · 10−11 1.205 . . . · 10−11


14 3.983 . . . · 10−11 1.134 . . . · 10−10 4.452 . . . · 10−11


15 2.261 . . . · 10−11 6.439 . . . · 10−11 2.519 . . . · 10−11


16 2.566 . . . · 10−10 7.315 . . . · 10−10 2.949 . . . · 10−10


17 1.940 . . . · 10−8 5.526 . . . · 10−8 2.165 . . . · 10−8


18 1.129 . . . · 10−7 3.217 . . . · 10−7 1.259 . . . · 10−7


19 2.996 . . . · 10−7 8.532 . . . · 10−7 3.333 . . . · 10−7


20 3.712 . . . · 10−7 −1.056 . . . · 10−6 −4.094 . . . · 10−7


21 2.637 . . . · 10−6 −7.472 . . . · 10−6 −2.802 . . . · 10−6


22 1.474 . . . · 10−5 −4.187 . . . · 10−5 −1.595 . . . · 10−5


23 2.554 . . . · 10−5 −7.250 . . . · 10−5 −2.752 . . . · 10−5


24 5.362 . . . · 10−5 1.528 . . . · 10−4 6.012 . . . · 10−5


25 1.083 . . . · 10−1 3.088 . . . · 10−1 1.243 . . . · 10−1


Table 3: Approximations of η(s) by ratios (4.4) for N = 50, τ = 18, and diverse
values of s and m.
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∣∣∣ λN,m(τ,1−σ+it)


λN,m(τ,σ+it)
− 1
∣∣∣


m τ = 14 τ = 16 τ = 18


1 1.04 . . . · 10−139 2.73 . . . · 10−108 2.66 . . . · 10−79


2 9.96 . . . · 10−137 1.13 . . . · 10−107 3.07 . . . · 10−77


3 1.14 . . . · 10−131 1.13 . . . · 10−104 5.78 . . . · 10−77


4 7.31 . . . · 10−128 2.47 . . . · 10−103 1.03 . . . · 10−75


5 5.74 . . . · 10−124 6.58 . . . · 10−102 3.52 . . . · 10−73


6 9.30 . . . · 10−122 3.53 . . . · 10−98 6.51 . . . · 10−71


7 1.39 . . . · 10−117 1.29 . . . · 10−97 9.06 . . . · 10−71


8 1.93 . . . · 10−113 1.30 . . . · 10−96 1.67 . . . · 10−68


9 1.14 . . . · 10−110 1.43 . . . · 10−95 5.67 . . . · 10−67


10 8.40 . . . · 10−106 2.49 . . . · 10−93 8.30 . . . · 10−66


11 5.23 . . . · 10−104 4.58 . . . · 10−91 2.82 . . . · 10−64


12 7.31 . . . · 10−101 6.53 . . . · 10−90 1.40 . . . · 10−61


13 2.81 . . . · 10−97 6.71 . . . · 10−87 9.62 . . . · 10−61


14 1.20 . . . · 10−92 3.13 . . . · 10−86 3.45 . . . · 10−58


15 3.99 . . . · 10−89 1.08 . . . · 10−81 1.55 . . . · 10−57


16 1.47 . . . · 10−88 2.28 . . . · 10−81 4.64 . . . · 10−55


17 4.31 . . . · 10−86 1.03 . . . · 10−78 4.83 . . . · 10−53


18 1.19 . . . · 10−80 1.82 . . . · 10−77 1.94 . . . · 10−52


19 9.88 . . . · 10−76 1.03 . . . · 10−75 4.37 . . . · 10−50


20 9.87 . . . · 10−76 4.11 . . . · 10−74 7.30 . . . · 10−49


21 2.60 . . . · 10−74 4.80 . . . · 10−72 7.83 . . . · 10−46


22 4.70 . . . · 10−70 1.45 . . . · 10−69 8.06 . . . · 10−46


23 1.08 . . . · 10−66 1.03 . . . · 10−66 8.45 . . . · 10−44


24 3.19 . . . · 10−63 4.50 . . . · 10−63 2.03 . . . · 10−42


25 1.39 . . . · 10−60 1.57 . . . · 10−61 1.48 . . . · 10−38


26 1.85 . . . · 10−58 9.40 . . . · 10−58 1.18 . . . · 10−38


27 1.28 . . . · 10−54 5.85 . . . · 10−56 1.19 . . . · 10−37


28 6.68 . . . · 10−52 4.57 . . . · 10−53 1.66 . . . · 10−35


29 1.69 . . . · 10−48 6.80 . . . · 10−52 5.49 . . . · 10−35


30 4.71 . . . · 10−46 2.19 . . . · 10−47 1.53 . . . · 10−31


Table 4: Ratios of lower eigenvalues for N = 50, σ = 1/3, t = 14, and diverse
values of m and τ .
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λN,m(τ, s)


m τ = 14 τ = 18


1 −3.96 . . . · 10−134 − 1.53 . . . · 10−272i 3.20 . . . · 10−137 − 6.27 . . . · 10−216i
2 4.06 . . . · 10−132 − 1.50 . . . · 10−267i −2.36 . . . · 10−133 + 5.32 . . . · 10−210i
3 −1.87 . . . · 10−128 + 7.53 . . . · 10−259i 1.21 . . . · 10−131 + 5.13 . . . · 10−208i
4 −3.17 . . . · 10−126 + 8.32 . . . · 10−253i 6.50 . . . · 10−128 − 4.94 . . . · 10−203i
5 6.75 . . . · 10−123 + 1.34 . . . · 10−245i 4.45 . . . · 10−126 − 1.15 . . . · 10−198i
6 5.49 . . . · 10−122 + 1.74 . . . · 10−242i 1.37 . . . · 10−122 − 6.56 . . . · 10−193i
7 1.73 . . . · 10−118 + 8.37 . . . · 10−235i −1.49 . . . · 10−121 − 9.90 . . . · 10−192i
8 2.97 . . . · 10−116 + 1.93 . . . · 10−228i −1.17 . . . · 10−118 − 1.43 . . . · 10−186i
9 −7.63 . . . · 10−114 − 2.92 . . . · 10−223i −6.12 . . . · 10−116 + 2.54 . . . · 10−182i


10 −3.03 . . . · 10−111 − 8.29 . . . · 10−216i 3.82 . . . · 10−114 + 2.33 . . . · 10−179i
11 5.30 . . . · 10−110 + 9.38 . . . · 10−213i 3.69 . . . · 10−112 − 7.63 . . . · 10−176i
12 5.23 . . . · 10−108 + 1.24 . . . · 10−207i −2.84 . . . · 10−109 + 2.94 . . . · 10−170i
13 −1.94 . . . · 10−105 + 1.75 . . . · 10−201i −2.72 . . . · 10−108 + 1.91 . . . · 10−168i
14 −6.72 . . . · 10−103 − 2.44 . . . · 10−194i −4.55 . . . · 10−105 + 1.15 . . . · 10−162i
15 −6.92 . . . · 10−101 + 8.41 . . . · 10−189i −4.86 . . . · 10−103 + 5.56 . . . · 10−160i
16 1.05 . . . · 10−99 − 4.76 . . . · 10−187i 2.27 . . . · 10−101 − 7.76 . . . · 10−156i
17 −1.20 . . . · 10−97 + 1.38 . . . · 10−182i −6.44 . . . · 10−99 + 2.29 . . . · 10−151i
18 −5.93 . . . · 10−95 + 2.04 . . . · 10−174i −1.58 . . . · 10−97 + 2.25 . . . · 10−149i
19 −8.03 . . . · 10−93 + 2.64 . . . · 10−92i 4.95 . . . · 10−95 + 1.59 . . . · 10−144i
20 −8.03 . . . · 10−93 − 2.64 . . . · 10−92i 3.10 . . . · 10−93 − 1.66 . . . · 10−141i
21 3.74 . . . · 10−90 + 3.23 . . . · 10−163i −2.17 . . . · 10−90 + 4.25 . . . · 10−90i
22 −4.91 . . . · 10−87 + 6.50 . . . · 10−156i −2.17 . . . · 10−90 − 4.25 . . . · 10−90i
23 9.86 . . . · 10−86 − 2.92 . . . · 10−151i −5.44 . . . · 10−87 − 3.39 . . . · 10−130i
24 1.57 . . . · 10−83 − 1.37 . . . · 10−145i 3.51 . . . · 10−85 − 5.27 . . . · 10−127i
25 6.54 . . . · 10−82 + 2.42 . . . · 10−141i 8.04 . . . · 10−82 + 8.25 . . . · 10−120i
26 −4.02 . . . · 10−80 + 1.99 . . . · 10−137i −9.38 . . . · 10−82 − 7.65 . . . · 10−120i
27 −9.45 . . . · 10−78 − 3.13 . . . · 10−131i −6.29 . . . · 10−80 − 6.13 . . . · 10−117i
28 2.34 . . . · 10−76 − 3.95 . . . · 10−127i 1.27 . . . · 10−77 + 1.81 . . . · 10−112i
29 6.46 . . . · 10−74 − 2.63 . . . · 10−121i 1.24 . . . · 10−75 − 4.77 . . . · 10−110i
30 −3.48 . . . · 10−72 − 7.33 . . . · 10−117i −7.35 . . . · 10−74 − 5.04 . . . · 10−73i


Table 5: Lower eigenvalues λN,l(τ, s) for N = 50, s = 1/2+14i, and diverse values
of m and τ .


34







N τ t σ max
∣∣∣ ωN,m,k(τ,1−σ+it)


ωN,m,k(τ,σ+it)
− 1
∣∣∣


40 14 14 0 5.46246 . . . · 10−87


40 14 14 1/7 3.20371 . . . · 10−87


40 14 14 1/3 3.30046 . . . · 10−87


40 14 15 0 3.18719 . . . · 10−77


40 14 15 1/7 1.85486 . . . · 10−78


40 14 15 1/3 1.88463 . . . · 10−79


50 14 14 0 3.02829 . . . · 10−115


50 14 14 1/7 8.93416 . . . · 10−116


50 14 14 1/3 4.20312 . . . · 10−116


50 14 15 0 3.86955 . . . · 10−103


50 14 15 1/7 1.16495 . . . · 10−104


50 14 15 1/3 5.25409 . . . · 10−106


50 16 14 1/7 8.56135 . . . · 10−85


50 16 14 1/3 2.69217 . . . · 10−85


50 16 15 1/7 2.65126 . . . · 10−112


50 16 15 1/3 2.99890 . . . · 10−114


50 18 14 1/7 5.06519 . . . · 10−57


50 18 14 1/3 3.86475 . . . · 10−57


50 18 15 1/7 4.30181 . . . · 10−69


50 18 15 1/3 2.54209 . . . · 10−69


Table 6: Conjugate symmetry of eigenvectors WN,m(τ, σ + it) and
WN,m(τ, 1− σ + it) for m = 1 and diverse values of N , τ , σ, and t


35







n ωN,m,n(τ,+∞)


−39 4.2 . . . · 10100


−38 −1.1 . . . · 10102


−37 1.4 . . . · 10103


−36 −1.1 . . . · 10104


−35 6.8 . . . · 10104


−34 −3.1 . . . · 10105


−33 1.1 . . . · 10106


−32 −3.4 . . . · 10106


−31 8.8 . . . · 10106


−30 −1.9 . . . · 10107


−29 3.5 . . . · 10107


−28 −5.7 . . . · 10107


−27 8.1 . . . · 10107


−26 −1.0 . . . · 10108


−25 1.1 . . . · 10108


−24 −1.0 . . . · 10108


−23 9.3 . . . · 10107


−22 −7.1 . . . · 10107


−21 4.8 . . . · 10107


−20 −2.9 . . . · 10107


−19 1.5 . . . · 10107


−18 −7.5 . . . · 10106


−17 3.2 . . . · 10106


−16 −1.1 . . . · 10106


−15 3.9 . . . · 10105


−14 −1.1 . . . · 10105


−13 2.8 . . . · 10104


n ωN,m,n(τ,+∞)


−12 −6.1 . . . · 10103


−11 1.1 . . . · 10103


−10 −1.8 . . . · 10102


−9 2.4 . . . · 10101


−8 −2.7 . . . · 10100


−7 2.5 . . . · 1099


−6 −1.9 . . . · 1098


−5 1.1 . . . · 1097


−4 −5.3 . . . · 1095


−3 1.8 . . . · 1094


−2 −4.1 . . . · 1092


−1 −1.3 . . . · 1091


0 1
1 −3.6 . . . · 1091


2 9.4 . . . · 1092


3 −2.3 . . . · 1094


4 5.4 . . . · 1095


5 −1.0 . . . · 1097


6 1.6 . . . · 1098


7 −2.0 . . . · 1099


8 2.2 . . . · 10100


9 −1.9 . . . · 10101


10 1.4 . . . · 10102


11 −8.8 . . . · 10102


12 4.7 . . . · 10103


13 −2.1 . . . · 10104


14 8.8 . . . · 10104


n ωN,m,n(τ,+∞)


15 −3.0 . . . · 10105


16 9.4 . . . · 10105


17 −2.5 . . . · 10106


18 6.1 . . . · 10106


19 −1.2 . . . · 10107


20 2.4 . . . · 10107


21 −4.0 . . . · 10107


22 6.0 . . . · 10107


23 −7.9 . . . · 10107


24 9.2 . . . · 10107


25 −9.6 . . . · 10107


26 8.8 . . . · 10107


27 −7.1 . . . · 10107


28 5.0 . . . · 10107


29 −3.1 . . . · 10107


30 1.7 . . . · 10107


31 −7.9 . . . · 10106


32 3.1 . . . · 10106


33 −1.0 . . . · 10106


34 2.9 . . . · 10105


35 −6.4 . . . · 10104


36 1.0 . . . · 10104


37 −1.3 . . . · 10103


38 1.0 . . . · 10102


39 −4.1 . . . · 10100


Table 7: Eigenvector WN,m(τ,+∞) for N = 40, m = 1, and τ = 14.
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