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1 O pabore

Haunast pabota siBisieTcs jonosHeHreM K crarbe [4] u niunocrpupyer ee pesyibrarsl. Pacemarpusaercst
MeTPUIEeCKUil rpad TPOCTERIeil CTPyKTYyphl - Tpex/iydeBas 3Be3jla ¢ pedpaMu MOMapHO pPa3/IMIHON
JymHbL. J1jist Hero JeTajbHO OHMUCHIBAIOTC Bee maru nporeaypsl [4], npusosimeii anrebpy sitkoHagoB
rpada K kanoHmIeckoii popme. CriekTp ajrebpbl OCHAIIACTCS CTPYKTYPOil rpada, peBpalialieil ero
B roMeoMOpMHYIO KOIIHMIO MCXOJIHOM 3BE3/IbI.

2 BoJunbl, pa3oneHusi, dMKOHAJIBI

e Paccmorpum merpuueckuit rpad €2, cocrosimumit u3 pebep E = {e1, o, e3} ¢ qpmuamu Iy, la, I3, BHYT-
PEHHell BEPIINHbBL U U 2PAHUYHOIT BEPITUH Y1, Y2, Y3 (0 = 71 U2 Uy =: T'). iunbl pebep pasindHb:

ll <12 <lg.

Puc. 1: I'pad

Ha rpade 3anana merpuka 7 = 7(z,y). Yepes
Ny ={z e Q| 7(z,%)}, r>0, i=1,2,3
0003HAUAIOTCST METPUYECKUE OKPECTHOCTH BepinuH; dyHKuus 7(+):
7(z) :=7(x, 1), x €

Ha3bIBAETCA SMKOHAJIOM.

e Ha rpade ompenenena guHaMmIecKas CHCTEMA

’LLtt—A’LL:O in LQ(Q), 0§t§T,
u(-t) €K forO0 <t <Tj
’LL|t:0 = ut|t:0 =0 in Q; ’
u=feFr onI'" x [0,7],
B KoTOpoit T > 0 — KOHeUHbIT (DUHAJIBHBI MOMEHT BPEMEHH,
d2
A Ly(Q) — La(2), DomA =K, (Ay) |, = pr R 1,2,3
i T

— oneparop Jlamraca, onpeenennsiii Ha Kiracce Kupxroda I

3

- y(@) —y()
D, m (@, ) 0}’

i=1

K= {y € H*(Q)




3
Fli= Ly x[0,T) =@ FL, Fl:=Ly({n}x[0,T)), i=1,23
i=1

— IIPOCTPAHCTBO I'PAHNYHBIX YIIPABJIEHUI U €70 MOITPOCTPAHCTBA, OTBEYAIOINE I'PDAHNTHBIM BEPIITHHAM;
u=ul (z,t) — pemenue (BoJHA, UHUIMUPOBAHHASI yIIpaBjieHueM f € ]:T).
Bostabr pactipocTpaHSIOTCs ¢ KOHEYHON CKOPOCTDHIO:

suppu! (-, 1) € Qlfy], fe .7-",3;, i=1,2,3.

Kaxnoit Bepmmae v € I' orBevaer dyHmaMeHTAIBHOE PEITEHIE

0, ' #~

W =ua@t), 160 =50060, 60 =1 7
9 7_/7

OIIMCBhbIBAIONIeE BOJIHY OT MI'HOBEHHOI'O MCTOYHHKA, ,ZLGﬁCTByIOH.IGI‘O n3 3TON BEPIINHLBI.

e MHuozxkecTBa (IOAIIPOCTPAHCTBA)

Uu; == {uf(-,s)| fE]::;F} = {[u‘sv‘s(-,-)*f} (s)] fe]:;p}, 0<s<T
HA3BLIBAIOTCS JOCTIZKUMBIMEI. OHU ONIPEIETAIOT HeyObIBAIOIINE CeMECTBA OPTOIOHAIBHBIX TPOEKTOPOB:
Py Lo(Q) — La(Q2), Ran Py =UJ, vel.

ITpoeKTOPBI ONPE/IEISIOT CAMOCOIPSIKEHHBIC OLIEPATOPLI
T T
E; ::/0 (s +1)dPy,

(atixonanw), neficrsyiomue B Ly(€2). Ormeriy, uro pance B [1 B] o BBomumucs coornomenuen EX =
T
fo $dP§, HO IPUHSTOE BBIIIE OIpPEJENIeHNe OKa3bIBaeTCs OoJtee yIo0HbIM.

e IIpocrpancreeHHo-BpeMeHHble rpadbl
H., := suppu® C Q x [0, 0), H;F = H, N (2 x1[0,T])

HA3BIBAIOTCS 2udpot u yceuennol 2udpoti coorsercreento (cum. |2 [3]). Tuaper cyTh Hocurenn byna-
mentambubix pemenuit. Ha Puc. HY u HY, nmoxasambi royGhiM 1 2KeITBIM IBETAME COOTBETCTBEHIO.

e JlasbHeilnme paccMOTpeHusl OTBEYAIOT (PUHAIBHOMY MOMEHTY T, Jijisi KOTOPOI'O BBIOJIHEHO
T>1l>10, T<ly, T<Il+I.

Ipu TaxoMm ¢ = T BOJHBI OT BEPIIMH | U Yo JOKAIM30BAHBI B IepeceKalomuxcs okpectaocTax Q7 [vq]
u Q7' [ys], KaxkIas8 U3 KOTOPLIX CONEPIKUT BHyTpenHioo sepumiy v. CoorsercrByiomas rumpa H' :=
H:{l U H:;’; U 3alI0JIHEHHDbIE BOJIHAMU OKPECTHOCTH IoKasaHnbl Ha Puc. 2 uldl Passeprka mannoil ruapol
upezcrasiena #a Puc. [ (moBepryTa na 900_). PassepTka onpesienser pasouenne rpada {2 Ha cemeticmea
7, cocTogmume n3 HHTEPBAIOB (KJIETOK ) w! OMMHAKOBOIL JUIHHBL |w] | = €g; (IeTaNBHOE OIUCAHNE TAKOTO
pa3bueHust U ero reoMeTpryecKuii cMbica B obiieM ciydae M. B [1]). B pacemarpusaemom ciryuae rpad
pasbuBaeTcs Ha TPU ceMeiicTBa:

11
1 _ 1 2 _ 2 3 _ 3
o -Ued w0 Uet 00= el
i i =1



Puc. 2: T'umpa.

cocrogmue u3 2, 8 u 11 xnerox coorsercrienno. Ha Puc. [ kinerkn wil OTMeYEHBI MYHKTUPOM, KJIETKHU

w-2 - 3€JICHbIM, a KJIETKN wg’ - KpaCHbIM IIB€TaMMH. Kamgaﬂ KJIETKa HaKpPbIBaCTCA (HpI/I BEPTUKaJIbHOM

1
npoexktuposanuu ) x [0, 7] — ) coOTBETCTBYIOMUMU yUaCTKAMU IHJIPbI, OKA3AHHBIMEI HA Pa3BePTKe
COOTBETCTBYIONMMH IBeTaMu. Pasbuenue rpada (TouHee, ero 4acTu, 3amoJHEHHONW BOJIHAME K MO-
menty t = T') mokazano na Puc. @l Tam ke, cepbIM U TEMHO-CEPBIM IIBETOM yKa3aHbI METPUYICCKUE
T-0KpecTHOCTU BEPIIUH Y, U V2.

Paszbuenne paspepTku onpejessieT HabOp JMHEHHBIX (DyHKIIIT Tf/q)j € C([0,eq5)):
Tj;c}j(’r):tfyc}jirv S [07€¢j]7 jzl,---yn—y{ﬂa

i .
rie tﬁ{q)j > 0 - HEKOTOpBIE KOHCTAHTHI; ux rpaduku nokasansl Ha Puc. Bl (onpenesnenne B obimem ciyaae
7
em. B [I]). [Tpusegem Tounoe onucanue (hpurypupyromue B HeM BEKTOPBI-CTOJIOIbI ﬁ,yq)j pa3MepHOCTH
Mg UCHOJIB3YIOTCS HUZKe, HHJEKC ¢ O3HAYAeT TPAHCIIOHUPOBAHUE):
Cemeiicrso ®!:
nqu)l = an)l = 1, mer = 2, €Epl — 211 -T

Ter(r) =147, B4 =(1,0)
Tat () =147, Bl 4 =(0,1)"

CewmeiictBo ®2: ol — 1
2 — U1
’I’L,qu>2 = ’I’L,Yzqﬂ = 4, me2 = 8, €p2 = T — T



7L ge(r) = 14305 —r o gl = (1,0,0,0,0,0,0,0)"
ryaa(r) = 1+ Bl b r By = (0,1,0,0,0,0,0,0)
3 — L+l 3
TZ@Z(r) =1+ ﬁ -, e = (0,0,0,0, 75, f 0, O)t
Thae(r) =1+ 532+, B 40 =(0,0,0,0,0,0, 75, )
hge(r) = 143052 —r gl ) =(0,0,1,0,0,0,0,0)"
72 ge(r) = 143822 4 r 2 1, =(0,0,0,1,0,0,0,0)"
73 pa(r) =1+ 05 4 B2 0 =(0,0,0,0,1,0,0,0)"
T ge(r) =1+ 152 —r Bl 0, =(0,0,0,0,0,0,1,0)

Cemeiicreo ®3:
7’L,\/1¢.3 == 7’L,\/2¢.3 == 6 mes = 11 €Ep3 = T— lg

000000000,1,0t

1\t
0,0,0,0,0,0,0,0, 2 7O=ﬁ)

e Pasbuenuio rpada Ha cemeiicTBa U KJIECTKUA OTBEYAET PA3JIO2KEHUE TPOCTPAHCTBa Tpada Ha MOAIpo-

Télq,g(r)—1+2ll—12—r W = (1,0,0,0,0,0,0,0,0,0,0)"
Tg1¢3(r)—1+211—12+r M,g (01000000000)
75 ga(r) =1+l -, S o5 = (0,0,0,0, 55 f0000)
Tfjlq,g(r):1+l2+r, 5414)3_(0000,0,0,[ ﬂ,ooo)
7 ge(r) =1+l —, 55@3_(00000000100)
Tfjlq)g(r):1+l1+r, B g = (ooooooooo,ff)t
1 _ 1

T%2¢3(r)_1+211—12—r, %zq)g_(oo,l,oooooooo)i
Tgﬂ,g(r) L42h — o+, 345 =(0,0,0,1,0,0,0,0,0,0,0)
T72<I)3(T) = 1 + ll + T, §/2¢3 - (0 070707 1707070707070)t
Tgs(r) =140 -, B4 = (0,0,0,0,0,0,1,0,0,0,0)"
> 03(T) = ( )

= (

CTpaHCTBA:
3 _ 3 Mgy ' 3
L) =63 L#) =6 33 Lalel) = 03 Lall0 o B,
J=1 j=1i=1 j=1
C pasjioxKeHueM CBsi3aH YHUTApPHBII OlrepaTop
3
U:Ly(Q) =& Ly([0, €qs], R™27),
7j=1

OTIPEIEISIIONIII napamempuyeckoe npedcmasnerue SHKOHAIOB

'qu
ETU_ —EBZ ZTA@J 7‘1’3 GEBZC [0, €], M™a7), (1)
j=1
rje qu)J CYTh OJIHOMEPHBIE OPTOTOHAIBHDBIE TPOEKTOPH B R™@i

P»ic}] = <‘a »iyq>j> »iyc}j’ »ch] € Rmy |ny<1>]| =L (2)

Bekropsr f3 @i CTPOATCA TIO dbyHIAMEHTAILHBIM PEITeHIIM u%% B coorBeTCTBHE CO CTPYKTYPOI THID

HT olpeJejieHnunsd B O6HL6M CJIydae CM. B m HpI/I 9TOM JIA Ka}K,H,OI/I FpaHI/I‘{HOI/I BEPHINHDBI 7 BBIIIOJTHEHO

P;@P;@ Pl Pl =0mpni # 4.



B coorBercTBUmM C (III) nMeeM IipecTraBjleHue OTAC/IbHBIX SMKOHAJIOB B HapalVIeTpH‘IGCKOfl d)opMe:

T -1 3. (" ;
UBLUT =% | 2 maOPhw |
R (3)
Trr—1 _ ; ;
UBLUT =8 % | 3 T (P

3 Auarebdpa 3iiKoHaJIOB

OHpe,ZLeJIeHI/Ie n mnmpeacraBJieHue

e [Dnasnblil npeamer paborel 310 C*-anrebpa siikoHaaoB

,_ T T
¢ :=V{E),,E,}

— vuanMasbiasg C*-roganrebpa agredpel OrpaHmdeHHBIX oepaTopos B Lo (§2), comeprKaiiast SfKOHAIIDL.
Cornacuo (3), nmeem BiroKeHHE:

3
UEU™ C @) C([0,eq,],M™7).
j=1

Omo yTOUHSIETCST CTEYIONTIM 0OPA30M:

3
UeU™ c & C((0, eqs], Bas ), (4)
j=1

rae &Bqnj = V{P»2Yq>1| v e {/71772}7 L= 17 s ,’I’L,Yq)j} C M™es.

O6o3naunm qepe3 Pg; HAOOPHI TPOEKTOPOB, KOTOPDIE SBISIOTCS 00Pa3yoNuMu s aaredp P,
Pg; = {Pfy'cbj| v E€1{1,72} i=1,...,n.9;}. Ha kaxxaoM 3 Takux Habopos BBEIEM OTHOIICHHE SKBH-
BAJICHTHOCTH 110 CJIEIYIONEMY MpaBuiy. ByaeMm rosoputh, uto npoekropel P = (-, 8) u P' = (-, 33’
HAXOJATCS B OTHOIIEHUU ~(, eIl BbinogHeno PP’ # (0 umm, 4To sKBUBaJeHTHO, BeKTophl 3 u 3 ne
oproronansubt: (3, 5") # 0. Pacmmpum 3T0 OTHOIIEHUE [0 TPAH3UTUBHOCTH J0 OTHOIIEHHs SKBUBA-
serrHoctn: npumeMm P ~ P’ ecan B Habope UMeoTcs IpoeKTopsl P, . .., P, Takue, 9TO BBIIOJIHEHO

P g Pyrvg e~ P P

MokHO TOKa3aTh, ITO pasOHEHNIO KaxKI0To Habopa
qj
_ k
Pys = | J P4,
k=1
Ha, KJIACCHI SKBUBAJEHTHOCTH ]P’gj oTBevaeT pazsoxkenue Pg; HA MOIAITEOPHI

45
k k k
Poi = EB’B@, Boi =V Pg;,

k=1

npudeM UMeeT MeCTO M30MEeTpud

k mg k i a
o = ®j, mg,; = dimspan {B1(8)B € Py}



Kak CJIeICTBUE, UMEEM BJIOZKEHUC!:

3 4
UeU~' c P C[0. eqs]. Bh). (5)

j=1 k=1

Bamernm, uro npu nepexose ot () k (Bl) kosmaecTBo 6710K0B (CIaracMbIX B IPaBOii YACTH) yBEIHINBA-
eTCsl, HO UX CTPYKTYPa CYIIECTBEHHO YIPOIIACTCsL. DTO BIHO Ha IIPEMEPE paccMaTpUBaeMoro rpada:
[pUBEJIEM TOJAPOGHOCTH.

e Ornnmrem HabOPBI ]P’gj TUIST OTIebHBIX ceMeiicTB @7 . Ommcamne JIerko M3BJIEKAETCS U3 KOHKPETHOIO
BHJIa, BEKTOPOB 3! ! s> IPUBEJCHHOIO B KOHIE IPEIBLLy el CeKIy.
Cewmeiicto ®1: ¢ =2
= {P1 @1} mcll)1 =1
{ @1} m?y =1

CemeiictBo ®2: g = 6

]P)ég - { 11<I>2} méz =

P2, — (P2 .}, m2, = 1
Péz ={ ,\/2@2}7 m%z =1
Pl = (Pl mi, =1

5 3 5
Pq>2 {P 1<I>2’ .\/2(}2}7 mq>2 - 2
6 4 6 __
]P)qﬂ {P N B2 W@z}a Me2 = 2

CewmeiictBo ®3: g3 =7

]P)‘l;ﬁ {P 1@3} m<11>3 =
]P)31>3 {P 1@3} m<21>3 =
P, ={P 2@3} mas =1
]P)és {P. ’52‘1)3} mé?, =1
Pg3 { 1c1>37 32@3}’ m<51>3 =
Pg3 { L B3 -;12<I>3} m<61>3 =2
P73 ={P y @3 V1¢3’P5‘1’3’ 72@3} mg:’, =3

BBoms HOByIO CKBO3HYIO HyMepaluio s OJIOKOB, MPOEKTOPOB W COOTBETCTBYIONMNX UM (DYHKIHH T,
MIPUXOUM K CJIEJIYIOMIEMY IIPEJICTABICHUIO HKOHAJIOB!

Nyt Mol
vELU™! _@Z Z k1, UEL U™ _@Z Z
= =
L
veu—' c @ C(0.a], B, Pr=M™ (6)

=1

Hecnoxno noacuurars, yro L = 15. OnumieMm JeTain 3TUX IPEICTABICHN:

o [ =1: 61:211—T m1:1

v T%llzl—i-r, }/11 = (1)¢

o [ =2 62:211—T,WL2:1
Y2 T,$22: 1+T, %/22 :(1)t
o 1=3 gy=320_T my=1

. 1 _ 3l =1 1 t
M T’yl?’ =1+ % -, 73 (1)



°

o~~~
Il
o

g4 = —3l22_ll —T, my =1

o l=5 g=300_T m5=1
31—l
Yo: 7;}25:14— =2 —, $25:(1)t
o [=0: 56:—3l22_11—T,m6:1
Y2 T’*}zﬁ =1 + —3l12_l2 + T, ’*1/26 = (1)t

o =T g =320 _T m;=2

1 i+l 1 (1 1
Y1- 7717_1_‘_%_7" ’y17_(ﬁ7ﬁ)t
L+l
Y2 T,$27 =1 + —1—5 2 + T, '1Y27 = (1,0)t
o [ =8 58:—3l22_11—T,m8:2
1 1+l 1 _ (1 1
M Typs =140 718_(ﬁ7ﬁ)t
L+l
Yo: 7;}28: 144932 —p %28: (1,0)

e[ =0: EgZT—lg,m9:1
: 7%19 =142 -1y —r, 5“1/19 = (1)¢
e [ =10: ElozT—lg,ml():l
Y1 7'%110:1%—2[1—[24-7', 5}{110:(1)"’
o [ =11: 511:T—l2,m11:1
o [ =12: 512:T—l2,m12:1
0121321613:T—12,m13T2 . .
Yo Ty13 = L+l —r, 5%13 = (ﬁv ﬁ)
Y2 7—,\:}213 =1 + ll + r, ,}/213 - (1,0)t
0121421614:T—12,m14?2 . .
Y Ty =1+bk+r, 5%14:(%75)
Y2 T,$214 =1 + ll -, 5,::/214 - (1,0)t

o [ =15: 615:T—l2,m15:3

o 7,2115 = 1 + ll -, 5%115 = (1,010)t1 .
7—?{115:1—’_11—'_74, 51/115:(07%,?)
72. 7,5215 — 1 + l2 - T, %/215 — (Oil,O) L
77215:1_’_12_’_747 67215 :(%,0,%)

I'panununas anredbpa

e DjieMeHTHI asrebp B JIeBOii U 1paBoii Yactsax Biaoxkenus (€ cyTh HenpepbIBHbIE MATPUYHO-3HAUHBIE
dyukuu or coorsercrByronmx mapamerpos 1 = r; € [0,¢;]. Baxkuo, uro pazimume sTux aaredp co-
CTOUT MOABKO B NOBEJeHUN STUX (DYHKIMI Ha KOHIAx cermMenToB [0, &;]. VIMeHHO, KOHIIEBbIe 3HAYEHSI

3 4

ssiemenToB anrebper @ @ C(]0, E@j],ml(%j), OTBEYAIONINX PasdHvuiM (C PasHbIMU j, k) GI0KaM, He3aBH-
j=1k=1

CHMBI M TIPOU3BOJILHEI, B TO BPeMsI KaK TaKne 3Ha¥eHust saeMentos u3 UEU ~!, Boobie rosopst, Kak-To



CcBA3aHbI MexKy coboil. JlaTh mosiHoe onmcaHne 3TUX CBsI3eil M O3HAYaeT OXapaKTepH30BaTh aJreopy
UeU~!. BroanMas HizKe rpaHnuHast ajredpa HCIOIb3yeTcsl B XapaKTePU3aIlii.

k .
o Jlsa KaxKaoro Pﬁ/l OIIPEJIEIUM IIPOEKTOPHL:

O B
L
k . k —

,P'yl K Pfyl € iBl - EB‘BI )

. . =1

Or Br
rie O; - HyJeBble MATPHUITHI COOTBETCTBYIOIIEH PA3MEPHOCTH.

s snementos e € UCU ! u mabopos r = {ry,...,7.}, 7 € [0,5] BBegem oboznauenmue:

L

L
e(r) == Zel(n) € @‘Bl.

=1 =1

OrmpeniesiuM 2paHuHyo anzebpy

oUeU 1) = {e(o) D e(e) &

L L
eGUQEU_l}C [@‘Bz @ml] ; (7)
=1 =1

re 0 ={0,...,0} ue = {e1,...,e1}. Ee 6oxamu 6yem naspisath Marputnble anredpot O(UEU 1)

OUeU N := {er)] ec UCU 1},

Beenem obosnauenue st anrebpsl B npasoii gactu ([):

L L
p? = [@im EB%] .
=1 =1

Omna cocront u3 2L HEIPUBOAUMBIX GJI0KOB 1 mmMeer npecrasiaenue B0 = VP2 B koropom

S

Pa::{Pﬁl@O\kzl,...,nwl; l=1,...,L; ’ye{’n,’yg}}u

{O@Pﬁﬂ kE=1,...,ny; L=1,...,L; 76{71,72}},

L
rie P«]fl CyTh IPOEKTOPBI, OlIpeieIeHHbIe Bhiite, a O - HyseBoil ssement anrebpsr P ;. O6oznaans
=1

)

phr {Pﬁl@o, r=0

1 -
7 O@P,I;l, r=¢e

nMeeM:
Paz{P§” k=1,...,ny, l=1,...,L, 7 =0,¢; 76{71,72}}.

Beemem Takxke momHaObOPHI B ]P’a, COCTOSATINE U3 00PA3YIONINX OTAEIbHBIX HEITPUBOIUMBIX OJIOKOB:
k
Py = {PJ\ E=1,...,ny 7€ {’Yl,’m}} -

Omnpeenum orobpazkenue T : P9 — P? o npasmy:

1% ’ ’
. PWT . ecam CymecTBYIOT T,l:l/ U T TAK#e, 9To Tffl, (ry) = Tfjl(n);
TP =
l
7351” B [IPOTHBHOM CJIydae.
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Ucriob3ysi KOHKPETHBIH BUJ (DYHKIIAN T,];l, HETPY/IHO MPOBEPUTDH, UTO oTobpaskenne T OmpeeeHo
KOPPEKTHO (SIBJISIETCS] OJJHO3HAUHBIM ).

e Byzem rosopurs, aro airebpa A(UEU ) pasdeasem Groxu d(UEU M) u JUEU 1))/, ecru nst
KaxK10r0 s1eMenta e € UEU ! raxoro, uro

(e0(r) = ¢ € UEU), () = ¢f € UEU);
HAMLYTCsl TaKue 3jeMenThl €, ¢ € UEU !, uro
@u(r) =ef € UEU), (@) =0€edUEU )y,

@u(r)=0€dUEU)], @) =e cdUECU ).

B mporusaOM cityaae OyjeM TOBOpUTH, 9TO ajaredpa €8A3v.6aem COOTBETCTBYIONNE OJIOKM.
.
Beezem HOBYIO HyMepaluio IPOEKTOPOB B Habopax IP:

ir

il Zzl,...,nfyl;

Pl =
r])(i_”W1 r

ol , T="Nyy + 1,00 Ny + Ty

Py ={P"i=1,...,n, Ny =Ny + Ny}
ComnocraBuM 3TUM HaGOpaM MaTPHIIBL:

[PPY| - PP
G®y) = {IP P}, = : :

PPl e PP

u G(T(PD) = {|T(P)T(P?)|}"_,. B cuny ouesnaubix pasencts |[PPPI|| = [(8%, 37)|2, mueen:

i,j=1"
(B Bh12 - (B 8™
G(Py) = : :
(6", B2 - (8™, B
CrpaBeJINBO yTBEp:KICHHUE:

!

Teopema 1. Anzebpa O(UCUY) censmeaem Gaoku O(UEU ) w JUEU ), 6 mom u moavrko 6
MOM CAYUAE, eCAU

T(P) =Py u GP])=G(T(F))) .
IIpu svinoareruu IMUx Ycarosull cCnPasediuss, COOMHOWEHUS
Ty =P =M™ =M,
a das aneebpv. O(UCU V) enpasedaueo npedcmasaenue:
oUeU ™ =oWUeuH[i,r,I', 7] &, (8)

2de
AUEU [, r',7"| =V{P&T(P)| PP} C %] &%,

a W - ocmaswueca 6a0ku eparnuunots anzebpoi. [lpu smom eparuvnan areebpa pasdeasem 6.a0Ku (caa-
eaemvie) 6 npedcmasaenun (8).
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Tem cambiM, rpanuvHas ajirebpa pasdousaercs jpe dactu. llepBast cocTOUT U3 Map CBSA3AHHBIX JIPYT
¢ Apyrom OJIOKOB, BTOpasi - U3 OJIOKOB, KaxKJIblil U3 KOTOPBIX He CBsI3aH HU ¢ OnMHUM apyruM. CylecTBeH-
HO, 9TO OTO6pa}KeHI/Ie T, CBA3bIBaroniece cjaaracMble B CyMMaXx P D TP, IPOJOJIZKaEeTCA IO U30METPUN
amre6p I : Pj — P

® OHpe,HEJH/Il\/I JIEMECHTBI

P+ T(PY), ecmu T(P') P, T(P")#P,

P, B OCTaJIbHBIX CJIydasiX

Q=

B [4] onu obosuadens uepes Q). B [] yeranosieno cieyomee:
k

Teopema 2. [Tycmv O(UEU _1)}" - 60K 2paruUNHOU an2ebpol, HE CeA3aHHIT HU ¢ 00HUM dpyeum. Toz2da
CNPasedAUEo PaGeHCmeEo:

QUEU N =v{Q|i=1,...,m}.

Hcnonbsyem teopemsr 1] n[2] myist onucanns crpoenns rpanninoii aaredpol. B Heil, Kax JIerko BUIETD,
CBSIBAHHBIMI MOT'YT OBITH OJIOKM TOJIBKO OJMHAKOBOW pasmepHocTH. ONUIIeM JeTaJIbHO 0TOOparKeHue
T (oTmesibHO JJist BEPIIMH Y1 U 2); YIPOINAsi 3aIUCh, MbI OILyCKA€M UHJIEKCHI Y U 7Yo:

e my=1,1=1,23,4,5,6,9,10,11,12:

.0 G T,0 G T,0 Tz T,0 Te T,0 Te
P Py Py Py Py P, P, ) Py P | Pig
V1:
T0 % G T,0 G T,0 T % T,0 Te T,0 T
T(P) | P ) P, Py | Py Pz P | P Py Py
.0 G T,0 G T,0 Tz T,0 Te T,0 T
P Py Py Py Ps Ps Ps Pii | P | Pia | Pid
yor| 4
T0 & G T,0 G T,0 T % T,0 T T,0 Tz
T(P) | Py Pii | Ps Py | Ps Pra Py | Py Pii | Ps

e my=2,1=7,813,14:

PP | Pt [P P | Py [Py | P | Pif
7|4

TP) | P [P * [P0 | Pis [Py | P | Py | Pus

PP | Pt [P [P Py [Py [P | Pif
IR

TP) | P [Py * [ P10 | Pis [Py [ P [ Py | Pe

e m;=3,1=15:

T,0 2.0 Tz 7
P P15 P15 P15 P15
74
2.0 T,0 Tz % Tz %
T(P) | Pis | Pis | Py P7
T,0 2.0 Tz 7
P P15 P15 P15 P15
7|4
2.0 T,0 Tz % 7F %
T(P) | Pis | Pis | Pr Pis
Ob6o3nauenne

!
T '
RURR Y
YKa3bIBAET, UTO JIEBLIH W IIPaBbIil OJIOKK CBA3aHBL. IIpHBe/IeM CHMCOK Iap CBS3aHHBIX OJIOKOB M OTBE-
varomux nm marpur G(P):
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e m; =1:

Pi o Py, GOR) =GTPB7) =(1)
B3 < P, GOR3) =G(T(RS)) = (1)
PP, GBS =G(T(PY) = (1)
PB5 < Pio,  GOP3) =G(T(H3)) = (1)
B P, G(PY =G(T(PY)) = (1)
P < PG, G(PS) = G(T(PY)) = (1)
P o Pio, GBS =G(T(B)) = (1)
Pe < P,  G(P3) = G(T(PY)) = (1)
P < Py, G(PS) = G(T(PY)) = (1)
By < Pi,  GOBG) =G(T(H)) = (1)
% < By, G5 = G(T(B)) = (1)
PBio < PB5.  G(Pig) = G(T(Bp)) = (1)
P < Py, GORY) = G(T(BY)) = (1)
Py < P5, GOBL) = G(T(BR)) = (1)
Py < P, GPL) = G(T(B)) = (1)
Pio < B5,  G(Pi2) = G(T(PR) = 1)
e my = 2: )
Wou co-crap-(; 1)
1
oW GO -Gra) = () 1)
1
Ty PGB =GR = () 7)
2

CBasu ME2KAYy OTAe/IbHbIMUA OJIOKAMHU MOXKHO HalvIZdHO ITPOUJIJIIOCTPUPOBATL CJIEAYIOIMIUM 06pa30M:

TeM caMBbIM BO3HHKAIOT I10CJIe J0BaTEC/JILHOCTHU CBHSKﬁ, KOTOPbBIMH MBI 6y,ILeM II0JIB30BaTbCA B ,ILaJIbHefI—
mIeM:

0 0 0 0
o BT < PG, Py < Pio» Pio < Bs, B3 < By
0 0 0 0
o B3 < Pi1, Pi1 < Pias Pia < Ps, Ps < P
0 0 0 0
o Pr < Ps, B <> Pis, Pis « Pia

Ocrasinecsa 6JIOKI/I, B COOTBETCTBHUU C TeopeMoﬁ m NMECIOT CJIG,H,yIOH_[I/Iﬁ BUI:

cwn={ (1) (00)) -
3 3 0 0
1 0 0 0 0 0 0 0 0 10 % 5
o Pl =V <000>, 0? 7 ,<010> ?0? = M°,
0 0 0 0 3 3 0 0 0 i 0 4



1 1
SEINTEE

o P =V 05 5[0 10 ~M! ¢ M2.
0 3 3 3 03

Kanonunueckoe mnmpeacTraBjieHUue

[IpuBomumast HIKe omepaliusa COeIMHEHUsT OJIOKOB IPUIAET MIPEICTABICHUIO AJIreOpbl MKOHAIOB €ro

3aBepIIAONLY 0 (KaHOHHIecKyto - cM. [4]) dopmy. B obrueit curyarnuu coeuaeHre onuchbBaeTCst CIey-
IOIIEI JIEMMOIA.

Jlemma 1. Ilycmo aneebpo A u B onpedessromces cAedyouuMY PaeeHCmeamu.:

(0) € ;‘Bl - ml
2A = f1®f2 GC([Ovel]vml)690([0762]7%32) (6) 6 szv )

f1(e) = Zf>(0)
0
= {f € C([0, €1 + €2],B1) ;ES)) :?sﬁ;cmllfnz

ede T : Po — Py - usomempua, a maxotce
A=V{fie fili=1,...,N}
Tozda 2 = B, npuvem obpasyrowue B umerom eud:
i {fm refoal
Zfy(r—e), rela,ea+e]

Vcnonbsyst iemmy [l B cirydae Tpex mocieioBaTebHOCTeNH GJI0KOB TPAHUIHBIX aarebp, TPUXOIUM K
cytiecTBoBaHuio nzoMmerpun U, ornpejiesisseMoil paBEeHCTBAME:

e UC = C([O,ll + 1y — T]) ©® C([O,h + 1y — T]) O] C([O,lg — ll],M2)@
a{f € C([0,T — 5], M?3)| f(0) € M' ® M?}

Nyl
o UET = @Z 1= EBZI 21 ml() o
:Fl(rl):l"i_rl
712(T2):0 L
ETy(rs) = (141 — 1y + T +13) (g g)
2 2
1 =2 2 V2
T 3 5 0 3 3 0
Ef,ra)=0+h—-m)| =2 2 o |+@0+h+r)| ¥2 1 ¢
0 0 0 0 0 O
T 4 Myl
oUE @Z «,21— IZ:X:: () 'yzl’
:}21(7'1):0
Eo(r2) =1+
1 0
Ems(rs>=<1+2l2—T—7’3)<o 0)
3 @ v R~ A -
EJ 4(ra) = (1+l2—r4)<3bg v zlbg)+(1+l2+r4)<31;§ ks M)
Ve e 2 % Tnvs 1



CrpykTypa E;Fl4 u EEYF24 onpenenserca uz yeaosus f(0) € M @ M2, JleiicTBHTEIBHO, MOMXKHO
3aMeTUTh, 9TO

10 0 1 0 0

1 2

foevifo 1o |, [o I ¥ ]L-mMaoM
00 0 0 - 3

HOJIYT{EHHOG apezcTaBjieHue JIjied aJIFe6pr SUKOHAJIOB 6y,ZLeM Ha3bIBaTbh KaHOHNYCCKMM.

4 CHeKTp n KaHOHMNYECKOe ITpeCTaBJICHHUE

e Hamomunm, uto cekrpom C*-anre6pbr 2 Ha3bIBAETCSA MHOXKECTBO 2l KJACCOB SKBHBAJICHTHOCTH €e
HEIPUBOJMMBIX IpeJicTaBiiennii. Kiiace skBuBajeHTHOCTH (TOUYKY CIEKTPa), OTBEYAIOIINil IIpeiCTaBIe-
Huio T, OyjeM obosHadarh depes 7. CrekTp cHabxKeH KaHOHMYeCKoil Tonosorueii Ixxekobeona [5] [6].
Mszomerpust aaredbp u : A — B onpeessier COOTBETCTBHE IIPeACTaBICHUI

A>S 7 — u,w € B, (u,m) (D) := w(u=t(b)), beB,

KOTOpPO€ IIPOAO0JIZKaeTCdA 10 KaHOHUYIECKOI'O I‘OMGOMOp(bI/I?)Ma CIIEKTPOB:

~

A>T = war €B, wi:={wn|nen}
Cupase/yInBO yTBEPZK IeHHe:

IIpennoxxkenune 1. IIpedcmasaerusi
7 C(la, b, M"™) = M", m(o) := &(t)

HENPUBOOUMDL, UL KAACCHL FKsUBaLeHMHOCMU ucuepnvsatom cnexkmp arzebpw C([a, b, M™). s ato-
6020 Henpusodumozo npedcmasaerus w aszebpu, C([a,b], M") cywecmseyem eduncmeennas mouxa t €
[a,b], maxas, wmo T ~ my.

Bocnonb3yemcest aTumMu cBoficTBAMEU M KAHOHUYIECKUM ITPEJICTABJICHUEM JIJIsI OIIUCAHUS CIEKTPa aJi-
reOpbl 3iiKoHaI0B. HeclI0KHO 3aMeTUTh, UTO CIIEKTP COCTOUT 13 4 UWHTEpPBAJIOB .77:

o Ai={mlrel0h+l-Th=0h+b-T,e=h+l-T

o S ={fre0l+l—T)}~[0,l+l—T,ea=U+10—T

o A={m|rel0l—hL]}=[0,ls—hles=1la—1

o Sy={]re(0,T =L} U{rj fgo} = (0,7 —lo] U{01,02}, 64 =T — Iy

Baech vepes {071,02} 06o3HAYEHBI /(Be pa3MYHbIE TOYKH, COOTBETCTBYIONIME KOHILYy MHTEpBaja, TO-
[TOJIOTMYECKH HEOTIE/JIMMbIE JIPYT OT APyra. DTHU TOYKH OTBEYAIOT JBYM IIPEICTABJICHUSAM, CBI3aHHBIM
C YCJIOBHEM Ha TPAHUIE WHTEPBaJIa B COOTBETCTBYIOIIEM OJI0Ke KAHOHUYIECKOTO mpeicTaBjieHus. Jls
KarKJI0T0 MHTEPBaJIa CIIPABEJINBO MPEICTABICHHE:

= K\uint.% U K,
rje int.?] - OTKpbITasi 9acTh COOTBETCTBYIOIIErO MHTEPBAJIA, a Ké, K é - KOHEYHbBIE MHOYKECTBA, OTBE-
Jafolnme KOHIIAM WHTEPBAJIOB. BBegeM obO3HaUEHNME:

4
int€ := U int.7].
=1
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o [lokaxkeMm, UTO 3aj7aHme SUKOHAJIOB U CIIEKTPA ONPEIEIsIeT KAHOHUIECKOe ITPEJICTABIIECHNE.

PaccMoTpuM BHYTPEHHIOIO YacTh CIEKTPA. BbLIesnM OTaesbHbIil OTKPBITHIA (B Tomosornu JIxke-
KOOCOHA) MHTEpPBaJI int.¥] U pacCMOTPUM JIEHCTBHE MPeICTaBUTE el TOUEK JAHHOIO MHTepBaJia Ha dii-
koHaJibl. Hecsiozkno 3amMeTnTh, 4T0

nq/l

m(EY) =) () MPy, e (0a) 7e {nrh (9)
k=1

e M - HeKOTOpast M3OMETPHs COOTBETCTBYIONETO MATPUIHOTO OJIOKA, OMpeeaseMast BBIOOPOM KOH-
KPETHOTO TPECTABUTEIIS KJIACCa SKBUBAJIEHTHOCTU MIPEICTABICHMUIA.

PaccmarpuBasi BceBo3MOXKHBIE TOUKH int.¥] ¢ yaerom pasencrsa ([d), MOXKHO BOCCTAHOBUTH HAGOD
dyHKIIT T,I;l upu r € (0,&;) aast y1 u o U Jyisi GUKCUPOBAHHOTO [. DTU (DYHKIMU [TPOJIOIKAIOTCST
[0 HETPEPLIBHOCTH HA 3aMKHYTBIE WHTEPBAJILI. [IOBTODSsT 9T paccMOTpeHUst TSI BCEX MHTEPBAJIOB
CIIEKTPa, MbI BOCCTAHOBUM BCE (DYHKITUT T,];l
1oty yeHHble (DYHKITUH BOCCTAHABJINBAIOTCH ¢ TOYHOCTBIO JIO €IMHON CMEHbBI lTapaMeTPU3AIIT 7" — £ —1T
B OJIOKe.

duxcanpeil 0[HOI0 KOHKPETHOTo HpejicTapienns . s nexoroporo r € (0,¢;) B (@) Boccramapu-

BaeTCs IIOJIHDLINA Ha6op OTHOMEPHBIX ITPOEKTOPOB C TOYHOCTBLIO /IO €IUMHOTO MaTPUYIHOI'O Hpeo6pa3OBa—

HNCXOJHOTI'O KaHOHNYIECKOI'O IIpEeJCTaB/ICHU . OTMGTI/IM, 9TO

HUSI.
Tem caMbIM yCTAHOBJIEHO, ITO CIEKTP IOJIyYHUBINEHcsT aaredOpbl onpeie/sdeT HaliIeHHOe paHee Ka-
HOHUYECKOE IPEJICTABJIEHIE C TOYHOCTHIO JI0 ONUCAHHBLIX BBIIIE 3JIEMEHTAPHBIX IPEoOPa3sOBaHUI.

5 CnekTpaJjbHbIi rpad

Panee 6bl710 mOKa3aHO, YTO KaxKJOH TOYKE 7 MOYKHO COIOCTaBHTH HAOOpP HHCEI t,’i(ﬁ) € IOMOUIBIO
PaBeHCTB:

7T(Eij—‘) - Zt'{j(ﬁ-)g"fp Y =71,72,
k

rue Q,’j - HEKOTOPLIE IIPOEKTOPLI. BBeaeM oTHOIIEHUE Ha CIEKTPE ¢ 1o CIIEIYIONIEMY IIPABUIY: OyIeM
TOBOPHUTD, UTO 7 ~q 7', ecjm XOTs Obl JJId OQHOIO 7 M HEKOTOPLIX k M k' BBINOJIHEHO PaBEHCTBO
tf/(fr) = tf/ (7). DTO OTHOMIEHNE TIPOJOIIKAETCS IO TPAH3UTUBHOCTH JIO OTHOIIEHHs! SKBUBAJTEHTHOCTH
~ ma cuekrpe. IlpoBemem daxTopusanuy clekTpa 0 9TOMY OTHOIIeHH0. Harignno maHubiil mpouecce
IIpeJICTaBJICH Ha, puc. [[

KpacHbIM 1BETOM BBLLIEIEHBI TOUKH, OKA3LIBAIOIIMECS KJacCaMU SKBUBAJICHTHOCTHA U3 Oojiee, YeM
0JTHOTO 3jieMeHTa. Kak BUIHO, (haKTOpHU3aIys IPEBPAIaeT CIIEKTP B HEKOTOPBIA 2pag, KOTOPBI MBI Ha-
3LIBAEM CNEKMPanbhoLm. JIBe ero BepInibl, BbIIEIeHHbIE YePHBIM IIBETOM, COOTBETCTBYIOT I'PAHNIHLIM
BepIIIHAM Y] U Yo UCXOIHOIO rpada.

Taxum 06pa3oM, CIeKTp aaredpnl MKOHAIOB TpeX/yueBoro rpada ) uMeer eCTeCTBEHHYIO CTPYK-
Typy rpada, romeomopdHoro 2. B kakoit Mepe 3T0T pakT SABJSIeTCsT OOIUM JIJIsT MEeTPUIECKIX IpadoB
- OTKPBITBIN BOIPOC, IPUHIUINAILHO BarKHLI M aKTya bHbIA 171 0OpaTHLIX 3a1atd..
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Puc. 3: PazBepTka rugpoi.
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Puc. 4: Pasbuenne rpada Ha cemeiicTBa.
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Puc. 6: CBa3u B rpann4noii ajiredpe.
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Puc. 7: ®akropusanust cuekTpa
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