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1 Bsenenne

O pabote

e Hamy paboTy MOXKHO TO3UIMOHUPOBATH CjeayomumM obpaszom. Cyiie-
CTBYET IOJXO0/I K 0OOPAaTHBIM 3aJladaM MaTeMaTHUIeCKOi (PU3NKHA - Memod 2pa-
nuwrnozo ynpasaenus (BC-meron) [7]. Tloxxos nmeer BHIPasKeHO MEKIUCIH-
IUIMHAPHBINA XapaKTep: OH OCHOBAaH Ha CBA3sIX 00paTHBIX 3a1a4 C TEOpUEil Cr-
CTEeM U TeOpHUeil yrnpaBjeHusl, UCIOJIb3yeT aCUMIITOTUIECKIE METObI, (PYyHK-
IMOHAJILHBIN aHaJN3, TEOPHUIO OllepaTopoB u Jp. Paspaborana aJjrebpande-
ckas Bepcust BC-merosa, ocHoBaHHas Ha CBA3SX ¢ ODAHAXOBLIME aJjirebpaMi,
JaBIIasi HOBOE PEIIeHME 3aJa9y PEKOHCTPYKIIUNA PUMaHOBa MHOI0OOpas3usi
[0 IPaHUYHBIM JaHHbIM [3, 7, 8]. Hamra nepcuekrusHasi 1esib - npuMeHeHe
9TOI Bepcun K oOpaTHBIM 3ajadaM Ha rpadax. Jannas pabora - mar B 9TOM
HalpaB/ICHNN.

e Ajrebpandeckast Bepcusi OCHOBaHa Ha (DyHIAMEHTAILHOM (DAKTE: TOIOJIO0-
IUYeCcKOoe ITPOCTPAHCTBO XapaKTePU3yeTcsl aJleKBaTHoON ayredpoit. Kak mpu-
Mep, KOMIIAKTHOE XayCaop@doBO IPOCTPAHCTBO {2 ¢ TOYHOCTHIO 0 FOMEOMOP-
dbusma onpenensercs anrebpoit menpeprisabx dymkImit A = C(Q2) (.M.
Tenbdan, 1943). [Tpu 9170M criekTp ajrebpbl, - MHOXKECTBO 2 ee HEeIPUBO/IU-
MBIX HpeACTaBneAHHI?I, cHaOXKEeHHOEe aJIeKBATHON TOMOJIOrHeil, - roMmeoMopden
upocrpancry: % = (). Kax ciencrsue, pacuosarast 4100bim IpecTaBie-
nuem 2" anre6por 2A, n Haxons ero crekTp A = A = O, MBI HOIyuYaeM
romeomopdHyio Komnnio mnpocrpancrsa 2. ITo 3Toit cxeme permaercst 3aaa4a
PEKOHCTPYKIUU: U3 JIAHHBIX 0OPATHON 3ajaii M3BJICKACTCS HPEICTABICHHE
A" u maxonurea ero crekTp A/, KOTOpBI M JI0CTaBJdAeT pelleHne 3a/a4qu
- TOMEOMOP(HYIO KOIMIO IOJIEXKAIIEI0 BOCCTAHOBJICHIIO MHOTOOOpasust §).
ConepxkaTesibHas 4acTh IOIXO0Ja 3aK/II0UaeTCs B HaXOxKJleHnn aareopnr A’
10 M3BECTHBIM JIAHHBIM. B KadecTBe mocjegHeil Mcoib3yercs aazebpa stixo-
nanoe & onpeeisieMasi IUHAMUYIECKON CUCTEMOi, KOTOPas OIMUCHLIBACT Pac-
[IpocTpaHeHne BoJIH B 2.

e Bapuantsl BC-merona st 06paTHbIX 33124 Ha rpadax IpeijioKeHbl B
[2, 10, 11]. Bepcusi, ucnosnb3yormas aaredpy SHKOHAIOB, WHUIMMPOBAHA B
[12] u momonmena B [9]. Hama pabora passusaer sror mojaxox. Ero obree
HAIpaB/ICHUE - U3yUeHne CBs3ell Mexy coiicrBamu anre6pbl € (60uHOlM
CTPYKTYDOii, anrebpandecKuMu HHBADUAHTAMI, IPEJICTABICHUSAME) M [€O-
merpueil rpada. IlepcrnekTuBHasl 1e/1b - PEKOHCTPYKIWsl Ipada 1o ero rpa-
HUYIHBIM JIAHHBIM.



Anrebpa 3iiKoHAJIOB

e Be3 morepu oburHocTH MeTpudecKuii rpad () MOXKHO MPEJICTABIATH KaK
CBASHBIN KOMIAKTHLIH rpad B R3, cocrosmmuit n raaaknx Kpusbx (pebep)
{e1,...,e;} = E, CKpeIieHHbIX BO BHYTPEHHUX BEPIIUHAX {V1,...,Um} =
V. Nmetorcst rpanudsble BepiuHbl {71, ..., vy} = ', 13 KOTOPBIX BBIXOIUT
no ogHOoMy pebpy. Merpuka (BHyTpeHHee paccTosinue) B () WHIyIIHPOBaHA
eBK/IMIOBOI MeTpuKoit s R3,

e Pebpa rpada "marepuasibHbl": BIOb HUX PACIIPOCTPAHSIOTCST KOJIEOAHUS
(BOJIHBI ), MHUIUUPOBAHHBIE TOYEIHBIMI UCTOYHUKAMU (yIIPABIEHUSIME ), KO-
TOPBIE TTOMEITEHBI B TPAHIIHBIX BEPIMUHAX. BOTHBI ABUKYTCS OT TPAHUTIBI C
eJIMHIYHON CKOPOCTBIO, TIOCTENIeHHO 3arosiHsist rpad. [Iporece omuchbiBaeTcst
JUTHAMHAYECKON CHUCTEMOM

’U,tt—A’U,:O B%,O<t<T,
u|t:0:ut|t:0:0 BQ,
u=f B I x [0,7],

e S = Lo(Q), A - Jlanacuan, onpejieJleHHbI Ha MIAJAKUX (QYHKIUIX,
yzioBJIeTBOpsIomux yeaosusam cimbanus (Kupxroda) Bo BHYyTpeHHHX Bep-
umnax; f = f(v,t) - epanuunoe ynpasaenue kaacca Lo(I' x [0,T]) =: FT;
u=uf(x,t) - pemenue (eoana), ul(-,t) € 7 upu 0 <t < T.

Nmeercst BOBMOXKHOCTD YIPABJIATH BOJHAMU HE CO BCeil TPAHUIBI, a C
noaMHoKecTBa 3 C 't B 9TOM Cilyuae MCIOJIB3YIOTCsI YIPABJICHUs KJIACca

T._ T _ T
Ty ={feF |suppf CEX0,T]} =0 ) Z, .
D)
Kaxk10if rpaHnyHOfl BEpIIMHE COMOCTABICHO CEeMEHCTBO J0CTNUIICUMBLE

mmoicecme Uy = {uf (1) f € Z1}, 0 <t < T uCcoorBeTcTByONIX IPO-

T o
E€KTOPOB P}i B 7 na . Oupearop E:;F = fo thﬁ Ha3bIBACTCS HUKOHANOM,
OTBEYAIOIINM BEPIMTHHE Y. DUKOHAIBI CYTh CAMOCOMPSIZKEHHDBIE OITePATOPHI -
9JIEMEHTBI AJredpbl OrpaHUYEHHBIX OnepaTopos B ().

e Jlna C*-anrebper 21 m muoxkecta S C 2, wepes V.S obosmaunm C*-
aJrebpy, IMOPOXKIECHHYIO 3TUM MHOMKECTBOM, T.e. MuHMMaabHyio C*-mogai-
rebpy B 2, comepxkaryio S. Anzebpa 3UKoHAN08, OTBEIAIOINIAS BBIIEJIEHHOMY
ceMeiicTBy TpaHMYHbIX BepumH % C I', ecth oneparopras C*-anrebpa

¢h=V{El |yeX} cB(x). (1)

Pe3ynbTaThl 1 KOMMEHTaApUN

e Kaxk ycranosseno B [12], anre6pa €L umeer 610umy1o cTpyKTypy: oHa n30-
METPUYIECKU M30MOPdHA HEKOTOPOIT mojiarebpe aarebpb @3]:1 C([0,¢5]; M™7)
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U OTJIMYAETCsT OT MOCTIeIHEH Olpe/IeJIeHHBIME CBA3sIMI MexXK 1y Ookamu. st
npocreiimux rpadoB (Tpex/IyueBbIX 3B€3/]) XapaKTep 9TUX CBsi3ell U UX 9BO-
Jolyst ¢ u3MeHenueM 1’ paccMoTpensl B [9].

[naBHBI pe3ysbTarT JaHHOM paboThI - KaHOHU1ECKoe OA0NHOE NPEICMas-
senue anrebpbl SMKOHAIOB. DTO IIpeJICTaB/IeHNe, BO-IIEPBBIX, BBIIEJEHO OT-
CYyTCTBHEM CBsi3ell Mexy OJIOKAMH M, BO-BTOPBIX, MHBAPUAHTHO: C TOYHO-
CTBIO JI0 TPUBUAJILHBIX IIPe0Opa3oBanuil (IlepecTaHOBKU GJIOKOB, 3aMEHbI Ia-
PaMeTPU3AIMA U T.II.) OHO ONPEIEJSIeTCs 10 41000MY TIPEJICTABIEHNIO Aares-
pot (1). Iocieee n nogKpeIuisteT Hajlesk,1y Ha mosesnocTb €L B oGpaTHbix
3a/1a9aX, JJAHHbIE KOTOPBIX OLPEJIENSIOT €€ ¢ TOYHOCTBIO J0 H30METDHH.

Pasymeercs, 06 adpdbeKTUBHOCTH MOAXOA B MOJIHOM Mepe MOXKHO Oyjer
CY/IUTh 110 KOHKPETHBIM NPUJIOZKEHHUsIM B OOPATHBIX 3a/adax. B JaHHOil pa-
6oTe UX HeT, HO IIPUBEJICHHBIE BBIIIE PE3YJIBTATHI [IPEICTABIISIIOTCS BAXKHBIM
IIArOM B 9TOM HAIIPABJIEHHH.

e Ajrebpa 3iikoHaI0B OTHOCHTCA K Kiaccy C*-anrebp ¢ KOHEUHOMEPHDBIME
[PEJICTABJIEHUsIME  padnuir pasmeprocreii [15, 21]. Tlpusenenue K KaHOHU-
4ecKoi popMe PABHOCHJIBHO MOCTPOECHUIO (hYHKITMOHAIBHOW MO/, KOTO-
past peammsyeT €L B BHJIe alreGPBI HOPEPHIBHBIX MATPHIHO-3HATHBIX (hyHK-
muit Ha ee crekrpe. OHa OTHOCUTCS K THUITY MOJIEJiell, ONMMCAHHBIX B pabore
H.B.Bacwibesa [15].

Omupegnenenne (1) barkTudecku BOCIPOU3BOIAUT OIPEIEIEHIE COOTBETCTBY-
IOIUX ajrebp, IpUMeHsieMbIX B [3, 8, 7| /uis peKOHCTPYKIMU MHOTOOGpas3uii.
CobCcTBEHHO, yCIIeX TAKOro MPUMEHEHUs W MOTHBUPOBAJ TOMBITKY IepeHe-
CTH TOJXOJM, Ha 3ajadn Ha rpadax. IlpemsTcrBueM okasajgach HEKOMMYTa-
TUBHOCTH aJIreOpbl Qfg. DTa mpobyieMa BCTpedaiach U PaHbIle, - B 00PATHOM
3a/1aue JIeKTPoAUHAMUKHY [8], - HO TaM OHa cHuMaJsach dakTopusanueil 1o
nIeay KOMITAKTHBIX OIEPATOPOB, C IIOMOIIBIO KOTOPOIl JIJI0 CBOJMJIOCH K
kommyTtarusnoii C(Q;R). Hexommyratusnoets €L HeycTpanuma, 4To Cylie-
CTBEHHO OCJIOYKHSIET ee H3yUeHNe.

e (OOparHble 3a/1a9n Ha Tpadax - BIIOJHE aKTyabHas TeMa. PasindHble 1mo-
CTAHOBKU U IOAXOABI comepzkarcsa B paborax C.A.Apnonuna, I1.A.Kypacosa,
A.C. u B.C.Muxaiuiosbix, I[I1.Kyumenra, B.A.FOpko. B [4, 5, 6, 17, 18] BC-
METOZ, UCIIOIb3YeTCs JIJI PElIeHUs] TUHAMUIECKIX U CIEKTPAJILHBLIX 00paT-
HBIX 3aJ1a4 JJIsl pa3InIHBIX KjaaccoB rpadgos. Paborsr B.A.FOpko u ero yue-
HUKOB HCIOJL3YIOT CIIEKTPAILHBINA IOAX0H K OOPATHBIM 3aJadaM s Jud-
bepennmanibHbBIX oniepaTopoB Ha rpadax [22, 23, 24]. YnomsHeM BecbMa, CO-
nepxkarenpabiii 0030p 1. Kyuamenrta u I.Bepkosaiiko 1o Bceit TemaTnke KBaH-
TOBBIX TpadOB, B TOM 4ucje U 0OpaTHBIM 3a1adaM Ha Hux|13].

BecbMma obbemHast BBOmHAsT UacTh Halleil paboThl (paKTUTIECKH MTOBTO-



psieT cOOTBeTCTBYIOMMe paseasl u3 [12] u [9]. 1o HenzberkHO, MOCKOILKY
uzsoxkenue orHocsuxest K €L dbaxTos u pesyssraTos TpeGyer ocHoBaTEL-
HOM TOATOTOBKU. TexXHmYIecKas 9acTh JOBOJBLHO CIOYKHA, TIOCKOILKY paboTa
UMEET JIEJIO ¢ MAKCUMAJIHLHO ODIINM 0OBEKTOM - NPOU3EOAbHYIM KOMITAK THBIM
CBSI3HBIM METPUYECKUM IpadoM mMeronuM rpanuity. st auraresns Moxer
ObITH 10J1€3€H pa300p MPOCTHIX HPUMEPOB, POBeAeHHBIH B (12, 9| ¢ mumo-
CTPAIUSIMIE.

YuraTenb, Ha BHIMAHNE 1 HHTEPEC KOTOPOTO aBTOPBI 0COO0 PACCINTHIBA-
10T ¥ HAJIEIOTCs, 9T0 crenuanct 1mo C*-ajredpam co BKYCOM K IPUIOKEHUSIM
U /WM CHIENUAJIACT B 00JIACTH MATEMATUIECKOH (DUBUKY, pa3IeIsionuii Mae-
HUE O ToJie3HOCTH abcTpakimii. Ayirebpa SKOHAJIOB - CJIOXKHBIN 1 OOTATHI
CBOMCTBAMU OOBEKT, JTOCTOMHBIN BCECTOPOHHETO MCCIEI0BAHNSA.

2 Bouasbl Ha rpade

I'pad
o Ilycts Q = E U W ecrb casubli koMmakTaeii rpad B R3 ¢ peGpa-
mu {ei,...,er} = E u Bepumuavu {wi,...,wy} = W. Pebpa cyrb ruaj-

Kie | KpuBbIe, KOHIIAMU KOTOPBIX CJIY?KAT BEPIIUHEL YI00HO CUMTATHL PeO-
pa OTKPBITBIMH, HE OTHOCH K HUM MX KOHIIbI. Beprmmxa w u pedbpo e uh-
yudenmuv, (MBI IUIIEM: W < €), €CJIU W $BJSETCsl KOHIOM €. BepiinHbl

{7,...,yn} =T, kaxkas u3 KOTOPBIX MHIMJIEHTHA €JIMHCTBEHHOMY DEOpY,
HA3BIBAIOTCS TPAHUYHBIMU; BepiimHbl {v1,...,vp—nt = V. = W\ T cyrp
BHYTpeHHHE.

Hucso p(w) pebep, MHIMIEHTHBIX BePIINHE W HA3BIBAETCS €€ BaJIeHT-
HocThio; jjist Y € I' mmeem p(y) = 1. JonosHuTesibHO mpeanosaraeM, 4ro
BepiinH ¢ p(w) = 2 Her, TaK YTO BO BHYTPEHHHUX BEPIIMHAX BBIIOJIHEHO
n(v) = 3.

I'pad cuabkeHn MeTpuKoii (BHYTPEHHUM PACCTOSHUEM) T, UHJLyIUPOBAH-
Hoit eBk/MIOBOH Merpukoit m3 R3. Ilpu sTom 7(a,b) ecTb MHHEMYM IIHH
KYCOYHO-TJIAKIX KPUBBIX, JIEZKAIUX B §) M COEIUHSIIONX TOUYKNA @ 1 b. st
mHOXKecTBa A C €) uepes

Oy ={zeQ| 7(z,A) <r}, r>0

0003HATACTCA er0 METPUIEeCKass OKPECTHOCTD PaInyca 7.

o Kaxoe pebpo e mapaMeTpu30BaHO [JIMHONW T, OTCIUTBIBAEMON OT OIHOTO

u3 ero KoHoB. s dyukiun y Ha rpade, 3HAK IPOU3BOIHON 110 JJTUHE g—g

'Berony B pabore znadkuti ozmadaer C°°-ria IKmii.



d2
3aBUCUT OT BbI60pa KOHIIa, HO BTOpasd IPOU3BOIHAI ﬁ OT 3TOIO BbI60pa

e 3aBucHT. i1 BEpIINHBI W W WHIUIECHTHOIO €l pedbpa e OmpeessieTcs

[POU3BO/HAST
dyl* . dy
|:d_7':| (w):= lim ——=(z)

e esdr—w dT

110 HaIIPpaBJEHUIO, UCXOJAIIIEMY N3 W. Bennuauna

ral =3 (2] w

ew €

HAa3bIBAETCS IOTOKOM (DYHKITUHU Y Uepe3 BEPIIUHY w.

e Merpuka 7 Ha rpade onpeessier (BelecTBeHHOe) THILOEePTOBO IIPOCTPaH-
ctBo A = L2(£) €O CKAJISIPHBIM [IPOU3BEICHUCM:

(y,u) » ::/yudT:Z /yudT.
{ ecE V¢

[Tycrs C'(2) ecTb mMpOCTPAHCTBO HENpPepbIBHBIX (ByHKIMI ¢ HOpMO# ||y =
sup o|y(+)|. @yrkmmo y orrecem k Kmaccy Cobomesa H2(Q), ecin y € C(Q)
7 Ha KaKJI0M pedpe BBIIOJHEHO Z—?j, fl%’ € Lo(e).

Ompenenum kiaace Kupxroda
H = {ye H* Q)| F,lyJ=0, veV}.
Omneparop Jlamnaca na rpade BBOJUTCS ONpeIeIeHUEM

d%y

A — H; DomA=%; (Ay)|e:p7

ecE. (2)
OH IJIOTHO 33J1aH U 3aMKHYT.

Bounbr

e Hauamnmo-kpaesast 3ajada, OMMUCHIBAIONIAST PACTPOCTPAHEHNE BOJH B T'Pa-
de, nmeer BHT,

uy — Au =0 B, 0<t<T, (3)
u(-,t) € A npu 0 <t <T; (4)
ul=o = utlt=0 = 0 B () (5)
u=f ma I x[0,7]. (6)



Baecy T > 0 - dbunanbHbIil MOMeHT Bpemenn; f = f(7v,t) - epanununoe ynpas-
aenue; u = ul (x,t) - pemenne (eoana). pu riagxom (1o t) yupasiennn f,
ucuesaroniem Bom3n ¢ = 0, 3a7a9a UMeeT eJIMHCTBEHHOE KJIACCHIECKOe pe-
menne ul.

Kax ciexyer u3 onpegenenus (2), Ha Kazk10M pebpe e pemenne u! yo-
BJIETBOPSIET YPABHEHUIO OJHOPOIHON CTPYHBI Uy — Uy, = 0. OTCIO/a BUIHO,
YTO BOJIHBI PACIPOCTPAHAIOTCS OT TPAHUIBI BHYTPH §) ¢ €JIMHUIHON CKOPO-
creio. Kak ciencrsue, eciu ynpasienue nefictsyer ¢ yactu rpanumpst 2 C T,
T.€e. BbinosiHeHo supp f C X x [0, 7], umeem cooTHOIIEHME

suppu’ (-, 1) € QL t>0. (7)

Huke BBOmgiTCst (0600mieHHbIe) pemenus 3agaau (3)-(6) st yupasieHuit
kiacca Lo(I' x [0,T]). Ux oupenesnenne TpebyeT HEKOTOPOi HOJTOTOBKI.

e Yepes §, mbl obosnavaem mepy dupaka, T.e. dyuknnonan wa C(2), upu-
HUMAOMUil 3HaueHus 10 npasuiay (0,,y) = y(z). Hycrs § = §(t) ecrsb
nenvra-gynkius Jupaka. Brmkaiiimmas 1mesib - OUpegenTb U OIUCATD (hyH-
damenmanvroe pewenue 3anaan (3)-(6) ¢ T' = oo, oTBeYaOIIEe YIPABICHUIO
f =46,0(t), xoropoe meficTBYeT MIHOBEHHO U3 I'DAHHYIHON BEPITHHBL 7.

00 VI00HO UCIOJIBL30BATD CJIEIYIONnii hopMa-

st onmcaHusT perenus u
gu3M " quHaMukn gacTui .
0. ITox wacmuued moHuMaeTcst Mepa ad,; MOCTOsTHHAsT a 7 () Ha3bIBAETCS ee
aMIIUTYI0MN.
1. Kaxkmag gacTuma a5x(t) JBUZKETCsI TI0 PeOpy CO CKOPOCTHIO 1 B OIHOM U3
JIBYX BO3MOXKHBIX Hampasienuii, Tak qro |&(t)| = 1 upn z(t) € e.

2. (npunyun cynepnosuyuu) HacTUIBL ABUKYTCS HE3ABUCUMO JIPYT OT JAPY-

ra. Ecim B MOMEHT ¢ MMeeTcst HECKOJIBKO MACTHUIL G104(p), - - - , Aply(y), PACIIO-
noxkeHHbIX B Touke z(t) € Q\ ', onu cunrarorcs oaHoii yacruneii [ag + - - -+
Qyp ]6I(t) .

3. (npoxoostcdenue uepes enympennioro sepwuny) Ilepemerasics BIOIb peb-
pa e 1 IPOoXoJid Yepe3 BHYTPEHHIOIO BEPIIUHY v, YacTUIIA a5x(t) JIeIUTCA Ha

w(v) gactuir: ofHy oTpazkeHuyto u p(v)— 1 npomenmux. OTpaxkKeHHast YacTU-

2
IIa ABHU>KETCA BJIOJIb € B O6paTHOM HaIllpaBJICHUU U UMEET aMILJIUTY/1y ﬁ()v)a

Kazkiast u3 mpore/immx 4acTull JBUXKeTCsl BJIOJIb CBOETO (MHIIUIEHTHOIO V)

pebpa B CTOPOHY OT ¥ U MMEET aMILIUTYILY ﬁa.

Taxum 06pazoM, 00IIast AMIUINTY/Ia COCTAB/ISET 2_%1)()”) a+[p(v)—1] Mé)) a=

@, 9TO COOTBETCTBYET 3aKOHYy coxpanenusi Kupxroda F,[y] = 0.

4. (ompasicenue om epanuypby) Kak ToJbKo dacTHIA ady(s) JlOCTUTAET Bep-
IUHEL Y € [, 0OHA MTHOBEHHO MeHsIeT CBOe HalpaBjieHNe Ha IMPOTUBOIIOJIOXK-
HOEe W U3MEHSEeT aMILIUTYy ¢ a Ha —a.



5,6

[Ipunss sTu mpaBmiIa, MOKHO onucaTh pernerue 1’ caeayomuM odbpa-

30M (HAIOMHEIM, 9TO T - 9TO paccrosuue B {2):

(%) mpu 0 < t < 7(7, V) mveem u?? = (t), e x(t) Touka pebpa e = 7y

2y 9TO

takas, 910 T(x(t),y) = t. Takum o6pa3oMm, Ipu MaJbIX BpEMeHaX, U
OJIHA YACTHIA €JUHUTHON aMILIMTY/IbI, BOIICAmAs B ITpad U3 BEPIIUHBI Y U
JNBUZKYIIASCS 110 € C eUHIIHON CKOPOCTBIO;
(%%) masbHelimast sBosonus Ipu BpeMenax ¢t > 7(vy, V) oupenensercs npa-
Buamu 1-4.

Herpynno ybeaurbes, 4TO TaKOe OMUCAHUE SBJISeTCs BIIOJIHE IeTePMUHU-
poBaHHBIM. B Kaxabiii MoMenT spemenn ¢ > 0 pemtenne u’® mpencrasisier

€000t HADOP KOHETHOI'O YUCJIa YACTHIL, IBIKYIINUXCs B ().

o Takum obOpasoM, pyHIAMEHTAILHOE PEIIeHne eCTh HEKOTOPOe IIPOCTPaH-
cTBeHHO-BpeMeHHoe pacupegernenue B 0 x {t > 0}. Crpykrypa ero rakosa,
9To JIst ynpassennit Buma f = ¢ ¢ ¢ € Lo[0,T] cBepTKa 110 BpeMeHn

wl (1) == |u™(z, ) x| (1), we€Q 0<t<T (®)

KOPPEKTHO omnpejerena. Kpome Toro, Moo nokazars, aro v/ € C([0, T); #)
I, €CIIH (p sIBJISIETCs TIIAJKHM I ucuesaeT okoso t = 0, To u/ cosmagaer c
KJIACCHYECKUM perteHreM 3a1a9u (3)—(6).

C sroro Momenra, dbynkimsa uf, onpegensemas coornomennem (8), pac-
cMaTpuBaeTcs Kak (000OIIeHHOe) pelleHne JIjis yIpaBIeHuil yKa3aHHOrO BU-
na. B Gomee obmem cayuae, s f € Lo(I' x [0,T]) Buma f = Y fy ¢

YEX

f~ = 0y momaraem

ul (z,t) = Zuf”(x,t), xeQ, 0<t<T. (9)
yeEX

Herpyano mokasarb, 4ro u jyist 0606IIEHHOrO perieHusi cooTHoinenue (7)
ocraercst BepHbIM. OHO [MOKA3BIBAET, YTO METPUUIECKAST OKPECTHOCTD QTZF €CTh
4JacTb rpada, 3axBadeHHas BOJTHAMM, UJLYIUMU OT X, K MoMeHTYy ¢t = T

T'uapa

31ech Mbl BBOJIUM IIPOCTPAHCTBEHHO-BPEMEHHOI I'padd, KOTOPBIA UCIOJIb3Y-
ercst JUIst 9P MEKTUBHOIO OIMUCAHMST BOJIH.

e QukcupyeMm rpaHUIHYIO Bepiiuny . PaccmarpuBast pyHIaMeHTaIbHOE pe-
IMeHne KaK MPOCTPAHCTBEHHO-BPEMEHHOE DACTIPEIETICHNE, OMPeIeTnM MHO-
JKECTBO

H, = suppu’? C Q x R,,



koTopoe Gyzem HasbBarh 2udpoti [11]. Ilo cymecTBy 9TO IPOCTPAHCTBEHHO-
BpeMeHHOI rpad, 00pa30BaHHbI TPACKTOPUSIMHU YACTHI[ B XOJIE SBOJIOINH,
omackIBaeMoit pasuiaMu 1-4 1 (%), (»x): em. Puc. 1 2. Ero pebpa cyTs xa-
PAKTEPUCTUKN BOJIHOBOTO ypaBHEeHUs (3).

t

>3 -
SN AN
N N
. < -
4 N\ Jr

[ T A Wy S
-

=<
[
I

Puc. 1: T'mapa

OupegeauM IPOEKIINAN:

T:H,5h=(z,t)»2€Q, n Yz):={heH,]|nh) =z}
p:Hy>h=(x,t) »teRy, p t):={heH,|ph) =t}

Ha ruzpe s3anagnm dbysxmio (avmnaumydy) a(-) 0o ciepyoneMy mpaBuiLy:

st Toukn h € H., raxoit, uro w(h) = v € Q\I' u p(h) =t > 0 nmeem
u®0(-,t) = ad,(-) u oupenensem a(h) == a;

st h € Ho, raxoit, uro w(h) € I' m p(h) > 0, nonaraem a(h) := 0;

st h € H., rakoit, uro w(h) =~ u p(h) = 0, monaraem a(h) := 1.

Kaxk BuiHO, aMILIUTY/1a sIBJISIeTCs] KYCOYHO-TIOCTOSHHOMN (byHKIMeH, omnpe-
JleJIeHHOM Ha Beeit rupe Hy: em. Puc. 2. YTo4HEM, 9TO B TOYKaX caMolepece-
YeHHUsl P, COMVIACHO NIPABHJLY 2 SBOJIIOIUY YaCTHUIL UMeeM a(p) = —%—F% = —%.
Toukn Buza p cyTb Bepumubl H.,, npoextupyiommecs B €2\ [V UTY.

e IlpuBenem mpescrasienue, paju KOToporo Beejena ruapa (cm. [12]). Uc-
noab3ys 3amuck h = (z,t) € H, n a(h) = a(x,t), nis ynpasinenns f =

MmocTpamii 3anMCTEOBaHb! 13 paGoTsr [12]

10
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Puc. 2: AMmmryna Ha rugpe

dyp(t) ¢ p € Ly[0,T] cormacuo (8) mosydnm:
uw (z,T) = Z a(z,t) p(T —t), x € Q. (10)
tep(r=1(z))
B o6mem ciyuae, korna ynpasaenne f = ZweE 0~ (t) meficTByeT U3 HECKOJIb-

KX I'PaAaHAYHBIX BEPIINH, COIVIACHO (9) MeeM:

d@T) =Y Y amneT-n, w9, (1)
V€S tep(r—L(x))
e CL»Y CyThb aMIIJIMTYJbl Ha I'uJapax H,?

IIpuseennble OpeacTaBIeHus BIOIHE 3(P(MEKTUBHLL: 0 HUM MOXKHO BLbI-
YHCIATH 3HadeHns BosiH. OJHaKO, /IS IIPeJICTOAIIEro aHaIn3a aJredphl dii-
KOHAJIOB HOTpebyeTcs uX MoAudpUKaIys, K OMUCAHUIO KOTOPOIl MBI IEPEXo-
M. Momudukanust ucniosibsyer pasbuenue rpada ) Ha gacru (cemeticmesa),
COTIACOBAHHOE CO CTPYKTYPoil ruap. Bo Becex mompobnocTsix u ¢ rpadude-
CKVMU UJUIIOCTPAIUSAME OHO OIUCaHO B [12].

Pazouenue I1

B masbHeiimemM Mbl ©MeeM JIEJI0 C YCeueHHviMU THIPAMEA

HI == H,n{Qx[0,T]}.
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e Baenem omno mongrue obiero xapakrepa. llycts mamo mHOXKecTBO X 1M
pediiekcuBHOEe cuMMmeTpuydHOe (HO, BOOOIIE TOBODsi, HEe TpaH3uTuBHOE!) Ou-
HapHOE OTHOIIEHNE ~( Ha HEeM. DJIEMEHTBI, CBSI3aHHBbIE STUM OTHOIIEHHEM,
OyzmeM Ha3blBaThb cocednumu. CoCelCcTBO ONpee/sieT SKBUBAJICHTHOCTD II0
cJlejlytoleMy TpaBuity. Mbl rOBOpHM, UTO & U Y SKBUBAJIEHTHBI (U MUIIEM
x ~ y), ecim B X WMeeTCsl KOHEIHBII HAOOP 9JIEMEHTOB I, ..., T, TaKOii,
9TO BBIIOJHEHO T~ T1 ~( *** ~0 LTp ~0 Y.

Kitace skBuBasienTHOCTH [2] 251eMenTa 22 € X 110 BBEJIEHHOMY BBIIIIE OT-
HOIIIEHUIO ~ MOXKHO OIIMCATh KOHCTPYKTHBHO. BBegem oreparmio ext, pac-
HIUPAIONLYIO o MHOXKecTBO B C X 10 npasuity

B +— extB ::U{x6X|x~0b}; (12)
beB

oboznaunM ext' B := extB u ext! B := extext’ " 'B, j > 2. Herpyuno y6e-
JIUTHCS B CIIPABEJJIUBOCTHU TIPEICTAB/ICHUST

2] = | Jext/ {a}. (13)

i>1

Ecnu muO)kecTBO X KOHEYHO, TO TOCJEI0BATEILHOCTE ext! Ha HEKOTOPOM
nrare crabuwmsupyercs: ext!{z} C - C extV{z} = extV Tz} = ... = [z].
DTOT citydail BCTpeTuTcss B pabore.

e PaccMOTPUM 9KBHBaJICHTHOCTEL TaKOTo BuJa Ha rujpe. CKaxkeM, 94TO TOY-
ku h,h' € Hg cyTb coceqnne (h ~g h'), ecim BBIIOIHEHO XOTS GBI OTHO U3

, v
yeaosuit: w(h) = w(h') wm p(h) = p(h'). Yepes ~ ob6o3HaunM OTHOIIECHUE
SKBHBAJICHTHOCTH, HOPOXKICHHOE TAKMM COCEICTBOM. Kitacc sKBHBaIeHTHO-
cru

L T o
ZIh] = (W € BT | I/ L b}

HazoBeM peuwiemkoti. MOXKHO MOKa3aTh, 9TO ITOT KJACC COCTOUT U3 KOHEU-
HOTO 4mncjia To4uek. s moamuoXKecTBa B C Hg OTIPEJIETNM PETIETKY

Z[B] = | Z[n].
heB
SaMeTHM, 970 oreparus B +—> < [B] obJiataer CJICJIYIOIIUMU CBOMCTBAMU:
BcZ[Bl; ZZ[Bl|=X[Bl; Z[BiUBy=2[B|UZ[B,];
mH(x(Z[B))) = p~ ' (p(ZL[B))) = Z[B].

12



[TepBble Tpu CBORCTBA MOKA3BIBAIOT, UTO OHA SIBJIAETCS TOMOJOTUIECKUM 3a-
mbikarueM (o Kyparosckomy).

o C KaxKI0il TOUKON T € Q_?Yﬂ CBsI2KEM MHOKECTBO
Ala] = m( L[ (@) C OF, (14)

(3ambikaHue B MeTpUKE {)) KOTOPOE HAZ0BEM MHOHCECTNEOM ONPEIENEHHOCTIU
TOYKH &. DTO MHOXKECTBO KOHeIHO. Kak HeTPYIHO IMPOBEPUTH, OTHOIIEHHUE

r~1 & Alx]=Al2]

eCTh SKBUBAJICHTHOCTD, a oneparus A — A[A] := UyeaA[z] = 7( L[ 1(A)])
- ToroJjornyeckoe 3ambikanue. Muoxkectsa A = A[A] mbr HasbiBaem A-3am-
KHYMBIMU.

e Ha mosmoii ruzpe, Trouky h € H, nazosem yenosot, ecmm w(h) € V UT
uym h siBjsieTcst TOUKoii camoriepecedenusi (Kak p Ha Puc.2). Ilocienuue cyrsb
BepIINHbI THAPBI BaseHTHOCTH 4, ipoekTupyiomuecst B 0 \ [V UT].

Ha yceuennoii ruape H:{ , IIOMHUMO COZEP2KAINUXCS B Heil YIVIOBBIX TO-
9eK MOJTHOI IMHIPBI, OTHECeM K YIJIOBBIM 1 ToUKH MHOKecTBa p~ L (T'). Yepes
Corn H:{ 0003HAYNM MHOXKECTBO BCEX YIVIOBBIX TOYEK YCEUYEHHOMN I'MJIPHI.

Permerka £ [Corn HE/F | pasnesnsier ruapy Ha KOHEYHOE YHCIO OTKPBITHIX
IIPOCTPAHCTBEHHO-BPEMEHHBIX MHTEPBaIoB. Ha KarKIOM MHTEpBaJe aMILI-
Tyla @ IPUHUMAET IOCTOSHHOE 3HAYCHIE.

Toukn, cocTaBsIONMUEe KOHEIHOE MHOYKECTBO

O = W(X[CornHz]) CQ_$,

HasbIBaIOTCA Kpumuyeckumu. OCTaBIIecss TOYKU I € Qif \ © HazoBeM pezy-

AAPHHLMU. KPUTHTIECKTe TOYUKHU JIeIAT Q_z; Ha JacTu. MHOXKECTBO perysisip-
HBIX TOYEK o

Im:=0QI'\e
MPEICTABIAET COOOM COBOKYITHOCTD KOHETHOTO UHC/JIA OTKPBITHIX WHTEPBAa-
JIOB, KaK/Iblil N3 KOTOPBIX PUHA/IEXKUT HeKOTOpoMy pebpy e. Takum obpa-
30M, Qz; = [T U © ectb pazbuenne vactu rpada {2, 3axBatIeHHON BOJTHAMHU,
ormpeielisieMoe CTPYKTYpoil runpbr H, E/F .

e Ilycth w = (¢,d) C II ecTh MaxcumasvHbili THTEPBAJ, COCTOAIINI U3 Pe-
IYJISpHBIX TOYeK. MaKCHUMaIbHOCTh O3HAYAeT, YTO KOHILI MHTEpBaJa ¢ U ¢
CyTh KPUTUIECKHE TOYKH, TaK UTO PACIHINPEHHE W COXPAHEHUEM PEeryJIsapHO-
CTH BHYTPEHHUX TOYEK HEBO3MOXKHO. Hec/10:KHO yOeauThes, 9TO MHOKECTBO

® = Aw) =7 (L[r ' (w)]) (15)

13



COCTOUT U3 MaKCUMaJIbHBIX MUHTEPBAJIOB W1, . .., Wy, OJAUHAKOBO JIJINHLL:
m
. . /
b = ka, diamw; = --- = diamw,, = 7(¢,¢) =: €p,
k=1

rjie T - paccrosinue Ha rpade. ByjieM roBopuTh, 9TO HHTEPBAJIbI Wy, ABJISIIOTCS
Kaemramu cemeiictsa P.
CpasuuBas onpesesenusi (14) u (15), npuxoaum K mpecTaBIeHUIO

© = | JAla], (16)

rTEW

rie w - Jiobas u3 KJIeTok P.

ITycts w’ C II ecTb MaKCHMaJILHBLI HMHTEpBaJ, He JexKallldili B ceMeii-
cree . Ou onpesesnsier emme oauo cemeiictso ' = Afw'], cocrosimee us kire-
TOK  T.J. B pesymbrare muoxkectBo Il oka3zbiBaeTcs KOHEIHBIM HAOOPOM
Henepecekaomuxcs cemeiicts @1, .. &/ kakmoe U3 KOTOPBIX COCTOUT W3
HellepeceKalomnxcs KJIETOK:

J J my .
n=Jo =], (17)
j=1 j=1k=1

rjie m; - KOJIU4IeCTBO KJIeTOK B $7.

e B nmapy x muoxectsy onpezenennoctu (14), kaxaomy x € Q' \ T' como-
CTABUM MHOZKECTBO

Elz] = p(L[r (@)  [0,T).

[Tpu 3TOM, Kak JIErKO BUIETD, jjid = # x’ Beinosneno qubo Zlx] = Z[a/],
mbo Z[z] N E[z'] = 0. Takxke onpenemm Z[B] = |J =Z[z].

zeB
me

[Iycre ® = |J wi C II ecthb cemeiicrBo. JIerko mpoBepuTh, 9TO MHOXKE-

k=1
CTBO

U= Z[®] = | Juvi € [0,7] (18)
=1

COCTOUT U3 BPEMEHHBIX MHTEpBaJOB 1; = (t;,t;) Takux, uro 0 < t1 < t1 <
lg <1lg < ...lpy < lpny < 7T 1 UMEIOIMUX OJUHAKOBYIO JJIMHY t; — t; = €.
MmuoxkecrBo W TakxKe OyJIeM HA3BIBATH CEMEICTBOM, COCTOSIIIIUM W3 GPEMEH-
HOIT KIIETOK 1);.
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B pasnbreiimem ucnosbsytores Gyukuun 7' @ & — [0,7], cBasanHbIE C
pas6uenuem rpada Ha cemeiicTBa. OHEM BBOIATCS CJICLYIOIAM 0GPa3oM °.

[Iyctp x € ®; nonoxkum
fi(e) = N p( Ll @), =1, (19)

U3 Toro, ato ma moboro x € Afz] Bomommeno L[~ 1(z)] = L[r )],
cJIejlyer, 9To TH (QYHKIUU IIOCTOSIHHBI HA MHOYKECTBAX OIIPEJIeJEHHOCTH:
T(z) = 7" (7). I3 onpeenenust cieyer, 9To

@) £ 77 (@) wpui#i, xed. (20

C usmenenueM z BHYTpU KJeTKH w = (¢, ') C @, u3MeHsIeTCsT MHOKECTBO
A[z]. TIpu sTom sHauenmne 7¢(z) 3ameraer KaeTky ¥; = (t;,t;) C ¥ u. Kax
HETPYJIHO BUJeTh 13 onpejesenus (19), cupaseyiuBo 00no U3 JABYX HpeJ-
CTaBJIeHU

(z) = ti+7(z,¢) wm T(x) = t; —7(,C). (21)

Uniest BBUTY 9TO TIPE/ICTAaBJCHNE, MOKHO CKAa3aTh, 9TO (DyHKIMH T° 3aBHCAT
OT T € W AUHENO.

CpoiicTeo (21) mozBOJIAET AOOTPEETUTh (DYHKIMN 7' B KPUTHIECKIX
Toukax: ecn ¥ € w = (¢,d), x — ¢, To T(c) = t; wm Ti(c) = ;, B
3aBUCHMOCTHU OT TOrO, Kakoe u3 mpejcrasiaennii (21) umeer mecro.

Jnst kazkoro cemeiicrea ® C II nabop dyHkumit 78 cBoii U, Ipyu HEOO-
XOJLIMOCTH, Mbl OTMeUaeM 9To obosHadeHneM Ty. Jlobasnm, uro B cuiy (20)
u (21), pasencrso 7h(x) = T4, () st pasuex @ u & Bo3MOKHO JIMITL B
KPUTUIECKUX TOUKAX .

e Pasbuenne rpada Ha cemelicTBa MOTHBUPOBAHO, B YACTHOCTH, TEM, YTO
BOJTHBI u/ 3aBHCAT OT ynpabiennmit f noxaavHo B criepyiomemM cMbicae. Kak
suo u3 (10), sravenns u/ (-, T) ‘ » ONIPEJIeNIAIOTCA 3HAMEHUAME f ‘E[ ¥ Boutee
TOrO, YCJIOBHSI

supp f C Z[®] wu suppu!/(,T) C ® (22)

ABJIAIOTCA PaBHOCUJIbHBIMU.

Momudukaius npeacrasiennii (10) u (11), o KoTopoii TOBOPHIOCH B KOH-
e IpeIbIIYIIero pasfeia, COCTOUT B 3P@EKTUBHOM IPeICTABICHIN BOJIH
Ha MHOZKeCTBax onpeseneanoctn. OHO ucnonb3yer (hyHKIuu (BEKTOPHI) HA
Alz], K ONMCAHUIO KOTOPBIX MBI [IEPEXOIHM.

3TIpuBommMoe onpeieIenue OTImYaeTes OT TpuHAToro B [12]. TIpudmiry n3aMeHenuit Mbl
YKaXKeM ITO32Ke.
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AMHJII/ITy,HHI)Ie BEKTOPBbI

Texyrue paccMOTPEHUs TIO-TPEKHEMY OTHOCSITCA K OJIHONW MPAHUIHON Bep-
muue v € I, dukcuposannomy T > 0 U COOTBETCTBYIONIEMY DPa3OUEHHIO
I

e Tlycte A = {z1,..., 2} C QL ecth KoHEUHOE A-3AMKHYTOE MHOMKECTBO

[A] = p(L[rH(A)) = {1, ta},

[1]

rae t] < to < -+ < t,,. MuoxkectBy A conocrasum dbynkuuu (amnaiumyorvie
sexmopu) o' : A — R, i=1,...,n 1o upasuiy

a(zk, t;), ecim (xg,t;) € H;F

T k=1,....,m.
0, ecmu (wg,t;) & Hy

o' (zy) =

Ha6op {a',...,a"} mazsosem a-nabopom may mMuozkectsoM A. JIJTs Kask10r0
x € QI mmomecrso onpesenennocrn Alr] spigercs A-3aMKHYTBIM 1 HaT
HEM HMeeTCsl CBOI q-HAbOP.

e Kax Bugno u3 (7), Besimunna
T, :=inf{t> 0] Qf =Q}

ecThb BpeMsl 3alloJiHeHus Beero rpada () BojHAMEU, MIYIUMEA (C eJIUHUIHOM
CKOpOCTHIO) OoT Bepiuubl 7. Crpaseinsa

Jlemma 1. ITyemov x ecms mouka 6 Qg, Alz] - ee mmoorcecmeo onpedenentio-
emu u nyemo ot L. ecmw a-nabop nad Alz]. Ecau T < T, mo sexmopol
o' AUHETHO-HE3ABUCUMDL.

Jlokasamenvcmeo. PukcupyeM Kakoil-mmbo MoMeHT BpeMmenu t* = t; € Ex]
c i # 1. B pemerke Z[r~!(x)] obssatensno maitnercs Touka (r*,t*), Ta-
Kag, 94TO T* IPUHAJJIC;KUT IPaHUIe @ \ ny obmactu Q' [y], zaxsademnmoit
BOJIHAME K MOMeHTY ¢ = t*. Dra rpanuma nenycma B cuy t* < T < T; upu
stom z* € Alz], t* = 7(2*,7) u, ouenmo, a(x*,t*) = o'(z*) # 0.

B 1o ke Bpems, Bo Bcex Toukax (z*,t) ¢ t € E[z*] = E[x], t < t* BbIION-
uero a(z*,t) = 0, mockoabKy Takue (r*,t) He JeKaT Ha MHIpE Hg . Iocnes-
Hee COOTBETCTBYET IPOCTOMY (DaKTy: IPU yKa3aHHBIX BpeMeHax ¢ BOJIHBI OT
v He ycneBatoT joiitu 10 Touku x* (em. (7)).

Taxum obpasom, B Toukax (z*,t) ct =t € E[z], t; <t* (k=1,...,i—1)
mveeM a(r*, 1) = o (x*) = 0 u, B T0 e Bpema, a(r*,t*) = of(z*) # 0. Do
HCKJTIOTaeT JIHHeiHy1o 3aucuMocts o ot oly... o'~ B cumy npomssosn-
HOCTH § TIOJTyHYaeM JIMHEHHYIo He3aBUCHMOCTh Beero mabopa ab,....a". [0
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Cnencrsue 1. IIpu T < T, cnpasedauso pasencmeo E[Q_g] =[0,T].

B camom sente, u3 jokazarenbersa Jlemmbr 1 JIerko BUJIETH, YTO yCJIOBUE
T < T, obecreunBaeT HEIyCTOTY MHOMKECTBA p~Ht) C H:*/F npu 0 <t < T,

41O paBHOCH/IbHO pasencty E[ Q1] = [0, T7.
e Bepremcs k npezacrasiennio (10). Kak nerpyaao yoeurbest, B TepMuHAX
AMILIATYIHBIX BEKTOPOB OHO MOYKET OBITH 3aIlMCaHO B pOpMe

nz]

/ — Nt _ =
W (@ T, ey = O 0T — )l (@), vae £ =6y, mlal = §Zlal
i=1
(23)
IpeJICTABISIONeH BOJIHY HE TOJLKO B TOYKE X, HO M HAa BCEM MHOMKECTBE
onpegesiernoctu Afz]. Bosee Toro, cornacho (16), Bapbupyst TOUKy & BHYTpU
kiterky w C ®, Mpr npegcrasaseM sony ul (-, T) Ha Becem cemeiictse ®.
BakJIIOUATENBHBIN ar K MOudUKaIu UCXoaHoro pecrasiedust (10)
cocTouT B niepexojie B (23) k 6osiee y700HOI cucremMe aMIIUTYIHBIX BEKTOPOB.

[-mpejscTaBiieHre BOJIH

o Ilycrs ousite A = A[A] = {z1,...,2m} C Q_z BeesieM poCTPaHCTBO
15(A) dyukuuit (BekTopoB) Ha A €O CKAJISIPHBIM IIPOU3BEICHIEM

(f.9) = > fl@)gl@) =D flax) glzk) .

€A k=1
OHO COMEPKUT MOIIPOCTPAHCTBO
A[A] := span{al,..., a"}, dim A[A4] < n,

ompeesisieMoe a-Habopom Hag A. Vcnoissyst nponenypy I'pama-IImuara,
nepeiigem B A[A] K HAGOpy

Oél s .
ToT]? ecan 1= 1;
e
a'=>>{a", B7) B
: 2 , , -
8= : — —, ecmi > 2 u o ¢span{al,... a1}
llai— 3= (at, B7) BI ||
Jj=1
0, ecm of € span{al, ..., a1},
st HemHysIeBbIX d1eMeHTOB Habopa BbimonHeno (f°,37) = 6;;, a ux uu-
HeifHast obosiouka, oueBuHO, coBuagaer ¢ A[A]. CoBOKyIIHOCTH BEKTOPOB
Bt ={p"(x1),..., " (zm)} HaA3OBeM [B-HAGOPOM HAJ MHOXKECTBOM A.
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s Kazkmoro x € Qg HaJI MHOYKECTBOM OIIpejiesieHHocT Afz] mMeercst
cBoit B-nabop. Cornacno Jlemme 1, npu T < T, BekTopbl o' JMHeiHO He3a-
sucnMbl. Kax ciencrsue, npu takux 1 Bce BeKTOPHI ' CyTh HEHyJIeBLIC I
BoiosHeno dim A[A[z]] = n < m.

e C ucnosibzoBanueM [(-nabopa Haj MHOKecTBOM A = Afz] npescrasienue
(23) npuobperaeT OKOHYATEIBHBIN BUJ

@ Dper = 2B @), =D pue@—t), (24
j=1 i=1

rJe p - MaTpHIa Mepexo/ia, CBA3bIBaioIiasi Habopbl v u 3.

T'napa Hg

Brenennbie BbIme HOHATUS 1 0OOHEKTHI OTHOCUIUCH K OJHON IPAHUIHON Bep-

muHe . B masbHedinem, yKa3biBas Ha 9TO TPU HEOOXOUMOCTH, MbI UCTIOJb-
¥

3yeM oboznadenns ~, £, A, n T.I.

e [l mabopa rpapmunbix Bepmma Y C I' ompegenuM IpoCcTpaHcTBEHHO-
BpeMeHHOiT Tpad
HY =) H caxo,T).
yeX
Ha neMm 3aarorcst aHaioru 00bEKTOB, BBEIEHHBIX paHee JJIst OTIE/IbHBIX THIP
H:;F Omnuiiem ux.

Hpoeknun us HE B Q_g us [0,7] cyrb 7((x,t)) :== z u p((x,t)) :=t; mox
7' u p~! noHMMalOTCs HOJHBIE TPOOGPA3LI B Hg .
Cocenierso h ~¢ h' na HL 1o onpenenennio osnadaer, uro m(x) = w(z’)

u/mmm p(z) = p(z’). CocencTBo onpenenser SKBUBAJEHTHOCTD 1 X 1. Yepes

%5 [h] obosnauaercs Kiace SKBHBajeHTHOCTH (pewemka) Touku h € HE.

Onepamuss HL D B +— %[B] ectb (Tomosormdeckoe) 3aMbIKaHue.
Muoxectso Ax[7] = 7(Ls[n~ (x)]) Hazoem mHootcecmeom onpedenen-

nocmu toukn z € QL. Ormernm ouesuanoe Bnoxkenne A, [z] C Ax[z] ps

v € . Onepamua QL D A — Ag[A] ecrb (Tonomornyeckoe) 3aMblKaHue.
MuowxecTBo yriopix Todek Corn H{ cocTonT mX BCex YIVIOBBIX TOWEK
rugp HI C H{ mmoc Touxn (TpamcsepcaibHOro) mepecedenns pedep pas-

HOLT TUJID H:;F . Kpuruueckue Touku B Q—g cyth Oy = (% [Corn HE)),

perynsgpable cyTh Iy := Q_g\ Oy;. Nmeer MecTo pasbuenue

J J my
_ i J : Jo_ ..
HE—U(I)]—Uka, diamw; = ¢€; := €p
j=1 j=1k=1
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Ha ceMeiicTBa U KJIETKH, BIIOJIHE aHAJI0rnIHoe pasbuenuto (17). I kaxa0ro
cemeiicta ¢ C Ily, MHOXKECTBO

Ex[@] = p(Llr (@) = U $i C [0,T]

COCTOUT U3 BPEMEHHBIX UHTEPBAJIOB ; = (t;,t;) Takux, uro 0 < t1 < t1 <

tg < tg < ...ty < tny, < T, Bce MHTEPBAIBLI UMEIOT OJMHAKOBYIO JIJIMHY

t; —t; = €g. Ha xaxkmom cemeiicTBe ornpejesien Habop HyHKIUNR 75
To(x) = PiNp(Llr (@), xe€® i=1,...,na. (25)

D1u GYHKIUE TOCTOSHHL Ha MHOMKECTBAX ONPEJIEeHHOCTH: T () = 74 ()
Juist peryssipabix @, 2’ € Axlx]. Jus vux semosneno (20) u cupaseymeo
upescrasienne (21). Ioceanee no3BosseT JoonpeeuTh GyHKIMT T4 B
KPUTHYECKIX TOYKaX (KOHIAX KJIETOK W) 10 HEIPEPBIBHOCTH.

o [lyctb v € 3, & C Iy u ¢z € ¢. Herpynno nokazarb, 4TO MHOYXKECTBO

Ax[z] N Qg sBJIsAeTCS Ay-3aMKHYTBIM (B Qg) CuiesroBaTesIbHO, Ha HEM HMe-
1 ne

ercs [3-nHabop BEKTOPOB Bﬁ/q), B - Vea0BUMCSI CYUTATD UX 38/ IaHHBIMEI Ha

BceM Ay |x], npomomxus ¢ Ax[z] N QT/ Ha Ay [z] Hynewm.
[ToBrOpHB MOCTPOEHNUE JJIsi BCEX 7y € X, HOJLY IUM COBOKYIIHOCTH (3-HABOPOB

{Blo BB1veS), Blo={Bal| k=1, ,ms}, (26)

riae me = fAxn[z]. Kaxzapti n3 nabopos opronopmuposan B la(Ax[z]). Co-
OTBETCTBEHHO, Ha Kaxiom cemeiictee ® C Iy samamst dymxmun 4 (-),

IPUHIMAIOIINE TOCTOSTHHBIE 3HAUCHUST ( fyq)) , Ha KjeTkax wy C P.

e Jlyist manuoro cemeiictBa ® u pasnvir BepiiuH y € X HAOOP {ﬁ}@, R :‘% }

COAEPKUT OJHO U TO YK€ YHCJIO BEKTOPOB, PaBHOE Mg, a (MYHKIUH Tg CYyTh
onnu u e xke. TeMm He MeHee, IPUMEM 110 OIIPEJIEJIEHUIO

Nyd = Na; T,i<1>($) =Th(z), 2€d; yEX (27)

D10 Ha NepBbIii B3MIsi U30bITOUHOE 0003HAUEHUE (UHJIEKC 7Y ) OKAYKETCsT Y100~
HBIM B JTAJBHENIITNX PacCCMOTPEHUIX.

3 DiikoHAJIBI

JdocTu>KuMble MHOY>KECTBA U MTPOEKTOPHI

Baech Mbl paccMmarpuBaeM 3ajady (3)—(6) Kak JAMHAMUYECKYIO CHCTEMY U
cHabXKaeM ee aTpuOyTaMu TEOPHUH YIIPABJIEHUs - ITPOCTPAHCTBAMU U Ollepa-
TOpaMH.
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e Ilpocrpancrso ynpasienuit .# 1 := Ly (T' x [0,T]) co cKaagpHbIM IIpons-
BeJIeHIEM

T
(Fa)sr =3 [ £t g0t d

yel’
HA3BIBACTCS 6HEWHUM IIPOCTPAHCTBOM cucteMbl (3)—(6). OHo comepKuT noji-
IPOCTPAHCTBA YIIPABJIEHUT, JEHCTBYIOIUX ¢ OTAEIBHBIX IPAHUIHBIX BEPIIUH
v el
ﬁ;f ={fe FT| supp f C {7} x (0,77}
Kaxoe ynpasienue f € f:{ umeer B f = d,¢ ¢ HEKOTOPBIM ¢ € L3[0,T].
[TosMHOXKECTBY IpaHNIHBIX BepiH Y C ' COOTBETCTBYET TIOIIPOCTPAHCTBO

52
Fe =Y 7T
YEX

JIHCTBYIONMIX C HEro yIpaB/IeHuil (caraeMble OPTOrOHAIBHLL B .Z | ).
[Ipoctpancreo J# = Ly(Q) maseaercs erympertum; Boambt ul (-, 1)
CYTb €ro 3JIeMEHTHI, 3aBucdIye ot speMenn. s muoxkectsa B C € onpe-
nemanM noanpoctpanctso S (B) = {y € | suppy C B} dbyukmmit, moxa-
JIN30BAHHLIX B B.
MmuozkecTBO BOJTH

%,Ys::{uf(',sﬂfefg}ce%ﬂ, 0<s<T

HA3BIBACTCS JOCMUACUMBLM (C BEPIIUHBIL 7y, K MOMeHTY ¢ = s). VI3 npeacras-

sennit (10) u (11) serko ycmoTperh, 4To % CyTh (3aMKHyTbIe) TOIIPO-
!

crpancra B . C pocToM s onn pacumpstiores: %, C %y upn s < s

Ormeuennast B (22) JOKAJIbHOCTH COOTBeTCTBUsT yIpaBieHne —BosHa"
BeJIET K PA3JIOJKEHUIO II0 CeMeficTBaM

5]
w = > w'@®), (28)
dClly

re nomnpocrpancTso %! (®) C A#(®) cocrour u3 Bom ul (-, T) € UL, no-
KamsoBannbX B ® N QT OproroHambHOCTL CraraeMpix - CeJCTBHE JU3b-
IOHKTHOCTH ceMmeiicTB: ®J N ®F = () st j # k.
e Quxcupyem rpanmdnyio sepmmiy y € X; uycrs P ecrs npoexrop B
Ha HOAIpocTpancTBo %, . OBCyM ero cBofcTBa 1 onumeM ero fefcrsie.

Kak ciemcrBue (28), mMeeM mpe/icTaBienne

Pl = Y Pl@), (29)

PClIIy
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rie P$ (®) cyTb npoekTopsl B A Ha ?/VT<<I>>. Takum 06pa3oM, IPOEKTOP PVT
HPUBOIUTCSA MOIIPOCTPAHCTBAMUI %VT<<I>> U, CJIeZIOBATEIBHO, €r0 XapaKTepu-
3allUsl CBOJINTCS K ONUCAHUIO JIefiCTBUS IIPOEKTOPOB PVT (D).

Kaxk mokazano B [12], IPOEKTOPbIL Pf (®) BBIpaXKAIOTCs Yepe3 BEKTOPbI
(26) u orevaromniye uM GyHKIUN ﬁf@() CTIEJTYIOTIMM 0OPa30M:

Nyg

(PI(@)y) () = ,;@‘Aw[x}’ o) Blo(x), € ®;
0, r e\ ®;

, (30)

e y € A - npousBobHas hynkius Ha rpacde 4. Dro npescrapienie BLIBO-
JIATCs U3 mpejicTaByienns (24), s oy deHnsi KOTOPOro U BBOJMJIACH BEK-
Topsl 3.

Kax Jsierko Bugers u3 (29) u (30), ecau mpoekrupyemasi Ha ?/WT byHk-
nus y € S HempepbIBHA W TAaKOBa, UTO Y|p [y = 0, TO 1 (P,gﬂy)][wm =0.
JpyruMu cjioBaMu, 3HAUEHHs HPOCKIMI PVT y Ha MHOXKecTBe A, [z] BrONIHE
OIpeJIessoTCsl 3HadennsMn y Ha A, [z]. VImenno B 9TOM cocTomT 1MOBOJ Ha-
spiBaTh A [z], a ¢ HuMu 1 Ax[z], MHOXKecTBaMU ONPEIeIeHHOCTH.

Hanomumm, 4T0 BeKTOpEI 37 3, CYTH 9J1EMEHTBI IIOIIPOCTPAHCTEA AlAs[z]] C
Iy (Ag[z]). U3 ckazaHHOrO BBIIIE CIIEAYET, YTO HPOEKTOP P,;f orpeiesisieT B
lo(Ax[x]) oneparop pye|x], npoexTupytomuit Ha A[A,[z]] C A[Ax[z]]. Ilycrs
X1s- -+ Xmg €CTBh (cTammaprusiii) 6asuc B la(Ax[z]), cocrosmuii n3 nuuka-
TOpOB ToueK MHOkecTBa Ax[z]; B HeM (84 )k = (B¢, Xk). Cornacho (30), B
9TOM Gasice MaTPHIA IPOEKTOPa P[] IPUHIMAET BUJL

(Bro)i(@) o (Brg)me ()
(Bo)r(@) - (Blg)ms (@)

B 0E) e (5 )ma ()

Prolr] = Bf/<1> [z]Byo|z], Byelr] =

(31)

DiikoHAaJI

e Cenmeiicteo {P5| 0 < s < T’} npoexTopos B ¢’ Ha JOCTIZKEMbIE MHOKe-
CcTBa %/, OmpeJieNAeT onepaTop sikonana (KOpOTKO - 2iiKkoHa.n)

T
E?:%”—)%”, Ez ::/ sdPy.
0

4B roumom cmpicre, (30) ectn npexcrasienue "mourn seiony" B Q. dis y € C(Q) omno
Bepuo "Bcromy".
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W3 ompenenenus ciemyer, 9To Eg €CTh OT'PAHUYEHHBIN CaMOCOIPSIZKEHHbIH
MTOJIOXKUTEIbHBIH omepaTop. Kak u mpoekTop Pg , SUKOHAJT Eg ITPUBOINTCS
nopocrpancTBamu S (P): 1151 HETO CIpaBe IINBLI COOTHOIIEH ST EZ; (D) C

H(®) u paznoxenne
T T
Ey, = Z (@),
dCII

e EZ;<<I>> = Eﬂq) €CTDh Cy KeHue E,j;, neiicrByoree B (D).
Kaxk nokazano B [12], cupasemiiBo cornacosantoe ¢ (30) mpejcraBienue

(B @) (2) = | 25 0O Wl Bl Fale) we e g,
0, x e Q\ b;

B KOTODOM Y € ./ UDOU3BOJILHO, a OYHKIHE T g JAIOTCS OUPE/IC/ICHHCMN
(25) m (27). °.
Oneparop EX unnymupyer 5 13(As[z]) oneparop e,q[z]. Cornacno (31)
u (32), B 6a3uce X1, ..., Xmge €0 MATPUIA UMEET BHLJ
&ya[2] = Bigple]Dya[z] Bya[z];
(Bah@) o (Pl (@)
(8o )1 (2) (652 )ma ()

Byp[z] := V‘I’) ( - v 5 . Dyolz] = dlag{T,yq)(m) P

E3N@) oo (5 e (@)

[MoxmpocrpancTso A, [z] = span {B}/q), ce :%q’} C la(Ax[z]) npusogur sy
MaTpHILy, & ee HeHyJIeBoil 610K B Hasnce B}/q), ol ﬁ:%q) €CThb diag{Tf/q) () ?:”‘f.

Kax Bugao u3 (20), Bce ee coOGCTBEHHBIE 3HAYCHUS Téc}(ﬂ?) BHYTPHU KJIETOK
CeMefCcTBa PasauyHby; TIPH N3MEeHeHn = B w C © OHM 3aMeTaloT MHTEPBAJIbI
(ti,t;) C E[®]. Cormacuo Ipemoxenuto 1, upu T < T, obbeaunenue (1o
Beem cemeitctsam @ C II) Beex cermentos [t;, ;] copmanaer [0, 7).

U3 npuBe/ieHHBIX PACCMOTPEHH JIETKO YCMaTPHBAIOTCsI OOIIIe CBOCTBA

siikoHasIa Kak oreparopa B J¢ (cM., Hanpumep, [14]).

IIpenmoxenue 1. /[ra stirxonana E:*YF evnoanero Ran E,j; = %VT u Ker E:*YF =
IS %VT. DUuKoHan NPuBOIUMCA “HACMAMU JOCTUNCUMOLO MHOHCECTNEA:
EEYF%VT@P) C %VT(<I>>, ¢ C Iy. IIpu T < T, onepamop E:*/F|%T umeem 6

°B cOOTBETCTBYIOMEM TIPeICTABICHIH B [12] HCITOMB30BAICH HEKOPPEKTHO OMPE I TeH-
Hble QYHKIMA Tg: CM. CHOCKY Ha crp 12. [Ipencrasienue (32) ¢ dyHKImMAMNI, OIpPeeIeH-
ueivu B (19), (27) ucnpasister 1y omubKy.
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%VT npocmots abcoAOMHO HENPEPLIEHLIT CNEKMpP, 3aANOAHANULUL Cce2MeHM,
[0,T7].

Bameuanue 1. 13 npedcmasaernua (32) makorce caedyem, wmo npu epeme-
nax T > T, cnexmp E:ﬂ%:r ecmv obsedunenue ceemernmos [0, To|U [Ty, To)U
.U [TN—lyTN]; 2de T-y KTy <Th <Ty < ... < Ty T, a xaocowi
ceemenm. cocmoum u3 obaacmet 3naveruts GyHKryUL T,iyc} (3amvikanuli epe-

MEHHBIT KACMOK 1/1,@'@ - cm. (18)).5

ITapamerpusamnus
me

e Bribepem cemeiicteo @ = |J wy C Ily; myers w = (¢,d) C @ - onHa u3
k=1

ero KJeTok. HamoMHmM, 9To BCe KJIETKH MMEIOT OJMHAKOBYIO JUIHHY €3 =
7(c,d). dns x € w BBeaeM obosnavenne x = x(r), eciu 7(c,x) = r. Hapsty
C &, MHOYKECTBO OIIPEJICJIEHHOCTH TAKKe OKA3BIBACTCsI IAPAMETPU30BAHHBIM:
As[z(r)] = {zk(r)},2% . Ipn usmenennn r B untepsaie (0, €p) TOUKI Ty (7)
HEIPEPBIBHO MEHSIIOT IOJIOKEHUE U 3aMEeTAIOT KJIETKH wy. Takum obpasoMm,
cemeiicTBo ¢ mapamMeTpu30BaHo.

[TapamerpuzoBanbl o 7 U Bce 3j1eMeHTHI npejcrasiennii (30) u (32):

BEKTODBI
fo = {(Be)e (M}, (Ba)k(r) = Ble(ar(r) =
= (B%9)r = const, 0<r<es (33)
un dyHKIuN Tf/q)(r) = Tf'ycb(aj(r)). [Mocnegune, cormacuo (21), mpuHIMAOT
SHAYCHHUS
Tf/q)(r):tiq>+r wim Tf/q)(r):fiq)—r:(tiq)+ecp)—r. (34)

Ormernm, uTo mapamerpusanuii cemeiicra @ CcyTh /Be: NPUHSATAS BBIIIE C
r = 7(x,¢) u orseuatomas napamerpy r = 7(x,c). Oun BHOIHE PABHO-
npaBHbl. B manbreiiem Oyiaem cunTaTh, UTO Kaxkjoe cemeiictBo © C Ily
apaMeTpU30BaHO KAKUM-JTH00 OJHUM U3 JBYX CIIOCOOOB.

e [lapamerpusariust onpeeisieT MaTPUIHBIE [IPEJICTaBIeHIs (DYHKIIHIT U OTIe-
paTopoB Ha rpade.

50 raKo, TOUHOE OIICAHNE CIEKTPA - OTKPBITHIT BOIpoc. EcTh rumoTesa, 9To OH Beerya
ncuepnbiBaercsa uarepsaiom [0, To] ¢ gocrarouno Gonbmum Ty. Bonpoc ceazan ¢ ToHkuMu
JeTassIMU CTPOEHUS JOCTUKUMBIX MHOYKECTB %,YT METPUYIECKOro rpada.
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IIycts @ C Ily ecTh mapamMeTpusoBaHHOE CeMEHCTBO, Yy € J - DyHKIUS
me

ua rpade, r = x(r) € As[z(r)] = {z(r)},5 C @, 0 <7 < €p. Jlerko
IIPOBEPUTH, UITO OTOOparKeHIe

y(x1(r))
Ugp : H — Lo ([0, ep]; R™®) ; (Usy)(r) = , 1€ (0,ep).
Y(Tmg (1))

yuurapro. st KaxK10it BepiiuHet y € Y onpeiesinM (OCTOsTHHBIE - cM. (33))
CTOJIOIBI ¥ 0OPA30BAHHBIE UMU MATPUITHI

' ( 1<1>)1 (ﬂlé)m@
( ! )1 “2/ g
i:/q) = ’Y<I) S qu), B,ch = (5"/@)1 (ﬁ*yfb)mé :
( ’y<1>)m<1> (B:;%@ )1 o (/8:%@)7714)

BBeJIEM MATPUITHI

Dya(r) == {ie(r) 8y}, 10 . 7€ (0ca),

i,j=1"

i
rie 7. (r) uveror By (34). Ipu nsmenenun napaverpa r Marpuna Bye He
MEHSIETCSI B CHULY IIOCTOSIHCTBA €€ 9JIEMEHTOB B KJIETKAX W1, . . ., W, CEMeii-
crBa ®. BMmecTe ¢ Hell TOCTOSTHHA W MaTPUIA Bf/q)Bﬁ,q). Tlocnenusist, B cuty

i .
TOr'O, ITO CTOJIOIIBI Bﬁ/q) COCTABJISIOT OPTOHOPMUPOBAHHBIN HAOOD, SABJISIETCSI
mpoekTopoM B R™® Ha 1OIIPOCTPAHCTBO

o, [®] := span {5}@, Cee :;gf} = [B,’;‘I)Bﬁ@] R™® .

*
Marpuria-poeKTop Bﬂ/@Bﬁ,@ JOIIYCKaET Pa3JjIoKeHUe B CyMMY IOIApPHO Op-
TOI'OHAJILHBIX OJHOMEPHBIX IIPOEKTOPOB

Nyg

BloByo = Zpéq» o= (. 8a) Bla (35)
=1

rae (+,-) - craHJapTHOE CKaJsipHOe npousseieHue B R™®. B coorsercrBun ¢
(32) mMmeem mpeCTABIIEHEE:

(Us EJ(®)y) (r) = [BjeDya(r)Bya] Usy)(r), 1€ (0,¢p)

C MaTpHUIlaMu

Ny

. 1 G246 N~ i o pi
BWCI)D“{‘I’(T)B“{‘I’ = Uq’ EZ;<(I)> UCI> ! = Z Tﬁ/@(T)PPyCP : (36)
i=1
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o OmmireM mapaMeTPU3AIIIO TPOCTPAHCTB U OMIEPATOPOB, OTBEUAIOITYTO Pa3-
6uennto Ily, B mesiom. Anasor passoxkenus (28) npuobperaer Buj

UL =& Z UL (D), UL (D) := span {%,YT(<I>>| v E E} ,
PClIly

IpUYeM KazKJI0e U3 TOITPOCTPAHCTB-C/IAraeMbIX ITPUBOIUT BCE SUKOHAJBI OJ1-
HOBPEMEHHO:

EI U5 (®) C U5 (D),  yeEX.

Vcnonb3ys mapaMeTpu3aiuu B CEMeHCTBaX, NMEEM:
U (®) = Ly ([0,€0]; R™),  Up%s [®] = Ly ([0, €a]); @ [®]) |

rae /5 [®| := span{a/,[®]|| v € ¥}, a gactu E:;F(<I>> SMKOHAJIOB YMHOYKAIOT
sstemenThl Lo ([0, €g]; R™?®) na marpunps-dyukimm (36).

Cornamrenue 1. Yeaogumca 06 0603navenuaz. aa npocmparnems S, ..., Iy,
cymma S = &), S} ecmo npocmpancmeo nabopos s = {s1,...,sn}, sj €
(¢ noxomnornenmmvimu onepayuamu). Jas onepamopos Ay, ..., Ay, Aj €
End %}, cymma A = @Zj Aj € End.” ecmv onepamop, deticmeyrouuti no
npasury As = {Ais1,..., Apsp}. Jdaa mampuy My, ..., M,, M; € M*,
cymma M = @3, M; € M+ ecmp Gaouno-duazonanvras mampu-
ya ¢ brokamu My, ..., M, (mor maxoce nuwwem [M]; = M;). Jaa aneebp
{Ay,...,A,}, A= @j 2; ecmb NPAMAA CYMMA AN2EODP-CAARAEMBLT (ML TAK-
orce nuwem [A]; = A; u nazwsaem Aj baokamu).

[Mapamerpusanust Beero Iy, peanusyercst oneparopom U := @ Y. Us:

OClIIy
UAQL) =& Y Ly([0, ea; R™);
dClIly
Nyd
_ 36 ; ;
UVETU = o Y U Y@ U;" D e S S ryPly yex. (37)
dClIly OClIly, i=1

CMellleHHbIE 3MKOHAJIBI

e B TexHUYECKOM OTHOIIEHUU, IIPU OIMUCAHUU aJreOpbl, MOPOXKICHHON 3ii-
KOHAJIaMU, YJI00HO UCIIOJIb30BAThH ONEPATOPBI (CMeweHHble IUKOHANbL)

T
ET ;:/0 (s+1)dpP; = El + Pl (38)
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VcTaHoB/IeHHBIE PaHee CBONCTBA U IPEICTABICHUS JJIsT Eg OYEBUTHBIM 00pa-

30M 11epeOPMYIUPYIOTCS JIJIst E:;F . Tak, ananor npejcrasienust (37) umeer

BU]T;
UETU™ =& Y Us EN®)U' = & Y [BipDya()Bya) =
PClIly ®Clly
(37) < ;
@ZZ <I>P'yCI>7 ’YEE, (39)
dClly; i=1

rie D’Y‘i’(') = D,o(-) + I, I - egunuyHas MaTpuia COOTBETCTBYIOINIE pas-
MEpPHOCTH U qu) (r):==m <I>( r) 4+ 1. Anasor Ilpemoxenns 1 nmeer Buj

IIpennoxxenue 2. /[as onepamopa E,j; svinoarero Ran Ez = %,YT, Ker E,j; =
H S @/VT u E':*YF%VT@)) C %VT(<I>>, ¢ C II. IIpu T < T, on umeem cob-
cmeenHoe anaverue 0 beckoreyrot Kpammocmu U npocmot abcoaromHo Henpe-
posHoll cnexmp, sanosmaouut ceemenm [1,T +1]. IIpu T > T, cozracno
Samevaruro 1, 6vinosreHo

o .y @g) = UaC(E.Z;) =

= [1,T0 + 1] @] [Tl + 1,T2 + 1] J...u [TN—l + 1,TN + 1], (40)

ede T, <Tp <Th <Th < ..<Ty <T, aceemenmo. cymv obsedurierus
. . L.
obaacmets 3naverutl Gyrryul T (emewernox Ha 1 8pemenHbiT KAemok

S
4 Anrebpa s3iiKOHaAJIOB

Omnpegesenust n ob1ue PaKThI

e HamomunMm, uro C*-anrebpoil HasbiBaeTcd OaHaxoBa ajredpa ¢ HMHBOJIO-
nueit [16, 19]. TakoBbIME, B 4ACTHOCTH, SIBJISIIOTCS AJreOpbl OrPAHUYEHHBIX
onepatopos B(.#°) B rmsibGEPTOBOM IPOCTPAHCTBE ##, B KOTOPBIX POJIb MH-
BOJIIOIINU UTPAET OIEPATOPHOE COIpsizKeHue. 3anuch 2 =2 B Oyer o3HavaTh,
qro C*-anrebpsr 2 u B CBA3aHBI U30METPUUECKUM *-H30MOpdU3MOM (1asee
KOPOTKO - udomempuyunnt). st muoxkecrsa S C A wepes VS oboznadaercs
munnmasbaast C*-(mom)anrebpa B A, comepxkarmast S.

Tlox M"™ mormMaeTcst aaredpa BeIeCcTBEHHBIX NXN-MATPHIL, PACCMATPUBA-
eMbIX Kak orepaTopbl B R” 1 cHaGKEeHHBIX COOTBETCTBYIOIIEl (0IepaTopHoii)
nopMmoit. Ona nenpusoduma.

26



Yepes C([a,b],M™) obosnagaercst ajnrebpa HemnpepblBHbIX M™-3HauHBIX
dbyuximit ¢ Hopmoit ||c|| = sup ||e(t)|lpmn. Tem xe cumBosIoM MBI 0603HATAEM

axxtlx

oneparopuyio (mon)anrebpy B B (La([a,b]; R™)), smemenTsl KOTOPOil yMHO-
JKAIOT KBaJIPaTUIHO-CyMMUpyeMble R™-3Haunble GpyHKIun Ha GYHKIAA U3
C([a,b],M™). CoorBercrBue ¢ — ¢ yCTAaHABJIUBAET M30METPUIO THX AJl-
rebp.

C*-nomanre6py 21 C M™ ycaoBuMcs CIMTATH HEIPUBOIMMOIL, €CJIM BbI-
nosaeno 2A =2 MF , e k < n. Takas anredbpa, B nogxoxggaiieMm dasuce B R,
MIPUHUMAET OJIOUHO-THATOHAIBHYIO (POPMY U COCTOUT U3 JBYX OJIOKOB, OIUH
13 KOTOpBIX ecTb MF, a Bropoii (eciu mMmeercs) - HYJIEBOI.

IIpuBeeM CBOJIKY M3BECTHBIX PE3yJILTATOB ..

IIpenuioxxenune 3. Jhobas C*-nodanzebpa anrzebpv, M™ uzomempuura nps-
moti cymme @, M 2de >, ny < n.

IIpengoxkenue 4. ITyemo P C M™ u C*-nodaneebpa A C C([a,b];B) ma-
Koea, wmo das mobwx t,t' € [a,b] u p,p’ € P natidemes snemenm u € A,
daa komopoezo evinoaneno u(t) = p, u(t') = p’. Tozda A = C([a, b];R).

(cm. [16]).

e IIpencrasienne C*-amre6per 2 510 romomopdusm 7w : A — B(H), tae
H - runs6epToBO POCTPAHCTBO. DKBUBAJICHTHOCTL NPEJICTABICHUNA T ~ 7'
osuadaer, uro (m(a) = w'(a), a € A, tne ¢ : H — H' - uzommerpus mnpo-
CTPAHCTB TIpejcTaBieHnii. [Ipegcrasienue Henpusodumo, eCin OnepaTopbl
m(2() He UMEIOT OBIIEro HEHYJIEBOrO HHBAPUAHTHOTO TIOANpocTpancTea B H.
Crexrpor C*-asre6por A HASBIBAETCS MHOIKECTBO 2 KJIACCOB SKBUBA-
JIEHTHOCTH €€ HEIPUBOMMBIX Tipecrasiennit. Kiace sksusanentaoctu (To4-
Ky CIIEKTpa), OTBEYAIONHUil IpeIcTaBIeHuio m, OyjaeM 0003HAYATH Uepes3 7.
CuekTp cHabyKeH KaHOHUIecKoii Torosorueii Izkekobeona [16, 19].
Mzomerpus anre6p u : A — B onpeneasger COOTBETCTBIE IPEICTABICHHI

As 1 s wreB, (wm)(b) = '(b), beB, (41)
KOTOPO€ IPOJIOJIZKAETCS JI0 KAHOHUIECKOTO TOMeOMOPhU3Ma CIIEKTPOB:

AS 7 > wdeB, ud:={ur|recr} (42)

"B pabotre [9], B anamormanoit ceogke ‘On matrix algebras’, momymena omubka: yTBep-
xkpenne 3 HeBepHo. OIHAKO, TIOCJIE COOTBETCTBYIOIINX UCIPABIIEHUI, BCE PE3YJIbTATHI Pa-
6OTBI COXPAHWUJIM CHILY.
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Ilpennoxxkenue 5. [Ipedcmasaenus
T : C(la, b], M") — M", m(¢) := ¢(t) (43)

HENPUBOOUMDBL; UL KAACCH IKEUBANEHIMHOCTIU UCHEPTILIBAIO, CNEKD AA2ED-
poi. C([a,b],M™). Jlas aobozo nenpueodumozo npedcmasienus T an2ebpol
C(la, b,M™) cywecmeyem eduncmeennan mouxa t € [a,b], makaa, wmo
T~ T¢.

IIycTb

C([a,b;M") := {¢ € C([a,b; M") | ¢(a) € My, ¢(b) € My} ,

e Mg, Ml cyts C* —nioarebpsr M, KOTOpbIE€ MBI HA3BIBAEM 2DAHUYH LM
N3 Tlpenmoxenus: 3 ciemayer, 91O

Na p
My = @M, 50+ + s, <ny My = MM, M+ + Ay, <
k=1 k=1
(44)
B ciayuae M, = M, = M" umeem C([a,b];M") = C([a,b]; M™). Anre6po
C([a, b]; M™) MbI GyeM HA3BIBATD CIMANIGPIMHOLMA.
CuekTp cTaHIapTHON ajarebpbl COCTOUT M3 KJIaccoB 7y, t € (a,b) Henpu-
BOJIMMBIX IIpeJicTaBieHuil Buya (43) u npeacraBiennii 7y, p, KOTOPHIE MOTYT
OKa3aThCsl IPUBOIUMBIMU. Eciu, HAIpUMeEp, n, > 2, T0 T, PACIajaercs Ha

HerI/IBO,ILI/IMbIe Hpe,ZLCTaBHeHI/Iﬂ
™ ¢(a) = [¢(a))F € M,

rie []k ecTb k-#1 6JI0K OJIOTHO-IMArOHAJIBHON MATPHUILI B IPEICTABICHU-
sx (44). B 9TOM cilyuae MbI FOBOPHM, UTO 7L, ... A% obpasylor kiacmep B
CIEKTPE CTaHJAPTHON aJredpbl. DTOT TEPMUH MOTHUBUPOBAH TEM, ITO OHU
HEOTIEIMMBI JIPYT OT JApyTa B Tomojorun JIxkexkobcoHa. AHATOTHIHBIN Kila-
cTep MOXKET MMEThCsS W Ha IpaBoM KoHIe t = b. B To ke Bpewmsi, Bce Ty ¢
pasubiMi ¢ € (a,b) oTaesmMbl ApYT OoT Apyra u or Kiaactepos (cm. [12], [9]).
Cuekrp anrebper C([a, b]; M™) ki1acrepoB He COIEPKUT.

o [lenTpaabHbIM 00BLEKTOM PAOOTHI SABJIACTCA an2ebpa 2UKoHa.n06 Tpada )
¢l = V{E] | v € £} C B(La(Q));
cM. [12],]9]. Bxoggmmue B Hee nogaire6pbt

QE;S = \/E;F, vEX
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MBI HA3BIBAEM NAPUUAALHHLMU. B paccMOTpeHNIX yI00HO NCITOIL30BATH 'CMe-
meHHbie aareOph

sz = \/E'?;, éfg::\/{E",j”yeE}: \/{Q.EZ|7€E}.

[Tepexox ot (’32 K (’32 COCTOWUT B JI0DABJIGHHH ITPOEKTOPA PVT , UTPAIOIIETO

POJIb €JIMHUIILI B (’32 (cm. (38)), a anrebpa e$ OKa3bIBaeTCs MOJAIredpoil B

2T

¢,

e CornacHo (byHKIMOHAJIBHOMY HCUNCICHHIO CAMOCONPSI?KEHHBIX OLEPaTO-
i :

POB I B CUJIy OPTOTOHAJIBHOCTU HPOEKTOPoB F.g B (39), mveem:

Nyd

BN = [ pe)ar=UT o 30 S (peataPla| U (43
Tac(E7) OCTly i=1

st p € Co aC(E":*/F )). 3aj1aBaeMoe EPBBIM PABEHCTBOM COOTBETCTBUE gp(E:;F ) <
¢ ecTb u30MeTpus ajredp Qfg uC (O'ac(E.g; ))-

Cornattenue 2. /Jlanee 6c100y, ecau He 02080PEHO NPOMUBHOE, MbL UMEEM
0en0 MOALKO CO CMEUWeHHbMU FTUKOHAAAMY U onyckaem () 6 OmHOCAUUTCA

K HUM 0003HAMEHUAL, ! E:;F = EE/F, %fl = T,]:l, 1[)’;1 = zﬁ,’jl, Qfg = Qfg u m.d.

Hpe,H,CTaBJ'IeHI/IH 1 CBA3U MeE2XKYy OJioKaMu

e U3 (29) u (32) umeem npejcTaBieHue

eL=viam Y EV<<I)>‘7€E
OClly

[Tapamerpusarust (37) IPUBOAUT K IIPEJCTABICHUIO

N ~1 (39)
el 2pely! =
n'yq> . .
=VAD Y D Ta()Pig|reXyC P C(0,eq),M™)  (46)
PClIly i=1 $Clls

B BHJIC OIIEPATOPHOI ajreOpbl; ee 3JIEMEHThI YMHOXKAIOT (DYHKITUH U3 IPO-
CTPAHCTBA 1IPe/ICTaBICHUSL

Ry =@ Y Ly ([0,eq];R™) (47)
dClIly,

29



Ha HEIPEPBLIBHBIC MATPUIEI-(DYHKITINA COOTBETCTBYIONIETO BUJIA.
B Gostee HArIsA[HOM GJIOTHO-MATPUIHON 3ammcy npe/icrasiennst (46) nve-
eM:

velu=t =v yeEX S C
nygJ

] Tj,q;]('J)Pf;'q)J
1=

; (48)
C ([0, e5; M™a7)

3/1eCh HyJIeBbIE BHEIMATOHAILHbIE 610KH omnyiensy; Iy, = ®1U...U®. O6o-
I
3HaveHne (-j) MomdepKuBaeT, 4ro apryMmentst 7; € [0,€;] y dyHKmit Y
CyTh pasHble, B COOTBETCTBUU C IIpeJcTaBieHueM (47).
Ompenennm HAOOPBI MPOEKTOPOB Pg; 1= {PVZ@ ‘ t=1,..,n,i;7 € X}
Torna ¢ npubedeHreM aarebp

q:;q)j = \/]Pq)j g Mm‘i’j (49)

BiOKenue B (48) yToUHSIeTCs CIeYIOMUM 00pa3oM:

J
vesU™ < P (0. 1 Bas) (50)

Jj=1

Kax mozkno npensuzers u3 (48) u (50), onucanue cTpyKTypbl ajrebpbl 9iiKo-
HAJIOB CBEJIETCS K YCTAHOBJICHMIO CBA3U MexKy ee Giokamu [UELU1];(-;),
OTBevAIOMUME pa3HbIM cemeiicTBaM ®7 C Ily. VIMEHHO STH CBA3H OTIMYAIOT
U QE%U ~1 or anre6psr B mpasoit wactu (50), y KOTOPOii 6JI0KH BIIOJIHE HE3aBH-
cumbl. [IpuBoguMast HuXKe JIeMMa - TIIar B U3YUE€HUU CBS3€i MeXKJTy OJIOKaMU
areopor U QS%U -1

e OrpeiesiuM POEKTOPBI

01 mq)l

T v I

|
T
m
=
4
I
10-

Oj g»Bq)J
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rie Oj - HyJIeBble MATPHUIBI COOTBETCTBYIOINeil pasmeprocTn. Kak n P!

DI
STH HIPOEKTOPHI MONAPHO OPTOrOHAJbHLI. Onpemeaum Takzxke "roukn" r :=
{r1,...,rs} ¢ xkoopmunaramu r; € [0, €;], MaTPHUIBI
W<I>3 J n,\/q)]
T
(UE Ut =& g E Tfycpa TJ »qu E E :Tfy‘lﬂ r5) 'y@ = EB;B@
7j=1 =1 7=1 =1
(51)

(em. (39)) u MarpuuHble ajarebpbl
UeLU N (x) == V{{UEIU ) (x)| v € T}

JIemma 2. Quxcupyem 7,1, 5. Hycms mouku v u v’ maxoswl, wmo ux Koop-
/ o

duramat ydosaemeopsarom ycrosuam 1 € (0,€;) u rj # r;. Tozda naiidemca

onemenm e € U LU das xomopozo evwmonneno e(r) = Pl ue(r')=0.

Jlokasameavcmeo. B cuily nonapHoit OpTOroHAIbHOCTH HPOEKTOPoB B (51),
upu i € N nmeem:

n

J
(( UETU Z ( ,y@k(rk))‘ufp,lycbk .
=1

l

2
<
>

Il
—_

Kak crencrBue, st nommnoma ¢ = ¢(t) = ayt” + - -+ + a1t BBIIOTHEHO

gk

J
( (UET Z q <I>k Tk)),P»lY@k .
=1 1

~

Mo ycoButo ma KoopauHaThl ToueK T u r’ u cBoiictBy (20), B Habope
chk(n)| k=1,....J; l=1,...,n¢s; n:rk,rg}

HHCJII0 Tf{j(rj) BCTpeqaeTCH o/iuH pa3. BeibepeM MOJIMHOM Tak, ITOOBI OH 00-

pamaiics B 1 mpu t = 7,(r;) n B 0 BO BCex oCTATBHBIX ToUKax Habopa. st
e:=qUEITU™Y), OLIeBI/mHo, mvee e(r) =P, e(r') = 0. O

CnencrBue 2. Ecau x00pdunambv, mouky T He NPUHUMAIOM KpatiHuL 31a-
wernud, m.e. r; € {0,€;} daa ecex j, mo evinosneno

(U eLu- EB B - (52)
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Ecau koopdunamo, makosv, 4mo oaa durcuposannozo j evnoaneno 0 <
a; < 1; < bj < €5, a ocmanvrvie KOOPIUHAMBL NPOUSEONLHDL, MO CNPAGEIAUEO
coommouenue
Trr—1 — bl .
UesU ]j‘a‘q_@_ = C([aj, bi]; Bei) - (53)
VAN

ITepBoe COOTHOIIEHHE - IPSIMOE CJIEJICTBUE YTBEPXKJICHNUsI JIEMMbI; BTOPOE
JIETKO BBIBOJIUTCS U3 NEPBOTO ¢ ucnosb3osanueM IIpemiorkenns 4. Pasen-
crBo (53) ykasplBaeT Ha oTcyTcTBHe cBsseil Mexy Goxamu [U ¢LUY;
DY IPUHATBHIX OMPAHUYICHUSX HA KOODJANHATHL.
e Eciin KOOp/MHATHI TOUKH I' IPUHUMAIOT KPalinue 3HAUEHHsI, TO PABEHCTBO

. 9 Trr—1
(52), BooGiie roBopst, HapyIIaeTcs: B MarpudHoit anrebpe [U €U |(r) mo-
SIBJISIIOTCSL CBSA3U MEXKJIy ee Gsiokamu. VIMEHHO OHM OTJIMYAIOT JIEBYIO U IIpa-
BYIO dacTu BO Biozkenuu (50): y cocrosieil U3 cTanIapTHBIX ajaredp Hpasoii
YaCTH TAKHUE CBS3H OTCYTCTBYIOT. [TosicHnM 9T0 Ha HpuMepax.
. P
U3 ompeiesiennst 1 CBORCTB (DyHKITNAN ey (em. (20)) coemyer, uro pa-

_ , ”
BEHCTBA T <I>J( ri) = T o (/) BOBMOXKHBI TOJBKO IPH KPAUHUL 3HATEHHSIX

koopzaunat, T.e. upu 1 € {0,¢;} ury € {0,€e;}. Ilycrs dynxnum Tf@j Ta-

i+1

i ) —
KOBBI, "ITO BBIIOJIHEHO T_ g (ej) = i

(€j) = 7. B arom ciyuae j-Torit 6s10K

siikonasia B (48) npumer By

_ . n 1
([UETUT(r)], = Tigs (6)Pjas + -+ + 7(Pigs + Pig]) + -+ 7 2% ()P 2%

Trr—1 %
ITosTomy B cocras obpazyioniux aareopsl [U €U~ |(r) npoekTops Pfyqﬁ u
Pf/;l BOIIYT HE MOPO3HDB, & B COCTABE CYMMbI P;q) Pfyg} 7, TaKUM 0Opa-
30M, "ncyio obpasyomux ymenbimres Ha 1. Kak ciencrsue, Bo3MoxkHO (1 B

CofiepKATEJIbHBIX CJIydasX HPOUCXOAUT) Hapyierue (52): BMECTO paBeHCTBA
J
rapanTupoBano juib sioxkenne [U LU (r) € @ Pos-

AnanorndueiM 00pa30M MOTYT CBSI3BIBATBHCS IIPOEKTOPBI, BXOIAIINE B
i ; +/
pasmbic Onoku. IIycTs 7'4; TAKOBEL, 9TO M8 KAKUX-TO pasnoir j U j' BbI-
. )
1 ) — . —
TOJHEHO T/ g (€) = T g (€j7) = 7. B arom ciyuae B (48) 6y10Kn ¢ HOMepamu

j u j' npumyT BUZ
[UETU(x)]; = Tygs () Pygs + -+ TPhgy + -+ 7 ygfﬂ NI

(0BT )], =7

1 .y <I>J n <I>jl
S G gy e+ TP gy 4 T ”, (ej/)Pfyqjj,

. y
U OKaXKyTCsl CBSI3aHHBIMU (9Yepe3 [IPOEKTOPbI P; 3 I P; ® j,), 4TO TaKXKe MO-

KT NPUBECTH K YMEHbIIeHHIo Yucsa obpasytonux aaredpnt [U LU ().
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IIpuBogumocTsb

e Asrebpnl Py, oupesensiemble Habopamu TpoeKTopos Py B (49), BoOOIIE
roBops, npuBouMbL: 110 [Ipeiokenuio 3 nmeem

J
RUY :@mqm Pos = MGE g5 4+ 325, < Mg
k=1

u Bioxkenne (50) npuHIMAET BU

qj J qj
velu-! ¢ @ ([0, ¢]; @m@ =P Pcqo.eliet)  (54)

j=1 7j=1 k=1

C HENPUBOOUMBLMU 2]3’(%1-. Huxke, B anrebpandeckoit Teopeme 1, B aucie mpo-
YUX Pe3yJIbTaTOB, Oy/IeT YCTAHOBJIEHO PABEHCTBO:

P = VP, (55)

rae ]P’CN CYTb HEKOTOPbIe 10/ 1HA00pb! u3 Pgj, Takue, 910
’ !
U PE =Pgs; BE,NPE =0 mpn k£ K. (56)

Tewm cambiMm, IpUBesicHNE AITeOPHI UQE%U ~1 kK cymMe HeIpPHBOAUMBIX 6JIOKOB
B (54) cBemeTCst K aeKBATHOI IPYIIUPOBKE IPOCKTOPOB  6HYMPU KadHcA020
u3 Habopos Pg;. Ilpu rpynnupoBke yao6HO mepeiiTu K HOBOI HyMeparuu.

IlepBbiM 11aroMm gBJIsieTCs 1Iepexoj K CKBO3HOH HyMepaluu ajaredp, BXo-
Jsmux B (54):

1 1 1
mqﬂ,...,mqﬂ; mqﬂ, “‘7%@2; ...... ;SB@J7 ......... 7€B?{>JJ =
mb R g’Bqﬁ s:qui-lv s 7§’Bql+qz; ceeend g’BQ1+S+qJ717 s 7§'BL7 (57)

e L := q1 + -+ + qj. Anagornuno (t.e. dopmasbnoii 3amenoit P ma P B
(57)) nepeitem or HaGOPOB IP";J- K Habopam P, tine I = 1,..., L. Kax/pblii
nabop IP;, B cBolo ouepenb, MOXKHO pa3bUTh Ha HOAHAOOPLI, OTBEYAIOIIUe
OT/EJIbHBIM BEpIITUHAM Y € X

:U]P)’yu PY::{P'\Z‘/@J'EPl’fy/:fY}:{PfyiﬁJV'w »chj}
YEX
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TIe M.y 1= #]P’?. Hakomnern, meperymepyeM mpoeKTOPbl BHYTPH KaKJI0TO ]P’?:

i1 ik Nyl

Pl Pl PW =
k Tyl

Py, ..., Ph, ..., P},

i i
a ¢ HUMH - PYHKITIN T i ¥ TIPOCKTOPDI 7{/@

11 1 ., i1 1k
Topir s Togir s Togss 73@,...,73@, P«/<I>J =
1 k Nyl 1 Nyl
T’Yl’ ""T’Yl’ e '*/l“{7 P’Yl’ .. P’Yl’ '”77)7[{ .
B HoBoit Hymepanuu Biioxkenue (54) 3amuiercst B ¢popme
L
Trr—1 .
UQZEU - @O([Ovel]vml)7 (58)
=1
LI €] = €2 = ... = Eq, = €1} Eq14+1 = -+ = Eqy4qo = €25 ..., & IPEJICTABICHIE

siikonasioB (37) u coornorenne (52) npumyT corsiacoBanHublil ¢ (58) Buj

Ny Ny

UETU! _@Z Z —Z Z (59)

(U ety @m,,

rJie KOOPJMHATHI TOUKU T = {71,...,7[} He IPUHUMAIOT KpaifiHUX 3HAYCHUIA.

OrMeTnM, 9TO UMEHHO IIPU CMEHE HyMePAIIi CTAHOBUTCH HEOOXOAMMBIM
HCIOJIL30BATH UHJEKC 7y 11st Py HKImit T4 (cM. (27)). DTo cBs3aHo ¢ TeM, 9To
HCXOJHBIE pasHbie ByHKIHN Téw = Ti,q)j Juist (PUKCHPOBAHHOTO ceMeficTBa
®J MOI'yT COOTBETCTBOBATE IIPOEKTOPAM Pﬁ/qﬂ u P’ i
HyMepalny OKa3bIBAIOTCA B pasHbir 6ioKax Y n &]31/

KOTOPBIE ITI0CJI€e CMEHBI

e Kaxk nokaspisator Crencrsue 2 1 HOCIEIyIONIE KOMMEHTAPUU, CBA3U MEK-
1y 610kamu anre6put UELU ~! Bo3MOKHBI TOIBKO Ha IPAHUIAX HHTEPBAJIOB
[0,¢;]. st meTanbHOrO OMMCAHNS STUX CBsA3el yI00HO HCIIOIb30BATH CIIELy-
omuii hopMaIu3M.

Qukcupyem BepiuHy v € X u pacemorpum Habop (k, [, 1), orBevaronuii
3HAUEHUIO T l(n) dbynknun Tfjl. Ckazxem, uro nabopser (k,l,r;) u (K',U',ry)
ceasanve m Oynem tmcars (k1 1) < (K, ry), ecim BBIIOTHEHO Tﬁl(rl) =

/
Tffl, (ry). o ceoiicrBam (20) u (21), Takue paBeHCTBa BO3MOYKHBI TOJIBKO IIPU
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Kpaitaux 3HaveHusx napamerpos 1; € {0,e;} u rp € {0,ep}; B nupuBoan-
MOM HHZKE HPEIJIOKEHUU (PUTYPUPYIOT MOAbKO MaKue 3HAUYCHHA. DTU Ke
CBOHCTBa BeIyT K CJIEAYIOINNM CBOWCTBAM CBA3U < .

IIpennoxenune 6. /laa sadannozo nabopa (k,l,7r)) vinoanaemes 00no u
MONBKO 00HO U3 CAEOYOUUT YCAOBUL:

1. ne cywecmeyem omauunoeo om (k,l,7) nabopa (K, U',ry), maxoeo,
wmo (k,l,r) < (K, U, rp);

2. cywecmeyem eduncmeennwl nabop (K1, ry), maxot, wmo (k,1,1r;) <>
(K" U rp); npu smom I =1, rp =1y, K # k;

3. cywecmeyem eduncmeernnviti nabop (KU vy ), maxot, wmo (k,1,1;)
(K' U rp); npu smom I # 1.

YenoBumest pasgensatb Habopsl (k, [, 7)) Ha cooTBercTByfoue Tuibl 1,2
u 3.

JIemma 3. ITyemvr = {ry,...,r;,...,rc}t, ri € {0,&}.

1. Ecau (k,l,r) € 1, mo daa aobozo T ¢ koopdunamot 7y # 1y, cyuwe-
cmeyem anemenm e € U (’E%U_l maxoti, Wmo 6vnoAHEHO

e(r) =P, e(F)=0.

b

2. Ecau (k,l,r) € 2 u (k,L,r) « (K,1,r), mo das mobozo T ¢ 7 # 1y,
cywecmeyem onemenm e € U ELUTL maxoti, wmo evinoaneno

e(r) =Pk + Pk, (@) =0.

3. Ecau (k,1,7m) € 3 u (k,1,r) < (K, U',ry), mo dan
r={r,...,"...,Ty,...,TL} U 06020 T ¢ KoOpouHAMAMU Tj F T},
Tjr # i cywecmeyem saemernm e € U (’E%U_l, marot, 4Mmo 8viNOAHEHO

e(r) =Pl + Pk, e¥) =0.

JlokazaTeaneTBO MBI OIIYCKAEM - OHO BIIOJIHE AHAJOTMYHO JOKA3ATEILCTBY
JleMMbBI 2: Kax 1 mocJIeHee, OHO CBOAUTCH K BLIOOPY MOAXOISIIEr0 IOIHHOMA
q. llpuanna "ckieiikn" mpoOeKTOPOB B CyMMBI Ta K€, ITO i B PACCMOTPEHHBIX
ke CirencTsust 2 nNpuMepax.

L
Kak ormeuasocs, otmrane anre6psr U LU or @ C([0,¢];%B;) cocro-
=1

UT B BO3MOMKHBIX CBSI3AX MEKLy 6/10KaMu MaTpuynoii anre6pst (U ELU1)(r),
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KOTOpbI€ MOI'YT IIOSIBUTLCS, KOIVIa KOOPMHATLL 7] IPUHUMAIOT Kpaiinue 3Ha-
uenusi. s m3yvueHus cBsi3eil OyjeT UCIOIB30BAHA 2PAHUYHAA AA2e0pa

oUeLlu1) .= {6(0) @ e(e)

L L
eerng—l}c Bpi| @ |PB:| (60)
=1 =1

e 0 = {0,...,0} ue = {e1,...,er}. VIx onmcanuio Mbl IPEIIIONLIEM De-
3yJILTATBl OOIIEro XapakTepa, Kacalolluecs CTPYKTYPbl MATPUYHBLIX aarebp

L
tuna P Py
=1

Anrebpnl, o6pa3oBaHHbIe OMHOMEPHBIMU MPOEKTOPAMU

e IlycTb B ruinb0epTOBOM IPOCTPAHCTBE ¥ €O CKAISPHBLIM IPOU3BEICHUEM
(-, ) 3ajan HAGODP OHOMEPHBIX TpoekTopos Pl ... P" : P! = (. B) gt
rue |8 = 1; obo3naunm

o =span{f',...,f"}; P:=V{PL,...,P"} C B(¥Y).

Ha ma6ope B := {#',..., 3"} BBemem orromenne: 3%~ B econ (B ,Bi/> #
0. OHO ompejesieT SKBUBAICHTHOCTD: ' ~ (7 ecm HafLyTcs BEKTOPBI
B, ..., B% Takue, uro B ~g B ~g --- ~ B~ 5i/. Ilepenecem a1y 9K-
BHBAJIEHTHOCTD Ha IPOEKTOPBI, npuusB P!~ P! eciu Bt~ Y.

[ycts B = By U --- U By ecTb pa3buenne Ha KJIAcChl S5KBUBAJCHTHOCTH;
obosHaunM @7, = span Bj. U3 onpenesieHnst OTHOIIEHUST ~ JIETKO CJIE/IyeT:
), L o/ upn k # [. Kax ciencrsue, nmeeM pazioxenue & = o) @ - - - D o,
KOTOPOE, OYEBUJIHO, IPUBOIUT BCE IIPOEKTOPLI P!,

ITpennoxkenue 7. Anzebpa B npusodumcs noonpocmparcmeamu Ly, npu-
YEM CNPAGEONUBO PABAOICEHUE

q
B=D*,,. (61)
k=1

ede Pla, =M™, 3, = dim 7.

IIpuBOIMMOCTD OYEBHIHA; PABEHCTBO IS PA3MEPHOCTH CJIEJyeT H3 TOTO,
uro Joboit ' € &, aBigercs NUKINIECKUM B &7, IJId JacTh ‘,m o Jotst
npuse/iennst P K By (61) MOXKHO BOCIIOIB30BaThCs pore/ypoit (12),(13).
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o (Ceyrorine pacCMOTPEHUST MOJETUPYIOT CHTYAIINIO, KOTOPAsT BCTPETUTCS
pu u3ydeHun ajareOpol siikonasoB. VMeHHo, B abcTpakTHO# hopme 0OCy K-
JIAIOTCSL BO3MOYKHBIE CBSI3M MEXK/Iy ee Oji0KaMu B IpejcraBieHun (48).

[Tycrh umeroTest Tpu rUILOEPTOBBIX MPOCTpaHcTBA G, k = 1,2,3, B KaxK-
JIOM 13 KOTOPBIX 3adaH HAOOP OJHOMEPHBIX IIPOEKTOPOB Pkl, R P,? o Pl=
(-,8) B, Bl =1, tne B, cyTb BeKTOpBI U3 HAGOPOB

By:={fili=1,...,m} C%.
[TpoeKTOpBI MOPOKIAIOT AIreOPHI:
P =V{P, ..., P}, Po=VI{P}, ... Py}, Ps=V{Ps,...,Py?}.
CocraBuM ayredbpy
P=P1OP20Ps CB(% ©% © D) (62)

(momanrebpy anrebpbl OrpaHUIEHHBIX OIIEPATOPOB, JEHCTBYIOMINX B IIPOCTPAH-
crBe 91 ® Y B 93) ¢ obpazyomumu

Pl=Pi®0;®0s, i=1,...,n1; Po:=01®Pi®0s, i=1,...,ny;
PLi=01 @0, ®Pi, i=1,...,n3 (63)

e Op - HyJIEBOIT ortepaTop, AeHCTBYIONUN B k-1 KOMIIOHEHTE TTPOCTPAHCTBA
G DY ®Y3. 06 anrebpax Py, B (62) GyieM TOBOPUTH KaK 0 OA0KGL AJITEODBI
PB. 3ameruM, 9TO B TEKYIIUX PACCMOTPEHUsIX, I'Py0dO ToBOpst, ajarebpnl Y3y
u Py OTBEUAIOT KaKOI-TO mape BblieeHHbIX 0J0KOB B (48), a Ps - "Bee
ocrajbHoe".

CkazkeMm, uro asnrebpa 9 C B pasdeasem (e cBsasbiBaer) 6a0ku P u Po
B (62), ecsin BMecTe € 100v1M 37IeMEHTOM 1 B g2 B g3 € £ B Hell cojiepKarcs
sseMeHThl 1 B O2 & g4 u O1 D g2 B ¢, T1e ¢4, g4 - HEKOTODBIE y1eMeHThI Ps.
B nporusnomM ciaydae OyaeM roBOPUTH, UTO OHA 3TH OJIOKH céA3bieaem. Ana-
JIOTUYHO OIPeJIeJIsieTCsl CBsi3b (UM ee OTCyTCTBHUE) Jist JTH000i apbl 6JI0KOB
B (62).

OrmMernM o9eBHANbIA (hakT: ecyn ajarebpa £ JTOIyCKaeT CUCTEMY 00pasy-
IOIIMX, KazKias U3 KOTOPBLIX uMeeT BUI jinbo g1 @ Oy @ qé, 60 O1 O g2 B qg,
TO oHa pasjesisierT 6jioku P u Po.

o Ilycts ‘
Po={PLli=1,...,m; k=1,2,3} (64)
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€CTb ITOJTHBII HabOp obpasyomux ajredbpsl . 3a1a1uM Ha HeM 0TOOpaskeHe

‘ , g .
(mBosmormio) 7 : P — P, rakoe, uro ecim T (P}) = P}, 10 T(P},) =P}, a
TAK2Ke BBIIIOJHEHO OJIHO (U TOJBKO OJHO) U3 YCJIOBHIA:

TP =P, wum  T(PHP.=P.T(Pi)=0.

Dt0 oTobpazkenue onpesenser pazouenne muozkectsa P na napet {P, T (P)},
IprYeM KOMIIOHEHTBI B KazKI0i 13 Hap Jnbo CoBIAIAIOT, MO0 OPTOrOHAIBLHE
JIpyT JApyTy. JIerko BujeTh, uro Takue T HaiilyTCs, IpUIeM BO MHOXKECTBEH-
noM uncie. Oanako, B aaredpe 9iiKoHATIOB OTOOpazKkenue T OKazKeTcs BIIOJIHE
KOHKDPETHBIM 1 OyJIeT olpeesaThcsd 3HaueHnsIMN (byHKIHi Tffl(r) upur =0
ur==e.

Ilo mamHOMY OTOOPAYKEHUIO OIPEIEIUM ITPOEKTOPDI Q};:

o - Pi, ecom T(PL) = P
P, +T(Py), ecmm T(P,)P; =0 ’
Cpein KOTOPBIX MOTYT OBITH coBmamatorntue. e 7 He TOKICCTBEHHO, TO 3a
cYeT COBMAJIEHUI MX 00IIee IHC/I0, OYEBHJIHO, OyJIeT MEeHbINe ny + na + n3.
ObpazyeMm aredbpy

Q:=V{QL|i=1,...,n; k=1,2,3} CP. (65)

Omna ompeensiercs orobpazkenneM T . B To e BpeMst, pa3HBIM JTOTTYCTHMBIM
T uT’ MoxKeT oTBevaTh OFHA M Ta Ke ajaredpa Q. DToT (aKkT UCIIONb3YeTCs
HIKE B JIOKa3aTenbcTBe TeopeMbr 1.

amee obcyKaaeTcest BOTIPOC O TOM, TIPW KAKUX YCJIOBUSX BBEICHHAS Ta-
KuM o6pasom anrebpa $ paszessier Win CBaA3bBaeT 6Jokn P u Po.

e Pasobnem omnpegenennbiii B (64) Habop npoekropos P ua wactun Py :=
{P,i |i=1,...,n%}, k=1,2,3. Kaxoit yactu cornocraBuM MaTpPUILbI

o IPePell - (PP
G(Py) = IPLPrlly = : ‘ :
1

)=

IPE PRIl - PPl

n G(T(By) = {IIT(PH TP} _ . Tyer

T
Z‘ij:

B:={Bi]i=1,...,np; k=1,2,3}=BiUBsUB3; By = {8 ]i=1,...,n4}.
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B cuty ouesmminix pasercts ||PLPi| = (8L, 812,

B B>+ 1By, B

MeeM:

G(Pr) = : " :

Crenyromuii KpuTepuii ¢Bs31 OJIOKOB HCIIOJIB3YETCsI HUXKe B ajiredpe 9iKo-

HaJIOB.

Teopema 1. ITycmo 6aoku Py uPo anezebpoi (62) makosvl, wmo xkasrcvii us
OMBENAIOWUT UM HaO0Po6 By u Ba asasemca KAaccom IKGUBAACHMHOCTIU
no ommoueruto ~. Toeda anreebpa L ceasvisaem P1 u Pao 6 MOM U MOAVKO

6 MOM CAYHae, ECAU
TP1) =Py u GP1)=G(T(P)) .
IIpu 6vinoaHeRUY SMUX YCA08UT CNPABEINUEHL COOMHOUEHUS
dim span B; = dim span By =: [; Py =Py = MY,
a 0ns anszebpvl Q cnpasediuso npedcmasaeHue:
Q = Q12 ® Qs,

2de
Qi =V{POT(P)| PePi} CP1dP2, Q3 CPs.

Ipu amom anzebpa Q pasdessem Q1o u Q3.
Jloxasamenvcmso. 1. Ona k, k' =1,2,3, k' # k nonoxxum
Qi = {Q =Pp + T(PL)| T(P}) € Py}
U OTMETHM CJIeJIyIolee U3 WHBOTIOTUBHOCTH T PaBEHCTBO:
Qi ={Qo =Pl + T(PL) | T(Pi) € Pi} = Que -
ITpu k = k' = 1,2,3 upumem

i P+ T(P), ecm PL#T(PL) Py ' .
@kk = k= . ; ; 2
Py, ecm P =T(P})

1,...,nk} .

Takum obpazom, Bce Qpg/ COCTOSIT U3 OTHOMEPHBIX U JIBYMEDPHBIX MTPOEKTO-

POB, a anrebpa £ NpPEeACTABIACTCA B BUJE:

2=V [Q11 UQa UQ33 UQ12UQ13UQys]
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U3 Buga npoekTopos (63) JIerko yeMOTPETh, UTO CBSI3bIBATH 0JIoKH P71 u Po
anrebpa £ MOKeT TOJLKO npu yciaosun Qo # (); B IPOTHBHOM ciyuae OHA
X pasjesier.

2. IIpeamonoKum, 9To anrebpa £ JAOIMyCKAeT IIPeICTaBICHNE:

Q =V [Q}; UQhy UQs3 UQq3UQy3], (67)
rie
Q1 == QuU{Pi | Pi+T(P}) € Qua}, Qb := QoaU{P5 | P3+T(P5) € Qua}-

Torma ona pazmenser Ojoku PB1 u Po. B camom gmese, B 3TOM ciaydae B
anrebpy 9, Bmecre ¢ snementamu QF = Pi + T(Pi) u Q4 = Py + T(PS),
noposnw BolIyT 6ce npoekTopbl Pi = P{ & Oy & O3 u Py = Oy & P @ Os.
Broag nx B amncio obpasyrommx aaredbpol £ BMecTo 3memenToB u3 Q1o Jrerko
yOequThCS B TOM, YTO Pa3de/ICHAE MMEET MEeCTO.

Bnech mosicauM ciefytoriee. Onpesesnenne oTodbparxKeHnst 7 UCKII0IaeT
OJIHOBpEMeHHOe NpucyTcTeue snementos QF = Pi + T(P}) u P} B crucke
obpazytomux {Q) | i =1,...,ny; k =1,2,3} anrebpsr Q: cm. (65). Tem ne
MeHee, COAEPKATLCA B camoti aaredbpe OHM BIIOJIHE MOTYT. DTO COOTBETCTBYET
BO3MOKHOCTU 3aMEHUTL | Ha Apyroe orobpazkenue 7' : P — P tak, 94T00bLI
oTBevaromias eMy anarebpa ' copnaja ¢ HCXOIHOM 9.

3. Ilokaxkem, UTO ecu

Q11 UQi3 UQo2 UQa3 #10,

TO JJIst aJIrebphl ) CripaBeTuBO TpejicTasienue (67) u, ciegoBaTeabHo, OHa
paznenser 6yoku P u Po. Ilocmemyromume paccMoTpeHus, B CHIYy PABHO-
sHavHoCTH P u Po, BriostHe anagorudbr Ayt gacreit Q11 UQ3 u Qoo UQos.
[Tposegem ux mus caydas Qi1 U Q3 # (0. IIpu arom umeem Q9 # (), u6o B
MPOTUBHOM ciiydae 0710ku P71 u Po 3aBeJOMO pas/IeIeHbI.

Kask et snement QF € Q1 U Q12 U Q13 nveer Buj:

. {P{+T(P{'), ecan T(P}) # P} (68)
i

e PL, ccn T(P}) =Pi
Kazk oMy BexTopy (4 m3 mabopa B oTsedaet mpoekTop Pi = Pi@0y P03 =
(-, BB ® Og © O3z, KOTOPHIi, B CBOIO 0YEPE/Tb, ONPEIENSIeT COOTBETCTRY-

fonuit ipoextop QF Buma (68). DTO TMO3BOMAET ONPEIETNTL OTOOPAZKEHHe
b: B — Q11 UQ2 UQq3 o mpasmiy

b(8}) :== Q}
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Bameriu, uto e QF = P + T(P}) = Pi + P} € Qi1, To umerorcst sisa
BexTOopa 3, ﬁi, Takux, 4To b(Si) = b(ﬁf) = Qi = Q’i,. Hasee mox b=1(-)
IMIOHMMAETCsT TIOJTHBII TTpoobpas.

ITo ycnosusim Jlemmbr, By €CTh KJIacC 3KBUBAJICHTHOCTH MO OTHOIIEHUIO
~. U3 yenosus Q11 U Q3 # () cienyer, uto maiierca napa BekTopos i €

b 1(Q2) m ﬁ{’ € b~}(Qq1 U Q13) Takmx, uro <B{,B{l> # 0. B camom gene,

OTCYTCTBHE TaKOil Hapbl O3HAYAJIO ObI, 9TO
span By = span b_l(ng) @ span b_l(Qll UQi3)

*
YTO HEBO3MOKHO II0 OIPEIEICHUIO SKBUBAJICHTHOCTH ~ .
Bri6pannast Hapa BEKTOPOB OUPE/ICIIHET IPOCKTOPLI QN =Pi+T(P}) =
b(B}) € Qiz2 u Q) =Db(F]) € Q11 UQy3, a ¢ HuEME 1 71€MEHT

o
1:=01919] € Q.
B coorBercrBun ¢ (62), nmeeM mpeJicTaBIeHUsT

Q= (Q1)1®(Q1)2®(Qh)s, QF = (A1 (Q))2@(Q))s,
Qi = ()18 (Q))2® (Q})s,

rue (Qli)kv (Qill)ka (Qﬁ)k € P, k£ =1,2,3; upu 3TOM BBIITOJTHEHO
(9D = (QDr(Q)e(Q)k, k=1,2,3.

ITo BBIGOPY BekTOpa Bt mveem QF = b(BE) € Qia. HoaTOMy (Q%)3 = O3, a,
3HAYNT, U (QZ )3 = O3. AHaJIOrMYHO, U3 TOrO, YTO Ql € Q11 UQq3 cirenyer,
aro (Q} )y = Oy, a 3HaswT u (Q1)2 = Oy. Takum 06pa30M, HEHYIIEBOI MOKET
OBITH TOJIBKO KOMIIOHEHTA (QZ) B sT0it cuTyarnum nMeroTcs J[Be BO3MOXKHO-
CTH.

1) Tycrs QF € Q3. Torma (Q) )1 = P¥ u (Q})1 = P§, a (Q}); mveer
BUJI;:

(Qi)r = PLP{ P{ = (81, 81)* P\, (69)

2) Tlycre Temepb Q’i, € Q1. Econ QF = Pf,, TO PACCMOTPEHUSI, BIIOJIHE
AIAJIOTHIHbIC TPHBCICHIBIM BBIIIC, BEYT K TOMY JKe DABCICTBY (69). Pac-
CMOTpIM CiIytaff, Kora Ql =PI + T(P{), upuaem T(P}) =P} € Py u
P! 731 = O;. IIpoekropy 733 COOTBETCTBYET BEKTOP ﬁj € Bji. Torma (Q’)
uMeer BUJL:

(O = P{(P{ + PP = [(81, 80 + (81,807 . (70)
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Conocrasisist (69) ¢ (70), IPUXOIUM K COOTHOIIEHUIO
- . o,
L=cPl e (BL5)° > 0.

D70 03HAYAET, UTO B Are6py £ MO-OTAETBHOCTH BXOIAT TpoeKTophl Pl € Py
1 T (P!) € Py. O6 5TOM pesyabTaTe CKazKeM, 9To TIpoeKTop QfF = '77{' +7'(77{)
pacmaJicst Ha HezaBHcuMble (B aurebpe Q) oxHomepusie dactu P u T (P]).

Hasee pacemorpum orobpaxkenne 7' : P — P, ommmaatomeecst or T 3Ha-
YEeHHSAME TOJIBKO Ha JBYX npoekTopax Pi u T (Pi) u nonoxum

T'(P) =Pl T(T(P{):=T(P)).

[Tpu sToMm anrebpnl O n L', onpenenennble oTobpaskenusamu 7 u T, ode-
BUJIHO COBIIAQJIAIOT, a Jijid £ cripaBeI/InBo CBoe npejcrasienue suja (66):

Q' =V [Q1; UQy UQ33 UQI, UQi3u Q] =10,
npudieM ero cesasb ¢ (66) rakosa:

Q =QuU{Pi}, Qhy=QnU{T(P})}, Q=0Qn\ {9},
Qi3 =Qi3, Q3 =Qo3, Qh3=0Qss3.

Takmm o6pasom, pacriay QF mpuBes K Tomy, 9to dacTb Q1g, oTBewaIOMAs 32
CBsI3b OJIOKOB P71 U Po, YMEHBINMNUIACH HA OJIH MTPOEKTOP.

ITosropsis pacemorpenns st gactu Q)y C Q12, yOeanmcst, 9T0 1 u3 Hee
MOXKHO U3DbATH OUEPEIHON IIPOEKTOD, He MEHAA NPU Imom arzeopu, L. TIpo-
JIOJIZKEHIE TPOIIEIyPhl 38 KOHETHOE JHCJIO IIaroB IPUBEIET K pacialy Beex
IPOEKTOPOB, comepxkapiuxcss B Q1o U, Kak cjieIcTBUe, K IPEJICTABIEHHIO
(67).

Wrak, nokazano, uro ycjaosre Q11 U Q13 U Qoo U Qo3 = () neobxommumo
JIIST TOrO, YTOOBI ajredpa cBsi3biBasia 6JI0KH P11 Po. 3aMeTnm, ITO yCIoBrE
Q11UQ13 = 0 sxBuBasentio Tomy, uto T (P1) C Po, a yemosue Qo UQoz = ()
- Tomy, uro T (Pg) C Py. IockonbKy oTobpazkenne 7 MHBOJIIOTHBHO, OTCIO/IA
noaydaeM, 9ro Q11 U Q3 U Qoo U Qo3 = () BhIIOIHSETCS TOTAA B TOJIBLKO
torja, korga T (Py) = Pa.

4. C sroro momenTa Oygem cuantarh, uto yciaosue T (Py) = Py Bhmonneno,
a, 3HAYWT, JjId ajrebpbl £, cBasbiBaorieil 61o0ku PB1 u Po, crpaBeTUBO
[IpeJICTaBJIeHIE:

Q = V[Qi2 UQz3].

Orcrona Bumno, 9To £ = Q19 O N3, rae D19 := VQ12, Q3 := VQ33, npuuem
aneebpa Q pasdeasem oa0ku Qi u Q3.
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Jlajtee MBI yTOYHUM CTPYKTYPY aareOpbl Q1s. C 3TOM Mebo yI00HO UC-
[I0JTb30BATh MATPUIHYIO 3allUCh:

. P . y
Q12:\/{Q2::< 1 i/>‘T(Pi):Pﬁ; i:1,...,n1}
P2
(HyﬂeBbIe 9JIEMEHTHI OHyH_[eHI)I) n IpeacTaB/JICHUE
QZ - < i il
< " 52 > 52

. ; -/

4gepe3 BEKTOPBI [3;, oTBedaloniue npoextopaMm P} u Py . Temepns mpesmoso-
xkuM, aro G(P1) # G(T (P1)). Ormernm, 910 9TO BO3MOXKHO TOJIBLKO €CJIU B
KazkJI0M 13 HabopoB B u By GoJibliie 01HOTO 3jeMeHTa. B 9ToM mpe/noso-

. : o "
e, B anre6pe Q19 maiiayres takue QF u Q7 wro (B, 1) # [(By, 55 ).
Jnsa npoussenenua Q'Q7 Q" € Q19 JIErKo NoIyvaeM IpeACTABICHNE:

i imi [ (BB, BB )
QiQiQi = o o

n IIpUXOJANM K COOTHOIIICHUAM:

i_ (P O1 .
@=(" o) (" m);

L. . . PZ . . O
aoie =@ ar (M o) v sl (7 )

N3 Hux, ¢ y4eToM HepaBeHCTBA |(ﬁi,5{>| # |<5§l,ﬁgl>|, 3aKJII0YaeM, 9TO B
anrebpa Q12 CONEPKUT KazKIblil U3 IPOEKTOPOB

Pi e
05 Py

no-otaebHOCTH. VI3 9TOro cieyer, 9To ajrebpa £ pasjesser OJoKu 1 u
Bo u cripaBejyINBO IIPeICTABIEHUE

Q=P S P2D Q3.

5. Takum obpazom, yciaosue G(P1) = G(7T (P1)) Takske HeoOXOAUMO JJIst TO-
ro, urobel asrebpa Q cassbiasia 610ku P1 u Po. Ipu ero BbIIOTHEHHN
CHPABEJIJINBO [IPEJICTABIICHHE:

Qm:v{<P,nm>‘P€E}:vW@T@HPEML

9TO U Tp66OBaJIOCb JOKa3aThb. O
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VKaxkeM Ha BaxKHOe 00cTOATENHCTBO. Ecau yenosusa Teopembr 1 BBITTON-
HEHBI, TO HAJIUIHE CBA3U MeXK Ty Oytokamu P31 u P UCKIIIOIAET CBI3b KAKOIO-
Jimbo U3 3TUX OJIOKOB ¢ OjokoM Ps. D10 ciemyer u3 dakTa O pasieeHn
6JIOKOB Q12 U $)3, OTMEUYEHHOI0 KyPCUBOM B HavaJjie 1.4 JI0Ka3aTe/lbCTRA.

e Paccmorpum Gostee obmryio curyarmio. Ilycts mmeercas N ruibbepTOBBIX
npoctpancte 9, k =1, ..., N. B kax oM ¥ 3aa1 cBoit HabOp OTHOMEPHBIX
MTPOEKTOPOB

onpeziesisieMbii HabopoM BekTopos By = {f}|i = 1,...,n,} C ¥, upu-
YeM KaxKJplii Bj sIBJISIETCs KJIACCOM SKBHBAJEHTHOCTH O OTHOIIEHHIO ~.
[TpoeKTOPBI TTOPOKIAIOT AJITeOPDI:

Pi 1= VPy = V{P}, ..., P} = M,

re I := dim span Bj. CocraBum ajaredbpy

N
P = PP (71)
k=1

¢ 00pa3yIomIMI
77;'f = 01EB---@Ok_l@P,iEBOkHEB---EBON,
e Op - HyJIEBOIT ortepaTop, AeHCTBYIONUI B k-1 KOMIIOHEHTE TTPOCTPAHCTBA

N
@ Y. Y. O cnaraembix Py B (71) GymeMm roBoputTh Kak 0 040KaxT anrebpbl
k=1

P

Ha mosrom Habope obpasyronumx
P:=PyU---UPy={Pi|i=1,...,n4; k=1,...,N}

. y

asre6per P sazaaum orobpazkenne T : P — P rakoe, uro eciu T (PL) = P,
. .

10 T (P},) = P}, & TakzKe BBIIOJIHEHO OAHO (H TOJIBKO OIHO) U3 yCJIOBHIL:

T(Py) =P, wmm T(P,)P,=PLT(P,)=0.
[To mamHOMY OTOOpPAYKEHUIO OIPEIETUM TPOEKTOPDI QZ:

P,i, ecu T(P,i) = P,i
Pi+T(PL), ecmu T(PLPL =0

7
)
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cpey KOTOPBIX MOI'YT ObIThH coBlagatomue. Obpasyem aaredpy
Q:=Vv{Qi|i=1,...,n4; k=1,...,N} CB (72)

U OIUIIEM ee CTPYKTYPY, UCIOJIb3ysl Pe3yIbraThl Teopembl 1.

U3 6sokoB, cocrasisomux aarebpy B B (71), cocraBum BCeBO3MOKHbIE
napel {Pr, Pi } ¢ k # k' n orbepem Te u3 HUX, B KOTOPBIX KOMIOHEHTBI CBsl-
3aHbI yepes3 ajrebpy 9 (B Tom ke cmbicie, uro u B, Po B Teopeme 1). Ta-
KO# 0TOOP OJIHO3HAYEH, IMOCKOJIbKY, KaK OTMEYAJIOCH IOCIe JTOKA3aTeIbCTBA
Teopembl, Kaxkapiit n3 Py MOKET OBITH CB3aH JUMDL ¢ omHuM L. [lepe-
HyMepyeM 6Jioku B (71), Bbizesisist Tapbl CBS3AHHBIX OJIOKOB M HE3aBHCHMbIE

OJIOKU:
B, PBo; -5 Por—1,Poak; -5 Ponvy—1, Bany; Povy+1; -5 Pong+s; -5 P
——" ——— —_———
(73)
U COOTBETCTBYIOIIMM 00PA30M CIPYIIIUPYEM COCTaBJIdioNue Habopa P:
Py, Po; o5 Pog—1, Pog; .o o5 Pony—1, Ponyg s Ponvggas oo Ponvygjs -5 Py
—— —_—— —_——

Jlajtee ncmob3yeTcss MMEHHO 9Ta HyMeparus. JIerko Buiersb, ITo Takas rpyIi-
[IUPOBKA IPUBOAUT OTOOpazkenue 7 B CAELYIOIIEM CMLICTIE:

T({Pox—1,Por}) = {Pog—1,Por}, T(Por—1)=Po, k=1,..., Ny;
T(P)=P, rze P :=Pyy1U---UPy. (74)

Biioknu *Bon, 4 BBIIETIEHBI T€M, YTO OHU IONAPHO pa3Jie/ieHbl (He CBA3AHBI)
asredbpoii Q. 13 pasmeneHHoCTH ClIeyeT: eCIu IPOEKTOP

oni+j = Poviss + T (P i)

taxos, uro T (P} N +j) ¢ Pan,+j, TO B anrebpy £ IO-OTAEIBHOCTH BXOMST
IIPOEKTOPBI Py i 1 T (Pon, 4 j)' D710 103BOJISIET 3aMEHUTH T |pr HOBBIM OTOO-
axkeaneMm 7' : P’ — P’ koTopoe ompenensierca Ha Pr € P o npasuiaam:
) k

77,1, ecin T(P]i) ¢ Py
T'(P) == PL, ecn T(PL) = Pi

T(Pi), ecmu T(P.)€ P, uT(PL)#P;
Jlerko BHJETH, 9TO OTOOparKCHIE

/
T:P—P, T = T Ha PAP
T’ ma P/
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oupejiesisier my oice anredbpy Q, uro u T u, B jonosHenue K (74), npusogut-
Csl HE3aBUCUMBIMU OJIOKAMIL: 7~'(IP’2N+]-) = Pynyj. Bayrpu sTux 6510k0B OHO
auHO AEHCTBYET TOXKICCTBEHHO, JTUOO COTIOCTABISET TMPOCKTOPY OPTOTOHAH-
HBIII K HEMY.

Orobpazkenne T onpejiesser anrebpy £ depes IpoeKTOPbI-00pasyole
Q! cornacuo (72). Brosme anamoruuno, oroGparkeHnue T 3amaeT cooTBeT-
CTBYIOIIHE TPOEKTOPHI Qz, rerepupyiomue Ty *)e aaredbpy. OcobeHHOCTh To-
CTIETHUX 3aKII0TAETCA B UX POPME: TI0 TIOCTPOCHUIO NMEEM

< | PL+ TP, ecnn T(P)) € Py, T(P)) # P

Py, B OCTaJIbHBIX CJIydasiX

T.e. BCe JAByMepHble Q) CyTb CyMMBI IIPOEKTOPOB, BXOSIINX 6 00UH U MOM
otce 610K Py

O6osnaunm Qp = {Q) |7 = 1,...,ni}. Crexyromuii pesyabrar mpo-
CTO PE3IOMUPYET MPOBEJIEHHBIE BhIIe paccMoTpenus. Hamomanm, ato 610K
IPOHYMEPOBAaHbI coryiacHo (73).

IIpensoxxenune 8. Jlasa anzebpor Q cnpasedauso npedcmasienue:

Ny N
Q= |Paile| P afl. (75)
k=1

k=2N1+1
20e Qi =V {'P D T(’P) ’ P e P2k—1} C Por_1 D Por uﬂg = VQr C Py

Kanonu4ieckoe InmpeacTraBJjieHue

I/ICHO.HI:ByeM YCTaHOBJIEHHBIE BBIIIE PE3YJbTAaTbl IJIsd OIIUCaHUA CTPYKTYPbI
aJIFe6pr stikonaaos. OHo CBEIETCAd K HCKOTOPOMY KaHOHHUYECKOMY IIpeICTaB-
JICHHUIO.

e ['pynnuposka npoekTopos B (56), IpoBe/ieHHas B COOTBETCTBUU C Pa3JI0O-
xenneM (55), ectb pasbuenne HaOOPOB Pg; HA KIACCH IKBUBAIEHTHOCTH IP";J-
(onu ke cyTh Kiaccol ;) 1o oraomenuto ~. Ona morusuposana [Ipemioxe-
HHeM 7 W TMOArOTaBINBaeT IpuMeHeHne TeopeMsl 1.

Poub anrebpst P u3 Teopembr 1 (em.(71)) urpaer anrebpa

L L
P = PP e |PP
=1 =1
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Omna cocrout u3 2L HENPUBOIUMBIX OJIOKOB 1 mMeeT mpejacrasierne B0 =
VP? B koTOpOM

Pazz{Pﬁl®O|k‘:1,...,nw; l=1,...,L; 7€E}U

{O@,P!Yfl’k:l?”’?n“/l; l=1,...,L; ’YGE}’

L
rie 7751 cyThb 1poekTopbl u3 (59), O - HyseBoil aiement anrebper P P;.
=1
O6o3H249UB
Pklr — IP’];/:I D O, r = 0
7 O @ P,I;l, r = El
MeeM:

pﬁ;{pljf\ k=1,...ny l=1,...,L r=0g; 762}.

Basagum orobpazkenue T : P9 — PP ¢ 1OMOLIBIO BBEIECHHOIO paHee
dbopmanusma, onpejessomero cBs3u Mex ity Habopamu (k, 1, 1):

. 775;7”, ecm (KU rp) < (k,1,m)
TP =
~l
731:;’, ecin (k,1,r;) ue ceazan uu ¢ kakum (K1 ry)

(76)

Hecutoxmo nposepurs, aro HaGop P? i orobpazkerne T yI0BIETBOPSIOT BCEM
)

yeaoBusim Teopembr 1, a onpesernsiemast umu corsiacio (65) asnrebpa £ cos-

nadaem ¢ epanuunot aszebpot (60):

Q =oWweluY).

e [Ipu npusesennn aareGpbl SHKOHAIOB K KAHOHUUECKO# (opme Gyzer uc-
LOJIB30BAHO CcoeduHenue ee GIIOKOB, CBSI3QHHBIX Yepe3 IPAHUIHYIO airebpy.
OnmiieM 3Ty KOHCTPYKITHIO.

Mycts mveorcs pe cramgaprabie amredpor A = C([0,€];B) n B =
C([0,€';%9) Taxue, uro

Ae) :={ale)[ac A} =P,  B(0):={b(0)| be B} =F
u nyctb P = P’ yepes nzomerpuio Z : P’ — P. Oupenenum anredpy

AYB:={adblac, becB, ale) =7Ib(0)}.
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AsreOpbl TAKOTO BHJA TOSIBATCS NIPH IEPEXOe K KAHOHHIECKOMY IIDEJ-
CTABJICHUIO B CUTyaIlud, KOrja B rpanudHoil ajirebpe O(U Qng H=9s
npescTaptennn (75) mMeroTcs 60KH THTA L. cBA3BIBalONTIE TpAaHIYHbIE
snadernst 2A(e) n B(0) kaxoii-ro mapsl 6;10k0B 2 1 B aaredpbl IHKOHAIOB.

st a € An b € B rakux, uro a(e) = Zb(0) onpemennm semenT allb €
C([0,e +€',B) no npasuy:

~ Ja(r), r € [0,¢]
(alb)(r) := {Ib(r—s), releete]’ ()

KOTOPBIi Oy/1eM Ha3bIBaTh coeduneruem a u b. 3aTeM ONpeesuM coedureHUE

anzebp A u B:
AUDB = {albe C([0,e +;P)| acA, be B, ale) =Ib(0)}.

Jlerko Bugeth, uro A LB ecth noganrebpa B C([0,e + £];P), apasiomasics
CTaHJapTHOH areOpoil, /I KOTOPOil CIpaBeInBO IIpe/ICTABICHHE:

AUDB = {ce C([0,e +;P) | c(0) € A(0), c(c +¢') € Z[B()]},
U BBITIOJIHEHBI PABEHCTBA
(ALB)(0) =A(0), RAUDB)(e+¢&) =Z[B()).

Hecoxkno 3aMeTuTsb, 9o anredops! ACB u A LB nzomerpudeckn n3oMopd-
obl. PestoMupysi paccMOTpenusi, yCJIOBUMCSA TOBOPHUTDL, UTO aaredbpnr XA u B
JIOIYCKAIOT COCIUHEHne uepes konuv, v = € u 1’ = 0. OTMerum mpu 3TOM,
aro By anre6p 2(0) u B(e') HA BO3MOKHOCTD COEJIMHEHHSI U €r0 Pe3yJIbTaT
BJIUSTHUST HE OKA3BIBAOT.

OueBnHBIM 00pa3oM U3MeHsisl onpe/enenue (77), MOXKHO BBECTH COEJIU-

uenne A LB C C([0,e + £'];P)

yepes KoHNIbl 7 = ¢ u 1’ = &', ecrm A(e) = Z[B()];
gepes kounpl 7= 0 u v’ = &', ecrm A(0) = Z[B()];
gepes kourpr 7= 0 1 7’ = 0, ecmm A(0) = Z[B(0)]. (78)

Ha smemenrax amre6psr A = C([0,¢],B) ompenenum mpancnosuyuo t :
arsat, a'(r):=ale —r), r €[0,e] u npumem A* := {a’| a € A}.

Uzomerpuss M : P — P onpesensier mpeobpasosanme M : C([0, ], B) —
C([0,€],B), Ma)(r) == Mla(r)], r € [0,e]. dns crammaprroii axre6psr A
npuver M2 = {Ma| a € A} € C([0,e],B).
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Anre6per A 1 MQU Tak:Ke ABIAIOTCH CTAHIAPTHBIMIE; JIETKO BUJICTH, YTO
ML = A > 9 1 BBIIOTHEHO:

A'(0) = Ae), A'(e) = A0); (MA)(0) = M[A(0)], (MA)(e) = M[A(e)].

e [lepexon K KAHOHUYECKOMY IIPEICTABICHUIO aJIreOpPhl IWKOHAJIOB BIIOJIHE
HOAIOTOBJICH U OLUCBIBACTCHA CJIELYIONIEH IIpoIe Ly POi.

(58)
IMTar 1. Oupesesum usomerpmio Uy : €L — UELU— ' @ C([0,¢], %),

L
=1

3a/JaB e¢ Ha 06pa3y10nmx:

L
U = UEU P ey
=1

Ny
k pk
T’yl P'yl

1

k=
Biokn anrebpot erfg CyThb

nq/l

[UQ@%;]I =V {ZTZZ P,I;l
k=1

Iycrs 6mokn [Ug@L]; u [Ug€L]y raxosbl, uTo X TpaHuYHblE 3HAMCHUS
[Uo€L]i(e) n [Ug€L];(0) obpasyror ommu 6ok trna QF B rpanmamnoit an-
re6pe O(Ugel) := 9(UELU™!) = Q (cm. Tpemioxkenue 8). B arom ciyuae
orobpazenue T (cum. (76)) onpenensier nzomerpuio Z : Py — Py

v € 2} C C([0,&]; %)

kN _ pk E'0y _ pke

Z(Pyy) = Py, ecmn T(Py’) =Py

Kax cisiesicrre, kKoppekTHO omnpejiernena anrebpa [Ug Q‘Eg] U [erfg] I - coemu-

HeHue 3TUX 0JIOKOB Yepe3 KoHIbl 7, = £ u rp = 0. HecnoxxHo nposeputsn,
YTO 3JIEMEHTDI

2_: T,];l(r) Pffl, r € [0,¢]
(VoETLU BN () = oy
I\ hr—a)Py|, relaa+er

COCTABJIAIOT CHCTEMY ee 00pasyIoIuX.

ITo cpoiicrBam oTOGpazkeHus 7, U3 CyLNIECTBOBAHUS CBA3U MEXKy OJI0-
KaMHI CJICJYET, UTO N = Ny JYIs JIOOOr0 7y € 3, & COC/IUMHeHHS [UOE,:[ iU
[UoEz | MOTYT GBITH IIPEJICTABJIEHBI B CJIEIYIOIEM BUJIE:

Ny

([CoEI U [UED ) (r) = Y [ uskbmpl,  ref0,a+e],
k=1
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rie
T—I:I(T)a re [0751]

/
[ U (r) =
R Tfjl,,(r—sl), r € [e, e+ ev].

koo k _
Qyukiypu [77) L 77)] ABISIOTC HENPEPBIBHBIMA B CUJLy paBeHCTBa T.(€) =
/
T,I;l,(()), OIPEJIEJISTIONIEro CBA3b Mexkay uabopamu (k,l &) u (K',1',0), koro-
pasi, B CBOIO O4Yepe/ib, olpejesder orobpaxkenne T u umzomopdusm Z. Ha-
HOMHHUM, YTO KazKJ1ast T,I;l ecThb JinHeliHas (PyHKIUST OJHOIO U3 JABYX BHUJIOB:

mbo 7F

Vl(r) = tfjl + 7, mbo T,I;I(T‘) = tfjl —r,

rie t'f/l = const > 0.
[TycThb, 17151 OIIpe/Ie/IeHHOCTH, Tfjl(r) = tf‘jl +7. Torma ns yciosus Tfjl(al) =

’
Tffl,(O) ¥ TOTO, 94TO PABEHCTBO TF

vl
IPAHMYHBIX 3HAYCHUI TapaMeTpoB 1 1 rp (B HamieM ciaydae rp = g, 1y = 0),

crenyer, aro 78 (r) = t*, + 7, mpmuem t¥, = 5 + . Dro mpusomur K
JLY€T, A =ty , 1IP F Tty l PHUBOJ,

CJIeAYIOIUM paBE€HCTBaM:

(r) = ,’;l/, (ry) BOBMOXKHO MOAbKO B CIIydae

k
[Tkl |_] Tkl//](r) _ t'yl + 7‘, T G [0, gl] _
K 7 (tfjl—i-&?l)—k(r—al), r € e, e+ er]

th +r rel0e
= 0,1 =th +r rel0,e+e
ty+r, re e, el + ev]

k __ 4k
AHaOTUTIHBIE PACCYKICHNS CIPABEJINBLL U B CIyIae T (r) = to,—7- Taxum
ek
obpazoM, coeaunenne GyHKIII T
!
JKe BUJA, YTO U CAMU Tffl u T,];l,. W3 sroro ciegyer, 9To coeHeHnE OJIOKOB

4 (% 7 kT3
n T,];l, ABJIAETCA AUHEUHOU Q)yHKHHeI/I TOI'O

T T

[Up€y]iU[Ug€s,]r ectb crammaprhas anrebpa ¢ 00pasyomuMI TOroO 2Ke BHA,
YTO M Y MCXOIHBIX OJIOKOB.

B paccmoTperHOM ciydae cBszanbl rpammdnbie sHadenns [Uo€L](g)
u [Up€L],(0). Buosne anaiorndno paccMaTpHBAIOTCS CIyHal IPYTHX BO3-
MOYKHBIX CBSA3EH MEXK/ly TPAHUYHBIMU 3HAYEHUSIMU, JOIYCKAIOIINX COEeTNHE-
ure 6710K0B: cM. (78).

ITar 2. IIycrs 610ku [Uy Q‘Eg] 1u [Ug Q‘Eg]  Jonyckaior coeauaenne. Ompe-
JIEJIUM OTOOPasKeHHe

L
U, : ¢l - Uief C P coalB)| e C(0.a+ea) R,
A=1 VA LY)
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3ajaB ero Ha 0Opa3yIoIInX:

L
UED = |® Z [UoEl]x| ® ([UoEI U [UeEL]r), ~veX.
A=1 O£ L)

Herpynnao Bugers, yro orobpaxkenne Uq eCTh HW30METPUS: M30METPUIHOCTD
areop Ug Q‘Eg u Ulc’fg BIOJIHE aHAJIOTHIHa m3oMerprarocTH ATV 1 A LI B.
Nszomerpus U; mepeBoauT aaredpy SUKOHAJIOB B aaredpy TOTO Ke BHIA, ITO
u Uy QE%, HO C MEHBIINM Ha 1 KOJMIEeCTBOM OJIOKOB; IIPU 9TOM B I'DAHUIHOMN
anre6pe O(U1€L) 6mokos tnma 9 cramosures Takxke na 1 Menbie.
IlocreroBaTe/IbHO 3aMeHsIsSI AHAJTOTTIHBIM 00PAa30M BCE HMAPhI CBA3AHHBIX
OJIOKOB Ha UX COCIUHEHNs, IPUJIEM K HEKOTOPOMY U30METPUIECKOMY U30MOP-
dusmy Uy Qfg — UN€:£, TaKOMY, YTO B I'DAHUYHON ayredpe O(UN€:£)
yKe He COMEPXKHUTCS HU OJHOr0 OJIOKa THUIla Qi. Takum obpazom, orobpa-
xenne Uy mepeBoguT ajaredbpy SHKOHAJOB B ajredpy Toil XKe CTPYKTYpHI,
q9TO0 U UOQ‘Eg, HO yiKe C He3a6ucumovLmu OaokaMu. OTMETHM Tak:Ke, 9TO B
Ipoliecce mnepexojia K npeacrapiaeanio U y Qfg HECKOJILKO (6ostbiie 2) 6JI0KOB
ncxoaHoro mpencrasienns Uy (’Eg MOT'YT COEIMHUTLCS B OIUH HOBBIN OJIOK.
IITar 3. Ha zaxk/ounTesbHOM IIare eIne pas3 UCIOIb3yeTCsd HeIPUBOIH-
mocTh asirebp B;. st kaxkaoit u3 HUX mojbepeM Ipeobpa3soBaHue, PeaJIu-
gyromtee n3omerpuio 3; = M. Kak ciencrsue, ompeaenTcss M30MeTPHUsI

L
U: ¢l - P (o, ¢); M), sanannas na o6pasylonux paBeHCTBAMU:
=1

Sl

L
UED = Y #)Ph|,  vex,
= k=1

rre I:’ffl € M* cyTb ofHOMepHbIe (MaTPUYHbIE) IIPOEKTOPDI, OIAPHO OPTOIO-
HaJIbHBIE I (DUKCUPOBAHHON BEPIIUHBL Y € X, a ?,];l - nuHelHble (DYHKIINN
OJIHOT'O U3 JIBYyX BUJIOB: JTUGO %fl(r) = f,ljl—i-r, 160 7:«]?1(7") = ti’jl—r, r € [0,¢],
rIe f,’jl > 0 cyThb IOCTOSIHHBIE, a KaxKJ/ioe (j eCThb CyMMa Kakoro-to nabopa
JUTAH €.

Takum 06pa3oM, MoC/IeOBATEILHBIMU TPEOOPA3OBAHUSIMU UCXOITHOTO TTa-
paMeTpuveckoro npejcrapienus (46), Mbl OJIy9aeM [peJCTaBIeHne TaKOi
JKe€ CTPYKTYDPBI, HO y¥Ke C HE3a6UCUMBIMYU OJIOKAMU, SIBJISTIOTIIMMUCS CTAH-
napTabiMu anrebpamu. ChopMyIupyeM UTOTOBLIN pe3yIbTar.

Teopema 2. Cywecmeyem uzomempus U, docmasasouasn anrzedpe (’Eg U
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ee 00Pa3YUUM-ITKOHAAAM NPEICTNABAEHUE

L L Sl
vel =oo.qM ), UET=a> |Y #Ph| yex. (19
=1 =1 Lk=1
d~k
B nem %«Ifl - aunetnvie gynkyuu om r € [0, (], maxue, wmo ! ;:ll‘ =1, aux

06Jlacmu 3HAYEHUT CYymdv cesmeHIMvl d/LUH'bL Cl, KOMmMopovle Mo2ym UmMems pa3-
Dk »
e wmo obwue xonyo. PJy € M™ cymo npoexmope, nonapho opmozonans-

Hble 0AA KaxHcA020 Y U MAKUE, YIMO SHINOAHEHO \/{Pffl\ k=150 7€
Y} =M=,

IIpencrasienune Takoro Buga OyZeM Ha3LIBATL kKarornuueckum. OHO He
€JIMHCTBEHHO, HO MOYKHO IT0Ka3aTbh, UTO JIIOOBIE JBa TaKUX IPEJCTABJICHIS
OTJIMYAIOTCS JIPYT OT JPyra HyMeparueii 6;10KoB [UQS%] I, UX TPaHCIO3UIHEH

T Tt T Y T
[U€s]; — [UEs]; u msomerpusivmu [UES,|; - M[UES];. Heonnosuaunocts,
CBA3aHHAsl C TPAHCIO3ULNEH, OYEBUIHO, OTBEYACT JABYM HAIPABICHUIM W3-
MEHEHHUsI apryMeHTa KayKI0il m3 PyHKIHii ?,’;l na wunrepsase [0,9;] (aBym
BO3MOXKHBIM [TapaMEeTPU3AIAM [-r0 6JI0Ka).

e B kadecTtBe komMeHTapusi K Teopeme 2 ormerum ciejyroriee. Vexomaoe
napaMeTpuyecKoe IMpejicTaBjieHne aaredpbl HKoHaIoB (48) orBedaso pas-
bueHuio gactu rpada Q% ma cemeiicrsa @', ..., ®7. MbI mosmaraem, 9To me-
PEXo/T K KAHOHUIECKOMY IIPEJICTABIEHUIO COOTBETCTBYET HEKOTOPOMY HOBOMY
pasOueHno. DTO He JOKAa3aHO, HO HMOAKPEIISeTCs] N3BECTHBIME ITPUMEPAMIE
[12, 9].

5 IlpuBeagenue K KaHoHHMYecKoii (bopme

KanoHnuvieckoe npeacTaBjeHUE U CIEKTPHI

['maBHOE JOCTOMHCTBO KAHOHMYECKOI'O IIPEJICTABIEHUSI COCTOUT B TOM, UTO
13 HEro JIerko M3BJIEKAETCs IOJIHAsT WHMOPMAIUS O CIEKTPE alredphl Qfg u
OIIPEeIEJISIETCST PsiJl ee MHBapPUAHTOB. llepeiiieM K WX ONMMCAHUIO.

e Comnocrasum comepxkanne Teopembl 2 u Ilpenyoxenust 2.

C yderoM OoTMeUYeHHOM 1ocjie TeopeMbl 2 HEOIHO3HATHOCTH KAHOHU'IE-
CKOI'O IIpEeJICTaB/IeHusI, OyJIeM CUUTATh, YTO HyMEpaIlds U HapaMeTPU3AIIHST
ero 6;10k0B dbukcupoanbl. Camo npejcrapienue (79) mnepenuineMm B 06H06-
AEHHOIT YIOOHBIX JJTsl IaJIbHeIero 0603HaueHnsx (3aMeHuB (; Ha £; u yOpas

()

L
uel =P coe;M); UE =@
=1

S PRl yex. (80)

L Ny
=1 Lk=1
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IIycrs
UF = () | € (0,8)} = (75,(0), 75 (1)

CyThb BPEMEHHbIE KJIETKH, COOTBETCTBYIOIINE KAHOHUYECKOMY IIpeCTaBJIe-
uuto. [IpaBast yacrb npescrasienus (80) st omeparopa UE:‘/F onpeenasaeT
€ro CIeKTp H, B cuily u3oMerpudnoctu U, cleKTp SfKoHAaIa:

L Nyl o
UaC(E$) = [LTN U [TgvT?:/] U---u [T]P\Y/W_VT]P\YIW] = U U 1/’];1 (81)
I=1k=1

e Kakaenit w3 cermentos |15 1, T.'], B ¢BOIO ouepeb, TTOKPBIBACTCS KJIET-
i—12 %9 b )

KaMu w’;l, KOTOpBIE JTNOO He MepeceKaroTcsl, TU00 MMeloT o0Ine KOHIBL [1o

IIpeioxkennio 2, TO »Ke BEPHO M UL KJIETOK 1’ 5, CBI3AHHBIX C IapaMer-
pudecknM npescrasienneM (39). Cpasrusas pasnoxenusi (81) u (40), 3a-
KJIIOYaeM, 9TO KAHOHMYECKOMY IPEJICTABJICHUIO COOTBETCTBYET HOBask (Ka-
HOHMYECKAsi) Hape3Ka CIEeKTpa JHKOHaJa Ha BPEMEHHbIe K/IeTKH. MoxkHO
[0Ka3aTh, 9TO Kak/Jas HOBasi KJIETKa COCTOUT M3 CTapblX, T.e. MEPEXOiy K
KQHOHUIECKOMY IIPE/ICTABJICHNIIO OTBEYAET YKPYIHEHNE BPEMEHHBIX KJIETOK.

e Kak orMevasioch B CIIPABOYHOM paszjiesie, CIIEKTP CTaHJIApTHON ajareOpb
C([a,b]; M™) cocrout n3 (KIACCOB SKBUBAIEHTHOCTH) HEIPUBOIUMBIX IIPEJI-
CTaBJIEHUl, OTBEUAIOIINX 6HYMPEHHUM TOUKAM cerMeHTa [a,b] u Kiacrepos
(ecin Taxosble mmerorcst) {7, ..., 70} u {7}, ..., 7, "}, IPUMBIKAIOIINX K €ro
KOHIIaM. Takoil crekTp, ocHaIIeHHBIH Tonosoruei /I:kekobcona, roMeoMop-
ben nmpocTpaHCTBY, KOTOPOE €CTECTBEHHO HA3BATH CE2MEHMOM C PACULELTACH-
HoMU KoOHUyamu. OHO ONMUCHIBACTCS CJIEJLYTOINell KOHCTPYKIMedi (CM., Hapu-
mep, [1]).

Pacemorpum n,, mosycermentos [a,b) u ny mosycermenTos (a, b] ¢ Tomo-
sorueit u3 R. OTOXKIECTBUM 68HYMpPEHHUE TOIKH BCEX TIOJTYCEIMEHTOB, NMEIO-
e oduraroevie Koopaunarel. O6paszosasieecs (haKTOP-IPOCTPAHCTBO gy
COCTOWT U3 YacTu S, p), TOMeoMOopdHOit (a,b) 1 1ByX HAOOPOB TIOIIAPHO HEOT-
JleiuMbIX Tovek (nByx KiactepoB) K, u Kj, KOTOpbIE COCTOIT U3 Mg U My
TOYEK U OTBEYAIOT KOHIAM @ U b coOoTBeTCTBEHHO. KayKIIplii M3 KJIacTepOB
HEOTIETUM OT S(q ). TacTh S(qp) 1= int S, p) €CTH MHOKECTBO 6HYMpenHuT
mouex, Kaxkjas U3 KOTOPbIX MMEET OKPECTHOCTb, TOMEOMOPMHYIO (OTKPBI-
TOMY) MHTEPBAJLY BEIIECTBEHHOI OCH.

e Ilo nepsomy us pescrasennit (80), criextp anre6psr UEL romeomopden
JIM3BIOHKTHOMY O00LEIMHEHUIO CeIMEHTOB

I =TV o Uy Foey = KU S, UKL

.
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Kazplit cerment 7y .| XapaKTepusyercss Kak MaKCUMAALHAAL KOMNAKIM-
HAA AUHETHO-CBAZHAA KOMNOHEHMEA TTPOCTPAHCTBA yET , & 9acTb S(g¢))
int o ¢,] - KAK MHO?KECTBO €ro BHYTPEHHUX TOUYEK.

CrexkTpnl ajaredop Q‘Eg u UQE% cBsa3anbl romeomopduzmom U, (’Eg —

UEL (cm. (42)). Coenosarensho, €L romeomopden npocrpancrsy SE w
JIOIyCKAeT Ipe/ICTaBICHUe

CL=AU ..U A=n(Hoe) =K USIUA, (82)

e n : ,Yg — Qfg - romeomopdusm, S; = 1 (5(0751)), ji/ol =7 (K(l]), ji/ell =
n (Kél) Ono omupenenser pasbueHue CIEeKTpa Ha MAKCAMAJILHLIE KOMIIAKT-
HbIE JINHEIHO-CBsI3HbIE KOMITOHEHTHI 1, KaK TAKOBOE, MMeeT WHBapUAHTHBII
TOLOJIOITYEeCKU cMbIci. llociennee oTHOCUTCS U K PA3OUEHUIO CE2MEHMOE
-] Ha BHYTpPeHHHE TOUYKHU S| U KAACTMEDDL ,}ifol, Ji/all MHO>XKeCTBO BHYTPEHHUX

TOYEK CIIEKTpa ecTb int €L = S; U ... U S,.

Koopaunartsl

Hamommmm, aro anreOpn (’32 = \/{E}f } € €L, orpevatonue ormebHbIM 3ii-
KOHaJIaM, Mbl Ha3blBaeM HMaplyuaIbHbIMU. Uepes T u 7T 0603HAYAIOTCS HEIPH-
BOJIMMOE IIPEJICTAaB/IeHUe U ero KJACC 3KBUBAJEHTHOCTH.

e CoorBercrBHE gp(E:*/F ) > (@ ecTb M30MeTpHs aaredp QEE/F u C’(aac(E:{ ))s

onpejiesisieMas IIepBbIM paBeHCTBOM B (45): cM. [14]. Kaxnas (’32 €CTb KOM-
MyTaTHBHas momaaredpa B (’Eg. Ee criekTp (MHOXKECTBO XapaKTepoB) (’Eg nc-
JeplbiBaeTca Mepamu upaka:

—

e ={4|te aac(E$)}, ¢ 5 p(ET) & o(t) e R;

IpH 3TOM 0 = {0:}: em. [19, 20]. Takum ob6pas3om, KarxKJIOMy XapaKTepy
orBedaeT TouKa (umcio) t u3 obbeauHeHusi cerMeHTOB (81), KOTOPYIO MbI
OyJleM paccMaTpuBaTh Kak ero y-koopdunamy. OTMETUM TakKe, U9To JII060e
MaTPUIHOE IPUBOJIUMOE MIPEJICTABIEHNE areOphl Q‘EZ; uMeeT BUJL

pr by @ @6y, ple(ED)) ~diag {p(t1),...,0(tp)}.  (83)

Yucna tq,...,tp, OJHO3HAYHO ONpEJE/IAIONINE KIacC ), HA30BEM ero y-ko-
opdunamamu. Caeayiomuii mar - KOOpAUHATU3AIMS CIIEKTPa, aJarebpbl Qfg.
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e Fcim komMmyTaruBHasi ajaredpa mMeeT KOHEYHOE YUHC/I0 00pa3yIoIux, TO
OHU COCTABJISIOT KOOpAMHATHI Ha ee crekrpe: cM. |20], rmasa 111, Teopema
6. 3/1eCh UCTIOTB3YETCsT AJIEKBATHBIN AHAJOT 3TOTO (PAKTa JJTST HEKOMMYMa-
muenot C*-anrebpol, obpasyiomye KOTOpoil CyTh CaMOCONPSIZKEHHBIE Ollepa-

TOPBI C IPOCTBIM clieKTpoM. VMenno, Kaxipomy m € Q‘Eg MBI COIIOCTaBUM Ha-
60p {fr‘@T | v € ¥} cyxkenuit Ha napruaibHble agreOopbl. Kaxkblii semenT
vy

Habopa ecTh InpejcraBieHne Bujia (83), yxKe CHaOKEHHOE Y-KOOPIMHATAMU
1 42
t5,t5, . ... Coorsercraue

eTaw = {2, . Y|vex}, th=ti(r) (84)

JIOCTaBJILET TPEOyeMyIo KOODAMHATH3AIUIO CIIEKTPa. Y TOYHHM HEKOTODBIE
JIeTan.
Coorsercrsue (84), BooOIIe rOBODSI, He SIBJISIETCST HHBEKTHBHBIM, HO OKa-

3bIBAETCS] TAKOBBIM IIPH Cy’KeHHHU Ha int Q‘ETZF. ITockoabKy MHOXKECTBO Q‘Eg \

int &L, cocrosimee u3 ToUeK, 0OPA3YIOMINX KIACTEPHI, KOHETHO (Tak 4TO, TO-
YTH BCE TOUYKHU CIIEKTPa CYyTh BHYTPEHHEE), yIOoTpebIeHne TepMUHA KOOPOU-
HaMbL TPEJCTABIACTCS OLHPABIAHHBIM.

Ecmn 7 € S; C .7 (em. (82)), To ULt ecTb BHYTPEHHSISI TOUKa CHEKTPA

—

U. Q‘ECEF u eit, 110 epBoMy u3 1pejcrasiernii (80), cOOTBETCTBYET OIpeieseH-
Hoe 3Havenune mapamerpa r € (0,g;). B arom ciyuae Touky 7 0603HAUMM
qepe3 7, W BBISICHUM, KAKOBBI €€ ~y-KOODIMHATHI.

IIycts ¢ € C’(JaC(EE/F )). VI3 5KBUBAJIEHTHBIX TIPEJICTABICHUI, COCTAB/IsI-
IOIIUX 7., BEIOEPEM 71, U3 YCJIOBUS

2

(U,m,)(UET) Z

(cm. (80)). [utst Takoro 7, MMeeM COOTHOIICHUSI:

(o(ED) 2 (Uar,) (Up(ED)) = (Uar,) (o(UED)) 2

L Nyl L Ny
= (U,m,) | ¢ @ZZT!&P@ = (U,m,) @Z (SDOT,’YCZ)P,’Y‘“Z —
=1 k=1 =1 k=1
Nyl Nyl Tyl

= 2 (pom)r) P = 2 ¢(t) Pri = 30y, () P (85)
k=1

e
th, =t (7,) == T (r), re(0,e), k=1,...,ny. (86)
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ConocTaBiigss HAYAI0 U KOHeTI] STOM BBIKJIAQJIKH, JIETKO 3aKJ/JIIOYHUTDL, ITO IIPpEeI-

Nyl
CTaBJIeHUE 71}‘ er SKBUBAJICHTHO IPHBO/IIMOMY IIPEJICTABJICHUIO O > O an-
g k=1

reOpol Q‘Ez, a Incia Tfjl(r) CYTb 7Y-KOOPAMHATHI TOYKH 7, € S C int Q‘Eg. Ounn

olpe/ie/IeHbl KOPPEKTHO, TIOCKOJIBKY BBIOOD JAPYIOro m # my, 7 € 7, UpUBE-
JIeT JIUIIb K 3aMeHe B (85) IpoeKTopoB Pfl H& YHUTAPHO-9KBUBAJICHTHBIE UM
[IPOEKTOPBIL.

ITpu (t) =t coorHomenue (85) NpUHUMAET BUJL

Ny

m(ED) =Y h Py, re(0a); veS, (87)
k=1

YITO MbI HUCIIOJIB3YEM HUZKE.

e Kax Buano u3 (86), mpu Bapuanusx TOIKH 7 B S, € KOOPJANHATHI tf‘jl(fr)

3aMeTalOT BpEMEHHbIe KJIETKU w,'jl C aaC(E,:f ) ¥ BBILIOJIHEHO

Wb = {th(@) 7€ S}y,  k=1,...nyl=1,...L yEX, (88)

9TO yKa3blBaeT Ha MHBAPUAHTHDLIN XapaKTep 9THX KJIETOK, &, 3HATHUT, U Pa3-
6uenns (81). Mbl umeem BBHLY, YTO OHU OJHO3HAYHO ONPEJEIISIIOTCS CaMOU
areOpoil SUKOHAJIOB; TOYHEE - CTPYKTYPOi (82) ee crekTpa. JJIMHbBI KITeTOK
ey l=1,...,L cyThb YUCTIOBBIE HHBAPUAHTHI AJIN€OPHI Qfg.

IIpu dbukcupoBanrom k coorsBercrBue int wfjl ) tf/l(fr) +— 7 € 5] buek-
THBHO U OIIPEJIe/IsieT eCTeCTBEHHYIO HapaMeTpu3aImio cermenta .7 5. s
€ro BHYTPEHHUX TOYEK IIPUMEM

r(#) = |th(7) — 75 (0)| € (0,&,), 7€ S, (89)
re T,I;l(O) - JIEBLIH KOMHeT] KJIeTKN wfjl. 3aTeM pacmpoCTpaHnM MapaMeTpu3a-
o Ha "KoHIB" .Y\ S; 10 HenpepbIBHOCTH, NpUHUMAasl Jjisd HUX 7 = 0 u
r = g, coorBeTcTBeHHO. Kak Jsierko BujieTh u3 (86), /11 BHYTPEHHUX TOUYEK
BBIIIOJIHEHO 7(7) = T.

Bribpas mapamMerpusannio OMUCAHHBIM BBIIIE CIIOCOOOM, MBI, OYEBHIHO,

!
apaMeTpu3yeM OCTAJLHBIE KJIETKU W,;l, k' # k m onpenensem yHKIuMI
Tff(r), r € (0,e), k=1,...,ny cornacuo (86). Onu Tax»xe sBIAIOTCA HH-

BapraHTaMU ajaredpbl SUKOHAJIOB.

8TO‘IHee7 OJIHY U3 JABYX BO3MOXKHBIX HapaMeTpI/I3a.LH/II71
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IIpuBenenue

e Kanonunueckoe npejcrasienue (80) 6bu1o mosyueno "nepedopmaruposa-
Huem'" 1apamerpudeckoro npejcrasienns (48). ITokaxkem, Kak HpuaTu K
HEMY, OTIIPABJISISICH OT CaMOi ajareopbl Qfg U UCIOJIb3YS €€ UHBAPUAHTHI.

Wrak, B HaIlIEM PACIOPSKEHUU SIKOHAIBI Ez , Y € X u obpazoBaHHAs
uMH ajredpa Q‘Eg.

IITar 1. Haitmem cmexTp (’Eg, ocaacrum Tonosorueii (/Ixekobcona) u
BBIJEIUM B HEM CEIMEHTBI U MX KOMIIOHEHTBI COIJIACHO (82).

IITar 2. HaiineMm crekTpor JaC(E,:f ) u BBemeM Ha int Q‘EE ~Y-KOOPINHATHI.

OmnpenenuM KieTKn 1/)];1 no (88). [Tapamerpusyem cermenTs 110 (89).

ITar 3. Jlast xkaxkmoro [ BeIOepeM IpeaCTaBICHUS Ty : Q‘Eg — M* 7, €
7 € Sy, r € (0,g) Tak, 4robBI JJIsT BCEX € € Qfg M* -3nagmbie byHKIIIT
7 (€) 6blmn HenpepbiBHBL 110 T € (0, €;) U IPOJOJIKAINCH 110 HEIPEPHIBHOCTU
Ha [0,61] 9.
IMTar 4. Oupegennm cOOCTBEHHBIC 3HAYCHIS T,];l(r) 1 COOCTBEHHBIE TIPO-
ektopbl PF 1 MaTpuIL WT(E?; ) (em. (87)). ITo HuM 3ajaauM OTOOpazKeHHE
Ny

El ) B Pl e C(0,M?), 1=1,...,L;y€X

U TPOIOJIZKHM €ro ¢ 00pa3yoIux-3UKOHAJIOB 10 nuzomerpunu ayrebp U
L

&L — @ C([0,e); M)
=1

Orobpazkenne U nipuogut Qfg K KaHOHWYECKOii (opme (TouHee K OJHOM 13
ee Bepcuil: cM. 3aMedanue 1ocye Teopembr 2.

e Bce moJiydennble pe3yJIbTATHI OTHOCATCI K CMEULEHHBIM IUKOHANAAM E:‘YF :
cm. Cornammenue 2. x nepedopMyInpoBKa, Jijist HCXOTHBIX ET ET PT
oueBuIHA U PAKTUIECKH CBOAUTCs K 3ameHe B (80) dbyHKmii Tkl Ha 7' 1

Komvmmenrapuu

L
e Orobpazxenne V : €L — O C(.;M*), sasasacmoe Ha 06pasyloNmux
=1
COOTHOILIEHUEM
Ny

(V(ED)) ( Z Ph, #eS; 1=1,....L; yEY,

9’:[‘aJKOIL/'I BbI60p BO3MOZKEH YK€ B CUJIy CYyHIEeCTBOBAHUA KAHOHUYIECKOTO IIPpEICTaBJICHNA.
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peau3yeT 3JIeMEeHThI aJredpb Q‘Eg KaK MaTPUIHO-3HAYHBbIE (DYHKIINU Ha ee
CIIEKTPE U, TEM CaMBbIM, JOCTABJIACT UHBAPUGHIMHYIO GYHKUUOHAALHYIO MO-
deaw anredbphI siikoHATOB. K 9101 Mozesn, co BceMu ee aTpubyTaMu - KJIeTKa-
MH Q,Z)ﬂjl, dyHKIUSIMY Tfl, JJIMHAME €], PA3MEPHOCTAMU 3] - MOYKHO IEPEHTH,
OTIIPABJIASCE OT 210007, M30METPUIECKON KOIUU aredpb (’Eg " HUCIOJb3Y
nponeaypy Ilar 1-4. 91o BaxKHO /119 0OpaTHOH 381891, TIOCKOJIbKY €€ TaH-
HBIE OIPEJIEISIIOT OJHY M3 TaKux Komwmii. Bompoc B TOM, B Kakoil Mepe 3Tu

aTpubyTHI ONPEIETSIOT cTpoeHne rpada (2.
o Cremyroriee HABIIOJEHNE, BO3MOKHO, OKAXKETCS TOJE3HLIM B 00PATHOMN

~ 7 A
sagade. Ha Toukax crmexkTpa Q‘Eg BBeJIeM OTHOINEHHe: 7 ~q 7 ecau cpejan
Y-KOOPJAUHAT 3TUX TOUYEK UMEIOTCS COBIIQJIAIONINE, T.€. BBIIIOJHEHO Tffl(fr) =

k' (st .o ~/ "
Ty (7"). Barem ompemeanM SKBHBAJICHTHOCTL: 7T ~ 7' €CIaM HailyTCsa TOU-
A A el > SN 72
KM T1,...,Tp € €5, U BEPIIMHDBL Y1,...,Yp4+1 € 2, TaKUC, UTO T ~o M1 ~0

Yp ~ Yp+1 Al
. ~o Tp ~ o . MoxKHO TOKa3aThb, 9TO Ipu (PaKTOPU3AIUN CHEKTpa 110

OTHOIIEHUIO 7T ~ ’ﬁ'/ OTOZK/IECTBJIAIOTCA TOJIBKO TOYKHU, BXOIJAINMUE B KJjIacTe-

poL. Ipu srom daxropusarus npespaiaer €L B IPOCTPAHCTEO, FOMEOMOPDh-
HOE HEKOTOPOMY epaghy. B mpumMepax mpOoCTIeKNBACTCs, ITO TTOJTY TUBITHICS
rpad romeoMopdeH 3aI0JIHEHHOM BOJIHAME 00JIACTH Q%, dakTopU30BaHHOMN
10 HEKOTOPOMY OTHOIIEHUIO, UMEIOIIEMY [TPOCTON TeOMETPUIECKUI CMBICI.

e B usBecrbIx npumepax [11, 9] kiaacrepsl HOSIBISIOTCsI, KOT/IA BHY TPEHHSIsS
BeprHa, Tpada ) mepeKphIBaeTCsT BOJTHAMI, WAYIIAMHI TI0 KpaifHeil Mepe
OT JIByX IPDAHMYHBIX BepinuH. Mbl mojiaraeM, 91o 310 0bmuit dpakt. Takxke
WHTEPECEH BOIIPOC: MOYKHO JIM XapaKTePH30BaTh HAJIUIHE INKJIOB B Qg B
Tepmunax anre6pst €L (em. [11])? Bompoc oTKpsIT.
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