HPEITPUHTBI IIOMU PAH

I'JTABHBIN PEJIAKTOP

C.B. Kucnsaxos

PEAKOJUIEI'NA

B.M.ba6wuu, H.A.BaBunos, A.M.Bepmuk, M.A.Bcemupnos, A.W.I'enepanos, U.A.MGparumos,
JLYO.Konotununa, b.b.JIypse, F0.B.Marusicesny, H.}O.Heueraes, C.U.Penun, I'.A.Ceperun

Yupenutens: OenepanbHOe rOCYyJapCTBEHHOE OIOKETHOE YUPEIKICHUE HAYKU
Cankr-IlerepOyprckoe oTaeneHne MareMaTH4eCKOro HHCTUTYTA
uM. B. A. Creknoa Poccuiickoil akageMun HayK

CBHIETENBCTBO O pErucTpanuu cpeactsa maccoBoit nHpopmaruu: IJI NedC 77-33560 ot 16
okTs10ps 2008 r. Bergano ®enepanbHoil ciyk00i 1o Haa30py B cpepe CBA3H U MACCOBBIX
KOMMYHUKaIUN

Konraktueie qannsie: 191023, r. Cankr-IletepOypr, Ha6. peku PoHTaHKH, T0M 27
tenedonsr:(812)312-40-58; (812) 571-57-54

e-mail: admin@pdmi.ras.ru

http://www. pdmi.ras.ru /preprint/

3aBeayromnas HHPOPMAITMOHHO-U3AaTeNbCKUM cekTopoM Cumonosa B.H


mailto:admin@pdmi.ras.ru

[TPEITPUHT ITOMU 01/2021

Criocob6 3a/iaHus ITEHTPAJIbHBIX U THOOCOBCKUX MeEp
1 3ProJJuIecKuii MeTo/I

A. M. Bepmiuk

Cankr-Ilerepbyprckoe ornenenne Maremarudeckoro nacruryTa uM. B. A. Crekmoa PAH,
Caunkr-IleTepbyprckuit rocymapcTBeHnblil yaUBepcuTeT, THCTUTYT pobsieM mepemgadn nHdOpMaIun
nMm. A. A. Xapkesuua PAH.

vershik@pdmi.ras.ru

IIpedcmasaeno axademurom B. B. Kosnosvim

AHHOTALINA
Mpr popmyupyeM OOIIYIO MTOCTAHOBKY BOIIPOCA O 33 JaHUHM WHBAPUAHTHBIX MED C TEMU UM HHBIMA
CBOICTBAMHU W TIpeJjIaraeM dProJudecKuil MeTo 1 BO3MYIIEHUN JIJIsT OIMMCAHNs HEKOTOPBIX TAKUX Mep.

KuroueBble ciioBa: oTHOIIEHNE SKBUBAJCHTHOCTH, KOIWKJI, WHBAPUAHTHBIE MEPbHI, MAPKOBCKUE
IIEIIN, KOIIePEXO/Ibl.



[TPEITPUHTHI
Canxr-IleTepbyprckoro oriaeaeHust
MaremaTtudeckoro wactutyta uM. B. A. CrekiaoBa
Poccuiickoit akameMun HayK

PREPRINTS
of the St. Petersburg Department
of Steklov Institute of Mathematics

T'JIABHBIII PEJJAKTOP

C. B. Kucaakos

PEAKOJIJIEI' A

B. M. babuu, H. A. BaBuios, A. M. Bepruk, M. A. Becemuphos,
A. U. T'enepaJios, 1. A. N6parumos, JI. FO. Konorununa,

10. B. Matuscesuu, H. FO. Hemgeraes,
C. U. Pemnun, I'. A. Ceperun



1 3aganme BEepOSTHOCTHBIX MeP C ITOMOINbIO MTPOEKTUBHBIX YCJIOBHBIX
Mep

Bo BTOpOII 110/10BUHE IPOIILIIOTO BEKA TOCTEIIEHHO BHIPAHOTAJICS HOBBIN CIIOCO0 3a/[aHUsi BEPOSITHOCTHBIX
Mep B GECKOHEYHOMEDHBIX CHCTEMAaX, aJbTePHATUBHBIN KJIaCCHIeCKOMY (KOJIMOIOPOBCKOMY) CIIOCOODY.
BwmecTo cucrembl coryiacOBaHHBIX KOHEYHOMEPHBIX pacIpeesIeHnil, KOTopas O3BOJISET OIPEJIEIUTh
Mepy €JIMHCTBEHHBIM 0Opa30M C IOMOIIBIO MPOEKIUI, B HOBOM METOJE 3aJIaHUs MPEJJIATAeTCsT MHAST
cucTeMa JAHHBIX, IPY00 rOBOPs, COTVIACOBAHHAS CHCTEMAa YCJIOBHBIX Mep. MeTo BOSHIKAJ HE3aBUCUMO
B Teopun MapkoBckux 1poiieccos (E. B. Ieinkun), B crardusuxe (P. JI. [Tobpymun) u ap. Msl npuso-
JIIM a0CTPAKTHYIO BEPCUIO METO/A, PACCMATPHUBAs €r0 OJIHOBPEMEHHO KaK JlajeKoe 0000IeHne Teopun
U3MEpUMBIX pas3bueHunit mpocTpaHcTs Jlebera u cucreMm ycJIOBHBIX Mep o PoxjmHy m Kak mpobyeMmy
HaXO0XK/IEHNUsI MHBAPUAHTHBIX MED B TEOPUU JUHAMHYECKUX CHCTEM M ImOOCOBCKUX Mep. V3moxkenue
BEJIETCsl B TEPMUHAX OCHAWEHHBIT omHowenul sksusarenmmocmu (0.0.2.), Win, nHade, 6OPETEBCKIX
pa3bueHuil B CTaHIAPTHOM OOPEJIEBCKOM ITPOCTPAHCTBE U <«IIPOEKTUBHBIX YCJIOBHBIX Mep» Ha 3JIeMeH-
Tax 3TuX pasdumenuit. MoXHO OBbLIO ObI TAKXKE WCIIOJIH30BATH SI3bIK TEOPUU T[PYIIIOUIOB MJIA S3BIK
TEOPUH IIPOJIOJIKEHHUs] Mep CO CIINUAIbHBIX anredp (Ho He o-ajre6p) MHOXKECTB Ha HEKOTODPYHO (He
BCIO) o-aJirebpy M3MepuMblx MHOXKeCTB. CXOmHbIe coobparkeHnst B MeHbIIeil obiHocT cM. B |8, 11].

Hospbrit MeTo1 110 CyIIiecTBY BBeJ B 00MX0T, OO/IBIIOE KOJUIECTBO KOMOMHATOPHBIX, AHATUTUIECKNAX
7 ajrebpanveckux 3a/1a49 — O MEHTPAJbHBIX MEPAX Ha IPOCTPAHCTBAX IIyTel I'Pa/lyHPOBAHHDLIX I'PpadQOB,
0 MapKOBCKHX Mepax C JAHHBIMH KOIIEPEXOJIAMU U T.]I.

I[Tycrs Ha crangaprHoM GopeseckoM npocrpancTse (X, ) (u3omopduom orpesky [0, 1] kak Gope-
JIEBCKOMY TIPOCTPAHCTBY ) € 0-aarebpoil Bcex 60pesieBCKIX MHOXKECTB 2| 3a/1aH0 HEKOTOpOe BOPEeJIEBCKOe
OTHOIIIEHNEe SKBUBAJIEHTHOCTH (0.9.) T (T.e. pa3bueHne) co CIeTHBIMU KJIACCAMU, a TaKyKe GopesIeBCKuii
2-KOIUKJI 0 C HEOTPUIATEIbHBIMU BEIECTBeHHBIMU 3HAYEHUSIMHU Ha 9TOM OTHOIIEHUH, T.€. HOpeseBcKas
dbyHKIWs p HA TapaxX SKBUBAJIEHTHBIX TOUYEK, YIOBJIETBODsIomast yeaosusm p(x, x) = p(z,y)p(y, x) = 1,
p(x,y)p(y,z) = p(z,z). C HOMOIIBIO KOIMKIIA p HA KaXKJOM KJIacCe SKBHBAJEHTHOCTH OJHOZHATHO C
TOYHOCTBIO JIO MMOJIOYKUTEIHHOINO MHOYKUTEJIST OIPEJIETISIeTCsT KOHETHAsT MJIN 0-KOHEUHAsST HEOTPUIIATE b~
Has Mepa (KOPOTKO — «yCJIOBHAs IPOEKTHBHas Mepay. Hazosem napy (7, p) ochawenmvm omuoweruem
axcusasernmmuocmu Ha npocrpanctse (X, A).! Ecim Bce Kiacchl KOHEUHEI, TO 0.0.3. €CTh HE 4TO HHOE,
Kak OopeJsieBCKU n3MepuMoe pa3dueHune, a KOIUKJII OIIPeJIeJIsieT YCJIOBHbIE BEPOSATHOCTHBIE MEPBI HA BCEX
KJraccax.

C npyroit CTOPOHBI, XOPOIIIO U3BECTHO, YTO €CJIU UMEETCsl HEKOTOPAasi BEPOATHOCTHAA Mepa (i Ha X
(r.e. Ha mpocrpancTie Jlebera), a 7 — 0.3., TO Mepa ji OJIHO3ZHATHO OIPEIE/ISIET OCHAIIEHUE ITOTO 0.3., T.€.
2-KOIMKJI, WJIA yCJIOBHYIO IIPOEKTUBHYIO MeEPY, Ha MOYTH KaKJIOM KJIACCE SKBUBAJIEHTHOCTH; B CJIydae
KOHEYHOT'O 0.3. 3TO U €CTh POXJUHCKHUE YCJIOBHBIE MEPhI Ha djiIeMeHTax pa3buenus. B ciydae, korma o.3.
eCcTh pa3bueHne Ha TPACKTOPUU AefiCTBUS CIETHON IPYIIIbI C KBA3UUMHBAPUAHTHON MEpOil, 9TOT KOIMKJI
ecTb TaK HasblBaeMblit Konuk/ Pajona-Hukomuma RN, Eciin KoUK TOXKIECTBEHHO PaBeH eUHUIe,
TO Mepa Ha3bIBAeTCsl MHBAPUAHTHON. B Tex cjydasx, KOT/a KOIUKJ He YKa3aH, IPeIo/araeTcs, ITo

!EcrecTBeHHO 65110 GBI, IPOIO/IZKAST TEPMUHOJIOIHI0 POXJIHHA, BBECTH TEPMUH <IIOJIyH3MEPHMOE Pa3bUeHIe ¢ CHCTEMOM
YCJIOBHBIX ITPOEKTUBHBIX MEP».



OH TOXJIecTBeHHO paBeH enunuiie. ChopMyIupyeM OCHOBHYIO 33/1ady.

Bagaua 1. [Tycmwv 3adano 0.0.5. (T, p) na cmandapmmom 6opesesckom npocmparcmse (X, 2); natdmu
6ce 6OPenesCKUe GEPOATMHOCTIHYIE MEPDL (1, Y Komopux wouuka Padona—Huxoduma RN, coenadaem
C KOUUKAOM P NOUMU 6CIO0Y NO MEPE (b, UAU, UHAUE, HATIMU 6CE BEPOATNHOCTIVHDIE MEPDL C OaHHBLMU
YCAOBHVMU NPOEKMUSHBLMU MEPAMU HG KAACCAT IKEUBAAEHMHOCTIIU.

B Tom ciydae, Korja Takasi Mepa eJIMHCTBeHHa (MMEHHO TOT cjydail oTBedaeT KOJIMOIOPOBCKOIL
cucTeMe KOHEYHOMEPHBIX PACIIPEJIEIeHH ), Mbl MOXKEM T'OBOPUTDH O MPOJIOJIZKEHUU MEPbI HA g-aJrebpy
BCeX N3MEPUMBIX MHOXKECTB; B O6H.[eM CclIydae eJUHCTBEHHOCTU MO2KET HE 6I)IT]:>.

CoBokymHocTh Beex Mep Ha (X, 21), 3a1aBaeMbIx 3a1a4eil 1, KOpPEKTHO OIPE/IEJICHA 1 €CTECTBEHHBIM
obpazom obpasyer cumiuieke [Tloke. MuoxkecTBo ero kpaiinux touek (rpanuna [[loke) HasbiBaeTcs
abcoaomom 0.0.5. (T,p) n obosnadaercs Ab(X, T, p). Jliobere nBe pazmmuansie Mepsl u3 Ab(X, T, p)
B3aMMHO CUHTYJISAPDHBI U KOPPEKTHO OIIpeae/JICHbI Ha Pa3/IMIHBIX ITOJTHBIX O'—aﬂf‘e6an.

TpamumnuonHoe mocTpoerrne THOOCOBCKUX Mep, Kak U 3ajada 00 WHBAPUAHTHBIX Mepax MefdcTBuit
IPYII B JIMHAMUKE, OYEBHJIHBIM 00Pa30M YKJI&JIBIBACTCS B OMUCAHHYIO cxemy. [ToHsATHe abcoroTa TeCHO
CBSI3aHO C PA3TMIHBIMA TIOHATUSMY TDAHUIIL.

Eciin Bee Ki1acchl 0.0.9. KOHEUHBI, TO ONPEIeJIeHO GopesieBeKoe (hakTop-npocTpancTBo X /T, KOTopoe
cosnaaer ¢ Ab(X, 7, p), m onmcanue Beex (He sproauaecknx) mMep u3 M, ;) CBOJTUTCS K yKa3aHUIO Me-
pBI Ha 9TOM (hpaKTOp-TIPocTpancTBe. Ken ke 0.3. He onpeiessier 60peeBCKOTo haKTOP-TIPOCTPAHCTBA
(IpocTpaHCTBa KJIACCOB), TO M3y4eHHe CTPYKTYDBI abCOJIOTa MPEJCTaBIIsieT CePbe3HYI0 HpobJeMy u
CYIIIECTBEHHO 3aBUCHUT OT T€OMETpHM KJaccoB. Permrenme 3amaqnm 1 MOXKeT OBITH «IHKAM», T.e. abco-
JIFOT MOYKET HEe MMETh Pa3yMHO apaMeTpu3aIini, HO BO MHOTUX 3aJajdax, HAIIPUMEpP KOMOUHATOPHBIX,
mapaMeTpU3aIisa MOXKeT ObITh MPebIBICHA.

Herpymuo mocioBHO 0600IUTE BCE 9TH ONPEEJICHNUsT HA TaKue 0.3. T, ¥ KOTOPBIX KJIACChl SKBUBa~
JIEHTHOCTU He CUETHBI, HO CHAOXKEHBI KOPPEKTHO OTPEIETIEHHON JTOKATHHO KOMITAKTHON TOMOJIOTHE.

BaxXHO MO4epKHYTH, YTO U3yYEHHE 0.3. BO3SMOXKHO TOJILKO BMECTE C KOIUKJIOM, T.€. C CHCTEMO
YCJIOBHBIX HPOEKTUBHBIX Mep (/1ayKe eCM KOIMKJI TOXKJIeCTBEHHO paseH 1). IutaBHyio posib B maJib-
HelIeM M3y4YeHuu npeaMera (eIMHCTBEHHOCTh, KOHKDETHbIe CBOMCTBAa Mep M T.JI.) JIOJI?KHA UIPATh
TeOMEeTPHS KJIACCOB 0.0.9., HO OHA TOKa, eIIe TIJIOX0 U3YUIeHA.

Cdopmynupyem terepb 0OpaTHYIO 3a/ady.

Bamaga 2. Paccmampusaemcsa HEKOMOPOE cemelicmso eeposmuocmuoir mep M, 3adannoix Ha o-aa-
2ebpe A cmandapmmozo bopesescrozo npocmparcmsea X . Hatimu waumenvuiee 0.9. T, 0AL KOMOPO20
6ce meprl (1 € M sadarom odun u mom orce Kouuka p = RN,,.

Ara 3a/a4a ecTb 0000IIeHne TPAUIOHHOM 331841 O JOCTATOYHBIX crarucTukax (cp. [7]), B Ko-
TOPOii OOBIYHO HILYTCH JIMIIL U3MePHMble (HAIPUMED, KOHEYHble) OTHOINIEHHsI YKBUBAJEHTHOCTH. B
IIPUBEJIEHHON TOCTAHOBKE HUKAKNX OI'paHUYIeHu Ha 0.3. HeT. [lycThb, HampuMep, paccMaTpuBaeTC st MHO-
xkectBo Beex Mep Bepuysmm [[7°(p, 1 —p), p € [0,1], B npocrpancrse nocaenosareasuocreit [[77{0;1}.
Vckomoe 0.0.3. ecThb pasbuenue e OUHETTH ¢ eAUMHUYHBIM KOIUKJIOM: JBE I0CJIEJ0BATE/ILHOCTU K-
BHUBAJICHTHBI, €CJIM OHU COBIAJAIOT ¢ HEKOTOPOIO MECTa N M MMEIOT OJMHAKOBOE YHCJIO HyJIeil cpemu
HEePBBIX 1 KOOPIUHAT.



2 T'unepkoHe4dHble U py4YHbIE 0.0.3., YyHUBEpcaJibHasg MapKOBCKas MO-
JeJjb

Paccmorpum copmyupoBaHHyio Bbiie 3ajady 1 Jjis CHEIUAJBHOIO CJIydasi, BaXXHOCTH KOTOPOTO
OIIpeIesIsieTCst OOJIBIUM KOJIMIECTBOM IIPUJIOXKEHM. A UMEHHO, 9Ta 3ajavda BKJIYIaeT B cebsl 3a/1a9y
00 OIHMCAaHUU XapaKTEPOB JIOKAJbHO KOHEUHBIX I'PYIII WK, 6ojiee 06110, 06 onucanuu ciaegos Ha AF-
ajirebpax, a TakKe 33/[ady O IEeHTPAJIBHBIX Mepax Ha IPOCTPAHCTBAaX IyTell IPaJlyupOBAHHBIX IPadOB.

OcHawenHoe OMHOWERHUE IKBUBAAEHTNHOCTNY T HA3BIBAEMCA 2UNEPROHEUHBIM, ECAU OHO ABAAECTCA
MOHOMOHHO 803PACTNAIOULUM NPEJEAOM NOCALIOBAMEALHOCTNY KOHEUHBIL OMHOUEHUT IKEUBANEHMHO-
cmu: T = J,, & . Taknm o6pasoM, rumepKOHEIHBIE 0.0.9. MOYKHO 33]aBATh HOCJIE[OBATEILHOCTIMI IX
KOHEYHBIX AIIPOKCUMAIIN, T.e. YOBIBAIOIIUMU [OCJIEJI0BATEIbHOCTSIMI U3MEPUMbIX pasbuenuii {&, }n
C KOHEYHBIMH 3JIEMEHTaMU U YCJIOBHBIMU MEpaMH Ha HUX. TaKue I0CJIeI0BATETbHOCTU HA3BIBAIOTCS
Puavmpayuamu. Ilogpobroctu cm. B [2].

B cuny psima m3BeCTHBIX TeOpeM TPaeKTOpHOe pa3bueHme sl MefCTBUSA TPYIIILI C HHBAPUAHTHON
MepOil TUIIEPKOHEYHO TOTJIa U TOJIBKO TOIJa, KOrJa rpyiia amenabesbaa. OHAKO TPAaeKTOPHbBIE Pa3-
6I/I€HI/IH C HEE/IJMHUYIHBbIM KOIIMKJIOM MOI'yT 6I)ITb TUIIEPKOHEYHbIMU 1 JIJIf HeaMeHa6e.HbeIX T'PYIIII. 33,—
METHM, UTO YCJIOBHE TMIIEPKOHETHOCTHU 0.0.3. €CTh YCJIOBHE HA KOIUKJI, T.€. HA YCJIOBHBIE ITPOEKTUBHBIE
MepbI, HO KaK OYITO B TAKOM BHJE OHO He hopmyiupoBasiock. [lia nmpocrpancts Jlebera rurepkonetunoe
0.0.9. €IMHCTBEHHO C TOYHOCTHIO J10 n3oMopdusma (0bobimennas Teopema I ast).

MpbI HaKJIAIBIBAEM 9yTh 00JIee CHJIBHOE, €M I'HIEPKOHEUHOCTH, YCJIOBAE HA AIlPOKCUMUPYIOILY IO
[OCJIE/IOBATEJILHOCTD U3MEPUMbIX pasbuenuii {&,}: 0.5. masvisaemes pyuHviM, UL AOKAALHO 2unep-
KOHEUHDIM, €CJTH JIJIsl KayKJOTO 7. IUCJI0 TUIOB YCJIOBHBIX Mep pasbueHus: &, KOHEUHO. IDTO YCJOBUE
ompesiesisieT HanboJiee WHTEPECHBIE JJIsT MPUJIOKEHUN TUIIepKOHedHbIe 0.9. ONHIleM yHUBEPCATBHYIO
MO/JIEJIb PYYHOTO 0.0.3.

Onpeneaenue 1. [lycmv X, — KoHeuHOe UAU KOMMGKMHOE NPOCMPAHCTNEO U 3G0AHO MHONHCECTNEO
«onepamopos nepexoda» {my,}, conocmasasowur mouke x € X, nodmmoosrcecmeo mp(x) C Xyq1. Map-
Ko6cKuM (Hecmayuonapuvim) Komnaxmom Mar nazweaemes npocmparncmso nocaedosamenvrocmed

Mar C {{zp}02; i 2n € Xp, n=1,2,...},

2de
{zp} € Mar <= z,41 € mp(zy) Odas mobozo n > 1.

DJleMeHTHl KOMIakTa Mar Mbl Ha3bIBaeM TPACKTOPHUSIMU, WA IyTAMHA. XG60CMOGHLM OMHOULEHUEM
IKEUBANEHMHOCTIU T B MAPKOBCKOM KoMIakTe Mar HasbiBaeTcs cielylollee OTHONIeHUe Ha TPaeKTo-
pusX:

{zn} ~r {yn} <  cymecrByer Takoe N, 4T0 T), = Yp AJist 106010 1 > N.

Mapxkosckuii kommakT Mar cHabxKaeTcst caboii Torrosiorueii u 6opesieBckoii crpykrypoii. Omupezee-
HO MOHSITHE MapPKOBCKOiI 6opesieBckoii Mepbl P, KoTopast 3a/1aeTcsi HadabHbIM pacipejiesieHuem fiq (-)
KOODAMHATBI 1 B HAOOPOM IIEPEXOIHBIX BepOSTHOCTEll, T.e. cemeiictBom Mep {P, .}, n = 1,2,...,
x € Xy, e P, »(y) = Prob(zp1 = ylz, = ).



Ho nam monamobuTcst 1pyras COBOKYIHOCTh JAHHBIX Ha MapKOBCKOM KOMIIAKTE — CUCMEMa KOne-
pexodnux eepoammuocmets. dto cemeitcrso mep { P} wa X, n=1,2,..., x € X,41, tue P (y) =
Prob(z,, = y|xn+1 = z). Takasg cucrema erme He ompejessieT rI00aIbHON MEPBI HA BCEM MapPKOBCKOM
KOMIIAKTe.

Jlemma 1. Beakasa cucmema KOneperoonvir MeP onpedessem Kouuks Ha T0CMOBOM 0.9. MAPKOBCKO20
KOMNAaKmMa: omuowerue ycroeuur mep deyxr nymed {zn} u {yn}, cosnadarowuzr npu n > N, pashno
OMHOWEHUIO NPOUBEIEHUT, COOMBEMCMEBYIOULUL KONEPETOOHBIT BEPOAMHOCTNET

Prob(mi\xiﬂ)
1Zizn Prob(yilyit)

HazoBeMm Takme KOIUKJ/IBI MapKOBCKHME, 8 MapKOBCKHN KOMIIAKT, CHAOKEHHDBIH MapKOBCKUM KO-
IIUKJIOM, T.€. CUCTEMOI KOIIePEXOJ0B, HA30BEM OCHAULEHHDIM MAPKOBCKUM KOMNAKITOM.

OueBuIHO, YTO BCsIKasi MapKOBCKas Mepa Ha Mar OJHO3HAYHO OIpeessieT MapKOBCKUH KOIMKJI,
HO, BOOOIIE TOBOPsI, CUCTEMAa KOIIEPEXOJIOB, T.€. MaApPKOBCKUI KOIMKJI HE OIpEIessieT OJJHO3HAYHO Map-
KOBCKyI0 Mepy. CTOJIb Ke sICHO, YTO Ha MApPKOBCKOM KOMIIAKTE MOIYT CyIIeCTBOBATH KOIIUKJIBI, HE
ABJISIONIIECST MaPKOBCKUMU.

Teopema 1 (ynusepcanbHas MOjiesb). /aa 6cakoeo cmandapmmozo bopeaesckozo npocmparcmea X u
3a0aAHH020 8 HeM PYUHO020 OCHAULEHHO20 OMHOWEHUA IKEUBAAEHIMHOCTIU T € KOUUKAOM P CYUECTEYEm,
ocHawerHbut maprosckuli komnaxm Mar u 6opesesckuti usomoppusm T : X — Mar, maxot, wmo T
omobpastcaem 0.0.9. T 8 £B0CMOB0E 0.9. Ha Mar, a Kouuxa p — 6 MAPKOSCKUL KOUUKA.

Taxum ob6pazom, 3adavwa 1 06 UHBAPUGHIMHBIL MEPAX OASL PYUHBLT 0.0.9. C60JUMCA K 3adane 0 No-
UCKE BCET MAPKOBCKUL GEPOATHOCTHLE Mep P na nexomopom xomnaxme Mar ¢ sadannoti cucmemoti
KONEPETOOHBT eeposmmuocmets. Unave 2080pa, K ONUCGHUNO MAPKOSCKUT Uuenetl ¢ 3adaHHbIMU Konepe-
Todamu.

Eciin KonuKJI paBeH equHUIE, T.€. BCE YCAOBHBIE MEPBI BCEX IOPSIAKOB PABHOMEDPHBI, TO MBI IIOJIY-
JaeM 3aJa49y 00 OINHMCaHUU BCEX MEp ¢ MaKCHUMAJILHON SHTPOIHUE Ha 3aJaHHOM MapKOBCKOM KOMIIAKTE.

Abcomor MapkoBckoro kommakTta Mar obosnadaercs depe3 Ab(Mar). JlokazaTesbecTBO TEOpeMbl
bakTruecku BbITEKaeT U3 pe3yabTaToB paboThl [2].

BwmecTo s13pIKa MApKOBCKHX KOMITAKTOB MOXKHO MCITOJIB30BATh sI3BIK N-TpajlydpoBaHHBIX rpadoB
(mmarpamm Bparresin) — mpocTpaHCcTBO IyTell B TakoM Trpade ecTh MApKOBCKHH KOMIIAKT, YTO TOJI-
HOCTBIO OIIpeiesisieT Hapallein3M u3jIoKeHunii. Bo MHOrHX curyanusx (B OCHOBHOM KOMOWHATODHBIX)
s3BIK rpadoB IpeanodTuTenbHeii. Momenn, aHaIormduble MapKOBCKOM MOJIEIH, [JjIs OOIMUX 0.0.9. aB-
TOpy HEU3BECTHBLI.

3 Oproamveckuii MeTOJ W TeOpUs BO3MYIIEHUA

[Tox sprogutdeckuM MeTOJIOM perieHus 3a1adu 1 00 UHBAPUAHTHBIX Mepax JIijisl TUIEPKOHEYHBIX OTHO-
HIeHUI SKBUBAJEHTHOCTH IIOHUMAETCA METOJ, OTbICKaHUS MHBADUAHTHBIX paclpee/leHuil 1 MTHBapUaHT-
HBIX M€P, OCHOBAHHBI! Ha WHJIMBUIYaJbHON 3ProJIndecKoil TeopeMe UjIu, ToOUHee, Ha UHIUBUyaJIbHON



TeopeMe O CXOJMMOCTH MapTUHTAJIOB, IPUMEHSAEMON K XapaKTEPUCTUIECKUM (PYHKIIUAM MHOXKECTB U3
HEKOTOPOTO Dazuca g-ajaredphl, Ha KOTOPO# 3a/iaHa UCKOMast Mepa. B TakoM MOHMMAHUU TOT TEPMUH
UCHOJIb30BaH B pabore aBropa 1] u B 6ostee pannux paborax (cm., Hanpumep, [6]). Ho npakrudeckoe
HaXOXK/IEHUE WHBAPUAHTHBIX MEP, T.€. BEPOSATHOCTEH MUJINHIPOB, WIN IEPEXOIHBIX BEPOATHOCTEH, KaK
MIPEIEJIOB HEKOTOPBIX YCJIOBHBIX OXKUTAHUN MOXKET OBITh BeChbMa HeMpOCThIM. OUeHb CyIIeCTBEH BHIOOD
ba3uca MHOXKECTB, MEpPbl KOTOPBIX BhIauc/sA0TCA. Ho, ¢ ipyroit ¢cTopoHbl, caMa mpobJieMa, OThICKAHUST
BCeX 3ProJuvIeCKux Mep MOzKeT 6bITb <<,ZLI/IKOI>’I>>, " IIOTOMY BBIYUCJIEHHU 11O CYIIECTBY HE€ MOI'yT 6bITb
peasim3yeMbIMI B IIOJHOM oObeMe. Pasymuasi kKiaccudukanus UIEPKOHEIHBIX abCOTIOTOB (T.e. CH-
CTEeM YCJIOBHBIX IIPOEKTHBHBIX MEP) BPsijl JI BO3MOXKHA; B TO YK€ BpeMsi OopesieBcKast Kiaccudukanust
0.0.9., HA000POT, cUIIKOM Ipyba (cM. [8]); Apyrue, MpoMeKyTOYHBIE KPUTEPHUU KIACCH(MDUKAIINT ABTOPY
Hen3BecTHBI. [109TOMY BayKHO MMETH JIOCTYIIHBIE KPUTEPUHU PA3PEIIMMOCTHU 331241 00 MHBAPUAHTHDBIX
Mepax, a TaK2Ke CIIOCOObI PEJyKITHH 33/1a9 K HEKOTOPBIM KAHOHUYECKUM 33/[a9aM.

Opnira U3 Takux (pyHIAMEHTAIbHBIX 38J1a4, PEIleHre KOTOPOil Oy YeHO ¢ TIOMOIIIHI0 KAHOHUIECKOTO
[IPUMEHEHUs SPTOIUIECKOTO METO/a, — ITO 3aJia4a 00 OIMCAHUU BCEX IPrOJINYECKUX Mep B DecKoHed-
uoM npoussegennn X = [[7° X (pge X — Hekoropoe GOpeIeBCKOE IPOCTPAHCTBO), HHBAPHAHTHBIX
OTHOCHTEJIBHO IPYIIIBI Sae BCEX KOHEUHBIX MOJCTAHOBOK KoopaumuaT. O6ozmaunM depes 75 0.5. B X,
TOPOXKJICHHOE Pa30MeHneM Ha TPAGKTOPUU JefcTBUs rpynibl So. OTBer B 3asade 1 jaercss Teope-
Mmoit e OuHeTTH, U COCTOUT OH B TOM, UTO BCAKAsS HProjnvdecKas, HHBAPUAHTHAT MEPa eCTb OepHYJI-
JIMEBCKasi Mepa C MPOU3BOJIBHBIM OJHOMEPHBIM pachpejeinenneM (= mepoit Ha X ). Takum obpaszom,
Ab(X% ) = Meas(X).

Eciu paccmaTpuBaTh 3TOT OTBET € TOYHOCTHIO 0 METPUUECKOIO M30MOPMU3MA, TO OKAYXKETCH, ITO
abCoJIIOT COCTOUT U3 €IMHCTBEHHOM YUCTO HENPEPBIBHON Mephl Ha X, KOHTHHYYMa JUCKPETHLIX MEP U
ux cmeceit, Te. Ab(X®, 7)) = {{an} 1o, >0, ay < 1}

Bo wmnozux nedasrnux npumepaxr 3a0ay 0 HATOdAHCIEHUL AOCONOMA 8 KOMOUHAMOPHBIT U AA2e0paU-
YECKUT CUMYAUUAT 0MEEM (NPEONoNOANCUMENDHO UAU NG CAMOM 0eae) umeem croonyo CmpyKmypy:
abconrom ecmuv cumnaekc Illoke (€20 MOAHCHO HA36AMD BMOPUNHBIM CUMNAEKCOM), M.€. U CAMU IP20-
duneckue mepovr maksce donyckarom passosicenue. I109ToMy ecTecTBEHHO TPEITONIOKNATh, ITO JOKA3a-
TEJILCTBO 9TOT0 (paKTa CJIe/lyeT UCKATH He MPsIMBbIM BBIYUCJICHUEM, a U3ydasi PEIyKITHIO K OIMMCAHHON
BhbImIe dpyHIaMeHTa bHON 3atade ge Ounertu. Mbr npeyiaraemM cjeayommii criocod, KOTOPhI MOYKHO
Ha3BaTh METOJIOM BO3MYyIICHNI. B KauecTBe HEBO3MYIIEHHOIT 33141 Bo3bMeM 3a a4y je Punerru o 75
[TepBoiit 3Tal COCTOUT B OCTPOCHUHU TAKOTO roMoMopdu3ma 1 mpoCcTpaHcTBa, B KOTOPOM ITOCTAB/IEHA,
3ajada 00 abcotoTe st HEKOTOPOro 0.3. T, B mpoctpancTBo X °°) uro T'(7) siBisieTcs: nogpa3oneHneM
0.3. 7F'. Ha Bropom ararne Tpebyercss IpoBepuThb, uTo abcomoT 0.9. T'(T) momoben Ui jaxe coBIajiaeT
¢ abcosoroM 0.3. 7F. Haxoxnenne romomopdusma T, eciim OH CyIIECTBYET, eCTh HauboJIee HeTPUBH-
aJIbHAsT YaCTh METO/IA.

Bropoit sTam cBsa3an ¢ mpobisiemoit, oTHOCAIEHCa K OeCKOHEIHOMY ITpon3BegeHnio X °°, KoTopas
WHTEpECHa cama 10 cebe.

Bamaua 3. /s waxux 0.5. T, ydosaemeopaowur ycaosuro T = 11 abcomom Ab(X®,T) cocmoum
u3 6cex bEPHYANUEBCRUT Mmep?

CJIe,ZLyIOIH,I/H'?'I YACTUYIHBLIA OTBET OKA3bIBAETCS IIOJIE3HBIM:



JIemMma 2. ITycmw na 6opeaceckom npocmparcméee X 3adano 06a 0.0.5. T,T' ¢ eOUHUMHBLMU KOUUK-
AGMU, NPUMEM UMEEM Mmecno ekmoverue abcomomose Ab(X, ") C Ab(X, 7). Cosnadenue smux ab-
CONOMOE PABHOCUADHO CACOYNOULEMY YCA0BUI: Of 8CAK0U ap2oduueckoli mepoi b € Ab(X,7') 0.0.5 T
2P200UHHO OMHOCUMENDHO [4.

B cBoto ouepeib, 10Ka3aTEIIBCTBO 9PrOJUIHOCTH, T.€. COBIAJIEHUsT aDCOTIOTOB, CBOJUTCS K IIPOBEP-
K€ CTpeMJIEHUs] HEKOTOPOI IT0C/IeI0BATEIbHOCTH (DYHKIIMOHAJIOB K KOHCTAHTE IO Mepe, a He K OoJiee
CJIOZKHOM 3a/1a4e HAaXO0XKICHHUSI CJIa0BIX MPEIEJIOB, KaK B OOINeil cxeme 3ProJndecKoro MeTOIA.

TlokazaTenbHBIN IpUMEDP O3B METOJIA BO3MYIIEHUH JaeT 3a/iada O IMeHTPAJIbHBIX Mepax rpada
FOmnra. Teopema Toma o xapakTepax, ToOYHee ee IIepecKa3 Kak yTBepxkienus o0 abcosore rpada FOun-
ra, He OCTABJISIET COMHEHUU B TOM, UTO 3Ta 3aJa4a JOJKHA PAaCCMATPUBATHCS B CBSI3U C TEOPEMOIi Jie
Qunerru. /leso B TOM, 9TO OTBETHI B HUX YAWBUTEIBLHO IMOXOXKU. A MMEHHO, abCOIIOT CTPATU(MUIIIPO-
BaH: CTpaTa JUCKPETHBIX MEP, MapaMeTPU30BAHHBIX OJIHOMEDHBIMU 9aCTOTAMU, CYMMa, KOTOPBIX DaBHA
eJIMHUIIE, U CTpaTa Mep ¢ HyJeBbMHU YacToTamu. OIHAKO BCe U3BECTHBIE JIO CUX IIOP JOKA3aTEIbCTBA
(cM. 06 9TOM [3]) HE 37IEMEHTADHBI U He BCKPBIBAIOT OJIM30CTH ITHUX 3a/a4d. DTa CBsI3b JEHCTBUTEIHLHO
HETPUBHUAJIBHA, X OCHOBHYIO POJIb B €€ O0'bsICHEHUU UT'PAIOT JIMHAMUYIeCKHe cBoiicTBa ajaropurma RSK,
KOTOPBIN U MMO3BOJISIET ITOCTPOUTD HY2KHOe mojasTue rpada Q-radsmur ;1o rpada [ypa—Beiirs.

Ucnonwbzosanne Q-tabsmr aaropurma RSK mj1s HakpbIiTHs GEPHYIJINEBCKUME MepaMU IIEHTPAJIb-
HBIX Mep Jytst rpada FOHra 661710 BriepBbie paccMOTpeHO B [9], n3oMOpdu3M 3TOr0 COOTBETCTBHS JOKA-
3an B [10]. Ho BiiokeHne, 0 KOTOPOM CKa3aHO BBIIIE, He ObLIO 3aMEYeHO; B TO Ke BPeMsl BHUMATEJIbHbILI
aHaJIN3 TOKA3BIBAET, ITO METOJ, BO3MYIIEHUI TO3BOJISIET JOKA3aTh U caMy TeopeMy o0 abcoJioTe, T.e.
JIOKA3aTh, 9TO TAKUM 00Pa30M MOJIyJaITCsI BCE 9ProJInIecKue IeHTpaIbHble Mephl. [ljiss KOHETHOCTPO-
vyeunbix Tabaui FOHra s1oT pesysibrar HesiBHO cojiep:KuTcsi B padore [5).
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