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1 BBeaenue

B pabore paccmaTpuBatoTcs fuHaAMIYECKue cBoiicTBa anropurma Pobuncona—IIlencrena—Kuy-
ta (RSK) npu mocseroBareibHOM €ro NpUMEHEHUH K PACTYIIUM [OCJIeI0BATETbHOCTSIM CHM-
BOJIOB. B JaCTHOCTHU, Mbl MHTEpECYyeMCdAd aCUMITOTUYICCKUMU CBOHCTBaAMM 3TOT'O aJIropuTMa.
[To-BuunMoMy, BIIEPBBIE «IMHAMUYECKasi» TOUKa 3peHust Ha RSK mosiBuwiack B crarbe [?], B
KOTOpOii obHapy»KeHo, uTo npuMmenenne RSK K 0GecKOHEUHOI 1OC/IE0BATEIBHOCTH HE3aBU-
CUMBIX CHMBOJIOB U3 JIMHEHHO yIIOPSI0YEHHOIO MHOXKECTBA, TOUHEE UCIOJIb30BaHUE «IIPABOM
qacThy ajgropurma ((Q-TabJIuibl), 3a/1a8T COOTBETCTBUE MexK1y MepaMmu Bepryim (T.e. as-
caMOJISIMH HE3aBHUCHMBbIX [TOCJIEIOBATEIBHOCTEH CHMBOJIOB) U IEHTPATHHBIME (MaPKOBCKUMH)
MepaMu Ha IPOCTPAHCTBAX yTeil HekoToporo rpada (rpada FOura). Muaue roBopst, aaropurm
RSK zamgaér coxpamstomue Mepy TOMOMOPGMU3MBI OEPHYIINEBCKUX MIPOCTPAHCTB B MApPKOB-
CKHUe TIPOCTpaHCTBa myTeil. B cBsi3u ¢ 9TuM Hem30eKeH BOIPOC, SIBJISETCS JIH STOT TOMOMOP-
duszm nzomopduzmom mod0. IlomokuTebHBIE OTBET Ha HEro ObLI IMOJIyYeH CPABHUTEIHLHO
HEJIABHO B BaXKHBIX paborax [?, ?|; mpuMeHsieMblii TaM MeTO/| UCIOJIL3YeT Ipeobpa3oBaHue
Trorenbepzxke (jeu de taquin) u TeXHUYIECKU JOBOJIBHO CJIOKEH.

[TepBbim aBropom |?| mpejioxkeHna mporpaMma BO3MOXKHOIO DEIEHUs ITUX 3aJad st
OlPEJIEIEHHOTO Kitacca rpadoB, BKIIOYAOIIAsT PA3BUTHE Progudeckoro merona |?| mst Ha-
XOK/IEHUSI MHBAPUAHTHBIX MEP W TaK Ha3bIBaeMO# Oepryaiusayuy, TpadoB. 3/1eCh OKA3aIUCh
HOJIE3HBIME MeTOJIbI Teopur buibrparuii (yobBarouX mocsegoBareabHocTeil o-anredp) [?;
B YaCTHOCTH, BO3HHUKJIA HOBas 3aJada O XapakTepu3anun Guiabrpanuii muna de Qunemmau,
T.e. Takux (GUIbLTPAIUil, A KOTOPBHIX BCAKAd IProjindecKast IEeHTpaJbHasd Mepa eCTb Mepa
Bepuysumm. B aroii ¢Bsa3u ormernm, uro B JaHHON pabore (kak u B [?]) paccMarpuBaioTcst
CBOMICTBA U CTPYKTYPa HEKOTOPBIX SPIOJUIECKUX EHTPAJIBLHBIX Mep — Mep OepHYIIUEBCKOrO
[TPOUCXOXKAEHUST; TOT (paKT, ITO TAKOBBI BCe IIEHTPAIbHBIE Mepbl 1151 rpada HOHra ¢ KoHeIHBIM
YUCJIOM YACTOT, OTHIOJb HE BBITEKAECT U3 ITUX paccMoTpeHuii. OIHAKO METOJBI, IIPE/IJIOXKEH-
Hble B |?], 103BOJIMIIM aBTOpaM B rOTOBsIIelicss paboTe JIOKa3aTh, YTO BCAKas MEHTPAJIbHAS
Mepa TaKOro THUIIa siBJISeTCsi OEPHYJ/LJINEBCKOI B yKa3aHHOM cMbiciie. Ciie/loBaTeIbHO, aJjro-
purm RSK Kak pas CBSI3BIBAET 6ce IEHTPAJIbHBIE MEPHI ¢ OEpHYILIHEBCKUMHU. VIMEHHO TaKuM
06pa30oM JOJIKHO BOSHUKHYTH JABHO OXKUIAaEeMOe YUCTO KOMOMHATOPHOE J0Ka3aTeJIbCTBO U3-
BecTHOIT Teopemsl Toma (cm. |?]).

B 9r0it craTtbe MBI HCCIEIyEM AL 9acTh OOIIel IPOOIeMbl JJIsi IIPOCTEHINero cirydast,
a UMEHHO JJId CJIydasd KOHEYHOI'O YHCJjia CUMMBOJIOB B JIMHEITHO YHIOpsAJ09€HHOM MHO2KECTBE, U
JIOKA3bIBAEM CIIPABEINBOCTD JIBYX B M3BECTHOM CMBICJIE JTBOWCTBEHHBIX JAPYT APYTY PaKTOB:
TOTAJILHOCTH KOILJIAKTHYECKOTO OTHOIIEHUST SKBUBAJIEHTHOCTU (= JIBOHCTBEHHOI 9KBUBAJIEHT-
Hoctr 110 KHyTY) ¥ 9prognvIHOCTb TaK HA3BIBAEMOIl IOHTOBCKON (DUIBTPAIUH, T. €. XBOCTOBOI
dunbrpamnum, onpeaessiemoit Q-rabaunamu B ajropurme RSK. Hamu paccy»xmenust, ¢ ogHOM
CTOPOHBI, JIOKA3BIBAIOT COOTBETCTBYIOIIME yTBepXK/eHusi u3 [?| HOBbIM crocobom, a ¢ Jpy-
roii, IPUMEHUMBI B ropa3jio OoJiee obieit curyanuu. B okazarebcTrBax Mbl pacCMaTPUBAEM
OTICJILHO CJIyLIa.I';'I ABYX CTPOK BBUJY €ro HalJIsIJIHOCTHU U TOT'O, 9YTO COOTBETCTBYIOIIIUE YTBEP-
JKJIEHHUSI MCIOJIB3YIOTCs Jajlee B KadecTBe 0a3bl WHIYKIINH.

Mpbr cuuTaem duTaTessi 3HAKOMBIM ¢ oHsiTHEM ayiroputMma Pobuncona—Illencrena—Kuyra
(RSK) u ero ocnoBubiMu cBoiicTBaMu (cM., HampuMmep, [?]); HeoOXomuMble CBeIEHHS OTHO-
CUTEJIBHO TEOPUU IIPeJICTaBIeHUH GeCKOHETHON cumMeTpuydeckoii rpymmnst (rpad FOnra, nen-
TpaJsibHble Mepbl, apamerpbl Toma u T.11.) cMm., Hanpumep, B [?], a oTHOCHTENIbHO TeopUU
U3MEpUMBIX pas3ouenuit u dbuabrpanuii — Hanpumep, B [?].



2 HOwurusaius

[Iycrs A = {1,2,...,k} — koneunsiii andasur. PaccMoTpuM 1poCTpaHCTBO GECKOHETHBIX
ciop X = A% B andasure A ¢ Gepuyamesckoit mepoit mp°, rae p = (p1,p2,---,Pk),
pi = Prob(i), up1 >p2> ... > pp > 0.

[Tycrs T — MHOXKECTBO 6ECKOHEIHbIX cTaHIapTHBIX Tabuui FOura (1, 910 To Ke camoe,
MHOKeCTBO GecKoHedHBIX IyTeil B rpade FOnra Y) u 1, — nenrpasbras Mepa Ha T ¢ ma-
pamerpamu Toma (p,0,0). BameTnm, 4To Mepa ji;, COCPEIOTOYEHA Ha HOIMHOYKECTBE TabJIHIIL,
COCTOSAIINX U3 He boJiee k CTPOK.

Yepes RSK(w) = (P(w), Q(w)) 6ynem obosnadars orobpakenne Pobuncona—Illencrena—
Kuyra (RSK), npumenénnoe K KOHEUHOM mocienoBarTesibHocT (Ca0BY) w B andasure A.
Takum obpazom, P(w),Q(w) — mapa tabmurn FOura ommaakoBoit dhopmMbl (¢ He Gosee deM
k crpokamm), KOTOpYIO Mbl OyieM obo3HadaTh uepes sh(w); Tabiuna P(w) mosycranmapr-
Ha, a Tabsurna Q(w) crammapraa. [{ns GeckoHedHoil mocsenoBaTesbHocTH & € X 0003HA-
quM depes [z], = (21,...,2y) € A" €6 HaYaJIbHBIA CErMEHT JIMHBL M, a 4depe3 {Tlpi1 =
(Tnt1, Tnto,...) € A — eé «xBocr». Takxke obosnaunm depes Py, (z) u Qn(x) Tabiuiel, mo-
JIlydeHHble npuMeHeHneM ajaropurma RSK K HadaabHOMY CErMEHTY MOC/IeJI0BATEIbHOCTH '
RSK([z]5) = (Pr(z), Qn()).

Canenys [?], BBeiéM oTobpazkeHue U3 IMPOCTPAHCTBA HECKOHEUHBIX OC/IEI0BATEIHLHOCTEN B
[IPOCTPaHCTBO beckoHedHbIX Tabsui FOHra.

Omnpenenenne 1. Byjuem mociegoBarenbHo NpuMeHATh orobpazkenne RSK K HavaabHBIM
cermeHTaM [z, nocienoarensrocT © € X. 13 xoncrpykuuu asropurma RSK sicHo, dro
lim @Q,(z) =: Q(x) ecrb Geckoneunasi cranmaprHas Tabsmia FOnra, Koropyoo Mbl 0603Ha-
n—oo

qum 7(x). [omyuennoe orobpazkenue
™ (Xa m;o) - (T7 :UP) (1)
Ha3bIBaETCA 10H2U3aUUel.

B [?] mokaszano, aro ronruzarust (7?7) ectb roMoMOpPdU3M IPOCTPAHCTB € MEPOIi.

3 HKOwnrosckue mocJie/1oBaTeIbHOCTH Pa3bWMeHmWii Ha HPOCTpaH-
ctBe Bepnymim. OcHOBHBIE TEOPEMBI

Ha mpocrpancrse (X, mgo) OECKOHEYHBIX OEPHYJIHEBCKAX MTOCIEI0BATE/ILHOCTENl €CTEeCTBEH-
HBIM 00pa30M OIpee/IeHbl CJIEAYIONIe N3MEPUMbIe Pa30UeHMs:

o yurundpuueckoe pasbueHNE 0, YPOBHS 1, SIEMEHT KOTOPOTO €CTh MHOKECTBO (KOHETHOI
MepBbI) TOCJIEI0BATEILHOCTEl, Y KOTOPbIX (PUKCHPOBAH HAYAJIbHBINA CEIMEHT JIJIMHBL 1, &
XBOCT KaKO! yI'OJHO;

e 160cMo60e pasbueHne T, yPOBHs M, 9JIEMEHT KOTOPOIO eCTh (KOHEYHOE) MHOYKECTBO
HOCJIe/I0BATEJLHOCTEH, Y KOTOPLIX (DUKCUPOBaH XBOCT HauuHas ¢ (n + 1)-ro sraxa, a
HaYyaJIo KaKoe YT'OJHO.

Bynem HazbpBATH UX OEPHYAAUECBCKUMY TTUTUHIPUIECKIM W XBOCTOBBIM paszbueHusiMu. OHU
00JIaIAI0T CJIEIYIONMIMMHI CBOMCTBAMMU:



® [10C/Ie10BaTEJIbHOCTD pa36I/IeHI/II71 Op MOHOTOHHO BO3pacCcTacT U B cJIaboi TOIOJIOrun CTpe-
MHUTCA K p336H€HHIO € Ha OTAEJIbHbIE TOYKH,

® II0C/Ie0BATEILHOCTh Pa30ueHnit 7, MOHOTOHHO YOBIBAeT U B CJIa0OI TOIOJIOTHH CTPE-
MHUTCSI K TPUBHAJIHHOMY Pa30UEHUIO U

® DM KaXXJOM 1 pasOueHns T, U 0; HE3ABUCHMBI 110 OEPHYJIINEBCKOH Mepe m°.
Teneps paccMOTPHUM CJIEAYIONINE U3MepUMble Pa3bUeHUsT Ha MIPOCTPAHCTBE OECKOHETHBIX
Tabur FOnra 7T

o yuaundpuueckoe pazdbuenue &, YPOBHs 1, 3JIEMEHT KOTOPOT'O €CTh MHOXKECTBO (KOHETHOM
Mepbl) 6eckoneuHbIX myTeil B rpade FOura (1. e. 6eckoneunbix Tadsmi FOHra), y Koropbix
dbuKCHpoOBaH HAYAJIBHBI CEIMEHT JJIMHBL 1, & XBOCT KAKOH YTrOJIHO.

e x60cmosoe pasbueHue 1), yPOBHS M, JEMEHT KOTOPOrO eCTh (KOHEUHOE) MHOMKECTBO
beckoneunbix myTeil B rpade FHOHra, y KoTOpBIX (PUKCHPOBAH XBOCT HAYMHAS C N-TO
dTarka, & HadaJIo KaKoe yTroJIHO.

Onpeneaenne 2. Onz06ckum UYUAUHIPUMECKUM T T0H208CKUM TEOCMOGHIM PA3OUECHUAMU
npocTpancTBa X GECKOHEUHBIX [OC/IEI0BATEILHOCTEl GyneM Ha3bIBaTh pasbuenns &, = m 1&,
u 7, := 7 '1, COOTBETCTBEHHO, T. €. IPOOOPA3BI IIUINHIPIUCCKOIO I XBOCTOBOIO pPa3OUCHMs
Ha Tabaunax FOHra mox geficTBreM IOHMH3AIMY 7. Y OBIBAOILYIO IIOCJIEI0BATEIbHOCTE pas3tu-
ennii {7, } OGy/eM Ha3bIBATH TAK¥Ke IOHIOBCKOM (bUIbTpaIueii.

Taxins o6pasow, & ~g, § <= Q([t}n) = Qln)s 8 %~y y <= sh((zlw) = sh({y]w)
npu N > n. OueBunno, &, < oy.

st Hagasa onumIeM CTpyKTypy IOHTOBCKuX pasbuenuii. Hanomunwm (cM., Hampumep, [?]),
9TO KAace axeusaseHmmuocmu no Knymy (mm naakmuveckud xaace) Py v kaace deoticmeen-
Hotll axeusasermmuocmu no Knymy (wmm xonaaxkmuveckud kaacc) Cy, COOTBETCTBYIOMNIT TaH-
Hoit Tabuune FOHra ¢ pasmepa n, — 9TO MHOXKECTBO BCEX CJIOB U JJIMHBI N, JJisi KOTOPBIX
P(u) =t (coorBercrBerno Q(u) = t).

Teopema 1. FOnzosckue pasbuenus Ha npocmparcmee X onucweaomes cAedyrouwum oopa-
30M.

o Oaemermol pasdouenus £, NaPAMeMpPuU3yOmMea cmardapmuvimu mabavyamy FOnea t pas-
MEPA N U COBNAdAoMm ¢ KONAGKMUIECKUMY KAaccamis Cy.

o Ouemenmol pasbuenus M, napamempusyromes napamu (t,y), ede t — nosycmandapmmas
mabauyae FOnea pasmepa n, a y — beckonewnoe ca060 6 aagasume A, u umerom eud

{z € X :[aln € Py {2}nt1 =y}

UHDIMU CAOBAMU, ITNO MHONHCECTNBO 6CEX nome&oeameﬂbnocmeﬁ, Y KOmMopuvlxr HAYANOHDOL
cezmenm daumsL n npunad/bezﬁcum 0CLHHOMy NAGKMUYECKOMY KAACCY, G TBOCM, cosnada-
em ¢ dannoti beckoneunotli nocaedosamesoHoCmbio.

[TepBoe yTBep:K/ieHNEe STOI TEOPEMbI OUYEBUJIHO, & BTOPOE OyJET JOKA3aHO B CJIELYIOMIEM
naparpade (cm. semmy 7).



Hanomuum, uro y6ObiBatoIias moc/Ie/10BaTeIbHOCTD pasouennit (puibrpariysi) B IpOCTPaH-
CTBE C MEPOHl HA3LIBAETCHA 9P200UMECKOll, €CJAU OHA CTPEMUTCH B CJIADOH TOIOJOTMH K TPHU-
BUAJILHOMY DPa30ueHuio v (Ha OJJHO HEILyCTOe MHOXKECTBO). B CBOIO ouepe/ib, BO3paCTAIONIAsI
[IOCJIEJIOBATE/IbHOCTD pa3OUeHnil B IPOCTPAHCTBE ¢ MEPOii HA3BIBAETCS MOMaAbHOU, €CJIU OHa
CTPEMUTCs B ¢j1abO0il TOIOJIOrNK K Pa30UEHUI0 € Ha OTIe/bHble TOYKU. Takum obpas3om, 3p-
POJIMIHOCTD ITOCJIEIOBATEJILHOCTH Pa30UeHnil 03HAYAeT, UTO HE CYIIEeCTBYeT HEKOHCTAHTHOI
M3MepUMOil (DYHKIIMH, ITOCTOSHHONM Ha 9JIEMEHTaX BCeX pa3bMeHuil, a TOTAJILHOCTL — 9TO JIJIsT
IIOYTHU BCEX ITap Pa3JIMYHBIX TOYEK OHM DPaHO HJIX ITO3IHO OKa}KyTCﬂ B Pa3HBIX 3JJIEMCHTaX
paz3bueHwusl.

O4eBUIHO, TIOCTIEIOBATEILHOCTD pas3buenuii &, MOHOTOHHO BO3DACTAET, a MOCJIE[0BATE b
HOCTH pa3bueHwuii 7,, MOHOTOHHO yObIBaeT. Harma 1eip — uccaeqoBaTh npeienbHble pa30neHmst
£:= nh_{go £, u = nh_}rrgo n, & UMEHHO JIOKa3aTh CJIEIYIONLYIO TEOPEMY.

Teopema 2. HOnzosckue pasbuerus wa npocmparcmsee X 6eCKOHEUHVT OEPHYANUEECKUT TO-
caedosamenvrocmets 06Aadarom cAedYIoUWUMY CEOTCMEAMU:

® 10CAEA0BAMENLHOCTVD PA3OUeHul &, MOMAALHA,
® 10cAedosaMmesbHOCTb Padbuerul M, IP200usHa.

B kauecTBe cJIeJICTBUs MbI [IOJIy4aeM Pe3yJIbTaT, JOKA3aHHBIH (1J1sl Cilydast IPOU3BOJILHON
HeHTpaJIbHOl Mepbl) B [7].

CaencrBue 1. Omobpasicenue roneuzayuu (77) asasemes u3omopPhusmom npocmpancms ¢
mepoti meaicdy (X, mae) u (T, pup).

BamernM, aTo nmpocrpancTsBo (7, fip) OeckonedHbIX myTeil Ha rpade FOmnra ¢ menTpasbHOit
Mepoit [, MOXKHO OTOXKJIECTBHTH C IIPOCTPAHCTBOM TPAECKTOPHil MapKOBCKOI'O IIPOIECCa —
ciydaiinoro OJiy2Kganus Ha «kamepe Beitsi»

Wk:{(xl,...,xk):xieZ, .%'121‘22...21%20},

rie ars nyta T 3 ¢ = (AW, A®) ) vpr moaraem A = ()\gn), . ,)\](Cn)) € Wy, (rakum 06-
pasoM, Ha KarKJIOM Iare Iporecca ojiHa U3 KOOpJuHaT yseaundnsaercs Ha 1). Mroro, otobpa-
aenne rorrmsarmn (?77) yeranasmBpaeT m3oMopdusM Mesk 1y mpocTpancTBoM (X, mo°) Tpaek-
TOpUil GEPHYANUESCKO20 NPOUELCCA U TPOCTPAHCTBOM TPAEKTOPUIT MAPKOGCKO20 NPOUECCH CITy-
qaiinoro 6myxganusa #Ha Wy. Hanpumep, B ciaydae k = 2 U paBHOMEPHON Mepbl p = (%, 1
[IePEXOJIHBIE BEPOSTHOCTH MAPKOBCKOTO MPOIecca 3a1al0Tcs craeyiomeit opmystoit (em. [?]):
ecsin 0003HAYMUTD Yepe3 j = A1 — A2 PA3HOCTDH JJINH CTPOK JMArpaMMBbl, TO

Prob(j,j + 1) = m Prob(j,j — 1) =

_J
2+ 1)

Baeném emé omxmo cemeiicTBo pazbuenuii (,. A IMEHHO, Ha IIPOCTPAHCTBE IOC/IEI0BATE b=
nocreit X OIpesie/IeHO eCTeCTBEHHOE JIeficTBHEe OECKOHETHOW CHMMETPUYIecKod rpymnmbl 6o
repecranoBkamu sjeMenToB. Ob6ozHaunM depes (, pas3bueHue mpocrpaHcTBa X Ha OpOUTHI
koueuHo# moarpymmnel &, C S4. VHBIMEI cIOBaMU, JIBe IOCJIEI0BATEILHOCTH &,y € X mnpu-
HAJIJIEXKAT OJ[HOMY 3JIEMEHTY pasbueHust (, TOrja U TOJIBKO TOrja, KOrja {T}tn+1 = {Y}n+1,
a [z], u [y], uMeT oMHAKOBBIN cocTaB 3j1eMeHTOB. Byjiem HasbiBaTh pasbuenus (, de du-

Hemmuesckumu. 3amMeTuM, 9ro lim (, = v 110 3aKOHY Hy/Is U eIUHUIBI XbouTTa—CIBuIKa.
n—oo



4 ,Z[OKaISaTeJIbCTBa OCHOBHBIX TeopeM

4.1 Coaywyaii k =2

B sTom pazmeste Mbl JJjIsl HAIJISIIHOCTH ITOAPOOHO pas3bepém ciiydail nByxXOYKBEHHOTO aJiha-
sura Ay = {1,2}. Bamernm, uro mpocrpanctso Xo = A ¢ GepHyImMeBCKoil Mepoit m>,
rie m = (p1,p2), MOXKHO €CTECTBEHHBIM 00PA30M PAcCMaTPUBATHL KaK MPOCTPAHCTBO TPAEK-
Topuil ciyvuaiiHoro OJIy K /IaHus HA OJHOMEPHON PEIéTKe ¢ BEPOITHOCTHIO P IlIara HAIIPaBO U
BEPOSTHOCTBIO Po ITara HaJieBo. HalmloMHUM, 9TO MBI IIpeJIiojiaraeM, 9ro p; > pa > 0.

Paccmorpum nociieoBaresibHOCTD U3 Al KaK CI0BO W = X1 ...ZTy,. [lomecTum B cKOOKH
KaxK bl pakTop B w Buaa 21. OcraBmmecst 6YKBBI COCTABJIAIOT MOACIOBO w1 B w. [loMmecTum B
CKOOKU KaxK bl (pakTop B wy Buga 21. OcraHercs 1oIC/I0BO ws. BygeM npomo/zKaTh 3Ty Ipo-
eIy Py, MTOKA 9TO BO3MOZKHO, T. €. [IOKa HE OCTAHETCsI CJIOBO BHIa wy, = 1920 = Tiy « o Tig s THIE
a,b > 0. DaeMenTsl T;,, . . ., Tj, , HOCIEIOBATEILHOCTH W HA30BEM C60600HbLMU, & OCTAIbHBIE
3JIEMEHTBI — C8A3aHHMU. KOIMIecTBO TOCTAB/IEHHBIX AP CKOOOK HA30BEM pPaH20M TIOC/IEI0-
BaTEJILHOCTH U 0603HAIHM 7 (W).

BaMeTnM, 9TO U3 CBOMCTB CJIydIailHOTO OJIyKIaHUsT HA OJJHOMEPHOI PEIETKE C P1 > Po CJie-
JyeT, 9TO y II. B. IIOCJEI0BATEIbHOCTH & € X CYIIECTBYeT HaYaJIbHbBIN (PparMeHT, B KOTOPOM
eJIMHUIL OOJIBIIIE, YeM JBOEK. DTO O3HATAET, UTO & COMEPIKUT OGECKOHEYHO MHOIO CBOOOIHBIX
€JIMHUIL, a KaXKJas JBOWKA B JIOCTATOYHO JIJTMHHOM HAYaJIbHOM CEI'MEHTE CTAHOBUTCS CBS3aH-
HOIA.

Cremyroree yTBepKIeHNE C OYEBUTHOCTRIO ciieayeT n3 kKoncrpykinn RSK.

JIemma 1. ITycmo sh([z],) = (A1, A2). Toeda Ny = r([z],,). Hmenno, emopas cmpoxa mabau-
vt Q([x]n) codeporcum underco, c6A3GHNVT OUNHUY, @ NEPEAL — UHOEKCHL BCET OCTNANLHHIL
INEMEHTNOB.

Orcroia MOXKHO TIOJIYIUTh sIBHOE ONUCaHue pa3bueHuit &, u 7,, 13 KOTOPOro, B YaCTHOCTH,
caeslyeT TeopeMa 77 Jid ciiydas AByXOYKBEHHOTO ayihaBuTa.

IIpennoxxenne 1. [Onzosckue pasbuerus wa npocmpancmee Xo = AS° onucwearomes cae-
dyrowum 06pasom:

® x~g Yy < 6 [z]y,[yln cosnadarom ece cessannvie Koopduramul;

o x ~p Y = [x]n, [yln umerom odunaroswili cocmas anemenmos U 00unaKoevill pane
m.e. Po(x) = Po(y)) u{z}tnt1 = {y}tnt1.

Zoxasameavcmso. IlepBoe yrBepxkienue oueBuino. JJokaxkem Bropoe. [ljig Hayaia mokaxkem,
910 7y, > Tp. llycte & ~p, y. Hamo mokasars, 9T0 & ~r, Y, T.€. Ty = yy apu N > n + 1.
[Iycts 3TO He Tak, M MyCTb M — HOMEpP IEPBON pazjudvarornieiica koopaunarel. He ymaiiss
obImHOCTH, Ty = 1, Yy = 2. Ho Y, = 2 — cBOGOHBIT 37€eMeHT B [y]y,, TOITOMY Ty, = 1 —
cBOOOAHBILL 9/1eMeHT B (2], (umade sh([z]y,) # sh([y]m)). Torma xsocr {y}m41 He comepaxur
CBODOHBIX €IUHUIL, UTO, KAK OTMEYEHO BBIlIe, nMeeT BeposaTHocTh 0. UTak, 1, > 7,. YTBep-
JKJIeHre 1Ipo paHr odeBuHo. [Tokaxkem, uro [z, u [y], UMeOT OnUHAKOBBIH cOCTAB djI€MEH-
ToB. IIycTb 910 He Tak u, ckaxkeM, [y], umeer Gosbiie CBOGOIHBIX JABOEK, YeM [z],. [Tockonbky
KaxKJas JIBOMKa C BEPOSITHOCTHIO 1 CTAHOBUTCSI CBSI3AHHON B JIOCTATOYHO JJTMHHOM CErMEHTE,
B MOMEHT IIOABJICHUA €QUHUIILI, CBA3bIBAIOIICNCA C «JIMIIHEH» NBOWKON, HAPYIIUTCS YCJIOBUE

sh([z]n) = sh([y]n)- 0



Caencrue 2. Tpu xeocmosuie gurvmpayuu na Xo (Gepryssuesckas, 1oneosckan u 0e Pu-
HEMMUEBCKAA) CEAZAHDL COOMHOUEHUEM

Tn "<§n = Mn-

Ilpennoxkenue 2. /Jias dsyxrbyxeennozo aagdasuma sepra meopema 17, m.e. nocaedosa-
MEALHOCTND 1OH20ECKUL UUAUNIPUMECKUT PA3OUEHUT MOMAAbHA, G 10H208CKAA PUALMPAUUA
2P200UYHE.

/lokasameavcmeo. llycrs x ~g y m x # y. Torma cymectsyer Takoe n, 4To0 [2]p—1 = [y]p—1 1
Ty, # Yn. Ho @ ~¢ vy, n09TOMY BCe CBsI3aHHBIE KOOD/IMHATBL Y [x], ¥ [y], coBnanator, a 3HaUUT,
OTJINIaThCA MOT'YT TOJIBKO cBOOOmHBIE. He ymasss obrinocTr, x, — CBOOOIHAS €IMHUIA, &
Yn — cBOOOIHAs nBoiika. Ho ¢ BepositHocThiO 1 cymecrByer Takoe N > n, uro B [y|ny 9Ta
JIBOIiKa CTAHOBUTCS CBsi3aHHOIL. [Ipu sTOM 3emenT x,, = 1 ocraércs cobonubM 1 B [2] . Ho
TOTAA T g, Y, IPOTHBOpEINE. JTO JAOKA3BIBACT, ITO E=c¢.

Teneps mokaxkem, uro 7] = v. Paccmorpum ne dpunerTreBckue paszbuenus (, U JOKaXKEM,
4YTO €CIIM T ~¢, ¥, TO cymecTByer Takoe N, 4ro x ~g, ¥y. Ilockombky nlLH;O ¢ = v 1o 3a-

KOHY HyJifg U enuHunbl XbionTTa—CIBUKa, U3 3TOrO CJE/yeT MCKOMOE YTBEPXKICHUE, UYTO
lim 7, = v.
n—oo

Urax, mycrs & ~¢, Y, HO & oo, Y, T.€. {T}np1 = {Y}tnt1 =: 2, & [T]n, [y]n BMeroT OntMIHAKO-
BBIIl COCTAB 3JIEMEHTOB, HO pa3HbIil panr. PaccMOTpuM 00IIMii XBOCT 2 TOCIEI0BATEILHOCTEIA.
ITo mepe nosiByieHusT B z CBOOOJHBIX €IUHUIL OHU OYIyT CHAPUBATHLCSA CO CBOOOTHBIMU JBONKA-
Mu u3 [z], u [y],. [Iycte N — MoMeHT, Korjia OKa3ajach CBS3aHHOI MOCIIE/HsIsE U3 CBOOOIHBIX
JBOEK B [Z]n, [y]n. Herpyano nmonsars, uro sh([z]y) = sh([y]n) u, cremoBarensro, x ~py .
Kak 06cy»kmaaoch BBIIIE, 9TO 3aBEPIIACT JTOKA3ATEILCTRO. O

4.2 OOmwmii ciay4aii

B srom pazjese Mbl gokaxkeMm TeopeMbl 77 u 77 B mojiHoM 00béMe. HarmoMHIM, 9TO MBI ITpEIITo-
JlaraeM, 9To pi > p2 > ... > pr > 0. Ham monamoburcest ciaemayiomas JeMMa, TOKa3bIBAIOIIAA,
UTO KaXKJIBI 9JIEMEHT ¢ # 1 ¢ BEPOSITHOCTBIO 1 paHO WU TMO3HO OyjeT BHIOUT U3 IIEepBOi
CTpPOKU P-TabmisL.

JIemma 2. Bagurcupyem £ = 2,... k u obosnavum uepes my, = my (4, x) wucio sremenmos,
pasrvix £, 6 nepsoti cmpore mabauyv, Py (x) cayuatinot nocaedosamesvrnocmu x € X. Tozda
dan mobozo q € N ¢ sepoammnocmwio 1 cywecmeyem maxoe N > q, wmo my = 0.

Jloxazamenvcmeo. Eciun my = 0, nokaseiBark Hedero. Ilycrs my # 0. Obo3Hauum uepes ay,
MaKCHMAaJIbHOE YUCJI0, MeHbIIee ¢, B epBoit crpoke Tadbmuist P, (z) (wmm 1, ecam Takoro wucsa
Her). flcHo, UTO
mp + 1, ecmu xp1q =4,
Mpt1 = S my — 1, ecmn ap < g1 < 4,
My, €CTH Tyl > £ WK g1 < Q.
IIpu sToM mepBoe COOLITHE IIPOUCXOIUT C BEPOATHOCTLIO Pp, & BTOPOE — C BEPOSTHOCTHLIO

Tn '=Pa, +-..+Ppe—1 > pe—1. Ecom py_1 > Dy, TO HICKOMOE yTBEpKJIeHNE OUYEeBUIHO. B mpo-
TUBHOM CJIydae IIyCTb Py—1 = Py = P U PACCMOTPHUM ciydaiiHoe 6iyxiaanue {z,} Ha Z C



IEepexXo/HBIMU BEPOATHOCTAMU

Zn+1 € BEpPOSATHOCTBIO P,
Zn+l = § 2n — 1 € BEpoOATHOCTBIO P,

Zn C BEpPOATHOCTHIO 1 — 2p.

Bocnosib3yemcst KpurepreM BO3BPATHOCTH CJIy YaifHOro OJ1y K IaHusl ¢ IpuparienueM (marom) d
. ™

(em., Haupumep, [?]): OHO BO3BPATHO TOIJA U TOJIBKO TOIA, Koraa lim [
t 1

XL —
—7 1—tp(x) — 00, e

#(x) = Ee?. B namem ciaydae ¢(x) = 2pcosz + 1 — 2p, OTKyIa JIETKO CJIEJIyeT, 4TO KPUTe-
puiil BBINOJHEH W OJIy?K/JIaHue BO3BPATHO, a 3HAYUT, [0 CBOWCTBAM BO3BPATHOIO CJIyYaifHOTO
OUTy K IaHusd, CTapTys U3 1My, OHO ¢ BeposTHOCTBIO 1 goinér 1o 0. Temeps nmpumeHnM MeTO
KaliuHra. A MMEHHO, PACCMOTPHUM CJIyHaiiHblil Iporecc {2, fn>q Ha (X, m>°), onpeenéuuprit
cireyonumM o6pa3oM. Bo3bMEM CiiydaiiHyio BEJTUUUHY £, HE3ABUCHUMYIO OT BCEX OCTAJIbHbBIX
u pasayio 1 ¢ sepostiocTbio ;2 1 0 ¢ BepostrHOCTBIO 1 — E- Tlosmozknm

2+ 1, ecom xpq1 =4,
/
Zpp1 = 4n— 1, ecmn ap < zpg <lue, =1,

/
2], uHaue.

dcno, uro, ¢ oxHOl cTOpOHBI, {2/} UMeeT TO XKe pacupenesnenue, 9To u {z,}, a 3HAUUT, C Be-
posiTHOCTBIO 1 f10iiéT 110 0, & ¢ APYTOi, JyIst JIFOGOro 1 > ¢ BBIIOJHEHO HEPABEHCTBO My, < 2.

Orcroza ciejyer, 4To UCXOAHBIN polece {my,} Takxke ¢ BePOSTHOCTBIO 1 J0iiaér 1o 0. O
Crenyromast leMMa 3aBepIIaeT J0Ka3aTe/IbCTBO TEOPEMBI 7 7.

JIemma 3. /[lse nocaedosamenvrocmu x,y € X npunaoiesncam 00HOMY IAEMEHMY 10H206CKO-
20 T80CM06020 Pasbuerus T, moz2da u Moavko mozda, Kozda ur wauara [z], u [yl, npunad-
AedAcam 00HoMY NAGKMuUYECKoMY Kaaccy, a 160cmuvt {T}tnir1 U {y}nt1 cosnadarom.

Jloxasamenvemeo. TlpoBeném nuaykimio 1o ducay 6yks k B andasure A. Basa njykiun
k = 2 nokazana B npejytoxkeHun 7. JlokaXkeMm WHIYKIMOHHBIN 1epexoy k — 1 — k. Paccmor-
pum noarabiunet P'([x];) u P'([yl;) B P([z];) u P([y];) coorBercTBento, cocrosiue u3 Beex
CTPOK KpoMe 1epBoit (1 3amosHenHble unciaamu 2, ..., k). Torma sh(P'([z];)) = sh(P'([y]:))
upu ¢ > n, 3Ha4MT, 10 upeanonoxenuto ungaykuun P'([z],) = P'([y],) u mociemnosaresn-
HOCTH 3JIEMEHTOB, BBIOMBAEMBIX BO BTOPYIO CTPOKY, B {Z}n4+1 U {y}nt1 omuuaxosel. Iloka-
x&eM, 910 My (k,z) = my(k,y) B obosnadennsx jemmbl ?7. IlycTh 9T0 He Tak, CKaxkeM,
mp(k, ) > my(k,y). 3 couagenusi ¢hopm tabui sicHo, uro pasuoctb m;(k, ) — m;(k,y)
MOXKET YMEHBIIUTHCs, TOJBKO KOrjia u3 nepsoii crpoku Tabsuist P([z];) Beibusaercs k, a u3 u3
1epBoit crpoku tabsmiel P([y];) — MeHbIIMIA 3/1eMeHT, 9T0, KaK OTMEYEHO BBIIIe, HEBO3MOXKHO.
Omnako u3 seMMbl 77 ciejyer, 9T0 cymecTByeT Takoe j > n, uro mj(k,x) = 0, mporuBope-
qre. 3HaInT, My, (k, ) = my(k, y) 1, Kax cieiyer u3 paccyKJAeHuil Boite, B {Z }nt1 # {y}nt1
9JIEMEHTBI Kk CTOSIT HA OJIHUX U TeX 2Ke MecTax. Ternepb 3aMeTuM, 4TO 9TH JIEMEHTHI He BIIUSIOT
Ha TIPOIECC POCTA MOATAGJIUII, COCTOANMX U3 MEHbIINX dyeMenToB. O6o3naunm vepes ' u y’
IO/IIIOC/IEIOBATEIBLHOCTH B T U Y COOTBETCTBEHHO, TI0JIY YaIOIINECs] BBIKI/[BIBAHIEM 3JIECMEHTOB,
paBubix k. I3 nokasamnmoro ciemyer, aro ' ~y , 4, rae n' — umncio siaementos, Menbinx k,
B [x]n 1 [y]n. Ocranocs npumenuts K ' 1 ¢ 1IpeIIoIoKenne UHIYKIHN. O



Caencrsue 3.
&n < On, T = Cn = Tn-

Temepnb mepeitiéM K 10Ka3aTEILCTBY TEOPEMBI £ 7.

1. Ecm z ~g y, o sh([z],) = sh([y]n) mis Beex n, n uz semmbt 77 npu n = 0 crenyer,
qTO0 T = Y.

2. Kak u B nipeyrozkeHuu 77, Mbl XOTUM BOCIOJIB30BaTHCsI Jie (DUHETTUEBCKUMU PA3OUeHN-
MU U 3aKOHOM XbIonTTa—CaBuaKa. A IMEHHO, ICKOMOe YTBEPKJICHINE BBITEKAET U3 CJIEIYIO-
el JIEeMMBI.

Jlemma 4. Ecau x ~¢, y, mo cywecmeyem maxoe N > n, 4mo T ~py Y.

Zloxasameavcmeso. Ilockosbky (,, — pasbuenne Ha OPOUTHI MO/, JIEHCTBUEM CUMMETPUICCKON
rpynusl &, JI0CTATOYHO J0KA3aTh YTBEPXKIEHHE JJIst CIydasi, KOIJIa T U Y IOJIYIaroTCsd JPYyT
U3 Jipyra JeificrBueM KOKCTePOBCKOil obpasytomieil o; = (i,i+1), T. . IepecTaHOBKOM '; U Ty 1.
He ymassst o6muoCcTH, TIPEIIONIOKAM, 9TO T = U < U = Tit]. LOTJA ¥ = U, Yit1 = U U
y; = x; upu j # i,0+ 1.

O6ozmamim wepes RY) () u RY) (y) nepsoie crpoxu tabmur P;(x) u Pj(y) coorsercrsento
(kax MysbTEMHOXKeCTBa). JTokazkeM, 94To ¢ BeposiTHOCTBIO 1 cymmecrByer Takoe N > i+ 1, uro
RWN)(z) = RM)(y). B ROHD(z) = ROV (y), nokasesars mewero. B mpormsHOM crrytae
max R (z) = u. Tomoxum v; 41 := v. Torma RO (z) = RO (1) U {vi4 1}

IlycTs Ha j-M 11are BBIIIOJHEHO COOTHOINEHUE

R (z) = R9(y) U {u;}. (2)

Monosxum A; :={d € RU)(x):d < v;} u Bj:={d € RV (x):d>v;}\ {v;} (myrsrumuoxe-
crBa) 1 0603HaUNM u; = max A;. B wacrrocrn, w41 = u u Bjyq = 0. IlocmoTpum Ha BcTaBKy
OYepesIHOro 3JIeMEHTa Tjy1, e j > 4. flcno, uro ecin xj11 < uj WA Tj41 > Vj, TO B R(j)(x)
u RU)(y) mpOMCXOAT OMMHAKOBbIE M3MEHEHHsI; B 9TOM CIIydae Mbl MOJaraeM vji] = vj, W
coxpaHsiercsi coorHorenue (77).

Ecmn ke uj < 41 < vj, To RUTD(2) = RU(2) \ {v;} U {zj41} u Bosmoxub B2 ciry-
wag. e By # 0, o RUTY(y) = RY)(y) \ {min B;} U {x;41}, u coornomenne (??) co-
xpamsiercss pu v, = min Bj. Haxonen, ecn B; = 0, To RUTV(y) = RU(y) U {zj41} u
R (z) = RY(y).

Mpb1 yTBep2K JaeM, 9TO TAKOM MOMEHT HACTYIIUT C BepossTHOCTHIO 1. IIpenmomoxkum, 1To 3T0
He TaK. 3aMeTHM, 4TO Uj HUKOIJA He yMEHBIIAeTCsI, & yBEeJININBATHCA MOKET JIHIIb KOHETHOE
9HCII0 a3, IMOCKOIbKY aidasut A koHeden. IlycTs v; = v npu Bcex J10CTaTOYHO GOJIBIINX j.
ITo nemme 77 ¢ BeposTHOCTBIO 1 CymiecTByeT GECKOHEYHO MHOIO Takux j, 4ro m;(v,y) =
0, T.e. v ¢ Bj. BHaunT, ¢ BEPOSATHOCTHIO 1 IOCTE KAKOr0-TO M3 HUX HPOH3OUIET COOBITHE
uj < xjy1 < v (UMeoliee BEPOATHOCTE > py—1 > 0). Ecom mpu stom B; # 0, To vjy =
min B; > v, nporusopeune. Crenosarensho, B; = ) u, xax nokasano pamnee, RU)(z) =
RU)(y).

Nroro, MblI JIOKa3aJIi, YTO €CJN X ~¢, Y, TO C BepOATHOCTBIO 1 cymiecTByer Takoe N, 4TO
Pn(z) u Py(y) uMeroT oJJMHAKOBYIO 1IepBYIO CTPOKyY. Ho Torya mocsieoBaTeibHOCTH 3J1€MeH-
TOB, BBIOMBAEMBIX BO BTOPYIO CTPOKY B 9THUX TabJIMIAX, TAKXKE OTIMIAIOTCS TOJBKO MepecTa-
HOBKOI’?’I7 a 3HAYUT, II0 UHAYKIUW MBbI IIOJy9a€eM, 9TO PaHO WJIN IIO3JHO CTaHYT PaBHBIMU BCE
CTPOKH (IIOCKOJIbKY MX KOHETHOE 1IHCII0). JleMMma jrokazana. O

Kak o6cy»k1a/10ch panee, yrBepKeHre TeopeMbl 77 0 FOHIOBCKOM (DUJIBTPAIINN CJIeIYET U3
JIOKA3aHHON JIeMMbI 77 110 3aKOHY HYJIsI U equHUIbl XbionTra—CoBupKa. Teopema joka3ana.

10



Crucok JurepaTypbl

[1]

2]

3]

4]

[5]

[6]

7]

18]

19]

[10]

[11]

A. M. Bepmuk, Onucanne WHBapUAHTHBIX Mep JJIsT JEHCTBUIl HEKOTOPHIX OECKOHETHO-
MepHbIX rpyui, Joka. AH CCCP 218, soi. 4, 749-752 (1974).

A. M. Bepmuk, Teopust dbunbrpariuii mogairedp, CTaiaapTHOCTb U HE3ABUCUMOCTb, Yene-
xu mam. nayk 72, et 2 (434), 67-146 (2017).

A. M. Bepmuk, Tpu Teopembl 0 eiuHCTBEHHOCTH MephI Ll1aniieperisi ¢ pa3HbIX MTO3UIIHIA,

Tp. MHAH 305, 71-85 (2019).

A. M. Bepmuk, K 060CHOBAHHIO 3ProjdyecKoro MeTo/a OINUCAHUs NHBAPUAHTHBIX MED,
POTOBUTCA K II€YATH.

A. M. Bepmuk, H. B. Hunesuu, MapkoBckue Mepbl Ha Tabaunax FOHra um MHIyIHAPO-
BaHHbBIE IIPEJICTABJICHUSI OECKOHEYHON CUMMETPUIECKON IPYIIIbI, 1eopus 6eposmH. u ee
npumen. 51, Bour. 1, 47-63 (2006).

VY. Oyaron, Tabauuyv, FOHe2a U UL NPUAOHCEHUSA K MEOPUL NPEJCTNABAEHUT U 2E0MEMPUL,
MITHMO, Mocksa, 2006.

S. V. Kerov, Asymptotic Representation Theory of the Symmetric Group and its
Applications in Analysis, Amer. Math. Soc., Providence, RI, 2003.

S. V. Kerov and A. M. Vershik, The characters of the infinite symmetric group and
probability properties of the Robinson—Schensted—Knuth algorithm, SIAM J. Algebraic
Discrete Methods 7, No. 1, 116-124 (1986).

D. Romik and P. Sniady, Jeu de taquin dynamics on infinite Young tableaux and second
class particles, Ann. Probab. 43, No. 2, 682-737 (2015).

P. Sniady, Robinson-Schensted-Knuth algorithm, jeu de taquin, and Kerov-Vershik
measures on infinite tableaux, SIAM J. Discrete Math. 28, No. 2, 598-630 (2014).

F. Spitzer, Principles of Random Walk, Springer-Verlag, New York—Heidelberg, 1976.

11



