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ÀÍÍÎÒÀÖÈß

Â ãèëüáåðòîâîì ïðîñòðàíñòâå H ðàññìàòðèâàåòñÿ ñåìåéñòâî îïåðàòîðîâ A(t), t ∈ R,
äîïóñêàþùèõ ôàêòîðèçàöèþ âèäà A(t) = X(t)∗X(t), ãäå X(t) = X0 + X1t + · · · + Xpt

p,
p > 2. Ïðåäïîëàãàåòñÿ, ÷òî òî÷êà λ0 = 0 ÿâëÿåòñÿ èçîëèðîâàííûì ñîáñòâåííûì çíà÷åíèåì
îïåðàòîðà A(0) êîíå÷íîé êðàòíîñòè. Ïóñòü F (t) � ñïåêòðàëüíûé ïðîåêòîð îïåðàòîðà A(t)
äëÿ ïðîìåæóòêà [0, δ]. Ïðè |t| 6 t0 ïîëó÷åíû àïïðîêñèìàöèè ïî îïåðàòîðíîé íîðìå â
H äëÿ ïðîåêòîðà F (t) ñ ïîãðåøíîñòüþ O(t2p) è äëÿ îïåðàòîðà A(t)F (t) ñ ïîãðåøíîñòüþ
O(t4p) (òàê íàçûâàåìûå ïîðîãîâûå àïïðîêñèìàöèè). ×èñëà δ è t0 êîíòðîëèðóþòñÿ ÿâíî.
Íà îñíîâå ïîðîãîâûõ àïïðîêñèìàöèé íàéäåíî ïðèáëèæåíèå ïî îïåðàòîðíîé íîðìå â H
äëÿ ðåçîëüâåíòû (A(t) + ε2pI)−1 ïðè |t| 6 t0 è ìàëîì ε > 0 ñ ïîãðåøíîñòüþ O(1). Âñå
óïîìÿíóòûå àïïðîêñèìàöèè äàþòñÿ â òåðìèíàõ ñïåêòðàëüíûõ õàðàêòåðèñòèê îïåðàòîðà
A(t) âáëèçè íèæíåãî êðàÿ ñïåêòðà. Ðåçóëüòàòû íàöåëåíû íà ïðèìåíåíèå ê çàäà÷àì
óñðåäíåíèÿ ïåðèîäè÷åñêèõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ â ïðåäåëå ìàëîãî ïåðèîäà.

Êëþ÷åâûå ñëîâà: òåîðèÿ óñðåäíåíèÿ, ïîëèíîìèàëüíûå îïåðàòîðíûå ïó÷êè, ïîðîãîâûå
àïïðîêñèìàöèè, êîððåêòîðû, àíàëèòè÷åñêàÿ òåîðèÿ âîçìóùåíèé.

Èññëåäîâàíèå âûïîëíåíî ïðè ïîääåðæêå ÐÍÔ (ïðîåêò 17-11-01069).
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Ââåäåíèå

0.1. Òåîðåòèêî-îïåðàòîðíûé ïîäõîä ê çàäà÷àì òåîðèè óñðåäíåíèÿ. Â ñåðèè ðàáîò
Áèðìàíà è Ñóñëèíîé [BSu1, BSu2, BSu3, BSu4] áûë ïðåäëîæåí è ðàçâèò òåîðåòèêî-
îïåðàòîðíûé (ñïåêòðàëüíûé) ïîäõîä ê çàäà÷àì òåîðèè óñðåäíåíèÿ (ãîìîãåíèçàöèè)
ïåðèîäè÷åñêèõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ. Â óïîìÿíóòûõ ðàáîòàõ áûëà íàéäåíà
àïïðîêñèìàöèÿ ðåçîëüâåíòû ìàòðè÷íîãî ýëëèïòè÷åñêîãî îïåðàòîðà Aε âòîðîãî ïîðÿäêà,
äåéñòâóþùåãî â Rd. Êîýôôèöèåíòû îïåðàòîðà ïåðèîäè÷íû è çàâèñÿò îò x/ε, ãäå ε � ìàëûé
ïîëîæèòåëüíûé ïàðàìåòð. Ïîäõîä îñíîâàí íà ïðèìåíåíèè ìàñøòàáíîãî ïðåîáðàçîâàíèÿ,
òåîðèè Ôëîêå�Áëîõà è àíàëèòè÷åñêîé òåîðèè âîçìóùåíèé. Ê ìàòðè÷íûì ýëëèïòè÷åñêèì
îïåðàòîðàì âûñîêîãî ïîðÿäêà 2p òåîðåòèêî-îïåðàòîðíûé ïîäõîä ïðèìåíÿëñÿ â ðàáîòàõ
Âåíèàìèíîâà [Ve] è Êóêóøêèíà è Ñóñëèíîé [KuSu].
Â îáñóæäàåìîì ïîäõîäå ïîñëå ìàñøòàáíîãî ïðåîáðàçîâàíèÿ è ðàçëîæåíèÿ îïåðàòîðà â

ïðÿìîé èíòåãðàë âîçíèêàåò ñåìåéñòâî äèôôåðåíöèàëüíûõ îïåðàòîðîâ, äåéñòâóþùèõ íà
ÿ÷åéêå ïåðèîäè÷íîñòè è çàâèñÿùèõ îò ïàðàìåòðà (êâàçèèìïóëüñà). Óäîáíî èçó÷àòü ýòî
îïåðàòîðíîå ñåìåéñòâî â ðàìêàõ àáñòðàêòíîé òåîðåòèêî-îïåðàòîðíîé ñõåìû. Ñì. [BSu1,
ãëàâà 1], [BSu2], [BSu4, ãëàâà 1], [Ve, �3,4], [KuSu, �1�3]. Èçó÷àåòñÿ ïó÷îê ñàìîñîïðÿæåííûõ
îïåðàòîðîâ A(t) âèäà A(t) = X(t)∗X(t), ãäå X(t) ïîëèíîìèàëüíî çàâèñèò îò îäíîìåðíîãî
ïàðàìåòðà t ∈ R (ýòî ïîëèíîì ñòåïåíè p). Ñëó÷àé p = 1 îòâå÷àåò äèôôåðåíöèàëüíûì
îïåðàòîðàì âòîðîãî ïîðÿäêà. Â íàñòîÿùåé ðàáîòå ïðåäïîëàãàåòñÿ, ÷òî p > 2.
Ïðåäëàãàåìàÿ ðàáîòà ïîñâÿùåíà äàëüíåéøåìó ðàçâèòèþ òåîðåòèêî-îïåðàòîðíîé ñõåìû

èç ñòàòåé [Ve] è [KuSu]. Ýòîò ìàòåðèàë ïðåäñòàâëÿåò è ñàìîñòîÿòåëüíûé èíòåðåñ
äëÿ ñïåêòðàëüíîé òåîðèè îïåðàòîðíûõ ïó÷êîâ, àíàëèòè÷åñêè çàâèñÿùèõ îò ïàðàìåòðà.
Ïðèìåíåíèþ ïîëó÷åííûõ ðåçóëüòàòîâ ê çàäà÷àì ãîìîãåíèçàöèè àâòîðû ïëàíèðóþò
ïîñâÿòèòü îòäåëüíóþ ñòàòüþ; äëÿ îïåðàòîðîâ ÷åòâåðòîãî ïîðÿäêà (ñëó÷àé p = 2) ðåçóëüòàòû
àíîíñèðîâàíû â çàìåòêàõ [SlSu1, SlSu2].

0.2. Îïåðàòîðíîå ñåìåéñòâî A(t). Ïîðîãîâûå àïïðîêñèìàöèè. Ïóñòü H,H∗ �
íåêîòîðûå êîìïëåêñíûå ñåïàðàáåëüíûå ãèëüáåðòîâû ïðîñòðàíñòâà. Â ïðîñòðàíñòâå H
ðàññìàòðèâàåòñÿ ñåìåéñòâî ñàìîñîïðÿæåííûõ îïåðàòîðîâ A(t), çàâèñÿùèõ îò îäíîìåðíîãî
ïàðàìåòðà t ∈ R è çàäàííûõ â ôàêòîðèçîâàííîì âèäå A(t) = X(t)∗X(t). ÇäåñüX(t) : H→ H∗
� ïîëèíîìèàëüíûé ïó÷îê îïåðàòîðîâ

X(t) = X0 +X1t+ · · ·+Xpt
p, p > 2.

Îïåðàòîð X0 çàìêíóò è ïëîòíî îïðåäåëåí, îïåðàòîð Xp îãðàíè÷åí. Íàêëàäûâàþòñÿ
íåêîòîðûå óñëîâèÿ ïîä÷èíåííîñòè îïåðàòîðîâ X1, . . . , Xp−1 îïåðàòîðó X0, îáåñïå÷èâàþùèå
çàìêíóòîñòü îïåðàòîðà X(t) íà îáëàñòè DomX0. Îñíîâíîå ïðåäïîëîæåíèå ñîñòîèò â òîì,
÷òî òî÷êà λ0 = 0 ÿâëÿåòñÿ èçîëèðîâàííûì ñîáñòâåííûì çíà÷åíèåì êîíå÷íîé êðàòíîñòè
n �íåâîçìóùåííîãî� îïåðàòîðà A(0) = X∗0X0. Ïóñòü N = KerA(0) è P � îðòîïðîåêòîð
ïðîñòðàíñòâà H íà ïîäïðîñòðàíñòâî N.
Ñåìåéñòâî A(t) àíàëèòè÷åñêè çàâèñèò îò ïàðàìåòðà t. Ìû èçó÷àåì ñïåêòðàëüíûå

õàðàêòåðèñòèêè îïåðàòîðà A(t) âáëèçè íèæíåãî êðàÿ ñïåêòðà ìåòîäàìè àíàëèòè÷åñêîé
òåîðèè âîçìóùåíèé. Ïðè ýòîì çà ñ÷åò èñïîëüçîâàíèÿ ôàêòîðèçàöèè îïåðàòîðà A(t) óäàåòñÿ
äàëåêî ïðîäâèíóòüñÿ.
Ôèêñèðóåì äîñòàòî÷íî ìàëîå ÷èñëî δ > 0. Ïðè äîñòàòî÷íî ìàëîì t0 è |t| 6 t0 îïåðàòîð

A(t) èìååò íà ïðîìåæóòêå [0, δ] ðîâíî n ñîáñòâåííûõ çíà÷åíèé ñ ó÷åòîì êðàòíîñòåé.
(Çíà÷åíèÿ δ è t0 êîíòðîëèðóþòñÿ; ñì. �1.) Â ñèëó àíàëèòè÷åñêîé òåîðèè âîçìóùåíèé
ñóùåñòâóþò âåùåñòâåííî-àíàëèòè÷åñêèå âåòâè ñîáñòâåííûõ çíà÷åíèé λj(t) è âåùåñòâåííî-
àíàëèòè÷åñêèå âåòâè îðòîíîðìèðîâàííûõ ñîáñòâåííûõ âåêòîðîâ ϕj(t), j = 1, . . . , n,

îïåðàòîðà A(t). Ïðè ýòîì λj(t) = λ
(2p)
j t2p + O(|t|2p+1), λ

(2p)
j > 0, è ϕj(t) = ϕ

(0)
j + O(|t|),

j = 1, . . . , n. Âåêòîðû ϕ
(0)
j , j = 1, . . . , n, îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ â N. Êëþ÷åâîå

çíà÷åíèå èìååò ïîíÿòèå ñïåêòðàëüíîãî ðîñòêà îïåðàòîðíîãî ñåìåéñòâà A(t) ïðè t = 0:
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ðîñòîê � ýòî ñàìîñîïðÿæåííûé îïåðàòîð S : N → N, äëÿ êîòîðîãî Sϕ
(0)
j = λ

(2p)
j ϕ

(0)
j ,

j = 1, . . . , n. Çà ñ÷åò ôàêòîðèçàöèè óäàåòñÿ äàòü èíâàðèàíòíîå îïèñàíèå ðîñòêà.
Ïóñòü F (t) � ñïåêòðàëüíûé ïðîåêòîð îïåðàòîðà A(t) äëÿ ïðîìåæóòêà [0, δ]. Íàøà ïåðâàÿ

öåëü � íàéòè àïïðîêñèìàöèè ïî îïåðàòîðíîé íîðìå â H äëÿ îïåðàòîðîâ F (t) è A(t)F (t) íà
ïðîìåæóòêå |t| 6 t0 (ïîðîãîâûå àïïðîêñèìàöèè). Â [Ve, �4] áûëè ïîëó÷åíû ñòàðøèå ÷ëåíû
òàêèõ àïïðîêñèìàöèé ñ îöåíêàìè ïîãðåøíîñòåé

‖F (t)− P‖ 6 C|t|, ‖A(t)F (t)− t2pSP‖ 6 C|t|2p+1, |t| 6 t0.
Íàø ïåðâûé îñíîâíîé ðåçóëüòàò: íàéäåíû áîëåå òî÷íûå àïïðîêñèìàöèè ñ îöåíêàìè

ïîãðåøíîñòåé ñëåäóþùåãî âèäà:∥∥∥F (t)−
(
P +

2p−1∑
k=p

Fkt
k
)∥∥∥ 6 Ct2p,

∥∥∥A(t)F (t)−
4p−1∑
k=2p

Gkt
k
∥∥∥ 6 Ct4p.

Çäåñü G2p = SP . Äëÿ îïåðàòîðîâ Fk, k = p, . . . , 2p − 1, è Gk, k = 2p, . . . , 4p − 1, óäàåòñÿ
ïîëó÷èòü èíâàðèàíòíîå îïèñàíèå.
Ïðè ýòîì, êàê è â ïðåäøåñòâóþùèõ ðàáîòàõ, äëÿ âû÷èñëåíèÿ àïïðîêñèìàöèé

èñïîëüçóþòñÿ ñòåïåííûå ðàçëîæåíèÿ àíàëèòè÷åñêèõ âåòâåé ñîáñòâåííûõ çíà÷åíèé è
ñîáñòâåííûõ âåêòîðîâ îïåðàòîðà A(t), à äëÿ ïîëó÷åíèÿ îöåíîê ïîãðåøíîñòåé ïðèìåíÿåòñÿ
ìåòîä èíòåãðèðîâàíèÿ ðàçíîñòè ðåçîëüâåíò îïåðàòîðîâ A(t) è A(0) ïî ïîäõîäÿùåìó êîíòóðó
â êîìïëåêñíîé ïëîñêîñòè.

0.3. Àïïðîêñèìàöèÿ ðåçîëüâåíòû (A(t) + ε2pI)−1. Ïîëó÷åííûå àïïðîêñèìàöèè äëÿ
îïåðàòîðîâ F (t) è A(t)F (t) ïðèìåíÿþòñÿ ê âîïðîñó î ïðèáëèæåíèè ðåçîëüâåíòû
(A(t) + ε2pI)−1 ïî îïåðàòîðíîé íîðìå â H ïðè ìàëîì ε > 0. Ïðè ýòîì äîïîëíèòåëüíî
ïðåäïîëàãàåòñÿ, ÷òî ïðè íåêîòîðîì c∗ > 0 âûïîëíåíî íåðàâåíñòâî A(t) > c∗t

2pI, |t| 6 t0,
÷òî îáåñïå÷èâàåò íåâûðîæäåííîñòü ñïåêòðàëüíîãî ðîñòêà. Ñòàðøèé ÷ëåí àïïðîêñèìàöèè
ðåçîëüâåíòû áûë íàéäåí â [Ve, �4]:∥∥(A(t) + ε2pI)−1 − (t2pS + ε2pI)−1P

∥∥ 6 Cε−(2p−1), |t| 6 t0, ε > 0.

Íàø âòîðîé îñíîâíîé ðåçóëüòàò: íàéäåíà áîëåå òî÷íàÿ àïïðîêñèìàöèÿ ðåçîëüâåíòû

ñ ó÷åòîì êîððåêòîðîâ è îöåíêîé ïîãðåøíîñòè ïîðÿäêà O(1). Êîððåêòîðû îïèñûâàþòñÿ â
òåðìèíàõ ðåçîëüâåíòû ñïåêòðàëüíîãî ðîñòêà (t2pS + ε2pI)−1P è îïåðàòîðîâ Fl, Gk.
Ïîä÷åðêíåì, ÷òî íîðìà îïåðàòîðà (A(t)+ε2pI)−1F (t)⊥ îöåíèâàåòñÿ êîíñòàíòîé è �óõîäèò

â îñòàòîê�. Ýòî ïîêàçûâàåò �ïîðîãîâóþ ïðèðîäó� âîïðîñà.
Àíàëîãè÷íûå ðåçóëüòàòû äëÿ êâàäðàòè÷íîãî îïåðàòîðíîãî ñåìåéñòâà A(t) (ñëó÷àé p = 1)

áûëè ïîëó÷åíû â ðàáîòå [BSu2].

0.4. Ïëàí ñòàòüè. Ðàáîòà ñîäåðæèò ÷åòûðå ïàðàãðàôà. Â �1 ââîäèòñÿ îïåðàòîðíîå
ñåìåéñòâî A(t), îáñóæäàþòñÿ ñâîéñòâà àíàëèòè÷åñêèõ âåòâåé ñîáñòâåííûõ çíà÷åíèé è
ñîáñòâåííûõ ýëåìåíòîâ, à òàêæå ñòåïåííûå ðàçëîæåíèÿ äëÿ îïåðàòîð-ôóíêöèé F (t) è
A(t)F (t) â îêðåñòíîñòè íóëÿ. Â �2 âû÷èñëÿþòñÿ ïåðâûå êîýôôèöèåíòû ýòèõ ñòåïåííûõ
ðàçëîæåíèé â òåðìèíàõ ðàçðåøàþùèõ îïåðàòîðîâ íåêîòîðûõ âñïîìîãàòåëüíûõ çàäà÷. Â �3
óñòàíîâëåíû ïîðîãîâûå àïïðîêñèìàöèè äëÿ îïåðàòîðîâ F (t) è A(t)F (t). Ñ èõ ïîìîùüþ â
�4 íàéäåíà èñêîìàÿ àïïðîêñèìàöèÿ ðåçîëüâåíòû (A(t) + ε2pI)−1 ïðè ìàëîì ε.

0.5. Îáîçíà÷åíèÿ. Ïóñòü H,H∗ � êîìïëåêñíûå ñåïàðàáåëüíûå ãèëüáåðòîâû ïðîñòðàíñòâà.
Ñèìâîëû (·, ·)H è ‖·‖H îçíà÷àþò ñîîòâåòñòâåííî ñêàëÿðíîå ïðîèçâåäåíèå è íîðìó â H; ñèìâîë
‖·‖H→H∗ îçíà÷àåò íîðìó ëèíåéíîãî îãðàíè÷åííîãî îïåðàòîðà èç H â H∗. Èíîãäà ìû îïóñêàåì
èíäåêñû. Ïðîñòðàíñòâî ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ èç H â H∗ îáîçíà÷àåòñÿ ÷åðåç
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B(H,H∗); ïðè H = H∗ ïèøåì ïðîñòî B(H). ÅñëèX � ëèíåéíûé îïåðàòîð èç H â H∗, òî DomX
� åãî îáëàñòü îïðåäåëåíèÿ, KerX � åãî ÿäðî. Äëÿ çàìêíóòîãî ëèíåéíîãî îïåðàòîðà A â H
÷åðåç σ(A) îáîçíà÷èì åãî ñïåêòð, à ÷åðåç %(A) � åãî ðåçîëüâåíòíîå ìíîæåñòâî.
Åñëè N � ïîäïðîñòðàíñòâî â H, òî ñèìâîë N⊥ îçíà÷àåò åãî îðòîãîíàëüíîå äîïîëíåíèå.

Åñëè P � îðòîïðîåêòîð ïðîñòðàíñòâà H íà N, òî P⊥ = I − P � îðòîïðîåêòîð íà N⊥.

0.6. Áëàãîäàðíîñòè. Àâòîðû ïðèçíàòåëüíû À. È. Íàçàðîâó çà ïîëåçíûå îáñóæäåíèÿ.

� 1. Íåêîòîðûå ñëåäñòâèÿ àíàëèòè÷åñêîé òåîðèè âîçìóùåíèé äëÿ
ïîëèíîìèàëüíûõ íåîòðèöàòåëüíûõ ïó÷êîâ

1.1. Ïîëèíîìèàëüíûå íåîòðèöàòåëüíûå ïó÷êè. Ïóñòü H, H∗ � êîìïëåêñíûå
ñåïàðàáåëüíûå ãèëüáåðòîâû ïðîñòðàíñòâà. Çàäàíî ñåìåéñòâî îïåðàòîðîâ (ïîëèíîìèàëüíûé
ïó÷îê)

X(t) =

p∑
j=0

Xjt
j , t ∈ R, p ∈ N, p > 2.

Îïåðàòîðû X(t), Xj äåéñòâóþò èç ïðîñòðàíñòâà H â ïðîñòðàíñòâî H∗. Ïðåäïîëàãàåòñÿ, ÷òî
îïåðàòîð X0 ïëîòíî îïðåäåëåí è çàìêíóò, îïåðàòîð Xp îïðåäåëåí íà âñåì H è îãðàíè÷åí.
Äîïîëíèòåëüíî ïîä÷èíèì îïåðàòîðû Xj , j = 0, . . . , p, ñëåäóþùèì óñëîâèÿì.

Óñëîâèå 1.1. Äëÿ ëþáûõ j = 0, . . . , p, t ∈ R, ñïðàâåäëèâû ñîîòíîøåíèÿ

DomX(t) = DomX0 ⊂ DomXj ⊂ DomXp = H.

Óñëîâèå 1.2. Äëÿ ëþáûõ j = 0, . . . , p− 1, u ∈ DomX0 âûïîëíåíî

‖Xju‖H∗ 6 C0‖X0u‖H∗ , (1.1)

ãäå ïîñòîÿííàÿ C0 > 1 íå çàâèñèò îò j è u.

Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ îïåðàòîð X(t) çàâåäîìî çàìêíóò, åñëè âûïîëíåíî
íåðàâåíñòâî |t| 6 (2(p− 1)C0)−1. Èç óñëîâèÿ (1.1) âûòåêàþò âêëþ÷åíèÿ

KerX0 ⊂ KerXj , j = 1, . . . , p− 1. (1.2)

Îñíîâíûì îáúåêòîì èññëåäîâàíèÿ äëÿ íàñ ÿâëÿåòñÿ ñåìåéñòâî íåîòðèöàòåëüíûõ
ñàìîñîïðÿæåííûõ îïåðàòîðîâ â H (ïîëèíîìèàëüíûé íåîòðèöàòåëüíûé ïó÷îê)

A(t) = X(t)∗X(t), t ∈ R, |t| 6 (2(p− 1)C0)−1.

Îáîçíà÷èì A(0) = X∗0X0 =: A0 è ïîëîæèì N := KerA0 = KerX0. ×åðåç P îáîçíà÷èì
îðòîïðîåêòîð ïðîñòðàíñòâà H íà ïîäïðîñòðàíñòâî N.

Óñëîâèå 1.3. Ïðåäïîëàãàåòñÿ, ÷òî òî÷êà λ0 = 0 � èçîëèðîâàííàÿ òî÷êà ñïåêòðà

îïåðàòîðà A0, ïðè ýòîì n := dimN <∞.

Îáîçíà÷èì ÷åðåç d0 ðàññòîÿíèå îò òî÷êè λ0 = 0 äî σ(A0) \ {λ0}. ×åðåç F (t, h)
îáîçíà÷èì ñïåêòðàëüíûé ïðîåêòîð îïåðàòîðà A(t), îòâå÷àþùèé îòðåçêó [0, h]. Çàôèêñèðóåì
ïîëîæèòåëüíîå ÷èñëî δ 6 min{d0/36, 1/4} è âûáåðåì ÷èñëî t0 > 0, óäîâëåòâîðÿþùåå
óñëîâèþ

t0 6 δ1/2C−1
1 , ãäå C1 = max{(p− 1)C0, ‖Xp‖}. (1.3)

Îòìåòèì, ÷òî t0 6 1/2. Îïåðàòîð X(t) àâòîìàòè÷åñêè çàìêíóò ïðè |t| 6 t0, ïîñêîëüêó
t0 6 (2(p− 1)C0)−1. Â ðàáîòå [Ve, ïðåäëîæåíèå 3.10] ïîêàçàíî, ÷òî ïðè |t| 6 t0 âûïîëíåíî

F (t, δ) = F (t, 3δ), rankF (t, δ) = n. (1.4)

Ýòî îçíà÷àåò, ÷òî ïðè |t| 6 t0 íà ïðîìåæóòêå [0, δ] îïåðàòîð A(t) èìååò ðîâíî n
ñîáñòâåííûõ çíà÷åíèé (ñ ó÷åòîì êðàòíîñòåé), à ïðîìåæóòîê (δ, 3δ) ñâîáîäåí îò ñïåêòðà. Äëÿ
óäîáñòâà áóäåì èñïîëüçîâàòü ñîêðàùåííîå îáîçíà÷åíèå F (t) := F (t, δ). ×åðåç Dδ îáîçíà÷èì
ãèëüáåðòîâî ïðîñòðàíñòâî DomX0 ñ (ãèëüáåðòîâîé) íîðìîé ‖ · ‖2δ := ‖X0 · ‖2H∗

+ δ‖ · ‖2H.



6

1.2. Àíàëèòè÷åñêèå âåòâè ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ âåêòîðîâ
îïåðàòîðà A(t) â îêðåñòíîñòè íóëÿ. Ñîãëàñíî àíàëèòè÷åñêîé òåîðèè âîçìóùåíèé (ñì.
[K], à òàêæå [Ve] è [KuSu]) ïðè |t| 6 t0 ñóùåñòâóþò âåùåñòâåííî-àíàëèòè÷åñêèå ôóíêöèè
λj(t) (âåòâè ñîáñòâåííûõ çíà÷åíèé) è âåùåñòâåííî-àíàëèòè÷åñêèå H-çíà÷íûå ôóíêöèè ϕj(t)
(âåòâè ñîáñòâåííûõ âåêòîðîâ) òàêèå, ÷òî

A(t)ϕj(t) = λj(t)ϕj(t), j = 1, . . . , n, |t| 6 t0, (1.5)

è íàáîð {ϕj(t)}nj=1 îáðàçóåò îðòîíîðìèðîâàííûé áàçèñ â ïîäïðîñòðàíñòâå F (t)H ïðè

|t| 6 t0. Äëÿ äîñòàòî÷íî ìàëîãî t∗ ∈ (0, t0] èìåþò ìåñòî àáñîëþòíî ñõîäÿùèåñÿ ñòåïåííûå
ðàçëîæåíèÿ

λj(t) =

∞∑
s=0

λ
(s)
j ts, j = 1, . . . , n, |t| 6 t∗; (1.6)

ϕj(t) =

∞∑
s=0

ϕ
(s)
j ts, j = 1, . . . , n, |t| 6 t∗. (1.7)

Ïîñëåäíèé ðÿä ñõîäèòñÿ ïî íîðìå â H. Ñëåäóþùåå óòâåðæäåíèå óòî÷íÿåò ñâîéñòâà ðÿäîâ
(1.6) è (1.7). ×àñòè÷íî îíî áûëî óñòàíîâëåíî â ðàáîòå [Ve].

Ïðåäëîæåíèå 1.4. Ïóñòü âûïîëíåíû óñëîâèÿ 1.1, 1.2 è 1.3, è t∗ ∈ (0, t0] äîñòàòî÷íî
ìàëî. Òîãäà ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1) ϕ
(s)
j ∈ DomX0, s ∈ Z+, j = 1, . . . , n; ðÿä (1.7) àáñîëþòíî ñõîäèòñÿ â Dδ ïðè |t| 6 t∗.

2) λ
(s)
j = 0, s = 0, . . . , 2p− 1; λ

(2p)
j > 0, j = 1, . . . , n.

3) ϕ
(s)
j ∈ N, s = 0, . . . , p− 1, j = 1, . . . , n.

Äîêàçàòåëüñòâî. 1) Äëÿ äîêàçàòåëüñòâà ïåðâîãî óòâåðæäåíèÿ ïðîâåðèì òîæäåñòâî

(A(t) + δI)u = (A0 + δI)1/2(I + U(t))(A0 + δI)1/2u, u ∈ DomA(t), |t| 6 t0,

U(t) =

2p∑
l=1

Ultl, Ul ∈ B(H), l = 1, . . . , 2p.
(1.8)

Îáîçíà÷èì ÷åðåç Y (t) ðàçíîñòü X(t) − X0 =
p∑
l=1

Xlt
l, |t| 6 t0, îïðåäåëåííóþ íà DomX0;

÷åðåç R0 îáîçíà÷èì îïåðàòîð (A0 + δI)−1. Îïðåäåëèì îïåðàòîð-ôóíêöèþ

U(t) := (X0R
1/2
0 )∗(Y (t)R

1/2
0 ) + (Y (t)R

1/2
0 )∗(X0R

1/2
0 ) + (Y (t)R

1/2
0 )∗(Y (t)R

1/2
0 ).

Íåòðóäíî âèäåòü, ÷òî ïðè âñåõ u ∈ DomA(t), v ∈ DomX0 ñïðàâåäëèâû ñîîòíîøåíèÿ

((A(t) + δI)u, v) = (X(t)u,X(t)v) + δ(u, v) =

= ((A0 + δI)1/2u, (A0 + δI)1/2v) + (X0u, Y (t)v) + (Y (t)u,X0v) + (Y (t)u, Y (t)v) =

= ((I + U(t))(A0 + δI)1/2u, (A0 + δI)1/2v), |t| 6 t0,

ýêâèâàëåíòíûå ðàâåíñòâó (1.8). Äàëåå, ïðè ìàëûõ t íîðìà U(t) ìàëà, îïåðàòîð (I + U(t))
îáðàòèì, à ïîòîìó ïðè âñåõ j = 1, . . . , n è ìàëûõ t

ϕj(t) = (λj(t) + δ)(A(t) + δI)−1ϕj(t) =

= (A0 + δI)−1/2(I + U(t))−1(A0 + δI)−1/2(λj(t) + δ)ϕj(t).
(1.9)

Ïîñêîëüêó H-çíà÷íàÿ ôóíêöèÿ (I + U(t))−1(A0 + δI)−1/2(λj(t) + δ)ϕj(t) ðàçëàãàåòñÿ â
îêðåñòíîñòè íóëÿ â àáñîëþòíî ñõîäÿùèéñÿ ðÿä, èç (1.9) ñëåäóåò, ÷òî êîýôôèöèåíòû ðÿäà
(1.7) ïðèíàäëåæàò DomX0, è ðÿä (1.7) àáñîëþòíî ñõîäèòñÿ â Dδ.
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2) Ïîñêîëüêó ðÿä (1.7) àáñîëþòíî ñõîäèòñÿ â Dδ, ðÿäû (1.6) è (1.7) ìîæíî ïîäñòàâèòü â
òîæäåñòâî

(X(t)ϕj(t), X(t)ζ)H∗ = λj(t)(ϕj(t), ζ)H, ζ ∈ DomX0, |t| 6 t∗; j = 1, . . . , n.

Ñðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ t, ïîëó÷àåì∑
a+b+c=m

(Xaϕ
(b)
j , Xcζ)H∗ =

∑
d+e=m

λ
(d)
j (ϕ

(e)
j , ζ)H, m ∈ Z+, ζ ∈ DomX0; j = 1, . . . , n. (1.10)

Çäåñü è äàëåå ìû äëÿ óäîáñòâà áóäåì ïðèäåðæèâàòüñÿ ñîãëàøåíèÿ

X(t) =

∞∑
s=0

Xst
s, Xs = 0 ïðè s > p+ 1.

Ïîñêîëüêó {ϕj(t)}nj=1 � îðòîíîðìèðîâàííûé áàçèñ â ïîäïðîñòðàíñòâå F (t)H, âåêòîðû ϕ
(0)
j =

ϕj(0), j = 1, . . . , n, ñîñòàâëÿþò îðòîíîðìèðîâàííûé áàçèñ â N. Ïðè m 6 p − 1, ïîäñòàâëÿÿ

ζ = ϕ
(0)
j â (1.10), ñ ó÷åòîì (1.2) ïîëó÷àåì∑

d+e=m

λ
(d)
j (ϕ

(e)
j , ϕ

(0)
j )H = 0, 0 6 m 6 p− 1; j = 1, . . . , n,

îòêóäà (ïîñëåäîâàòåëüíî) âûòåêàþò ñîîòíîøåíèÿ

λ
(0)
j = · · · = λ

(p−1)
j = 0, j = 1, . . . , n. (1.11)

Ó÷èòûâàÿ (1.11), ïåðåïèøåì (1.10) ïðè m 6 p− 1 â âèäå∑
a+b+c=m

(Xaϕ
(b)
j , Xcζ)H∗ = 0, 0 6 m 6 p− 1, ζ ∈ DomX0; j = 1, . . . , n. (1.12)

Èç (1.12) (ïîñëåäîâàòåëüíî) ñëåäóþò âêëþ÷åíèÿ

ϕ
(m)
j ∈ N, m = 0, . . . , p− 1; j = 1, . . . , n. (1.13)

Íàêîíåö, ñ ó÷åòîì (1.11) è (1.13), èç (1.10) ïðè m = p, . . . , 2p − 1 âûòåêàþò (ïî èíäóêöèè)
ðàâåíñòâà

λ
(m)
j = 0, m = p, . . . , 2p− 1; j = 1, . . . , n.

Íåðàâåíñòâî λ
(2p)
j > 0 òåïåðü ñëåäóåò èç íåîòðèöàòåëüíîñòè îïåðàòîðà A(t). �

1.3. Ðàçëîæåíèå â ñòåïåííîé ðÿä îïåðàòîð-ôóíêöèé F (t) è A(t)F (t) â îêðåñòíîñòè
íóëÿ. Ñ ó÷åòîì (1.4) è (1.5), ïîëó÷àåì

F (t) =

n∑
j=1

(·, ϕj(t))Hϕj(t), |t| 6 t0; (1.14)

A(t)F (t) =
n∑
j=1

λj(t)(·, ϕj(t))Hϕj(t), |t| 6 t0. (1.15)

Ïîäñòàâëÿÿ â (1.14) è (1.15) ðàçëîæåíèÿ (1.6), (1.7) è ó÷èòûâàÿ ïðåäëîæåíèå 1.4, ïîëó÷àåì

F (t) =
∞∑
s=0

Fst
s, |t| 6 t∗; (1.16)

A(t)F (t) =
∞∑
s=2p

Gst
s, |t| 6 t∗. (1.17)

Çäåñü ðÿäû (1.16), (1.17) àáñîëþòíî ñõîäÿòñÿ ïî íîðìå â B(H); êðîìå òîãî, RanFs ⊂ DomX0,
s ∈ Z+, è ðÿä (1.16) àáñîëþòíî ñõîäèòñÿ ïî íîðìå â B(H,Dδ). Ñëåäóþùåå óòâåðæäåíèå
óòî÷íÿåò ñâîéñòâà êîýôôèöèåíòîâ ðÿäà (1.16).
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Ïðåäëîæåíèå 1.5. Ïóñòü âûïîëíåíû óñëîâèÿ 1.1, 1.2 è 1.3. Òîãäà ñïðàâåäëèâû ñëåäóþùèå

óòâåðæäåíèÿ:

F0 = P, Fs = F ∗s , s ∈ Z+; (1.18)

Fs = 0, s = 1, . . . , p− 1; (1.19)

Fs = PFsP
⊥ + P⊥FsP, s = p, . . . , 2p− 1; (1.20)

Fs = PFsP
⊥ + P⊥FsP −

s−p∑
k=p

PFkP
⊥Fs−kP +

s−p∑
k=p

P⊥FkPFs−kP
⊥, s = 2p, . . . , 3p− 1. (1.21)

Äîêàçàòåëüñòâî. Ñâîéñòâà (1.18) âûòåêàþò èç ðàâåíñòâà F (0) = P è ñàìîñîïðÿæåííîñòè
F (t), t ∈ (−t0, t0). Èç (1.7) è (1.14) ñëåäóåò, ÷òî

Fs =

n∑
j=1

s∑
a=0

(·, ϕ(a)
j )ϕ

(s−a)
j , s ∈ Z+. (1.22)

Â ñèëó ðàâåíñòâà F (t) = F (t)2, |t| 6 t0, ñïðàâåäëèâî ñîîòíîøåíèå

Fs =
s∑

a=0

FaFs−a, s ∈ Z+. (1.23)

Ïðè s = 1 ðàâåíñòâî (1.23) ïðèíèìàåò âèä F1 = PF1 + F1P , ÷òî ïðèâîäèò ê ñîîòíîøåíèÿì

P⊥F1P
⊥ = 0, PF1P = 2PF1P ⇒ PF1P = 0.

Ñëåäîâàòåëüíî, F1 = PF1P
⊥+P⊥F1P . Âìåñòå ñ âêëþ÷åíèÿìè ϕ

(0)
j , ϕ

(1)
j ∈ N, j = 1, . . . , n, è

ðàâåíñòâîì

F1 =

n∑
j=1

(·, ϕ(0)
j )ϕ

(1)
j +

n∑
j=1

(·, ϕ(1)
j )ϕ

(0)
j

ýòî ïîêàçûâàåò, ÷òî F1 = 0. Äàëåå (ïîñëåäîâàòåëüíî) èç (1.23) ñ ó÷åòîì (1.13) ïîëó÷àåì
Fs = 0, s = 1, . . . , p− 1, ÷òî äîêàçûâàåò (1.19).
Òåïåðü ïðè s = p, . . . , 2p− 1 ðàâåíñòâî (1.23) ïðèíèìàåò âèä Fs = PFs +FsP , îòêóäà, êàê

è âûøå, âûòåêàåò (1.20).
Íàêîíåö, ïðè s = 2p, . . . , 3p− 1 ñ ó÷åòîì (1.19) ðàâåíñòâî (1.23) ìîæíî ïåðåïèñàòü â âèäå

Fs = PFs +

s−p∑
k=p

FkFs−k + FsP. (1.24)

Èç (1.24) ñëåäóåò, ÷òî

PFsP = 2PFsP +

s−p∑
k=p

PFkFs−kP, (1.25)

P⊥FsP
⊥ =

s−p∑
k=p

P⊥FkFs−kP
⊥. (1.26)

Èç (1.25) è (1.20) âûòåêàåò ðàâåíñòâî PFsP = −
∑s−p

k=p PFkP
⊥Fs−kP , ÷òî âìåñòå ñ (1.26) è

(1.20) ïðèâîäèò ê (1.21). �

� 2. Âû÷èñëåíèå ïåðâûõ êîýôôèöèåíòîâ ðÿäîâ (1.16), (1.17)

Îñíîâíàÿ öåëü íàñòîÿùåãî ïàðàãðàôà � âû÷èñëåíèå êîýôôèöèåíòîâ Fs, s = p, . . . , 3p−1,
ðÿäà (1.16) è êîýôôèöèåíòîâ Gs, s = 2p, . . . , 4p− 1, ðÿäà (1.17) â óäîáíûõ äëÿ ïðèëîæåíèé
òåðìèíàõ.
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2.1. Ðàçðåøàþùèå îïåðàòîðû äëÿ âñïîìîãàòåëüíûõ çàäà÷. Ìû âû÷èñëèì
êîýôôèöèåíòû Fs, s = p, . . . , 3p − 1, è Gs, s = 2p, . . . , 4p − 1, â òåðìèíàõ ðàçðåøàþùèõ
îïåðàòîðîâ íåêîòîðûõ âñïîìîãàòåëüíûõ çàäà÷. Èìåííî, ïóñòü D = DomX0 ∩ N⊥, è ïóñòü
u ∈ H∗. Ïðè êàæäîì i = 0, 1, . . . , p íàéäåì vi ∈ D, óäîâëåòâîðÿþùèé óñëîâèþ

(X0vi, X0ζ)H∗ = (u,Xiζ)H∗ ïðè âñåõ ζ ∈ D. (2.1)

Î÷åâèäíî, D ñî ñêàëÿðíûì ïðîèçâåäåíèåì (·, ·)D := (X0·, X0·)H∗ ÿâëÿåòñÿ ãèëüáåðòîâûì
ïðîñòðàíñòâîì; ñîîòâåòñòâóþùóþ íîðìó íà D îáîçíà÷èì ‖ · ‖D. Ñïðàâåäëèâû îöåíêè

36δ‖f‖2H 6 d0‖f‖2H 6 ‖f‖2D, f ∈ D; (2.2)

‖f‖2D 6 ‖f‖2δ 6
37

36
‖f‖2D, f ∈ D.

Òàêèì îáðàçîì, íîðìû ‖ · ‖D è ‖ · ‖δ ýêâèâàëåíòíû íà D.
Äàëåå, ïðè i = 0, 1, . . . , p ôóíêöèîíàë l

(i)
u (·) := (u,Xi·)H∗ , u ∈ H∗, àíòèëèíååí è

íåïðåðûâåí íà D. Ïðè ýòîì ‖l(i)u ‖ 6 C2‖u‖H∗ , i = 0, 1, . . . , p, ãäå

C2 := max{C0, 6
−1δ−1/2‖Xp‖}. (2.3)

Ñîãëàñíî òåîðåìå Ðèññà, ïðè êàæäîì i = 0, 1, . . . , p íàéäåòñÿ åäèíñòâåííûé ýëåìåíò vi ∈ D
òàêîé, ÷òî ïðè âñåõ ζ ∈ D ñïðàâåäëèâî ðàâåíñòâî l

(i)
u (ζ) = (vi, ζ)D, ýêâèâàëåíòíîå (2.1). Ïðè

ýòîì ‖vi‖D 6 C2‖u‖H∗ . Íåòðóäíî âèäåòü, ÷òî çàâèñèìîñòü u 7→ vi ëèíåéíà. Ìû äîêàçàëè
ñëåäóþùåå óòâåðæäåíèå.

Ïðåäëîæåíèå 2.1. Ïðè êàæäîì i = 0, 1, . . . , p è u ∈ H∗ çàäà÷à (2.1) èìååò åäèíñòâåííîå

ðåøåíèå vi ∈ D. Îïåðàòîð Mi : u 7→ vi ÿâëÿåòñÿ ëèíåéíûì îãðàíè÷åííûì îïåðàòîðîì èç

H∗ â D, ïðè÷åì ñïðàâåäëèâû îöåíêè

‖Mi‖H∗→D 6 C2, ‖Mi‖H∗→H 6 6−1δ−1/2C2, i = 0, 1, . . . , p. (2.4)

Óòî÷íèì íåêîòîðûå ñâîéñòâà îïåðàòîðîâ Mi.

Ïðåäëîæåíèå 2.2. Ñïðàâåäëèâî ðàâåíñòâî

Mi = (A⊥0 )−1/2P⊥(Xi(A
⊥
0 )−1/2P⊥)∗, i = 0, 1, . . . , p; (2.5)

çäåñü A⊥0 � ÷àñòü îïåðàòîðà A0, äåéñòâóþùàÿ â ïðîñòðàíñòâå N⊥, ñîïðÿæåíèå

ïîíèìàåòñÿ, êàê ñîïðÿæåíèå îãðàíè÷åííîãî îïåðàòîðà èç H â H∗.

Äîêàçàòåëüñòâî. Ïðè âñåõ u ∈ H∗, ζ ∈ D ñïðàâåäëèâî ñîîòíîøåíèå

((A⊥0 )−1/2P⊥(Xi(A
⊥
0 )−1/2P⊥)∗u, ζ)D =

= (X0(A⊥0 )−1/2P⊥(Xi(A
⊥
0 )−1/2P⊥)∗u,X0ζ)H∗ =

= ((A⊥0 )1/2(A⊥0 )−1/2P⊥(Xi(A
⊥
0 )−1/2P⊥)∗u, (A⊥0 )1/2ζ)H =

= ((Xi(A
⊥
0 )−1/2P⊥)∗u, (A⊥0 )1/2ζ)H =

= (u,Xiζ)H∗ ,

êîòîðîå è äîêàçûâàåò (2.5). �

Ïðåäëîæåíèå 2.3. Äëÿ âñÿêîãî íàáîðà {uk}pk=0 ⊂ H∗ ñóùåñòâóåò åäèíñòâåííûé ýëåìåíò

v ∈ D òàêîé, ÷òî ïðè âñåõ ζ ∈ DomX0 ñïðàâåäëèâî ðàâåíñòâî

(X0v,X0ζ)H∗ =

p−1∑
k=0

(uk, Xkζ)H∗ + (up, XpP
⊥ζ)H∗ . (2.6)

Ïðè ýòîì v =
p∑

k=0

Mkuk.
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Äîêàçàòåëüñòâî. Ïðàâàÿ ÷àñòü ðàâåíñòâà (2.6) çàäàåò àíòèëèíåéíûé íåïðåðûâíûé
ôóíêöèîíàë íà D. Ñëåäîâàòåëüíî, ðàâåíñòâî (2.6), âûïîëíåííîå ïðè âñåõ ζ ∈ D, îïðåäåëÿåò
åäèíñòâåííûé ýëåìåíò v ∈ D. Äàëåå, åñëè (2.6) âåðíî ïðè âñåõ ζ ∈ D, òî (2.6) ñïðàâåäëèâî
è ïðè âñåõ ζ ∈ DomX0, ïîñêîëüêó ïðè ζ ∈ N ëåâàÿ è ïðàâàÿ ÷àñòü (2.6) îáðàùàåòñÿ â íîëü.

Ïðÿìîé ïðîâåðêîé íåòðóäíî óáåäèòüñÿ, ÷òî ýëåìåíò v =
p∑

k=0

Mkuk óäîâëåòâîðÿåò

ðàâåíñòâó (2.6) ïðè âñåõ ζ ∈ D. �

Íèæå äîãîâîðèìñÿ ñ÷èòàòü, ÷òî Mk = 0 ïðè k > p+ 1.

2.2. Âû÷èñëåíèå îïåðàòîðîâ Fs. Èç ïðåäëîæåíèÿ 1.5 ñëåäóåò, ÷òî ïðè íàõîæäåíèè
êîýôôèöèåíòîâ Fs, s = p, . . . , 3p − 1, ìîæíî îãðàíè÷èòüñÿ âû÷èñëåíèåì ïðîèçâåäåíèé

P⊥FsP , s = p, . . . , 3p − 1. Ó÷èòûâàÿ (1.22), íà÷íåì ñ âû÷èñëåíèÿ âåêòîðîâ P⊥ϕ
(m)
j , m =

p, . . . , 3p− 1, j = 1, . . . , n. Ïðèíèìàÿ âî âíèìàíèå ðàâåíñòâà (ñì. (1.2) è ïðåäëîæåíèå 1.4)

Xaϕ
(b)
j = 0, a, b = 0, . . . , p− 1; λ

(d)
j = 0, d = 0, . . . , 2p− 1, (2.7)

ñîîòíîøåíèå (1.10) ïðè m = p, . . . , 2p− 1 ìîæíî ïåðåïèñàòü â âèäå

(X0ϕ
(m)
j , X0ζ)H∗ = −

p−1∑
c=0

min{m−1,m−c}∑
b=0

(Xm−c−bϕ
(b)
j , Xcζ)H∗ , j = 1, . . . , n. (2.8)

Ñðàâíèâàÿ (2.6) è (2.8), ïîëó÷àåì ðàâåíñòâî

P⊥ϕ
(m)
j = −

p−1∑
c=0

Mc

min{m−1,m−c}∑
b=0

Xm−c−bϕ
(b)
j , j = 1, . . . , n. (2.9)

Ìåíÿÿ â (2.9) ïîðÿäîê ñóììèðîâàíèÿ è ó÷èòûâàÿ (2.7), ïðèõîäèì ê ñîîòíîøåíèÿì

P⊥ϕ
(p)
j = −M0Xpϕ

(0)
j , j = 1, . . . , n; (2.10)

P⊥ϕ
(m)
j = −

m−p∑
b=0

Mm−p−bXpϕ
(b)
j −

m−1∑
b=p

m−b∑
c=0

McXm−b−cP
⊥ϕ

(b)
j ,

m = p+ 1, . . . , 2p− 1, j = 1, . . . , n. (2.11)

Àíàëîãè÷íî, ïðè m = 2p, . . . , 3p− 1 è ζ ∈ DomX0 ñîîòíîøåíèå (1.10) ïðèíèìàåò âèä∑
a+b+c=m

(Xaϕ
(b)
j , Xcζ)H∗ =

∑
{
d+e=m
d>2p

λ
(d)
j (ϕ

(e)
j , ζ)H. (2.12)

Ó÷òåì, ÷òî â ñóììå ñïðàâà çàâåäîìî e 6 p−1, à ïîòîìó ϕ
(e)
j ∈ N. Ïîýòîìó ïðè ζ ∈ D ïðàâàÿ

÷àñòü â (2.12) îáðàùàåòñÿ â íîëü. Ñëåäîâàòåëüíî,

(X0ϕ
(m)
j , X0ζ)H∗ = −

p∑
c=0

min{m−1,m−c}∑
b=0

(Xm−c−bϕ
(b)
j , Xcζ)H∗ , ζ ∈ D. (2.13)

Ñðàâíèâàÿ (2.6) è (2.13), ïîëó÷àåì

P⊥ϕ
(m)
j = −

p∑
c=0

Mc

min{m−c,m−1}∑
b=m−c−p

Xm−b−cϕ
(b)
j . (2.14)
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Êàê è âûøå, ìåíÿÿ â (2.14) ïîðÿäîê ñóììèðîâàíèÿ è ó÷èòûâàÿ (2.7) è ðàâåíñòâî Mc = 0,
c > p+ 1, èìååì

P⊥ϕ
(m)
j = −

p−1∑
b=m−2p

Mm−p−bXpϕ
(b)
j −

m−1∑
b=p

m−b∑
c=0

McXm−b−cP
⊥ϕ

(b)
j −

m−p∑
b=p

Mm−b−pXpPϕ
(b)
j . (2.15)

Ââåäåì îáîçíà÷åíèÿ

A (r) := −MrXp, r > 0; (2.16)

B(r) = −
r∑
c=0

McXr−c
∣∣
D, r > 1. (2.17)

Îòìåòèì âêëþ÷åíèÿ A (r) ∈ B(H,D), r = 0, . . . , p, B(r) ∈ B(D), r = 1, . . . , p, è îöåíêè,
âûòåêàþùèå èç (2.4) ñ ó÷åòîì (1.1) è (2.3):

‖A (r)‖H→D 6 C2‖Xp‖, r > 0;

‖B(r)‖D→D 6 (r + 1)C2
2 , r > 1. (2.18)

Ïåðåïèøåì (2.10), (2.11) è (2.15) â òåðìèíàõ îïåðàòîðîâ (2.16), (2.17):

P⊥ϕ
(p)
j = A (0)ϕ

(0)
j , (2.19)

P⊥ϕ
(m)
j −

m−1∑
b=p

B(m− b)P⊥ϕ(b)
j =

m−p∑
b=0

A (m− p− b)ϕ(b)
j , m = p+ 1, . . . , 2p− 1, (2.20)

P⊥ϕ
(m)
j −

m−1∑
b=p

B(m− b)P⊥ϕ(b)
j =

=

p−1∑
b=m−2p

A (m− p− b)ϕ(b)
j +

m−p∑
b=p

A (m− p− b)Pϕ(b)
j , m = 2p, . . . , 3p− 1. (2.21)

Ðàâåíñòâà (2.19), (2.20) è (2.21) ìîæíî çàïèñàòü â âèäå

Bx = A f + Qg. (2.22)

Çäåñü ìû èñïîëüçîâàëè ñëåäóþùèå îáîçíà÷åíèÿ:

x = (P⊥ϕ
(p)
j , . . . , P⊥ϕ

(3p−1)
j )t, f = (ϕ

(0)
j , . . . , ϕ

(p−1)
j )t, g = (Pϕ

(p)
j , . . . , Pϕ

(2p−1)
j )t,

B :=


I 0 0 . . . 0

−B(1) I 0 . . . 0
−B(2) −B(1) I . . . 0

...
...

...
. . .

...
−B(2p− 1) −B(2p− 2) −B(2p− 3) . . . I

 ,

A :=



A (0) 0 0 . . . 0
A (1) A (0) 0 . . . 0
A (2) A (1) A (0) . . . 0
...

...
...

. . .
...

A (p− 1) A (p− 2) A (p− 3) . . . A (0)
A (p) A (p− 1) A (p− 2) . . . A (1)
...

...
...

. . .
...

A (2p− 1) A (2p− 2) A (2p− 3) . . . A (p)


, (2.23)
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Q :=



0 0 0 . . . 0
0 0 0 . . . 0
...

...
...

. . .
...

0 0 0 . . . 0
A (0) 0 0 . . . 0
A (1) A (0) 0 . . . 0
A (2) A (1) A (0) . . . 0
...

...
...

. . .
...

A (p− 1) A (p− 2) A (p− 3) . . . A (0)


. (2.24)

Â ìàòðèöå Q ïåðâûå p ñòðîê ïðåäïîëàãàþòñÿ íóëåâûìè.

Ïðåäëîæåíèå 2.4. Åñëè B(r) ∈ B(D), r > 1, òî îïåðàòîð B : D2p → D2p îãðàíè÷åí è

îãðàíè÷åííî îáðàòèì. Çäåñü D2p = D×D× · · · ×D � ïðÿìîå ïðîèçâåäåíèå 2p ýêçåìïëÿðîâ
ïðîñòðàíñòâà D. Ïðè ýòîì ñïðàâåäëèâî ðàâåíñòâî

B−1 =


I 0 0 . . . 0

C (1) I 0 . . . 0
C (2) C (1) I . . . 0
...

...
...

. . .
...

C (2p− 1) C (2p− 2) C (2p− 3) . . . I

 ; (2.25)

îïåðàòîðû C (r), r = 1, . . . , 2p− 1, èìåþò âèä

C (r) :=
∑
|J |=r

BJ , ãäå J = (j1, . . . , js) ∈ Ns, |J | = j1 + · · ·+ js,

BJ := B(j1) · . . . ·B(js), s = 1, . . . , r.

(2.26)

Cïðàâåäëèâû âêëþ÷åíèå C (r) ∈ B(D), r = 1, . . . , 2p− 1, è îöåíêà

‖C (r)‖D→D 6 C(p)C
2(2p−1)
2 , r = 1, . . . , 2p− 1. (2.27)

Äîêàçàòåëüñòâî. Ñîîòíîøåíèÿ (2.25), (2.26) ïðîâåðÿþòñÿ ïî èíäóêöèè; îöåíêà (2.27)
âûòåêàåò èç (2.18). �

Èç (2.23), (2.24) è (2.25) âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.

Ïðåäëîæåíèå 2.5. Ïóñòü çàäàíû ñåìåéñòâà îïåðàòîðîâ A (r) ∈ B(H,D), r = 0, . . . , 2p−1,
C (r) ∈ B(D,D), r = 1, . . . , 2p− 1. Ïóñòü îïåðàòîðû A , Q è B−1 èìåþò âèä (2.23), (2.24)
è (2.25). Òîãäà ñïðàâåäëèâû ðàâåíñòâà

B−1A =



D(0) 0 0 . . . 0
D(1) D(0) 0 . . . 0
D(2) D(1) D(0) . . . 0
...

...
...

. . .
...

D(p− 1) D(p− 2) D(p− 3) . . . D(0)
D(p) D(p− 1) D(p− 2) . . . D(1)
...

...
...

. . .
...

D(2p− 1) D(2p− 2) D(2p− 3) . . . D(p)


.
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B−1Q =



0 0 0 . . . 0
0 0 0 . . . 0
...

...
...

. . .
...

0 0 0 . . . 0
D(0) 0 0 . . . 0
D(1) D(0) 0 . . . 0
D(2) D(1) D(0) . . . 0
...

...
...

. . .
...

D(p− 1) D(p− 2) D(p− 3) . . . D(0)


.

Çäåñü îïåðàòîðû D(r) ∈ B(H,D), r = 0, . . . , 2p− 1, èìåþò âèä

D(0) = A (0), D(r) =
r∑

k=0

C (r − k)A (k), r = 1, . . . , 2p− 1, (ñ÷èòàÿ C (0) = I). (2.28)

Èç (2.22) è ïðåäëîæåíèé 2.4, 2.5 âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.

Ïðåäëîæåíèå 2.6. Ñïðàâåäëèâû ñîîòíîøåíèÿ

P⊥ϕ
(m)
j =

m−p∑
s=0

D(m− p− s)Pϕ(s)
j , m = p, . . . , 3p− 1. (2.29)

Òåîðåìà 2.7. Ïóñòü âûïîëíåíû óñëîâèÿ 1.1, 1.2 è 1.3. Òîãäà ñïðàâåäëèâû ðàâåíñòâà

P⊥FkP = P⊥D(k − p)P, k = p, . . . , 3p− 1. (2.30)

Çäåñü îïåðàòîðû D(r) ∈ B(H,D), r = 0, . . . , 2p − 1, îïðåäåëåíû ðàâåíñòâàìè (2.16), (2.17),
(2.26) è (2.28).

Äîêàçàòåëüñòâî. Èç (1.22) ñ ó÷åòîì (1.13) âûòåêàåò ñîîòíîøåíèå

P⊥Fk =
n∑
j=1

k∑
a=0

(·, ϕ(k−a)
j )P⊥ϕ

(a)
j =

n∑
j=1

k∑
a=p

(·, ϕ(k−a)
j )P⊥ϕ

(a)
j , k = p, . . . , 3p− 1. (2.31)

Ïîäñòàâëÿÿ (2.29) â (2.31), ïîëó÷àåì

P⊥Fk =
k∑
a=p

a−p∑
s=0

D(a− p− s)P
n∑
j=1

(·, ϕ(k−a)
j )ϕ

(s)
j , k = p, . . . , 3p− 1. (2.32)

Îáîçíà÷àÿ â (2.32) âåëè÷èíó a− p− s ÷åðåç l, ïåðåïèøåì (2.32) â âèäå

P⊥Fk =

k∑
a=p

a−p∑
l=0

D(l)P

n∑
j=1

(·, ϕ(k−a)
j )ϕ

(a−p−l)
j , k = p, . . . , 3p− 1. (2.33)

Ìåíÿÿ â (2.33) ïîðÿäîê ñóììèðîâàíèÿ, ïîëó÷àåì

P⊥Fk =

k−p∑
l=0

D(l)P

k∑
a=l+p

n∑
j=1

(·, ϕ(k−a)
j )ϕ

(a−p−l)
j , k = p, . . . , 3p− 1. (2.34)

Îáîçíà÷àÿ â (2.34) âåëè÷èíó a− p− l ÷åðåç b è ó÷èòûâàÿ (1.22), ïðèõîäèì ê ñîîòíîøåíèÿì

P⊥Fk =

k−p∑
l=0

D(l)P

k−p−l∑
b=0

n∑
j=1

(·, ϕ(k−p−l−b)
j )ϕ

(b)
j =

k−p∑
l=0

D(l)PFk−p−l, k = p, . . . , 3p− 1;

P⊥FkP =

k−p∑
l=0

D(l)PFk−p−lP, k = p, . . . , 3p− 1. (2.35)
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Â ñèëó (1.19) è (1.20) âûïîëíåíû ðàâåíñòâà PFsP = 0 ïðè s = 1, . . . , 2p−1. Ïîýòîìó â (2.35)
îñòàåòñÿ òîëüêî îäíî ñëàãàåìîå: P⊥FkP = D(k − p)P , ÷òî äîêàçûâàåò (2.30). �

Ñëåäñòâèå 2.8. Ïóñòü âûïîëíåíû óñëîâèÿ 1.1, 1.2 è 1.3. Òîãäà ñïðàâåäëèâû ðàâåíñòâà

F0 = P, Fk = 0, k = 1, . . . , p− 1,

Fk = P⊥D(k − p)P +
(
P⊥D(k − p)P

)∗
, k = p, . . . , 2p− 1,

Fk = P⊥D(k − p)P +
(
P⊥D(k − p)P

)∗ − k−p∑
s=p

(
P⊥D(s− p)P

)∗
P⊥D(k − s− p)P+

+

k−p∑
s=p

P⊥D(s− p)P
(
P⊥D(k − s− p)P

)∗
, k = 2p, . . . , 3p− 1.

(2.36)

Çäåñü îïåðàòîðû D(r) ∈ B(H,D), r = 0, . . . , 2p − 1, îïðåäåëåíû ðàâåíñòâàìè (2.16), (2.17),
(2.26) è (2.28); ïîä ñîïðÿæåíèåì ïîíèìàåòñÿ ñîïðÿæåíèå îãðàíè÷åííîãî îïåðàòîðà èç H
â H.

Äîêàçàòåëüñòâî. Ñëåäñòâèå 2.8 âûòåêàåò èç òåîðåìû 2.7 è ïðåäëîæåíèÿ 1.5. �

2.3. Âû÷èñëåíèå îïåðàòîðîâ Gs. Ðÿä (1.16) àáñîëþòíî ñõîäèòñÿ ïî íîðìå â B(H,Dδ)
ïðè ìàëûõ t, à ïîòîìó ðÿä

X(t)F (t) =
∞∑
q=0

Hqt
q (2.37)

ïðè ìàëûõ t àáñîëþòíî ñõîäèòñÿ ïî íîðìå â B(H,H∗). Èç ñîîòíîøåíèé (1.2), (1.18), (1.19)
âûòåêàþò ðàâåíñòâà

Hq = 0, q = 0, . . . , p−1; Hp = XpP +X0Fp; Hq =

q−p∑
r=0

XrFq−r, q = p+1, . . . , 3p−1. (2.38)

Íàêîíåö, èç ðàâåíñòâà A(t)F (t) = (X(t)F (t))∗(X(t)F (t)) è èç (2.37), (2.38) âûòåêàåò
ïðåäñòàâëåíèå äëÿ êîýôôèöèåíòîâ ðÿäà (1.17).

Ïðåäëîæåíèå 2.9. Ïóñòü âûïîëíåíû óñëîâèÿ 1.1, 1.2 è 1.3. Òîãäà ñïðàâåäëèâû ðàâåíñòâà

Gs =

s−p∑
q=p

H∗qHs−q, s = 2p, . . . , 4p− 1. (2.39)

Çäåñü îïåðàòîðû Hq, q = p, . . . , 3p− 1, îïðåäåëåíû â (2.38).

Çàìå÷àíèå 2.10. 1◦. Ñîãëàñíî (2.36), (2.38) è (2.39) âûïîëíåíî

Gs = PGsP, s = 2p, . . . , 3p− 1, (2.40)

ò. å., îïåðàòîðû G2p, . . . , G3p−1 íåòðèâèàëüíî äåéñòâóþò òîëüêî â ïîäïðîñòðàíñòâå N.
Ýòî ñâîéñòâî ìîæíî âûâåñòè è èç ñòåïåííûõ ðàçëîæåíèé (ñì. (1.15), (1.17) è

ïðåäëîæåíèå 1.4).
2◦. Ñîãëàñíî (2.16), (2.28), (2.36), (2.38) âûïîëíåíî Hp = XpP − X0M0XpP . Ñ ó÷åòîì

îïðåäåëåíèÿ îïåðàòîðà M0 îòñþäà ñëåäóåò, ÷òî X∗0Hp = 0. Ñëåäîâàòåëüíî, ïðè

âû÷èñëåíèè îïåðàòîðà

H∗qHp =

(
q−p∑
r=0

XrFq−r

)∗
Hp, q = p+ 1, . . . , 3p− 1,

ìîæíî îòáðîñèòü ñëàãàåìîå ñ r = 0.
3◦. Ðàññìîòðèì îïåðàòîð G2p = H∗pHp è îáîçíà÷èì S := G2p|N. Îïåðàòîð S ÿâëÿåòñÿ

ñàìîñîïðÿæåííûì îïåðàòîðîì â n-ìåðíîì ïðîñòðàíñòâå N è íàçûâàåòñÿ ñïåêòðàëüíûì
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ðîñòêîì îïåðàòîðíîãî ñåìåéñòâà A(t) ïðè t = 0. (Ñì. [Ve, �3], [KuSu, �1].) Èç (1.15) è (1.17)
ñ ó÷åòîì ïðåäëîæåíèÿ 1.4 âèäíî, ÷òî â òåðìèíàõ êîýôôèöèåíòîâ ñòåïåííûõ ðàçëîæåíèé

(1.6), (1.7) îïåðàòîð G2p èìååò âèä

G2p =

n∑
j=1

λ
(2p)
j (·, ϕ(0)

j )Hϕ
(0)
j .

Îòñþäà ñëåäóåò, ÷òî êîýôôèöèåíòû λ
(2p)
j è ϕ

(0)
j ÿâëÿþòñÿ ñîáñòâåííûìè çíà÷åíèÿìè è

ñîáñòâåííûìè âåêòîðàìè ñïåêòðàëüíîãî ðîñòêà:

Sϕ
(0)
j = λ

(2p)
j ϕ

(0)
j , j = 1, . . . , n.

Ðàíåå ýòî áûëî âûÿñíåíî â [Ve] è [KuSu].

� 3. Àïïðîêñèìàöèÿ îïåðàòîð-ôóíêöèé F (t) è A(t)F (t)

3.1. Ïîðîãîâûå àïïðîêñèìàöèè. Çäåñü ðå÷ü ïîéäåò îá àïïðîêñèìàöèÿõ îïåðàòîð-
ôóíêöèé F (t) è A(t)F (t) ÷àñòè÷íûìè ñóììàìè ðÿäîâ (1.16) è (1.17). Â [Ve] è [KuSu]
áûëè óñòàíîâëåíû ñòàðøèå ÷ëåíû òàêèõ àïïðîêñèìàöèé. Íèæå ÷åðåç C(p) îáîçíà÷àþòñÿ
ðàçëè÷íûå êîíñòàíòû, çàâèñÿùèå òîëüêî îò p.

Òåîðåìà 3.1. [Ve, KuSu] Ïóñòü ñïðàâåäëèâû óñëîâèÿ 1.1, 1.2, 1.3. Òîãäà ïðè |t| 6 t0

ñïðàâåäëèâû îöåíêè

‖F (t)− P‖H→H 6 δ
−1/2‖F (t)− P‖H→Dδ

6 C(p)CT |t|; (3.1)∥∥∥A(t)F (t)−G2pt
2p
∥∥∥
H→H

6 C(p)C2p+1
T |t|2p+1. (3.2)

Çäåñü ïîñòîÿííàÿ CT îïðåäåëåíà íèæå â (3.9).

Ñëåäóþùèé ðåçóëüòàò óòî÷íÿåò àïïðîêñèìàöèè èç òåîðåìû 3.1.

Òåîðåìà 3.2. Ïóñòü ñïðàâåäëèâû óñëîâèÿ 1.1, 1.2, 1.3. Òîãäà ïðè |t| 6 t0 ñïðàâåäëèâû

îöåíêè

‖F (t)− P‖H→H 6 δ
−1/2 ‖F (t)− P‖H→Dδ

6 C(p)CpT |t|
p; (3.3)∥∥∥F (t)−

(
P +

N∑
l=p

Flt
l
)∥∥∥

H→H
6 δ−1/2

∥∥∥F (t)−
(
P +

N∑
l=p

Flt
l
)∥∥∥

H→Dδ

6 C(p)CN+1
T |t|N+1, N = p, . . . , 2p− 1;

(3.4)

∥∥∥A(t)F (t)−
N∑
l=2p

Glt
l
∥∥∥
H→H

6 C(p)CN+1
T |t|N+1, N = 2p, . . . , 4p− 1. (3.5)

Ïîñòîÿííàÿ CT îïðåäåëåíà íèæå â (3.9). Îïåðàòîðû Fl, l = p, . . . , 2p − 1, è Gl, l =
2p, . . . , 4p− 1, ïîä÷èíåíû îöåíêàì

‖Fl‖H→H 6 δ
−1/2‖Fl‖H→Dδ

6 C(p)C lT , l = p, . . . , 2p− 1; (3.6)

‖Gl‖H→H 6 C(p)C lT , l = 2p, . . . , 4p− 1. (3.7)

Íèæå ìû ïðèâåäåì äîêàçàòåëüñòâî òåîðåìû 3.2. Ìû çàèìñòâóåì íåîáõîäèìûé ìàòåðèàë
èç ðàáîòû [KuSu] (ñì. òàêæå [BSu1]).
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3.2. Âñïîìîãàòåëüíûé ìàòåðèàë. Îáîçíà÷èì ÷åðåç R(t, z) ðåçîëüâåíòó (A(t) − zI)−1,
z ∈ %(A(t)), |t| 6 t0; îïðåäåëèì îïåðàòîð

Ω(t, z) := I + (z + δ)R(t, z) = (A(t) + δI)R(t, z), z ∈ %(A(t)), |t| 6 t0.

Ðåçîëüâåíòó R(0, z) = (A0 − zI)−1 îáîçíà÷èì ÷åðåç R0(z), îïåðàòîð Ω(0, z) � ÷åðåç Ω0(z).
Êàê è âûøå, ÷åðåç Dδ îáîçíà÷èì ãèëüáåðòîâî ïðîñòðàíñòâî DomX0 ñ (ãèëüáåðòîâîé)
íîðìîé ‖ · ‖2δ := ‖X0 · ‖2H∗

+ δ‖ · ‖2H. Ñîîòâåòñòâóþùåå ñêàëÿðíîå ïðîèçâåäåíèå îáîçíà÷èì
÷åðåç (·, ·)δ. Ðàññìîòðèì ñëåäóþùóþ êâàäðàòè÷íóþ ôîðìó â ïðîñòðàíñòâå Dδ:

t[u, u] = ‖X(t)u‖2H∗ − ‖X0u‖2H∗ , u ∈ Dδ.

Ôîðìà t[·, ·] îãðàíè÷åíà â ïðîñòðàíñòâå Dδ; åé îòâå÷àåò îãðàíè÷åííûé îïåðàòîð T (t) ∈
B(Dδ). Êàê ïîêàçàíî â [Ve] è [KuSu], îïåðàòîð T (t) èìååò âèä

T (t) =

2p∑
j=1

tjT (j), (3.8)

ãäå îïåðàòîðû T (j), j = 1, . . . , 2p, îãðàíè÷åíû â Dδ è óäîâëåòâîðÿþò îöåíêå

‖T (j)‖Dδ→Dδ
6 CT := pC2

0 + ‖Xp‖2δ−1, (3.9)

ãäå C0 îïðåäåëåíî â óñëîâèè 1.2. Íåòðóäíî âèäåòü (ñì. [KuSu]), ÷òî ñïðàâåäëèâ ñëåäóþùèé
âàðèàíò ðåçîëüâåíòíîãî òîæäåñòâà

R(t, z) = R0(z)− Ω0(z)T (t)R(t, z), z ∈ %(A(t)) ∩ %(A0), |t| 6 t0. (3.10)

Ââåäåì êîíòóð Γδ ⊂ C, ýêâèäèñòàíòíî îõâàòûâàþùèé îòðåçîê âåùåñòâåííîé îñè [0, δ] íà
ðàññòîÿíèè δ. Ïðèâåäåì íåñêîëüêî îöåíîê (ñì. [KuSu]):

‖u‖H 6 δ−1/2‖u‖Dδ
, u ∈ DomX0; (3.11)

‖R0(z)‖H→Dδ
6 4δ−1/2, z ∈ Γδ; (3.12)

‖Ω0(z)‖Dδ→Dδ
6 13, z ∈ Γδ; (3.13)

‖R(t, z)‖H→Dδ
6 (2
√

3 + 3)δ−1/2, z ∈ Γδ, |t| 6 t0. (3.14)

Ïåðâûå òðè íåðàâåíñòâà ýëåìåíòàðíû, ïîñëåäíåå äîêàçàíî â [KuSu, ëåììà 3.3].

3.3. Äîêàçàòåëüñòâî òåîðåìû 3.2. Èòåðèðóÿ (3.10), ïîëó÷àåì ïðåäñòàâëåíèå

R(t, z) =

N∑
k=0

(−1)k(Ω0(z)T (t))kR0(z) + (−1)N+1(Ω0(z)T (t))N+1R(t, z),

z ∈ %(A(t)) ∩ %(A0), |t| 6 t0, N ∈ N.

(3.15)

Â ñèëó (3.8) ñïðàâåäëèâî ðàâåíñòâî

(Ω0(z)T (t))k =

2p∑
γ1=1

. . .

2p∑
γk=1

tγ1+···+γk(Ω0(z)T (γ1))·. . .·(Ω0(z)T (γk)), z ∈ %(A0), |t| 6 t0. (3.16)

Äëÿ êðàòêîñòè îáîçíà÷èì N2p := {1, . . . , 2p};

(Ω0(z)T )(γ) := (Ω0(z)T (γ1)) · . . . · (Ω0(z)T (γk)), γ = (γ1, . . . , γk) ∈ (N2p)
k, z ∈ %(A0). (3.17)
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Ñ ó÷åòîì (3.16) è (3.17) ïðåäñòàâëåíèå (3.15) ïðèíèìàåò âèä

R(t, z) = R0(z) +
N∑
k=1

(−1)k
∑

γ∈(N2p)k

t|γ|(Ω0(z)T )(γ)R0(z)

+ (−1)N+1
∑

γ∈(N2p)N+1

t|γ|(Ω0(z)T )(γ)R(t, z),

z ∈ %(A(t)) ∩ %(A0), |t| 6 t0, N ∈ N.

(3.18)

Ó÷èòûâàÿ íåðàâåíñòâî

k 6 |γ| 6 2pk, γ ∈ (N2p)
k, k ∈ N,

ïåðåãðóïïèðóåì ñëàãàåìûå â (3.18) ñëåäóþùèì îáðàçîì:

R(t, z) = R0(z) +
N∑
l=1

tl
l∑

k=1

(−1)k
∑

γ∈(N2p)k:|γ|=l

(Ω0(z)T )(γ)R0(z)

+

2pN∑
l=N+1

tl
N∑
k=1

(−1)k
∑

γ∈(N2p)k:|γ|=l

(Ω0(z)T )(γ)R0(z)

+ (−1)N+1

2p(N+1)∑
l=N+1

tl
∑

γ∈(N2p)N+1:|γ|=l

(Ω0(z)T )(γ)R(t, z),

z ∈ %(A(t)) ∩ %(A0), |t| 6 t0, N ∈ N.

(3.19)

Ïîäñòàâèì ðàâåíñòâî (3.19) ïðè N = p− 1, p, . . . , 2p− 1 â ñîîòíîøåíèå

F (t) =
−1

2πi

∮
Γδ

R(t, z) dz.

Ïîäñòàâèì ðàâåíñòâî (3.19) ïðè N = 2p, 2p+ 1, . . . , 4p− 1 â ñîîòíîøåíèå

A(t)F (t) =
−1

2πi

∮
Γδ

R(t, z)z dz.

Ó÷èòûâàÿ (1.16)�(1.19), ïîëó÷àåì

F (t) = P + F
(p−1)
∗ (t), |t| 6 t0; (3.20)

F (t) = P +
N∑
l=p

Flt
l + F

(N)
∗ (t), N = p, . . . , 2p− 1, |t| 6 t0; (3.21)

A(t)F (t) =

N∑
l=2p

Glt
l +G

(N)
∗ (t), N = 2p, . . . , 4p− 1, |t| 6 t0, (3.22)

ãäå

F
(N)
∗ (t) =

2pN∑
l=N+1

tl
N∑
k=1

(−1)k
∑

γ∈(N2p)k:|γ|=l

−1

2πi

∮
Γδ

(Ω0(z)T )(γ)R0(z) dz+

+ (−1)N+1

2p(N+1)∑
l=N+1

tl
∑

γ∈(N2p)N+1:|γ|=l

−1

2πi

∮
Γδ

(Ω0(z)T )(γ)R(t, z) dz,

N = p− 1, . . . , 2p− 1, |t| 6 t0; (3.23)
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G
(N)
∗ (t) =

2pN∑
l=N+1

tl
N∑
k=1

(−1)k
∑

γ∈(N2p)k:|γ|=l

−1

2πi

∮
Γδ

(Ω0(z)T )(γ)R0(z)z dz+

+ (−1)N+1

2p(N+1)∑
l=N+1

tl
∑

γ∈(N2p)N+1:|γ|=l

−1

2πi

∮
Γδ

(Ω0(z)T )(γ)R(t, z)z dz,

N = 2p, . . . , 4p− 1, |t| 6 t0. (3.24)

Äëÿ îïåðàòîðîâ Fl, l = p, . . . , 2p− 1, è Gl, l = 2p, . . . , 4p− 1, ñïðàâåäëèâû ïðåäñòàâëåíèÿ

Fl =
l∑

k=1

(−1)k
∑

γ∈(N2p)k:|γ|=l

−1

2πi

∮
Γδ

(Ω0(z)T )(γ)R0(z) dz, l = p, . . . , 2p− 1, (3.25)

Gl =
l∑

k=1

(−1)k
∑

γ∈(N2p)k:|γ|=l

−1

2πi

∮
Γδ

(Ω0(z)T )(γ)R0(z)z dz, l = 2p, . . . , 4p− 1. (3.26)

Ó÷òåì, ÷òî äëèíà êîíòóðà Γδ ðàâíà 2(1 + π)δ, à |z| 6 2δ ïðè z ∈ Γδ. Ó÷òåì òàêæå, ÷òî
δ 6 1/4, t0 6 1/2 è CT > 1. Òîãäà èç ðàâåíñòâ (3.21)�(3.24) è îöåíîê (3.9), (3.11)�(3.14) ëåãêî
ñëåäóþò òðåáóåìûå íåðàâåíñòâà (3.3)�(3.5). Àíàëîãè÷íûì îáðàçîì èç ïðåäñòàâëåíèé (3.25)
è (3.26) âûâîäÿòñÿ îöåíêè (3.6) è (3.7). �

� 4. Àïïðîêñèìàöèÿ ðåçîëüâåíòû îïåðàòîðà A(t)

4.1. Ïðåäâàðèòåëüíûå çàìå÷àíèÿ. Ìû ïðîäîëæàåì èçó÷àòü îïåðàòîðíîå ñåìåéñòâî
A(t) â ïðåäïîëîæåíèÿõ ïóíêòà 1.1. Íàëîæèì äîïîëíèòåëüíîå óñëîâèå íà îïåðàòîð A(t);
ñð. [Ve], [KuSu].

Óñëîâèå 4.1. Ïðè |t| 6 t0 ñïðàâåäëèâî íåðàâåíñòâî
A(t) > c∗t

2pI. (4.1)

Âñþäó íèæå ïðåäïîëàãàþòñÿ âûïîëíåííûìè óñëîâèÿ 1.1, 1.2, 1.3 è 4.1.
Óñëîâèå 4.1 ðàâíîñèëüíî òîìó, ÷òî

λj(t) > c∗t
2p, j = 1, . . . , n, |t| 6 t0.

Ñ ó÷åòîì (1.14)�(1.17) ýòî ïðèâîäèò ê íåðàâåíñòâàì

A(t)F (t) > c∗t
2pF (t), |t| 6 t0, (4.2)

G2p > c∗P. (4.3)

Èç (4.1) è (4.2) âûòåêàþò îöåíêè

‖(A(t) + ε2pI)−1‖ 6 (c∗t
2p + ε2p)−1, |t| 6 t0, ε > 0,

‖(A(t)F (t) + ε2pI)−1F (t)‖ 6 (c∗t
2p + ε2p)−1, |t| 6 t0, ε > 0. (4.4)

Çäåñü è äàëåå ìû îïóñêàåì èíäåêñ â îáîçíà÷åíèè îïåðàòîðíîé íîðìû â H. Íàêîíåö, îöåíêà
(4.3) âìåñòå ñ ñîîáðàæåíèåì, ÷òî îïåðàòîð G2p ñàìîñîïðÿæåí è íåòðèâèàëüíî äåéñòâóåò
òîëüêî â ïîäïðîñòðàíñòâå N (ñì. çàìå÷àíèå 2.10), ïðèâîäÿò ê íåðàâåíñòâó

‖(t2pG2p + ε2pI)−1P‖ 6 (c∗t
2p + ε2p)−1, |t| 6 t0, ε > 0. (4.5)

Êðîìå òîãî, èç (1.4) âûòåêàåò î÷åâèäíàÿ îöåíêà

‖(A(t) + ε2pI)−1 − (A(t)F (t) + ε2pI)−1F (t)‖ 6 (3δ)−1, |t| 6 t0, ε > 0. (4.6)

Îáîçíà÷èì äëÿ êðàòêîñòè:

R̂(t, ε) := (A(t)F (t) + ε2pI)−1F (t), |t| 6 t0, ε > 0; (4.7)

R̂0(t, ε) := (t2pG2p + ε2pI)−1P, |t| 6 t0, ε > 0. (4.8)
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Íàì ïîíàäîáèòñÿ òàêæå ñëåäóþùåå íåðàâåíñòâî, î÷åâèäíûì îáðàçîì âûòåêàþùåå èç (4.6):

‖(A(t) + ε2pI)−1 − R̂(t, ε)‖ 6 (3δ)−(J+1)/2pε−(2p−J−1), |t| 6 t0, ε > 0; J = 0, 1, . . . , 2p− 1.
(4.9)

Èç ðåçîëüâåíòíîãî òîæäåñòâà âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.

Ïðåäëîæåíèå 4.2. Ïðè |t| 6 t0 è ε > 0 äëÿ îïåðàòîðà (4.7) cïðàâåäëèâî ñîîòíîøåíèå

R̂(t, ε) = F (t)R̂0(t, ε) + R̂(t, ε)Φ(t, ε), (4.10)

ãäå

Φ(t, ε) = F (t)− P + (t2pG2p −A(t)F (t))R̂0(t, ε). (4.11)

Äîêàçàòåëüñòâî. Ïîñêîëüêó îïåðàòîð R̂(t, ε) êîììóòèðóåò ñ ïðîåêòîðîì F (t), òî

R̂(t, ε) = F (t)R̂(t, ε)P + R̂(t, ε)(F (t)− P ), |t| 6 t0, ε > 0. (4.12)

Â ñèëó ðåçîëüâåíòíîãî òîæäåñòâà èìååì

F (t)(R̂(t, ε)− R̂0(t, ε))P = F (t)((A(t)F (t) + ε2pI)−1 − (t2pG2p + ε2pI)−1)P =

= F (t)(A(t)F (t) + ε2pI)−1(t2pG2p −A(t)F (t))(t2pG2p + ε2pI)−1P, |t| 6 t0, ε > 0. (4.13)

Òåïåðü (4.10) âûòåêàåò èç (4.12), (4.13). �

Ïîëó÷èì îöåíêó äëÿ íîðìû îïåðàòîðà (4.11).

Ïðåäëîæåíèå 4.3. Ïðè |t| 6 t0 è ε > 0 îïåðàòîð Φ(t, ε), îïðåäåëåííûé ðàâåíñòâîì (4.11),
óäîâëåòâîðÿåò îöåíêå

‖Φ(t, ε)‖ 6 C3|t|, C3 = C(p)(1 + c−1
∗ )C2p+1

T . (4.14)

Äîêàçàòåëüñòâî. Â ñèëó (3.1), (3.2), (4.5) è (4.11) ïðè |t| 6 t0 è ε > 0 ñïðàâåäëèâî
íåðàâåíñòâî

‖Φ(t, ε)‖ 6 ‖F (t)− P‖+ ‖t2pG2p −A(t)F (t)‖‖R̂0(t, ε)‖

6 C(p)CT |t|+ C(p)C2p+1
T |t|2p+1(c∗t

2p + ε2p)−1.

Îñòàåòñÿ îöåíèòü âûðàæåíèå |t|2p+1(c∗t
2p + ε2p)−1 ÷åðåç c−1

∗ |t| è ó÷åñòü, ÷òî CT > 1. �

Ïðåäëîæåíèå 4.4. Ïðè |t| 6 t0 è ε > 0 ñïðàâåäëèâû ðàâåíñòâà

R̂(t, ε) = F (t)R̂0(t, ε)

J∑
k=0

Φk(t, ε) + R̂(t, ε)ΦJ+1(t, ε), J = 0, 1, . . . , 2p− 1, (4.15)

è îöåíêè

‖R̂(t, ε)ΦJ+1(t, ε)‖ 6 C(J)
4 ε−(2p−J−1), J = 0, 1, . . . , 2p− 1,

C
(J)
4 = CJ+1

3 c
−(J+1)/2p
∗ = C(p)c

−(J+1)/2p
∗ (1 + c−1

∗ )J+1C
(2p+1)(J+1)
T .

(4.16)

Äîêàçàòåëüñòâî. Ñîîòíîøåíèå (4.15) ïîëó÷àåòñÿ, åñëè ïðîèòåðèðîâàòü ðàâåíñòâî (4.10)
J + 1 ðàç. Èç îöåíîê (4.4) è (4.14) ñëåäóþò íåðàâåíñòâà

‖R̂(t, ε)ΦJ+1(t, ε)‖ 6 ‖R̂(t, ε)‖‖Φ(t, ε)‖J+1

6 CJ+1
3 |t|J+1(c∗t

2p + ε2p)−1 6 CJ+1
3 c

−(J+1)/2p
∗ ε−(2p−J−1), J = 0, 1, . . . , 2p− 1.

Îòñþäà âûòåêàåò (4.16). �



20

Â ñèëó ðàâåíñòâ (4.11), (3.20)�(3.22) ïðè |t| 6 t0 è ε > 0 äëÿ îïåðàòîð-ôóíêöèè Φ(t, ε)
ñïðàâåäëèâû ïðåäñòàâëåíèÿ

Φ(t, ε) = Φ
(N)
0 (t, ε) + Φ

(N)
∗ (t, ε), N = 2p+ 1, . . . , 4p− 1, (4.17)

Φ
(N)
0 (t, ε) := −

N∑
l=2p+1

tlGlR̂0(t, ε), N = 2p+ 1, . . . , 3p− 1, (4.18)

Φ
(N)
0 (t, ε) :=

N−2p∑
l=p

Flt
l −

N∑
l=2p+1

tlGlR̂0(t, ε), N = 3p, . . . , 4p− 1, (4.19)

Φ
(N)
∗ (t, ε) := F

(p−1)
∗ (t)−G(N)

∗ (t)R̂0(t, ε), N = 2p+ 1, . . . , 3p− 1, (4.20)

Φ
(N)
∗ (t, ε) := F

(N−2p)
∗ (t)−G(N)

∗ (t)R̂0(t, ε), N = 3p, . . . , 4p− 1. (4.21)

Ïðåäëîæåíèå 4.5. Ïðè |t| 6 t0 è ε > 0 ñïðàâåäëèâû îöåíêè

‖Φ(N)
0 (t, ε)‖ 6 C(N)

5 |t|, N = 2p+ 1, . . . , 4p− 1; C
(N)
5 = C(p)(1 + c−1

∗ )CNT ; (4.22)

‖Φ(N)
∗ (t, ε)‖ 6 C(N)

6 |t|N+1−2p, N = 2p+ 1, . . . , 4p− 1; C
(N)
6 = C(p)(1 + c−1

∗ )CN+1
T . (4.23)

Äîêàçàòåëüñòâî. Èç (4.18), (4.19) è íåðàâåíñòâ (3.6), (3.7), (4.5) ñ ó÷åòîì òîãî, ÷òî t0 6 1/2

è CT > 1, ñëåäóåò, ÷òî îïåðàòîð Φ
(N)
0 (t, ε) óäîâëåòâîðÿåò îöåíêå

‖Φ(N)
0 (t, ε)‖ 6 C(p)

(
δNC

N−2p
T |t|p + CNT |t|2p+1(c∗t

2p + ε2p)−1
)
, |t| 6 t0, ε > 0. (4.24)

Çäåñü δN = 0 ïðè N = 2p + 1, . . . , 3p − 1 è δN = 1 ïðè N = 3p, . . . , 4p − 1. Åñëè â ïðàâîé
÷àñòè (4.24) îöåíèòü |t|2p+1(c∗t

2p + ε2p)−1 ÷åðåç |t|c−1
∗ , à |t|p îöåíèòü ÷åðåç |t|, òî ïðèäåì ê

(4.22).
Àíàëîãè÷íûì îáðàçîì îöåíêà (4.23) âûâîäèòñÿ èç (4.20), (4.21), (3.20)�(3.22) è íåðàâåíñòâ

(3.3)�(3.5) è (4.5). �

Èç ñîîòíîøåíèé (4.17)�(4.23) íåòðóäíî âûâåñòè ñëåäóþùåå óòâåðæäåíèå.

Ïðåäëîæåíèå 4.6. Ïðè êàæäîì J = 1, . . . , 2p−1 è k = 1, . . . , J ñïðàâåäëèâû ñîîòíîøåíèÿ

F (t)R̂0(t, ε)Φk(t, ε) = F (t)R̂0(t, ε)
(

Φ
(2p+1+J−k)
0 (t, ε)

)k
+ Z

(J)
k (t, ε),

‖Z(J)
k (t, ε)‖ 6 C7(J, k)ε−(2p−J−1), C7(J, k) = C(p)c

−(J+1)/2p
∗ (1 + c−1

∗ )kC
k(2p+2+J−k)
T ,

(4.25)

ãäå |t| 6 t0 è ε > 0.

Äîêàçàòåëüñòâî. Ôèêñèðóåì J ∈ {1, . . . , 2p − 1} è k ∈ {1, . . . , J}. Äëÿ óäîáñòâà îáîçíà÷èì

Φ
(2p+1+J−k)
0 (t, ε) =: U1(t, ε), Φ

(2p+1+J−k)
∗ (t, ε) =: U2(t, ε). Â ñèëó (4.17) ñïðàâåäëèâî ðàâåíñòâî

Φk(t, ε) =
2∑

γ1=1

. . .
2∑

γk=1

Uγ1(t, ε) · . . . · Uγk(t, ε). (4.26)

Äëÿ êðàòêîñòè îáîçíà÷èì N2 := {1, 2},
Uγ(t, ε) := Uγ1(t, ε) · . . . · Uγk(t, ε), γ = (γ1, . . . , γk) ∈ (N2)k. (4.27)

Ñ ó÷åòîì (4.26), (4.27) ïðè |t| 6 t0, ε > 0 îïåðàòîð F (t)R̂0(t, ε)Φk(t, ε) ïðèíèìàåò âèä

F (t)R̂0(t, ε)Φk(t, ε) = F (t)R̂0(t, ε)
∑

γ∈(N2)k

Uγ(t, ε)

= F (t)R̂0(t, ε)Uk1 (t, ε) + F (t)R̂0(t, ε)
∑

γ∈(N2)k:
γ 6=(1,...,1)

Uγ(t, ε).
(4.28)



21

Äàëåå, èç (4.5), (4.8), (4.22), (4.23) è (4.27) ñëåäóåò, ÷òî ïðè γ ∈ (N2)k, γ 6= (1, . . . , 1),
ñïðàâåäëèâû îöåíêè∥∥F (t)R̂0(t, ε)Uγ(t, ε)

∥∥ 6 (C(p)(1 + c−1
∗ )C2p+2+J−k

T

)k
|t|J+1(c∗t

2p + ε2p)−1

6
(
C(p)(1 + c−1

∗ )C2p+2+J−k
T

)k
c
−(J+1)/2p
∗ ε−(2p−J−1), |t| 6 t0, ε > 0.

(4.29)
Òåïåðü èç (4.28) è (4.29) âûòåêàåò (4.25). �

Ïðåäëîæåíèÿ 4.4 è 4.6 íåìåäëåííî ïðèâîäÿò ê ñëåäóþùåìó óòâåðæäåíèþ.

Ïðåäëîæåíèå 4.7. Ïðè êàæäîì J = 1, . . . , 2p − 1 è ïðè |t| 6 t0, ε > 0 ñïðàâåäëèâî

ïðåäñòàâëåíèå

R̂(t, ε) = F (t)R̂0(t, ε) + F (t)R̂0(t, ε)

J∑
k=1

(
Φ

(2p+1+J−k)
0 (t, ε)

)k
+ Z

(J)
∗ (t, ε), (4.30)

ïðè÷åì ïîñëåäíåå ñëàãàåìîå â (4.30) óäîâëåòâîðÿåò îöåíêå

‖Z(J)
∗ (t, ε)‖ 6 C8(J)ε−(2p−J−1), C8(J) = C(p)c

−(J+1)/2p
∗ (1 + c−1

∗ )J+1C
(p+1+J/2)2

T . (4.31)

Ïîäûòîæèì ðåçóëüòàòû.

Ïðåäëîæåíèå 4.8. Ïðè |t| 6 t0, ε > 0 ñïðàâåäëèâû ïðåäñòàâëåíèÿ

R̂(t, ε) = R̂0(t, ε) + Z
(0)
∗∗ (t, ε), (4.32)

R̂(t, ε) = R̂0(t, ε) + R̂0(t, ε)
J∑
k=1

(
Φ

(2p+1+J−k)
0 (t, ε)

)k
+ Z

(J)
∗∗ (t, ε), J = 1, . . . , p− 1, (4.33)

R̂(t, ε) = (P + tpFp) R̂0(t, ε) + R̂0(t, ε)

p∑
k=1

(
Φ

(3p+1−k)
0 (t, ε)

)k
+ Z

(p)
∗∗ (t, ε), (4.34)

R̂(t, ε) =
(
P +

J∑
l=p

tlFl

)
R̂0(t, ε) +

(
P +

J−1∑
l=p

tlFl

)
R̂0(t, ε)

J∑
k=1

(
Φ

(2p+1+J−k)
0 (t, ε)

)k
+ Z

(J)
∗∗ (t, ε), J = p+ 1, . . . , 2p− 1.

(4.35)

Îñòàòî÷íûå ÷ëåíû Z
(J)
∗∗ (t, ε) óäîâëåòâîðÿþò îöåíêàì

‖Z(J)
∗∗ (t, ε)‖ 6 C9(J)ε−(2p−J−1), J = 0, 1, . . . , 2p− 1, (4.36)

ãäå

C9(0) = C(p)c
−1/2p
∗ (1 + c−1

∗ )C2p+1
T ;

C9(J) = C(p)c
−(J+1)/2p
∗ (1 + c−1

∗ )J+1C
(p+1+J/2)2

T , J = 1, . . . , 2p− 1.

Äîêàçàòåëüñòâî. Ðàâåíñòâî (4.32) ñ Z
(0)
∗∗ (t, ε) = (F (t) − P )R̂0(t, ε) + R̂(t, ε)Φ(t, ε) âûòåêàåò

èç (4.10). Â ñèëó (3.3), (4.4), (4.5) è (4.14) ïðè |t| 6 t0, ε > 0 ñïðàâåäëèâà îöåíêà

‖Z(0)
∗∗ (t, ε)‖ 6 C(p)

(
CpT |t|

p + (1 + c−1
∗ )C2p+1

T |t|
)

(c∗t
2p + ε2p)−1 6 C9(0)ε−(2p−1).

Ïðè J = 1, . . . , p− 1 ïðåäñòàâëåíèå (4.33) ñ

Z
(J)
∗∗ (t, ε) = (F (t)− P )R̂0(t, ε) + (F (t)− P )R̂0(t, ε)

J∑
k=1

(
Φ

(2p+1+J−k)
0 (t, ε)

)k
+ Z

(J)
∗ (t, ε)

ñëåäóåò èç (4.30). Â ýòîì ñëó÷àå îöåíêà (4.36) âûâîäèòñÿ èç (3.3), (4.5), (4.22) è (4.31).
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Àíàëîãè÷íî, ïðè J = p èç (4.30) ïîëó÷àåì ðàâåíñòâî (4.34) ñ

Z
(p)
∗∗ (t, ε) = (F (t)− P − tpFp)R̂0(t, ε) + (F (t)− P )R̂0(t, ε)

p∑
k=1

(
Φ

(3p+1−k)
0 (t, ε)

)k
+ Z

(p)
∗ (t, ε).

Îöåíêà (4.36) ïðè J = p ñëåäóåò èç (3.3), (3.4), (4.5), (4.22) è (4.31).
Íàêîíåö, â ñëó÷àå J = p+ 1, . . . , 2p− 1 ðàâåíñòâî (4.30) âëå÷åò ïðåäñòàâëåíèå (4.35) ïðè

Z
(J)
∗∗ (t, ε) = F

(J)
∗ (t)R̂0(t, ε) + F

(J−1)
∗ (t)R̂0(t, ε)

J∑
k=1

(
Φ

(2p+1+J−k)
0 (t, ε)

)k
+ Z

(J)
∗ (t, ε).

Òîãäà îöåíêà (4.36) ïîëó÷àåòñÿ â ñèëó (3.4), (4.5), (4.22) è (4.31). �

Ïðåäëîæåíèå 4.8 äàåò èñêîìûå àïïðîêñèìàöèè äëÿ R̂(t, ε). Íèæå ìû óïðîñòèì ýòè
àïïðîêñèìàöèè, ïåðåíîñÿ ÷àñòü ÷ëåíîâ â îñòàòîê.

4.2. Óïðîùåíèå àïïðîêñèìàöèè ðåçîëüâåíòû. Ñëó÷àé J = 1, . . . , p − 1. Íà÷íåì ñî

ñëó÷àÿ J = 1, . . . , p − 1. Òîãäà â àïïðîêñèìàöèè (4.33) ó÷àñòâóþò îïåðàòîðû Φ
(N)
0 (t, ε) ïðè

N 6 3p−1, çàäàííûå âûðàæåíèåì (4.18). Ââåäåì îáîçíà÷åíèå ÑM = {2p+1, . . . , 2p+1+M},
M ∈ Z+. Ïîäñòàâëÿÿ (4.18) â (4.33), ïîëó÷àåì

R̂(t, ε) = R̂0+

J∑
k=1

(−1)k
∑

γ∈(ÑJ−k)k

t|γ|R̂0Gγ1R̂0·. . .·R̂0GγkR̂0+Z
(J)
∗∗ (t, ε), J = 1, . . . , p−1, (4.37)

ãäå γ = (γ1, . . . , γk), |γ| = γ1+· · ·+γk. Äëÿ êðàòêîñòè çäåñü è íèæå ïèøåì R̂0 âìåñòî R̂0(t, ε).
Âî âíóòðåííåé ñóììå â ïðàâîé ÷àñòè (4.37) ñëàãàåìûå ñ |γ| > 2pk + J + 1 ìîæíî îòíåñòè â
îñòàòî÷íûé ÷ëåí, ïîñêîëüêó â ñèëó (3.7) è (4.5) ïðè |t| 6 t0 è ε > 0 âûïîëíåíî∥∥t|γ|R̂0Gγ1R̂0 · . . . · R̂0GγkR̂0

∥∥ 6 C(p)C
|γ|
T |t|

|γ| (c∗t2p + ε2p
)−k−1

6 C(p)C
|γ|
T

|t|2pk+J+1

(c∗t2p + ε2p)k+(J+1)/2p
· |t||γ|−2pk−J−1 · ε−(2p−J−1)

6 C(p)c
−k−(J+1)/2p
∗ C

|γ|
T ε−(2p−J−1).

Ìû ó÷ëè, ÷òî t0 6 1/2. Ëåãêî óáåäèòüñÿ, ÷òî ïðè γ ∈ (ÑJ−k)k âûïîëíåíî |γ| 6 (p+1+J/2)2.
Ñ ó÷åòîì (4.36) ïîëó÷àåì

R̂(t, ε)=R̂0 +
J∑
k=1

(−1)k
∑

γ∈(ÑJ−k)k:
|γ|62pk+J

t|γ|R̂0Gγ1R̂0 · . . . ·R̂0GγkR̂0 +Z
(J)
◦ (t, ε), J=1, . . . , p−1, (4.38)

ãäå ïðè |t| 6 t0 è ε > 0 îñòàòî÷íûé ÷ëåí ïîä÷èíåí îöåíêå

‖Z(J)
◦ (t, ε)‖ 6 C10(J)ε−(2p−J−1), J = 1, . . . , p− 1,

C10(J) = C(p)c
−(J+1)/2p
∗ (1 + c−1

∗ )J+1C
(p+1+J/2)2

T .
(4.39)

Ïóñòü s = 1, . . . , J . Âûäåëèì âî âíóòðåííåé ñóììå â ïðàâîé ÷àñòè (4.38) ÷ëåíû

îäèíàêîâîãî ïîðÿäêà: åñëè γ ∈ (ÑJ−k)k è |γ| = 2pk + s, òî â ñèëó (3.7) è (4.5) ïðè |t| 6 t0 è
ε > 0 âûïîëíåíî∥∥t|γ|R̂0Gγ1R̂0 · . . . · R̂0GγkR̂0

∥∥ 6 C(p)C2pk+s
T |t|2pk+s

(
c∗t

2p + ε2p
)−k−1

6 C(p)c
−k−s/2p
∗ C2pk+s

T ε−(2p−s).

Ïîñêîëüêó |γ| > 2pk + k, òî ðàâåíñòâî |γ| = 2pk + s ìîæåò âûïîëíÿòüñÿ ëèøü ïðè k 6 s.

Äàëåå, åñëè γ ∈ (ÑJ−k)k è õîòÿ áû îäíî γj > 2p+1+s−k+1, òî çàâåäîìî |γ| > 2pk+s+1 è
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ðàâåíñòâî |γ| = 2pk+s íå ìîæåò âûïîëíÿòüñÿ. Ñëåäîâàòåëüíî, ìóëüòèèíäåêñû γ ∈ (ÑJ−k)k,
äëÿ êîòîðûõ |γ| = 2pk + s, ïðèíàäëåæàò (Ñs−k)k. Ââåäåì îáîçíà÷åíèå

Ks(t, ε) :=

s∑
k=1

(−1)kt2pk+s
∑

γ∈(Ñs−k)k:
|γ|=2pk+s

R̂0Gγ1R̂0 · . . . · R̂0GγkR̂0, s = 1, . . . , p− 1. (4.40)

Îòìåòèì, ÷òî êîððåêòîðû Ks(t, ε) íå çàâèñÿò îò J , à îïðåäåëÿþòñÿ ÷èñëîì s.
Â èòîãå, èç (4.38)�(4.40) âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.

Ïðåäëîæåíèå 4.9. Ïðè êàæäîì J = 1, . . . , p − 1 è ïðè |t| 6 t0, ε > 0 ñïðàâåäëèâî

ïðåäñòàâëåíèå

R̂(t, ε) = R̂0(t, ε) +

J∑
s=1

Ks(t, ε) + Z
(J)
◦ (t, ε).

Çäåñü êîððåêòîðû Ks(t, ε), s = 1, . . . , p− 1, îïðåäåëåíû â (4.40) è ïîä÷èíåíû îöåíêàì

‖Ks(t, ε)‖ 6 C(p)c
−s/2p
∗ (1 + c−1

∗ )sC
(2p+1)s
T ε−(2p−s), s = 1, . . . , p− 1. (4.41)

Îñòàòî÷íûé ÷ëåí Z
(J)
◦ (t, ε) óäîâëåòâîðÿåò îöåíêå (4.39).

4.3. Ñëó÷àé J = p. Ðàññìîòðèì òåïåðü ñëó÷àé J = p íà îñíîâå ïðåäñòàâëåíèÿ (4.34). Â

ñóììå â ïðàâîé ÷àñòè (4.34) ïðè k > 2 ó÷àñòâóþò îïåðàòîðû Φ
(N)
0 (t, ε) ñN 6 3p−1, çàäàííûå

âûðàæåíèåì (4.18), à ïðè k = 1 ó÷àñòâóåò îïåðàòîð Φ
(3p)
0 (t, ε) âèäà

Φ
(3p)
0 (t, ε) = Fpt

p −
3p∑

l=2p+1

tlGlR̂0(t, ε), (4.42)

ñì. (4.19). Ïîäñòàâëÿÿ (4.18) è (4.42) â (4.34), ïîëó÷àåì

R̂(t, ε) = R̂0 + tpFpR̂0 + tpR̂0Fp +

p∑
k=1

(−1)k
∑

γ∈(Ñp−k)k

t|γ|R̂0Gγ1R̂0 · . . . · R̂0GγkR̂0 + Z
(p)
∗∗ (t, ε).

Ïî àíàëîãèè ñ (4.38), (4.39) âî âíóòðåííåé ñóììå ñïðàâà ìîæíî îñòàâèòü ëèøü ÷ëåíû ñ
|γ| 6 2pk + p, à îñòàëüíûå ÷ëåíû ïåðåíåñòè â îñòàòîê. Äàëåå, ãðóïïèðóÿ ÷ëåíû îäíîãî
ïîðÿäêà, ïðèõîäèì ê ñëåäóþùåìó óòâåðæäåíèþ.

Ïðåäëîæåíèå 4.10. Ïðè |t| 6 t0, ε > 0 ñïðàâåäëèâî ïðåäñòàâëåíèå

R̂(t, ε) = R̂0(t, ε) +

p∑
s=1

Ks(t, ε) + Z
(p)
◦ (t, ε).

Çäåñü êîððåêòîðû Ks(t, ε), s = 1, . . . , p−1, îïðåäåëåíû â (4.40) è ïîä÷èíåíû îöåíêàì (4.41).
Êîððåêòîð Kp(t, ε) çàäàí âûðàæåíèåì

Kp(t, ε) = tp(FpR̂0 + R̂0Fp) +

p∑
k=1

(−1)kt2pk+p
∑

γ∈(Ñp−k)k:

|γ|=2pk+p

R̂0Gγ1R̂0 · . . . · R̂0GγkR̂0 (4.43)

è óäîâëåòâîðÿåò îöåíêå

‖Kp(t, ε)‖ 6 C(p)c
−1/2
∗ (1 + c−1

∗ )pC
(2p+1)p
T ε−p, |t| 6 t0, ε > 0.

Ïðè |t| 6 t0 è ε > 0 îñòàòî÷íûé ÷ëåí Z
(p)
◦ (t, ε) óäîâëåòâîðÿåò îöåíêå

‖Z(p)
◦ (t, ε)‖ 6 C10(p)ε−(p−1),

C10(p) = C(p)c
−(p+1)/2p
∗ (1 + c−1

∗ )p+1C
(3p/2+1)2

T .
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4.4. Ñëó÷àé J = p+1, . . . , 2p−1. Îñòàåòñÿ ðàññìîòðåòü ñëó÷àé, êîãäà J = p+1, . . . , 2p−1,
íà îñíîâàíèè ïðåäñòàâëåíèÿ (4.35). Â ïîñëåäíåé ñóììå èç (4.35) ïðè k > J−p+2 ó÷àñòâóþò

îïåðàòîðû Φ
(N)
0 (t, ε) ñN 6 3p−1, çàäàííûå âûðàæåíèåì (4.18), à ïðè k 6 J−p+1 ó÷àñòâóþò

îïåðàòîðû Φ
(N)
0 (t, ε) ñ N > 3p âèäà (4.19). Ïåðåïèøåì (4.35) â âèäå

R̂(t, ε)=R̂0(t, ε)+
J∑
l=p

tlFlR̂0(t, ε)+I(J)
1 (t, ε)+I(J)

2 (t, ε)+Z
(J)
∗∗ (t, ε), J=p+1, . . . , 2p−1, (4.44)

I(J)
1 (t, ε) :=

(
P +

J−1∑
l=p

tlFl

)
R̂0(t, ε)

J−p+1∑
k=1

(
Φ

(2p+1+J−k)
0 (t, ε)

)k
, (4.45)

I(J)
2 (t, ε) :=

(
P +

J−1∑
l=p

tlFl

)
R̂0(t, ε)

J∑
k=J−p+2

(
Φ

(2p+1+J−k)
0 (t, ε)

)k
. (4.46)

Ïîäñòàâëÿÿ (4.18) â (4.46), ïðåîáðàçóåì âûðàæåíèå äëÿ I(J)
2 (t, ε):

I(J)
2 (t, ε) =

(
P +

J−1∑
l=p

tlFl

) J∑
k=J−p+2

(−1)k
∑

γ∈(ÑJ−k)k

t|γ|R̂0Gγ1R̂0 · . . . · R̂0GγkR̂0. (4.47)

Ïóñòü p 6 l 6 J −1, J −p+ 2 6 k 6 J è γ ∈ (ÑJ−k)k. Ñ ó÷åòîì (3.6), (3.7) è (4.5) ïðè |t| 6 t0
è ε > 0 ñïðàâåäëèâà îöåíêà∥∥tl+|γ|FlR̂0Gγ1R̂0 · . . . · R̂0GγkR̂0

∥∥ 6 C(p)C
l+|γ|
T |t|l+|γ|(c∗t2p + ε2p)−k−1

= C(p)C
l+|γ|
T · |t|2pk+J+1

(c∗t2p + ε2p)k+(J+1)/2p
· 1

(c∗t2p + ε2p)1−(J+1)/2p
· |t|l+|γ|−2pk−J−1

6 C(p)c
−k−(J+1)/2p
∗ C

l+|γ|
T ε−(2p−J−1).

(4.48)

Ìû ó÷ëè, ÷òî ïðè ñäåëàííûõ îãðàíè÷åíèÿõ íà l, k è γ âûïîëíåíî l + |γ| − 2pk − J − 1 > 1,

à ïîòîìó |t|l+|γ|−2pk−J−1 6 1 ïðè |t| 6 t0. Ñëåäîâàòåëüíî, âûðàæåíèå â ñêîáêàõ â (4.47)
ìîæíî çàìåíèòü íà P â ïðåäåëàõ äîïóñòèìîé ïîãðåøíîñòè (âûäåëÿÿ îñòàòî÷íûé ÷ëåí).
Êðîìå òîãî, êàê è ïðåæäå (ñì. (4.38), (4.39)), âî âíóòðåííåé ñóììå â ïðàâîé ÷àñòè (4.47)
ìîæíî îñòàâèòü ëèøü ÷ëåíû ñ |γ| 6 2pk+J , ïåðåíîñÿ îñòàâøèåñÿ ÷ëåíû â îñòàòîê. Â èòîãå
ïðèõîäèì ê ïðåäñòàâëåíèþ

I(J)
2 (t, ε)=

J∑
k=J−p+2

(−1)k
∑

γ∈(ÑJ−k)k:
|γ|62pk+J

t|γ|R̂0Gγ1R̂0 · . . . · R̂0GγkR̂0 + Z
(J)
† (t, ε), J=p+1, . . . , 2p−1,

(4.49)
ïðè÷åì ïðè |t| 6 t0, ε > 0 îñòàòî÷íûé ÷ëåí óäîâëåòâîðÿåò îöåíêå

‖Z(J)
† (t, ε)‖ 6 C†(J)ε−(2p−J−1), J = p+ 1, . . . , 2p− 1,

C†(J) = C(p)c
−(J+1)/2p
∗ (1 + c−1

∗ )JC
(p+1+J/2)2

T .
(4.50)

Ðàññìîòðèì òåïåðü îïåðàòîð I(J)
1 (t, ε). Ïðè 1 6 k 6 J − p+ 1 îáîçíà÷èì äëÿ êðàòêîñòè

F
(J−k)
0 (t) :=

J−k+1∑
l=p

Flt
l; N (J−k)(t) := −

2p+1+J−k∑
l=2p+1

Glt
l. (4.51)

Ñîãëàñíî (4.19) èìååì

Φ
(2p+1+J−k)
0 (t, ε) = F

(J−k)
0 (t) +N (J−k)(t)R̂0(t, ε), k = 1, . . . , J − p+ 1. (4.52)



25

Èç îöåíîê (3.6), (3.7) è (4.5) ïðè |t| 6 t0, ε > 0 âûòåêàþò íåðàâåíñòâà

‖F (J−k)
0 (t)‖ 6 C(p)CJ−k+1

T |t|p, ‖N (J−k)(t)R̂0(t, ε)‖ 6 C(p)c−1
∗ C2p+1+J−k

T |t|. (4.53)

Ïîäñòàâëÿÿ (4.52) â (4.45), ïîëó÷àåì

I(J)
1 (t, ε) =

(
P +

J−1∑
l=p

tlFl

)
R̂0(t, ε)

J−p+1∑
k=1

(
F

(J−k)
0 (t) +N (J−k)(t)R̂0(t, ε)

)k
. (4.54)

Èç ïðåäñòàâëåíèÿ (4.54) è íåðàâåíñòâ (3.6), (4.5), (4.53) ïî àíàëîãèè ñ äîêàçàòåëüñòâîì
ïðåäëîæåíèÿ 4.6 âûâîäèì

I(J)
1 (t, ε) = Ĩ(J)

1 (t, ε) + Î(J)
1 (t, ε) + Z

(J)
+ (t, ε), (4.55)

Ĩ(J)
1 (t, ε) := R̂0(t, ε)

J−p+1∑
k=1

(
F

(J−k)
0 (t) +N (J−k)(t)R̂0(t, ε)

)k
, (4.56)

Î(J)
1 (t, ε) :=

(J−1∑
l=p

tlFl

)
R̂0(t, ε)

J−p+1∑
k=1

(
N (J−k)(t)R̂0(t, ε)

)k
, (4.57)

ãäå îñòàòî÷íûé ÷ëåí ïðè |t| 6 t0 è ε > 0 ïîä÷èíåí îöåíêå

‖Z(J)
+ (t, ε)‖ 6 C+(J)ε−(2p−J−1), C+(J) = C(p)c

−(J+1)/2p
∗ (1 + c−1

∗ )J−p+1C
(p+1+J/2)2

T . (4.58)

Ïîäñòàâëÿÿ (4.51) â (4.57), ïðåîáðàçóåì ÷ëåí Î(J)
1 (t, ε):

Î(J)
1 (t, ε) =

J−p+1∑
k=1

(−1)k
J−1∑
l=p

∑
γ∈(ÑJ−k)k

tl+|γ|FlR̂0Gγ1R̂0 · . . . · R̂0GγkR̂0. (4.59)

Àíàëîãè÷íî (4.48), âî âíóòðåííåé ñóììå ñïðàâà ñëàãàåìûå ñ l + |γ| > 2pk + J + 1 ìîæíî
îòíåñòè â îñòàòî÷íûé ÷ëåí, ïîñêîëüêó ïðè |t| 6 t0 è ε > 0 âûïîëíåíî∥∥tl+|γ|FlR̂0Gγ1R̂0 · . . . · R̂0GγkR̂0

∥∥ 6 C(p)C
l+|γ|
T |t|l+|γ|

(
c∗t

2p + ε2p
)−k−1

6 C(p)c
−k−(J+1)/2p
∗ C

l+|γ|
T ε−(2p−J−1).

(4.60)

Ïðè k = J−p+1 àâòîìàòè÷åñêè âûïîëíåíî l+ |γ| > 2pk+J+1 çà ñ÷åò l > p è |γ| > 2pk+k.
Ïîýòîìó ÷ëåíû ñ k = J − p+ 1 ìîæíî îòíåñòè â îñòàòîê. Äàëåå, ïîñêîëüêó |γ| > 2pk+ k, òî
íåðàâåíñòâî l + |γ| 6 2pk + J ìîæåò âûïîëíÿòüñÿ ëèøü ïðè l 6 J − k. Íàêîíåö, åñëè õîòÿ
áû îäíî γj > p + 2 + J − k, òî çàâåäîìî l + |γ| > 2pk + J + 1. Ñëåäîâàòåëüíî, íåðàâåíñòâî

l + |γ| 6 2pk + J ìîæåò âûïîëíÿòüñÿ ëèøü ïðè γ ∈ (ÑJ−p−k)k. Òàêèì îáðàçîì, èç (4.59)
âûòåêàåò ïðåäñòàâëåíèå

Î(J)
1 (t, ε) =

J−p∑
k=1

(−1)k
J−k∑
l=p

∑
γ ∈ (ÑJ−p−k)k :
l + |γ| 6 2pk+J

tl+|γ|FlR̂0Gγ1R̂0 · . . . · R̂0GγkR̂0 + Ẑ
(J)
+ (t, ε). (4.61)

Îñòàòî÷íûé ÷ëåí ïðè |t| 6 t0 è ε > 0 ïîä÷èíåí îöåíêå

‖Ẑ(J)
+ (t, ε)‖ 6 Ĉ+(J)ε−(2p−J−1), Ĉ+(J) = C(p)c

−(J+1)/2p
∗ (1 + c−1

∗ )J−p+1C
(p+1+J/2)2

T . (4.62)

Îñòàåòñÿ ðàññìîòðåòü ÷ëåí Ĩ(J)
1 (t, ε). Ïðè 1 6 k 6 J−p+1 ïðåäñòàâèì îïåðàòîð N (J−k)(t)

â âèäå ñóììû äâóõ ñëàãàåìûõ:

N (J−k)(t) = N0(t) +N
(J−k)
1 (t), N0(t) := −

3p−1∑
l=2p+1

Glt
l, N

(J−k)
1 (t) := −

2p+1+J−k∑
l=3p

Glt
l. (4.63)
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Èç îöåíîê (3.7) è (4.5) ïðè |t| 6 t0, ε > 0 âûòåêàþò íåðàâåíñòâà

‖N0(t)R̂0(t, ε)‖ 6 C(p)c−1
∗ C3p−1

T |t|, ‖N (J−k)
1 (t)R̂0(t, ε)‖ 6 C(p)c−1

∗ C2p+1+J−k
T |t|p. (4.64)

Äëÿ óäîáñòâà âûäåëèì â (4.56) ñëàãàåìîå ñ k = 1:

Ĩ(J)
1 (t, ε) = R̂0(t, ε)F

(J−1)
0 (t) + R̂0(t, ε)N (J−1)(t)R̂0(t, ε) + I(J)

3 (t, ε),

I(J)
3 (t, ε) := R̂0(t, ε)

J−p+1∑
k=2

(
F

(J−k)
0 (t) +N0(t)R̂0(t, ε) +N

(J−k)
1 (t)R̂0(t, ε)

)k
.

(4.65)

Â ñèëó (4.51) ïåðâûå äâà ñëàãàåìûõ ìîæíî çàïèñàòü â âèäå

R̂0(t, ε)F
(J−1)
0 (t) + R̂0(t, ε)N (J−1)(t)R̂0(t, ε)

=
J∑
l=p

tlR̂0(t, ε)Fl −
2p+J∑
l=2p+1

tlR̂0(t, ε)GlR̂0(t, ε).
(4.66)

Ïî àíàëîãèè ñ äîêàçàòåëüñòâîì ïðåäëîæåíèÿ 4.6 ñ ïîìîùüþ îöåíîê (4.5), (4.53) è (4.64)
ïðîâåðÿåòñÿ ñëåäóþùåå óòâåðæäåíèå.

Ïðåäëîæåíèå 4.11. Ïðè |t| 6 t0, ε > 0 ñïðàâåäëèâî ïðåäñòàâëåíèå

I(J)
3 (t, ε) = R̂0

J−p+1∑
k=2

(
N0(t)R̂0

)k
+

+ R̂0

J−p+1∑
k=2

k−1∑
j=0

(
N0(t)R̂0

)j (
F

(J−k)
0 (t) +N

(J−k)
1 (t)R̂0

)(
N0(t)R̂0

)k−1−j
+ Z̃

(J)
+ (t, ε).

(4.67)

Îñòàòî÷íûé ÷ëåí ïðè |t| 6 t0, ε > 0 ïîä÷èíåí îöåíêå

‖Z̃(J)
+ (t, ε)‖ 6 C̃+(J)ε−(2p−J−1), C̃+(J) = C(p)c

−(J+1)/2p
∗ (1 + c−1

∗ )J−p+1C
(p+1+J/2)2

T . (4.68)

Â ñèëó (1.20), (2.40), (4.8), (4.51) è (4.63) ñïðàâåäëèâû ñîîòíîøåíèÿ PF
(J−k)
0 (t)P = 0,

N0(t) = PN0(t)P , R̂0(t, ε) = PR̂0(t, ε)P , ñ ó÷åòîì êîòîðûõ ïðåäñòàâëåíèå (4.67) ïðèíèìàåò
âèä

I(J)
3 (t, ε) = R̂0

J−p+1∑
k=2

(
N0(t)R̂0

)k
+ R̂0

J−p+1∑
k=2

(
N0(t)R̂0

)k−1
F

(J−k)
0 (t)

+ R̂0

J−p+1∑
k=2

k−1∑
j=0

(
N0(t)R̂0

)j
N

(J−k)
1 (t)R̂0

(
N0(t)R̂0

)k−1−j
+ Z̃

(J)
+ (t, ε)

=: I(J)
4 (t, ε) + I(J)

5 (t, ε) + I(J)
6 (t, ε) + Z̃

(J)
+ (t, ε).

(4.69)

Çäåñü ââåäåíû îáîçíà÷åíèÿ I(J)
4 (t, ε), I(J)

5 (t, ε), I(J)
6 (t, ε) äëÿ ïåðâûõ òðåõ ñëàãàåìûõ.

Èç (4.63) ñëåäóåò, ÷òî

I(J)
4 (t, ε) =

J−p+1∑
k=2

(−1)k
∑

γ∈(Ñp−2)k

t|γ|R̂0Gγ1R̂0 · . . . · R̂0GγkR̂0.

Ïî àíàëîãèè ñ (4.38), (4.39) âî âíóòðåííåé ñóììå ñïðàâà ìîæíî îñòàâèòü ëèøü ÷ëåíû ñ
|γ| 6 2pk + J , à îñòàëüíûå ÷ëåíû ïåðåíåñòè â îñòàòîê:

I(J)
4 (t, ε) =

J−p+1∑
k=2

(−1)k
∑

γ∈(Ñp−2)k:
|γ|62pk+J

t|γ|R̂0Gγ1R̂0 · . . . · R̂0GγkR̂0 + Z
(J)
[ (t, ε). (4.70)
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Îñòàòî÷íûé ÷ëåí ïðè |t| 6 t0, ε > 0 ïîä÷èíåí îöåíêå

‖Z(J)
[ (t, ε)‖ 6 C[(J)ε−(2p−J−1), C[(J) = C(p)c

−(J+1)/2p
∗ (1 + c−1

∗ )J−p+1C
(p+1+J/2)2

T . (4.71)

Äàëåå, èç (4.51) è (4.63) âûòåêàåò ïðåäñòàâëåíèå äëÿ ÷ëåíà I(J)
5 (t, ε):

I(J)
5 (t, ε) =

J−p+1∑
k=2

(−1)k−1
J−k+1∑
l=p

∑
γ∈(Ñp−2)k−1

tl+|γ|R̂0Gγ1R̂0 · . . . · R̂0Gγk−1
R̂0Fl =

=

J−p∑
k=1

(−1)k
J−k∑
l=p

∑
γ∈(Ñp−2)k

tl+|γ|R̂0Gγ1R̂0 · . . . · R̂0GγkR̂0Fl.

(4.72)

Â ïîñëåäíåì ðàâåíñòâå âûïîëíåíà çàìåíà çíà÷êà ñóììèðîâàíèÿ (k − 1 7→ k). Àíàëîãè÷íî
(4.60), (4.61) ïðîâåðÿåòñÿ ïðåäñòàâëåíèå

I(J)
5 (t, ε)=

J−p∑
k=1

(−1)k
J−k∑
l=p

∑
γ ∈ (ÑJ−p−k)k :
l + |γ| 6 2pk+J

tl+|γ|R̂0Gγ1R̂0 · . . . · R̂0GγkR̂0Fl + Z
(J)
[[ (t, ε). (4.73)

Îñòàòî÷íûé ÷ëåí ïðè |t| 6 t0, ε > 0 ïîä÷èíåí îöåíêå

‖Z(J)
[[ (t, ε)‖ 6 C[[(J)ε−(2p−J−1), C[[(J) = C(p)c

−(J+1)/2p
∗ (1 + c−1

∗ )J−pC
(p+1+J/2)2

T . (4.74)

Ïðåîáðàçóåì òåïåðü I(J)
6 (t, ε) ñ ïîìîùüþ (4.63):

I(J)
6 (t, ε) =

J−p+1∑
k=2

(−1)k
2p+1+J−k∑

i=3p

k−1∑
j=0

∑
γ∈(Ñp−2)k−1

ti+|γ|Ξ
(k)
i,j,γ(t, ε),

Ξ
(k)
i,0,γ(t, ε) := R̂0GiR̂0Gγ1R̂0 · . . . · R̂0Gγk−1

R̂0,

Ξ
(k)
i,k−1,γ(t, ε) := R̂0Gγ1R̂0 · . . . · R̂0Gγk−1

R̂0GiR̂0,

Ξ
(k)
i,j,γ(t, ε) := R̂0Gγ1R̂0 · . . . · R̂0Gγj R̂0GiR̂0Gγj+1R̂0 · . . . · R̂0Gγk−1

R̂0,

k > 3, j = 1, . . . , k − 2.

(4.75)

Êàê è ïðåæäå, ñëàãàåìûå ñ i+ |γ| > 2pk + J + 1 ìîæíî îòíåñòè â îñòàòî÷íûé ÷ëåí:

I(J)
6 (t, ε) =

J−p+1∑
k=2

(−1)k
2p+1+J−k∑

i=3p

k−1∑
j=0

∑
γ∈(Ñp−2)k−1:
i+|γ|62pk+J

ti+|γ|Ξ
(k)
i,j,γ(t, ε) + Z

(J)
[[[ (t, ε). (4.76)

Îñòàòî÷íûé ÷ëåí ïðè |t| 6 t0, ε > 0 ïîä÷èíåí îöåíêå

‖Z(J)
[[[ (t, ε)‖ 6 C[[[(J)ε−(2p−J−1), C[[[(J) = C(p)c

−(J+1)/2p
∗ (1 + c−1

∗ )J−p+1C
(p+1+J/2)2

T . (4.77)
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Êîìáèíèðóÿ (4.44), (4.49), (4.55), (4.61), (4.65), (4.66), (4.69), (4.70), (4.73), (4.76),
ïðèõîäèì ê ïðåäñòàâëåíèþ

R̂(t, ε) = R̂0 +

J∑
l=p

tl
(
FlR̂0 + R̂0Fl

)
−

2p+J∑
l=2p+1

tlR̂0GlR̂0+

+

J−p+1∑
k=2

(−1)k
∑

γ∈(Ñp−2)k:
|γ|62pk+J

t|γ|R̂0Gγ1R̂0 · . . . · R̂0GγkR̂0+

+

J∑
k=J−p+2

(−1)k
∑

γ∈(ÑJ−k)k:
|γ|62pk+J

t|γ|R̂0Gγ1R̂0 · . . . · R̂0GγkR̂0+

+

J−p∑
k=1

(−1)k
J−k∑
l=p

∑
γ∈(ÑJ−p−k)k:

l+|γ|62pk+J

tl+|γ|FlR̂0Gγ1R̂0 · . . . · R̂0GγkR̂0+

+

J−p∑
k=1

(−1)k
J−k∑
l=p

∑
γ∈(ÑJ−p−k)k:

l+|γ|62pk+J

tl+|γ|R̂0Gγ1R̂0 · . . . · R̂0GγkR̂0Fl+

+

J−p+1∑
k=2

(−1)k
2p+1+J−k∑

i=3p

k−1∑
j=0

∑
γ∈(Ñp−2)k−1:
i+|γ|62pk+J

ti+|γ|Ξ
(k)
i,j,γ(t, ε) + Z

(J)
◦ (t, ε).

(4.78)

Çäåñü

Z
(J)
◦ (t, ε) = Z

(J)
∗∗ + Z

(J)
† + Z

(J)
+ + Ẑ

(J)
+ + Z̃

(J)
+ + Z

(J)
[ + Z

(J)
[[ + Z

(J)
[[[ .

Â ñèëó (4.36), (4.50), (4.58), (4.62), (4.68), (4.71), (4.74), (4.77) ïðè |t| 6 t0, ε > 0 ñïðàâåäëèâà
îöåíêà

‖Z(J)
◦ (t, ε)‖ 6 C10(J)ε−(2p−J−1), J = p+ 1, . . . , 2p− 1,

C10(J) = C(p)c
−(J+1)/2p
∗ (1 + c−1

∗ )J+1C
(p+1+J/2)2

T .
(4.79)

Âûäåëèì â (4.78) ÷ëåíû îäíîãî ïîðÿäêà O(ε−(2p−s)), s = 1, . . . , J . Ïðè s = 1, . . . , p
ïîëó÷àòñÿ ïðåæíèå êîððåêòîðû Ks(t, ε), îïðåäåëåííûå â (4.40), (4.43). Ïðè s = p+ 1, . . . , J
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îïðåäåëèì êîððåêòîðû

Ks(t, ε) = ts
(
FsR̂0 + R̂0Fs

)
− t2p+sR̂0G2p+sR̂0 +K′s(t, ε) +K′′s (t, ε) +K′′′s (t, ε), (4.80)

K′s(t, ε) :=

J−p+1∑
k=2

(−1)kt2pk+s
∑

γ∈(Ñp−2)k:
|γ|=2pk+s

R̂0Gγ1R̂0 · . . . · R̂0GγkR̂0+

+

J∑
k=J−p+2

(−1)kt2pk+s
∑

γ∈(ÑJ−k)k:
|γ|=2pk+s

R̂0Gγ1R̂0 · . . . · R̂0GγkR̂0,

(4.81)

K′′s (t, ε) :=

J−p∑
k=1

(−1)kt2pk+s
J−k∑
l=p

∑
γ∈(ÑJ−p−k)k:

l+|γ|=2pk+s

FlR̂0Gγ1R̂0 · . . . · R̂0GγkR̂0+

+

J−p∑
k=1

(−1)kt2pk+s
J−k∑
l=p

∑
γ∈(ÑJ−p−k)k:

l+|γ|=2pk+s

R̂0Gγ1R̂0 · . . . · R̂0GγkR̂0Fl,

(4.82)

K′′′s (t, ε) :=

J−p+1∑
k=2

(−1)kt2pk+s
2p+1+J−k∑

i=3p

k−1∑
j=0

∑
γ∈(Ñp−2)k−1:
i+|γ|=2pk+s

Ξ
(k)
i,j,γ(t, ε). (4.83)

Çäåñü îïåðàòîðû Ξ
(k)
i,j,γ(t, ε) îïðåäåëåíû â (4.75). Óáåäèìñÿ, ÷òî êîððåêòîðû

K′s(t, ε),K′′s (t, ε),K′′′s (t, ε) íå çàâèñÿò îò J , à çàâèñÿò ëèøü îò s.
Â (4.81), ïîñêîëüêó |γ| > 2pk + k, òî ðàâåíñòâî |γ| = 2pk + s ìîæåò âûïîëíÿòüñÿ ëèøü

ïðè k 6 s. Äàëåå, åñëè õîòÿ áû îäíî γj > 2p + 1 + s − k + 1, òî çàâåäîìî |γ| > 2pk + s + 1
è ðàâåíñòâî |γ| = 2pk + s íå ìîæåò âûïîëíÿòüñÿ. Ïîýòîìó ïðè óñëîâèè |γ| = 2pk + s èìååì

γ ∈ (Ñs−k)k. Íàêîíåö, ïðè k > s − p + 2 óñëîâèå γ ∈ (Ñp−2)k, |γ| = 2pk + s, ðàâíîñèëüíî

óñëîâèþ γ ∈ (Ñs−k)k, |γ| = 2pk + s. Òàêèì îáðàçîì, êîððåêòîð K′s(t, ε) ìîæíî çàïèñàòü â
âèäå

K′s(t, ε) =

s−p+1∑
k=2

(−1)kt2pk+s
∑

γ∈(Ñp−2)k:
|γ|=2pk+s

R̂0Gγ1R̂0 · . . . · R̂0GγkR̂0+

+

s∑
k=s−p+2

(−1)kt2pk+s
∑

γ∈(Ñs−k)k:
|γ|=2pk+s

R̂0Gγ1R̂0 · . . . · R̂0GγkR̂0.

(4.84)

Äàëåå, â (4.82), ïîñêîëüêó l + |γ| > p + 2pk + k, òî ðàâåíñòâî l + |γ| = 2pk + s ìîæåò
âûïîëíÿòüñÿ ëèøü ïðè k 6 s− p. Äàëåå, â ñèëó l+ 2pk + k 6 l+ |γ| = 2pk + s âûïîëíÿåòñÿ
îãðàíè÷åíèå l 6 s− k. Íàêîíåö, åñëè õîòÿ áû îäíî γj > 2p+ 1 + s− p− k + 1, òî çàâåäîìî
l+ |γ| > 2pk+ s+ 1. Ñëåäîâàòåëüíî, ðàâåíñòâî l+ |γ| = 2pk+ s âîçìîæíî ëèøü ïðè óñëîâèè
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γ ∈ (Ñs−p−k)k. Òàêèì îáðàçîì, êîððåêòîð K′′s (t, ε) ïðèíèìàåò âèä

K′′s (t, ε) =

s−p∑
k=1

(−1)kt2pk+s
s−k∑
l=p

∑
γ∈(Ñs−p−k)k:

l+|γ|=2pk+s

FlR̂0Gγ1R̂0 · . . . · R̂0GγkR̂0+

+

s−p∑
k=1

(−1)kt2pk+s
s−k∑
l=p

∑
γ∈(Ñs−p−k)k:

l+|γ|=2pk+s

R̂0Gγ1R̂0 · . . . · R̂0GγkR̂0Fl.

(4.85)

Íàêîíåö, â (4.83), ïîñêîëüêó i+ |γ| > 3p+(2p+1)(k−1), òî ðàâåíñòâî i+ |γ| = 2pk+s ìîæåò
âûïîëíÿòüñÿ ëèøü ïðè k 6 s − p + 1. Äàëåå, â ñèëó i + (2p + 1)(k − 1) 6 i + |γ| = 2pk + s
âûïîëíåíî îãðàíè÷åíèå i 6 2p+ 1 + s− k. Ñëåäîâàòåëüíî,

K′′′s (t, ε) :=

s−p+1∑
k=2

(−1)kt2pk+s
2p+1+s−k∑

i=3p

k−1∑
j=0

∑
γ∈(Ñp−2)k−1:
i+|γ|=2pk+s

Ξ
(k)
i,j,γ(t, ε). (4.86)

Ïîëó÷åííûå ïðåäñòàâëåíèÿ (4.84)�(4.86) ïîêàçûâàþò, ÷òî êîððåêòîðû K′s(t, ε), K′′s (t, ε),
K′′′s (t, ε) îïðåäåëÿþòñÿ ÷èñëîì s è íå çàâèñÿò îò J .
Ïîäûòîæèì ðåçóëüòàòû.

Ïðåäëîæåíèå 4.12. Ïðè êàæäîì J = p + 1, . . . , 2p − 1 è ïðè |t| 6 t0, ε > 0 ñïðàâåäëèâû

ïðåäñòàâëåíèÿ

R̂(t, ε) = R̂0(t, ε) +

J∑
s=1

Ks(t, ε) + Z
(J)
◦ (t, ε). (4.87)

Êîððåêòîðû Ks(t, ε) ïðè s = 1, . . . , p îïðåäåëåíû â (4.40) è (4.43), à ïðè s = p+ 1, . . . , 2p− 1
êîððåêòîðû Ks(t, ε) îïðåäåëåíû ñîãëàñíî (4.80), (4.84)�(4.86). Âûïîëíåíû îöåíêè

‖Ks(t, ε)‖ 6 C(p)c
−s/2p
∗ (1 + c−1

∗ )sC
(2p+1)s
T ε−(2p−s), s = 1, . . . , 2p− 1. (4.88)

Îñòàòî÷íûé ÷ëåí Z
(J)
◦ (t, ε) óäîâëåòâîðÿåò îöåíêå (4.79).

4.5. Èòîãîâûé ðåçóëüòàò. Êîìáèíèðóÿ ñîîòíîøåíèÿ (4.32), (4.36), ïðåäëîæåíèÿ 4.9, 4.10,
4.12 è ó÷èòûâàÿ (4.9), ìû ïðèõîäèì ê ñëåäóþùåìó èòîãîâîìó ðåçóëüòàòó.

Òåîðåìà 4.13. Ïóñòü îïåðàòîðíûé ïó÷îê A(t) îïðåäåëåí â ïóíêòå 1.1, ïðè÷åì âûïîëíåíû

óñëîâèÿ 1.1, 1.2, 1.3 è 4.1. Òîãäà ïðè |t| 6 t0 è ε > 0 ñïðàâåäëèâû ïðåäñòàâëåíèÿ

(A(t) + ε2pI)−1 = R̂0(t, ε) + Z(0)(t, ε),

(A(t) + ε2pI)−1 = R̂0(t, ε) +
J∑
s=1

Ks(t, ε) + Z(J)(t, ε), J = 1, . . . , 2p− 1. (4.89)

Îïåðàòîð R̂0(t, ε) îïðåäåëåí â (4.8). Êîððåêòîðû Ks(t, ε) ïðè s = 1, . . . , p, îïðåäåëåíû â

(4.40) è (4.43), à ïðè s = p+ 1, . . . , 2p− 1 êîððåêòîðû Ks(t, ε) îïðåäåëåíû ñîãëàñíî (4.80),
(4.84)�(4.86). Âûïîëíåíû îöåíêè (4.88). Îñòàòî÷íûå ÷ëåíû ïîä÷èíåíû îöåíêàì

‖Z(J)(t, ε)‖ 6 C(J)ε−(2p−J−1), |t| 6 t0, ε > 0, J = 0, 1, . . . , 2p− 1,

C(0) = (3δ)−1/2p + C(p)c
−1/2p
∗ (1 + c−1

∗ )C2p+1
T ,

C(J) = (3δ)−(J+1)/2p + C(p)c
−(J+1)/2p
∗ (1 + c−1

∗ )J+1C
(p+1+J/2)2

T , J = 1, . . . , 2p− 1.

×èñëî t0 ïîä÷èíåíî óñëîâèþ (1.3), ïîñòîÿííàÿ CT îïðåäåëåíà â (3.9), c∗ � ïîñòîÿííàÿ èç

óñëîâèÿ 4.1, C(p) � íåêîòîðàÿ ïîñòîÿííàÿ, çàâèñÿùàÿ òîëüêî îò p.
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Çàìå÷àíèå 4.14. 1◦. Îòìåòèì, ÷òî àïïðîêñèìàöèè ðåçîëüâåíòû èç òåîðåìû 4.13
èìåþò ñàìîñîïðÿæåííûé âèä, ïîñêîëüêó R̂0(t, ε)∗ = R̂0(t, ε) è Ks(t, ε)∗ = Ks(t, ε), s =
1, . . . , 2p− 1.
2◦. Ïðè J = 2p − 1 àïïðîêñèìàöèÿ (4.89) íàèáîëåå òî÷íàÿ, ïîãðåøíîñòü èìååò ïîðÿäîê

O(1). Ýòî ïðåäåëüíàÿ òî÷íîñòü, êîòîðóþ ìîæíî ïîëó÷èòü ñ ïîìîùüþ àíàëèòè÷åñêîé

òåîðèè âîçìóùåíèé âáëèçè êðàÿ ñïåêòðà. Äåéñòâèòåëüíî, ìû îïèðàëèñü íà òî, ÷òî

‖(A(t) + ε2pI)−1F (t)⊥‖ = O(1), à ïîòîìó äîñòàòî÷íî ïðèáëèçèòü îïåðàòîð R̂(t, ε) =
(A(t) + ε2pI)−1F (t).
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