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1 Bsenenue

IIpobsrtema pa3zpaboOTKU METOJIOB JIIsT pacdeTa BOJHOBOIO TOJS YIPYTUX BOJIH,
BO30YKJIEHHBIX TOYECYHBIMU UCTOYHUKAMHU PA3JIMIHOIO TUIA, MOYXKHO CUYUTATH
KJIACCUIECKOit 3a1a4eii reopun ypyroctu. OCHOBOIIOIATAIONTNE PE3YIbTATHI Obl-
Ji nostydersl B Hadase 20-ro Beka (cM. [1]). B nanbreiimenm 6piin paspaboTaHbl
pa3IMIHBbIE YNCJIEHHbIE U AHAJUTHIECKHe MeTobl (eM.,Hanpumep, [2]). Oxrako
MHOTHE BOIIPOCHI TI0 000CHOBAHUIO 3(DMEKTUBHOCTA METOJ0B U UX KOPPEKTHO-
CTU OCTAIOTCS OTKPBITBIME. TaKoe COCTOSIHIE BOIIPOCA CBA3AHO C OIPEIEeIeHHOMN
CJIOYKHOCTBIO KAPTUHBI JIy9eil U COOTBETCTBEHHO CJIOYKHOCTHIO MATEMATHICCKUX
MoJIeJIell, MPUMEHSEMbIX JIJId €6 OIMUCaHus. B OCHOBHOM, METOJbI BBIYUCJICHUN
CBSI3aHBI C [PEJICTABJICHUEM DEIIeHUsI B BUJIE PA3JIOKEHUs 110 HEKOTOPBIM Op-
TOrOHAJBHBIM cucteMaM GyHKimii. Ho Takme pasioxkeHus, Kak MpaBUIoO, MMe-
10T IJIOXYIO CXOJIMMOCTH U TO9TOMY 3(h(MDEKTHBHOCTD TOA0OHBIX METOJIOB BBI3bI-
BaeT MHOTO BOIpocoB. B kouie 70-X rogoB aBTOPOM OBLI IIPEJIOXKEH METOJ,
moJtyuuBInuii HazBanue KoMOMHHPOBAHHOIO METOJA, MO3BOJIMBINUAN TOJIYIUTH
JIOCTATOYHO MPOCTOE TPEJICTABICHUE JJIsi ACUMITOTUKU DEIIeHUs PsJIa BOJIHO-
BOJIHBIX 3ajiad. [IpuMenenue MeTo/[a UTIOCTPUPOBAJIOCH HA DPJIE CKAJISPHBIX
3asa4. B nacrosieii pabore moka3biBaeTcs KaKuM obpa3oM mpumenerune Kom-
OUHUPOBAHHOI'O METOJIA TIO3BOJISIET MOJIYIUTD JIOCTATOTHO IIPOCTOE MIPEICTABIIE-
HUE JIJIsl ACUMIITOTUKH PEIIEeHUS 3a/[a9l, BO30Y K ICHUS YIIPYTUX BOJH TOYETHBIM
HCTOYHUKOM, IIOMEIIEHHBIM Ha rpaHully Teia (3amaqdu JIamba).

2 IlocranoBka 3ama4dn

I[IycTb mMeeTcst yIpyroe H30TpOIHOE MOJIYIPOCTPAHCTBO, HEOJAHOPOIHOE TI0 OJI-
HOM KOOp/IMHATE, NEePHeHMKYJIAPHON K rpanune (koopaunata z). [Ipeamonara-
eTcsl, 9TO CKOPOCTb NPOA0IbHBIX (¢1(2) = /(A + 2u)/p) 1 nonepeunsix (c2(z) =
[/ p) BOJIH pacTer ¢ ruryOGUHOM.
[IycTh Ha MOBEPXHOCTU MMEETCS TOUEIHBIT HCTOTHUK

0., = 6(x)d(y) exp(iwt) = %5(7‘) exp(iwt)

BBesieM HuIMHIPUYIECKYIO CHCTEMY KOOpAMHAT (7, ¢, 2)

ITockosibKy CBOICTBA CPEbI I HCTOYHUK HE 3ABUCST OT YIVIOBOU KOODINHATHI
0, ECTECTBEHHO MPEJIIOJIOKUTD, ITO PEIIeHNe TaKyKe He OYIeT 3aBUCETh OT ITOM
KOOD/INHATHI.

Boobr1rie roBopst, [y yKa3aHHOM 3a/[a91 HEJIb3si PA3e/INTh MOJHOCTHIO IPO-
JIOJIbHBIE U TOIIEPEYHBbIE BOJIHBI, ITIOCKOJIBKY B HEOIHOPOIHOI cpejie OyIayT mpo-
MCXOIUTHh OOMEHHBIE IIPOIECCHI, HO BOJIU3U OT UCTOYHUKA U I'PAHUIIBI B IEPBOM
IpUOJIMKEHUH 9TO BO3MOXKHO. Kak 1 B cj1yvae 0fHOPOIHOM Cpeibl, OyaeM NCKaTh
peIleHne ¢ IMOMOIIBIO TTOTEHITHAIOB, COOTBETCTBYIONIUX ITPOIOIBHBIM U MOIIEPet-
HBIM BOJTHAM:

u=Ve+VxU, (1)



B namewm cirydae ncrouHuk Bo30y2KIaeT BOJIHBI TOJIBKO P u SV Tumna, mosromy:
U, =V xM

M = (0,0,¢)

Nckomble moreHtmanst o(r, z) u ¥ (r, z) OyAyT YIOBIETBOPSITH yPABHEHUSIM
TebMroobiias

Ap+kip=0,A0+k3p =0 (2)

rpe k1 = w/c1, ko = w/ceo
ITpusenem usBectHbIE BOpMYIIBI (CM., HapuMep, |2]) mis Terzopa medbopma-
U U HallpsiZKeHHsl, KOTOPble HaM IIPUIOJIATC B JlaabHeiime:

U= Upr€p + U €, (3)
_Op | 0%

tr = or | oroz
0y 10(r2L)

Uy = —— — ——1=

T 9z r Or

Ou,
Uy, = AN + 20 8uz

ou, . 8uz]

0z or

Ozz = )\(urr + uzz) + 2Muzz (4)
Orz = 2/14urz (5)

Ury = M[

3 Pemnienue B OKPEeCTHOCTU MCTOYHHUKa

IMosyanm (caenys [2]) penieHne B OKPECTHOCTH UCTOYHHKA, C TEM 4TOObL B J1A/Ib-
HeJ{IIIeM CIINTH €ro C pelleHneM BJAJM OT HCTOYHHKA. 3aMETHM, 9TO OOBIYHO
HCIIONIL3YIOT PeIleHne B ri106aabHOM 00/1acTh B BUJE PA3JI0KEHUs 110 COOCTBEH-
HBIM (QYHKIHAM HOIIEPEYHOI 33144, YTO Ha, HAII B3IVIsL HE COBCEM KOPPEKTHO,
[I09TOMY MBI HCIIOJIb3yeM JIBa PEIIeHNns: BOJIM3U U BJIAJH OT UCTOYHNKaA. B Hero-
CPEJICTBEHHOIT 6JIM30CTH OT HCTOYHUKA, B [JIABHOM IPHOJIMZKEHUH CPEJLy, MOXKHO
CYUTATH OHOPOAHOI. Tor/1a HCKOMbIe TOTEHIHAIIBI OIIPEEIAIOTCs (POPMY/IaMU:

o= /0 " h(Cre F(Qdc (6)
%= /0 " o(CreEOdC (7)

e s2 = (2 — kI u t? = (% — k3, perynspnas BeTBb KOpHeil BbIOMpaeTcs u3
yeqoBust s > 0 upu ¢ > ky ut > 0 upu ¢ > ka.
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Puc. 1: Konryp nnrerpupoBanust u pa3pes3bl Jjid pelieHns B OKPECTHOCTU HC-
TOYHUKA

B cuy dopmyn

T(w) = S H () + Hi (@)

Hy (—x) = —H ()

urTerpaJbl B (6,7) MOXKHO 1Peo0PA30BaATh B UHTEIPBJIbL 110 OECKOHEYHOMY [PO-
MEKYTKY, TOT1a (DOPMYJIBI IPUMYT BT

o=y | e EQ )

v=g [ HiCe G0 )

KOHTYp WHTEIPUPOBAHUA W pa3pe3bl Mmokaszanbl Ha Puc.l. meem ycimoBue na
rpanutie (yciaoBue ¢cBOOOION IpaHuIIbI):

Ozz = i5(7")70'742 =0 (10)
mwr

Bocmonssyemcest uzBectHON hopmyIioit

o) = [ ercdc

[pu nojicranosky Bhipaz<enuit (8,9) syt noremmanos ¢ u ¢ B (10) mosy-
aum st dyrknuit F() u G() = (G() ypaBHeHUsI NOXOXKHMEe Ha ypaBHEHUS B
JIBYMEPHOM CJIydae, 8 HMEHHO:



[FAC + O+ 20)8%] F + uCtG = %c (11)
2sF + (2 +t1H)G =0 (12)

JleTrepMUHAHT paBeH:

A= (¢ +13)? —4¢%st (13)

BameTuM,9To NpUpaBHUBaHUe HYJIIO TOIO JleTePMUHAHTA JaeT U3BeCTHOe yPaB-
HeHue JJig BOJIH Pajiest B JIBYMEPHOM CJlydae.
It dbysmmit F() u G() umeeM cieayromnmue BoIPasKEeHUST:

2 2

F(C) = % (14)
_ Gs

G(() = A (15)

4 Penienue BHe OKPEeCTHOCTHU MCTOIYHUKA

Byaem caurarb, 9T0 Mbl JOCTATOYHO (HO HE CJIUIIKOM JIAJIEKO) YIAJIEHbl OT UC-
TOYHUKA W HAXOJIUMCsI BOJU3M IPAHUIBI (TOUHBIE YCJIOBUs OYIyT yKa3aHbI HU-
xke). Ilyerh cpesia TakoBa, ITO CKOPOCTH, KAK MPOJIOJIbHAS, TaK U MOIEpedHas
3aBUCSAT TOJIBKO OT KOODJAWHATHI 2 M PACTYT C IJIyOUHOIA:

z
C%,2(Z) = C%,2(O)[1 + E +..]

z
K a(2) = /e o(2) = k12(0)[1 = =+

B raBmoM mpubsimkeHnn B Pa3JI0KEHUN BOJTHOBBIX YHCEN O 2 MOYKHO COXpa-
HUATDH TOJILKO JIMHEHHbIe WwieHbl. Kak u panee OyjeM MCKaTh MOTEHITUAJIBI B CJIe-
yTOIIEM BUJIE:

o) = [ R0 (16)

(r,2) = /_ T HN (= Qe (a7)

U3 ypaprennii (2) 6yger ciegoBaTh, 9To byHKIUHT go(zA, () m w(zA, ¢) B TyIaBHOM
npuG/IMZKeHHH GyIyT YIOBJIeTBOPATH YPaBHEeHUIO Ditpu:

B(2.0) = v(m)A()
9(5¢) = v B(O)



Vo =2B12+ Qi (18)

2
a1 = —(klll)g
ki

t2 2
ay = —5(kal2)3
k3

[To mpeo/I0KeHuI0, MBI JOCTATOYHO JAJEKO YIAJEHBI OT HUCTOYHHUKA, B 9TOM
CJIydae MOXKHO IIOKa3aTh, YTO CYIIECTBEHHON 00IaCTHIO MHTEIPUPOBAHUS SIBJISI-
ercst 06J1aCTh, B KOTOpOil BhmosmsgeTcst yeaosue [C|r > 1. Torna dynkuuio Hi ()
B nHTerpasax (16,17) MOXKHO 3aMEHUTH Ha €€ ACUMIITOTUKY

Hy () ~ @ exp(i(e - 7) (19)

Bue ucrounnka nmeeM ycjioBue CBOOOIHON TPAHUITHI
Ozz = 07 orz=0

Bocnosbsyemest BeipazkeHusMu (4,5), IpU 9TOM ydTeM, 9TO B IJIABHOM IIPHOJIN-
skeHnu cornacHo (19) mmeem

6 o)
o el ]) [ empligrce( e

o LN 7
%, \/g exp(i) | explicrch(z, 01

Torpa st byuxuumit A() u B () = ¢B() noay4yuM CIIeAYIONLYIO CUCTEMY yDaBHE-
HUH:

[—AC2 4+ (A + 2) 5201 A + 2uC Bavg B = 0 (20)
2 B1vy A — (2 + )vaB =0 (21)
e
’ d
v12 =v(ay2),v (a) = av(a)

JleTepMUHAHT CHCTEMBI PaBEH:

D = (* 4+ *)*v1vs — 4851[32”/1”; (22)

[MoapaTerpanbhoe Boipazkenue B (16) Gyner umerb GeckoHedHbI HAGOD MOJIIO-
COB .



Brura cocrasiiena nmporpamMma sl BBIYUCIEHUN KopHeil ypasuerus D = 0.
Oxa3aJ10ch,9T0 ypaBHeHne UMeeT KOHETHOE IHMCJIO BEleCTBeHHBIX KOpHed (mo-
psIKa (1{5212)% , 3AIOTHSIONNX TPOMEXKYTOK OT 0 /10 ko, W30/ IMPOBAHHBIN KOPEHb,
O6/M3KMiT K KOpHIO Pajiest /i1 OHOPOJIHOTO IOJIYIIPOCTPAHCTBA C IOKA3aTeJIsd-
MU CPeIibl Ha TMOBEPXHOCTH M OECKOHEYHOE MHOYKECTBO KODHEH, 3aIlOJIHSIONNX
MHUMYIO OCb.

@Dynknnn A(¢) u B(¢) noka He Onpe/eJieHbl, OHU HAXOJIATCSI U3 YCIOBUSI T1e-
pexojia Bolpazkenwuii (16,17,18) B BbIparkeHust Jyist HOTEHIHAJIOB, KOTOPbIE HMEIOT
MECTO JIJIsl COOTBETCTBYIOINIEN OJJHOPOIHOMN cpebl ipu kl — 0o (a Takxke BOIM3N
UCTOYHUKA B TJIABHOM IIPUOJIMYKEHUU B HAIIEM CJIydae).

Herpyauo nokasarb, 9ro 310 npousoiijer, eciau B3arh Gyuximu A() u B()
pPaBHBIMUI

(t* + ¢*)Cvy
D

B(¢) =

A(¢) = (23)

sCvy
D

(24)

5 IlIpeacraBiieHne pellleHus B JaJbHE 30HE C II0-
MoIbio KoMOMHIPOBAaHHOIO METOIA

Pemtenue B6/IM3U IPAHUIbI BHE OKPECTHOCTH UCTOYHUKA (HO HE CJIUIIKOM JIAJIe-
ko) onpegessirores hopmymnamu (16,17,18,23,24). Pacemorpum norernuat o(r, z).
Paau npocrorsr, 6ysmem cautath, uto z = 0. IIpogedopmupyem ncxoaubiit KOH-
Typ unHTerpuposanus B (16), kak nmokasano Ha Puc.2. Torga BbIpaskeHue Jist
noreanuasa ©(r,0) IpuUMeT CaeayIOnmi By,

<P(7"7 O) = @R(Tv O) + @S (Tv O) + SOH (Ta O) + <PN (Tv O)

e o BbIYeT B M30/MpOBAHHOM TI0JTIOCE, GIIM3KOM K TIOJTIOCY COOTBETCTBYIO-
memy BosiHe Pajiest /1i1st 0JTHOPOJIHOTO HOJIYIIPOCTPAHCTBA, HHTEPQEPEHIITNOHHAS
BoJIHA, ©°

K
¢% =" Resc=¢,#(0)
k=1

IIPEJICTABJISIET COOON IYyT MOBEPXHOCTHBIX BOJIH, PACIPOCTPAHANIUXCS ¢ (has3o-
BBIMU CKOPOCTSIMU OOJIBIIIAMHE, €M CKOPOCTH ITOTIEPEYHOI BOJIHBI I MEHbBIIIMH,
9eM CKOPOCTbH IPOJIOJIBHOI BOJIHA Ha [TOBEPXHOCTH, (DYHKITUS

N
e =" Resc—¢,0(C)
k=1

olpejesdeT KOHeYHOe YUCI0 MO/, COOTBETCTBYIOIIUM I'OJIOBHBIM BOJIHAM THIIA
mengymeit rajgepen. Boiparkenue

N =1 [ H@Iel= e
Ly



Mt b it TS = 5
\<Mkz o
N 3

Puc. 2: Kouryp nnrerpupoBanus st KoMOMHUPOBAHHOTO METOIA

Tpedyer JajbHeuX npeodpa3oBanuii. AHAJOrUYIHbIE (DOPMYJIBI UMEIOT MECTO

u syt orenimada ().
Bocrosb3yeMcest TOXK 1eCTBOM:

%:21[@01(0—102(15)] -
% = wi(t) 1 wi(t)
5@ 22w 5w )

Paccmorpum unTerpas ¢

S0 =5 [ menee o

P(z0) = 5o(a1)A(Q)

Bynmem cumrarh, 9TO TOUKA @ TOCTATOYHO yIAAJeHA OT TOUKH ki, TaK UTO BbI-

MOJTHAETCSA yCaoBHe |y | > 1.

BameTum, 9TO B paccMaTpUBaeMOil 06/1aCTH BBITIOHSIIOTCS Y CIOBHUSI
|| > 1, |aa] > 1, Reay < 0, Reca < 0

T.e. QYHKIINN DAPU MOXKHO 3aMEHUTH HA UX ACUMIITOTHKH.

st dynkimpm D(¢) B (26) BocmosbayeMcst TOXKIAECTBOM (25), Torja st



uHTerpasa (26) mosyunM CIeyroliee BhIpasKeHne:

M—1
oV =Y In+Run (27)

m=0
rjie

I = / e OO, m)dc
L

Rary = / L @m0 (¢, Myd¢
Ln D

Boicrpomenstiormuecst wienst cobpanst B "dazy" @, ((), byuxus (¢, m) sBis-
eTCsl MeJICHHOMEHSIOIIEHCs.

B(() = ¢ — (2m+1)3 (~on)?

Wurerpasnt B (27) MOryT GbITH BHIYUCJIEHBI METOIOM CTAIMOHAPHOIT (hasbl, B
pesyJsibrare, KaK 970 ObLIO IOKa3aHO B [4] 1jis CKaJIgpPHOIL 381241, Mbl LOJLY 1M,
YTO OHHU IPEJICTABIIAIOT COOON MeOMETPO-OIITHIECKIE PENIeH s, COOTBETCTBYIO-
Iye BOJIHAM, UCIBITABIIMM 1M OTPaKeHUil OT IpaHunbl (B HAIIEM CJlydae 9TO
rosiosabie BoJHbL). OcaTok (dbyHKIms R/ N )IMEeT HOPSIOK MOCIeIHe OTIer-
JIeHHOH HOpMaJIbHOI Mojpl. KosmmyecTBo oTinemienasix Moy (qucsio N) 3aBucur
OT PACCTOSTHUSL JIO UCTOYHUKA U OIPEJIEISETCsl YCIAOBUEM TPUMEHUMOCTH aCUMII-
rornaecknx MeTosioB. Kak u B [4], MOXKHO MOKA3aTh, 4TO CTAIIMOHADHAST TOIKA
¢ = ¢, oupeseisieTcsl ypaBHEHIEM

kr
El(2m + 1)

¢ Cy2_
PV ()=
riae k= kl,l = ll.
Cramuonapaas Touka (, umeer dbusndeckuii cmbica (), = ki cos(f) , rue
f yros BBIXOJA JIyda M3 UCTOYHHUKA, UCHBITABIIETO 11 OTPAsKEHUI OT TPAHUILBI
7 TIOTIAIAIONero B TOUKy HabmogeHus. KoamaecTBo OTIIENIEHHBIX Te0OMETPO-
ONITUYECKUX BOJIH OIPEIEISIETCS] YCIOBUEM

(kr)?
M N 7
< TE

KOTOpOE CJIeIyeT U3 yCJIOBUS IIPUMEHUMOCTH METO/[a CTanrmoHapHoit dha3bl. Ko-
JITYECTBO BBLJIEJICHHBIX HOPMAaJIbHBIX MOJ, OIIPEJIeJIAeTCd yCI0BUEM

(N1 < Cy <(n
rae (n ectb N-blit Kopenb ypasuenus D = 0 npu ¢ < ky.

Takum obpazom 1oJie YyIPyrux BOJIH BJAJIM OT UCTOYHUKA B OKPECTHOCTHU
TPAHUIBI MOXKET OBITH IIPEJICTABICHO B CJIEIYIOIMIEM BUJIE:

10



N M—1
u(r,z):uR—l—us—l—ZuZ—l— Zu?n—l—uMN (28)

n=1 m=0

re u” - Bosna Pasiest, u® - naTepdepeHITMORHAS TOBEPXHOCTHAS BOJIHA IPO/I0JIBHO-

[IOLEPEYHOro THIIA (PACIPOCTPAHSIETCS CO CKOPOCTDIO, 3AK/IIOUCHHOM MEXK Ly CKO-
POCTBIO MPOJOIBHBIX M CKOPOCTBIO MOMEPEdHbIX BOJH Ha Tpauie), u? - mop-
MaJjbHasg MOJla THIIA IIem4yIneil rajgepen, ud, - TeoMeTpo-oInTHIecKas FoJOBHAS
BOJIHA, UCIIBITABINASL 1M OTPAYKEHUIl OT IPAHUIIBI, Uy Ny - OCTATOK (MMeeT mopsi-

JIOK IIOCJIeJTHEN OTIeIlJIEHHOMI MO,LLI:I)

6 3akJrodyeHue

ITpeacrasienue (28) jyist 1104151 yUPYTUX BOJIH, BO30Y K IA€MbIX TOU€UHBIM UCTOY-
HUKOM, ITOMEIEHHBIM Ha IPaHUIlE, BBUJLY CBOE IIPOCTOTHI, I0O3BOJIAET CTPOUTH
9P PEKTUBHDBIE TUCTCHHBIE METOIbBI, & TaKKe IMO3BOJISIET MPOBOANTD KATECTBEH-
HbIIl aHaJIU3 PelIeHus], OCKOJIbKY BCe UJIeHbl pasjoxkenus (28) umeror ecre-
CTBEHHBIN usmdecKuit cMmbica. [IpemmaraeMblii METOI IOIMyCKaeT OOOOIEHMsT
Ha 60jiee obmme ciydan. OH JIErKO IEPEHOCUTCsI Ha CJIydail cpejibl, UMeroeil
cJ1aDYI0 HEOJHOPOIHOCTh B NOPU30HTAILHOM HAIIPABJIEHNH, & TaKKe Ha CJIydail
WHBIX TUIIOB UCTOYHUKOB YIPYTUX KOJTEOAHMIA.

7 JImreparypa

1. H. Lamb, On waves in an elastic plate. Proc. Roy.Soc.A. 1917, 93, 114.

2. K. Axu, II. Puuapac, Koauvecmeennas ceticmonozus. Teopust u MeTOIbI,
M. Mup,1983r., 1., 520c.

3. JI. M. Bpexosckux, Boanwt 6 caoucmuz cpedax. M. Hayka, 1973r. 343c.

4. B. B. Quunmos, Ju@pakuus Ha UCKPUBAEHHOT NOAYNAOCKOCTU. 3all.
HayuH. cemus. JIOMMU, 42, Boi.6, 245-249

11



	
	  
	    
	    
	         
	
	

