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ÀÍÍÎÒÀÖÈß

Â L2(R3;C3) ðàññìàòðèâàåòñÿ ñàìîñîïðÿæåííûé îïåðàòîð Lε, ε > 0, ïîðîæäåííûé

äèôôåðåíöèàëüíûì âûðàæåíèåì µ
−1/2
0 rot η(x/ε)−1 rotµ

−1/2
0 −µ1/2

0 ∇ν(x/ε) divµ
1/2
0 , ãäå µ0 �

ïîëîæèòåëüíàÿ ìàòðèöà, ìàòðèöà-ôóíêöèÿ η(x) è âåùåñòâåííàÿ ôóíêöèÿ ν(x) ïåðèîäè÷íû
îòíîñèòåëüíî íåêîòîðîé ðåøåòêè, ïîëîæèòåëüíî îïðåäåëåíû è îãðàíè÷åíû. Èçó÷àåòñÿ

ïîâåäåíèå îïåðàòîð-ôóíêöèé cos(τL1/2
ε ) è L−1/2

ε sin(τL1/2
ε ) ïðè τ ∈ R è ìàëîì ε. Ïîêàçàíî,

÷òî ýòè îïåðàòîðû ñõîäÿòñÿ ê ñîîòâåòñòâóþùèì îïåðàòîð-ôóíêöèÿì îò îïåðàòîðà L0

ïî íîðìå îïåðàòîðîâ, äåéñòâóþùèõ èç ïðîñòðàíñòâà Ñîáîëåâà Hs (ñ ïîäõîäÿùèì s) â
L2. Çäåñü L0 � ýôôåêòèâíûé îïåðàòîð ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Äëÿ îïåðàòîðà

L−1/2
ε sin(τL1/2

ε ) ïîëó÷åíà àïïðîêñèìàöèÿ ïðè ó÷åòå êîððåêòîðà ïî (Hs → H1)-íîðìå.
Óñòàíîâëåíû îöåíêè ïîãðåøíîñòè; èññëåäîâàí âîïðîñ î òî÷íîñòè ðåçóëüòàòîâ â îòíîøåíèè
òèïà îïåðàòîðíîé íîðìû è çàâèñèìîñòè îöåíîê îò τ . Ðåçóëüòàòû ïðèìåíÿþòñÿ ê âîïðîñó
îá óñðåäíåíèè çàäà÷è Êîøè äëÿ íåñòàöèîíàðíîé ñèñòåìû Ìàêñâåëëà â ñëó÷àå, êîãäà
ìàãíèòíàÿ ïðîíèöàåìîñòü ðàâíà µ0, à äèýëåêòðè÷åñêàÿ ïðîíèöàåìîñòü çàäàåòñÿ ìàòðèöåé
η(x/ε).

Êëþ÷åâûå ñëîâà: ïåðèîäè÷åñêèå äèôôåðåíöèàëüíûå îïåðàòîðû, óñðåäíåíèå,
îïåðàòîðíûå îöåíêè ïîãðåøíîñòè, íåñòàöèîíàðíàÿ ñèñòåìà Ìàêñâåëëà.

Èññëåäîâàíèå âûïîëíåíî ïðè ïîääåðæêå ÐÍÔ (ïðîåêò 17-11-01069).
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Ââåäåíèå

0.1. Îïåðàòîðíûå îöåíêè ïîãðåøíîñòè. Ðàáîòà îòíîñèòñÿ ê òåîðèè óñðåäíåíèÿ
ïåðèîäè÷åñêèõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ (ÄÎ). Â ïåðâóþ î÷åðåäü óïîìÿíåì êíèãè
[BeLP, BaPa, ZhKO].
Â ðàáîòàõ Ì. Ø. Áèðìàíà è Ò. À. Ñóñëèíîé [BSu1, BSu2, BSu3] áûë ðàçâèò òåîðåòèêî-

îïåðàòîðíûé (ñïåêòðàëüíûé) ïîäõîä ê çàäà÷àì òåîðèè óñðåäíåíèÿ. Â L2(Rd;Cn) èçó÷àëñÿ
øèðîêèé êëàññ ìàòðè÷íûõ ñèëüíî ýëëèïòè÷åñêèõ ÄÎ âòîðîãî ïîðÿäêà âèäà

Aε = b(D)∗g(x/ε)b(D), ε > 0, (0.1)

ãäå g(x) � îãðàíè÷åííàÿ è ïîëîæèòåëüíî îïðåäåëåííàÿ (m × m)-ìàòðèöà-ôóíêöèÿ,

ïåðèîäè÷åñêàÿ îòíîñèòåëüíî íåêîòîðîé ðåøåòêè Γ ⊂ Rd, à b(D) =
∑d

l=1 blDl � ÄÎ ïåðâîãî
ïîðÿäêà. Çäåñü bl � ïîñòîÿííûå (m×n)-ìàòðèöû. Ïðåäïîëàãàåòñÿ, ÷òî m > n è ñèìâîë b(ξ)
� ìàòðèöà ìàêñèìàëüíîãî ðàíãà.
Â [BSu1] áûëî ïîêàçàíî, ÷òî ðåçîëüâåíòà (Aε + I)−1 ñõîäèòñÿ ïî îïåðàòîðíîé íîðìå â L2

ê ðåçîëüâåíòå ýôôåêòèâíîãî îïåðàòîðà A0, ïðè÷åì∥∥(Aε + I)−1 − (A0 + I)−1
∥∥
L2(Rd)→L2(Rd)

6 Cε. (0.2)

Ýôôåêòèâíûé îïåðàòîð èìååò âèä A0 = b(D)∗g0b(D), ãäå g0 � ïîñòîÿííàÿ ïîëîæèòåëüíàÿ
ìàòðèöà, íàçûâàåìàÿ ýôôåêòèâíîé. Â [Su1] àíàëîãè÷íûé ðåçóëüòàò áûë ïîëó÷åí äëÿ
ïàðàáîëè÷åñêîé ïîëóãðóïïû:∥∥e−τAε − e−τA0∥∥

L2(Rd)→L2(Rd)
6 C(τ)ε, τ > 0. (0.3)

Îöåíêè (0.2), (0.3) òî÷íû ïî ïîðÿäêó. Ïîäîáíûå íåðàâåíñòâà íàçûâàþò îïåðàòîðíûìè

îöåíêàìè ïîãðåøíîñòè â òåîðèè óñðåäíåíèÿ.
Äðóãîé ïîäõîä ê îïåðàòîðíûì îöåíêàì ïîãðåøíîñòè (ìåòîä ñäâèãà) áûë ðàçâèò

Â. Â. Æèêîâûì è Ñ. Å. Ïàñòóõîâîé. Â [Zh2, ZhPas1, ZhPas2] îöåíêè âèäà (0.2), (0.3) áûëè
ïîëó÷åíû äëÿ îïåðàòîðîâ àêóñòèêè è óïðóãîñòè. Îòíîñèòåëüíî äàëüíåéøèõ ðåçóëüòàòîâ ñì.
îáçîð [ZhPas3].
Îïåðàòîðíûå îöåíêè ïîãðåøíîñòè äëÿ íåñòàöèîíàðíûõ óðàâíåíèé òèïà Øð¼äèíãåðà è

ãèïåðáîëè÷åñêîãî òèïà èçó÷àëèñü â [BSu5] è â íåäàâíèõ ðàáîòàõ [Su3, Su4, M1, M2, DSu1,
DSu2, D, DSu4]. Â îïåðàòîðíûõ òåðìèíàõ ðå÷ü èäåò î ïîâåäåíèè îïåðàòîð-ôóíêöèé e−iτAε ,

cos(τA1/2
ε ), A−1/2

ε sin(τA1/2
ε ), τ ∈ R. Âûÿñíèëîñü, ÷òî õàðàêòåð ðåçóëüòàòîâ îòëè÷àåòñÿ îò

ñëó÷àÿ ýëëèïòè÷åñêèõ è ïàðàáîëè÷åñêèõ óðàâíåíèé: ïðèõîäèòñÿ ìåíÿòü òèï îïåðàòîðíîé
íîðìû.
Îñòàíîâèìñÿ íà ãèïåðáîëè÷åñêèõ ðåçóëüòàòàõ. Â [BSu5] äîêàçàíà îöåíêà òî÷íîãî ïîðÿäêà∥∥cos(τA1/2

ε )− cos(τ(A0)1/2)
∥∥
H2(Rd)→L2(Rd)

6 C(1 + |τ |)ε. (0.4)

Àíàëîãè÷íûé ðåçóëüòàò äëÿ îïåðàòîðà A−1/2
ε sin(τA1/2

ε ) âìåñòå ñ àïïðîêñèìàöèåé ïî
ýíåðãåòè÷åñêîé íîðìå óñòàíîâëåí â [M1, M2]:∥∥A−1/2

ε sin(τA1/2
ε )− (A0)−1/2 sin(τ(A0)1/2)

∥∥
H1(Rd)→L2(Rd)

6 C(1 + |τ |)ε, (0.5)∥∥A−1/2
ε sin(τA1/2

ε )− (A0)−1/2 sin(τ(A0)1/2)− εK(ε; τ)
∥∥
H2(Rd)→H1(Rd)

6 C(1 + |τ |)ε. (0.6)

Çäåñü K(ε; τ) � ñîîòâåòñòâóþùèé êîððåêòîð.
Â [DSu1, DSu2, DSu4] áûëî ïîêàçàíî, ÷òî â îáùåì ñëó÷àå ðåçóëüòàòû (0.4)�(0.6) òî÷íû

êàê îòíîñèòåëüíî òèïà îïåðàòîðíîé íîðìû, òàê è îòíîñèòåëüíî çàâèñèìîñòè îöåíîê îò τ
(íåëüçÿ çàìåíèòü (1 + |τ |) â îöåíêàõ íà (1 + |τ |)α ïðè α < 1). Ñ äðóãîé ñòîðîíû, ïðè
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äîïîëíèòåëüíûõ ïðåäïîëîæåíèÿõ ðåçóëüòàòû äîïóñêàþò ñëåäóþùåå óñèëåíèå:∥∥cos(τA1/2
ε )− cos(τ(A0)1/2)

∥∥
H3/2(Rd)→L2(Rd)

6 C(1 + |τ |)1/2ε, (0.7)∥∥A−1/2
ε sin(τA1/2

ε )− (A0)−1/2 sin(τ(A0)1/2)
∥∥
H1/2(Rd)→L2(Rd)

6 C(1 + |τ |)1/2ε, (0.8)∥∥A−1/2
ε sin(τA1/2

ε )− (A0)−1/2 sin(τ(A0)1/2)− εK(ε; τ)
∥∥
H3/2(Rd)→H1(Rd)

6 C(1 + |τ |)1/2ε.

(0.9)

Äîïîëíèòåëüíûå ïðåäïîëîæåíèÿ ôîðìóëèðóþòñÿ â òåðìèíàõ ñïåêòðàëüíûõ õàðàêòåðèñòèê
îïåðàòîðà A = b(D)∗g(x)b(D) íà êðàþ ñïåêòðà. Àíàëîãè÷íûå ðåçóëüòàòû äëÿ ýêñïîíåíòû
e−iτAε áûëè ïðåäâàðèòåëüíî ïîëó÷åíû â [Su3, Su4, D].

0.2. Îñíîâíûå ðåçóëüòàòû. Â íàñòîÿùåé ñòàòüå ìû ïðèìåíÿåì ðåçóëüòàòû ðàáîò
[BSu5, M1, M2, DSu2, DSu4] ê ìîäåëüíîìó îïåðàòîðó ýëåêòðîäèíàìèêè, äåéñòâóþùåìó
â L2(R3;C3) è çàäàííîìó âûðàæåíèåì

Lε = µ
−1/2
0 rot η(x/ε)−1 rotµ

−1/2
0 − µ1/2

0 ∇ν(x/ε) divµ
1/2
0 , ε > 0. (0.10)

Çäåñü µ0 � ïîñòîÿííàÿ ïîëîæèòåëüíàÿ ìàòðèöà, ìàòðèöà η(x) è ôóíêöèÿ ν(x) ïåðèîäè÷íû,
îãðàíè÷åíû è ïîëîæèòåëüíî îïðåäåëåíû. Îïåðàòîð (0.10) ïðåäñòàâëÿåò ñîáîé ÷àñòíûé
ñëó÷àé îïåðàòîðà (0.1) ïðè m = 4, n = 3. Ñïåöèôèêà â òîì, ÷òî îïåðàòîð Lε ðàñïàäàåòñÿ
â îðòîãîíàëüíîì ðàçëîæåíèè ïðîñòðàíñòâà L2(R3;C3) íà ñîëåíîèäàëüíîå è ãðàäèåíòíîå
ïîäïðîñòðàíñòâà (ðàçëîæåíèå Âåéëÿ). Íàñ â îñíîâíîì èíòåðåñóåò ñîëåíîèäàëüíàÿ ÷àñòü
LJ,ε îïåðàòîðà Lε. Äëÿ LJ,ε ìû ïîëó÷àåì îöåíêè âèäà (0.4)�(0.6). Ïîêàçûâàåì, ÷òî â ñëó÷àå
îáùåãî ïîëîæåíèÿ ýòè ðåçóëüòàòû íåëüçÿ óñèëèòü. Ñ äðóãîé ñòîðîíû, ïðè íåêîòîðûõ
äîïîëíèòåëüíûõ ïðåäïîëîæåíèÿõ ìû ïîëó÷àåì îöåíêè âèäà (0.7)�(0.9). Îáñóæäàþòñÿ
ïðèìåðû òîé è äðóãîé ñèòóàöèè.
Ðåçóëüòàòû ïðèìåíÿþòñÿ ê âîïðîñó îá óñðåäíåíèè çàäà÷è Êîøè äëÿ íåñòàöèîíàðíîé

ñèñòåìû Ìàêñâåëëà â ñëó÷àå, êîãäà ìàãíèòíàÿ ïðîíèöàåìîñòü ðàâíà µ0, à äèýëåêòðè÷åñêàÿ
ïðîíèöàåìîñòü çàäàåòñÿ ìàòðèöåé η(x/ε).
Íåêîòîðûå ÷àñòè÷íûå ðåçóëüòàòû â ýòîì íàïðàâëåíèè áûëè ïîëó÷åíû â ïðåäøåñòâóþùåé

ñòàòüå àâòîðîâ [DSu3] (â ñëó÷àå µ0 = 1).
Ìåòîä îñíîâàí íà ìàñøòàáíîì ïðåîáðàçîâàíèè, òåîðèè Ôëîêå-Áëîõà è àíàëèòè÷åñêîé

òåîðèè âîçìóùåíèé. Âàæíóþ ðîëü èãðàþò ñïåêòðàëüíûå õàðàêòåðèñòèêè îïåðàòîðà L
(çàäàííîãî âûðàæåíèåì (0.10) ïðè ε = 1) íà êðàþ ñïåêòðà. Ìû îïèðàåìñÿ òàêæå íà ðàáîòû
[Su2, BSu4, Su5] îá óñðåäíåíèè ñòàöèîíàðíîé ïåðèîäè÷åñêîé ñèñòåìû Ìàêñâåëëà.

0.3. Ïëàí ñòàòüè. Â �1 ââåäåí îïåðàòîð L, äåéñòâóþùèé â L2(R3;C3); îïèñàíî åãî
ðàñïàäåíèå â ðàçëîæåíèè Âåéëÿ; îïèñàíî ðàçëîæåíèå ýòîãî îïåðàòîðà â ïðÿìîé èíòåãðàë
ïî îïåðàòîðàì L(k), äåéñòâóþùèì â L2(Ω;C3) (ãäå Ω � ÿ÷åéêà ðåøåòêè Γ) è çàâèñÿùèì îò
ïàðàìåòðà k ∈ R3 (êâàçèèìïóëüñà). Â �2 ââåäåíû ýôôåêòèâíûå õàðàêòåðèñòèêè îïåðàòîðà
L. Â �3 ïîëó÷åíû îñíîâíûå ðåçóëüòàòû ðàáîòû îá óñðåäíåíèè îïåðàòîðîâ Lε è LJ,ε. Â �4 ìû
ïðèìåíÿåì ðåçóëüòàòû ê âîïðîñó îá óñðåäíåíèè ðåøåíèé çàäà÷è Êîøè äëÿ íåñòàöèîíàðíîé
ñèñòåìû Ìàêñâåëëà.

0.4. Îáîçíà÷åíèÿ. Ïóñòü H, H∗ � êîìïëåêñíûå ñåïàðàáåëüíûå ãèëüáåðòîâû ïðîñòðàíñòâà.
×åðåç (·, ·)H è ‖ · ‖H îáîçíà÷àþòñÿ ñîîòâåòñòâåííî ñêàëÿðíîå ïðîèçâåäåíèå è íîðìà â H,
ñèìâîë ‖ · ‖H→H∗ îçíà÷àåò íîðìó ëèíåéíîãî íåïðåðûâíîãî îïåðàòîðà, äåéñòâóþùåãî èç H
â H∗.
Ñêàëÿðíîå ïðîèçâåäåíèå è íîðìà â Cn îáîçíà÷åíû ÷åðåç 〈·, ·〉 è | · | ñîîòâåòñòâåííî, 1n �

åäèíè÷íàÿ (n×n)-ìàòðèöà. Åñëè a � ìàòðèöà ðàçìåðà n×n, òî |a| îçíà÷àåò íîðìó ìàòðèöû
a êàê îïåðàòîðà â Cn. Èñïîëüçóþòñÿ îáîçíà÷åíèÿ x = (x1, x2, x3) ∈ R3, iDj = ∂/∂xj , j =
1, 2, 3, D = −i∇ = (D1, D2, D3).
Êëàññ L2 âåêòîð-ôóíêöèé â îáëàñòè O ⊂ Rd ñî çíà÷åíèÿìè â Cn îáîçíà÷àåì ÷åðåç

L2(O;Cn). Êëàññû Ñîáîëåâà Cn-çíà÷íûõ ôóíêöèé â îáëàñòè O îáîçíà÷åíû ÷åðåçHs(O;Cn).
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Ïðè n = 1 ïèøåì ïðîñòî L2(O), Hs(O), íî èíîãäà ìû ïðèìåíÿåì òàêèå óïðîùåííûå
îáîçíà÷åíèÿ è äëÿ ïðîñòðàíñòâ âåêòîð-ôóíêöèé è ìàòðè÷íîçíà÷íûõ ôóíêöèé.

0.5. Áëàãîäàðíîñòè. Ì. À. Äîðîäíûé ÿâëÿåòñÿ ïîáåäèòåëåì êîíêóðñà �Ìîëîäàÿ
ìàòåìàòèêà Ðîññèè� è âûðàæàåò áëàãîäàðíîñòü æþðè è ñïîíñîðàì.

� 1. Ìîäåëüíûé îïåðàòîð âòîðîãî ïîðÿäêà

1.1. Ðåøåòêè. Ïðåîáðàçîâàíèå Ãåëüôàíäà. Ïóñòü Γ � ðåøåòêà â R3, ïîðîæäåííàÿ
áàçèñîì a1,a2,a3:

Γ =

{
a ∈ R3 : a =

3∑
j=1

qjaj , qj ∈ Z
}
.

Ïóñòü Ω � ýëåìåíòàðíàÿ ÿ÷åéêà ðåøåòêè Γ:

Ω =

{
x ∈ R3 : x =

3∑
j=1

ξjaj , 0 < ξj < 1

}
.

Áàçèñ b1,b2,b3 ∈ R3, äâîéñòâåííûé ê a1,a2,a3, îïðåäåëÿåòñÿ èç ñîîòíîøåíèé 〈bj ,ai〉 =

2πδji. Ýòîò áàçèñ ïîðîæäàåò ðåøåòêó Γ̃, äâîéñòâåííóþ ê Γ. ×åðåç Ω̃ îáîçíà÷èì öåíòðàëüíóþ

çîíó Áðèëëþåíà ðåøåòêè Γ̃:

Ω̃ =
{
k ∈ R3 : |k| < |k− b|, 0 6= b ∈ Γ̃

}
.

Ïóñòü r0 � ðàäèóñ øàðà, âïèñàííîãî â clos Ω̃, ò. å. 2r0 = min
06=b∈Γ̃

|b|.
Äëÿ Γ-ïåðèîäè÷åñêèõ èçìåðèìûõ ìàòðèö-ôóíêöèé ñèñòåìàòè÷åñêè èñïîëüçóåì

îáîçíà÷åíèÿ f ε(x) := f(x/ε), ε > 0;

f := |Ω|−1

∫
Ω
f(x) dx, f :=

(
|Ω|−1

∫
Ω
f(x)−1 dx

)−1

.

Çäåñü ïðè îïðåäåëåíèè f ïðåäïîëàãàåòñÿ, ÷òî f ∈ L1,loc(R3), à ïðè îïðåäåëåíèè f ñ÷èòàåòñÿ,

÷òî ìàòðèöà f(x) êâàäðàòíàÿ è íåîñîáàÿ, ïðè÷åì f−1 ∈ L1,loc(R3).

×åðåç H̃1(Ω;Cn) îáîçíà÷àåòñÿ ïîäïðîñòðàíñòâî òåõ ôóíêöèé èç H1(Ω;Cn), Γ-
ïåðèîäè÷åñêîå ïðîäîëæåíèå êîòîðûõ íà R3 ïðèíàäëåæèò H1

loc
(R3;Cn).

Ââåä¼ì ïðåîáðàçîâàíèå Ãåëüôàíäà U . Ïåðâîíà÷àëüíî U îïðåäåëÿåòñÿ íà ôóíêöèÿõ èç
êëàññà Øâàðöà ñëåäóþùåé ôîðìóëîé:

(Uf)(k,x) = f̃(k,x) := |Ω̃|−1/2
∑
a∈Γ

e−i〈k,x+a〉f(x + a), f ∈ S(R3;C3), x ∈ Ω, k ∈ Ω̃,

à çàòåì ïðîäîëæàåòñÿ äî óíèòàðíîãî îòîáðàæåíèÿ

U : L2(R3;C3)→
∫

Ω̃
⊕L2(Ω;C3) dk =: K.

Âêëþ÷åíèå f ∈ H1(R3;C3) ðàâíîñèëüíî òîìó, ÷òî f̃(k, ·) ∈ H̃1(Ω;C3) ïðè ïî÷òè âñåõ k ∈ Ω̃ è∫
Ω̃

∫
Ω

(
|(D + k)f̃(k,x)|2 + |̃f(k,x)|2

)
dx dk <∞.

Îïåðàòîð óìíîæåíèÿ íà îãðàíè÷åííóþ ïåðèîäè÷åñêóþ ìàòðèöó-ôóíêöèþ â L2(R3;C3)
ïîä äåéñòâèåì ïðåîáðàçîâàíèÿ U ïåðåõîäèò â óìíîæåíèå íà òó æå ôóíêöèþ â ñëîÿõ
ïðÿìîãî èíòåãðàëà K. Äåéñòâèå äèôôåðåíöèàëüíîãî îïåðàòîðà b(D) ïåðâîãî ïîðÿäêà íà

f ∈ H1(R3;C3) ïåðåõîäèò â ïîñëîéíîå äåéñòâèå îïåðàòîðà b(D + k) íà f̃(k, ·) ∈ H̃1(Ω;C3).
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1.2. Îïåðàòîð L. Ïóñòü µ0 � ñèììåòðè÷íàÿ ïîëîæèòåëüíàÿ (3 × 3)-ìàòðèöà ñ
âåùåñòâåííûìè ýëåìåíòàìè. Ïóñòü â R3 çàäàíû ñèììåòðè÷íàÿ (3 × 3)-ìàòðèöà-ôóíêöèÿ
η(x) ñ âåùåñòâåííûìè ýëåìåíòàìè è âåùåñòâåííàÿ ôóíêöèÿ ν(x), ïðè÷åì îíè ïåðèîäè÷íû
îòíîñèòåëüíî ðåøåòêè Γ è

η(x) > 0; η, η−1 ∈ L∞; (1.1)

ν(x) > 0; ν, ν−1 ∈ L∞. (1.2)

Â ïðîñòðàíñòâå L2(R3;C3) ðàññìîòðèì îïåðàòîð L, ôîðìàëüíî çàäàííûé
äèôôåðåíöèàëüíûì âûðàæåíèåì

L = µ
−1/2
0 rot η(x)−1 rotµ

−1/2
0 − µ1/2

0 ∇ν(x) divµ
1/2
0 . (1.3)

Îïåðàòîð (1.3) ïðåäñòàâëÿåòñÿ â âèäå L = b(D)∗g(x)b(D), ãäå

b(D) =

(
−i rotµ

−1/2
0

−i divµ
1/2
0

)
, g(x) =

(
η(x)−1 0

0 ν(x)

)
.

Ñèìâîë b(ξ) îïåðàòîðà b(D) èìååò âèä

b(ξ) =

(
r(ξ)µ

−1/2
0

ξtµ
1/2
0

)
, r(ξ) =

 0 −ξ3 ξ2

ξ3 0 −ξ1

−ξ2 ξ1 0

 , ξt =
(
ξ1 ξ2 ξ3

)
. (1.4)

Âûïîëíåíî óñëîâèå

rank b(ξ) = 3, 0 6= ξ ∈ R3.

Ýòî óñëîâèå ðàâíîñèëüíî îöåíêàì

α013 6 b(ξ)∗b(ξ) 6 α113, |ξ| = 1, (1.5)

ñ ïîëîæèòåëüíûìè ïîñòîÿííûìè α0, α1. Ëåãêî óáåäèòüñÿ â ñïðàâåäëèâîñòè îöåíîê (1.5) ñ
ïîñòîÿííûìè

α0 = min{|µ0|−1; |µ−1
0 |
−1}, α1 = |µ0|+ |µ−1

0 |.

Èç (1.1), (1.2) ñëåäóåò, ÷òî ìàòðèöà g(x) ïîëîæèòåëüíî îïðåäåëåíà è îãðàíè÷åíà. Î÷åâèäíî,

‖g‖L∞ = max{‖η−1‖L∞ , ‖ν‖L∞}, ‖g−1‖L∞ = max{‖η‖L∞ , ‖ν−1‖L∞}.

Òî÷íîå îïðåäåëåíèå îïåðàòîðà L äà¼òñÿ ÷åðåç êâàäðàòè÷íóþ ôîðìó

l[u,u] :=

∫
R3

〈g(x)b(D)u, b(D)u〉 dx

=

∫
R3

(〈
η(x)−1 rotµ

−1/2
0 u, rotµ

−1/2
0 u

〉
+ ν(x)

∣∣divµ
1/2
0 u

∣∣2) dx, u ∈ H1(R3;C3).

Ïðè íàøèõ ïðåäïîëîæåíèÿõ ñïðàâåäëèâû äâóñòîðîííèå îöåíêè

c0‖Du‖2L2(R3) 6 l[u,u] 6 c1‖Du‖2L2(R3), u ∈ H1(R3;C3),

c0 = α0‖g−1‖−1
L∞
, c1 = α1‖g‖L∞ .

(1.6)

Òàêèì îáðàçîì, ôîðìà l[u,u] çàìêíóòà è íåîòðèöàòåëüíà. Ïîðîæäåííûé åþ
ñàìîñîïðÿæåííûé îïåðàòîð â L2(R3;C3) ìû è îáîçíà÷àåì ÷åðåç L.
Òàêèì îáðàçîì, îïåðàòîð L ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì îïåðàòîðà A (ñì. ââåäåíèå). Ê

íåìó ïðèìåíèìû îáùèå ðåçóëüòàòû, ïîëó÷åííûå â ïðåäøåñòâóþùèõ ðàáîòàõ äëÿ êëàññà
îïåðàòîðîâ A.
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1.3. Ðàçëîæåíèå Âåéëÿ. Ðàñïàäåíèå îïåðàòîðà L. Â ïðîñòðàíñòâå L2(R3;C3) ââåä¼ì
�ïîòåíöèàëüíîå� ïîäïðîñòðàíñòâî

G(µ0) :=
{
u = µ

1/2
0 ∇φ : φ ∈ H1

loc(R3), ∇φ ∈ L2(R3;C3)
}
.

�Ñîëåíîèäàëüíîå� ïîäïðîñòðàíñòâî J(µ0) îïðåäåëÿåòñÿ êàê îðòîãîíàëüíîå äîïîëíåíèå ê
G(µ0). Òî åñòü, èìååò ìåñòî ðàçëîæåíèå Âåéëÿ

L2(R3;C3) = J(µ0)⊕G(µ0). (1.7)

Ïîäïðîñòðàíñòâî J(µ0) ñîñòîèò èç òåõ âåêòîð-ôóíêöèé u ∈ L2(R3;C3), äëÿ êîòîðûõ

âûïîëíåíî divµ
1/2
0 u = 0 (â ñìûñëå ðàñïðåäåëåíèé). ×åðåç P(µ0) îáîçíà÷èì îðòîïðîåêòîð

íà J(µ0).

Çàìå÷àíèå 1.1. Ëåãêî âèäåòü (ñì., íàïðèìåð, [BSu1, ãë. 7, ï. 2.4]), ÷òî ïðè s > 0 îïåðàòîð
P(µ0), ñóæåííûé íà Hs(R3;C3), ÿâëÿåòñÿ îðòîïðîåêòîðîì ïðîñòðàíñòâà Hs(R3;C3)
íà ïîäïðîñòðàíñòâî Js(µ0) := J(µ0) ∩ Hs(R3;C3). Îïåðàòîð I − P(µ0), ñóæåííûé íà

Hs(R3;C3), ÿâëÿåòñÿ îðòîïðîåêòîðîì ïðîñòðàíñòâà Hs(R3;C3) íà ïîäïðîñòðàíñòâî

Gs(µ0) := G(µ0) ∩Hs(R3;C3).

Ðàçëîæåíèå (1.7) ïðèâîäèò îïåðàòîð (1.3): L = LJ⊕LG. Äåéñòâóþùàÿ â �ñîëåíîèäàëüíîì�
ïîäïðîñòðàíñòâå J(µ0) ÷àñòü LJ ôîðìàëüíî çàäà¼òñÿ äèôôåðåíöèàëüíûì âûðàæåíèåì

µ
−1/2
0 rot η(x)−1 rotµ

−1/2
0 , à ÷àñòè LG, äåéñòâóþùåé â �ïîòåíöèàëüíîì� ïîäïðîñòðàíñòâå

G(µ0), îòâå÷àåò âûðàæåíèå −µ1/2
0 ∇ν(x) divµ

1/2
0 .

1.4. Îïåðàòîðû L(k). Â ïðîñòðàíñòâå L2(Ω;C3) ðàññìîòðèì îïåðàòîð L(k), çàâèñÿùèé îò
ïàðàìåòðà k ∈ R3 (êâàçèèìïóëüñà) è çàäàííûé ôîðìàëüíî âûðàæåíèåì

L(k) = µ
−1/2
0 rotk η(x)−1 rotk µ

−1/2
0 − µ1/2

0 ∇kν(x) divk µ
1/2
0

ïðè ïåðèîäè÷åñêèõ ãðàíè÷íûõ óñëîâèÿõ. Çäåñü

∇kφ := ∇φ+ ikφ, divk f := div f + ik · f , rotk f := rot f + ik× f

(k · f � ñêàëÿðíîå, à k × f � âåêòîðíîå ïðîèçâåäåíèå âåêòîðîâ). Ñòðîãî ãîâîðÿ, L(k)
åñòü ñàìîñîïðÿæåííûé îïåðàòîð â L2(Ω;C3), ïîðîæäåííûé çàìêíóòîé íåîòðèöàòåëüíîé
êâàäðàòè÷íîé ôîðìîé

l(k)[u,u] =

∫
Ω

〈
η(x)−1 rotk µ

−1/2
0 u, rotk µ

−1/2
0 u

〉
dx

+

∫
Ω
ν(x)|divk µ

1/2
0 u|2 dx, u ∈ H̃1(Ω;C3).

Èñïîëüçóÿ ðàçëîæåíèå ôóíêöèè u â ðÿä Ôóðüå, ëåãêî ïðîâåðèòü, ÷òî

c0‖(D + k)u‖2L2(Ω) 6 l(k)[u,u] 6 c1‖(D + k)u‖2L2(Ω), u ∈ H̃1(Ω;C3), (1.8)

ãäå ïîñòîÿííûå c0, c1 � òå æå, ÷òî â (1.6).
Èñïîëüçóÿ íèæíþþ îöåíêó (1.8), íåòðóäíî ïîêàçàòü, ÷òî

L(k) > c0|k|2I, k ∈ Ω̃. (1.9)

1.5. Ðàñïàäåíèå îïåðàòîðîâ L(k). Â ïðîñòðàíñòâå L2(Ω;C3) âûäåëèì �ïîòåíöèàëüíîå�
ïîäïðîñòðàíñòâî (çàâèñÿùåå îò ïàðàìåòðà k ∈ R3)

G(k;µ0) := {u = µ
1/2
0 ∇kφ : φ ∈ H̃1(Ω)}.

�Ñîëåíîèäàëüíîå� ïîäïðîñòðàíñòâî J(k;µ0) îïðåäåëÿåòñÿ êàê îðòîãîíàëüíîå äîïîëíåíèå ê
G(k;µ0):

L2(Ω;C3) = J(k;µ0)⊕G(k;µ0). (1.10)
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Ïîäïðîñòðàíñòâî J(k;µ0) ñîñòîèò èç òåõ âåêòîð-ôóíêöèé u ∈ L2(Ω;C3), äëÿ êîòîðûõ

âûïîëíåíî divk µ
1/2
0 ǔ = 0 (â ñìûñëå ðàñïðåäåëåíèé), ãäå ǔ � Γ-ïåðèîäè÷åñêîå ïðîäîëæåíèå

ôóíêöèè u íà R3. ×åðåç P(k;µ0) îáîçíà÷èì îðòîïðîåêòîð íà J(k;µ0).
Ðàçëîæåíèå (1.10) ïðèâîäèò îïåðàòîð L(k). Äåéñòâóþùàÿ â �ñîëåíîèäàëüíîì�

ïîäïðîñòðàíñòâå J(k;µ0) ÷àñòü LJ(k) ôîðìàëüíî çàäà¼òñÿ âûðàæåíèåì

µ
−1/2
0 rotk η(x)−1 rotk µ

−1/2
0 (ïðè ïåðèîäè÷åñêèõ ãðàíè÷íûõ óñëîâèÿõ), à ÷àñòè LG(k),

äåéñòâóþùåé â �ïîòåíöèàëüíîì� ïîäïðîñòðàíñòâå G(k;µ0), îòâå÷àåò âûðàæåíèå

−µ1/2
0 ∇kν(x) divk µ

1/2
0 .

1.6. Ðàçëîæåíèå îïåðàòîðà L â ïðÿìîé èíòåãðàë. Ïîä äåéñòâèåì ïðåîáðàçîâàíèÿ
Ãåëüôàíäà U îïåðàòîð L ðàñêëàäûâàåòñÿ â ïðÿìîé èíòåãðàë ïî îïåðàòîðàì L(k):

ULU−1 =

∫
Ω̃
⊕L(k) dk.

Ïîäðîáíåå, èìååòñÿ ââèäó ñëåäóþùåå. Ïóñòü v ∈ H1(R3;C3). Òîãäà

ṽ(k, ·) ∈ H̃1(Ω;C3) ïðè ï.â. k ∈ Ω̃, (1.11)

l[v,v] =

∫
Ω̃
l(k)[ṽ(k, ·), ṽ(k, ·)] dk. (1.12)

Îáðàòíî, åñëè äëÿ ṽ ∈ K âûïîëíåíî (1.11) è èíòåãðàë â (1.12) êîíå÷åí, òîãäà v ∈ H1(R3;C3)
è âûïîëíåíî (1.12).
Ïðîñëåäèì çà ðàñïàäåíèåì îïåðàòîðîâ ïðè ðàçëîæåíèè â ïðÿìîé èíòåãðàë. Ïðè

ïðåîáðàçîâàíèè Ãåëüôàíäà îðòîïðîåêòîð P(µ0) ðàñêëàäûâàåòñÿ â ïðÿìîé èíòåãðàë ïî
îðòîïðîåêòîðàì P(k;µ0); ñì. [Su2]. Ïîýòîìó îïåðàòîð LP(µ0) = LJ ⊕ 0G(µ0) ðàçëîæèòñÿ
ïî îïåðàòîðàì L(k)P(k;µ0) = LJ(k)⊕ 0G(k;µ0):

ULP(µ0)U−1 =

∫
Ω̃
⊕L(k)P(k;µ0) dk.

� 2. Ýôôåêòèâíûå õàðàêòåðèñòèêè

2.1. Àíàëèòè÷åñêèå âåòâè ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ýëåìåíòîâ.
Ñëåäóÿ [BSu1], ïîëîæèì

k = tθ, t = |k|, θ ∈ S2,

è îáîçíà÷èì L(k) = L(tθ) =: L(t;θ). Îïåðàòîðíîå ñåìåéñòâî L(t;θ) àíàëèòè÷åñêè
çàâèñèò îò îäíîìåðíîãî ïàðàìåòðà t è èìååò äèñêðåòíûé ñïåêòð (ïîñêîëüêó L(k) ÿâëÿåòñÿ
ýëëèïòè÷åñêèì îïåðàòîðîì â îãðàíè÷åííîé îáëàñòè). Ïðèìåíèìà àíàëèòè÷åñêàÿ òåîðèÿ
âîçìóùåíèé (ñì. [K]). Ïðè t = 0 �íåâîçìóùåííûé� îïåðàòîð L(0) èìååò èçîëèðîâàííîå
òðåõêðàòíîå ñîáñòâåííîå çíà÷åíèå λ0 = 0. Ñîîòâåòñòâóþùåå ñîáñòâåííîå ïîäïðîñòðàíñòâî
ñîñòîèò èç ïîñòîÿííûõ âåêòîð-ôóíêöèé:

N := KerL(0) =
{
u ∈ L2(Ω;C3) : u = c ∈ C3

}
. (2.1)

×åðåç P îáîçíà÷èì îðòîïðîåêòîð ïðîñòðàíñòâà L2(Ω;C3) íà ïîäïðîñòðàíñòâî N:

Pu = |Ω|−1

∫
Ω
u(x) dx.

Ïîëîæèì

δ :=
r2

0

4
α0‖g−1‖−1

L∞
, t0 :=

r0

2
α

1/2
0 α

−1/2
1 ‖g‖−1/2

L∞
‖g−1‖−1/2

L∞
.

Êàê ïîêàçàíî â [BSu1], ïðè t 6 t0 îïåðàòîð L(t;θ) èìååò ðîâíî òðè ñîáñòâåííûõ çíà÷åíèÿ
(ñ ó÷åòîì êðàòíîñòåé) λl(t;θ), l = 1, 2, 3, ïðèíàäëåæàùèõ ïðîìåæóòêó [0, δ], à èíòåðâàë
(δ, 3δ) ñâîáîäåí îò ñïåêòðà. ×åðåç F(k) = F(t;θ) îáîçíà÷èì ñîáñòâåííîå ïîäïðîñòðàíñòâî
îïåðàòîðà L(t;θ), îòâå÷àþùåå ïðîìåæóòêó [0, δ].
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Ñîãëàñíî àíàëèòè÷åñêîé òåîðèè âîçìóùåíèé ïðè t 6 t0 ñîáñòâåííûå çíà÷åíèÿ λl(t;θ),
l = 1, 2, 3, ìîæíî çàíóìåðîâàòü òàê, ÷òîáû îíè ÿâëÿëèñü âåùåñòâåííî-àíàëèòè÷åñêèìè
ôóíêöèÿìè îò t (ïðè êàæäîì ôèêñèðîâàííîì θ ∈ S2) è ñîîòâåòñòâóþùèå èì
îðòîíîðìèðîâàííûå â L2(Ω;C3) ñîáñòâåííûå ýëåìåíòû ϕl(t;θ), l = 1, 2, 3, áûëè âåùåñòâåííî
àíàëèòè÷íû ïî t. Òàêèì îáðàçîì,

L(t;θ)ϕl(t;θ) = λl(t;θ)ϕl(t;θ), l = 1, 2, 3, 0 6 t 6 t0,

ïðè÷åì íàáîð ϕl(t;θ), l = 1, 2, 3, ÿâëÿåòñÿ îðòîíîðìèðîâàííûì áàçèñîì â ïîäïðîñòðàíñòâå
F(t;θ). Äëÿ äîñòàòî÷íî ìàëîãî 0 < t∗ = t∗(θ) 6 t0 ïðè t 6 t∗(θ) ñïðàâåäëèâû ñõîäÿùèåñÿ
ñòåïåííûå ðàçëîæåíèÿ

λl(t;θ) = γl(θ)t2 + µl(θ)t3 + . . . , l = 1, 2, 3, (2.2)

ϕl(t;θ) = ωl(θ) + tψl(θ) + . . . , l = 1, 2, 3. (2.3)

Âåêòîðû ωl(θ), l = 1, 2, 3, îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ â ïîäïðîñòðàíñòâå N. Â
ñèëó (1.9) âûïîëíåíî γl(θ) > c0 > 0; êîýôôèöèåíòû µl(θ) ∈ R â îáùåì ñëó÷àå ìîãóò
áûòü íåíóëåâûìè. Êîýôôèöèåíòû ñòåïåííûõ ðàçëîæåíèé (2.2), (2.3) íàçûâàþò ïîðîãîâûìè
õàðàêòåðèñòèêàìè îïåðàòîðà L íà êðàþ ñïåêòðà.

2.2. Ñïåêòðàëüíûé ðîñòîê. Ýôôåêòèâíàÿ ìàòðèöà. Êëþ÷åâûì ÿâëÿåòñÿ ïîíÿòèå
ñïåêòðàëüíîãî ðîñòêà S(θ) îïåðàòîðà L(t;θ); ñì. [BSu1]. Äàäèì ñïåêòðàëüíîå îïðåäåëåíèå
ðîñòêà: S(θ) � ýòî ñàìîñîïðÿæåííûé îïåðàòîð â ïðîñòðàíñòâå N òàêîé, ÷òî ÷èñëà γl(θ)
è ýëåìåíòû ωl(θ) ÿâëÿþòñÿ åãî ñîáñòâåííûìè çíà÷åíèÿìè è ñîáñòâåííûìè ýëåìåíòàìè:

S(θ)ωl(θ) = γl(θ)ωl(θ), l = 1, 2, 3.

Â [BSu1] íàéäåíî ñëåäóþùåå èíâàðèàíòíîå ïðåäñòàâëåíèå äëÿ ðîñòêà:

S(θ) = b(θ)∗g0b(θ), θ ∈ S2, (2.4)

ãäå b(θ) � ñèìâîë îïåðàòîðà b(D), à g0 � òàê íàçûâàåìàÿ ýôôåêòèâíàÿ ìàòðèöà.
Ïîñòîÿííàÿ ïîëîæèòåëüíàÿ (4×4)-ìàòðèöà g0 îïðåäåëÿåòñÿ ïî ñëåäóþùåìó ïðàâèëó. Ïóñòü

Λ ∈ H̃1(Ω) � (3× 4)-ìàòðèöà-ôóíêöèÿ, ÿâëÿþùàÿñÿ Γ-ïåðèîäè÷åñêèì ðåøåíèåì çàäà÷è

b(D)∗g(x)(b(D)Λ(x) + 14) = 0,

∫
Ω

Λ(x) dx = 0. (2.5)

Ýôôåêòèâíàÿ ìàòðèöà g0 îïðåäåëåíà â òåðìèíàõ ìàòðèöû Λ(x):

g̃(x) := g(x)(b(D)Λ(x) + 14), (2.6)

g0 = |Ω|−1

∫
Ω
g̃(x) dx. (2.7)

Âûÿñíÿåòñÿ, ÷òî ìàòðèöà g0 ïîëîæèòåëüíî îïðåäåëåíà.
Ïðèâåäåì ðåçóëüòàòû âû÷èñëåíèé ýôôåêòèâíûõ õàðàêòåðèñòèê äëÿ îïåðàòîðà L(t;θ);

ñì. [BSu4] èëè [Su5].
Ñíà÷àëà ââåäåì η0 � ýôôåêòèâíóþ ìàòðèöó äëÿ ñêàëÿðíîãî ýëëèïòè÷åñêîãî îïåðàòîðà

−div η(x)∇ = D∗η(x)D. Íàïîìíèì ïðàâèëî âû÷èñëåíèÿ ìàòðèöû η0. Ïóñòü e1, e2, e3 �
ñòàíäàðòíûå îðòû â R3. Ïóñòü Φj(x) � Γ-ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è

div η(x)(∇Φj(x) + ej) = 0,

∫
Ω

Φj(x) dx = 0. (2.8)

Ðàññìîòðèì ìàòðèöó Σ◦(x) ñî ñòîëáöàìè ∇Φj(x), j = 1, 2, 3. Ïîëîæèì

η̃(x) := η(x)(Σ◦(x) + 13).

Òîãäà

η0 = |Ω|−1

∫
Ω
η̃(x) dx.
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Çàìå÷àíèå 2.1. Îòìåòèì ñëåäóþùèå ñâîéñòâà ìàòðèöû η0 :
1◦. Âûïîëíåíû îöåíêè η 6 η0 6 η (èçâåñòíûå êàê âèëêà Ôîéãòà�Ðåéññà). Èç íèõ âûòåêàåò,
÷òî |η0| 6 ‖η‖L∞ , |(η0)−1| 6 ‖η−1‖L∞ .
2◦. Ðàâåíñòâî η0 = η ðàâíîñèëüíî òîìó, ÷òî ñòîëáöû ηj(x), j = 1, 2, 3, ìàòðèöû η(x)
ñîëåíîèäàëüíû: div ηj(x) = 0. Â ýòîì ñëó÷àå ðåøåíèå çàäà÷è (2.8) òðèâèàëüíî: Φj(x) = 0,
j = 1, 2, 3.
3◦. Ðàâåíñòâî η0 = η ðàâíîñèëüíî òîìó, ÷òî ñòîëáöû lj(x), j = 1, 2, 3, ìàòðèöû η(x)−1

ïîòåíöèàëüíû: lj(x) = ∇φj(x) + l0j äëÿ íåêîòîðûõ φj ∈ H̃1(Ω), l0j ∈ R3. Â ýòîì ñëó÷àå

η̃(x) = η0 = η.

Ïîëîæèì cj = (η0)−1ej , j = 1, 2, 3. Ïóñòü Φ̃j(x) � Γ-ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è

div η(x)(∇Φ̃j(x) + cj) = 0,

∫
Ω

Φ̃j(x) dx = 0. (2.9)

Ïóñòü pj ∈ H̃1(Ω;C3) (ãäå j = 1, 2, 3) � Γ-ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è

rot (µ−1
0 rotpj(x)) = η(x)(∇Φ̃j(x) + cj)− ej ,

divpj(x) = 0,

∫
Ω
pj(x) dx = 0.

Ïóñòü ρ ∈ H̃1(Ω) � Γ-ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è

−div (µ0∇ρ(x)) = 1− ν ν(x)−1,

∫
Ω
ρ(x) dx = 0.

Òîãäà (3× 4)-ìàòðèöà Λ(x) ïðåäñòàâëÿåòñÿ â âèäå

Λ(x) = i
(
µ
−1/2
0 Ψ(x) µ

1/2
0 ∇ρ(x)

)
,

ãäå Ψ(x) � (3× 3)-ìàòðèöà ñî ñòîëáöàìè rotpj(x), j = 1, 2, 3.
Äàëåå, ìàòðèöà g̃(x) = g(x)(b(D)Λ(x) + 14) èìååò âèä

g̃(x) =

(
(η0)−1 + Σ(x) 0

0 ν

)
,

ãäå Σ(x) � ìàòðèöà ñî ñòîëáöàìè ∇Φ̃j(x), j = 1, 2, 3. Îòìåòèì, ÷òî Σ(x) = Σ◦(x)(η0)−1.
Îòñþäà ñîãëàñíî (2.7) ïîëó÷àåì

g0 =

(
(η0)−1 0

0 ν

)
. (2.10)

Â ñîîòâåòñòâèè ñ (2.4), (2.10) ìîæíî çàïèñàòü ðîñòîê S(θ) â âèäå

S(θ) = µ
−1/2
0 r(θ)t(η0)−1r(θ)µ

−1/2
0 + ν µ

1/2
0 θθtµ

1/2
0 , (2.11)

ãäå ñèìâîë r(θ) îïðåäåëåí â (1.4).

2.3. Ðàçëîæåíèå ñïåêòðàëüíîãî ðîñòêà. Ðàññìîòðèì îðòîãîíàëüíîå ðàçëîæåíèå
òð¼õìåðíîãî ïðîñòðàíñòâà (2.1), çàâèñÿùåå îò ïàðàìåòðà θ ∈ S2:

N = J0
θ ⊕G0

θ, (2.12)

ãäå

J0
θ = {µ1/2

0 c ∈ C3 : 〈µ0c,θ〉 = 0},

G0
θ = {c = αµ

1/2
0 θ : α ∈ C}.
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Î÷åâèäíî, ðàçëîæåíèå (2.12) ïðèâîäèò îïåðàòîð S(θ). Ïðè ýòîì SJ(θ) (÷àñòü S(θ) â J0
θ)

îòâå÷àåò ïåðâîìó ñëàãàåìîìó â (2.11), à SG(θ) (÷àñòü S(θ) â G0
θ) � âòîðîìó ñëàãàåìîìó. Â

ïîäïðîñòðàíñòâå G0
θ îïåðàòîð S(θ) èìååò åäèíñòâåííîå ñîáñòâåííîå çíà÷åíèå

γ3(θ) = ν〈µ0θ,θ〉. (2.13)

Ñîîòâåòñòâóþùèé íîðìèðîâàííûé ñîáñòâåííûé âåêòîð åñòü

ω3(θ) = |Ω|−1/2〈µ0θ,θ〉−1/2µ
1/2
0 θ. (2.14)

Â ïîäïðîñòðàíñòâå J0
θ � äâà ñîáñòâåííûõ çíà÷åíèÿ γ1(θ), γ2(θ), îòâå÷àþùèõ

àëãåáðàè÷åñêîé çàäà÷å

r(θ)t(η0)−1r(θ)c = γµ0c, µ0c ⊥ θ. (2.15)

Íàì ïîíàäîáÿòñÿ ñëåäóþùèå ïðîñòûå îöåíêè

γj(θ) 6 |µ−1
0 ||(η

0)−1| 6 |µ−1
0 |‖η

−1‖L∞ , θ ∈ S2, j = 1, 2;

γ3(θ) > ν|µ−1
0 |
−1, θ ∈ S2.

(2.16)

Çàìå÷àíèå 2.2. Êàê îòìå÷åíî â [Su2, çàìå÷àíèå 4.5], âñåãäà ìîæíî òàê âûáðàòü

àíàëèòè÷åñêèå âåòâè ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ âåêòîðîâ îïåðàòîðà

L(t;θ), t ∈ [0, t0], ÷òî îäèí èç ñîáñòâåííûõ âåêòîðîâ (áóäåì ñ÷èòàòü, ÷òî

ýòî ϕ3(t;θ)) ïðèíàäëåæèò �ãðàäèåíòíîìó� ïîäïðîñòðàíñòâó G(tθ;µ0) ïðè t 6= 0,
à òîãäà (àâòîìàòè÷åñêè) äâà îñòàâøèõñÿ ñîáñòâåííûõ âåêòîðà ϕ1(t;θ), ϕ2(t;θ)
ïðèíàäëåæàò �ñîëåíîèäàëüíîìó� ïîäïðîñòðàíñòâó J(tθ;µ0). Ïðè ýòîì êîýôôèöèåíò

γ3(θ) â ðàçëîæåíèè (2.2) äëÿ λ3(t;θ) åñòü ñîáñòâåííîå çíà÷åíèå ÷àñòè ðîñòêà S(θ) â

ïîäïðîñòðàíñòâå G0
θ. �Çàðîäûø� ω3(θ) â ðàçëîæåíèè (2.3) äëÿ ϕ3(t;θ) çàäàåòñÿ ôîðìóëîé

(2.14). Êîýôôèöèåíòû γ1(θ), γ2(θ) â ðàçëîæåíèÿõ (2.2) äëÿ λ1(t;θ), λ2(t;θ) ÿâëÿþòñÿ

ñîáñòâåííûìè çíà÷åíèÿìè ÷àñòè ðîñòêà S(θ) â ïîäïðîñòðàíñòâå J0
θ è îòâå÷àþò

àëãåáðàè÷åñêîé çàäà÷å (2.15). �Çàðîäûøè� ω1(θ), ω2(θ) â ðàçëîæåíèÿõ (2.3) äëÿ ϕ1(t;θ),
ϕ2(t;θ) ïðèíàäëåæàò J0

θ è ÿâëÿþòñÿ ñîáñòâåííûìè âåêòîðàìè çàäà÷è (2.15). Åñëè

γ1(θ) 6= γ2(θ), òî ω1(θ), ω2(θ) îïðåäåëåíû îäíîçíà÷íî (ñ òî÷íîñòüþ äî ôàçîâûõ

ìíîæèòåëåé). Ïðè t = 0 âñå òðè ñîáñòâåííûõ âåêòîðà ïðèíàäëåæàò �ñîëåíîèäàëüíîìó�

ïîäïðîñòðàíñòâó J(0;µ0): ϕl(0;θ) = ωl(θ) ∈ N, l = 1, 2, 3. Îòìåòèì òàêæå, ÷òî â ñëó÷àå

γ1(θ) = γ2(θ) çíàíèÿ ðîñòêà S(θ) íåäîñòàòî÷íî äëÿ îïðåäåëåíèÿ �çàðîäûøåé� ω1(θ),
ω2(θ).

2.4. Îïåðàòîð N(θ). Íàì ïîíàäîáèòñÿ òàêæå îïåðàòîðN(θ), äåéñòâóþùèé â ïðîñòðàíñòâå
N è îïðåäåëåííûé â òåðìèíàõ êîýôôèöèåíòîâ ñòåïåííûõ ðàçëîæåíèé (2.2), (2.3)
ñëåäóþùèì îáðàçîì:

N(θ) = N0(θ) +N∗(θ),

N0(θ) =
3∑
l=1

µl(θ)(·,ωl(θ))L2(Ω)ωl(θ), (2.17)

N∗(θ) =

3∑
l=1

γl(θ)
(
(·, Pψl(θ))L2(Ω)ωl(θ) + (·,ωl(θ))L2(Ω)Pψl(θ)

)
.

Ïîäðîáíåå ñì. [BSu2].

Çàìå÷àíèå 2.3. Â áàçèñå {ωl(θ)}3l=1 îïåðàòîð N0(θ) äèàãîíàëåí, à N∗(θ) èìååò íóëåâóþ

äèàãîíàëü. Âûïîëíåíû ñîîòíîøåíèÿ:

(N(θ)ωl(θ),ωl(θ))L2(Ω) = (N0(θ)ωl(θ),ωl(θ))L2(Ω) = µl(θ), l = 1, 2, 3, (2.18)

(N(θ)ωl(θ),ωj(θ))L2(Ω) = (N∗(θ)ωl(θ),ωj(θ))L2(Ω)

= (γl(θ)− γj(θ))(Pψl(θ),ωj(θ)), l 6= j.
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Â [BSu2, �4] ïîëó÷åíî ñëåäóþùåå èíâàðèàíòíîå ïðåäñòàâëåíèå äëÿ îïåðàòîðà N(θ):

N(θ) = b(θ)∗M(θ)b(θ),

ãäå M(θ) � (4× 4)-ìàòðèöà, çàäàííàÿ ñîîòíîøåíèåì

M(θ) = |Ω|−1

∫
Ω

(Λ(x)∗b(θ)∗g̃(x) + g̃(x)∗b(θ)Λ(x)) dx.

Çäåñü Λ(x) � Γ-ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è (2.5), à g̃(x) � ìàòðèöà-ôóíêöèÿ (2.6). Äëÿ
îïåðàòîðà L(t;θ) îïåðàòîð N(θ) âû÷èñëåí â [BSu2, ï. 14.3] (â ñëó÷àå µ0 = 1). Ïåðåíîñÿ
âû÷èñëåíèå íà ñëó÷àé ïîñòîÿííîé ìàòðèöû µ0, íåñëîæíî ïîëó÷èòü ïðåäñòàâëåíèå

N(θ) = −if(θ)µ
−1/2
0 r(θ)µ

−1/2
0 , (2.19)

ãäå ìàòðèöà r(θ) îïðåäåëåíà â (1.4), à

f(θ) :=(ρ12(θ)− ρ21(θ))θ3 + (ρ31(θ)− ρ13(θ))θ2 + (ρ23(θ)− ρ32(θ))θ1,

ρjk(θ) :=|Ω|−1

∫
Ω

Φ̃j(x)
〈
η(x)(∇Φ̃k(x) + ck),θ

〉
dx.

(2.20)

Î÷åâèäíî, îïåðàòîð N(θ) ïðèâîäèòñÿ ðàçëîæåíèåì (2.12). ×àñòü N(θ), îòâå÷àþùàÿ
ïîäïðîñòðàíñòâó G0

θ, ðàâíà íóëþ.

Çàìå÷àíèå 2.4. Ïîñêîëüêó ω3(θ) = αµ
1/2
0 θ (ñì. (2.14)), òî ñ ó÷åòîì (2.19) è î÷åâèäíîãî

ðàâåíñòâà r(θ)θ = 0 âûïîëíåíî

(N(θ)ω3(θ),ωj(θ)) = (N(θ)ωj(θ),ω3(θ)) = 0, j = 1, 2, 3, θ ∈ S2.

Îòñþäà ñëåäóåò (ñì. (2.18)), ÷òî êîýôôèöèåíò µ3(θ) â ðàçëîæåíèè (2.2) ñîáñòâåííîãî
çíà÷åíèÿ λ3(t;θ), îòâå÷àþùåãî �ïîòåíöèàëüíîìó� ïîäïðîñòðàíñòâó G(tθ;µ0), ðàâåí íóëþ:

µ3(θ) = 0, θ ∈ S2.

Çàìå÷àíèå 2.5. 1◦. Ïðåäïîëîæèì, ÷òî η0 = η (ñì. çàìå÷àíèå 2.1(2◦)). Òîãäà ñòîëáöû

ìàòðèöû η(x) ñîëåíîèäàëüíû, à ïîòîìó ïåðèîäè÷åñêèå ðåøåíèÿ Φ̃j(x) (j = 1, 2, 3) çàäà÷

(2.9) ðàâíû íóëþ. Â ýòîì ñëó÷àå N(θ) = 0 ïðè âñåõ θ ∈ S2. Â ÷àñòíîñòè, ýòî ðàâåíñòâî

âûïîëíåíî, åñëè ìàòðèöà η(x) ïîñòîÿííà.
2◦. Ïðåäïîëîæèì, ÷òî η0 = η (ñì. çàìå÷àíèå 2.1(3◦)). Òîãäà âåêòîð-ôóíêöèè

η(x)(∇Φ̃k(x) + ck) (k = 1, 2, 3) ïîñòîÿííû. Ñëåäîâàòåëüíî, â ñèëó (2.19), (2.20) âûïîëíåíî
N(θ) = 0 ïðè âñåõ θ ∈ S2.

Çàìå÷àíèå 2.6. 1◦. Êàê îòìå÷åíî â [BSu2, ïðåäëîæåíèå 4.2], åñëè ýëåìåíòû ìàòðèö b(θ)
è g(x) âåùåñòâåííûå (÷òî âûïîëíåíî äëÿ îïåðàòîðà L) è âåêòîðû ωl(θ), l = 1, 2, 3, ìîæíî

âûáðàòü âåùåñòâåííûìè (â äàííîé òî÷êå θ ∈ S2), òî N0(θ) = 0. Óêàçàííûå óñëîâèÿ

çàâåäîìî âûïîëíåíû, åñëè γ1(θ) 6= γ2(θ), ïîñêîëüêó âåêòîð ω3(θ) � âåùåñòâåííûé (ñì.
(2.14)), à ñîáñòâåííûå âåêòîðû çàäà÷è (2.15) â äàííîì ñëó÷àå îïðåäåëåíû îäíîçíà÷íî (ñ
òî÷íîñòüþ äî ôàçîâûõ ìíîæèòåëåé) è èõ ìîæíî âûáðàòü âåùåñòâåííûìè. Â òàêîé

òî÷êå θ âûïîëíåíî N(θ) = N∗(θ) è µl(θ) = 0, l = 1, 2, 3.
2◦. Åñëè â êàêîé-ëèáî òî÷êå θ0 ∈ S2 âûïîëíÿåòñÿ ðàâåíñòâî γ1(θ0) = γ2(θ0), òî ñ ó÷åòîì
çàìå÷àíèé 2.3 è 2.4 ñïðàâåäëèâû ñîîòíîøåíèÿ N∗(θ0) = 0 è N(θ0) = N0(θ0). Ïðè ýòîì

÷èñëà µ1(θ0), µ2(θ0) ñóòü ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà (2.19) â ïîäïðîñòðàíñòâå J0
θ0
,

îíè çàäàþòñÿ âûðàæåíèÿìè

µ1,2(θ0) = ±f(θ0)
〈µ0θ0,θ0〉1/2

(detµ0)1/2
.

Åñëè f(θ0) 6= 0 (à òîãäà è µ1,2(θ0) 6= 0), òî âåêòîðû ω1,2(θ0) îïðåäåëÿþòñÿ îäíîçíà÷íî (ñ
òî÷íîñòüþ äî ôàçîâûõ ìíîæèòåëåé) è ñîâïàäàþò ñ ñîáñòâåííûìè âåêòîðàìè ìàòðèöû

µ
−1/2
0 r(θ0)µ

−1/2
0 , îòâå÷àþùèìè ñîáñòâåííûì çíà÷åíèÿì ±i 〈µ0θ0,θ0〉1/2

(detµ0)1/2
.
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2.5. Ýôôåêòèâíûé îïåðàòîð. Ïîëîæèì

S(k) := t2S(θ) = b(k)∗g0b(k), k ∈ R3. (2.21)

Âûðàæåíèå (2.21) ÿâëÿåòñÿ ñèìâîëîì ÄÎ

L0 = b(D)∗g0b(D) = µ
−1/2
0 rot(η0)−1 rotµ

−1/2
0 − µ1/2

0 ∇ν divµ
1/2
0 , (2.22)

äåéñòâóþùåãî â L2(R3;C3) íà îáëàñòè îïðåäåëåíèÿH2(R3;C3) è íàçûâàåìîãî ýôôåêòèâíûì
îïåðàòîðîì äëÿ îïåðàòîðà L.

� 3. Óñðåäíåíèå îïåðàòîðà Lε
3.1. Îïåðàòîð Lε. Íàø îñíîâíîé îáúåêò � îïåðàòîð Lε, äåéñòâóþùèé â L2(R3;C3) è
ôîðìàëüíî çàäàííûé âûðàæåíèåì

Lε = µ
−1/2
0 rot(ηε(x))−1 rotµ

−1/2
0 − µ1/2

0 ∇ν
ε(x) divµ

1/2
0 = b(D)∗gε(x)b(D). (3.1)

Ñòðîãîå îïðåäåëåíèå äàåòñÿ ÷åðåç ñîîòâåòñòâóþùóþ êâàäðàòè÷íóþ ôîðìó (ñð. ï. 1.2).
Êîýôôèöèåíòû îïåðàòîðà (3.1) áûñòðî îñöèëëèðóþò ïðè ε → 0. Ìû ïîëó÷àåì

àïïðîêñèìàöèè îïåðàòîðîâ cos(τL1/2
ε ) è L−1/2

ε sin(τL1/2
ε ) ïðè ìàëîì ε.

Êàê è îïåðàòîð L, îïåðàòîð (3.1) ðàñïàäàåòñÿ â ðàçëîæåíèè Âåéëÿ (1.7). Åãî
÷àñòè â ñîëåíîèäàëüíîì è ãðàäèåíòíîì ïîäïðîñòðàíñòâàõ îáîçíà÷èì ÷åðåç LJ,ε è LG,ε
ñîîòâåòñòâåííî.
Íèæå íàì ïîíàäîáèòñÿ ñëåäóþùåå ïðîñòîå óòâåðæäåíèå, âûòåêàþùåå èç îäíîâðåìåííîãî

ðàñïàäåíèÿ îïåðàòîðîâ Lε è L0 â ðàçëîæåíèè Âåéëÿ (1.7) è èç çàìå÷àíèÿ 1.1.

Ëåììà 3.1. Ïóñòü Lε � îïåðàòîð (3.1), à L0 � ýôôåêòèâíûé îïåðàòîð (2.22). Ïóñòü LJ,ε,
LG,ε � ÷àñòè îïåðàòîðà Lε â ïîäïðîñòðàíñòâàõ J(µ0) è G(µ0), ñîîòâåòñòâåííî. Ïóñòü
L0
J , L0

G � ÷àñòè îïåðàòîðà L0 â ïîäïðîñòðàíñòâàõ J(µ0) è G(µ0), ñîîòâåòñòâåííî.
1◦. Îöåíêà âèäà ∥∥cos(τL1/2

ε )− cos(τ(L0)1/2)
∥∥
Hs(R3)→L2(R3)

6 C(τ)εσ

ïðè íåêîòîðûõ s > 0 è σ > 0 ðàâíîñèëüíà ïàðå íåðàâåíñòâ∥∥cos(τL1/2
J,ε )− cos(τ(L0

J)1/2)
∥∥
Js→J 6 C(τ)εσ,∥∥cos(τL1/2

G,ε)− cos(τ(L0
G)1/2)

∥∥
Gs→G 6 C(τ)εσ.

Ìû äëÿ êðàòêîñòè îáîçíà÷àåì J := J(µ0), G := G(µ0), Js := Js(µ0), Gs := Gs(µ0).
2◦. Îöåíêà âèäà∥∥L−1/2

ε sin(τL1/2
ε )− (L0)−1/2 sin(τ(L0)1/2)

∥∥
Hs(R3)→L2(R3)

6 C(τ)εσ

ïðè íåêîòîðûõ s > 0 è σ > 0 ðàâíîñèëüíà ïàðå íåðàâåíñòâ∥∥L−1/2
J,ε sin(τL1/2

J,ε )− (L0
J)−1/2 sin(τ(L0

J)1/2)
∥∥
Js→J 6 C(τ)εσ,∥∥L−1/2

G,ε sin(τL1/2
G,ε)− (L0

G)−1/2 sin(τ(L0
G)1/2)

∥∥
Gs→G 6 C(τ)εσ.

3◦. Îöåíêà âèäà∥∥L−1/2
ε sin(τL1/2

ε )Dj − (L0)−1/2 sin(τ(L0)1/2)Dj

∥∥
Hs(R3)→L2(R3)

6 C(τ)εσ

ïðè íåêîòîðûõ s > 0 è σ > 0 ðàâíîñèëüíà ïàðå íåðàâåíñòâ∥∥L−1/2
J,ε sin(τL1/2

J,ε )Dj − (L0
J)−1/2 sin(τ(L0

J)1/2)Dj

∥∥
Js→J 6 C(τ)εσ,∥∥L−1/2

G,ε sin(τL1/2
G,ε)Dj − (L0

G)−1/2 sin(τ(L0
G)1/2)Dj

∥∥
Gs→G 6 C(τ)εσ.

Çäåñü j = 1, 2, 3.
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3.2. Àïïðîêñèìàöèÿ îïåðàòîð-ôóíêöèé îò Lε â ñòàðøåì ïîðÿäêå. Äëÿ óäîáñòâà
äàëüíåéøèõ ññûëîê íàçîâåì äàííûìè çàäà÷è ñëåäóþùèé íàáîð âåëè÷èí

|µ0|, |µ−1
0 |, ‖η‖L∞ , ‖η

−1‖L∞ , ‖ν‖L∞ , ‖ν−1‖L∞ ; ïàðàìåòðû ðåøåòêè Γ. (3.2)

Ñëåäóþùàÿ òåîðåìà âûòåêàåò èç îáùèõ ðåçóëüòàòîâ äëÿ êëàññà îïåðàòîðîâ Aε.
Òåîðåìà 3.2. Ïóñòü Lε � îïåðàòîð (3.1), à L0 � ýôôåêòèâíûé îïåðàòîð (2.22). Òîãäà
ïðè τ ∈ R è ε > 0 âûïîëíåíû îöåíêè∥∥cos(τL1/2

ε )− cos(τ(L0)1/2)
∥∥
H2(R3)→L2(R3)

6 C1(1 + |τ |)ε, (3.3)∥∥L−1/2
ε sin(τL1/2

ε )− (L0)−1/2 sin(τ(L0)1/2)
∥∥
H1(R3)→L2(R3)

6 C2(1 + |τ |)ε. (3.4)

Ïîñòîÿííûå C1, C2 çàâèñÿò òîëüêî îò äàííûõ çàäà÷è (3.2).

Îöåíêà (3.3) ïîëó÷åíà â [BSu5, òåîðåìà 13.1], à îöåíêà (3.4) óñòàíîâëåíà â [M2, òåîðåìà
9.1] (ñì. òàêæå [M1]).
Ñ ïîìîùüþ èíòåðïîëÿöèè èç òåîðåìû 3.2 âûòåêàåò ñëåäóþùèé ðåçóëüòàò (ñì. [BSu5,

òåîðåìà 13.2] è [DSu4, ñëåäñòâèå 15.3]).

Òåîðåìà 3.3. Ïóñòü Lε � îïåðàòîð (3.1), à L0 � ýôôåêòèâíûé îïåðàòîð (2.22). Òîãäà
ïðè 0 6 s 6 2, τ ∈ R è ε > 0 âûïîëíåíû îöåíêè∥∥cos(τL1/2

ε )− cos(τ(L0)1/2)
∥∥
Hs(R3)→L2(R3)

6 C1(s)(1 + |τ |)s/2εs/2,∥∥L−1/2
ε sin(τL1/2

ε )Dj − (L0)−1/2 sin(τ(L0)1/2)Dj

∥∥
Hs(R3)→L2(R3)

6 C2(s)(1 + |τ |)s/2εs/2,
j = 1, 2, 3. Ïîñòîÿííûå C1(s), C2(s) çàâèñÿò îò äàííûõ çàäà÷è (3.2) è îò s.

Êàê âûÿñíåíî â ðàáîòàõ [DSu1, DSu2, DSu4], ïðè äîïîëíèòåëüíûõ ïðåäïîëîæåíèÿõ
ðåçóëüòàòû òåîðåì 3.2 è 3.3 äîïóñêàþò óñèëåíèå.

Óñëîâèå 3.4. Ïóñòü îïåðàòîð N(θ) îïðåäåë¼í â (2.19), (2.20). Ïðåäïîëîæèì, ÷òî

N(θ) = 0 ïðè âñåõ θ ∈ S2, ÷òî ðàâíîñèëüíî óñëîâèþ f(θ) ≡ 0.

Cëåäóþùèé ðåçóëüòàò ïðÿìî âûòåêàåò èç [DSu4, òåîðåìà 15.2].

Òåîðåìà 3.5. Ïóñòü Lε � îïåðàòîð (3.1), à L0 � ýôôåêòèâíûé îïåðàòîð (2.22). Ïóñòü
âûïîëíåíî óñëîâèå 3.4. Òîãäà ïðè τ ∈ R è ε > 0 âûïîëíåíû îöåíêè∥∥cos(τL1/2

ε )− cos(τ(L0)1/2)
∥∥
H3/2(R3)→L2(R3)

6 C3(1 + |τ |)1/2ε, (3.5)∥∥L−1/2
ε sin(τL1/2

ε )− (L0)−1/2 sin(τ(L0)1/2)
∥∥
H1/2(R3)→L2(R3)

6 C4(1 + |τ |)1/2ε. (3.6)

Ïîñòîÿííûå C3, C4 çàâèñÿò òîëüêî îò äàííûõ çàäà÷è (3.2).

Ñ ïîìîùüþ èíòåðïîëÿöèè èç òåîðåìû 3.5 âûòåêàåò ñëåäóþùèé ðåçóëüòàò (ñì. [DSu4,
ñëåäñòâèå 15.4]).

Òåîðåìà 3.6. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 3.5. Òîãäà ïðè 0 6 s 6 3/2, τ ∈ R è ε > 0
âûïîëíåíû îöåíêè∥∥cos(τL1/2

ε )− cos(τ(L0)1/2)
∥∥
Hs(R3)→L2(R3)

6 C3(s)(1 + |τ |)s/3ε2s/3, (3.7)∥∥L−1/2
ε sin(τL1/2

ε )Dj − (L0)−1/2 sin(τ(L0)1/2)Dj

∥∥
Hs(R3)→L2(R3)

6 C4(s)(1 + |τ |)s/3ε2s/3, (3.8)

j = 1, 2, 3. Ïîñòîÿííûå C3(s), C4(s) çàâèñÿò îò äàííûõ çàäà÷è (3.2) è îò s.

Ó÷òåì, ÷òî îïåðàòîðû LJ,ε, L0
J çàâèñÿò îò êîýôôèöèåíòà η(x), íî íå îò ν(x). Íàïðîòèâ,

LG,ε, L0
G çàâèñÿò îò êîýôôèöèåíòà ν(x), íî íå îò η(x). Ðàññìîòðèì îïåðàòîð Ľε ñ ïðåæíèìè

êîýôôèöèåíòàìè ν(x), µ0 è ñ ïîñòîÿííûì η̌(x) (äëÿ ïðîñòîòû ñ÷èòàåì η̌ = 13). Â ñèëó
çàìå÷àíèÿ 2.5(1◦) äëÿ òàêîãî îïåðàòîðà âûïîëíåíî óñëîâèå 3.4, à ïîòîìó ïðèìåíèìû
òåîðåìû 3.5, 3.6. Ñëåäîâàòåëüíî, äëÿ íåãî ñïðàâåäëèâû îöåíêè âèäà (3.5)�(3.8). Ïðèìåíÿÿ
ëåììó 3.1, ïðèõîäèì ê ñëåäóþùåìó óòâåðæäåíèþ.
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Ñëåäñòâèå 3.7. Ïóñòü Lε � îïåðàòîð (3.1), à L0 � ýôôåêòèâíûé îïåðàòîð (2.22). Ïóñòü
LG,ε è L0

G � ÷àñòè îïåðàòîðîâ Lε è L0, ñîîòâåòñòâåííî, â ïîäïðîñòðàíñòâå G(µ0). Òîãäà
ïðè τ ∈ R è ε > 0 âûïîëíåíû îöåíêè∥∥cos(τL1/2

G,ε)− cos(τ(L0
G)1/2)

∥∥
G3/2→G 6 Č3(1 + |τ |)1/2ε,∥∥L−1/2

G,ε sin(τL1/2
G,ε)− (L0

G)−1/2 sin(τ(L0
G)1/2)

∥∥
G1/2→G 6 Č4(1 + |τ |)1/2ε.

Ïðè 0 6 s 6 3/2, τ ∈ R è ε > 0 âûïîëíåíû îöåíêè∥∥cos(τL1/2
G,ε)− cos(τ(L0

G)1/2)
∥∥
Gs→G 6 Č3(s)(1 + |τ |)s/3ε2s/3,∥∥L−1/2

G,ε sin(τL1/2
G,ε)Dj − (L0

G)−1/2 sin(τ(L0
G)1/2)Dj

∥∥
Gs→G 6 Č4(s)(1 + |τ |)s/3ε2s/3, j = 1, 2, 3.

Ïîñòîÿííûå Č3, Č4 êîíòðîëèðóþòñÿ â òåðìèíàõ |µ0|, |µ−1
0 |, ‖ν‖L∞ , ‖ν−1‖L∞ , è

ïàðàìåòðîâ ðåøåòêè Γ. Ïîñòîÿííûå Č3(s), Č4(s) çàâèñÿò îò òåõ æå ïàðàìåòðîâ è îò s.

Òåïåðü ìû îòêàçûâàåìñÿ îò óñëîâèÿN(θ) ≡ 0, à âçàìåí ïðåäïîëîæèì, ÷òîN0(θ) ≡ 0. Ïðè
ýòîì, îäíàêî, ïðèõîäèòñÿ äåëàòü äîïîëíèòåëüíîå ïðåäïîëîæåíèå î ñïåêòðå ðîñòêà S(θ).

Óñëîâèå 3.8. 1◦. Îïåðàòîð N0(θ) ðàâåí íóëþ: N0(θ) = 0 äëÿ ëþáîãî θ ∈ S2. Ýòî

ðàâíîñèëüíî òîìó, ÷òî µ1(θ) = µ2(θ) = 0 äëÿ âñåõ θ ∈ S2. 2◦. Âåòâè ñîáñòâåííûõ çíà÷åíèé
γ1(θ) è γ2(θ) çàäà÷è (2.15) ëèáî íå ïåðåñåêàþòñÿ, ëèáî òîæäåñòâåííî ñîâïàäàþò.

Îòìåòèì, ÷òî äîïóñòèìî ïåðåñå÷åíèå âåòâè γ3(θ) = ν〈µ0θ,θ〉 (ñì. (2.13)) ñ âåòâÿìè γ1(θ) è
γ2(θ). Ñ÷èòàÿ óñëîâèå 3.8 âûïîëíåííûì, â ñëó÷àå, êîãäà âåòâè γ1(θ) è γ2(θ) íå ïåðåñåêàþòñÿ,
îáîçíà÷èì

c◦ := min
θ∈S2
|γ1(θ)− γ2(θ)|.

Â ñèëó çàìå÷àíèÿ 2.6, åñëè âåòâè γ1(θ) è γ2(θ) íå ïåðåñåêàþòñÿ, òî N0(θ) ≡ 0 è óñëîâèå 3.8
âûïîëíåíî àâòîìàòè÷åñêè.
Cëåäóþùèé ðåçóëüòàò âûâîäèòñÿ èç [DSu4, òåîðåìà 15.2].

Òåîðåìà 3.9. Ïóñòü Lε � îïåðàòîð (3.1), à L0 � ýôôåêòèâíûé îïåðàòîð (2.22). Ïóñòü
âûïîëíåíî óñëîâèå 3.8. Òîãäà ïðè τ ∈ R è ε > 0 ñïðàâåäëèâû îöåíêè∥∥cos(τL1/2

ε )− cos(τ(L0)1/2)
∥∥
H3/2(R3)→L2(R3)

6 C5(1 + |τ |)1/2ε, (3.9)∥∥L−1/2
ε sin(τL1/2

ε )− (L0)−1/2 sin(τ(L0)1/2)
∥∥
H1/2(R3)→L2(R3)

6 C6(1 + |τ |)1/2ε. (3.10)

Ïîñòîÿííûå C5, C6 çàâèñÿò îò äàííûõ çàäà÷è (3.2), à òàêæå îò ïàðàìåòðà c◦.

Äîêàçàòåëüñòâî. Â ñèëó ëåììû 3.1 èñêîìûå îöåíêè (3.9), (3.10) ðàâíîñèëüíû òàêèì æå
îöåíêàì äëÿ ñîëåíîèäàëüíîé è ãðàäèåíòíîé ÷àñòåé îïåðàòîðà Lε. Ñîãëàñíî ñëåäñòâèþ 3.7
äëÿ ãðàäèåíòíîé ÷àñòè íóæíûå íåðàâåíñòâà âûïîëíåíû âñåãäà. Ïîýòîìó äåëî ñâîäèòñÿ ê
äîêàçàòåëüñòâó ñëåäóþùèõ îöåíîê:∥∥cos(τL1/2

J,ε )− cos(τ(L0
J)1/2)

∥∥
J3/2→J 6 C5(1 + |τ |)1/2ε, (3.11)∥∥L−1/2

J,ε sin(τL1/2
J,ε )− (L0

J)−1/2 sin(τ(L0
J)1/2)

∥∥
J1/2→J 6 C6(1 + |τ |)1/2ε. (3.12)

Ðàññìîòðèì îïåðàòîð L̂ε ñ èñõîäíûìè êîýôôèöèåíòàìè µ0, η(x) è ñ ïîñòîÿííûì
êîýôôèöèåíòîì ν̂ = 2|µ−1

0 |2‖η−1‖L∞ . Ñ ó÷åòîì îöåíîê (2.16) òàêîé âûáîð êîýôôèöèåíòà ν̂
îáåñïå÷èâàåò íåïåðåñå÷åíèå âåòâè γ̂3(θ) = ν̂〈µ0θ,θ〉 ñ γ1(θ) è γ2(θ). Âìåñòå ñ óñëîâèåì 3.8 ýòî
ãàðàíòèðóåò âûïîëíåíèå óñëîâèÿ 9.7 èç [DSu4] (ñîñòîÿùåãî â òîì, ÷òî N0(θ) ≡ 0 è êðàòíîñòü

ñïåêòðà ðîñòêà S(θ) íå çàâèñèò îò θ). Òîãäà ê îïåðàòîðó L̂ε ïðèìåíèìà òåîðåìà 15.2 èç

[DSu4], â ñèëó êîòîðîé äëÿ L̂ε ñïðàâåäëèâû îöåíêè âèäà (3.9), (3.10). Ïðèìåíÿÿ òåïåðü

ëåììó 3.1 è ó÷èòûâàÿ ñîâïàäåíèå ñîëåíîèäàëüíûõ ÷àñòåé îïåðàòîðîâ Lε è L̂ε, çàêëþ÷àåì,
÷òî ñïðàâåäëèâû òðåáóåìûå îöåíêè (3.11), (3.12). �
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Ñ ïîìîùüþ èíòåðïîëÿöèè ïîëó÷àåòñÿ ñëåäóþùèé ðåçóëüòàò (îí âûâîäèòñÿ èç [DSu4,
ñëåäñòâèå 15.4] ïî àíàëîãèè ñ äîêàçàòåëüñòâîì òåîðåìû 3.9).

Òåîðåìà 3.10. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 3.9. Òîãäà ïðè 0 6 s 6 3/2, τ ∈ R è

ε > 0 âûïîëíåíû îöåíêè∥∥cos(τL1/2
ε )− cos(τ(L0)1/2)

∥∥
Hs(R3)→L2(R3)

6 C5(s)(1 + |τ |)s/3ε2s/3,∥∥L−1/2
ε sin(τL1/2

ε )Dj − (L0)−1/2 sin(τ(L0)1/2)Dj

∥∥
Hs(R3)→L2(R3)

6 C6(s)(1 + |τ |)s/3ε2s/3,

j = 1, 2, 3. Ïîñòîÿííûå C5(s), C6(s) çàâèñÿò îò äàííûõ çàäà÷è (3.2), îò s è îò

ïàðàìåòðà c◦.

3.3. Àïïðîêñèìàöèÿ îïåðàòîðà L−1/2
ε sin(τL1/2

ε ) â ýíåðãåòè÷åñêîé íîðìå.

Àïïðîêñèìàöèÿ îïåðàòîð-ôóíêöèè L−1/2
ε sin(τL1/2

ε ) â �ýíåðãåòè÷åñêîé� íîðìå (òî åñòü,
íîðìå îïåðàòîðîâ, äåéñòâóþùèõ èç Hs â H1) ñëåäóåò èç ðåçóëüòàòîâ ðàáîòû [M2], ãäå
ðàññìàòðèâàëñÿ îáùèé êëàññ îïåðàòîðîâ Aε. Â ýòîé àïïðîêñèìàöèè íåîáõîäèìî ó÷èòûâàòü
êîððåêòîð. Â îáùåì ñëó÷àå êîððåêòîð ñîäåðæèò âñïîìîãàòåëüíûé ñãëàæèâàþùèé îïåðàòîð.
Îäíàêî, ïðè äîïîëíèòåëüíîì ïðåäïîëîæåíèè, ÷òî ðåøåíèå Λ(x) çàäà÷è (2.5) ÿâëÿåòñÿ
ìóëüòèïëèêàòîðîì èç H2 â H1, ìîæíî èçáàâèòüñÿ îò ñãëàæèâàòåëÿ. Â ðàçìåðíîñòè
d 6 4 ýòî óñëîâèå âûïîëíåíî àâòîìàòè÷åñêè. Íàñ èíòåðåñóåò òàêæå àïïðîêñèìàöèÿ òàê

íàçûâàåìîãî �ïîòîêà� � îïåðàòîðà gεb(D)L−1/2
ε sin(τL1/2

ε ) � ïî (Hs → L2)-íîðìå. Èç [M2,
òåîðåìà 9.8] âûòåêàåò ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 3.11. Ïóñòü Lε � îïåðàòîð (3.1), à L0 � ýôôåêòèâíûé îïåðàòîð (2.22). Òîãäà
ïðè τ ∈ R è 0 < ε 6 1 ñïðàâåäëèâû îöåíêè∥∥L−1/2

ε sin(τL1/2
ε )−

(
I + εΛεb(D)

)
(L0)−1/2 sin(τ(L0)1/2)

∥∥
H2(R3)→H1(R3)

6 C7(1 + |τ |)ε,∥∥gεb(D)L−1/2
ε sin(τL1/2

ε )− g̃εb(D)(L0)−1/2 sin(τ(L0)1/2)
∥∥
H2(R3)→L2(R3)

6 C8(1 + |τ |)ε.

Ïîñòîÿííûå C7, C8 çàâèñÿò òîëüêî îò äàííûõ çàäà÷è (3.2).

Èìååì:

Λεb(D) = µ
−1/2
0 Ψεrotµ

−1/2
0 + µ

1/2
0 (∇ρ)εdivµ

1/2
0 .

Î÷åâèäíî, ïåðâîå ñëàãàåìîå îáðàùàåòñÿ â íîëü íà G(µ0), à âòîðîå îáðàùàåòñÿ â íîëü íà
J(µ0). Äàëåå,

gεb(D) = −i

(
(ηε)−1rotµ

−1/2
0

νεdivµ
1/2
0

)
, g̃εb(D) = −i

((
(η0)−1 + Σε

)
rotµ

−1/2
0

ν divµ
1/2
0

)
.

Ñ ó÷åòîì ýòèõ ñîîòíîøåíèé ëåãêî ïðîâåðèòü ñïðàâåäëèâîñòü ñëåäóþùåãî àíàëîãà
ëåììû 3.1.

Ëåììà 3.12. 1◦. Îöåíêà âèäà∥∥L−1/2
ε sin(τL1/2

ε )−
(
I + εΛεb(D)

)
(L0)−1/2 sin(τ(L0)1/2)

∥∥
Hs(R3)→H1(R3)

6 C(τ)εσ

ïðè íåêîòîðûõ s > 0 è σ > 0 ðàâíîñèëüíà ïàðå íåðàâåíñòâ∥∥L−1/2
J,ε sin(τL1/2

J,ε )−
(
I + εµ

−1/2
0 Ψεrotµ

−1/2
0

)
(L0

J)−1/2 sin(τ(L0
J)1/2)

∥∥
Js→H1 6 C(τ)εσ,∥∥L−1/2

G,ε sin(τL1/2
G,ε)−

(
I + εµ

1/2
0 (∇ρ)εdivµ

1/2
0

)
(L0

G)−1/2 sin(τ(L0
G)1/2)

∥∥
Gs→H1 6 C(τ)εσ.

2◦. Îöåíêà âèäà∥∥gεb(D)L−1/2
ε sin(τL1/2

ε )− g̃εb(D)(L0)−1/2 sin(τ(L0)1/2)
∥∥
Hs(R3)→L2(R3)

6 C(τ)εσ
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ïðè íåêîòîðûõ s > 0 è σ > 0 ðàâíîñèëüíà ïàðå íåðàâåíñòâ∥∥(ηε)−1rotµ
−1/2
0 L−1/2

J,ε sin(τL1/2
J,ε )−

(
(η0)−1 + Σε

)
rotµ

−1/2
0 (L0

J)−1/2 sin(τ(L0
J)1/2)

∥∥
Js→L2

6 C(τ)εσ,∥∥νεdivµ
1/2
0 L

−1/2
G,ε sin(τL1/2

G,ε)− ν divµ
1/2
0 (L0

G)−1/2 sin(τ(L0
G)1/2)

∥∥
Gs→L2

6 C(τ)εσ.

Äàëåå, ïðè äîïîëíèòåëüíûõ ïðåäïîëîæåíèÿõ (íàïðèìåð, ïðè óñëîâèè 3.4) ðåçóëüòàòû
òåîðåìû 3.11 äîïóñêàþò óñèëåíèå; ñì. [DSu4]. Òåïåðü äëÿ óñòðàíåíèÿ ñãëàæèâàòåëÿ â

êîððåêòîðå äîñòàòî÷íî, ÷òîáû ðåøåíèå Λ(x) çàäà÷è (2.5) áûëî ìóëüòèïëèêàòîðîì èç H3/2

â H1. Â ðàçìåðíîñòè d 6 3 ýòî óñëîâèå âûïîëíåíî àâòîìàòè÷åñêè (ñì. [DSu4, ïðåäëîæåíèå
14.25]). Èç [DSu4, òåîðåìà 15.36] âûòåêàåò ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 3.13. Ïóñòü Lε � îïåðàòîð (3.1), à L0 � ýôôåêòèâíûé îïåðàòîð (2.22). Ïóñòü
âûïîëíåíî óñëîâèå 3.4. Òîãäà ïðè τ ∈ R è 0 < ε 6 1 ñïðàâåäëèâû îöåíêè∥∥L−1/2

ε sin(τL1/2
ε )−

(
I + εΛεb(D)

)
(L0)−1/2 sin(τ(L0)1/2)

∥∥
H3/2(R3)→H1(R3)

6 C9(1 + |τ |)1/2ε,∥∥gεb(D)L−1/2
ε sin(τL1/2

ε )− g̃εb(D)(L0)−1/2 sin(τ(L0)1/2)
∥∥
H3/2(R3)→L2(R3)

6 C10(1 + |τ |)1/2ε.

Ïîñòîÿííûå C9, C10 çàâèñÿò òîëüêî îò äàííûõ çàäà÷è (3.2).

Ïî àíàëîãèè ñ äîêàçàòåëüñòâîì ñëåäñòâèÿ 3.7 èç òåîðåìû 3.13 è ëåììû 3.12 âûâîäèì
ñëåäñòâèå.

Ñëåäñòâèå 3.14. Ïóñòü Lε � îïåðàòîð (3.1), à L0 � ýôôåêòèâíûé îïåðàòîð (2.22). Ïóñòü
LG,ε è L0

G � ÷àñòè îïåðàòîðîâ Lε è L0, ñîîòâåòñòâåííî, â ïîäïðîñòðàíñòâå G(µ0). Òîãäà
ïðè τ ∈ R è 0 < ε 6 1 âûïîëíåíû îöåíêè∥∥L−1/2

G,ε sin(τL1/2
G,ε)−

(
I + εµ

1/2
0 (∇ρ)εdivµ

1/2
0

)
(L0

G)−1/2 sin(τ(L0
G)1/2)

∥∥
G3/2→H1

6 Č9(1 + |τ |)1/2ε,
(3.13)

∥∥νεdivµ
1/2
0 L

−1/2
G,ε sin(τL1/2

G,ε)− ν divµ
1/2
0 (L0

G)−1/2 sin(τ(L0
G)1/2)

∥∥
G3/2→L2

6 Č10(1 + |τ |)1/2ε.

Ïîñòîÿííûå Č9, Č10 çàâèñÿò òîëüêî îò |µ0|, |µ−1
0 |, ‖ν‖L∞ , ‖ν−1‖L∞ , è ïàðàìåòðîâ

ðåøåòêè Γ.

Òåïåðü èç [DSu4, òåîðåìà 15.36] ñ ó÷åòîì ëåììû 3.12 è ñëåäñòâèÿ 3.14 âûòåêàåò
ñëåäóþùèé ðåçóëüòàò; ñð. äîêàçàòåëüñòâî òåîðåìû 3.9.

Òåîðåìà 3.15. Ïóñòü Lε � îïåðàòîð (3.1), à L0 � ýôôåêòèâíûé îïåðàòîð (2.22). Ïóñòü
âûïîëíåíî óñëîâèå 3.8. Òîãäà ïðè τ ∈ R è 0 < ε 6 1 ñïðàâåäëèâû îöåíêè∥∥L−1/2

ε sin(τL1/2
ε )−

(
I + εΛεb(D)

)
(L0)−1/2 sin(τ(L0)1/2)

∥∥
H3/2(R3)→H1(R3)

6 C11(1 + |τ |)1/2ε,∥∥gεb(D)L−1/2
ε sin(τL1/2

ε )− g̃εb(D)(L0)−1/2 sin(τ(L0)1/2)
∥∥
H3/2(R3)→L2(R3)

6 C12(1 + |τ |)1/2ε.

Ïîñòîÿííûå C11, C12 çàâèñÿò òîëüêî îò äàííûõ çàäà÷è (3.2) è c◦.

Â èíòåðïîëÿöèîííûõ ðåçóëüòàòàõ îá àïïðîêñèìàöèè îïåðàòîðà L−1/2
ε sin(τL1/2

ε ) â
ýíåðãåòè÷åñêîé íîðìå ó÷àñòâóåò ñãëàæèâàþùèé îïåðàòîð Πε, äåéñòâóþùèé â L2(R3;C4)
è çàäàííûé ðàâåíñòâîì

(Πεf)(x) = (2π)−3/2

∫
Ω̃/ε

ei〈x,ξ〉f̂(ξ) dξ.

Çäåñü f̂(ξ) � Ôóðüå-îáðàç ôóíêöèè f(x).
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Òåîðåìà 3.16. Ïóñòü Lε � îïåðàòîð (3.1), à L0 � ýôôåêòèâíûé îïåðàòîð (2.22). Òîãäà
ïðè 0 6 s 6 2, τ ∈ R è ε > 0 ñïðàâåäëèâû îöåíêè∥∥D(L−1/2

ε sin(τL1/2
ε )−

(
I + εΛεΠεb(D)

)
(L0)−1/2 sin(τ(L0)1/2)

)∥∥
Hs(R3)→L2(R3)

6 C7(s)(1 + |τ |)s/2εs/2,
(3.14)

∥∥gεb(D)L−1/2
ε sin(τL1/2

ε )−
(
g0 + (g̃ε − g0)Πε

)
b(D)(L0)−1/2 sin(τ(L0)1/2)

∥∥
Hs(R3)→L2(R3)

6 C8(s)(1 + |τ |)s/2εs/2.
(3.15)

Ïîñòîÿííûå C7(s), C8(s) çàâèñÿò òîëüêî îò äàííûõ çàäà÷è (3.2) è îò s.

Äîêàçàòåëüñòâî. Èç [DSu4, ñëåäñòâèå 15.9] ïðÿìî âûòåêàåò îöåíêà (3.14), à òàêæå
íåðàâåíñòâî∥∥gεb(D)L−1/2

ε sin(τL1/2
ε )− g̃εΠεb(D)(L0)−1/2 sin(τ(L0)1/2)

∥∥
Hs(R3)→L2(R3)

6 C̃8(s)(1 + |τ |)s/2εs/2.
(3.16)

Ó÷òåì îöåíêó∥∥g0(I −Πε)b(D)(L0)−1/2 sin(τ(L0)1/2)
∥∥
Hs(R3)→L2(R3)

6 ‖g‖1/2L∞
‖I −Πε‖Hs(R3)→L2(R3). (3.17)

Èìååì

‖(I −Πε)u‖2L2(R3) =

∫
R3\(Ω̃/ε)

|û(ξ)|2 dξ 6 r−2σ
0 ε2σ‖u‖2Hσ(R3),

à ïîòîìó

‖I −Πε‖Hs(R3)→L2(R3) 6 r
−σ
0 εσ, 0 6 σ 6 s. (3.18)

Èç (3.16), (3.17) è (3.18) (ïðè σ = s/2) âûòåêàåò (3.15). �

Íàì ïîíàäîáèòñÿ ñëåäóþùèé àíàëîã ëåììû 3.12.

Ëåììà 3.17. 1◦. Îöåíêà âèäà∥∥D(L−1/2
ε sin(τL1/2

ε )−
(
I + εΛεΠεb(D)

)
(L0)−1/2 sin(τ(L0)1/2)

)∥∥
Hs(R3)→L2(R3)

6 C(τ)εσ

ïðè íåêîòîðûõ s > 0 è σ > 0 ðàâíîñèëüíà ïàðå íåðàâåíñòâ∥∥D(L−1/2
J,ε sin(τL1/2

J,ε )−
(
I + εµ

−1/2
0 ΨεΠεrotµ

−1/2
0

)
(L0

J)−1/2 sin(τ(L0
J)1/2)

)∥∥
Js→L2

6 C(τ)εσ,∥∥D(L−1/2
G,ε sin(τL1/2

G,ε)−
(
I + εµ

1/2
0 (∇ρ)εΠεdivµ

1/2
0

)
(L0

G)−1/2 sin(τ(L0
G)1/2)

)∥∥
Gs→L2

6 C(τ)εσ.

2◦. Îöåíêà âèäà∥∥gεb(D)L−1/2
ε sin(τL1/2

ε )−
(
g0 +(g̃ε−g0)Πε

)
b(D)(L0)−1/2 sin(τ(L0)1/2)

∥∥
Hs(R3)→L2(R3)

6 C(τ)εσ

ïðè íåêîòîðûõ s > 0 è σ > 0 ðàâíîñèëüíà ïàðå íåðàâåíñòâ∥∥(ηε)−1rotµ
−1/2
0 L−1/2

J,ε sin(τL1/2
J,ε )−

(
(η0)−1 + ΣεΠε

)
rotµ

−1/2
0 (L0

J)−1/2 sin(τ(L0
J)1/2)

∥∥
Js→L2

6 C(τ)εσ,∥∥νεdivµ
1/2
0 L

−1/2
G,ε sin(τL1/2

G,ε)− ν divµ
1/2
0 (L0

G)−1/2 sin(τ(L0
G)1/2)

∥∥
Gs→L2

6 C(τ)εσ.

Èç [DSu4, ñëåäñòâèå 15.12] ñ ó÷åòîì (3.17) è (3.18) (ïðè σ = 2s/3) âûòåêàåò ñëåäóþùèé
ðåçóëüòàò.
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Òåîðåìà 3.18. Ïóñòü Lε � îïåðàòîð (3.1), à L0 � ýôôåêòèâíûé îïåðàòîð (2.22). Ïóñòü
âûïîëíåíî óñëîâèå 3.4. Òîãäà ïðè 0 6 s 6 3/2, τ ∈ R è ε > 0 ñïðàâåäëèâû îöåíêè∥∥D(L−1/2

ε sin(τL1/2
ε )−

(
I + εΛεΠεb(D)

)
(L0)−1/2 sin(τ(L0)1/2)

)∥∥
Hs(R3)→L2(R3)

6 C9(s)(1 + |τ |)s/3ε2s/3,∥∥gεb(D)L−1/2
ε sin(τL1/2

ε )−
(
g0 + (g̃ε − g0)Πε

)
b(D)(L0)−1/2 sin(τ(L0)1/2)

∥∥
Hs(R3)→L2(R3)

6 C10(s)(1 + |τ |)s/3ε2s/3.

Ïîñòîÿííûå C9(s), C10(s) çàâèñÿò òîëüêî îò äàííûõ çàäà÷è (3.2) è îò s.

Ïî àíàëîãèè ñ äîêàçàòåëüñòâîì ñëåäñòâèÿ 3.7 èç òåîðåìû 3.18 è ëåììû 3.17 âûâîäèì
ñëåäñòâèå.

Ñëåäñòâèå 3.19. Ïóñòü Lε � îïåðàòîð (3.1), à L0 � ýôôåêòèâíûé îïåðàòîð (2.22). Ïóñòü
LG,ε è L0

G � ÷àñòè îïåðàòîðîâ Lε è L0, ñîîòâåòñòâåííî, â ïîäïðîñòðàíñòâå G(µ0). Òîãäà
ïðè 0 6 s 6 3/2, τ ∈ R è ε > 0 âûïîëíåíû îöåíêè∥∥D(L−1/2

G,ε sin(τL1/2
G,ε)−

(
I + εµ

1/2
0 (∇ρ)εΠεdivµ

1/2
0

)
(L0

G)−1/2 sin(τ(L0
G)1/2)

)∥∥
Gs→L2

6 Č9(s)(1 + |τ |)s/3ε2s/3,∥∥νεdivµ
1/2
0 L

−1/2
G,ε sin(τL1/2

G,ε)− ν divµ
1/2
0 (L0

G)−1/2 sin(τ(L0
G)1/2)

∥∥
Gs→L2

6 Č10(s)(1 + |τ |)s/3ε2s/3.

Ïîñòîÿííûå Č9(s), Č10(s) çàâèñÿò òîëüêî îò |µ0|, |µ−1
0 |, ‖ν‖L∞ , ‖ν−1‖L∞ , ïàðàìåòðîâ

ðåøåòêè Γ è îò s.

Òåïåðü èç [DSu4, ñëåäñòâèå 15.12] ñ ó÷åòîì ëåììû 3.17 è ñëåäñòâèÿ 3.19 âûòåêàåò
ñëåäóþùèé ðåçóëüòàò; ñð. äîêàçàòåëüñòâî òåîðåìû 3.9.

Òåîðåìà 3.20. Ïóñòü Lε � îïåðàòîð (3.1), à L0 � ýôôåêòèâíûé îïåðàòîð (2.22). Ïóñòü
âûïîëíåíî óñëîâèå 3.8. Òîãäà ïðè 0 6 s 6 3/2, τ ∈ R è ε > 0 ñïðàâåäëèâû îöåíêè∥∥D(L−1/2

ε sin(τL1/2
ε )− (I + εΛεΠε)b(D)(L0)−1/2 sin(τ(L0)1/2)

)∥∥
Hs(R3)→L2(R3)

6 C11(s)(1 + |τ |)s/3ε2s/3,∥∥gεb(D)L−1/2
ε sin(τL1/2

ε )−
(
g0 + (g̃ε − g0)Πε

)
b(D)(L0)−1/2 sin(τ(L0)1/2)

∥∥
Hs(R3)→L2(R3)

6 C12(s)(1 + |τ |)s/3ε2s/3.

Ïîñòîÿííûå C11(s), C12(s) çàâèñÿò òîëüêî îò äàííûõ çàäà÷è (3.2), îò s è îò c◦.

3.4. Àïïðîêñèìàöèè îïåðàòîð-ôóíêöèé îò LJ,ε. Ó÷èòûâàÿ ëåììó 3.1 è ïðèìåíÿÿ

òåîðåìû 3.2, 3.3, 3.5, 3.6, 3.9, 3.10 ê îïåðàòîðó L̂ε ñ èñõîäíûìè êîýôôèöèåíòàìè µ0, η(x) è
ñ ïîñòîÿííûì êîýôôèöèåíòîì ν̂ = 2|µ−1

0 |2‖η−1‖L∞ , ïîëó÷àåì ñëåäóþùèé (îáúåäèíåííûé)
ðåçóëüòàò.

Òåîðåìà 3.21. Ïóñòü LJ,ε � ÷àñòü îïåðàòîðà (3.1) â ñîëåíîèäàëüíîì ïîäïðîñòðàíñòâå

J(µ0) è L0
J � ÷àñòü ýôôåêòèâíîãî îïåðàòîðà (2.22) â ïîäïðîñòðàíñòâå J(µ0).

1◦. Ïðè τ ∈ R è ε > 0 âûïîëíåíû îöåíêè∥∥cos(τL1/2
J,ε )− cos(τ(L0

J)1/2)
∥∥
J2→J 6 Ĉ1(1 + |τ |)ε, (3.19)∥∥L−1/2

J,ε sin(τL1/2
J,ε )− (L0

J)−1/2 sin(τ(L0
J)1/2)

∥∥
J1→J 6 Ĉ2(1 + |τ |)ε. (3.20)
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Ïðè 0 6 s 6 2, τ ∈ R è ε > 0 âûïîëíåíû îöåíêè∥∥cos(τL1/2
J,ε )− cos(τ(L0

J)1/2)
∥∥
Js→J 6 Ĉ1(s)(1 + |τ |)s/2εs/2, (3.21)∥∥L−1/2

J,ε sin(τL1/2
J,ε )Dj − (L0

J)−1/2 sin(τ(L0
J)1/2)Dj

∥∥
Js→J 6 Ĉ2(s)(1 + |τ |)s/2εs/2, j = 1, 2, 3.

(3.22)

Ïîñòîÿííûå Ĉ1, Ĉ2 êîíòðîëèðóþòñÿ â òåðìèíàõ íîðì |µ0|, |µ−1
0 |, ‖η‖L∞ , ‖η−1‖L∞ è

ïàðàìåòðîâ ðåøåòêè Γ. Ïîñòîÿííûå Ĉ1(s) è Ĉ2(s) çàâèñÿò îò òåõ æå ïàðàìåòðîâ è îò s.
2◦. Ïóñòü âûïîëíåíî óñëîâèå 3.4 èëè óñëîâèå 3.8. Òîãäà ïðè τ ∈ R è ε > 0 âûïîëíåíû

îöåíêè ∥∥cos(τL1/2
J,ε )− cos(τ(L0

J)1/2)
∥∥
J3/2→J 6 Ĉ3(1 + |τ |)1/2ε, (3.23)∥∥L−1/2

J,ε sin(τL1/2
J,ε )− (L0

J)−1/2 sin(τ(L0
J)1/2)

∥∥
J1/2→J 6 Ĉ4(1 + |τ |)1/2ε. (3.24)

Ïðè 0 6 s 6 3/2, τ ∈ R è ε > 0 âûïîëíåíû îöåíêè∥∥cos(τL1/2
J,ε )− cos(τ(L0

J)1/2)
∥∥
Js→J 6 Ĉ3(s)(1 + |τ |)s/3ε2s/3, (3.25)∥∥L−1/2

J,ε sin(τL1/2
J,ε )Dj − (L0

J)−1/2 sin(τ(L0
J)1/2)Dj

∥∥
Js→J 6 Ĉ4(s)(1 + |τ |)s/3ε2s/3, j = 1, 2, 3.

(3.26)

Ïðè óñëîâèè 3.4 ïîñòîÿííûå Ĉ3, Ĉ4 êîíòðîëèðóþòñÿ â òåðìèíàõ íîðì |µ0|, |µ−1
0 |,

‖η‖L∞ , ‖η−1‖L∞ è ïàðàìåòðîâ ðåøåòêè Γ; ïîñòîÿííûå Ĉ3(s) è Ĉ4(s) çàâèñÿò îò òåõ æå

ïàðàìåòðîâ è îò s. Ïðè óñëîâèè 3.8 êîíñòàíòû çàâèñÿò åùå îò ïàðàìåòðà c◦.

Àíàëîãè÷íî, ñ ïîìîùüþ ëåìì 3.12, 3.17, ïðèìåíÿÿ òåîðåìû 3.11, 3.13, 3.15, 3.16, 3.18 è

3.20 ê îïåðàòîðó L̂ε ñ èñõîäíûìè êîýôôèöèåíòàìè µ0, η(x) è ñ ïîñòîÿííûì êîýôôèöèåíòîì
ν̂ = 2|µ−1

0 |2‖η−1‖L∞ , ïîëó÷àåì ñëåäóþùèé (îáúåäèíåííûé) ðåçóëüòàò.

Òåîðåìà 3.22. Ïóñòü LJ,ε � ÷àñòü îïåðàòîðà (3.1) â ñîëåíîèäàëüíîì ïîäïðîñòðàíñòâå

J(µ0) è L0
J � ÷àñòü ýôôåêòèâíîãî îïåðàòîðà (2.22) â ïîäïðîñòðàíñòâå J(µ0).

1◦. Ïðè τ ∈ R è 0 < ε 6 1 âûïîëíåíû îöåíêè∥∥L−1/2
J,ε sin(τL1/2

J,ε )−
(
I + εµ

−1/2
0 Ψεrotµ

−1/2
0

)
(L0

J)−1/2 sin(τ(L0
J)1/2)

∥∥
J2→H1

6 Ĉ7(1 + |τ |)ε,
(3.27)

∥∥(ηε)−1rotµ
−1/2
0 L−1/2

J,ε sin(τL1/2
J,ε )−

(
(η0)−1 + Σε

)
rotµ

−1/2
0 (L0

J)−1/2 sin(τ(L0
J)1/2)

∥∥
J2→L2

6 Ĉ8(1 + |τ |)ε.
(3.28)

Ïðè 0 6 s 6 2, τ ∈ R è ε > 0 âûïîëíåíû îöåíêè∥∥D(L−1/2
J,ε sin(τL1/2

J,ε )−
(
I + εµ

−1/2
0 ΨεΠεrotµ

−1/2
0

)
(L0

J)−1/2 sin(τ(L0
J)1/2)

)∥∥
Js→L2

6 Ĉ7(s)(1 + |τ |)s/2εs/2,
(3.29)

∥∥(ηε)−1rotµ
−1/2
0 L−1/2

J,ε sin(τL1/2
J,ε )−

(
(η0)−1 + ΣεΠε

)
rotµ

−1/2
0 (L0

J)−1/2 sin(τ(L0
J)1/2)

∥∥
Js→L2

6 Ĉ8(s)(1 + |τ |)s/2εs/2.
(3.30)

Ïîñòîÿííûå Ĉ7, Ĉ8 êîíòðîëèðóþòñÿ â òåðìèíàõ íîðì |µ0|, |µ−1
0 |, ‖η‖L∞ , ‖η−1‖L∞ è

ïàðàìåòðîâ ðåøåòêè Γ. Ïîñòîÿííûå Ĉ7(s) è Ĉ8(s) çàâèñÿò îò òåõ æå ïàðàìåòðîâ è îò s.
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2◦. Ïóñòü âûïîëíåíî óñëîâèå 3.4 èëè óñëîâèå 3.8. Òîãäà ïðè τ ∈ R è 0 < ε 6 1 âûïîëíåíû

îöåíêè∥∥L−1/2
J,ε sin(τL1/2

J,ε )−
(
I + εµ

−1/2
0 Ψεrotµ

−1/2
0

)
(L0

J)−1/2 sin(τ(L0
J)1/2)

∥∥
J3/2→H1

6 Ĉ9(1 + |τ |)1/2ε,
(3.31)

∥∥(ηε)−1rotµ
−1/2
0 L−1/2

J,ε sin(τL1/2
J,ε )−

(
(η0)−1 + Σε

)
rotµ

−1/2
0 (L0

J)−1/2 sin(τ(L0
J)1/2)

∥∥
J3/2→L2

6 Ĉ10(1 + |τ |)1/2ε.
(3.32)

Ïðè 0 6 s 6 3/2, τ ∈ R è ε > 0 âûïîëíåíû îöåíêè∥∥D(L−1/2
J,ε sin(τL1/2

J,ε )−
(
I + εµ

−1/2
0 ΨεΠεrotµ

−1/2
0

)
(L0

J)−1/2 sin(τ(L0
J)1/2)

)∥∥
Js→L2

6 Ĉ9(s)(1 + |τ |)s/3ε2s/3,
(3.33)

∥∥(ηε)−1rotµ
−1/2
0 L−1/2

J,ε sin(τL1/2
J,ε )−

(
(η0)−1 + ΣεΠε

)
rotµ

−1/2
0 (L0

J)−1/2 sin(τ(L0
J)1/2)

∥∥
Js→L2

6 Ĉ10(s)(1 + |τ |)s/3ε2s/3.
(3.34)

Ïðè óñëîâèè 3.4 ïîñòîÿííûå Ĉ9, Ĉ10 êîíòðîëèðóþòñÿ â òåðìèíàõ íîðì |µ0|, |µ−1
0 |,

‖η‖L∞ , ‖η−1‖L∞ è ïàðàìåòðîâ ðåøåòêè Γ; ïîñòîÿííûå Ĉ9(s) è Ĉ10(s) çàâèñÿò îò òåõ

æå ïàðàìåòðîâ è îò s. Ïðè óñëîâèè 3.8 êîíñòàíòû çàâèñÿò åùå îò ïàðàìåòðà c◦.

Çàìå÷àíèå 3.23. Êîíòðîëü çà çàâèñèìîñòüþ îöåíîê îò τ ïîçâîëÿåò ïîëó÷àòü

êâàëèôèöèðîâàííûå îöåíêè ïðè ìàëîì ε è áîëüøîì |τ |, ÷òî ïðåäñòàâëÿåò

ñàìîñòîÿòåëüíûé èíòåðåñ.

1) Â óñëîâèÿõ òåîðåìû 3.21(1◦) èëè òåîðåìû 3.22(1◦) ìîæíî ðàññìàòðèâàòü çíà÷åíèÿ

τ = O(ε−α), 0 < α < 1. Òîãäà íîðìû â ëåâûõ ÷àñòÿõ ôîðìóë (3.19), (3.20), (3.27), (3.28)
îöåíèâàþòñÿ ÷åðåç O(ε1−α), à íîðìû â ëåâûõ ÷àñòÿõ ôîðìóë (3.21), (3.22), (3.29), (3.30)

èìåþò ïîðÿäîê O(εs(1−α)/2).
2) Â óñëîâèÿõ òåîðåìû 3.21(2◦) èëè òåîðåìû 3.22(2◦) ìîæíî ðàññìàòðèâàòü çíà÷åíèÿ

τ = O(ε−α), 0 < α < 2. Òîãäà íîðìû â ëåâûõ ÷àñòÿõ ôîðìóë (3.23), (3.24), (3.31), (3.32)

îöåíèâàþòñÿ ÷åðåç O(ε1−α/2), à íîðìû â ëåâûõ ÷àñòÿõ ôîðìóë (3.25), (3.26), (3.33), (3.34)

èìåþò ïîðÿäîê O(εs(2−α)/3).

3.5. Ïîäòâåðæäåíèå òî÷íîñòè ðåçóëüòàòîâ. Ïðèìåíåíèå òåîðåìû 13.6 èç [DSu2] è
òåîðåìû 15.15 èç [DSu4] ïðèâîäèò ê ñëåäóþùåìó óòâåðæäåíèþ, ïîäòâåðæäàþùåìó òî÷íîñòü
òåîðåì 3.2 è 3.11 îòíîñèòåëüíî òèïà îïåðàòîðíîé íîðìû â îáùåì ñëó÷àå.

Òåîðåìà 3.24. Ïóñòü îïåðàòîð N0(θ) îïðåäåë¼í â (2.17). Ïðåäïîëîæèì, ÷òî õîòÿ áû â

îäíîé òî÷êå θ0 ∈ S2 èìååò ìåñòî N0(θ0) 6= 0. Òîãäà ñïðàâåäëèâî ñëåäóþùåå.
1◦. Ïóñòü 0 6= τ ∈ R è 0 6 s < 2. Òîãäà íå ñóùåñòâóåò òàêîé ïîñòîÿííîé C(τ) > 0, ÷òîáû
îöåíêà ∥∥cos(τL1/2

ε )− cos(τ(L0)1/2)
∥∥
Hs(R3)→L2(R3)

6 C(τ)ε (3.35)

âûïîëíÿëàñü ïðè âñåõ äîñòàòî÷íî ìàëûõ ε > 0.
2◦. Ïóñòü 0 6= τ ∈ R è 0 6 r < 1. Òîãäà íå ñóùåñòâóåò òàêîé ïîñòîÿííîé C(τ) > 0, ÷òîáû
îöåíêà ∥∥L−1/2

ε sin(τL1/2
ε )− (L0)−1/2 sin(τ(L0)1/2)

∥∥
Hr(R3)→L2(R3)

6 C(τ)ε (3.36)

âûïîëíÿëàñü ïðè âñåõ äîñòàòî÷íî ìàëûõ ε > 0.
3◦. Ïóñòü 0 6= τ ∈ R è 0 6 s < 2. Òîãäà íå ñóùåñòâóåò òàêîé ïîñòîÿííîé C(τ) > 0, ÷òîáû
îöåíêà∥∥L−1/2

ε sin(τL1/2
ε )−

(
I + εΛεΠεb(D)

)
(L0)−1/2 sin(τ(L0)1/2)

∥∥
Hs(R3)→L2(R3)

6 C(τ)ε (3.37)
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âûïîëíÿëàñü ïðè âñåõ äîñòàòî÷íî ìàëûõ ε > 0.

Â ñèëó çàìå÷àíèÿ 2.6 óñëîâèå N0(θ0) 6= 0 ðàâíîñèëüíî ñîîòíîøåíèÿì γ1(θ0) = γ2(θ0) è
f(θ0) 6= 0, ãäå f(θ) îïðåäåëåíî â (2.20).
Âûâåäåì èç òåîðåìû 3.24 àíàëîãè÷íûé ðåçóëüòàò äëÿ îïåðàòîðà LJ,ε, ïîäòâåðæäàþùèé

òî÷íîñòü òåîðåì 3.21(1◦) è 3.22(1◦).

Òåîðåìà 3.25. Ïóñòü LJ,ε � ÷àñòü îïåðàòîðà (3.1) â ñîëåíîèäàëüíîì ïîäïðîñòðàíñòâå

J(µ0) è L0
J � ÷àñòü ýôôåêòèâíîãî îïåðàòîðà (2.22) â ïîäïðîñòðàíñòâå J(µ0). Ïóñòü

îïåðàòîð N0(θ) îïðåäåë¼í â (2.17). Ïðåäïîëîæèì, ÷òî õîòÿ áû â îäíîé òî÷êå θ0 ∈ S2

èìååò ìåñòî N0(θ0) 6= 0.

1◦. Ïóñòü 0 6= τ ∈ R è 0 6 s < 2. Òîãäà íå ñóùåñòâóåò òàêîé ïîñòîÿííîé C̃(τ) > 0, ÷òîáû
îöåíêà ∥∥cos(τL1/2

J,ε )− cos(τ(L0
J)1/2)

∥∥
Js→J 6 C̃(τ)ε (3.38)

âûïîëíÿëàñü ïðè âñåõ äîñòàòî÷íî ìàëûõ ε > 0.

2◦. Ïóñòü 0 6= τ ∈ R è 0 6 r < 1. Òîãäà íå ñóùåñòâóåò òàêîé ïîñòîÿííîé C̃(τ) > 0, ÷òîáû
îöåíêà ∥∥L−1/2

J,ε sin(τL1/2
J,ε )− (L0

J)−1/2 sin(τ(L0
J)1/2)

∥∥
Jr→J 6 C̃(τ)ε (3.39)

âûïîëíÿëàñü ïðè âñåõ äîñòàòî÷íî ìàëûõ ε > 0.

3◦. Ïóñòü 0 6= τ ∈ R è 0 6 s < 2. Òîãäà íå ñóùåñòâóåò òàêîé ïîñòîÿííîé C̃(τ) > 0, ÷òîáû
îöåíêà∥∥L−1/2

J,ε sin(τL1/2
J,ε )−

(
I + εµ

−1/2
0 Ψεrotµ

−1/2
0

)
(L0

J)−1/2 sin(τ(L0
J)1/2)

∥∥
Js→H1 6 C̃(τ)ε (3.40)

âûïîëíÿëàñü ïðè âñåõ äîñòàòî÷íî ìàëûõ ε > 0.

Äîêàçàòåëüñòâî. Ïðîâåðèì óòâåðæäåíèå 1◦. Äîñòàòî÷íî ñ÷èòàòü, ÷òî 3/2 6 s < 2.
Ðàññóæäàåì îò ïðîòèâíîãî. Ïðåäïîëîæèì, ÷òî ïðè íåêîòîðûõ 3/2 6 s < 2 è τ 6= 0
âûïîëíåíà îöåíêà (3.38). Â ñèëó ñëåäñòâèÿ 3.7 çàâåäîìî âûïîëíåíà òàêæå è îöåíêà∥∥cos(τL1/2

G,ε)− cos(τ(L0
G)1/2)

∥∥
Gs→G 6 Č(τ)ε. (3.41)

Ñîãëàñíî ëåììå 3.1 èç (3.38) è (3.41) âûòåêàåò íåðàâåíñòâî (3.35) ñ ïîñòîÿííîé C(τ) =

max{C̃(τ), Č(τ)}. Íî ýòî ïðîòèâîðå÷èò óòâåðæäåíèþ 1◦ òåîðåìû 3.24.
Óòâåðæäåíèå 2◦ ïðîâåðÿåòñÿ àíàëîãè÷íî.
Ïðîâåðèì óòâåðæäåíèå 3◦. Äîñòàòî÷íî ñ÷èòàòü, ÷òî 3/2 6 s < 2. Îò ïðîòèâíîãî,

ïðåäïîëîæèì, ÷òî ïðè íåêîòîðûõ 3/2 6 s < 2 è τ 6= 0 âûïîëíåíà îöåíêà (3.40) ïðè
äîñòàòî÷íî ìàëîì ε. Â ñèëó ñëåäñòâèÿ 3.14 âûïîëíåíà îöåíêà (3.13). Ñ ó÷åòîì ëåììû 3.12
îòñþäà ñëåäóåò, ÷òî âûïîëíåíà îöåíêà∥∥L−1/2

ε sin(τL1/2
ε )−

(
I + εΛεb(D)

)
(L0)−1/2 sin(τ(L0)1/2)

∥∥
Hs→H1 6 C(τ)ε (3.42)

ïðè äîñòàòî÷íî ìàëîì ε. Îñòàåòñÿ ó÷åñòü ñëåäóþùóþ îöåíêó, óñòàíîâëåííóþ â [DSu4, ï.
14.7]: ∥∥εΛε(I −Πε)b(D)(L0)−1/2 sin(τ(L0)1/2)

∥∥
H3/2→H1 6 Cε, 0 < ε 6 1. (3.43)

Èç (3.42), (3.43) ñëåäóåò, ÷òî âûïîëíåíà îöåíêà (3.37) ïðè äîñòàòî÷íî ìàëîì ε. Ýòî
ïðîòèâîðå÷èò óòâåðæäåíèþ 3◦ òåîðåìû 3.24. �

Ïðèìåíÿÿ òåîðåìó 15.17 èç [DSu4], ïîëó÷àåì ñëåäóþùèé ðåçóëüòàò, ïîäòâåðæäàþùèé
òî÷íîñòü òåîðåì 3.2 è 3.11 îòíîñèòåëüíî çàâèñèìîñòè îöåíîê îò τ .

Òåîðåìà 3.26. Ïóñòü îïåðàòîð N0(θ) îïðåäåë¼í â (2.17). Ïðåäïîëîæèì, ÷òî õîòÿ áû â

îäíîé òî÷êå θ0 ∈ S2 èìååò ìåñòî N0(θ0) 6= 0. Òîãäà ñïðàâåäëèâî ñëåäóþùåå.
1◦. Ïóñòü s > 2. Íå ñóùåñòâóåò ïîëîæèòåëüíîé ôóíêöèè C(τ) òàêîé, ÷òî

limτ→∞ C(τ)/|τ | = 0 è ïðè τ ∈ R è äîñòàòî÷íî ìàëîì ε > 0 âûïîëíåíà îöåíêà (3.35).
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2◦. Ïóñòü r > 1. Íå ñóùåñòâóåò ïîëîæèòåëüíîé ôóíêöèè C(τ) òàêîé, ÷òî

limτ→∞ C(τ)/|τ | = 0 è ïðè τ ∈ R è äîñòàòî÷íî ìàëîì ε > 0 âûïîëíåíà îöåíêà (3.36).
3◦. Ïóñòü s > 2. Íå ñóùåñòâóåò ïîëîæèòåëüíîé ôóíêöèè C(τ) òàêîé, ÷òî

limτ→∞ C(τ)/|τ | = 0 è ïðè τ ∈ R è äîñòàòî÷íî ìàëîì ε > 0 âûïîëíåíà îöåíêà (3.37).

Îòñþäà ñëåäóåò àíàëîãè÷íûé ðåçóëüòàò äëÿ îïåðàòîðà LJ,ε, ïîäòâåðæäàþùèé òî÷íîñòü
òåîðåì 3.21(1◦) è 3.22(1◦) â îòíîøåíèè çàâèñèìîñòè îöåíîê îò τ .

Òåîðåìà 3.27. Ïóñòü LJ,ε � ÷àñòü îïåðàòîðà (3.1) â ñîëåíîèäàëüíîì ïîäïðîñòðàíñòâå

J(µ0) è L0
J � ÷àñòü ýôôåêòèâíîãî îïåðàòîðà (2.22) â ïîäïðîñòðàíñòâå J(µ0). Ïóñòü

îïåðàòîð N0(θ) îïðåäåë¼í â (2.17). Ïðåäïîëîæèì, ÷òî õîòÿ áû â îäíîé òî÷êå θ0 ∈ S2

èìååò ìåñòî N0(θ0) 6= 0.

1◦. Ïóñòü s > 2. Íå ñóùåñòâóåò ïîëîæèòåëüíîé ôóíêöèè C̃(τ) òàêîé, ÷òî

limτ→∞ C̃(τ)/|τ | = 0 è ïðè τ ∈ R è äîñòàòî÷íî ìàëîì ε > 0 âûïîëíåíà îöåíêà (3.38).

2◦. Ïóñòü r > 1. Íå ñóùåñòâóåò ïîëîæèòåëüíîé ôóíêöèè C̃(τ) òàêîé, ÷òî

limτ→∞ C̃(τ)/|τ | = 0 è ïðè τ ∈ R è äîñòàòî÷íî ìàëîì ε > 0 âûïîëíåíà îöåíêà (3.39).

3◦. Ïóñòü s > 2. Íå ñóùåñòâóåò ïîëîæèòåëüíîé ôóíêöèè C̃(τ) òàêîé, ÷òî

limτ→∞ C̃(τ)/|τ | = 0 è ïðè τ ∈ R è äîñòàòî÷íî ìàëîì ε > 0 âûïîëíåíà îöåíêà (3.40).

Äîêàçàòåëüñòâî. Ïðîâåðèì óòâåðæäåíèå 1◦. Ðàññóæäàåì îò ïðîòèâíîãî. Ïðåäïîëîæèì,

÷òî ïðè íåêîòîðîì s > 2 ñóùåñòâóåò ïîëîæèòåëüíàÿ ôóíêöèÿ C̃(τ) òàêàÿ, ÷òî

limτ→∞ C̃(τ)/|τ | = 0 è ïðè τ ∈ R è äîñòàòî÷íî ìàëîì ε > 0 âûïîëíåíà îöåíêà (3.38). Â
ñèëó ñëåäñòâèÿ 3.7 âûïîëíåíà òàêæå è îöåíêà∥∥cos(τL1/2

G,ε)− cos(τ(L0
G)1/2)

∥∥
Gs→G 6 Č3(1 + |τ |)1/2ε. (3.44)

Ñîãëàñíî ëåììå 3.1 èç (3.38) è (3.44) âûòåêàåò íåðàâåíñòâî (3.35) ñ ôóíêöèåé C(τ) =

max{C̃(τ), Č3(1 + |τ |)1/2}. Èìååì limτ→∞ C(τ)/|τ | = 0. Íî ýòî ïðîòèâîðå÷èò óòâåðæäåíèþ 1◦

òåîðåìû 3.26.
Óòâåðæäåíèå 2◦ ïðîâåðÿåòñÿ àíàëîãè÷íî.
Ïðîâåðèì óòâåðæäåíèå 3◦. Ïðåäïîëîæèì, ÷òî ïðè íåêîòîðîì s > 2 ñóùåñòâóåò

ïîëîæèòåëüíàÿ ôóíêöèÿ C̃(τ) òàêàÿ, ÷òî limτ→∞ C̃(τ)/|τ | = 0 è ïðè τ ∈ R è äîñòàòî÷íî
ìàëîì ε > 0 âûïîëíåíà îöåíêà (3.40). Â ñèëó ñëåäñòâèÿ 3.14 âûïîëíåíà îöåíêà (3.13). Ñ

ó÷åòîì ëåììû 3.12 îòñþäà ñëåäóåò, ÷òî âûïîëíåíî (3.42) c C(τ) = max{C̃(τ), Č9(1 + |τ |)1/2}.
Ïðè ýòîì limτ→∞ C(τ)/|τ | = 0. Îñòàåòñÿ ó÷åñòü (3.43). Èç (3.42), (3.43) ñëåäóåò, ÷òî
âûïîëíåíà îöåíêà (3.37). Ýòî ïðîòèâîðå÷èò óòâåðæäåíèþ 3◦ òåîðåìû 3.26. �

3.6. Ïðèìåðû. Êîíêðåòíûå ïðèìåðû òîé è äðóãîé ñèòóàöèè ïðèâåäåíû â [DSu3, �4].
1) Ïóñòü Γ = (2πZ)3. Ñ÷èòàåì, ÷òî µ0 = 1. Ïóñòü ìàòðèöà η(x) çàâèñèò òîëüêî îò

ïåðåìåííîé x1 è èìååò âèä:

η(x) =

η1(x1) η2(x1) 0
η2(x1) η3(x1) 0

0 0 η4(x1)

 ,

ãäå ηj(x1), j = 1, 2, 3, 4, � (2π)�ïåðèîäè÷åñêèå âåùåñòâåííûå ôóíêöèè, òàêèå ÷òî ìàòðèöà-
ôóíêöèÿ η(x) îãðàíè÷åíà è ðàâíîìåðíî ïîëîæèòåëüíî îïðåäåëåíà. Â [DSu3, ï. 4.1] ïîêàçàíî,
÷òî ìîæíî òàê ïîäîáðàòü ôóíêöèè ηj(x1), j = 1, 2, 3, 4, ÷òî γ1(θ0) = γ2(θ0) è µ1(θ0) =
−µ2(θ0) 6= 0 â íåêîòîðûõ òî÷êàõ θ0 ∈ S2. Òîãäà N0(θ0) 6= 0. Ïðèìåíèìû îáùèå ðåçóëüòàòû
(òåîðåìû 3.21(1◦) è 3.22(1◦)), ïðè÷åì îíè òî÷íû êàê â îòíîøåíèè òèïà íîðìû, òàê è â
îòíîøåíèè çàâèñèìîñòè îöåíîê îò τ .
2) Íàïîìíèì, ÷òî íåêîòîðûå ñëó÷àè, êîãäà âûïîëíÿåòñÿ óñëîâèå N(θ) ≡ 0, áûëè

âûäåëåíû â çàìå÷àíèè 2.5. Åùå îäèí ïðèìåð, çàèìñòâîâàííûé èç [Zh1], áûë ðàçîáðàí
â [DSu3, ï. 4.2]. Ïóñòü µ0 = 1. Ïóñòü Γ = (2πZ)3, âûáåðåì ÿ÷åéêó ñ öåíòðîì â íóëå:
Ω = (−π, π)3. Ïóñòü B1 = {|x| 6 1} � åäèíè÷íûé øàð, Bϑ � êîíöåíòðè÷åñêèé ñ íèì
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øàð, ïðè÷¼ì |Bϑ| = ϑ|B1|, 0 < ϑ < 1. Ïóñòü η(x) � Γ-ïåðèîäè÷åñêàÿ ìàòðèöà-ôóíêöèÿ, íà
ÿ÷åéêå çàäàííàÿ ñîîòíîøåíèÿìè

η(x) = a(x)I, a(x) =


κ, åñëè x ∈ Bϑ
1, åñëè x ∈ B1 \Bϑ
1 + 3ϑ(κ−1)

3+(1−ϑ)(κ−1) , åñëè x ∈ Ω \B1,

ãäå κ > 0. Êàê ïîêàçàíî â [DSu3, ï. 4.2], â äàííîì ïðèìåðå N(θ) = 0 ïðè âñåõ θ ∈ S2.
Â ñëó÷àå N(θ) ≡ 0 îáùèå ðåçóëüòàòû äîïóñêàþò óñèëåíèå: ïðèìåíèìû òåîðåìû 3.21(2◦)

è 3.22(2◦).

� 4. Óñðåäíåíèå íåñòàöèîíàðíîé ñèñòåìû Ìàêñâåëëà

4.1. Ïîñòàíîâêà çàäà÷è. Ïóñòü äèýëåêòðè÷åñêàÿ ïðîíèöàåìîñòü çàäàíà áûñòðî
îñöèëëèðóþùåé ìàòðèöåé ηε(x), à ìàãíèòíàÿ ïðîíèöàåìîñòü ðàâíà ïîñòîÿííîé ìàòðèöå
µ0. Ïðåäïîëàãàåòñÿ, ÷òî η(x) è µ0 óäîâëåòâîðÿþò óñëîâèÿì ï. 1.2. Èñïîëüçóåì ñëåäóþùèå
îáîçíà÷åíèÿ äëÿ ôèçè÷åñêèõ ïîëåé:

uε(x, τ) � íàïðÿæåííîñòü ýëåêòðè÷åñêîãî ïîëÿ;
wε(x, τ) = ηε(x)uε(x, τ) � ýëåêòðè÷åñêàÿ èíäóêöèÿ;
vε(x, τ) � íàïðÿæåííîñòü ìàãíèòíîãî ïîëÿ;
zε(x, τ) = µ0vε(x, τ) � ìàãíèòíàÿ èíäóêöèÿ.
Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó Êîøè äëÿ íåñòàöèîíàðíîé ñèñòåìû Ìàêñâåëëà

∂τuε(x, τ) = (ηε(x))−1 rotvε(x, τ), div ηε(x)uε(x, τ) = 0, x ∈ R3, τ ∈ R;

∂τvε(x, τ) = −µ−1
0 rotuε(x, τ), div µ0vε(x, τ) = 0, x ∈ R3, τ ∈ R;

uε(x, 0) = (Pεf)(x), vε(x, 0) = φ(x), x ∈ R3.

(4.1)

Çäåñü φ ∈ L2(R3;C3) è divµ0φ(x) = 0 (ðàâåíñòâî ïîíèìàåòñÿ â ñìûñëå ðàñïðåäåëåíèé).
Äàëåå, f ∈ L2(R3;C3) è Pε � îðòîïðîåêòîð âåñîâîãî ïðîñòðàíñòâà L2(R3;C3; ηε) íà
ïîäïðîñòðàíñòâî

{u ∈ L2(R3;C3) : div ηε(x)u(x) = 0}.
Ïðîåêòîð Pε äåéñòâóåò ïî ïðàâèëó (Pεf)(x) = f(x) −∇ωε(x), ãäå ωε � ðåøåíèå óðàâíåíèÿ
div ηε∇ωε = div ηεf , ïîíèìàåìîãî â îáîáùåííîì ñìûñëå: ωε ∈ L2, loc(R3), ∇ωε ∈ L2(R3;C3)
è âûïîëíåíî òîæäåñòâî∫

R3

〈ηε(x)(f(x)−∇ωε(x)),∇χ(x)〉 dx = 0, χ ∈ L2, loc(R3), ∇χ ∈ L2(R3;C3).

4.2. Óñðåäíåííàÿ ñèñòåìà Ìàêñâåëëà. Èñïîëüçóåì ñëåäóþùèå îáîçíà÷åíèÿ äëÿ
óñðåäíåííûõ ôèçè÷åñêèõ ïîëåé:

u0(x, τ) � íàïðÿæåííîñòü ýëåêòðè÷åñêîãî ïîëÿ;
w0(x, τ) = η0u0(x, τ) � ýëåêòðè÷åñêàÿ èíäóêöèÿ;
v0(x, τ) � íàïðÿæåííîñòü ìàãíèòíîãî ïîëÿ;
z0(x, τ) = µ0v0(x, τ) � ìàãíèòíàÿ èíäóêöèÿ.
Çäåñü η0 � ýôôåêòèâíàÿ ìàòðèöà, îïðåäåëåííàÿ â ï. 2.2.
Óñðåäíåííàÿ çàäà÷à èìååò âèä

∂τu0(x, τ) = (η0)−1 rotv0(x, τ), div η0u0(x, τ) = 0, x ∈ R3, τ ∈ R;

∂τv0(x, τ) = −µ−1
0 rotu0(x, τ), div µ0v0(x, τ) = 0, x ∈ R3, τ ∈ R;

u0(x, 0) = (P0f)(x), v0(x, 0) = φ(x), x ∈ R3.

(4.2)

Çäåñü P0 � îðòîïðîåêòîð âåñîâîãî ïðîñòðàíñòâà L2(R3;C3; η0) íà ïîäïðîñòðàíñòâî

{u ∈ L2(R3;C3) : div η0u(x) = 0}.
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Ïðîåêòîð P0 äåéñòâóåò ïî ïðàâèëó (P0f)(x) = f(x)−∇ω0(x), ãäå ω0 � ðåøåíèå óðàâíåíèÿ
div η0∇ω0 = div η0f , ïîíèìàåìîãî â îáîáùåííîì ñìûñëå: ω0 ∈ L2, loc(R3), ∇ω0 ∈ L2(R3;C3)
è âûïîëíåíî òîæäåñòâî∫

R3

〈η0(f(x)−∇ω0(x)),∇χ(x)〉 dx = 0, χ ∈ L2, loc(R3), ∇χ ∈ L2(R3;C3).

Çàìå÷àíèå 4.1. Ïîñêîëüêó Pεf = f −∇ωε è P0f = f −∇ω0, òî

rotPεf = rotP0f = rot f ,

÷òî ïîíèìàåòñÿ â ñìûñëå ðàñïðåäåëåíèé.

4.3. Ñâåäåíèå ê óðàâíåíèþ âòîðîãî ïîðÿäêà. Èç (4.1) ïîëó÷àåì óðàâíåíèå âòîðîãî
ïîðÿäêà äëÿ vε:

∂2
τvε(x, τ) = −µ−1

0 rot ∂τuε(x, τ) = −µ−1
0 rot(ηε(x))−1rotvε(x, τ),

ñ íà÷àëüíûìè óñëîâèÿìè

vε(x, 0) = φ(x), ∂τvε(x, 0) = −µ−1
0 rotuε(x, 0) = −µ−1

0 rot (Pεf)(x) = −µ−1
0 rot f(x).

Òàêèì îáðàçîì, ìàãíèòíàÿ íàïðÿæåííîñòü vε(x, τ) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì
ñëåäóþùåé çàäà÷è Êîøè{

µ0 ∂
2
τvε(x, τ) = − rot(ηε(x))−1 rotvε(x, τ), div µ0vε(x, τ) = 0, x ∈ R3, τ ∈ R;

vε(x, 0) = φ(x), µ0 ∂τvε(x, 0) = ψ(x), x ∈ R3,
(4.3)

ãäå ψ := −rot f . Îñòàëüíûå ïîëÿ âûðàæàþòñÿ ÷åðåç vε ñëåäóþùèì îáðàçîì:

zε(x, τ) = µ0vε(x, τ),

uε(x, τ)− uε(x, 0) =

∫ τ

0
(ηε(x))−1rotvε(x, τ̃) dτ̃ ,

wε(x, τ)−wε(x, 0) =

∫ τ

0
rotvε(x, τ̃) dτ̃ .

(4.4)

Ñäåëàåì ïîäñòàíîâêó µ
1/2
0 vε = ϕε. Òîãäà ϕε ÿâëÿåòñÿ ðåøåíèåì çàäà÷è∂

2
τϕε(x, τ) = −µ−1/2

0 rot(ηε(x))−1 rotµ
−1/2
0 ϕε(x, τ), div µ

1/2
0 ϕε(x, τ) = 0, x ∈ R3, τ ∈ R;

ϕε(x, 0) = µ
1/2
0 φ(x), ∂τϕε(x, 0) = µ

−1/2
0 ψ(x), x ∈ R3.

Ðåøåíèå ïðåäñòàâëÿåòñÿ â âèäå

ϕε = cos(τL1/2
J,ε )µ

1/2
0 φ+ L−1/2

J,ε sin(τL1/2
J,ε )µ

−1/2
0 ψ.

Ñëåäîâàòåëüíî,

vε(·, τ) = µ
−1/2
0 cos(τL1/2

J,ε )µ
1/2
0 φ+ µ

−1/2
0 L−1/2

J,ε sin(τL1/2
J,ε )µ

−1/2
0 ψ. (4.5)

Àíàëîãè÷íî, óñðåäíåííàÿ ñèñòåìà Ìàêñâåëëà (4.2) ïðèâîäèò ê ñëåäóþùåé çàäà÷å äëÿ v0:{
µ0 ∂

2
τv0(x, τ) = − rot(η0)−1 rotv0(x, τ), div µ0v0(x, τ) = 0, x ∈ R3, τ ∈ R;

v0(x, 0) = φ(x), µ0 ∂τv0(x, 0) = ψ(x), x ∈ R3.

Îñòàëüíûå óñðåäíåííûå ïîëÿ âûðàæàþòñÿ ÷åðåç v0 ñëåäóþùèì îáðàçîì:

z0(x, τ) = µ0v0(x, τ),

u0(x, τ)− u0(x, 0) =

∫ τ

0
(η0)−1rotv0(x, τ̃) dτ̃ ,

w0(x, τ)−w0(x, 0) =

∫ τ

0
rotv0(x, τ̃) dτ̃ .

(4.6)
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Àíàëîãè÷íî (4.5) ñïðàâåäëèâî ïðåäñòàâëåíèå

v0(·, τ) = µ
−1/2
0 cos(τ(L0

J)1/2)µ
1/2
0 φ+ µ

−1/2
0 (L0

J)−1/2 sin(τ(L0
J)1/2)µ

−1/2
0 ψ. (4.7)

4.4. Ðåçóëüòàòû îá óñðåäíåíèè ñèñòåìû Ìàêñâåëëà. Èç òåîðåìû 3.21(1◦) âûâîäèì
ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 4.2. Â óñëîâèÿõ ïóíêòîâ 4.1, 4.2 äëÿ ìàãíèòíîé íàïðÿæåííîñòè vε(x, τ) è

ìàãíèòíîé èíäóêöèè zε(x, τ) ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

1◦. Ïóñòü φ, f ∈ H2(R3;C3) è divµ0φ = 0. Òîãäà ïðè τ ∈ R è ε > 0 âûïîëíåíû îöåíêè

‖vε(·, τ)− v0(·, τ)‖L2(R3) 6 C1(1 + |τ |)ε
(
‖φ‖H2(R3) + ‖f‖H2(R3)

)
, (4.8)

‖zε(·, τ)− z0(·, τ)‖L2(R3) 6 C2(1 + |τ |)ε
(
‖φ‖H2(R3) + ‖f‖H2(R3)

)
. (4.9)

Ïîñòîÿííûå C1,C2 çàâèñÿò îò |µ0|, |µ−1
0 |, ‖η‖L∞ , ‖η−1‖L∞ è îò ïàðàìåòðîâ ðåøåòêè Γ.

2◦. Ïóñòü φ, f ∈ Hs(R3;C3), ãäå 0 6 s 6 2, è divµ0φ = 0. Òîãäà ïðè τ ∈ R è ε > 0
âûïîëíåíû îöåíêè

‖vε(·, τ)− v0(·, τ)‖L2(R3) 6 C3(s)(1 + |τ |)s/2εs/2
(
‖φ‖Hs(R3) + ‖f‖Hs(R3)

)
, (4.10)

‖zε(·, τ)− z0(·, τ)‖L2(R3) 6 C4(s)(1 + |τ |)s/2εs/2
(
‖φ‖Hs(R3) + ‖f‖Hs(R3)

)
.

Ïîñòîÿííûå C3(s),C4(s) çàâèñÿò îò |µ0|, |µ−1
0 |, ‖η‖L∞ , ‖η−1‖L∞ , îò ïàðàìåòðîâ ðåøåòêè

Γ è îò s.
3◦. Åñëè φ, f ∈ L2(R3;C3) è divµ0φ = 0, òî

lim
ε→0
‖vε(·, τ)− v0(·, τ)‖L2(R3) = 0, τ ∈ R, (4.11)

lim
ε→0
‖zε(·, τ)− z0(·, τ)‖L2(R3) = 0, τ ∈ R. (4.12)

Äîêàçàòåëüñòâî. Íåðàâåíñòâî (4.8) íåïîñðåäñòâåííî âûòåêàåò èç (3.19), (3.20) è
ïðåäñòàâëåíèé (4.5), (4.7). Îöåíêà (4.10) âûâîäèòñÿ àíàëîãè÷íûì îáðàçîì èç (3.21), (3.22).
Ðåçóëüòàòû äëÿ zε ïðÿìî ñëåäóþò èç ðåçóëüòàòîâ äëÿ vε, ïîñêîëüêó zε = µ0vε è z0 = µ0v0.
Ïðè s = 0 îöåíêà (4.10) äàåò ðàâíîìåðíóþ îãðàíè÷åííîñòü íîðìû â ëåâîé ÷àñòè, åñëè

φ, f ∈ L2(R3;C3) (è divµ0φ = 0). Ïðèìåíÿÿ (4.10) ïðè s = 0 è (4.8) è èñïîëüçóÿ ïëîòíîñòü
ìíîæåñòâà H2 â L2, à òàêæå ïëîòíîñòü ìíîæåñòâà {u ∈ H2 : divµ0u = 0} â ïðîñòðàíñòâå
{u ∈ L2 : div µ0u = 0}, íà îñíîâàíèè òåîðåìû Áàíàõà�Øòåéíãàóçà ïîëó÷àåì (4.11).
Ñîîòíîøåíèå (4.12) ïðÿìî ñëåäóåò èç (4.11). �

Òåîðåìû 3.25(1◦, 2◦) è 3.27(1◦, 2◦) ïîêàçûâàþò, ÷òî â îáùåì ñëó÷àå îöåíêè (4.8), (4.9)
òî÷íû êàê ïî òèïó íîðìû, òàê è â îòíîøåíèè çàâèñèìîñòè îò τ .
Îäíàêî, ïðè äîïîëíèòåëüíûõ ïðåäïîëîæåíèÿõ ðåçóëüòàòû ïóíêòîâ 1◦, 2◦ òåîðåìû 4.2

äîïóñêàþò óñèëåíèå. Ýòî âûòåêàåò èç òåîðåìû 3.21(2◦).

Òåîðåìà 4.3. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4.2. Ïóñòü âûïîëíåíî óñëîâèå 3.4 èëè
óñëîâèå 3.8.
1◦. Ïóñòü φ, f ∈ H3/2(R3;C3) è divµ0φ = 0. Òîãäà ïðè τ ∈ R è ε > 0 ñïðàâåäëèâû îöåíêè

‖vε(·, τ)− v0(·, τ)‖L2(R3) 6 C5(1 + |τ |)1/2ε
(
‖φ‖H3/2(R3) + ‖f‖H3/2(R3)

)
,

‖zε(·, τ)− z0(·, τ)‖L2(R3) 6 C6(1 + |τ |)1/2ε
(
‖φ‖H3/2(R3) + ‖f‖H3/2(R3)

)
.

Ïðè óñëîâèè 3.4 ïîñòîÿííûå C5,C6 çàâèñÿò îò |µ0|, |µ−1
0 |, ‖η‖L∞ , ‖η−1‖L∞ è îò

ïàðàìåòðîâ ðåøåòêè Γ. Ïðè óñëîâèè 3.8 ýòè êîíñòàíòû çàâèñÿò åùå îò c◦.
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2◦. Ïóñòü φ, f ∈ Hs(R3;C3), ãäå 0 6 s 6 3/2, è divµ0φ = 0. Òîãäà ïðè τ ∈ R è ε > 0
âûïîëíåíû îöåíêè

‖vε(·, τ)− v0(·, τ)‖L2(R3) 6 C7(s)(1 + |τ |)s/3ε2s/3
(
‖φ‖Hs(R3) + ‖f‖Hs(R3)

)
,

‖zε(·, τ)− z0(·, τ)‖L2(R3) 6 C8(s)(1 + |τ |)s/3ε2s/3
(
‖φ‖Hs(R3) + ‖f‖Hs(R3)

)
.

Ïðè óñëîâèè 3.4 ïîñòîÿííûå C7(s),C8(s) çàâèñÿò îò |µ0|, |µ−1
0 |, ‖η‖L∞ , ‖η−1‖L∞ , îò

ïàðàìåòðîâ ðåøåòêè Γ è îò s. Ïðè óñëîâèè 3.8 ýòè êîíñòàíòû çàâèñÿò åùå îò c◦.

Çàìå÷àíèå 4.4. Â ñëó÷àå, êîãäà φ 6= 0, ìû íå ìîæåì èç èìåþùèõñÿ ðåçóëüòàòîâ äëÿ

îïåðàòîðà LJ,ε ïîëó÷èòü àïïðîêñèìàöèþ ïîëåé uε è wε, ïîñêîëüêó îíè âûðàæàþòñÿ ÷åðåç

ïðîèçâîäíûå îò vε (ñì. (4.4)), à ìû íå ðàñïîëàãàåì àïïðîêñèìàöèåé îïåðàòîðà cos(τL1/2
J,ε )

â ýíåðãåòè÷åñêîé íîðìå.

Â ñëó÷àå, êîãäà φ = 0, ìîæíî ïîëó÷èòü àïïðîêñèìàöèþ âñåõ ÷åòûðåõ ïîëåé, ïðèìåíÿÿ
ðåçóëüòàòû òåîðåìû 3.22(1◦).

Òåîðåìà 4.5. Â óñëîâèÿõ ïóíêòîâ 4.1, 4.2 ïðåäïîëîæèì äîïîëíèòåëüíî, ÷òî φ = 0.
1◦. Åñëè f ∈ H3(R3;C3), òî ïðè τ ∈ R è 0 < ε 6 1 ñïðàâåäëèâû ñëåäóþùèå àïïðîêñèìàöèè

ïîëåé vε è zε â ýíåðãåòè÷åñêîé íîðìå:∥∥vε(·, τ)− v0(·, τ)− εµ−1
0 Ψεrotv0(·, τ)

∥∥
H1(R3)

6 C9(1 + |τ |)ε‖f‖H3(R3), (4.13)∥∥zε(·, τ)− z0(·, τ)− εΨεrotv0(·, τ)
∥∥
H1(R3)

6 C10(1 + |τ |)ε‖f‖H3(R3). (4.14)∥∥(ηε)−1rotvε(·, τ)− ((η0)−1 + Σε)rotv0(·, τ)
∥∥
L2(R3)

6 C11(1 + |τ |)ε‖f‖H3(R3). (4.15)

Åñëè f ∈ H3(R3;C3), òî ïðè τ ∈ R è 0 < ε 6 1 ñïðàâåäëèâû ñëåäóþùèå àïïðîêñèìàöèè

ïîëåé uε è wε â L2:∥∥(uε(·, τ)− uε(·, 0)
)
−
(
1 + Σε

◦
)(
u0(·, τ)− u0(·, 0)

)∥∥
L2(R3)

6 C11|τ |(1 + |τ |)ε‖f‖H3(R3),

(4.16)∥∥(wε(·, τ)−wε(·, 0)
)
− η̃ε(η0)−1

(
w0(·, τ)−w0(·, 0)

)∥∥
L2(R3)

6 C12|τ |(1 + |τ |)ε‖f‖H3(R3).

(4.17)

Ïîñòîÿííûå C9,C10,C11,C12 çàâèñÿò îò |µ0|, |µ−1
0 |, ‖η‖L∞ , ‖η−1‖L∞ è îò ïàðàìåòðîâ

ðåøåòêè Γ.
2◦. Ïóñòü f ∈ H1+s(R3;C3), ãäå 0 6 s 6 2. Òîãäà ïðè τ ∈ R è ε > 0 âûïîëíåíû îöåíêè∥∥D(vε(·, τ)− v0(·, τ)− εµ−1

0 ΨεΠεrotv0(·, τ)
)∥∥
L2(R3)

6 C13(s)(1 + |τ |)s/2εs/2‖f‖H1+s(R3),∥∥D(zε(·, τ)− z0(·, τ)− εΨεΠεrotv0(·, τ)
)∥∥
L2(R3)

6 C14(s)(1 + |τ |)s/2εs/2‖f‖H1+s(R3).∥∥(ηε)−1rotvε(·, τ)− ((η0)−1 + ΣεΠε)rotv0(·, τ)
∥∥
L2(R3)

6 C15(s)(1 + |τ |)s/2εs/2‖f‖H1+s(R3).

Åñëè f ∈ H1+s(R3;C3), ãäå 0 6 s 6 2, òî ïðè τ ∈ R è ε > 0 âûïîëíåíû îöåíêè∥∥(uε(·, τ)− uε(·, 0)
)
−
(
I + Σε

◦Πε

)(
u0(·, τ)− u0(·, 0)

)∥∥
L2(R3)

6 C15(s)|τ |(1 + |τ |)s/2εs/2‖f‖H1+s(R3),∥∥(wε(·, τ)−wε(·, 0)
)
−
(
I + (η̃ε(η0)−1 − 1)Πε

)(
w0(·, τ)−w0(·, 0)

)∥∥
L2(R3)

6 C16(s)|τ |(1 + |τ |)s/2εs/2‖f‖H1+s(R3).

Ïîñòîÿííûå C13(s),C14(s),C15(s),C16(s) çàâèñÿò îò |µ0|, |µ−1
0 |, ‖η‖L∞ , ‖η−1‖L∞ , îò

ïàðàìåòðîâ ðåøåòêè Γ è îò s.
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3◦. Åñëè f ∈ H1(R3;C3), òî ïðè τ ∈ R ñïðàâåäëèâû ñîîòíîøåíèÿ

lim
ε→0

∥∥D(vε(·, τ)− v0(·, τ)− εµ−1
0 ΨεΠεrotv0(·, τ)

)∥∥
L2(R3)

= 0,

lim
ε→0

∥∥D(zε(·, τ)− z0(·, τ)− εΨεΠεrotv0(·, τ)
)∥∥
L2(R3)

= 0,

lim
ε→0

∥∥(ηε)−1rotvε(·, τ)− ((η0)−1 + ΣεΠε)rotv0(·, τ)
∥∥
L2(R3)

= 0,

lim
ε→0

∥∥(uε(·, τ)− uε(·, 0)
)
−
(
I + Σε

◦Πε

)(
u0(·, τ)− u0(·, 0)

)∥∥
L2(R3)

= 0,

lim
ε→0

∥∥(wε(·, τ)−wε(·, 0)
)
−
(
I + (η̃ε(η0)−1 − 1)Πε

)(
w0(·, τ)−w0(·, 0)

)∥∥
L2(R3)

= 0.

Äîêàçàòåëüñòâî. Îöåíêè (4.13) è (4.15) âûòåêàþò íåïîñðåäñòâåííî èç (3.27), (3.28) è
ïðåäñòàâëåíèé (4.5), (4.7) ñ ó÷åòîì ðàâåíñòâà ψ = −rot f . Íåðàâåíñòâî (4.14) ñëåäóåò èç
(4.13) è ñîîòíîøåíèé zε = µ0vε, z0 = µ0v0.
Äàëåå, èç (4.15) èíòåãðèðîâàíèåì ïî âðåìåíè, ó÷èòûâàÿ (4.4) è (4.6), ïîëó÷àåì (4.16).

Ìû âîñïîëüçîâàëèñü ðàâåíñòâîì Σ(x)η0 = Σ◦(x). Îöåíêà (4.17) âûòåêàåò èç (4.16) è
ñîîòíîøåíèé wε = ηεuε, w0 = η0u0.
Àíàëîãè÷íûì îáðàçîì ïðîâåðÿåòñÿ óòâåðæäåíèå 2◦ íà îñíîâå (3.29) è (3.30).
Óòâåðæäåíèå 3◦ âûòåêàåò èç óòâåðæäåíèÿ 2◦ ñ ïîìîùüþ òåîðåìû Áàíàõà�Øòåéíãàóçà.

�

Â [BSu2, ëåììà 8.6] áûëî ïðîâåðåíî, ÷òî ñëàáûé (L2 → L2)-ïðåäåë îïåðàòîðà [Y ε]Πε

ðàâåí íóëþ, åñëè Y (x) � Γ-ïåðèîäè÷åñêàÿ ìàòðèöà-ôóíêöèÿ ñ íóëåâûì ñðåäíèì çíà÷åíèåì.
Èñïîëüçóÿ ýòî ñâîéñòâî, èç óòâåðæäåíèÿ 3◦ òåîðåìû 4.5 âûâîäèì ñëåäñòâèå.

Ñëåäñòâèå 4.6. Åñëè φ = 0 è f ∈ H1(R3;C3), òî ïðè τ ∈ R è ε→ 0

vε(·, τ)→ v0(·, τ) ñëàáî â H1(R3;C3);

zε(·, τ)→ z0(·, τ) ñëàáî â H1(R3;C3);

(ηε)−1rotvε(·, τ)→ (η0)−1rotv0(·, τ) ñëàáî â L2(R3;C3);

uε(·, τ)− uε(·, 0)→ u0(·, τ)− u0(·, 0) ñëàáî â L2(R3;C3);

wε(·, τ)−wε(·, 0)→ w0(·, τ)−w0(·, 0) ñëàáî â L2(R3;C3).

Òåîðåìû 3.25(3◦) è 3.27(3◦) ïîêàçûâàþò, ÷òî â îáùåì ñëó÷àå îöåíêè (4.13), (4.14) òî÷íû
êàê ïî òèïó íîðìû, òàê è â îòíîøåíèè çàâèñèìîñòè îò τ . Îäíàêî, ïðè äîïîëíèòåëüíûõ
ïðåäïîëîæåíèÿõ óòâåðæäåíèÿ 1◦ è 2◦ òåîðåìû 4.5 äîïóñêàþò óñèëåíèå. Ñëåäóþùèé
ðåçóëüòàò âûâîäèòñÿ èç òåîðåìû 3.22(2◦).

Òåîðåìà 4.7. Â óñëîâèÿõ ïóíêòîâ 4.1, 4.2 ïðåäïîëîæèì äîïîëíèòåëüíî, ÷òî φ = 0.
Ïóñòü âûïîëíåíî óñëîâèå 3.4 èëè óñëîâèå 3.8.
1◦. Åñëè f ∈ H5/2(R3;C3), òî ïðè τ ∈ R è 0 < ε 6 1 ñïðàâåäëèâû ñëåäóþùèå àïïðîêñèìàöèè

ïîëåé vε è zε â ýíåðãåòè÷åñêîé íîðìå:∥∥vε(·, τ)− v0(·, τ)− εµ−1
0 Ψεrotv0(·, τ)

∥∥
H1(R3)

6 C17(1 + |τ |)1/2ε‖f‖H5/2(R3),∥∥zε(·, τ)− z0(·, τ)− εΨεrotv0(·, τ)
∥∥
H1(R3)

6 C18(1 + |τ |)1/2ε‖f‖H5/2(R3).∥∥(ηε)−1rotvε(·, τ)− ((η0)−1 + Σε)rotv0(·, τ)
∥∥
L2(R3)

6 C19(1 + |τ |)1/2ε‖f‖H5/2(R3).

Åñëè f ∈ H5/2(R3;C3), òî ïðè τ ∈ R è 0 < ε 6 1 ñïðàâåäëèâû ñëåäóþùèå àïïðîêñèìàöèè

ïîëåé uε è wε â L2:∥∥(uε(·, τ)− uε(·, 0)
)
−
(
1 + Σε

◦
)(
u0(·, τ)− u0(·, 0)

)∥∥
L2(R3)

6 C19|τ |(1 + |τ |)1/2ε‖f‖H5/2(R3),∥∥(wε(·, τ)−wε(·, 0)
)
− η̃ε(η0)−1

(
w0(·, τ)−w0(·, 0)

)∥∥
L2(R3)

6 C20|τ |(1 + |τ |)1/2ε‖f‖H5/2(R3).
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Ïðè óñëîâèè 3.4 ïîñòîÿííûå C17,C18,C19,C20 çàâèñÿò îò |µ0|, |µ−1
0 |, ‖η‖L∞ , ‖η−1‖L∞ è îò

ïàðàìåòðîâ ðåøåòêè Γ. Ïðè óñëîâèè 3.8 ýòè êîíñòàíòû çàâèñÿò åùå îò c◦.
2◦. Ïóñòü f ∈ H1+s(R3;C3), ãäå 0 6 s 6 3/2. Òîãäà ïðè τ ∈ R è ε > 0 âûïîëíåíû îöåíêè∥∥D(vε(·, τ)− v0(·, τ)− εµ−1

0 ΨεΠεrotv0(·, τ)
)∥∥
L2(R3)

6 C21(s)(1 + |τ |)s/3ε2s/3‖f‖H1+s(R3),∥∥D(zε(·, τ)− z0(·, τ)− εΨεΠεrotv0(·, τ)
)∥∥
L2(R3)

6 C22(s)(1 + |τ |)s/3ε2s/3‖f‖H1+s(R3).∥∥(ηε)−1rotvε(·, τ)− ((η0)−1 + ΣεΠε)rotv0(·, τ)
∥∥
L2(R3)

6 C23(s)(1 + |τ |)s/3ε2s/3‖f‖H1+s(R3).

Åñëè f ∈ H1+s(R3;C3), ãäå 0 6 s 6 3/2, òî ïðè τ ∈ R è ε > 0 âûïîëíåíû îöåíêè∥∥(uε(·, τ)− uε(·, 0)
)
−
(
I + Σε

◦Πε

)(
u0(·, τ)− u0(·, 0)

)∥∥
L2(R3)

6 C23(s)|τ |(1 + |τ |)s/3ε2s/3‖f‖H1+s(R3),∥∥(wε(·, τ)−wε(·, 0)
)
−
(
I + (η̃ε(η0)−1 − 1)Πε

)(
w0(·, τ)−w0(·, 0)

)∥∥
L2(R3)

6 C24(s)|τ |(1 + |τ |)s/3ε2s/3‖f‖H1+s(R3).

Ïðè óñëîâèè 3.4 ïîñòîÿííûå C21(s),C22(s),C23(s),C24(s) çàâèñÿò îò |µ0|, |µ−1
0 |, ‖η‖L∞ ,

‖η−1‖L∞ , îò ïàðàìåòðîâ ðåøåòêè Γ è îò s. Ïðè óñëîâèè 3.8 ýòè êîíñòàíòû çàâèñÿò

åùå îò c◦.

Çàìå÷àíèå 4.8. 1◦. Â îöåíêàõ èç òåîðåì 4.2, 4.3, 4.5, 4.7 ìîæíî çàìåíèòü íîðìó ‖f‖Hs

íà ‖rot f‖Hs−1, ïîñêîëüêó ýòè òåîðåìû âûâîäÿòñÿ èç ðåçóëüòàòîâ äëÿ çàäà÷è (4.3) ñ

íà÷àëüíûì äàííûì ψ = −rot f .
2◦. Êîíòðîëü çà çàâèñèìîñòüþ îöåíîê îò τ ïîçâîëÿåò ïîëó÷àòü êâàëèôèöèðîâàííûå

îöåíêè ïðè ìàëîì ε è áîëüøîì τ . Â óñëîâèÿõ òåîðåìû 4.2(1◦) âûïîëíåíî

‖vε(·, τ)− v0(·, τ)‖L2 = O(ε1−α),

‖zε(·, τ)− z0(·, τ)‖L2 = O(ε1−α),

ïðè τ = O(ε−α), 0 < α < 1.

Â óñëîâèÿõ òåîðåìû 4.2(2◦) âûïîëíåíî

‖vε(·, τ)− v0(·, τ)‖L2 = O(ε(1−α)s/2),

‖zε(·, τ)− z0(·, τ)‖L2 = O(ε(1−α)s/2),

ïðè τ = O(ε−α), 0 < α < 1.

Â óñëîâèÿõ òåîðåìû 4.3(1◦) âûïîëíåíî

‖vε(·, τ)− v0(·, τ)‖L2 = O(ε1−α/2),

‖zε(·, τ)− z0(·, τ)‖L2 = O(ε1−α/2),

ïðè τ = O(ε−α), 0 < α < 2.

Â óñëîâèÿõ òåîðåìû 4.3(2◦) âûïîëíåíî

‖vε(·, τ)− v0(·, τ)‖L2 = O(ε(2−α)s/3),

‖zε(·, τ)− z0(·, τ)‖L2 = O(ε(2−α)s/3),

ïðè τ = O(ε−α), 0 < α < 2.
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Â óñëîâèÿõ òåîðåìû 4.5(1◦) äëÿ vε, zε âûïîëíåíî∥∥vε(·, τ)− v0(·, τ)− εµ−1
0 Ψεrotv0(·, τ)

∥∥
H1(R3)

= O(ε1−α),∥∥zε(·, τ)− z0(·, τ)− εΨεrotv0(·, τ)
∥∥
H1(R3)

= O(ε1−α),

‖(ηε)−1rotvε(·, τ)− ((η0)−1 + Σε)rotv0(·, τ)‖L2(R3) = O(ε1−α),

ïðè τ = O(ε−α), 0 < α < 1.

Â óñëîâèÿõ òåîðåìû 4.5(1◦) äëÿ uε, wε âûïîëíåíî∥∥(uε(·, τ)− uε(·, 0)
)
−
(
1 + Σε

◦
)(
u0(·, τ)− u0(·, 0)

)∥∥
L2(R3)

= O(ε1−2α),∥∥(wε(·, τ)−wε(·, 0)
)
− η̃ε(η0)−1

(
w0(·, τ)−w0(·, 0)

)∥∥
L2(R3)

= O(ε1−2α),

ïðè τ = O(ε−α), 0 < α < 1/2.

Â óñëîâèÿõ òåîðåìû 4.5(2◦) äëÿ vε, zε âûïîëíåíî∥∥D(vε(·, τ)− v0(·, τ)− εµ−1
0 ΨεΠεrotv0(·, τ)

)∥∥
L2(R3)

= O(ε(1−α)s/2),∥∥D(zε(·, τ)− z0(·, τ)− εΨεΠεrotv0(·, τ)
)∥∥
L2(R3)

= O(ε(1−α)s/2),∥∥(ηε)−1rotvε(·, τ)− ((η0)−1 + ΣεΠε)rotv0(·, τ)
∥∥
L2(R3)

= O(ε(1−α)s/2),

ïðè τ = O(ε−α), 0 < α < 1.

Â óñëîâèÿõ òåîðåìû 4.5(2◦) äëÿ uε, wε âûïîëíåíî∥∥(uε(·, τ)− uε(·, 0)
)
−
(
1 + Σε

◦
)(
u0(·, τ)− u0(·, 0)

)∥∥
L2(R3)

= O(ε(1−α)s/2−α),∥∥(wε(·, τ)−wε(·, 0)
)
− η̃ε(η0)−1

(
w0(·, τ)−w0(·, 0)

)∥∥
L2(R3)

= O(ε(1−α)s/2−α),

ïðè τ = O(ε−α), 0 < α <
s

s+ 2
.

Â óñëîâèÿõ òåîðåìû 4.7(1◦) äëÿ vε, zε âûïîëíåíî∥∥D(vε(·, τ)− v0(·, τ)− εµ−1
0 ΨεΠεrotv0(·, τ)

)∥∥
L2(R3)

= O(ε1−α/2),∥∥D(zε(·, τ)− z0(·, τ)− εΨεΠεrotv0(·, τ)
)∥∥
L2(R3)

= O(ε1−α/2),∥∥(ηε)−1rotvε(·, τ)− ((η0)−1 + ΣεΠε)rotv0(·, τ)
∥∥
L2(R3)

= O(ε1−α/2),

ïðè τ = O(ε−α), 0 < α < 2.

Â óñëîâèÿõ òåîðåìû 4.7(1◦) äëÿ uε, wε âûïîëíåíî∥∥(uε(·, τ)− uε(·, 0)
)
−
(
1 + Σε

◦
)(
u0(·, τ)− u0(·, 0)

)∥∥
L2(R3)

= O(ε1−3α/2),∥∥(wε(·, τ)−wε(·, 0)
)
− η̃ε(η0)−1

(
w0(·, τ)−w0(·, 0)

)∥∥
L2(R3)

= O(ε1−3α/2),

ïðè τ = O(ε−α), 0 < α < 2/3.

Â óñëîâèÿõ òåîðåìû 4.7(2◦) äëÿ vε, zε âûïîëíåíî∥∥D(vε(·, τ)− v0(·, τ)− εµ−1
0 ΨεΠεrotv0(·, τ)

)∥∥
L2(R3)

= O(ε(2−α)s/3),∥∥D(zε(·, τ)− z0(·, τ)− εΨεΠεrotv0(·, τ)
)∥∥
L2(R3)

= O(ε(2−α)s/3),∥∥(ηε)−1rotvε(·, τ)− ((η0)−1 + ΣεΠε)rotv0(·, τ)
∥∥
L2(R3)

= O(ε(2−α)s/3),

ïðè τ = O(ε−α), 0 < α < 2.
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Â óñëîâèÿõ òåîðåìû 4.5(2◦) äëÿ uε, wε âûïîëíåíî∥∥(uε(·, τ)− uε(·, 0)
)
−
(
1 + Σε

◦
)(
u0(·, τ)− u0(·, 0)

)∥∥
L2(R3)

= O(ε(2−α)s/3−α),∥∥(wε(·, τ)−wε(·, 0)
)
− η̃ε(η0)−1

(
w0(·, τ)−w0(·, 0)

)∥∥
L2(R3)

= O(ε(2−α)s/3−α),

ïðè τ = O(ε−α), 0 < α <
2s

s+ 3
.

Ñïèñîê ëèòåðàòóðû

[BaPa] Áàõâàëîâ Í. Ñ., Ïàíàñåíêî Ã. Ï., Îñðåäíåíèå ïðîöåññîâ â ïåðèîäè÷åñêèõ ñðåäàõ, Íàóêà, Ì., 1984.
[BeLP] Bensoussan A., Lions J.-L., Papanicolau G., Asymptotic analysis for periodic structures, Stud. Math.

Appl., vol. 5, North-Holland Publishing Co., Amsterdam-New York, 1978.
[BSu1] Áèðìàí Ì. Ø., Ñóñëèíà Ò. À., Ïåðèîäè÷åñêèå äèôôåðåíöèàëüíûå îïåðàòîðû âòîðîãî ïîðÿäêà.

Ïîðîãîâûå ñâîéñòâà è óñðåäíåíèÿ, Àëãåáðà è àíàëèç 15 (2003), âûï. 5, 1�108.
[BSu2] Áèðìàí Ì. Ø., Ñóñëèíà Ò. À., Óñðåäíåíèå ïåðèîäè÷åñêèõ ýëëèïòè÷åñêèõ äèôôåðåíöèàëüíûõ

îïåðàòîðîâ ñ ó÷åòîì êîððåêòîðà, Àëãåáðà è àíàëèç 17 (2005), âûï. 6, 1�104.
[BSu3] Áèðìàí Ì. Ø., Ñóñëèíà Ò. À., Óñðåäíåíèå ïåðèîäè÷åñêèõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ñ ó÷åòîì

êîððåêòîðà. Ïðèáëèæåíèå ðåøåíèé â êëàññå Ñîáîëåâà H1(Rd), Àëãåáðà è àíàëèç 18 (2006), âûï. 6,
1�130.

[BSu4] Áèðìàí Ì. Ø., Ñóñëèíà Ò. À., Óñðåäíåíèå ñòàöèîíàðíîé ïåðèîäè÷åñêîé ñèñòåìû Ìàêñâåëëà â

ñëó÷àå ïîñòîÿííîé ìàãíèòíîé ïðîíèöàåìîñòè, Ôóíêö. àíàëèç è åãî ïðèë. 41 (2007), âûï. 2, 3�23.
[BSu5] Áèðìàí Ì.Ø., Ñóñëèíà Ò. À., Îïåðàòîðíûå îöåíêè ïîãðåøíîñòè ïðè óñðåäíåíèè íåñòàöèîíàðíûõ

ïåðèîäè÷åñêèõ óðàâíåíèé, Àëãåáðà è àíàëèç 20 (2008), âûï. 6, 30�107.
[D] Dorodnyi M. A., Operator error estimates for homogenization of the nonstationary Schr�odinger type

equations: sharpness of the results, Appl. Anal., to appear. Available from arXiv:2005.06516.
[DSu1] Äîðîäíûé Ì. À., Ñóñëèíà Ò. À., Óñðåäíåíèå ãèïåðáîëè÷åñêèõ óðàâíåíèé, Ôóíêö. àíàëèç è åãî ïðèë.

50 (2016), âûï. 4, 91�96.
[DSu2] Dorodnyi M. A., Suslina T. A., Homogenization of hyperbolic equations with periodic coe�cients,

J. Di�. Equ. 264 (2018), no. 12, 7463�7522.
[DSu3] Äîðîäíûé Ì. À., Ñóñëèíà Ò. À., Óñðåäíåíèå íåñòàöèîíàðíîãî ìîäåëüíîãî óðàâíåíèÿ

ýëåêòðîäèíàìèêè, Ìàòåì. çàìåòêè 102 (2017), âûï. 5, 700�720.
[DSu4] Äîðîäíûé Ì. À., Ñóñëèíà Ò. À., Óñðåäíåíèå ãèïåðáîëè÷åñêèõ óðàâíåíèé ñ ïåðèîäè÷åñêèìè

êîýôôèöèåíòàìè â Rd: òî÷íîñòü ðåçóëüòàòîâ, Àëãåáðà è àíàëèç 32 (2020), âûï. 4.
[Zh1] Æèêîâ Â. Â., Îá îöåíêàõ äëÿ óñðåäí¼ííîé ìàòðèöû è óñðåäíåííîãî òåíçîðà, Óñïåõè ìàòåì. íàóê

46 (1991), âûï. 3(279), 49�109.
[Zh2] Æèêîâ Â. Â., Îá îïåðàòîðíûõ îöåíêàõ â òåîðèè óñðåäíåíèÿ, Äîêë. ÐÀÍ 403 (2005), âûï. 3, 305�

308.
[ZhKO] Æèêîâ Â. Â., Êîçëîâ Ñ. Ì., Îëåéíèê Î. À., Óñðåäíåíèå äèôôåðåíöèàëüíûõ îïåðàòîðîâ, Ôèçìàòëèò,

Ì., 1993.
[ZhPas1] Zhikov V. V., Pastukhova S. E., On operator estimates for some problems in homogenization theory,

Russ. J. Math. Phys. 12 (2005), no. 4, 515�524.
[ZhPas2] Zhikov V. V., Pastukhova S. E., Estimates of homogenization for a parabolic equation with periodic

coe�cients, Russ. J. Math. Phys. 13 (2006), no. 2, 224�237.
[ZhPas3] Æèêîâ Â. Â., Ïàñòóõîâà Ñ. Å., Îïåðàòîðíûå îöåíêè â òåîðèè óñðåäíåíèÿ, Óñïåõè ìàòåì. íàóê 71

(2016), âûï. 3, 27�122.
[K] Êàòî Ò., Òåîðèÿ âîçìóùåíèé ëèíåéíûõ îïåðàòîðîâ, Ìèð, Ì., 1972.
[M1] Ìåøêîâà Þ. Ì., Îá óñðåäíåíèè ïåðèîäè÷åñêèõ ãèïåðáîëè÷åñêèõ ñèñòåì, Ìàòåì. çàìåòêè 105

(2019), âûï. 6, 937�942.
[M2] Meshkova Yu. M., On operator error estimates for homogenization of hyperbolic systems with periodic

coe�cients, J. Spectr. Theory (to appear). Available from arXiv:1705.02531v4.
[Su1] Ñóñëèíà Ò. À., Îá óñðåäíåíèè ïåðèîäè÷åñêèõ ïàðàáîëè÷åñêèõ ñèñòåì, Ôóíêö. àíàëèç è åãî ïðèë.

38 (2004), âûï. 4, 86�90.
[Su2] Ñóñëèíà Ò. À., Óñðåäíåíèå ñòàöèîíàðíîé ïåðèîäè÷åñêîé ñèñòåìû Ìàêñâåëëà, Àëãåáðà è àíàëèç

16 (2004), âûï. 5, 162�244.
[Su3] Ñóñëèíà Ò. À., Óñðåäíåíèå óðàâíåíèé òèïà Øð¼äèíãåðà, Ôóíêö. àíàëèç è åãî ïðèë. 50 (2016), âûï.

3, 90�96.
[Su4] Suslina T. A., Spectral approach to homogenization of nonstationary Schr�odinger-type equations, J. Math.

Anal. Appl. 446 (2017), no. 2, 1466�1523.



32

[Su5] Ñóñëèíà Ò. À., Óñðåäíåíèå ñòàöèîíàðíîé ïåðèîäè÷åñêîé ñèñòåìû Ìàêñâåëëà â îãðàíè÷åííîé

îáëàñòè â ñëó÷àå ïîñòîÿííîé ìàãíèòíîé ïðîíèöàåìîñòè, Àëãåáðà è àíàëèç 30 (2018), âûï. 3,
169�209.


