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1 Baegenue m dopmyanpoBKa pe3yJabTaToB pabo-
ThI

Hacrosimast pabota 0THOCHTCS K KJIACCUYIECKON TEOPUU Y3JI0B U PA3BUBAET OJHO
W3 HAIIPAaBJIEHUIl, OEPYIINX HAYAJO B CJIEIYIOIIEH XOPOIIO U3BECTHOM TMIIOTE3€
00 aJIIMTHBHOCTH YUCJIA [TEPEKPECTKOB y3J1a IPHU CBA3HOM CYMMUDPOBAHIH.

T'unoreza 1. Ecau ysen K asasemca ceaznot cymmot ysroe Ki u Ko, mo
wucao nepexpecmros cr(K) pasno cymme cr(Kq) + cr(Ks).

DTa rumoTe3a 0CTAeTCs OTKPBITOH y2Ke HoJiee cTa JIeT; M3BECTEH s ee CyIIie-
CTBEHHBIX OCJIA0JIEHUI, TAKYKE OCTAIOININXCS OTKPBIThIMU. Pa3zHooOpasHbe po/I-
CTBEHHbBIE TUIIOTE3bI, BAPUAIUH U OCJIA0JICHIS TAIIOTE3bI 1 00pa3yoT OOIUPHYTO
CeTb CO CJIOKHOM CTPYKTYpOil mMmItnKaruit. B Hacrosmeit pabore Mbl n3ydaeMm
OJIMH U3 Y4aCTKOB 9TOIl CeTu.

CdopmynupyeM IEOYKY TUIIOTE3 W ONPEIeJIEHUH, BeIyIIUX K UHTEepeCcyo-
memy Hac yyactKy. OaHuM u3 HanboJjiee eCTeCTBEHHBIX OCIa0JIeHIi TunoTe3bl 1
ABJIACTCA CJICYIOMAsT

T'unoresza 2. Yucao nepexpecmros cocmasroz20 Yy3na HE MEHDWE HUCAA NEPE-
Kpecmkoe KaHCA020 U3 €20 CAA2AEMDIT.

l'unoresa 2 uaTEpHIPETUPYETCS KAK TMIIOTE3a O 3aBUCUMOCTU MEXKIY JIBYMSI
€CTECTBEHHBIMI JaCTUYHBIMU MOPSIKAME HA MHOYKECTBE Y3JIOB (3alleriennii):
4OBITH CJIATAEMBIM* U ,,AMETH MEHBIIIEe UUCJIO TIEPEKPECTKOB .

Ounpenesienne (xuMepbl u KoxuMmepbl). Eciau ysen K spisiercs ciaraeMbiM B
cocraBaoM y3sie N ¢ cr(N) < cr(K), mbl Ha3piBaeM y3es K zumepot, a y3sei
N — xoxumepot, conymcmeyrowet y3iay K. Banennenne, copeprKariee COIyT-
CTBYIONIYIO y3s1y K KOXuUMepy B KadecTBe KOMIIOHEHTHI, TaKKe Oy/1eM Ha3bIBATH
Koxumepot, conymemeyrouet y3iy K.

Tunoresa 2 (04eBUIHO) 9KBUBAICHTHA CIAYIONEll THIoTe3e.
T'unioreza 2'. Mnootcecmea Tumep U KOTUMED NYCMNDL.

OpuH U3 BAPMAHTOB JAJbHENINNX OCIAa0IeHI TUIIOTE3bl 2 JaeT CJIeLYoIIast
KOHIIEIIIIASA \-PE2YAAPHIL Y3TTOB.

Onpenesienue (\-perynsipable y3ibl). Ilycte A — (110J102KUTEIBHOE) Belle-
CTBEHHOE TnCJI0. Y3ea K Ha3bIBaeTcss A\-pezyaaphvim, €CITH JIJIS BCIKOTO y3aa N,
cozepzKaniero K B Ka4ecTBe CJIaraeMoro, BBIIOJIHSETCA HEPABEHCTBO

cr(N) = X cr(K).

B Takoit TepMuHOIOrTY XUMEDPBI — 3TO B TOYHOCTHU y3JIbl, HE sIBJISIOIIAECS 1-
peryaspuabivu. [osromy rumoresy 2 MoKHO 1epedOpPMyINPOBATH KAK THIIOTE3Y
0 TOM, 9TO Bce y3Jibl 1-peryssapubl. [loHsgTHE A\-PErysIsipHOCTH JAeT KOHTHHYAb-
HYIO [EMOYKY ,BIOYKEHHBIX (T. €. Bce Gostee n Gostee caabbIx) MUIOTES O A-DETy-
JISPHOCTHU BCEX Y3JIOB JIJIsl BCE MEHBINNX U MEHbIMUX A. B cujy ompeiesieHHBIX
co0bOparKeHuil OT/IEJIbHBII HHTEPEC IPEJICTABIAET CJIE/YIONas THIIOTe3a.



T'unoreza 3. Bce y3avt %-peey/mpmn.

Hackonbko n3BecTHO aBTOpaM, K HACTOSAIIEMY MOMEHTY JJIsi BCell COBOKYII-
HOCTH y3JIOB JJOKA3aHa, JIUIIb %-perHﬂpHOCTb (IpsIMO CJIefIyeT U3 pe3ysIbTaToB
paborsr [52]).

K unrepecyromemy Hac yIacTKy ceTu ociabJIeHnlt TATIOTE3bI 1 MBI OTHOCHM, B
YaCTHOCTH, TUIIOTE3BI O A-PEryJIsiPHOCTH Y3JI0B T€X WJIM UHBIX KiaaccoB. K Hacrto-
ANEMY MOMEHTY 1-peryJisipHOCTb [IOKa3aHa I aJIbTEPHUPOBAHHBIX, TOPHYe-
CKHUX W HEKOTOPBIX JIPYTUX crenuduIecKnx KIaccoB y3a0B (noapobuee cM. [61]
U IPUBEJEHHYIO TaM JIUTeparypy, Bkiodast [29, 23]). Kpome Toro, us passuroit
B paborax [12, 58, 75, 76, 47, 74| TeXHUKHU U JOKA3AHHBIX TAM CBOWCTB MHOIO-
wrena Kaydwmana BeiBoguTcs 1-peryasspHOCTD TaK HA3BIBAEMBIX G0EK8AMHHIT U
%—peI‘yHHpHOCTI) noayadexsammoir y3maos.! OHAKO, HACKOJIBLKO HAM M3BECTHO,
B sIBHOM BHJIE B JINTEPATYyPE TAKOW BBIBOJ, He OonucaH. B Hacrosimnelr pabore MbI
BOCIIOJTHSIEM 3TOT MPOHEJT U MPUBOIUM COOTBETCTBYIOIIHE JI0KA3aTE/IbCTBA.

Teopema 1. Kaoicowii adexsamnoli ysea 1-peeyaapen.

Teopema 2. Kaoicowii nosyadexsammviii yzen %-peey/mpeH.

JlepHeiickmne y3JIbI

[lepeiiieM K PacCMOTPEHMIO CJIEJYIONIETO IEHTPATIHLHOIO OObEKTa HACTOSINEN
paboThl — JIEPHEHCKUM y3JaM U uX 1noasuiaMm (06pa3yiomuM HEeKOTOPBIA 110/
KTacc B Kitacce xumep).? Jlasee Mbl GyjieM OMIpaThCs Ha CTAHIapPTHOE TIOHATHE
paspewerus nepexpecmKa B JuarpaMMe y3Jia WA 3allellJIeHns, OlpeesiseMoe
KaK JIOKaJIbHOE IpeobpazoBanme Buya A — ) wim X — X,

Onpenesienue (yIpolieHns y3ia). Y3es Win 3aleiienne L Ha3oBeM ynpouie-
nuem yana K, ecnmu L monydaerca u3 K pazpelenneM MEePEeKpecTKa B MUHU-
MaJIbHOM auarpamme y3sia K.

Ounpenesnienune (nepueiickue y3inl). Herpusnanbubiii y3esn K HasbiBaercs Aep-
HetcKUuM, ecJin XOTs ObI OHO U3 €ro YIPOIIeHui comepkutT K B KadecTBe Ciia-
raemMoro.

Oupenesienue (Brosne JsepHeiickue y3ibl). Herpusuasnbapiii yzea K Ha3bl-
BaeTCsl 6NOANE AEPHEUCKUM, eCIU KayKJI0e M3 ero yuporienuii comepxutr K B
KadeCcTBe CJIaraeMoro.

L A lexBaTHbIE U HOJIya eKBATHBIE y3/Ibl BBOASTCS B paboTax [58, 76] xax 06oGmEeHNsT aTb-
TEPHUPOBAHHBIX; 9TH KJIACCHI CPABHUTEIBHO IMUPOKU; CM. OIpeeseHus B §2.

2Bri6op TepMuHa, ,TepHEHCKHE” OGYCIOBIEH TEM, UTO JIEPHEHCKHH Y3 B OMPEIeTCHHOM
CMBICJI€E ,,yCJIOKHAETCS TP HOIBITKE ,,yIIPOCTUTL €ro IyTeM pasperienus (paspybaHust) me-
PEKpecTKa nuarpaMMbl; CpP. CO CBOMCTBaMU JIepHENCKON THAPEI B APEBHETPEIECKOH MU(OJIIO-
run (cM., Hamup., ,,lepakn” Dspunnga): ,,Cronno epakiy cpyburh oxny ronosy [JIepreiickoii
TUAPBI|, KaK Ha €e MeCTe CPady 7K€ BBIPACTAJIO €IIe JIBE MU TPHU®.

Boobiie roBopsi, B paMkKax apeBHerpedeckoit Mudostorun Jlepueiickas runpa u Xumepa —
CeCTpPbI, HO B HAIIIEM CJIy4Yae 9TO He BHOCUT Iy TAHHI[bI.



JlepHefickue u BIIOJIHE JiepHEfiCKHe y3ibl ObLIN BBefleHBI B pabote [61] mpu
aHaJIM3e THIOTE3BI O PeBAIMPOBaHNN runepbommdeckux y3a08.% B [61] qokasbi-
BaeTCcs, B YACTHOCTH, UTO MIPEJITOJIOKEHIE O TIPEBATUPOBAHIN THIIEPOOIMIECKUX
Y3JIOB BJIEYET HEIyCTOTY MHOYKECTBA BIIOJIHE JIEPHEHCKUX y3JI0B. YCIOBHE, OIpe-
JIEJISTIONIEE BIIOJTHE JIEDHEHCKHE y3JIbI, TPEJICTABISIETCS HACTOJBKO abCypIHBIM,
YTO JIOKA3ATENbCTBO I'MIIOTE3bI O IMYCTOTE MX MHOYKECTBA PACCMATPUBAJIOCH B
KadecTse HauboJlee MepCIIeKTUBHOIO IyTH K OIMPOBEP;KEHUIO BBIIIEYTOMSIHY TOM
TUIIOTE3bI O IIPEBAJMPOBAHUY TUIIepOOINIeCKIX y3/0B. B xome nanpHeimmx uc-
CJIEJIOBAHUN JIEPHEHCKAX Y3JI0B M WX BapUAIWil TUIIOTE3y O INPEBAJTUPOBAHUN
runepboInIecKuX y3JI0B, JefCTBUTEIIBHO, YAAJIOCH OPOBEPrHyTh (cM. [9]), on-
HAKO BOIIPOC O CYINECTBOBAHUY BIIOJIHE JIEPHEHCKUX U JIEPHEHCKUX Y3JI0B OCTa-
€eTCd K HaCTOS{HlelVIy l\lOMeHTy OTKprTI)IM. HpOﬂOﬂ}Kaﬂ pa3BI/IBaT]) 3Ty JIMHUTIO
PacCyzKJIeHUii, B HACTOsIIEH paboTe Mbl BBOJUM KJIACC HOBOJIEPHEHCKUX y3JI0B.

Onpeesienne (KBasuylpolneHus 3anemienuii). 3anemienane M Ha30BeM K6a-

auynpousenuem 3anerienns L, ecom M mosydaercs w3 L pazpereHueM Iie-

DPEKPeCTKa B HEKOTOPOii (He 00sI3aTe/IbHO MUHUMAJILHOMN) JuarpaMme 3aierie-
4

aust L.

Ounpenesienne (HososiepHeiickue y3ibl). Herpusuasbupiit yzea K Oyuem Ha-
3BIBATh HOB0AEPHEUCKUM, ECITH KaXKJI0€ ero Kpasuynpoinenue L obsagaer XoTs
Obl ONHUM U3 cyeayoomux cBoiicTs (T.e. L He mporne, dem K, XoTst GBI B OJJHOM
U3 CJIJYIONUX CMBICTIOB):

(i) er(L) = er(K),
(ii) L comepxur K B KadecTBe CJIAraeMoro.

Knacc HOBONEpHEHCKUX Y3JIOB BXOJUT B MHOYKECTBO BIIOJIHE JIEPHEHCKUX,
IPOJIOJIKAs IENOYKY

XMUMEPHI D JIEPHENCKUE 2 BIIOJIHE
JIEPHENCKUE 2 HOBOJIEPHENCKUE.

OTHU BKJIIOYEHUST OUeBUIHBI. JlefCTBUTENHHO: XUMEPHI — 9TO B TOYHOCTHU Te
Y3JIbl, ¥ KOTOPBIX UMEIOTCI COIYTCTBYIOIINE UM KOXUMEDHI, JIEDHEUCKNE — ITO
T€e y3JIbl, ¥ KOTOPBIX COIIyTCTBYIOIIME KOXUMEPBI UMEIOTCS CPEIU YIPOIIEHUI,
BIIOJIHE JIEpHEHCKHE — Te, ¥ KOTOPBIX BCe YIPOIIEHUS ABJIAIOTCA COIyTCTBYIO-
UMK KOXUMepaMu, HOBOJIEpHefickne — Te, y KOTOPBLIX COIyTCTBYIOIIUMH KO-
XUMepaMH SBJISIOTCH BCe 3allellJIeHUsl B HEKOTOPOM KJlacCe, BKJ/IIOYaIOlleM Bee
YIIPOIIEHNS.

39Ta runoresa yTBEpIKIAET, UTO JOJIS TUIEPOOTMTIECKNX Y3I0B CPEIH MPOCTHIX y3JI0B C 7
¥ MEHee MEePEKPECTKAMYU CTPEMUTCS K eIUHUIE [IPU POCTE N.

4Herpyaso 3aMeTUTH, 4TO GHHAPHOE OTHOIIEHHE ,, A SIBJIsIeTCSl KBA3UyIpOIeHneM B cum-
METPUYHO U PedIIEKCUBHO.



OrMernM, 9TO KJIACC HOBOJIEDHEHCKUX Y3JI0B yXKe He CBSI3aH C THIIOTE30i
0 INPeBaJIMPOBAHUU THIIEPOOJIMIECKUX y3JI0B, — DTOT KJIACC IPEJCTABJISIET MH-
Tepec Kak IIPOU3BOJIAIINN BliedaTieHue eie 6osiee abCcyp/IHOrO, €M KJIacC XH-
Mep W KJIACC JIEPHEHCKUX y3JI0B, THIOTETUYECKAs IIyCTOTa KOTOPOIrO, TeM He
MeHee, He BbITeKaeT HAlPAMYIO U3 M3BECTHBIX (110 KpaiiHeil Mepe, U3 IPOBEPeH-
HBIX aBTOpaMu) coobparkeHuii u KOHCTPYKiuii. [IpososkuTh onucannyo noce-
JI0BaTE/IbHOCTD BJIOXKEHHBIX ITOJIKJIACCOB XMMeP MOXKHO, HAIPUMED, pacCMaTpy-
Basl JaJibHelile ycujieHusi TpeOOBaHUil Ha pa3sMep MHOXKECTBA COILY TCTBYOIIUX
KOXUMEpD — IIyTeM ODOOIIeHNs TPeoOPa30BaHNUs ,,pa3PEIIeHNEe IePEKPECTKA” —
U/WIM Iepexojis OT OAHOKPATHOrO peodpa3oBaHus K MHOIOKpaTHoMy. 1o mMo-
THBAM I[TOCJIEJIHENH 13 yIOMSHYTHIX BO3MOXKHOCTEH BBEJIEM CJIEJIYIOIIEe MOHSTHE.

Ounpenestenne (ypoBHE HOBOJepHeiickux y3ioB). [lycre K — yzen, d — Ha-
TypaJIbHOE YUCI0. Y3eJ WIN 3alenyeHue L HazoBeM d-KpamMvim K8a3uynpo-
wenuem ysna K, ecnu L mosydaercs u3 K paspemienveM d IepeKpecTKOB B
HEKOTOpo#l (He obs3aTe/lbHO MUHUMANBHOI) muarpammve ysia K.° Bygem ro-
BOPHUTB, YTO HOBOJIepHelckuil y3es K umeer yposens d, eciym KaxKiaoe U3 €ro
d-gparHbix KBazuynpoulenuit L obsagaer xors Obl OMHUM U3 (IPUBEJIEHHBIX B
OIIpeIeJIEHNY HOBOJIEpHETicKuX y370B) cBoiters (i) m (ii), a cpenn (d + 1)-xpart-
HBIX KBa3UyIIpOIeHuil y3/a K HaiijgeTcs 3alelieHne, Hi OJHUM U3 9TUX CBOUCTB
He 00J1aJar0111ee.

ITockoNIbKY TPUBHAJIBHBIN y3eJl siBisieTcs], oueBuiHo, (cr(K) — 2)-KpaTHBIM
KBa3UyIpoIieHneM y3aa K, ypoBeHb IIPOU3BOILHOIO HOBOJIEPHEHCKOTO y3ma K
He npesbiaeT yucia cr(K) — 2.

CBs13b MeXK/Ly YPOBHSIMU HOBOJIEPHEHCKUX Y3JIOB U UX A-PErYJIsIPHOCTHIO UJI-
JIOCTPUPYETCS CJIELYIOMIEH TEOPEMOIi.

Teopema 3. 1. B xaacce 1-pe2yaaproix Y3408 Hem HOB0AEPHEUCKUL Y3.A08.

2. B xaacce %-peey/mpmm Y3008 HEM HOBOAEPHEUCKUTL Y3408 YPOSHA 3 U
sovlule.

3. B xaacce %-peey/mpnma: Y3008 HEM HOBOAEPHEUCKUT Y3408 YposHs G u

Gblue.

CraencrBue 1. B kaacce noayadex8ammuls y3i08 HEM HOBOAEPHEUCKUL Y3A06
yposHa 6 u sviwe.

ITepBoe yTBepKI€HNE TEOPEMBI 3 SIBJISETCsI TIePeDOPMYIUPOBKOiT 00CY K IaB-
IIUXCsI BBIIIE HAOJIIOIEHUIT O TOM, 9TO BCE HOBOJIEPDHEHCKIE Y3JIbI SBJISIOTCS JIep-
HEHCKUMU, a BCe JIePHECKre y3JIbl ABIAI0TCA XuMepamu. JlokazaTeabcTBO BTO-
POro U TPETHETO YTBEPKIACHUH TEOPEMBI 3 ONMPAETCS HA HOBYIO KOMOMHATOPHO-
reOMeTPUYECKYI0 TEXHUKY U B HACTOsIIell pabore He mpuBoguTcs. Mbl mpeio-
JlaraeM, 4TO Pa3BUTHE ITOU TEXHUKHU IO3BOJIAT IKCTPAIOJIUPOBATH YTBEPIKJIe-

5 [lo6asnenne x auarpamme meriam (peobpasosanue Paiisemaiicrepa mepBoro Tura) moka-
3pIBaET, YTO KaxKkJoe d-KpaTHoe KBasuylpolieHnue yana K ssisierca u ero (d + 1)-KpaTHbIM
KBa3UyIIPOIIEHUEM.



HUs TEOPEMBI 3 Ha CJIydad A-PeryJispHBIX y3J0B ¢ A < 1/2 u BbIBeCTU U3 BbIIle-
YIIOMSTHYTOI'O (DAaKTa, O ﬁlz-perynﬂpHOCTH IIPOU3BOJILHOTO Y314 JI0KA3aTETHCTBO
caeAyIomell MrmoTe3nl.

T'unoresza 4. Mnooicecmaso nososepretickux y3naos yposra 1000 u eviue nycmo.

IIpuBenem omnpeseneHue ere OTHOTO MOJABHIA JIEPHEUCKUX y3710B. Bompoc o
IIyCTOTE 3TOTO MOJBUIA TTOCTYKUJI OJHON U3 OTIIPABHBIX TOYEK IS HACTOSIIETO
HCCJICTOBAHMS.

Ounpenesnenune (yabrpajepHeiickue y3ibl). Hazosem HerpuBHaibHbIi y3ea K
YALMPALEPHETCKUM, €CTTH KaXKJI0e ero KBasuylpolienue cojep:xur K B Kade-
CTBE CJIATaEeMOTrO.

Jloka3aTesbCTBO yTBEP2KIEHU O IIyCTOTE MHOXKECTBA YJIbTPAJIEPHENCKIX y3-
JIOB MBI PaCIleHMBAEeM KaK IeHTPAJIbHBIN pe3y/ibTaT HACTOAIIEH paboTHI.

Teopema 4. Mnooicecmso Yisbmparepretickux Y3408 NYcmo.

Teopema 4 mpsiMo cJte/lyeT U3 IPUBEICHHBIX HUXKe TeopeM 5—10, Kaxkaast u3
KOTOPBIX JIaeT crenuduIecKkoe yTOIHEHnEe TeOPeMBI 4.

Teopema 5. Ecau yzea K nempusuasen, mo 6 nexomopot ezo duazpamme Hati-
demca nepexpecmor, o0Ho U3 pasdpeweHutl xKomopozo daem Juazpammy 08Yx-
KOMNOHENMHO20 3auenaenus, ne codepocawezo K 6 kawecmee caazaemozo, a
6mopoe paszpewerue — duazpammy yaaa, ne cognadaroutezo ¢ K u ne codeporca-
wezo K 6 xawecmese caazaemozo.

BuaoxkenHble nepecTpoiikun

HoBosepsreiickue u yibTpajiepHeiickue y3jbl YI00HO 00CYyXKIaTh B TEPMHUHAX
BA02ICEHHBIT Nepecmpoek (HA3BIBAEMBIX TAKKE ACHIMOYHOLMU NEPecmpolikamu)
Y3JI0B U 3alleIJICHUil. DTO MOHATHE OMPEIE/ISIETCS CJIEIYIOMMIM 00Pa30M.

Ounpenesienne (BiaoxkeHuble nepectpoiiku 3anerienuii). [Tycrs L — 3aneruie-
me 8 R?, I — orpesok [0,1], a b: I x I — R3 — Bioykenne, Takoe 9TO

b(Ix I)NL=>b(IxaI).
ToopsT, wTo 3aremnienue
M = (L\b(Ix0I)ub(dI x1I)

SIBJISIETCST PE3YIIBTATOM GA0NHCEHHOT (MIH AEHMOUHOT) Nepecmpotiny 3alerLie-
uug L aomns aenmoe b(I x I). (Cum. puc. 1.)



AA

Puc. 1

Ounpenesienne (rpad u MeTpuKa BIIOKEHHBIX liepecTpoek). I 'pagom eaoorcen-
HOIT NEPeECMPoex Y3408 U 3auenserutl, Ha3bIBAETCdA NPOCTON rpad, BepIIUHBI
KOTOPOT'O CyTh PacCMaTPUBAEMBbIE C TOYHOCTHIO JI0 0O0'beMJIeMON U30TOIUHU Py Y-
HBle HeOPHEHTHPOBAHHEIE 3aIleIIeHns B R, 1 JBe BepIIHHBI COeTIHEHEI Pe6POM,
€CJIN M TOJIbKO €CJIM OTBEYAIOIINe UM 3allCIIEHUs CBI3aHbI BJIOKEHHON Iepe-
crpoiikoit. OrBedarorniyio 3ToMy rpady METPUKY Ha MHOXKECTBE 3allellIeHui,
paccTosgHHe B KOTODPOI OIpenessdercs KakK JJIMHA KpaTdaillero IIyTH MexKLy
BepIHIMHAME I'pada, HA3BIBAIOT MEMPUKOT BAONCEHHDIT NEPECMPOEK.

JlJist 11e510r0 HEOTpUIATEIBHOIO 1 U 3aneiuienusi L vepes B, (L) Gynem 06o-
3HAYAThH IMIap PaJyca I ¢ IMeHTPOM B L, T.e. MHOXKECTBO TeX 3alleILIEHUN, KO-
TOPBIE TOJIYYAIOTCs U3 L 1ernoukoi u3 He 6oJiee YeM 7 BJIOXKEHHBIX [ePEeCTPOEK.
Cdepy B, (L) \ B,_1(L) oboznaunm depes Sy.(L).

B kadecrBe ocHOBOMOJATAIONMX PAbOT, MTOJIOKUBIITUX HAYAJIO CHCTEMATHIE-
CKOMY HM3YYEHHUIO BJIOXKEHHBIX I[IEPECTPOEK y3JI0B U 3allellJIeHuil, Mbl paccMar-
puBaeM, B IepByI0 ouepenb, [56] u [32] (B [32] BaokeHHas mepecTpoiika pac-
CMaTpUBAETCA KaK 9acTHbIA ciaydait H (n)-npeobpasoBanus tpu n = 2). Pas-
JINYHBIE CBOMCTBA BJIOYKEHHBIX MTEPECTPOEK M COIYTCTBYIONNE KOHCTPYKITHH WH-
TEHCWBHO M3yJaloTCsl B TIOCTIETHee ecaTuieTne. Tak, B paborax [40, 42, 43, 45]
N3yvdaeTCsd CBA3b BJIOXKEHHBIX IIE€PECTPOEK C IIOJIMHOMHAJIbHBIMU HMHBapUaHTa-
mu, B [13, 39, 41, 46, 77] usydaercs MeTPUKA BJIOKEHHBIX IIEPECTPOEK, B
[1, 2, 6, 7, 44, 62] — uHBapwaHT paccTosiHUs (B METDHKE BJIOYKEHHBIX IIepe-
CTPOEK) JI0 TPUBHAJILHOTO y3ia, B [59, 63] — CB#A3b BIIOKEHHBIX IIEPECTPOEK
C JIMH30BBIMY TIPOCTPAHCTBAMHU, BJIOYKEHHBIE [IEPECTPONKN PACCIOEHHBIX Y3JI0B
usyuarorcst B [14], kocmernueckue nepectpoiiku — B [33], rpadsl 1 KoMIIIeKCHI,
ACCOIMMPOBAHHBIE C BJIOXKEHHBIME IlepecTpoiikamu — B [35, 79, 80], a npuioxe-
Husi B Guostornn — B [34] u [64].

Kak Bugno u3 ompenenenuil, 3amerienne Y TMOIydaeTcd U3 3arleneHus X
pa3perieHneM TepeKpecTKa HEeKOTOPOH JauarpaMMbl 3anemieHus X Torjga u
TOJILKO TOT/Ia, KOrja Y mosydaercsd u3 X MOCPeJICTBOM BJIOXKEHHON IepecTpoii-
KU. DTO IMO3BOJISIET B3IVISTHYTh Ha BBEJIEHHBIE BBIIIE KJIACCHI Y3JI0B C TOYKHU 3pe-
HUS TIEPECTPOEK:

— MHOXECTBO d-KPaTHBIX KBa3WYIIPOIIEHMI TPOU3BOJILHOTO y3ya K coBma-
naer ¢ mapom Bg(K),



— HeTpHUBUAJLHBIN y3esq K sABJIgercd HOBOJEPHEHCKUM eCjId U TOJILKO eC/IH
cpesu cMexkHBIX ¢ K BepmuH (1. e. B cepe S1(K)) He Hafimercs 3arerie-
HHUS C MEHBIIUM YHCIOM HEepeKpPeCcTKOB U He cojepzkaiiero K B KadecTse
CJIaraeMoro,

— HETPUBUAJBLHBIN y3es K SBJIseTcs yabTpaJepHEHCKIM eClI U TOJIBKO €CJIN
kaxk1oe 3aremenue u3 cdepot S1(K) comepxkur K B KauecTse cjaraeMo-
ro.

Taxum 06pa3oM, 3310491 0 HOBO- U YJIBTPAJEPHEHCKIX y3/IaX CBOIATCS K U3y de-
HUIO OKPECTHOCTeil BepIIUH B rpade BJIOKEeHHBIX IepecTpoek. CII0sKHOCTD OIu-
caHUsi OOBEKTOB MOJOGHOIO KJIACCA XOPOIIO M3BECTHA (CM., HAIPUMED, Pe3yJlb-
tar [67, 68, 78] 0 mpocTOTE Y3JI0B € €IMHUYHBIM YUCIOM Pa3Bs3bIBAHUS — B
AHAJIOTUYIHBIX TEPMUHAX €r0 MOXKHO MHTEPIIPETHPOBATH KAK TEOPEMY 00 OTCYT-
CTBHH COCTABHBIX Y3JIOB B €JIMHUYHON OKPECTHOCTH TPUBHAJILHOTO y3J1a B rpade
TIepeKJTIoIeHn T epekpecTKoB ).

Hukecieayromue teopemsl 6-10 onmceiator cpoiictia cdep S1(K). Popmy-
JINPOBKH TEOPEM HCIOJL3YIOT CTAHJIAPTHBIE MIOHATUS TEOPUH Y3JI0B U 3alleIlIe-
HUIt, OIIpeiesIeHnst KOTOPBIX IIPA HEOOXOAMMOCTH HECJIOXKHO HANTH B JINTEPATYPE
(cM., manpumep, [66, 3, 57, 15]). Kpome Toro, onpeeienus HauMeHee U3BECTHBIX
U3 33JIeHCTBOBAHHDIX TOHATHH JaHbI epel (hOPMYINPOBKAMHE.

3amevanue 1. Hecnoxkuo samerutn, uro juisa jroboro yazna K cdepa Sp(K)
COJIEPYKUT CBSI3HBIE CyMMBI y3jia K ¢ KaxKJbIM y3JI0M U C KayKIbIM 3allerie-
uueM, BxousuwM B cepy S1(U) rpusnaisaoro ysaa U. Ilpu stom sicro, 9T0
cepa S1(U) comepsKur Bee IBYXHUTOTHbIE OOMOTKH' IMPOM3BOIBHBIX Y3JIOB.
[TocKOIbKY MBI OTTAJIKMBAEMCSI OT 3aJ[@9i O HOBO- U YJIBTPAJIEPHENCKUX y3J1axX,
Jlajiee Mbl KOHIIEHTPUPYEM BHUMaHUE Ha Tex sjemenTax us S1(K), KoTopbie He

cozepkaT y3ei K B KadecTBe CaaraeMoro.

Ounpenesienne (HeopueHTUPYeMbI poj y3ia). Heopuenmupyemvim podom re-
rpusnagbaoro yzaa K B R? naspiaeTca HaMMEHBLIIHI POJ IO BCEM BJIOMKEH-
HBLIM KOMIIAKTHBIM CBSI3HBIM HEOPHEHTUPYeMbIM mosepxaocTsaMm F C R? ¢ kpaem
OF = K (uHaue roBOpsi, 9T0 HAMMeEHbIee Iucyo JieHT Mebuyca, u3 KOTOPBIX
MOXKHO CKJIEUTh TaKyIO [MOBEPXHOCTL). HeopueHTHpyeMblii POJl TPUBUAIBHOIO
y3J1a IO OIIPEJIEJIEHUIO TIOJIATAETCST PABHBIM HYJIIO.

Teopema 6. Ecau ysea K nempusuanen, mo mnooicecmeo S1(K) codeporcum:
(la) ysea menvwezo, uem y K, neopuenmupyemozo poda;

(1b) ysea ¢ me 6oavwum, vem y K, wucaom mocmos;

6B sToMm rpade BepmmHBI, OTBedaromue 3auenaesnsM L u M, coequHeHbI peGpOM, eciu
U TOJIBKO ecuu y L Halimercsa auarpamMma C MEPEKPECTKOM, 3aMeHa B KOTOPOM IIPOXOJa Ha
mepexoj JaeT AuarpaMmy 3atersiesus: M.

7 1By XHATOYHBIMU OOMOTKAME HA3BIBAIOT JABYXKOMIOHEHTHBIE 3allelIeHust pota 0 U y3JIbl
HEOPHEHTHUPYEMOro poja 1, T.e. HETpUBUAJIBHBIE Y3JIbl, KaXKJIblii U3 KOTOPBIX OIPAHUYNBAET
Boykennyo B R3 jenty Mebuyca; cM. Tak»Ke onpejesenns (p,q)-06MOTOK U HEOPHEHTHDYe-
MOT'O POJIa HUXKE.



(1c) ysea c ne 6oavwum, wem y K, dyzosvim undexcom;

(1d) ysea ¢ ne 66avwum, wem y K, undexcom xocw;

(2a) dsyxrkomnonenmnoe ayenaenue menvwezo, wem y K, poda;

(2b) deyzromnonenmmoe 3auenaenue ¢ ne G0avwum, wem y K, wuciom mo-

cmos;

(2¢) dsyrromnonenmmuoe sauensenue ¢ ne 66avwum, wem y K, dyzosvim un-
dexcom;

(2d) dsyzromnonermmoe 3auenaenue ¢ ne 60avwum, vem y K, undexcom xoco.

Hu odun us smux (6803m02CHO, COBNAOGIOWUT) Y3408 U HU 00HO U3 IMUL
(803Mm001cHO, cosnadarowu) sayenaenull ne codepocum K 6 kavwecmee caazae-
MO20.

W3 nynxra (1b) TeopeMsl 6 B CHILy H3BECTHBIX CBOHCTB dnciaa MocTos [70, 71]
BBITEKAET CJIE/LYIOIIee YCUIIeHHEe TeopeMbl 4.

CaencrBue 2. Ecau ysea K nempusuanen, mo mnoorcecmso S1(K) codeporcum
y3en, He asasowulics cameasumom yaaa K.

Teopema 7. Ilycmv K, K1 u Ko — y3av, a k — neompuyamenvroe yeaoe 4uc-
s0. Tozda mmnoorcecmeo S1(K) codeporcum dsyxxomnonenmuoe sayenaenue L,
KOMNOHENMB, Komopozo cymv Y3 K1 u Ka, a xoafduyuenm 3sauennenus
meotcdy numu pasen k. (Ecau wu odun usz ysaose Ky u Ko ne cosnadaem ¢ K u
ne codeporcum K 6 kawecmse caazaemozo, mo u L ne codeporcum K 6 kavecmee
CAGRAEMO20.)

Ounpenesienne (06moTku y3i108). Herpusuanbublii y3esa Z Ha3bIBAIOT 06MOM-
xot y3na K, ecnun Z o6beMaeMo U30TOIEH Y3JIy Ha Kpae TPyOdIaToit OKPEeCTHOCTH
y3ia K, HO He oObemseMo u30ToreH y3iay K.

Ounpenesnienne (HakiIoHbI KpuBbiX). Ha kpaesom Tope OV 1106010 BI0KEHHOIO
B R? nosmoropus V nMeercs Jpa BbLIETCHHBIX H30TOIMMYECKIX KIACCA TPOCTHIX
HeCTATUBaE€MbIX (Ha 8V) 3aMKHYTBIX KPHUBbBIX — KJIaCC MEPpHUINAHOB MU KJIaCC
napaJsuiesieii. PukcupyeM Kakue-HUOY/Ib MepUJIUaH m W napajuieiab { u opu-
EHTUPYEM MX IPOU3BOJIBHBIM 00pa3oM. Torma Jiroboil mpocToil HeCTATmBAEMOt
(na OV') 3aMKHyTOI OpHMEHTHPOBAHHOI KpuBOil ¥ Ha OV MOMXKHO COLOCTABUTH
TaK Ha3bIBAEMbIN HakAon — djieMeHT p/q muoxkecrBa Q U {oo}, rue nesbie p u g
TAKOBBI, UTO JIJIsl FOMOJIOTUIECKUX KJIAcCoB [Y], [m] u [¢] kpuBoit -y, Mmepuauana m
u mapaJiiesn £, COOTBETCTBEHHO, BBIIIOJHEHO PABEHCTBO

] = plf] + glm].

SameTnM, 9TO OpUEHTAIMST KPUBOM Ha ee HAKJIOH He BJIMSET, a IPU 3aMeHe
OpHEHTAIINY Ha MapaJljIeJid WA MePUaHe HAKJIOH MeHseT 3HaK, COXPaHssd ab-
COJIIOTHOE 3HAYEHME. DTO O3HAYAET, YTO abCOTIOTHOE 3HAUYEHUE HAKJIOHA OIIpe-
JIeJIEHO U JIJIsi HEOPUEHTUPOBAHHBIX KPUBBIX Ha OV .
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Onpenenenue ((p, q)-oomorkn). O6MoTKE y3iaa K ¢ abCOMIOTHBIM 3HAYEHUEM
HAKJIOHA p/q, TJIe P U ¢ — B3AMMHO IPOCTBIE MOJOXKHUTEJIBHBIE TIEJIbIE IUCTA,
6yznem HaswBaTh (p, q)-06momkamu ysna K.8 (p,q)-O6MOTKE HeTPHBHATLHBIX
Y3JI0B MHOT/IA HA3BIBAIOT P-HUMOYHbLMU OOMOTKAMHU.

Teopema 8. /las npoussoavhozo ysaa K mnoorcecmeo S1(K) codeporcum ece
me obmomxu yszaa K, y xKomopux abcoaommnoe 3HAYEHUE HAKAOHG AEHCU 6

MH0ICecmee {% i,] EZL;i > 0}. B wacmnocmu, S1(K) codeporcum

8CE Y3Abl, ABAANOULUECH MPETHUMOYHBMU 0bmomKramy y3aa K.

Oupenesienne (6pyHHOBBI 3aneiuieHus). HerpusuajbHoe HEOIHOKOMIIOHEHT-
HOE 3allellJIeHre HA3BIBAETCS OPYHHOBbLM, €CITH BCE €r0 CODCTBEHHBIE MO/ 3allerl-
JIEHUsI TPUBUAJIbHBI.

Teopema 9. Ecau ysea K nempusuanen, mo mmoorcecmeo S1(K) codeporcum:

(1) npocmoti ysea P, asasmouwudica mpexnumounotl obmomxot ysaa K, c

cr(P) < 9cr(K) + 2;

(2) 6pynnoso (u, caedosameavro, npocmoe) OBYTKOMNOHEHMHOE 3AUENAE-
nue L ¢

cr(L) < 4\%@(}() + 2.

Beenenm caemyrommee obozuadenue. st 3anemienus L 6ymnem 0bo3HAYATE Te-
pe3 C;(L) xommduecTBO y3/I0B (C YYETOM KDPATHOCTH) B DA3JIOKEHUU 3alleIlie-
Hus L Ha IpOCTBIE COCTABJIAIONINE.

Teopema 10. Ecau ysea K npocm, mo mmuoorcecrneo S1(K) codeporcum npo-
cmoe dsyxkomnonenmnoe zayenaenue L ¢ cr(L) < cr(K) + 1. Boaee obwgd,
ecau ysea K nempusuanen, mo muoocecmeo S1(K) codeporcum wepacuenumoe
dsyxromnonenmuoe dayensernue L ¢ cr(L) < cr(K) + 1 u Ci(L) < C1(K).

3amevarue 2. Teopembr 510 B ompesie/IEHHOM CMBIC/IE OUYEPUUBAIOT KOHTYPBI
BO3MOXKHBIX T'DAHUI] KJIACCA JIEDHEHCKUX Y3JI0B, JOKA3bIBas ILyCTOTY ODIIUPHOTO
Habopa ux moABUIOB. [Ipu 9TOM COBOKYITHOCTH YKA3aHHBIX TEOPEM HE JIAET IIy-
CTOTBI KJIACCA HOBOJIEPHEICKHMX Y3JI0B, HO KaxK/as U3 3Tux TeopeM (GoJiee Toro,
KazKJblil 13 UX IYHKTOB) $IBJISIETCH YCHJICHUEM WJIM yTOYHEHHWEM TeopeMbl 4 o
IIyCTOTE KJIACCA YIBTPAJEPHENCKUX y3JI0B, TIOCKOIBKY TaPAHTUPYET JJIsi HETPU-
BuaJbHOrO y3ia K namuuue B muoxkecrse S1(K) y3J/10B win 3alenienuii ¢ pas-
JIMYHBIMA CHENUMUAICCKIMHI CBONCTBAMH, YKA3BIBAIOIUMHI HA TO, 9TO ITU Y3JIbI
u 3aremnienns e comepkar K B kadecTBe ciaraemoro. Teopemst 9 u 10 yrodmsi-
0T TeopeMy 4 B pa3pese YuCja IIepeKPECTKOB, [TOKa3bIBasi, HACKOIBKO OJIU3KO
B IIOAMHOXKeCTBe Tex 3anemienuii u3 Sy (K), koropble He cojepxkar y3ea K B
KadecTBe CJIaraeMoro, Mbl MOXKeM T1ojioiTu K ycsosuio cr(L) < cr(K) u3 onpe-
JleJIeHnsT HOBOJIEDHEMCKIX y3J10B. Tak, yTBep:Kienne TeopeMbl 10 o3HavaeT, 9To

8(p, q)-O6MOTKa TPHBHAJILHOTO y3/la, T.€. TOPHYECKHil y3en Tuma (p,q), ABIATCH 1
(g, p)-06MOTKOI TPUBHAIBHOTO y3JIa.
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cpeii KBa3mymnpoIneHuil y3ia K mmMeercs JIBYXKOMIIOHEHTHOE 3allellJIeHne C He
6osiee yem cr( K )+ 1 mepekpectkamu, jjist KOTOPOro K He siBISeTCs CIaraeMbIM,
a JIUIsl JJOKA3aTeJIbCTBA IIyCTOTHI MHOYKECTBA HOBOJIEPHEHCKUX Y3JI0B JJOCTATOYHO
IOKa3aTh, YTO CPEIU KBA3UYIPOIIEHHU IPON3BOJIHFHOIO HETPUBUAJIBHOIO y3i1a K
umeercs 3alensenue ¢ He 6osee e cr(K) — 1 mepekpecTkoM, jiist KOToporo K
HE SIBJISIETCST CJIATAEMBIM.

3amevanue 3. B reopemy 6 BKIIIOYEHBI TOJILKO MHBAPUAHTHI (POJ| M HEOPUEHTHU-
pYyeMblii pOjI, YMCJIO MOCTOB, JIyIOBBI MHJIEKC U UHIEKC KOCHI), DA3JIMYaIONe
TPHUBHAJBHBIN y3€JI U NMEIOIINe KOHTPOJUPYEMOE II0BEJIEHHEe 110 OTHONIEHUIO K
CBA3HOMY CYMMHUPOBaHUIO. B pe3ynprare, KayKJIbIil U3 IIYHKTOB TeOpeMBI 6 Bire-
qeT Teopemy 4.

Samevarnue 4. Teopema 8 momyckaer 0o600IIEHNE, TOKA3BIBAIOIIEE, ITO MHOXKE-
crBo S1(K) comepxkur GoraToe cemMeficTBO caresunToB y3ia K, He 06s3aTeIbHO
SABJISIOIINXCS €r0 OOMOTKaMu. Takue CaTeJUIMTHI MOJIyIAI0TCS TPU IIEPECTPOii-
KaX BJIOJIb JIGHT, PACIOJIATAIONINXCA B TPyOIATON OKPECTHOCTH y3JIa.

3amevanue 5. Passurue uien U3 J0Ka3aTEIbCTBA TEOPEMbI 8 TI03BOJIAET 0006-
IATH 3Ty TEOPEMY JI0 TEOPEMBI, OTIMCHIBAIONIEH MpUMEpPhI 0OMOTOK y3ma K, co-
zepzxamuxcs B mapax By.(K) npu r > 1.

3amevanue 6. IlpensrcrBuem K pacmupenuto TeopeMbl 10 co caydas IBYXKOM-
TIOHEHTHBIX 3alleIIEHII Ha CJIydail y3JI0B CITy’KAT TeopeTHuIecKas BO3MOXKHOCTD
COBIIQ IEHUS] y3JI0B, KOHCTPYUPYEMBIX IIPE/ICTABIEHHBIM B JOKA3aTEIHCTBE TEO-
pembl 10 METOIOM, C UCXOJIHBIM y3JIOM.

Sameuanue 7. Yzuel u 3anemtenns u3 Sq(K), Bo3uukamormune B reopemax 5-10
u He cogepxkane K B KadecTse CIaraeMoro, Jubo 3aBeAOMO SIBJIAIOTCS CATEJl-
suramu y3ia K (reopema 8), 60 UX CTATYC [0 OTHOIIEHUIO K KIACCUMDUKAIIIN
Tepcroma ne sicen. DTo HOABOAUT K CIeAyIOmIel 3anade.

3adaua 1. TlokazaTs, 4T0 y KaxK10ro HeTpuBuasbHoro ysia K B S1(K) umerorcs
IUIIEPOOTTIECKHIE Y3IIbI.

omosnauTENBHBIE CJIEACTBUS O Tpade BJIOXKEHHBIX Iiepe-
CTPOEK

U3 Teopem 6-10 m mx [10Ka3aTE]bCTB BBITEKAET Psifi CJEJACTBUIL O CBOHCTBaX
IIOIMHOXKECTB B Ipade BJIOXKEHHBIX IEPECTPOEK, YK€ B MEHbIIeHl CTereHn OT-
HOCAIUXCS K (HOBO)JIEPHEHCKUM y3J1aM U TUIOTe3e 00 a/IITUBHOCTH, HO MIPEeJI-
CTaBJIAIONINX OIPEJICICHHBIN caMOCTOATENbHBIN nHTepec. [IpuBesem Ba Takmx
caencTBus. st ux (popMyIUpPOBKU HAM MOTPEOYETCS HECKOIBKO OIPEeIeIeHUH.

OunpenesieHne (CBA3HbIE OIAMHOXKECTBA). [L0JIMHOXKECTBO B MHOYKECTBE Y3JI0B
U 3aleIUICHUl HA30BEM C8A3HbIM (N0 OMHOWEHUIO K BA0NHCEHHbIM NEPECMPOli-
Kam), eI OTBEYAIONHil STOMY TIOJMHOXKeCTBY WHIyIMPOBaHHbIH moarpad’ B
rpade BIOXKEHHBIX IIEPECTPOEK CBI3€EH.

9Toarpad I rpada I HassBaercs undyyuposarvim, eciau I 06pasoBaH HEKOTOPBIM MO/
MHOkecTBOM BepinuH rpada [ u Bcemu Temu pebpamu rpada ['; KOTOpble COeUHSIOT BEPIIUHBI
M3 3TOT'0 IIOJAMHOXKeCTBa.
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Teopema 11. Caedyroujue MHOHCECMEA CEA3HDL TLO OMHOUEHUIO K BAOHCEHHDIM
nepecmpoixam:

MHOHCECTNBO 6CET Y3108,
MHOHCECTNBO HEMPUBUANDHOIT Y3108,

N1000€ KOKOHEUHOE NOOMHONCECTNEO 8 MHOINCECTNGE GCEX Y3106,

MHOHCECTNBO ANBMEPHUPOBAHHOIT Y3108,

)
)
)
4) MHOHCECTNBO COCMABHHIT Y3108,
)
) MHOHCECTNEBO TMOPUHECKUTL Y306 (67{5/1/}0%@}7, mpueuaAbem y3€./L),
)

MHOICECTNEO UMEPUPOSAHHBIT MOPUMECKUT Y3A06 (6KMOUAA MPUCUGAD-
Holll yaen),

(8) MmHoorcEcMBO BCET Y3008, COOEPHCAULUT NPOUIBOALHOIT 360aHHIT Y3en 6
Kavecmee caazaemoezo (8KA0uaA 3a0antoill ysen).

Ounpenesnienne (ciabo MoHOTOHHBIE (DYHKIMK). BerecTBeHHO3HAUHYIO (DYHK-
o f Ha MHOYKECTBE y3JI0B (COOTB., 3aIlCIJIEHNI) HA30BEM A0 MOHOTNOHHOU
(no omnowenuto x eaoorcennvim nepecmpotikam), eciau st kaxgoro C € R
npoobpas f~1(—o0, C] B MHOKECTBe BCeX y3J0B (COOTB., 3allelIeHNil) CBA3eH.

Paspemnias nepekpecTkr B MUHUMAJIBHBIX JIAArPAMMaX, Mbl BUJIUM, ITO IUC-
JIO TIEPEKPECTKOB cJ1ab0 MOHOTOHHO M Ha MHOXKECTBE Y3JIOB, M Ha MHOXKECTBE
Bcex 3areiieHuii. Bmecre ¢ Tem, BepuduUKalys MOHOTOHHOCTH TAaKOI'O WHBA-
pHUAHTa, KAK KOJUYECTBO KOMIIOHEHT y3Jia (3aIlelJIeHNs) UPU PA3JI0KEeHUU Ha
IPOCTBIE CJaaraeMble, IIPEJICTABIACTCA CJIOXKHON 3aa4eil.

T'unoresza 5. Mnooicecmea npocmoi u 2unepOOAUNECKUT Y3408 C6a3HbL (N0
OMHOWEHUIO K BAONCEHHDIM NEPECTNPOTKAM ).

B mapasuresin ¢ Teopemoii 6 MbI JOKa3bIBAEM CJIEYIOILYIO TEOPEMY.

Teopema 12. 1. Heopuenmupyemwii pod caabo MOHOMOHEH HA MHOINHCECTNEE
Y3.086.

2. Yucao mocmos u 0:1/206171471 URIEKC CAabO MOHOMOHKBL U HA MHONCECMEE
Y3106, U HG MHOHCECNBE 3auenﬂeuuﬁ.

3. Hndexc xocor u pod CAGO0 MOHOMOHHDL HO MHONCECTNEE SG’LQGTUL@H’U/’L'Z.

CrpykTypa padoTbl

B §2 npusoasTes cBefenus 06 aIeKBATHBIX U MIOJIYaJeKBATHBIX y3JIaX, BBOIUTCS
MOHATHE BUPTYAJBHON BBICOTHI 3allCIJIEHUS U JIOKA3BIBAIOTCS. TeopeMbl 1 u 2.
B §3 mokassiBatorcst Teopemsr 5, 6 u 12.
B §4 nokaswiBaercst Teopema 7.
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B §5 sokasbiBatorcst TeopeMbl 8 u 11.

B §6 usyuarorcst MeaHIpuUeCKe U [IOJIyMeaHIpUIECKIe JIHarpaMMbl y3JI0B
¥ JIOKa3bIBaeTCsi Teopema 9.

B §7 BBomuTCSH M M3yvaeTcd MOHATHAE JEKOMIIO3UIMOHHO CYIECTBEHHBIX II€-
PEKPECTKOB B JMarpaMMax y3JI0B U JOKa3biBaeTcs Teopema 10.

BaaromapaocTu

Apropsr 6utarogapubl C. C. TToaKOpBITOBY 3a IOJIE3HBIE 3aMEYAHMSA.

2 (3-)Perynsipaoctb (10/1y)aJeKBATHBIX y3JI0B:
JI0Ka3aTeJIbCTBO TeopeM 1 n 2

(ITony)amekBaTHbIE 3allellJIEHUs

B amarpammax 3arerieHuil pa3perneHust IepeKpecTKoB BujoB A — M u X — X
HazpiBalOT A- m B-paspewenuamu cooTBeTcTBeHHO. Imarpamma D 3arerie-
uust L waswiBaercs A-adexsammofl, eciiu auarpamma, mojydeHnas u3 D 1mo-
cpesicTBOM A-pasperneHust Bcex ee TepeKPecTKOB, COCTOUT U3 OOJIBIIEro KOJTImde-
CTBa OKPYKHOCTE, d4eM KaKJasi U3 JIHarpaMM, MOy YeHHbIX n3 D ToCpeIcTBOM
B-pasperenust Kakoro-To OJHOTO U3 ee MEPEKPECTKOB U A-pa3perieHust OCTalb-
HBIX IIepeKpecTKOB. [loMeHsIB B 9TOM ompeesieHnu cuMBoJibl ,,A* u . B* mecramu,
nostydaeM onpejienenne B-adexsammot mumarpammbl. JInarpammva, siBJISoOIIast-
cs1 oHOBpeMeHHO u A-ajiekBaTHOM, u B-anekBaTHOl, Ha3bIBaeTCs adek8ammot.
3arerieHne Ha3bIBACTCS G0EKEAMHbIM, €CIIA Y HETO MMeeTCs aJleKBaTHAs JTHa-
rpaMMa U — noAyadexeammvim, eCJiu y Hero nuMeroTcs A-ajgekBaTHble uin B-ajie-
KBaTHBIE JUArPAMMBL.

Konnenmus ajeKBaTHbIX auarpaMM U 3anensieHuil Oblia BeeneHa B [58].
OTH AuarpaMMbl W 3alEIJIeHAs] BKJIOYAIOT 1 O0OOIIAIOT aJbTePHUPOBAHHBIE.
B uacrnocrn, agekBarnbe guarpaMMbl MUHAMAJIBHBL (cM. [76]). CeoiicTsa (1o-
JIy )aJIeKBATHBIX 3alleIUIeHNH N3yJaanch, B YaCTHOCTH, B paborax [5, 26, 27, 36,
37, 38, 48, 53, 54, 55, 65, 72, 73, 74]. Knacc nosyaeKBaHTBIX 3allellJIeHNil CpaB-
HUTEJBHO MUPOK M BKJIIOYAET, CPEH [IPOUET0, BCE MOJIOXKUTEIbHBIE U OTPHIA-
TeJIbHBIE 3AICIICHNS U 3aMbIKAHUS AJIEKCAHIEPA BCEX TOJIOKUTEIHHBIX U OTPH-
IATEIbHBIX KOC (OYEBHIHO) 1 BeeX KoC mHjekca 3 (cM. [73]), mosryaasrepHIpO-
BaHHBIE U MOHTECHHOCOBCKHUe 3aneiuienus (cM. [58, 73, 74]), Bce y37bl ¢ unciom
nepexpectkos !’ ne Boime 10 (em. |74, Inadequate examples], cp. [76, cTp. 290]),
a TakxXKe IJIOCKUe OOMOTKM BCEX YKa3aHHBIX KiaaccoB (cM. [58]); noapobuee M.,
nanpumep, pazaei ,Which links are semi-adequate?™ B [26] u npusesennyio Tam
JINTEPATYPY.

1O]BCG Y3JIbI C YUCJIOM IIEPEKPECTKOB HE BBIIIE T ABJISIIOTCS AJIbTEPHUPOBAaHHBIMUA.
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Mmuorouaen Kaydmana

Teopembl 1 1 2 (0 peryjspHOCTH aJ€KBATHBIX U %—per.HHpHOCTI/I TOJTY 3 JTEK-
BATHBIX Y3JI0B) BBIBOISTCS U3 U3BECTHBIX CBOUCTB MmHo2ouwaena Kaypmana u
YIOPOITAIOIIEro ero mHozouaeka bpandma—/uxopuwa—Muasema—Xo, nokasan-
HBIX B paborax [12, 58, 75, 76, 47, 74]. Muorounen Kaybwmana Fr(a,z) — 310
MHOrouwIeH JlopaHa OT JByX NMEpPeMEHHBIX, MHBAPUAHT OOBEMJIEMbIX HU30TOIMUI
OPUEHTUPOBAHHBIX 3allelIeHuil (B cIydae y3/I0B OPUEHTAIUS POJIU HE UIPAeT).
OB6BIYHO TOT MHOIOWIEH OIpejieisieTcs Yepe3 Muorowied Ap(a,z) — unaBapu-
AHT PE2YAAPHOHIT U30MONULT HEOPUEHTUPOBAHHBIX JUarpaMM (TakzKe JIeyKalluit
B Z[aT, z]). Unsapuant Ap(a,z) 0qHO3HAYHO 3a/1a€TCsl CJICLYIONIM HAGOPOM

cpoiicts (moppobree cm. [47, Definition 2.2]):

e Muorowren Ap(a,z) MHBAPHAHTEH 110 OTHOIIEHUIO K PEryJISIPHBIM H30TO-
nusaM auarpaMMbl D) T.e. 110 OTHOIIEHUIO K IpeobpasoBanusiM Paiinemaii-
cTepa BTOPOTO M TPETHErO THIIOB;

o Jl1s KaxkI0#1 YeTBepKHU JuarpaMM, COBIQJIAIONINX BHE HEOOJIBITUX YIaCT-

KOB, BUJI KOTOPbIX I/I306pa}KeH 3Ha4YKaMH1 B CKO6KaX7 BBIIIOJTHACTCA CJICY-

IOIIIee TOXKIECTBO

AP+ AX] = 2AD( + 2A[X];
e Jyist map AuArpaMM BBIIOJHSIOTCS CJIEYIOIIIE TOXKIECTBA:
AR =aAD |,
APQ] = ailA[) l;
e Muorowien Ap(a,z) pasen 1 Ha quarpamme D = O.

Muorounen Kaydwmana F(a,z) 3anemienns: L, pecTaBJI€HHOIO OPUEHTUPO-
BaHHOII JuarpamMMoii D, orpeessieTcss Kak

FL(aa Z) = aiw(D)AD(av Z)v

riae w(D) — wucao saxpyuennocmu (writhe) nuarpammsr D.

OnpeiesieHre 3aKpy9EHHOCTH W HEKOTOPBIE JPYTHE JIETAJNH ITPUBEICHHBIX
onpeJiesieHnii HAM He TOHAI00ATCs, TTOCKOJIbKY MBI BBIBOJUM TEOPEMbl 1 n 2
HENOCPEeICTBEHHO U3 JIOKA3aHHBIX B paborax [47, 12, 75, 76, 74] cBoiicre MHOrO-
“JICHOB.

BupryanbHas BbIcOTa 3allenJIEHU

BuiBog Teopem 1 n 2 u3 coiicTB muorowtena Kaydmana ymo0HO CTPYyKTYpPHPO-
BaTb, BBeJid HOBBI BCIIOMOraTe/IbHbIl NHBAPUAHT (OJMH M3 MHOI'MX BO3MOXKHBIX
MHBapPUAHTOB, BOHUKAIOIINX KaK XapaKTePUCTUKN KOH(MUTYPAIWMi HEHYJIEBBIX
K03(hDUIUEHTOB MHOrOWIEHA Ha PEIIETKe UHIEKCOB Z X 7).

1B crenyiomux dbopmynax gepes Alx] obosnagen muorownen Ap(a,z) amarpammbr D c
YYaCTKOM .
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Onpepnesienue (BupryaibHasi BbICOTa). JlJisi HETPUBHAJIBLHOTO MHOTOWIEHA Jlo-

pana P =), Upsa"2° OUDEJICITUM GUPMYAALHYI0 MAKCUMAALHYIO Z-CIMENEHd
:

h. Kaxk

max{r+ s | ups # 0} + max{—r + s | u,s # 0}

h.(P) := 5

Bupmyaavhoti evicomoti (OpUEeHTUPOBAHHOIO) 3aneluieHus L OyieM Ha3blBaTh
BUPTYAJIbHYI0 MAKCUMAJBHYIO z-CTeleHb ero Muorowiena Kaydwmana Fy (a, z).
ITockombky muorowien Kaydwmana s1r060r0 3areyienns HeTPUBUAJIEH <, BUPTY-
aJIbHAsI BBICOTA KOPPEKTHO OIPENesIeHa JJIsl JIOOro (OPMEeHTUPOBAHHOIO) 3a-
nertenust L. Kak ciemyer u3 ompenesisitoreii (hOpMyIIbl, IPU YMHOXKEHUN MHO-
rOYJIeHa HA G €r0 BUPTyasbHas MAKCHMAaJbHAS z-CTEINEHb HE M3MeHseTcs. la-
KM 00pa30M, BUPTyaJIbHAs BBICOTA 3AIlCIJICHIsT MHBAPDUAHTHA 110 OTHOIIEHUIO K
3aMeHe OPUEHTAINN KOMIIOHEHT. Bupmyaivrotll 6b.comoti HeOPUEHTUPOBAHHOIO
3alerieHnsi OyJeM Ha3bIBaTh BUPTYAJIBHYIO BBICOTY OTBEYAIONIUX €MY OPUEHTH-
POBaHHBIX 3alIlEIICHI.

3amenarue 8. 3amernm (XOTS 9TO U HE UMEET 3HAYCHU JIJIs HUZKECIIEYIOIIEro
JIOKA3aTeIbCTBA), UTO BUPTYAJIbHAS BBICOTA JIIOGOI0 3alCIUICHNs SBJISETCS 1ie-
JIBIM 9HCJIOM. DTO BUJHO, Hanpumep, u3 [75, Proposition 3, assertion (ii)], rme
yTBepKIaeTcs, uTo B Muorowtene Ap(a,z) = ), upsa’z® qmarpammbr D
¢ n nepekpecTkaMu KO3MMUIMEHT U, HE PABEH HYJIIO JIUIIb B CIy9ae, KOTJa
CyMMa n + 7 + S 4eTHa.

3amevarue 9. BupryasbHas BbICOTA He M3MEHSIETCsl W HPHU HEPEXojie K 3ep-
KaJbHOMY 00pa3y 3alleluIeHus], II0CKOJIbKY MHOrouwieH Kaydwmana Fr (a, z) 3ep-
KaJIbHOTO 00pasa L' (opueHTHpOBaHHOIO) 3arenienus L COBIIQIAeT ¢ MHOIOUIe-
oM Fr(a™t, 2).

Temepsb mepeiteMm K M0Ka3aTEIHCTBY CBONCTB BUPTYAJIBHON BBICOTHI, U3 KO-
TOPBIX BBIBOJATCS TeopeMbl 1 u 2.

Ipennoxenue 1. (1) Bupmyaavhas 6bcoma npoussossbH020 3GUENACHUS
HEOMPUUATMENDHA.

(2) Bupmyaavras evicoma adoumusha no OMHOWEHUIO K CEAZHOMY CYMMU-
POBAHUIO.

(3) Bupmyasavhas evicoma 3auyenaenus L ne npesocxodum cr(L).
(4) Bupmyaavnas evicoma adexsammozo sayenaenus L pasna cr(L).

(5) Bupmyaavhas évicoma nosyadeksamnozo sauenaenus L cocmasasem no
y 1
menvwet mepe 5 cr(L).

Joxasameavemeo. (1) Kak ussectro (cm., Hanpumep, [47, p. 421]), mHOrO-
wned Fp(1,2) cosnamaer ¢ muorowrenom Bpannra—JIukopuma—Muiie-
ra—X0 Qr(z). Ilpu 3T0M sy1s1 IPOU3BOJILHOIO 3areiienus L MHOro4jieH

12B sroM HeTpyaHO y6emUThCS, 3aMETHB, YTO B CHJIy HPHBEIEHHBIX BBIIIE OMDEIEISIONIX
COOTHOMIEHMI 115 JiIo6oro 3anerienus L Beimosnsierca pasenctso Fr(1,1) = 1.

16



Qr(z) — 1 memures wa 2(z — 1) (em. [12, Property 2|), Tak uro xosddu-
muent npu 2 y Qr(z) mederen (cm. [12, Corollary (ii)]). 3uauut, npu
HeKoTopoM 1 € 7 koaddurment 1pu a” z° y muorodnena Fr (a, z) ne pasen
HYJIIO, 9TO B CHJIy OIPEJEIeHIs BUPTYAJIbHON BBICOTHI BedeT TpebyeMoe.

(2) Muorounen Kaydmana MyJbTUINIMKATHBEH 110 OTHOINEHUIO K CBSI3HOMY
CYMMUDOBAHUIO (CM., HATIpUMED, JieMMy 2.8 B [47]) u, Kak OTMeueHO BhIIIe,
y Joboro 3arnerieHust HeTpuBuaseH. OTCro/1a, MOCKOJIbKY KOJIBIA IEJI0-
YUCJIEHHBIX MTOJTMHOMOB JlopaHa SIBJISIOTCS 00JIACTSIMU TIEJIOCTHOCTH, CJIe-
JIYeT, 9TO KOPPEKTHO OIPEJIEJECH U TAKXKe MYJIbTUILTUKATHBEH 0 OTHOIIIE-
HUIO K CBA3HOMY CYMMHUPOBAHHIO U CEGEPO-BOCTMOUHIT Kpali MHOTOUYIEHA
Kaydwana, ompeaesnsiembrit 114 3atenyienus ¢ Muorodienom Kayddmana
ZT,SGZ Uysa” 2° KaK MHOTOUJIEH

Uprgra” 25
{(r",s")ELXZ|r'+s"=max{r+s|u,s#0}}

9T0 03HAYAET, B YaCTHOCTHU, YTO KOPPEKTHO OIpejesieH U auTHBEeH 110
OTHONICHNIO K CBSI3HOMY CyMMHUPOBAHUIO IEJO3HAYHBIN MHBAPHAHT OPHU-
eHTHPOBAHHDLIX 3allell/IeHuil, ompeesgeMblii o MHorouwieny Kaydmama
Fr(a,z) = 27,7862 ursa”z° dopmynoit max{r + s | u,s # 0}. B cuny ana-
JIOTUYHOTO cOOOpasKeHusl, KOPPEKTHO OIpeie/leH U aUTHBEH 110 OTHOIIIe-
HUIO K CBSI3HOMY CyMMMPOBaHMIO 1 MHBAPUAHT, OIIpeiesseMblit popMyIIoil
max{—r + s | urs # 0}. Orcroza BbITEKAET U MCKOMAs A IUTUBHOCTH
BUPTYaJIbHON BBICOTBI, OIpee/IsdeMoil KaK IIOJIyCyMMa YKa3aHHBIX aJJI1-
TUBHBLIX MHBAPUAHTOB.

(3) st npousBosbHOIL auarpaMMel D ¢ n iepeKpecTKaMu IIPOU3BOJILHOIO 38~
nerenust L muorounen Ap(a,z) = u,sa”2° obiajaer cieaymomuM CBOi-
crBoM (cM. [75], Teopema 4):

|r| + s < n aus Beex r U s € ups # 0.
Otciona ciemyer TpeGyemoe, mockoabky Fr(a,z) = a~*P)Ap(a, 2).

(4) Eciu mmarpamma D ¢ n nepekpectkamu A-anexksarna u Ap(a,z) =
Upsa” 2%, TO HARAYTCS Takue r U S, 9T0 Ups # 0 U 7+ 8 = n, a ecn
nuarpamma D B-ajiekBarTHa, TO HAWyTCd Takue r W S, 9T0 Ups 7= 0 U
—r + 5 = n (cm. [76]). Orciona, mockombky Fi(a,z) = a~P)Ap(a, 2),
BBITEKaeT Tpedyemoe.

(5) Ecnu upexacrasisiiomas 3anemienue L auarpamva D ¢ 1 iepeKpecTKaMu
noJyajiekBaTHa, To st Maorowiena Kaybwana Fr(a,z) = upsa”2° naii-
nyTCs Takue 1,8 € Z, 9ro ups # 0 u s = n/2 (cnencrsue [74, Proposition
3.1]). U3 mepasencrsa n > cr(L) BoiTekaer TpeGyemoe. O

okazaTesbcTBO TeopeM 1 m 2. Ilyctsb 3anerienne L BUPpTyaabHONR BHICOTBI
R(L) comepxut yzen K supryanbHoii BbicoThl Ai(K) B KadecTBe CBA3HOIO CJla-
raemoro. Torza, ecsiu K ajgeksaren, 7O B Cujly IpeyiozKennst 1 moiaydaeM (Ha
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3HaKaMH HEPaBEHCTB YKa3aHbl IIOPsAJIKOBbIe HOMEPa II0/ITBEPZK/IAIONIUX YyTBEP-
JKJIEHUH npesoxKenust 1)

® 1,0 @)
cr(L) = A(L) > WK) = c(K),

a ecsim K — moJryajiekBaTeH, TO

(3) (1),(2)
ex(L) > B(L) >

D10 JI0Ka3bIBaeT TeopeMbl 1 u 2. O

3 JlokazareabcTBO TeopeMm 5, 6 m 12

HokazaresbcTBo TeopeMsbl 5 u . (1b) u (2b) Teopemsr 6.

ITycre K — HerpuBnasbHbiil y3en, b(K) — ero umenao mocros, a cb(K) —
MUHAMYM YHCJIA [EPEKPECTKOB 110 IIPEJICTABJAIONMM y3eg K amarpaMvam
¢ b(K) mocramu.'® Tlyers D — npescrasistomas yzen K punarpamma c b(K)
mocramu u cb(K) nepexpecrkamu. Boibepem B suarpamme D nepekpecrok &,
B KOTOPOM 3aBEPIIAETCS MPOXogoM MocT B. W3 mnpeamosioxkeHuii o MUHU-
MaJIbHOCTHU BbIT€KaeT, YTO B JUarpaMMme D MOCTBI HE O6p33yIOT merejib, TakK
9TO MOCT, IPOXOJSAINUIl HaJ[ HNEPEeKPECTKOM I, He COBIAaJaeT ¢ MOCTOM B.
CaenoBarebio, u y y3iaa K', u y JAByXKOMIOHEHTHOro 3areriedust L, mo-
JIy9eHHBIX W3 JuarpaMMbl [ paspenieHneM B TEePEKPECTKE X, TUCI0 MOCTOB
ue upessimaer b(K). Ilpu srom yciosue o munumyme (cb(K)) mepekpecrkoB
B jguarpamme D rapanrtupyer, uto K’ # K. Takum obpasom, u yzea K', n
sanemenne L siexkar B MHOkecTBe S1(K), uro jokasbiBaer nyHKTH (1b) n
(2b) reopembr 6. TTOCKOJIBKY YUCI0 MOCTOB IIPU CBSI3HOM CYMMUPOBAHUU Y3J1a C
3aleNJIEHIEM, He sIBJIAIONIMMC TPUBUAJIBHBIM y3JI0M, yBesmuusaercs ([70, 71]),
OTCIO/Ia CJIEIyeT W TEOpEMA O. O

3amewarue 10. AHaTOrHIHBIM 00paA30M TEOpEMa 5 BBIBOIUTCS M U3 KOHCTPYK-
I[IUU IIPUBEJEHHOIO HUXKe JIOKA3aTeabCTBa JIs MyHKTOB (1c) u (2¢) TeopeMsr 6.

HokasaresnbcrBo 1. (1la) Teopemsr 6. Ilycts K — Npou3BOJIBbHBIN HETPUBU-
ampHbIl y3en B R3, a k — ero neopmentupyembiii poj. (ITockonbky ysen K
nerpusnasien, k > 1.) Ilo onpejesieHnio HEOPHEHTUPYEMOTO pojia y3ia, B R3
HalifleTcst BJIOXKEHHAsI KOMIIAKTHAs CBs3HAs HEOPHUEHTHUPyeMasi TOBEPXHOCTH F
pona k ¢ kpaem OF = K. Kak u3BecTHO, JJIsl KaXKJIOTO HATYPAJILHOTO Kk CBsI3-
Hasl KOMIIAKTHAs HEOPUEHTUPYEeMasi TIOBEPXHOCTH POJIa k C HEITyCTHIM CBSI3HBIM
KpaeM eJIMHCTBEHHA C TOYHOCTHIO JI0 TOMEOMOP(MHU3MA U MOJIYIAeTCs TPUKJIIEH-
BaHUEM k JIe30pMEHTUPYIOIINX JIEHT K Kpato jaucka. [IpejcraBum moBepxHocTs F

13HamoMumM, 9TO MOCTIOM Ha AHATDAMME 3allellIeHNsT Ha3bIBACTCS TAKAS €€ JIyTa, KOTOpast
IIPOXOJIAT XOTs Obl Yepe3 OJUH IIEPEKPECTOK, B KaXK/IOM BCTPEYAIOIIEMCs [IEPEKPECTKE IIPOXO-
IUT CBEpXy W HE MOXKET OBbITH IIPOJOJI?KEHA 10 Oosblmeil myru ¢ sTuMu cBodicTBamu. Kpome
TOTO, MOCTaMU CYUTAIOTCS IIPOCTbIE 3aMKHYThble KPUBbIE 0€3 IIePEKPECTKOB.
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B TAKOM BH/Ie (JIMCK U JIEHTHI) U PACCMOTPUM BJIOYKEHHYTO MEePecTpoiiKy y3iaa K
10 oyiHOM U3 aTux Jent. [lonygaromuiics B pesynbrare y3en K’ apjserca kpaem
BJIO2KEHHOI IOBEPXHOCTH, SABJIAIONIEHCsT 00beInHeHeM ucka ¢ k — 1 ne3opuen-
TUPYIOIIEH JIEHTON, TAK 9TO €ro HeOPUEHTHPYEMbIil poji He mpeBbimaeT k — 1.
Ocraercsa 3amerurs, 910 y3ea K’ nexur B mHoxkecrse S1(K). O

Hoxka3zaresbcrBo 1. (2a) teopemsbr 6. Ilycrs K — 1pou3BOJIbHBIN HETPU-
BuAILHLIT y3ea B R3, a g — ero pox. Corsacno onpejesennio poja ysia, B R3
Hali/IeTCsl BJIOYKEHHasI CBsI3HAasI KOMITAKTHAsS OPUEHTUPYeMasl TIOBEPXHOCTh F' po-
na g ¢ kpaem OF = K. TlockosibKy y3en K HeTpuUBHAJEH, POJ, § MOJOKUTEIECH,
TaK ITO MOBEPXHOCTH F COJEPXKUT JIEHTY, IEPECTPOMKA IO KOTOPOil He pa3dm-
BaeT MoBepxHocTh F' u niepeBonut y3en K B JIBYXKOMIIOHEHTHOe 3arierienue L,
OT'PAHUINBAIONIEE TOBEPXHOCTL pofa g — 1. Takum obpazowm, 3amemienne L je-
xkur B MHOKecTBe S1(K), a ero posx e mpesbimaer g — 1. O

HokazaresnbcrBo mm. (1c) u (2¢) reopemsr 6. Byuem rosopurh, 9T0 myru
Ha JIBYX CTPAHWIAX KHUKHOI'O IIPEJICTABJICHUST Y3714 UJIH 3alCIVICHUS] CKPEULU-
8G10MCA, €CJIN KOHIEBbIE TOUKH ITUX JYT [IEPEMEKAIOTCS, T. €. PACIIOJIOKEHDBI Ha
neperuiere (ocu npeJcraBienus) B mopsaiake 1 —2—1—2 auwe 1 —1—2— 2 win
1—2—2—1. BospMmeM 1 33 JaHHOTO HETPUBUAJIBLHOTO y371a K KHUXKHOE MIpe -
cTapyieHne 3 ¢ HAUMEHBINUM YHCJIOM CKPEIUBAIONIMXCS AP JyT CPeIy Tpe/-
crapiennit yziaa K ¢ HauMeHbIIM unciaoMm crpanui.'? 3amerum, 4To KHEKHOE
rpejicTaBiaeHne 63 CKPEIUBAIOIIIXCS YT UMEETCs JIUIIb Y TPUBUAJILHOTO Y3714,
(IIOCKOJIbKY BCE JIyTH TAKOrO MPEJCTaBJIeHUs OOLEMIEMON U30TONMell mepeBo-
JSTCS B OJIHY IOJIYIJIOCKOCTD) M YTO B CIydae, KOIJa JyI'H Ha JIBYX CMEXKHBIX
CTPaHUIAX IIPEJICTABJIEHUs] HE CKPEIUBAIOTCS, UX MOYXKHO ,IIOMEHSATh MecTaMu’
(mepeBesist 06beMIIEMOIT M30TONHEN OJJHY U3 ITHX JyT Ha CTPAHWIYY BTODOI Jy-
I'l, & BTOPYIO — Ha CTPAHUILY [IEPBOM, 1 HE [EPEMEINasi OCTAIBHYIO YaCTh Y3JIa).
Orcioma ciemyer, ITO B IPEJCTABIEHAN B MMEIOTCS CKPEIIUBAIONIAEC JIyTH U
9TO MBI MOYXKEM, HE yMaJIsdsl OOITHOCTH, OJIATATh, YTO HEKOTOPAas Mapa CKPEIr-
Baromuxcs ayr (ckaxkem, ayru A u B) pacrosiaraercs Ha CMeKHbBIX CTPAHUIAX.
IIpencraBuB cebe ,coBMeIeHNE" ITUX CMEXKHDBIX CTPAHUI] U pa3pernienne oopa-
3yIOIIErocs 1pu 3ToM y jayr A u B nepekpecTka, Mbl yOEXKIaeMCsl, 9TO UMEeTCsI
rnapa BJIOYKEHHBIX IIEPECTPOEK, KaXK/asl U3 KOTOPBIX MepeBojuT jayru A u B B
zBe HeckpenuBaomumecs ayru (ckaxkem, C u D) ¢ Toii Ke 4eTBEpKOii KOHIe-
BBIX TOYEK, YTO y Jyr A u B, U pacmojioKeHHbIe HA TeX Ke JIBYX CTPAHUIAX,
TaK YTO IOJIyYUBINEECS KHUKHOE IIPEJICTABJIEHHE Y OJHOU M3 3TUX ABYX IIe-
PECTPOEK OTBEYaeT HEKOTOpoMy y3iy K', a y BTOpO#l — JABYXKOMIIOHEHTHOMY
zanemiennio L. JTyrosoiit ungexc u 'y ysiaa K’ uy sanemienus L He IpeBbIIaeT
JLyrOBOIO MHIEKCa uexomuoro yaiua K, npudem K’ # K| I0CKOJIBbKY 9HCIIO CKPe-
MUBAIOIIUXCS AP JIyT B MOJIYyYUBIIEMCS KHUKHOM TIPEICTABICHAN 11 y3aa K’
KaK MUHAMYM Ha €JIMHUIYY MEHBIIE, YeM YUCJIO CKPEIIMBAIOIINXCHA Hap Iyr B
npejcrapjieHun 5. (,Hef/iCTBI/ITeJU)HO: BCAKag J1yTa, CKPEeIUBAIOAsACd C KaxK 10

14 MuHUMATBEHOCTD YHCIIA CKPENUBAIONIMXCA TIap HysKHa fjis mynkTa (1c), B ciyvae ¢ aByx-
KOMITOHEHTHBIMHU 3aIeIUIEHUsIMA — IIyHKT (2C) — 9HCIO CKPEIMBAIOIINXCA Hap MOXKHO He
NIPUHUMAaTh BO BHUMaHUE.
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u3 jyr C' u D, 1oJKHA CKPEIUBATHCS U ¢ KaxK10it u3 ayr A u B, a Bcsikad jiyra,
CKPEIMBAOIIASCS TOJIBKO ¢ oHOi u3 nyr C' u D, cKpemuBaeTcst U ¢ OJHON U3
ayr A u B.) 910 paccyXKIeHue 3aBepIlaeT J0Ka3aTebCTBO. U

HoxkazaresnbcrBo 1. (1d) Teopemsr 6. s npousBosibHOrO n > 2 0603Ha-
YUM 9epe3 ex roMoMopdu3M U3 IpyHIsl Ko¢ By, B Z, OUPEJIeTeHHBIA yCI0BAEM
ex(o1) = 1, tne 01 — crangaprHasg ApTUHOBCKas obpasyomias (CM., HAIPU-
mep, [3, 18], [60, §1.3]). Yucio ex(8) HA3BIBAIOT SKCNOMEHUUAALHOT CYMMOL
WA GA2e0PAUMECKUM YUCAOM NepekpecmKkos Kockl B (eM. [24]).

BameTum, 9To JJIsT BCIKOTO 1 > 2 U IS BCAKOM KOChI 3 € By, BJIOXKEHHAs T1e-
pecTpoiika [epeBOAuT 3allellieHne, ABJIsIONeecsd 3aMbikanueM Ajiekcanzepa [4]
KOCBI 3, B 3allenyIenne, aB/IAoNeeca 3aMbIKamneM AJeKcanaepa Kochl o;. 1o
BUJIHO U3 pUC. 2.

Puc. 2

Il 3aJaHHOrO HEeTpUBHAJILHOIO y3jia K BbIOepeM Kocy [ HauMeHbLIIEero
MHJEKCa Cpellu KOC, 3aMblkanne AJtekcanjepa KoTopbix gaer ysen K. Torma
yzen K', mpencraBieHHblii Kocoit Sof, me comamaer ¢ yzaom K, Tak Kak B
cuity foKa3aHHoi B [24] runoressl [I2KoHCa 3HAYEHUE SKCIIOHEHITMAJIBHO CYyMMbI
KOCBl MUHUMaJIbHOT'O MH/IEKCa, IPe/ICTABISIONIeil y3e, sBseTcsd HHBAPUAHTOM
(paccMaTprBaeMoro ¢ TOYHOCTBIO 710 00bEMIIEMOl H30TOINH, HO HE ¢ TOUHOCTHIO
JI0 OTpazKeHHsl) HEOPHEeHTUPOBAHHOTO y3ia (cM. [24]). Takum obpaszom, yzen K’
gexkut B Muoxkecrse S1(K) u umeer me 661bInuii, yeM y y3saa K, HHIEKC KOCHL.

O

Hoxka3zaresnbcrBo 1. (2d) reopemsbr 6. s npoBepKu JOCTATOYHO COOTBET-
CTBYIOIINM O0Pa30M Pa3peNInTh JTII000i MePEeKPECTOK B MPOEKITNHU JII000# KOChHI
MUHUMAJIBHOTO WHJIEKCA, TIPEJICTABIISIONIEN 3/ IaHHbBII y3ell. O

Jloka3aTeabCcTBO 3aBEPHIAIOIIETO YTBEPKIAECHUA T€OPEMBI 6. Heopu-
EHTUPYEMBIIl POJI y3Ja MPU CBA3HOM CYMMHUPOBAHHUH C JIIOOBIM Y3JIOM U POJI
y3Ja TpU CBI3HOM CYMMHUPOBAHUU C JIFOOBIM 3allelljleHneM — He YMeHb-
MAIOTCSA, & YUCIO0 MOCTOB, JIYTOBBI WHIEKC W HWHIEKC KOCHI IIPU CBS3HOM
CYMMHUPOBAHUN C 3allellJIeHNeM, He SBJISIIONMMCA TPUBHUAIBHBIM Y3JI0M,
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yBeJIMUnBaIOTCA. llepednciieHHbIe CBOMCTBA JOKA3BIBAIOTCS, HAIpUMep, B
paborax [16, 57, 70, 71, 17, 11]. YrBepK/eHue caepyer. O

HokasaresberBo m. (1) TeopemMsr 12.  YrTeepxKIeHHe OPSMO CJIEIAYeT U3
nyukTa (1a) Teopemsl 6, B crily KOTOPOTo B rpade BJIOKEHHBIX IIEPECTPOEK Y3el
HEOPUEHTUPYEMOTO POoJia k COeIMHEH C TPUBUAJBHBIM Y3JIOM IIyTEM JJINHBI, HE
Gourbireit k, MPOXOISAINIUM TOJIBKO YePe3 Y3JIbl, HEOPUEHTUPYEMbI POJT KOTOPBIX
He TPeBOCXOTuT k. O

HokazaresnbcTBo 1. (2) Teopembr 12. PaccMoTpuM Ha MHOMKECTBE 3allerl-
JICHU# CIeyIonuii 6mopuyHslti MHBAPUAHT cb: HAUMMEHbIIEee KOJIMIECTBO Mepe-
KPECTKOB CPEJIU BCEX AUArPaMM ¢ HAMMEHBIITUM YUCJIOM MOCTOB, IIPEJICTABJISAIO-
IUX JaHHOE 3alenieHne. Paccykienne u3 jokasareibeTsa myHKToB (1b) n (2b)
TeopeMbl 6 TIOKa3bIBaeT, 9T0 B rpade BJIOKEHHBIX [EPECTPOEK JI000e HETPUBH-
aJibHOe 3arernyienne L cMexkHO Jubo ¢ 3alerieHueM ¢ MEeHBIIINM YHUCJIOM MOCTOB,
JimbOo € 3aleIJIEHNeM C TeM XK€ YHCJIOM MOCTOB, HO C MEHBINUM 3HAYEHUEM WH-
BapuanTa cb. OTCI0/a 110 UHYKIIUA BBITEKAET, UTO CYIIECTBYET IIyTh, By NI
OT 3anerienus [ K TPUBUAJIBLHOMY 3alleIUICHUIO W ITPOXOIANIUN TOJIBKO Yepe3
3arenyienust ¢ e 66abmuM, 9eM y L, aucyiom moctos. [lepeBojist mepectpoiika-
MU TPUBHAJIHLHOE 3aIeIIEHNE B TPUBHUAJILHBIN y3€JI, MBI [TOJIy9aeM, 9To B rpade
BJIO’KEHHBIX TIEPECTPOEK JIJTs TPOU3BOJILHOTO 3arierielanss M ¢ 9ucjaoM MOCTOB b
HaRJIeTCS Iy Th, BEAyIIuil OT 3anemieaus M K TPUBHAJILHOMY y3JIy U IIPOXOJIs-
IIHI TOJIBKO Yepe3 3alleIJICHUsI, YACI0 MOCTOB Y KOTOPBIX HE MIPEBOCXOIUT b. DTO
MOKA3BIBAET, YTO YUCJIO MOCTOB CJIaOO0 MOHOTOHHO Ha MHOXKECTBE 3allellIeHui.

PaccmarpuBas B BbIINIEYKa3aHHONW KOHCTPYKITUH JIJIsT JUATPAMM y3JI0B TO U3
JIByX paspellleHuil epekpecTka (B KOTOPOM HAYUHAETCH MOCT), KOTOPOE JaeT
y3eJI, & He JABYXKOMIIOHEHTHOE 3allellJIeHUe, MBI BUIUM, UTO YUCJIO MOCTOB CJ1a00
MOHOTOHHO W Ha MHOYKECTBE Y3JIOB.

JlokazareabCTBO JIJIsl JIyTOBOTO UHJEKCA AHAJOMUYIHO MPUBEICHHOMY JOKa-
3aTeJIbCTBY JIJI YUCJIa MOCTOB; B KAY€CTBE BTOPUYHOIO MHBAPUAHTA 3/1€Ch Pac-
CMATPUBAETCs] HAMMEHDIIIeE YUCJI0 CKPEIUBAIOIINXCS AP YT B KHUXKHBIX TPE/I-
CTABJIEHUSIX C HAMMEHbIee UNCJIOM CTPAHUI, (ONpeeIeHNe CKPEIBAIOIIIXCS
JIyT JIAHO B JloKa3aTesberBe IyHKTOB (1c) u (2¢) Teopemsr 6). O

HokasaresnbcrBo 1. (3) reopemsr 12. Ilycrs L — 3aneruienue, He sIBJISTIO-
Ieecsi TPUBUAJIBHBIM y3JI0M, & b — WHJIEKC KOCHI 9TOTO 3alleiieHusi. Toraa Haii-
JIeTCs TPeJICTABIISONas 3amersenne L miockas auarpaMva (3, UMeomas BU/T
3aMKHYTOI KOCBHI ¢ b HuTsiMu. Paszperiasi oqus 3a IpyruM BCe MEPEKPECTKU B
nuarpamme [ Tak, 9TOObBI MOy YAIONHeCs TUArPAMMBI COXPAHSIA BUI 3aMKHY-
TOM KOCBI, MBI TIOJIy9YaeM IMyTh B I'pade BIOKEHHBIX MEPECTPOEK, BEAYIINA OT
3aremiennsi L K TPUBUAIBHOMY D-KOMIIOHEHTHOMY 3alleILIEHUO U IIPOXOISIIIII
TOJIBKO Yepe3 3allellJIeHNs, WHIEKC KOCBI KOTOPBIX HE IPEeBhImaeT b. 3aBepiieHne
OKA3aTeIbCTBA JJIs MHAEKCA KOCHI ITOBTOPHAET PACCY2K/IEHUE U3 IIPUBEICHHOTO
BBIIIIE JIOKA3ATEIHCTBA JJI IUCIa MOCTOB.

[Tycrs L — zanentenue (B R3) pona g, He aB/sionieecs TPHBHATLHBIM y3/I0M.
CortacHo onpejiesieHuo pojia, B R3 naiiyiercs BioskeHHast (CBsI3HAS KOMIIAKTHAS
opueHTHpyeMas) oBepxHocTh F poja g ¢ kpaem OF = L. Herpyauo 3ameruTs,
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qaTo, ecain g > 0, TO MOBEPXHOCTL F' COMEPKUT JIEHTY, BJIOYKEHHAs IT€PECTPOMKa,
BJIOJIb KOTOPOii JaeT 3allellJieHne, pojl KOTOPOro He IpeBbimaer g — 1, a 9uciio
KOMIIOHEHT Ha €JIMHUILY IIPEBBIIIAET YNCI0 KOMIIOHEHT B 3alleljieHnu L; a eciau
3arerienne [ He SBISETCA Y3JI0M, TO MOBEPXHOCTH F' COMEP:KUT JIEHTY, BJIO-
JKEHHasl [IepecTpoiiKa BIIOJIb KOTOPOH JaeT 3allelljieHre, POl KOTOPOro He IIpe-
BBIIIAET ¢, & YNUCJIO0 KOMIIOHEHT Ha €JMHUILYy MEHbIIle, YeM YHCJIO KOMIIOHEHT B
sanemiennn L. OTcroja cieyer, 9To Jjis IPOU3BOJILHOTO 3atelienust L poa g
B rpade BJIOYKEHHBIX IIepeCTPOEK HaiijeTcs MyTh, Beayluil or 3anemienus L K
TPUBUAJIBHOMY y3JIy U HPOXOJANINI TOJIBKO Uepe3 3aleIJIEHUs], PO KOTOPBIX
HE IIPEBOCXOIUT ¢. DTO JOKA3LIBAET CJIa0YI0 MOHOTOHHOCTH POJA Ha MHOMKECTBE
3allelJIeHuid. O

Samevarnue 11. Meroapl, UCIIOIb3yeMble B JOKA3aTEILCTBE TeOpeMbl 12, He Ha-
IOT JIOKA3aTe/IbCTBA CJAa00H MOHOTOHHOCTU MHEKCA KOCHI Ha, MHOYKECTBE y3JIOB.
(ABTOpaM He M3BECTHO, SIBJISIETCSI JIU WHJEKC KOCHI CJIa60 MOHOTOHHBIM Ha MHO-
JKECTBE Y3JI0B.) B 4acTHOCTH, UCIOJIB30BAHUE SKCIOHEHIMAJILHON CyMMbl (13
JokazaTeaberBa 1. (1d) Teopemsr 6) B KadecTBe BTOPHYHOTO WHBAPHAHTA — II0
AHAJIOTUH C IIOJXOJ0M U3 JI0KA3aTeIbCTBa 1. (2) TeopeMbl 12 — He JaeT joka3a-
TeJIbLCTBA CJAA00M MOHOTOHHOCTH WHIEKCA KOCHI HA MHOYKECTBE Y3JI0B, TIOCKOIBKY
MUHUMU3AINS TapaMeTPOB, CBA3AHHBIX C SKCIIOHEHIINAJIbHOW CyMMOIt, HE BeJIeT
K TOJTYYEHUIO y3J1a ¢ MEHBIITUM WHJIEKCOM KOCHI.

4 Jloka3aTeJbCTBO TeOpeMbI 7

ITpuseieM J0KA3aTENBLCTBO TEOPEMBI 7, OCHOBAHHOE Ha pesyJibrarax u3 [50], o1-
HOCSIIIUXCS K TEOPUH IIPOCTPAHCTBEHHbIX rpados. Haromuum, uro (Tomosioruye-
CKUMHU) 2paghami, HA3BIBAIOT OJHOMEPHBIE KJIETOUYHbIE KOMIIEKCHI. HysibMepHbie
KJIETKH TOMOJIOTMIECKUX IPadOB HA3BIBAIOT 8EPUIUHAMU, 8 OJTHOMEPHBIE — peb-
pamu. Tema-epagom (a Takxe 0-2padiom) Ha3BIBAETCS TOMOJOTHYeCKUit rpad ¢
JIByMs BepImuHaMu u Tpemst pedbpavu Iy, [1, Io, HU OIHO U3 KOTOPBIX HE SIBJISI-
ercst iewieit. B [50] pokaszano, uro jyist aro6oit Tpoiikn ysaos Ko, K1, Ko Hail-
netcst Takoe Biaoxkenne f-rpacda f: 0 — R3, uro obpasur f(I; U Ly), f(Io U I3)
u f(Ip U ;) asusorcs peasmmsanusivu y3ia0B Ko, K1 u Ko cooTBeTcTBEHHO.
Orciofa BBITEKAET CIIPABEJINBOCTH OCHOBHOTO yTBEDXKIeHUsT TeopeMbl 7. [leit-
crBuTesbHO, ecau obpasel f(I1 U I), f(Iop U L) u f(Ip U I;) sBasiorcs pea-
mmsanuamu y3ioB Ky := K, K1 n K5 COOTBETCTBEHHO, TO IIepecTpOiika y3a
Ko = f(I1 U Iy) 1o noaxoasimum 06pa3oM PACIOJIOKEHHON U COOTBETCTBYIONIEE
KOJINYECTBO Pa3 HepeKpyIYeHHOl ,,TOHKON jieHTe, IPOTAHYTON Bi1oJb mayru f (1),
JaeT JABYXKOMIIOHEHTHOE 3areruienne L, KOMIIOHEHTBI KOTOPOTO CYTh y3Jbl K1
n Ky, a xoadduiment 3alenieHus MexXjay HuMmu pasen k. lomomnurenbHoe
YTBEPIKJIEHHE TeopeMbl BbITeKaeT u3 teopeM [69, 30, 31| o exuHCcTBEHHOCTH Pa3-
JIOXKEHUsI Y3JI0B U 3aIlellJIeHNii Ha ITPOCThIE COCTABJISIIOININE B CHJLy TOTO (DaxTa,
9TO y 3alelIeHns, cojepKaIiero y3esia Ky B KauecTBe CJIaraeéMoro, XoTs Obl OJHa,
73 KOMIIOHEHT TaKKe JIOJIZKHA COJIepXKaTh y3es Ky B KauecTBe CJIaraeMoro.
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5 JlokazareabcTBO TeopeM 8 m 11

JokaszaTenbcTBo TeopeMsbl 8. Ilycts K — 310 y3ea B R3, V — ero tpy6ua-
Tasi OKPECTHOCTD, a T — Jjexkarnas Ha Tope dV obMoTKa y3ia K, abcoaoTHOe
3HaYEHUe HAKJIOHA KOTOPOi paBHO (3 + 2i)/2 nyis mekoroporo i € Z, i > 0. 3a-
dukcupyem Ha Tope JV Takume MepuIuaH m 1 Hapasuenas £, ato m nepecekaer T'
poBHO B 3 + 2i Toukax, ¢ nepecekaer 1 POBHO B JIBYX TOYKaX U £ TepeceKaeT m
POBHO B ofHolt Touke, nmpudeM £ Nm NT = (). [lapasutens £ genurcs ToYKaMu
nepecedenns ¢ oomorkoit T Ha ase myru. ObozHadnM 4depes J Ty U3 9TUX YT,
Koropas He nepecekaer m. Ilycrs b: I x I — V' — makoe BJIoKeHUEe KBajpara,
aro b({1/2} x ) =J n

b(I x {0})Ub(I x {1}) = b(I x I)NT.

ITepectpotiika oomorkn T Bmosb sentbl b(I X I) maer kpusyto 1’, He mepece-
KAIOILYIoCcs ¢ £ U IepeceKaloIyocsi C 1M TOJBKO B TeX Ke 3 + 2i TOYKax, UTO
n T'. TlockonbKy 3 + 2i — HeYeTHO, 3TO O3HAMAET, UTO KpuBas 1’ HecTarnBaeMa
wa OV u m3oronHa napajuiean £, KoTopasi, B CBOIO 04epeib, M30TomHa y3iy K.
Taxum o6pasom, y3en T sexur B muoxkecrse S1(K).

[Iycts Temeps Z — 3T0 KaKasg-HHOY/b Jiexkaras Ha Tope OV obMoTKa y3-

na K, abcoioTHOe 3HAMEHNE HAKJ/IOHA KOTOPOH PaBHO JJIsT HEKOTO-

342
[24+(3421) 7]
pbiX i, j € Z, i > 0. dcuo, aro Ha Tope JV Haiijgercs Takas obmorka S y3na K,
4T0 ee abCoJIIOTHOE 3HAYEHNE HAKJIOHA paBHO (3 + 21)/2, a |j|-kpaTHOe CKpy4n-
Banue [lena topa OV 10 Mepuanany m mepeBoIuT 0OMOTKY S B 0OMOTKY Sp,
M30TOIHYI0 OOMOTKE Z . 3aMeTUM, YTO HAPAJIESh £ TIPU TAKOM CKPYJIUBAHUH TIe-
pexoauT B KpUBYIo £p, ToxKe nzoronuyio y3iay K. He ymasss obniHOCTH MOXKHO
cuuTarh, 9o Jenra b(I X I) He nepecekaercs ¢ OKPECTHOCTLIO MEPUIUAHA 1M, B
KOTOPOH TIPOBOJINTCS CKPYYMBAHUE, & 3HAYUT, BIOJb 3TON JIEHTHI MOYKHO TIEPe-
cTpouTh U 06MOTKY Sp. JIerko 3aMeTuTh, 9TO PE3yIHTATOM TAKOMH MEPECTPONKN
oyner kpusas £p, uzoronnas ysiuay K. CienoBaresbHo, y3es Sp JIEXKUT B MHO-
kectee S1(K), a Tak Kak oOMOTKa Sp M30TONHA OOMOTKE Z, TO U Z JIEKUT
B S1(K). Tem caMbIM MBI HOKa3aJH, 9TO MHOXKeCTBO S1(K) colepKuT Bee Te
obMoTKE y3sia K, y KOTOPBIX abCOIOTHOE 3HAYEHNE HAKJIOHA JIEYKUT B MHOXKE-

342i ;o i )
CTBE {|2+(3+2i)j| | 1,] €EZL;1 > O}. Teopema mokazaHa. O
HokasaresnberBo m. (1) Treopemsbr 11. CBsI3HOCTH MHOXKECTBA Y3JI0B CPa3y
cjesyer, HaupuMep, u3 Toro dakTa, YTO y JI0O0ro HeTpUBHAILHOIO y3ia K B
muOKecTBe S1(K) UMeercs y3e1 ¢ MEHBIIUM YHCJIOM II€PEKPECTKOB. U

JokazarenbcTso 1. (8) Teopembr 11. Ilycrs yzen Z B R? apnsercs cpsis-
HOI cyMMoii y3108 Q u Kg. D10 3naunT, uro B R? Haiinercs Taxoil 3aMKHyTHII
map B, uro napa (B, BNZ) — onHOHUTOYHBII TIHIII, 3ay3JeHHbI B y3ea (. To-
ria mpu gakTopusaiuu no mapy B y3en Z nepexonut B y3ea Kg. U3 cesa3nocTn
rpada BJIOKEHHBIX IIEPECTPOEK CJIEJIyeT, ITO st y3ia K Haiinercs Habop JIeHT,
IEPECTPOIKY IO KOTOPBIM IIEPEBOIST €r0 B TPUBUAJIBHEIM. [Ipu 3T0M MOXKHO 110-
100paTh JEHThI TaKUM 0Opa30M, 9TOObI HU OJHA W3 HUX He COJEP:KaJa TOUKY,
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orBevarontyo mapy B. Orcroga ciieiyer, 94To JJisl y3Jia Z Haiijgercss Habop JIeHT,
He TIlepecekaromx B, mocjeaoBare/ibHble IEPECTPORKH 10 KOTOPBIM IIEPEBEILYT
y3ea Z B y3en Q. Kpome Toro, uz reopemsr Ily6epra [69] o exuHCTBEHHOCTH
pa3JIoKeHUsl Y3J1a HA [MPOCTHIE COCTABJISIONIUE CJEIYET, YTO KAXKIBIA y3eJI, OT-
Bevalouii BepiuHe u3 myTu or Z 10 (), mubo oObeMIeMO M30TOIeH y3iay (),
Jmbo comepKuUT () B KadecTBe cjaraemoro. OTciofia 09eBHIHBIM 00Pa30M CJie-
JIyeT Tpedbyemoe. O

HokasaresnbcrBo m. (3) reopemsr 11. Ilycts X — nmpons3BosibHOE KOHETHOE
MHOXKECTBO y37I0B. 3amerum, uro MHOKecTBO S1(U), rme U — TpUBHAIBHBIN
y3ei1, 6eckoneuro (K npumepy, moromy 910 B S1(U) BXOAAT BCe ABYXHUTOUHBIE
0OMOTKH BCEX HETPUBHAJIBHBIX y3710B, cM. Takxke [79]). Crenosaresnsuo, B S1(U)
Hafiiercst Takoi y3es @, 9T0 MHOXKeCTBO [(Q)], cocrosrmee u3 y3ia (Q 1 BCex y3JI0B,
cozepKaIux () B KadecTBe CJIaraeMoro, He liepecekaeT MHOxkecTBa X . B cuiy
JI0Ka3aHHOTO BhIe 1. (8) [Q] cBsazHO. Kpome Toro, nosib3ysich TEXHUKON U3 J10-
Ka3aTesIbCTBa TOrO Ke 1I. (8), HeCJI0KHO 3aMeTuTh, 4To (nockoabKy @ € S1(U))
JUJISE TIPOM3BOJILHOIO y3Jia K CYIIeCTBYeT BJIOXKEHHAs IIE€PECTPONKA, [epeBOJis-
mast K B y3en, sBisiomuiics cBsa3noit cymmoit y3imos K u Q. Orciona ciemyer,
97O JIE060Ee MHOYKECTBO Y3JI0B, cofiepzkainee [(Q)], cBasno. B wacTHOCTH, CBA3HO 1
nononHerne £\ X, rje £ — MHOKECTBO BCEX y3JI0B. DTO JIOKA3BIBAET HCKOMOEe
YTBEpPK/IeHNE. O

HokazaresnbcrBo 1. (2) reopemsr 11. ITIpsimo ciejyer U3 JOKA3aHHOTO BbI-
re nyHkTa (3). O

HoxkazaresnbcTrBo m. (4) Teopemsr 11. B cmiy J0Ka3aHHOTO BBIIIE IyHK-
Ta (8) juist srioboro yana K muoxkectBo [K] (cocrosiiee u3 y3na K u Bcex y3ios,
cogepxkamux K B KadecTBe ciaraeMoro) cpssmo. Orcrioga cirenyer Tpebyemoe,
ITOCKOJIbKY JIJIs1 JIIO6I)IX ABYX (B NHTEepeCyroIleM HaC B HaCTOHHII/Iﬁ MOMEHT CJIy-
Yae — COCTaBHbBIX) y370B A 1 B mMHOkecTBa [A] u [B] nepecekarorcsi. O

HokasaresnbscTrBo n. (5) Treopemsr 11. fcHo, 9T0 paspelieHne epekpecTKa
B aJbTEePHUPOBAHHON JMarpamMMe BCET/IA JTaeT aJbTEePHIPOBAHHYIO JIMArDAMMY
C MEHBIITUM YUCJIOM IepeKpecTKoB. OTCIOna 0O9eBUIHBIM 00PA30M CJIEIyeT Tpe-
Oyemoe. O

Hoxka3zaresnbcrBo 1. (6) Teopemsr 11. Ilycrs V' — He3aysiieHHBIN TOJHOTO-
puit 8 R3, a T — npomssosbubiil y3eu, gexxamuii Ha OV . MuHIMaIbHOe KO-
YeCTBO TOYEK IepeceveHrsi IPOCTO 3aMKHYTO KpuBoii Ha OV ¢ MepumaHoM,
B3sTOE 110 BceM MepuauanaMm Ha OV, 6yjeM Ha3bIBaTh undexcom Kpusoi. [Tycrs
p:=p(T) — ungekc yzuaa T. Ecim p < 1, o y3ea T rpusuasen. B ciaygae, eciu
p > 2, 3adukcupyem Ha OV Mepujnan m, nepecekaromuit 1' pOBHO B p TOYKAX.
Ob6o3naunm 4epe3 J y00yIo U3 JIyr, HA KOTOPbIE TOYKH repecedenus y3iaa 1 ¢
MepuuasoM m jenast m. [lycrs b: I x I — OV Takoe BjioxKeHUe KBajpara, IT0O
b({1/2} xI)=Jmn

b(I x {0V Ub(I x {1}) =b(I x )N T.
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ObozHaunM yepes T 3arienieHne, M0y YeHHOE IIPY [IepecTpoiike y3ia 1 BIoJIb
senTsl (I x I). VI3 npeiosioxKeHnsi 0 MUHAMAJIBHOCTH UNCJIa TOYEK B MHOXKE-
cree m NT ciaexyer, aro 1] ecTb y3es, a He JIBYXKOMIIOHEHTHOE 3allell/IEHNE.
3amerum, 4To y3es 1] mepecekaeT MepUIUaH 1m POBHO B p — 2 TOYKAX, TAK UTO
T1 uMeeT MeHBINI WHJEKC, YeM 1.

U3 mpoBeJIeHHOTO pacCy KJIeHUsI CJEYeT, ITO JJIsi HETPUBHAJIHHOI'O TOPHU-
veckoro yazna T tuna (p,q), rae p > 2, Halijercsl BJIOXKEHHasl [epeCcTPOiiKa,
[ePeBOJIAIIAs €ro Jub0o B TPUBHAJBHBIN y3eJi, JIUOO B TOPUIECKUN y3eJl THIIA
(p1,q1) ¢ p1 < p. Orcrona MHAYKIUEH 10 p HoJIydaeM TpebyeMoe. O

Hoxka3zaresnbcTBo 1. (7) Teopemsbl 11.  TpusBuanbubiii y3en OyzeM Ha3bl-
BaTbh UMEPUPOSaAHHbIM mopuveckum y3aom cmyneny 0. Ilpm n > 1 mazoBem
y3en K umepuposarrvim mopudeckum yaaom cmyneny n, ecin K sBisercs
0BMOTKOIT HEKOTOPOTO UTEPUPOBAHHOTO TOPUYECKOrO y3aa crynern (n — 1).
IIycte T — mUpOUBBOJIBLHBIN UTEPUPOBAHHBIA TOPUYECKUIT y3€J CTyIeHH
n > 1. Torma y3en T sBisiercss 0OMOTKOI HEKOTOPOTO WTEPUPOBAHHOIO TOPU-
9eCcKoro y3aa 1,1 cTymeHn n — 1, 1 MOYXKHO CUHTATbh, 9TO 1 paCHOJIOXKEH HA
Kpae Tpybuaroit okpecrunoctu V y3ma T,_1. Ilpumenss paccyxnenune u3 mo-
Ka3aTeJbCeTBa MyHKTa (6) K caydaro y3uaa T u mosHOTOpHUst V', MBI BUJUM, UTO
CYIIECTBYET TIOCJIEI0BATELHOCTD BIIOYKEHHBIX IIEPECTPOEK (C JIEHTAMU, BJIOXKEH-
upiMa B V), mepesogsmas ysea T aubo B TPUBHAJILHBIA y3es1, b0 B y3el,
obbemaeMo u30TOnHbIN y3iy 1;,_1. OTcona nHayKIneil mo n noydaeMm Tpedy-
eMoe. O

6 /loka3aTeabCcTBO TeopeMbl 9

Hoxka3zaresabcrso 1. (1) Teopemsbr 9. Kak HeTpysHo 3aMeTUTD, ,yTpanBas
KayKJyl0 W3 JIyT B JIIOOOH MUHUMAJBHOW juarpamme y3ia K, MbI OJIydaem
maarpammy ¢ 32 cr(K) = 9cr(K) mepeKkpecTKamu, MpeICTaB/IAIONIyI0 TPEXKOM-
[IOHEHTHOE 3alleIUIeHNe, KaXK/Ias U3 TPeX (,[IapasuIesbHbIX APYT IPYTY) KOMIIO-
HEHT KOTOPOro 3ay3jieHa B y3es K (mospobHO 9Ta KOHCTPYKIMs ONUCHIBACTCH,
nanpumep, B [58, §2]). OueBumnoe npeobpaszoBanne — ¢ I0OABJICHUEM JIBYX IIe-
PEKPECTKOB — JIIODOTO COCTOSINEr0 U3 TPEX ,[IAPAJLIEIbHBIX YT yIaCTKA TAKON
auarpaMmbl Jaer Ham auarpammy ¢ 9cr(K) + 2 nepekpecTkaMmu, IIpecTaBiisi-
IONIYIO y3eJI, SIBJISIIONIUIC TpeXHuTouHoi ooMoTKoi y3i1a K. Ocraercs 3ame-
THUTh, YTO BCE y3JIbI, SIBJISIIOIINECS] TPEXHUTOIHBIME OOMOTKaMu y3a K, jexar
B S1(K) B cuity Teopemsl 8. O

HoxkazaresnbcrBo m. (2) reopeMmsr 9. st JOKa3aTeIbCTBA JAHHOIO IIyHKTA
MBI WCIOJB3yeM TEXHUKY MEAHIPUIECKUX jauarpamm y3mos. Jlmarpamma ys-
JIa, HA3BIBACTCHA NOAYMEAHOpuyeckoti, eCM OHa COCTABJICHA W3 JBYX IPOCTHIX
(T.e. He comep:KaIUX caMollepecevdeHnit) TIaKux ayr. Ecim, Kpome Toro, o6-
e KOHIIBI 3TUX JYT JIeXKaT Ha IPaHHIe HeOrPAHUIEHHON KOMIIOHEHTHI JOIOJI-
HEHMsl JUarpaMMbl, TO JUarpaMMa HasblBaeTcs meandpuveckoti. Kimodesoit ms
HacTosIero naparpada hakT — CymeCTBOBAHEE MEAHJIPUYECKON JuarpaMMbl Y
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JIOGOTO y3J1a — OBLT HE3ABUCHMO JIOKA3aH MHOI'MMHU aBTOPAMHE C UCIIOJIb30BAHU-
eM pa3ymuHbx Texuuk (cM. [10], rme mana noapoGHAst HCTOPUYECKAs CIIPABKa
o 3ToMy BoTpocy). Ilepeiiem Terepsb K JOKa3aTeNbCTRY.

IlycTh JaH HETPUBHAILHEIA y3ea K . Bo3dbMeM KaKyIo-TO ero MeaH IPHIECKYIO
nuarpammy D. OHa cocTaBjieHa U3 JBYX HPOCTBIX TJIQJIKUX JIyT, OOIIAE KOHIIBI
KOTOPBIX (0603HAYMM WX 9epe3 a ¥ b) JIexKaT Ha PAHWIE BBILYKJIOH 060I0IKI
smarpammbl D (e, ipumep Ha puc. 3 (a)). BozbMeM B miockocTu quarpaMmbt D
TonoJorndecknii 1uck B, BHyTPEHHOCTh KOTOPOI'o HepeceKaeT tuarpamMmy D 1o
JIByM [IPOCTBIM Jiyram, cogepzkammum Touku ¢ u b (em. puc. 3 (b)), u caenaem
npeobpasoBanne PajiieMaiicrepa BTOPOro THUIIA HA 3TUX JyraX, He BBIXOIA 34
rpanunbl gaucka. Ha mosyuusimeiics quarpaMMe IIOIXONAINEe pa3pelienue JIio-
60ro U3 JBYyX HOBBIX IIEPEKPECTKOB IIPUBOIUT K JIBYXKOMIIOHEHTHOMY ODYHHOBY
zanemienno (cM. puc. 3 (d)). (Ha puc. 3 npencrasies oJyuH u3 JBYX BO3MOXK-
HBIX BAPMAHTOB, B KOTOPOM COBepIaemoe peobpaszosanue Paitnemaiicrepa te-
PEBOIUT 00Pa30BLIBABINKEC AUArPAMMy ) IPOCTBIC JIyTH B IpocThie. HerpymHo
BUJICTD, 9TO CIPABEIJINBOCTD YTBEPZKICHUS COXPAHIETCA B B TOM CJIy4ae, KOTIa
B PE3yJIbTATEe COBEPIIAEMOTrO ITPeoOpa3oBaHms Ha KAXKJION JIyre J00aBJISeTC 10
OJJHOMY CaMOIIEPECEICHHUIO. )

Tax kKak M3BEeCTHO, 4TO y y37a K CymmecTByeT IOJIyMeaHApHWYecKas IHua-
)

a/acr(K
rpamma ¢ He Gosee wem v/6 nepekpectkamu (cM. [8]), To mokasbIBaEMOE
YTBEDZKJIEHUE BBITEKAET U3 CJIELYIONIEil JIEMMBL. O

Jlemma 1. Ecau y Y346 umeemcs mosymearopuieckas 0uazpamma ¢ n nepe-
KPECTNKAMU, O HAUIEMCA MEGHOPUMECKAA JUAZDAMMA MO20 HCE Y3AL C He 00-
aee wem 4n nepexpecmramu.

HokaszarenbcrBo jgemmbl 1. I[lycts nama momymeanapudeckast guarpamma D
C M MEPEKPECTKAMU, COCTABJIEHHAS U3 JBYX MIPOCTHIX JIYT 7o U 7y1, OOIIHE KOHIIHI
KOTODBIX (He SIBJISIIONIMECS] IEPEKPECTKAME JHarpaMMbl) Mbl OOO3HAYMM depe3
a u b. He ymasisiss oOIIHOCTH MOXKHO CUUTATH, UTO @ JIE2KUT HA TPAHUIE HEOT'Da-
HUYEHHOIW KOMIIOHEHTBI JOTIOJTHEHUs JuarpaMMbl [, KpuBasl Yy SIBJISIETCS OT-
PE3KOM, a KaXKzasi JIyra KpUBOU <y, CBOOOIHASI OT IMEPEKPECTKOB JUATPAMMEI,
mepecekaeT COJIEPKAIYI0 OTPE30K Yo MpsaMyio L He Hojiee 4eM B OJIHOM TOYKE.
IIycts Ly C L — ayd9 ¢ KOHIIOM B TOYKE @, COJEPKAINMIT OTPE3OK 7o. Bribepem
Ha jyde L TOUKY ¢ Tak, 9TO mepecedeHne auarpaMmmbl D ¢ jgy<aom Lq sBJseT-
csl TIOJIMHOXKECTBOM OTpe3Ka C KOHIaMM B TouKax a u ¢. O6o3HaumMm uepes dg
OTPE30K C KOHIaMuU b 1 ¢. ZIcHO, 9TO BHYTPEHHOCTH OTPe3Ka g IepeceKaeT Kpu-
BYIO 1 He boJtee, deMm n pa3. Beibepem Terneps Ha KPUBOIi ) TOUKY d TAKYIO, ITO
nayra 3 C 1 € KOHIIAMA B TOYKaX b U d HE CONEPKUT MEPEKPECTKOB TMATPAMMOBI.
Herpyamo 3ameTuTsb, 970 TOUKY d MOYKHO COEIMHUTH ¢ TOYKON ¢ IMPOCTOi Kpu-
BO#1 1, KOTOpasi He IepecekaeT KPUBYIO Y1 U MepeceKaeT KaxK Iyl CBOOOTHYIO OT
IIEPEKPECTKOB JIyT'y KPHUBOIi 7y He OoJiee ueM B OiiHOI Touke. Kpome Toro, 3ame-
THM, 9TO KPUBYIO J; MOXKHO BBIOpATh TaKUM OOpa3oM, 4TOOLI OHA MepeceKaa
OTPE30K 0y He 6oJiee 4eM B 1 TOUKax. Tenepb MbI mocTponM guarpamMmy D’ 3ame-
Hoil gyru B muarpammbl D ofbeuHeHHEM KPUBBIX 0 1 01 (CO CIIayKUBAHUEM B
KOHIIEBBIX TOYKAX) U PACCTAHOBKOM ITPOXOIOB/IEPEXOJIOB TaK, UTO Oy IIPOXOIUT
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CBEPXY BO BCEX IEPEKPECTKAX JUAIPAMMBI, B KOTOPBIX OHA YUACTBYET, & 1 PO~
XOJIUT CBEPXY BO BCEX IIEPEKPECTKAX JIMArPAMMBbI, B KOTOPBIX OHA y4YacTBYET, 3a
HCKJTIOUYEHUEM TIEPEKPECTKOB € 0g. B pesysbrare MbI [OJIydaeM MEaHIPUIeCKYT0
JUarpaMmy TOTO Ke y3Ja ¢ He OoJtee ueM 4n mepeKpecTKaMu. O

Puc. 3

7 JlokazaresibcTBO TeopeMbl 10

okazaTenbcTBO TeopeMbl 10 UCTIOIB3YeT CeyIoNee IOHATHE.

OunpenesieHne (JeKOMIO3UIUOHHO CYIIECTBEHHBIE IEPEKPECTKY B JUAIDAMMAX
y3ioB). Ilycte D — nuarpamMMa HETPUBUAIBHOTO Y3J1a, & — HEPEKPecToK B D.
Pasmectum muarpammy D Ha pactosozkenHoit B R? miaockocrn R2. Iyers TN —
oreuaronmii guarpamme D y3es B R, st KoToporo D siBjsieTcsl peryJsipHOit
OPTOroHaJIbHOM mpoekiueit. O6o3HaxuM depes [, OTBEYAONLYIO EPEKPECTKY X
zopdy yana I, T.e. mpoexTupyomuiica B & orpe3ok B R? ¢ kommamu ma I'. 3a-
MKHYTBIE map B B R? HazoBeM o6aacmuvio aokaavrozo saysiueanus nis L,
ecau napa (B, BNT') aBisiercs HeTPUBUAILHBIM OJIHOHUTOYHBIM TIHIJIOM. Ko-
HeuHbIit Habop Bi, ..., By JU3bIOHKTHBIX MIAPOB — 00JacTell JIOKAJILHOTO 3ay3-
JIMBaHUsI Ha30BeM (2eomempuueckotls) cxemol pasaosicerus ysia I 6 ceasnyto
cymmy, ec [ pacKaaapiBaeTCs B CBA3HYIO cCyMMy y370B K1, ..., Ki, e K; —
y3eJ1, nosydaiomumiics pu dakropuzanuu oA (B, B; N T') 1o cdepe IB;.
HazoBem mepekpecTok & dekomMmnosutuonho HeCyu,ecmeenHvim, eCi CyIeCTBY-
eT CxeMa Pa3jIoKeHus y3ja ' B CBA3HYIO CyMMY, HH OJWH U3 IApPOB KOTOPOI
HE [IepeceKaeT XOpbl I, 1 — JeKoMNO3UYUOHHO CYWECNBEHHDLM B TPOTUBHOM
ciayJae.

3amevarue 12. Mbl He TpeOyeM IIPOCTOTHI Y3JIOB B 0OJIACTIX JIOKAJIHHOI'O 3a-
Y3/IMBaHUSI, TAK YTO, B YACTHOCTH, y JIIOOOr0 HETPUBHAJILHOIO Y3/ MMEIOTCS
CXeMBbI DA3JIOKEHUS B CBA3HYIO CYMMY, 0OpDa30BAHHBIE €IMHCTBEHHBIM IIAPOM.
ITpu sromM, eciu (B 0603HAYEHUAX U3 OLIPEJIEJIEHNSs) [IEPEKPECTOK & JEKOMIIO3H-
IIMOHHO HECYIIECTBEH, TaK UYTO HE [I€PECEKAIOIINe XOPbI I, CXeMbl Pa3JI0yKEHUs
y3ia I' B CBA3HYIO CyMMy CYIIECTBYIOT, TO HaifleTcd TaKas CXeMa, COCTOLIIAsI
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U3 OJTHOT'O WJIM JBYX IIaPOB, IOCKOJIBKY J100aBI€eHHEM TPYOUaTHIX OKPECTHOCTE
YYaCTKOB y3JIa MBI MOXKEM CJIUTH IIapbl CXeMbI, lIepeCceKalolue OHy U Ty XKe
ayry B nape jgyr I'\ I, B euHy10 06/1aCTh JIOKAJILHOIO 3ay3/IMBAHMUS.

3amevarue 13. Tlousitusi, Oiu3KMe K MOHATUIO JTEKOMITO3UIIMOHHO CYIIECTBEH-
HBIX TIEPEKPECTKOB, U3y1atoTces B paborax [51, 19, 20, 22, 21]. Cp. memmy 3 HIKe
u Teopemy 2.31 B [22].

T'unioresa 6. Bce nepexpecmxu 6 410600 MUHUMAALHOT UAZPAMME TEPOU3BOND-
H020 Y340 0eKOMTMO3UUUOHHO CYULECTNEEHHDL.

Bamernm, 4TO TUIIOTE3a 6 SABJIETCS OCIabJIEHUEM T'HIIOTE3bI 2.

Jlemma 2. Ecau ysea He A8AAEMCA TUMEPOT, MO 8CE NEPEKPECTKU 6CET €20
MUHUMAAOHBLL OUAPAMM OEKOMNOZUUUOHHO CYULECTNEEHHDL.

Loxazameavcmeo. [lpenmonoxkum, 910 B MUHAMAJIBHOM Juarpamme D HEKOTO-
pOro HETPUBHAJIBLHOrO y3ia K HaiieTcsd NeKOMIIO3UIIMOHHO HECYIeCTBEHHBII
mepekpecTok x. Ilycts L — ABYXKOMIIOHEHTHOE 3aIlellIeHre C KOMIIOHEHTAMHI
Ki n K, nonydarorieecss u3 auarpaMMbl D pasperienueM mepekpectka . To-
ria cr(L) < cr(K)— 1. Pasmectum muarpammy D Ha miockoctu R? C R3. Tlyers
I'u I, — Takwme XKe, KaK B ONPEJICICHIN JEKOMIIO3UIIMOHHO CYIIECTBEHHOTO IIepe-
KpecTKa. [IocKOJIbKY IepeKpecToK & JEKOMITO3UIIMOHHO HECYIIeCTBEH, HAl1eTCs
cxema S pasiiokeHus y3ja [ B CBA3HYIO CyMMy, HM OJIMH U3 MAPOB KOTOPOI
e mepecekaer xopay I.. He ymassas oOIIHOCTH MBI MOXKEM CUHTATH, 9TO 3Ta
cxeMa S COCTOUT U3 OJHOIO WJIM JIBYX IIAPOB — MAKCHMYM IO OJHOMY IIapy
Ha KaxkKJIylo u3 AByx ayr muoxecrsa I\ I, (cm. 3amedanue 12). Hua ¢ = 1,2
oboznauum depes I'; Ty us aByx ayr muoxectsa I'\ I, Koropast IpoeKTUPyeTCst
B koMmmonenty K; B L, a yepe3s A; — y3eJ, COOTBETCTBYIONIUI BHICEKAEMOMY
cxeMmoif S JjiokasbHOMY 3ay3/mBaHuio Ha gyre I';. Torma

(i) ysen K comepxut y3ea A; B KauecTBe CBA3HOIO CJIAraeMOro,
(ii) ysen Ky comepkur y3ea As B KadecTBe CBSI3HOIO CJIAraeMoro,
(iii) yzen K sBisiercs cBa3HOI cymMMmoii y3i0B A u As.

Taxum 06pa30M, BBIIOJIHSIOTCA CICAYIONIIE HEPABEHCTBA:

cr(Kq) +cr(Ks) <cr(L) <cer(K) — 1 < cer(K) (2) cr(Aq) + cr(Az).

CirenoBaTeIbHO, BBIIOIHAETCS XOTS OBl OJIHO U3 HEPABEHCTB
cr(Ky) <cr(41) m cr(Ks) < cr(As),

a 9TO O3HAUAET, YTO XOTsl Obl OJMH U3 y3710B A1 u As siBisiercst xumepoit. Kpome
roro, u3 cpoiicrs (i)—(iil) BBITEKaeT, 4TO MOAXOJMAIIAs CBs3HAs cymMMma N y3-
noB K1 u K5 conep:kut K B KadecTBe ciraraeMoro. Takum 00pa3oM, TOCKOTIbKY

cr(N) < er(Ky) + er(Ks) < er(K),

y3es1 K Takike sIBISI€TCS XUMEPOil. U
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JlemMa 2 IIpuBe/IeHA B KadeCTBE NOACHEHNS M HALPAMYIO B JOKA3ATE/IbCTBE
reopembl 10 He ncnosb3yercs. st JoKa3aTeabCTBa TEOPEeMbl HaM OTPeOyeTcst
ciaenyomas gemMa (cp. ¢ [9, Lemma 1] u [22, Theorem 2.31]):

Jlemma 3. B xaotcdoti duaepamme HemMpusuasbho20 Y3ia watdemcsa dexomno-
BUYUOHHO CYULLCTNEEHHDLT NEPEKPECTNOK.

Loxazamenvcmeo. 1lycts D — mmarpamma Hekotoporo ysna K. Pasmectnm
muarpammy D ma pacnonoxkennoit B R? minockocrn R?. Ilycrs I' — mpocras
3aMKHyTas KpuBas B R?, mpencrapisomas yes K u gaomas muarpammy D
npu mpoexmuy Ha RZ. MbI MoKeM He Tepsist OOIIHOCTH H0JIaraTh, YTO Kpubas I
He nepecekaer miockoctn R2. Ecim & — mepekpecTok nuparpaMmbl D, 0603Ha-
quM Yepes3 e, OIMKANMIIyI0 K HEMY M3 JBYX IPOEKTUPYIOMIMXCS B HErO TOYEK
kpusoii I'. Ilycrs £ — obbeauHeHNe TOYEK €, OMMCAHHOIO BHJA IO BCEM IIepe-
kpecrkam & auarpaMmbl D. [Ipoekiuu cBsi3HbIx KoMmoHeHT MHOXKecTBa ['\ E Ha
R? 6y1eM Ha3BIBATH 24G6HLLMU Oy2amy JuarpaMMbl D. ByreM ToOBOpHTb, UITO
IJIABHBIE JyTH ( U 3 CLXOOAMCA B IEPEKPECTKE T, €CJIU T JIEXKUT HA (v U SIBJISI€TCSI
peaeIbHON TOYKOM J1J1s 3.

Teneps BbIOEpEM OpHEHTAIMIO aUArpaMMbl ) ¥ PACCMOTPUM COOTBETCTBY-
folee MpejicTaBIenne Buprunrepa dynamentambroi rpymmst 71 (R3\ T') (1mo-
ZpobHOE ommcaHne MOXKHO Haiitu, Hampumep, [15]). Ilycts & — mepekpecTok
Ha guarpamme D, o u § — rjiaBHBIE Ayrd auarpaMMbl D, CXOHSIIAEcs B 9TOM
mepekpecTke, a u b — obpasyitomniume Buprunrepa, orsevatomue gyram o u
COOTBETCTBEHHO, a I, — IIpOeKTHpyIomuiica B - oTpe3oK B R? ¢ Kommamu ma
kpusoii I'. VI3 koHCTpYyKIMHN TIpescTaBienns Buprunrepa ciemyer, 9T0 BeSKas
IIeTJIs, IPeICTaBIsIomas 31eMenT ab™ !, cBOGOIHO TOMOTOIHA, IIPOCTOI 3aMKHY-
TOW KpUBOi A, cojieprKalleiicss B CKOJIb YI'OJHO MaJioii OKPECTHOCTH XOPIbI I
OTMeTnM, 9TO BesiKast TeTdlst, IpeIcTaBgromas saeMent ab~ b (u, ciegoBaTesb-
Ho, netyist A) umeer Hyaesoi koaddunuent 3anensenus ¢ I'. B ciaydae, korga
MIEPEKPECTOK T IEKOMITO3UIIMOHHO HECYIIECTBEH, IO OIPEIEIEHAIO HAMIETCs CXe-
Ma By, ..., By pasmoxenus y3maa [’ B cBI3HyI0 CyMMYy, 0OJIACTH KOTOPO# HE TIepe-
cekaror xopy I,. 3ameruM, 4TO B TaKOM ciydae oOobeaunenne 'U B U---U By
00bEMJIEMO U30TOIHO TPUBUAJIBHOMY Y3y ¢ k ,OycuHaMu® (Wjid ,,yTOJIIEeHNsI-
Mu“), T.e. JIONOJIHEHHEe

V= (RPU{+o0})\(TUB U---UBy)

M30TOIMHO OTKPBITOMY ToJiHOTOpHIO. ITockombky mapel By, ..., By He mepece-
KatoT xopay I, BeiOpaB merio A JocTarodHO OJIM3KO#M K xopue I, Mbl MO-
KeM CUMTaTh, 9To nerias A jexur B mojgHoropun V. OTCIOfa BBITEKAET, UTO
nerna A crarusaema (B mosmoropun Vou, smaunt, B R3 \ I'). Cnemosarensno
HeT/IH, TPeICTAB/AIONIE JIEeMeHT ab !, CTATHBAEMDI, TAK UTO STOT 3JIEMEHT
TpuBnajeH, T.e. a = b. Takum 00pa3oM, BUPTHHIEPOBCKUE 00Pa3yIOIIie, OTBe-
qaolue TJIABHBIM JIyraM, CXOJSIIUMCS B JIEKOMIO3UIIMOHHO HECYNECTBEHHOM
[IEPEKPECTKE, TIPEJICTABIISIOT OIUH U TOT K€ JIEMEHT (DYHIAMEHTAJILHON I'PyII-
bl y3usa. Cire/oBaTeIbHO, €CIN BCE MEPEKPECTKH JUATPAMMBI y3J1a JEKOMITO3U-
IIMOHHO HECYIIECTBEHHBI, TO BCE BUPTUHIEPOBCKUE 00PA3YIOIINe TPEICTABIAIOT
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OJMH U TOT K€ JIeMeHT (DyHIAMEHTAILHON IPYHIBI. DTO BO3SMOXKHO JIMIIDL B
caydae, Korja hyHIaMeHTaIbHAasl IPYNa y3j1a — NUKJIMIecKas, 9TO sSBJISeTCs
[IPU3HAKOM TPHBUAJBHOCTH y3J1a (JJ0Ka3aTeIbCTBO IPUBE/IEHO, HaIIpuMep, B [15,
Proposition 3.17]). O

Samevarue 14. HyTb Oosee TIATEIBHBIN aHAJNA3 MOKA3BIBAET, YTO B KAXKJION
IuarpaMme HETPUBHAJIBHOTO y3J/Ia HafeTcd KaK MUHAMYM TPH JE€KOMITO3UIIN-
OHHO CYIIECTBEHHBIX II€PEKPECTKA.

dokazaTenbcTBo TeopeMbl 10. Ilyctb D — wMuHMMasdbHAS —JIuarpaMmma
HeTpuBHaJibHOrO y3ya K. B cuny memMmbr 3, B qjuarpavMve D Haiijgercst XOTsi ObI
OJIVH JIEKOMIIO3UIIMOHHO CYIIECTBEHHBIH IIEPEKPECTOK (CKazKeM, IEPEKPECTOK ).
C TOYHOCTBIO JI0 TIOBOPOTA U MIEPEX0/Ia K 3ePKAJTBHOMY OTPAXKEHUIO MbI MOYXKEM
CYUTATD, YTO Pa3pelleHne IepeKpecTKa &, JAIIee JUarpaMMy By XKOMITOHEHT-
HOTO 3arerieHns, umeer Buj A — <. O003HAYNM 3alleIICHNs, JTATPAMMbBI KO-
TOPBIX MOYYIAIOTCS U3 AuarpaMMbl [ mpeodpasoBaHusIMI

A=>X u A—>H

B IlepekpecTke ¥, depe3 Ly m Ly coorBercTBeHHO. Torma 3amnensnenne Ly Tak>Ke
IBYXKOMIIOHEHTHO. 3aMETHM, UTO IIPU ITOM BBIMOJHSIOTCS CJIEIYIOIINEe HEPa-
BEHCTBA:

cr(Lo) <cr(K)—1, cr(Ls) <cr(K)+1.

[Tockonbky 0OpaTHBI K X — ¥ mepexojl % — A eCTh pa3pellleHre MepeKpecT-
ka, 0ba zamemienus Lo u Lo smexar B muoxecrse Sq(K). Besencrsue sroro
IJIS 3aBEPIICHUS JTOKA3ATEbCTBA JOCTATOYHO OKA3aTh, YTO XOTsS ObI OHO W3
sanertennit Lo u Ly HEpacCIIennMo U IMeeT MEHbITe, 9eM y3ea K, OTHOKOMITO-
HEHTHBIX CJIATaeMbIX B PA3JIOKEHUH Ha IIPOCTHIE COCTABJISIONINE.

Y1066l yOEIUTHCS B 9TOM, CKOHCTPpyHUpPYyeM peasm3aruu y3ia K u 3amere-
muit Ly u Ly 8 R3, momectus B R? mnockocrs R? ¢ quarpammoit D u B3as B R3
3aMKHYTYIO KPUBYIO I, OpTOroHaIbHAS IIPOEKITHs KOTopoit Ha R? maeT auarpam-
My D (Kak B KOHCTPYKIIUH U3 OILPEIEJICHUs JEKOMIIO3UIIMOHHO CYIIECTBEHHBIX
nepekpecTKoB). Mbl MOXKeM cuuTaTh, YTO Kpusas I’ coBuagaer ¢ nuarpaMmoii D
BCIOJly, KpOMe HeOOJIBIIKNX JIyT, OTBEYAIOIINX IIPOXOJaM B MEPEKpecTKax Iha-
rpammel D. Torma mpoeKTHpyIOMmAascs B IepeKpecTok = xopaa I, C R? ¢ xon-
mamMu Ha Kpuboil I’ ,cpaBHUTETHHO Maja“ W JIE2KUT B HEKOTOPOM €BKJIMJIOBOM
mape X C R3 ¢ nenrpom B nepexpectke x. 113 KOHCTPYKIIUHI SCHO, UTO TIAPAMET-
PBI MOT'YT OBITH OJ0OpaHbl TakuM 06pa3oM, 4Tobel napa (X, X NT') asusuiack
TPUBHAJIBHBIM JBYXHATOYHBIM TIHIJIOM, HPOEKIMs JIyI KOToporo Ha R? mmeer
Bu1 A. Torma, 3amensist B I' obpasoBantoe napoii jayr muoxkecrso X NI Ha jryru
C TOH Ke YeTBepKOil KOHIIEBBIX TOUEK, IIPOEKITHH KOTOPEIX Ha R? mMeror Bum X
u 4, MBI TIOJTy9aeM peasu3anun 3amerieHuii Ly u Ly COOTBETCTBEHHO.

IIpeobpazosanue s3anemtenus L C R3, 3amensiomee TOT WM WHOM TPUBH-
aNBHBIN JBYXHUTOUHBIH TourT (B, B N L) ¢ mapom B C R® ma apyroit Tpu-
BHAJIbHBIN JBYXHUTOYHBIA TIHIJI, HA3BIBAIOT 3AMEHOTU PAUUOHAALHDIT TIH2A06.
Takum obpasom, ysen K wu zanermenus Lo u Lo mojiydarorcss Ipyr u3 Japyra
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3aMeHaMU PAIOHAJIBLHOTO TYHIJIA. Ha ypoBHE JIBYJIMCTHBIX PA3BETBJIEHHBIX Ha-
KPBITHII 3aMeHe pallMOHAJIbHBIX TOHIJVIOB OTBedYaeT IepecTpoiika JleHa: Mbl BbI-
pe3aeM U3 MHOrooOpa3usl MOJIHOTOPUI M BKJIEMBAEM €ro Ha3a [ 0 HEKOTOPOMY
aBTOMOP(MU3MY IPDAHUIHOrO TOpa. llepecTpoiika XapakKTepu3yeTcs: U30TOImmde-
CKUM KJIaccoM (Ha TOpe) KPHUBOil, B KOTODYIO [IEPEXOJIUT IPU [epeKJIeiike MepH-
JIMaH MOJTHOTOpUs. MUHUMAIBHOE TeOMETPUIECKOe THCJIO [TePECeIEHIN MEeXK LY
MEPUINAHOM UCXOHOTO IIOJTHOTOPUS] U KPUBBIMU U3 H30TOIMYECKOTO KJIACCa ero
obpasa (MepujuaHa [MepPeKJIeeHHOIO OJHOTOPHS) YCIOBUMCST HA3BbIBATH XTapak-
mepucmukot nepectpoiiku ena (1 MEAYIMPYIOIIEl ee 3aMeHbI PAIMOHAIBLHOTO
rouria). HemocpeicTBeHHO B TEPMUHAX TIHIVIOB XapPAKTEePUCTHKA OIUCHIBACTCH,
HanpuMep, B [25|. HecoxkHoe cTaHAapTHOE BBIYHMCIIEHUE MOKA3BIBAET, UTO Xa-
PaKTEepUCTUKA 3aMEHBI PAIMOHAJILHOTO TIHIJIA, OTBEYAIOIIEr0 TPE0OPAZOBAHUIO
X — X Ha ypoBHe juarpaMMm u obecrieduBaoriero mnepexoj Lo — Lo, paBHa 2
(cM., manpumep, [25] wiua [28]).

MpbI uCIIOJIB3yeM 9TO B KOHIIE JTOKA3ATE/bCTBA, & Ternepb 00paTUMCS K TIH-
ry (VY NT), rne Y = R3 U {oo} \ int(X). Crexyromuit mar poxazaTess-
CTBa COCTOMT B IMOCTPOEHUU TAKOrO HAOOpa JU3BIOHKTHBIX HE MEePECEKAIONINX
mapa X obJjiacreil JJOKAJIBHOIO 3ay3/iuBaHus JJist y3ja ', 4Tobbl hakTopu3aliu-
eif o aruM obacTaM noydnTh u3 Tauraa (Y, Y NT) JoKaJbHO TpUBHAIbHBII
raurt. (Hamomuum, aro Taura (B, t) HA3BIBAETCA A0KAABHO MPUBUAALHBIM UL
TOHIJIOM 0€3 AOKAABHBT 3aY3AuBaHull, eciu He cylnecTByer Imapa Z C B ta-
Koro, uro napa (Z,Z Nt) siBiisgercsd HeTPUBUAIBHBIM OJHOHUTOYHBIM TIHIJIOM;
cM., HanpuMmep, [49]. Hepaciienumble JIOKaJIbHO TPUBUAJIBHBIE TIHIJIBI HA3bIBA-
I0TCST MPOCMbLMU. PacIienuMplil 1By XHUTOYHBIH TOHIVI 03 JIOKAJIbHDBIX 3ay3JI1-
BaHWl TPUBHAJIEH. )

BameTnM, uto ecm B R\ X 3a7aH HEKOTOPHIH KOHEIHBIH (BO3MOKHO, TIy-
cToit) Habop F JU3bIOHKTHBIX 06J1acTeil JIOKAIBHOrO 3ay3/IMBaHus [l y3ia I,
a TOHIJI, TIoJTyIaeMblil B pesyabrare dbakropusamun Taama (Y, Y NT) mo mapam
9TOro Habopa, 00JIATAeT JIOKAJIHHBIMUA 3ay3JIHBAHUSIME, TO, KAK HETPYIHO BH-
JIeTh, I1ap, COJEPXKAIUI TaKoe JIOKAJIbHOE 3ay3/IMBaHue, MOXKET ObITh BbIOpaH
comepskarmumest B R? \ X (HysKHO BbIBECTH 3a TIpejie bl TTapa TOYKy {00} i oT-
zesuth ero or cdepel 0X = 0Y) u He cozepKaIUM TOYEK, B KOTOPBIE CZKAJUCH
mapbl Habopa F (1Ipn HeOGXOMMMOCTH 3TH TOUKHM OUEBHTHBIM 00PA30M BBIBOJISIT-
Csl 3a TIPeJIeJIb apa moxo el nsoronueii). CaemoBarenbHo, Habop F MoKeT
OBITH IIOIIOJIHEH JIOTIOJIHATEIBHOM 06J1aCTHI0 HETPUBUAJIBHOTO JIOKAJIBHOTO 3ay3-
smBanusi. [IoCKOJIBKY BCe y3J/Ibl, OTBEYAIONINE U3 bIOHKTHBIM O0JIACTSIM JIOKAJIb-
HOI'O 3ay3JIMBaHusd, BXOAAT B y3es K B KadecTBe (IU3BIOHKTHBIX) CJIAraeMbIX,
OTCIOJIa CJIEJIyeT, 9TO CpeJin HaOOPOB JIM3bIOHKTHBIX HEBBIPOXKIEHHBIX HE Iepe-
cekarorux mapa X obJacreil JOKAJIbHOTO 3ay3/MBaHust i y3ia [ Haiigercs
MaKcuMaJIbHbIH (HenonosHsieMblit) HaGop F’, dakropusanus 1mo mapam KOTo-
poro nepesogut Taur (Y, Y NT') B nokanbao TpuBnasibubiii Taara (Y, Y NTY).

[TockoJIbKY MEPEKPecTOK & MPEeIIOIAraeTCsl JeKOMIIO3UIIMOHHO CYIIECTBEeH-
HBIM, a HIapbl u3 Habopa E’ He mepecekalor mapa X u cojepskaieiics B HeM
xopanl I, nabop E' He MOXKeT ABJIATHCS cXeMOil pasJiozKeHus y3/a [' B CBA3HYIO
CYMMY. DTO O3HAYAET, B YACTHOCTH, YTO CYMMAaPHOE KOJUIECTBO IIPOCTHIX y3JI0B
B Pa3/IOXKEHUN JIOKAJIBHBIX 3ay3/IMBaHuil, oTBevdaronux Habopy F’, Ha npocTbie
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COCTABJIAIOIINE, MEHbBINE, Y€M KOJUIECTBO MPOCTHIX y3JIOB B PA3JIOXKEHUU y3-
na K.

O6o3znaunm yepes K', Aj u Al 3anerienus, nosryJaromuecsi 13 3anenieHnil
I', Ag m A, cooTBercTBeHHO, (bakTopH3anmeil mo mapam u3 Habopa E’. Torma
sanemenust Aj) n A} cBasanbl (kax n 3anemwienns Ao u Ag) 3ameHoil panmo-
HasbHBIX TOHIVIOB (X, X N Ag) — (X, X N As) xapakrepucruku 2. IIpu srom
mononastomuit ToHrT (Y Y N AG) = (Y, Y NA,) = (Y, Y NTY) snokanbHO
TPUBHUAJIECH.

Curyanus pacnafaercs Ha JIBa CJIydast:

(p) momura (Y, Y’ NTY) npocr,
(t) mura (Y, Y NTY) rpusnasen.

B cayuae (p) xorst 661 o0 u3 3anensiennit A u A, npocro B cuity ciegcrsust 1
pabotrst [25]. Ecin ke moura (Y, Y’ NTY) rpusnanen, to 3anemienust Ay u A
OTHOCATCS K KJIACCY TaK HA3BIBAEMBIX PAIMOHAJBHBIX (JIBYXMOCTOBBIX) 3allell-
JICHUH ¥, OYEBUIHO, OTJINIAIOTCH KOI(DDUIMEHTOM 3AIEIICHUS MEXK/Ty KOMIIO-
HerTamu. CIlleI0BATELHO, B 9TOM CJIydae XOTsl Obl OJJHO U3 3anemieHuit A, u
Al, HeTpuBHANBHO M, 3HAYWUT, Oy/IydH JBYXMOCTOBBIM, TOXKE IPOCTO. VITaK, Mbl
IIPUIUIA K BBIBOJY, YTO XOTsl Obl OiHO U3 3anemienuit Aj u AL (ckaxem, 3a-
rerterne A) HepacIenuMo U IpocTo. B TakoM ciydae IpU Pa3jIoKeHUH 3a-
nemwieHns A; Ha IPOCTBIE COCTABJISIONUE MBI IOJydaeM 3anemsenue A; n — B
Ka4ecTBe OJIHOKOMIIOHEHTHBIX COCTABJISIIONIUX — TOT 2Ke Habop y3J0B, (¢ BO3-
MOXKHBIMU TIOBTOPEHUSIMA ), UTO ¥ IIPU PA3JIOKEHUH HA TIPOCTHIE COCTABJISIIOIIIE
JIOKAJIbHBIX 3ay3/uBanuii, orsedaromumx Habopy F’. Takum o6paszom, Kojaude-
CTBO OJTHOKOMITOHEHTHBIX CJIATA€MBIX B PA3JIOKEHNN 3allellieHns A; Ha mpocThie
COCTABJISIIONINE MeHbIe, yeM y K. O
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